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The theory of spaces with contravariant and covariant affine connections, whose components

differ not only in sign, and metrics [(L, ,g) spaces] is worked out within the framework
of tensor analysis over differentiable manifolds and in a volume necessary for further consideration

of the kinematics of vector fields and the Lagrangian theory of tensor fields over (L,,g)
spaces. The possibility of introducing affine connections for contravariant and covariant tensor
fields, whose components differ not only in sign, over differentiable manifolds with finite
dimensions is discussed. The action of the deviation operator, having an important role for
deviation equations in gravitational physics, is considered for the case of contravariant

and covariant vector fields over differentiable manifolds with different affine connections (called
L, spaces). A deviation identity for contravariant vector fields is obtained. The notions of
covariant, contravariant, covariant projective, and contravariant projective metric are introduced
in (L, ,g) spaces. The action of the covariant and the Lie differential operator on the

different types of metric is found. The concepts of symmetric covariant and contravariant
(Riemannian) connection are defined and presented by means of the covariant and contravariant
metric and the corresponding torsion tensors. The different types of relative tensor fields
(tensor densities) as well as the invariant differential operators acting on them are considered.
The invariant volume element and its properties under the action of different differential
operators are investigated. © 1999 American Institute of Physics. [S1063-7796(99)00305-8]

1. INTRODUCTION

In the present review, differentiable manifolds with con-
travariant and covariant affine connections, whose compo-
nents differ not only in sign, and metrics [spaces with con-
travariant and covariant affine connections and metrics,

(L, .g) spaces] are considered as models of space-time. On
the basis of the differential-geometric structures of the

(L, .g) spaces the kinematics of vector fields and the dynam-
ics of tensor fields are worked out as useful tools in math-
ematical models for the description of physical interactions
and, in particular, the gravitational interaction in modern
gravitational physics. The general results found for differen-
tiable manifolds with different contravariant and covariant
affine connections and metrics can be specialized for spaces
with one affine connection and metrics [the so-called (L, ,g)
spaces] as well as for (pseudo-)Riemannian spaces with or
without torsion [the so-called U, and V,, spaces]. Most of the
results are given either in index-free form or in a coordinate
or a noncoordinate basis. The main objects in such investi-
gations can be arranged in the following scheme:

SPACES WITH CONTRAVARIANT AND COVARIANT
AFFINE CONNECTIONS AND METRICS
differential operators
covariant differential operator,

Lie differential operator,
operator of curvature,
deviation operator,
extension operator,
affine connections, metrics,
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special tensor fields, tensor densities,
invariant volume element.
KINEMATIC CHARACTERISTICS
OF CONTRAVARIANT TENSOR FIELDS
relative velocity (shear, rotation and expansion velocities),
relative acceleration (shear, rotation and expansion accel-
erations),
deviation equations,
geodesic and auto-parallel equations,
Fermi—Walker transports,
conformal transports.
LAGRANGIAN THEORY OF TENSOR FIELDS
Lagrangian density,
variational principles,
Euler—Lagrange equations,
energy—momentum tensors.

In this review we consider only the elements of the first
part of the above scheme related to spaces with contravariant
and covariant affine connections and metrics. The review is
an introduction to the theory of (L, ,g) spaces. It contains
formulas necessary for the development of the mechanics of
tensor fields and for constructing mathematical models of
different dynamical systems described by the use of the main
objects under consideration. The general results found for
differentiable manifolds with different (not only in sign) con-
travariant and covariant affine connections and metrics
can be specialized for spaces with one affine connection
and a metric [so-called (L,,g) spaces] as well as for
(pseudo-)Riemannian spaces with or without torsion [the so-
called U,, and V,, spaces]. Most of the results are given either
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in index-free form or in a coordinate or a noncoordinate ba-
sis. This has been done to help the reader to choose the right
form of the results for his own further considerations. The
main conclusions are summarized in the last section.

The (L, ,g) spaces have interesting properties which
could be of use in theoretical physics, especially in theoret-
ical gravitational physics. In these types of spaces the intro-
duction of a contravariant nonsymmetric affine connection
for contravariant tensor fields and the introduction of a sym-
metric (Riemannian, Levi-Civita connection) for covariant
tensor fields is possible. On this basis we can consider flat

spaces [(M,,g) spaces] with predetermined torsion for con-
travariant vector fields and with torsion-free connection for
covariant vector fields. In an analogous way, such structures
could be induced in (pseudo-)Riemannian spaces [(V,,g)
spaces .

1.1. Space-time geometry and differential geometry

In the last few years new attempts have been made! ™ to
revive the ideas of Weyl®’ for using manifolds with indepen-
dent affine connection and metric (spaces with affine connec-
tion and metric) as a model of space-time in the theory of
gravitation.? In such spaces the connection for cotangent vec-
tor fields (as dual to the tangent vector fields) differs from
the connection for the tangent vector fields only in sign. This
fact is due to the definition of dual vector bases in dual
vector spaces over points of a manifold, which is a trivial
generalization of the definition of dual bases of algebraic
dual vector spaces from multilinear algebra.®~!! On the one
hand, the whole modern differential geometry is built as a
rigorous logical structure having as one of its main assump-
tions the canonical definition for dual bases of algebraic dual
vector spaces (with equal dimensions).!? On the other hand,
the possibility of introducing a noncanonical definition for
dual bases of algebraic dual vector spaces (with equal dimen-
sions) has been pointed out by many mathematicians'* who
have not exploited this possibility for further evolution of the
differential-geometric structures and its applications. The ca-
nonical definition of dual bases of dual spaces is so naturally
embedded in the basis of differential geometry that there has
been no need to change it."~17 But the recent evolution of
mathematical models for describing the gravitational interac-
tion on a classical level shows a tendency to generalizations,
using spaces with affine connection and metric, which can
also be generalized using the freedom of the differential-
geometric preconditions. It has been proved that an affine
connection, which at a point or over a curve in Riemannian
spaces can vanish [a fact leading to the principle of equiva-
lence in the Einstein theory of gravitation (ETG)], can also
vanish for a special choice of the basis system in a space
with affine connection and metric.'®~%° This fact shows that
the equivalence principle in the ETG could be considered
only as a physical interpretation of a corollary of the math-
ematical formalism used in this theory. Therefore, every dif-
Serentiable manifold with affine connection and metric can
be used as a model for space-time in which the equivalence
principle holds. But if the manifold has two different (not
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only in sign) connections for tangent and cotangent vector
fields, the situation changes and is worth investigating.

The basic concepts in differential geometry related to the
concepts considered in this review are defined, for the most
part, in textbooks and monographs on differential geometry
(see, for example, Refs. 21-27).

2. ALGEBRAIC DUAL VECTOR SPACES.
CONTRACTION OPERATOR

The concept of an algebraic dual vector space can be
introduced in such a way’ that the two vector spaces (the
considered one and its dual vector space) are two indepen-
dent (finite) vector spaces with equal dimensions.

Let X and X* be two vector spaces with equal dimen-
sions: dim X=dim X*=n. Let S be an operator (mapping)
such that for every pair of elements u € X and p € X* it gives
an element of the field K (R or O), i.e.,

S:(u,p)—zek, ueX, peX*. (1)

Definition. The operator (mapping) S is called a con-
traction operator if it is a bilinear symmetric mapping, i.e., if
it fulfills the following conditions:

(a) S(u,Pl+P2)=S(H,P1)+S(M,P2)» VuEX,
Vp,eX*, i=12.

(b) S(uy+uy,p)=S(u;,p)+Suy,p), Vu,eX, i=1,2,
VpeX*.

(¢) S(au,p)=S(u,ap)=aS(u,p), ack.

(d) Nondegeneracy: if u, ,...,u, are linearly independent
in X and S(u,,p)=0...., S(u,,p)=0, then p is the null ele-
ment in X*. In an analogous way, if p;,...,p, are linearly
independent in X* and S(u.p,)=0...., S(u,p,) =0, then u is
the null element in X.

(e) Symmetry: S(u,p)=S(p,u), VueX, Vp e X*.

Let ey,...,e, be an arbitrary basis in X, and let ¢!,...,e"
be an arbitrary basis in X*. Let u=u'e;eX and p
=pre*e X*. From properties (a)—(c) it follows that

S(u’p):fki'ui'pk’ (2)
where
f5i=8(e;,e*)=S(eke;) eK. (3)

Thus, the result of the action of the contraction operator
S is expressed in terms of a bilinear form. The nondegen-
eracy property (d) means nondegeneracy of the bilinear
form. The result S(u,p) can be defined in different ways by
giving arbitrary numbers f*;e K for which the condition
det(f*)#0 and, at the same time, the conditions (a)—(d) are
fulfilled.

Definition. (Mutually) algebraic dual vector spaces. The
spaces X and X* are called (mutually) dual spaces if a con-
traction operator acting on them is given and they are con-
sidered together with this operator [i.e., (X,X*,S) with
dim X=n=dim X* defines the two (mutually) dual spaces
X and X*].

The definition for (mutually) algebraic dual spaces al-
lows, for a given vector space X, an infinite number of vector
spaces X* (dual to X in different ways) to be constructed. In
order to avoid this nonuniqueness, Efimov and Rosendorn’
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introduced the concept of equivalence between dual vector
spaces [which is an additional condition for the definition of
(mutually) dual spaces].

Definition. Vector spaces equivalently dual to X. Let X{
and X¥ be two n-dimensional vector spaces dual to X. If a
linear isomorphism exists between them, such that

S(u,p)=S(u,p'), VueX, VpeX¥, p'eXj,

)
where p' is the element of X5 corresponding to p of X} by
means of the linear isomorphism, then X and X3 are called
vector spaces equivalently dual to X.

Proposition. All linear (vector) spaces dual to a given
vector space X are equivalent to each other.

To prove this proposition, it is sufficient to show that if
for X and X* we are given an arbitrary S, then for an arbi-
trary basis ey ,...,e, € X one can find a unique basis e',...,e"
dual to it in the space X*, i.e., e!,...,e" € X* can be found in
a unique way, so that S(e,-,ek) =fk,- , where f*ieK are pre-
scribed numbers.?® The proof is analogous to the proof given
by Efimov and Rosendorn® for the case S=C:C(e;,e')
—gk, with gk—l for k=i and g,=0 for k#i. C(ei,e')
=g/ means that the basis vector field ¢’ dual to {e,} is or-
thogonal to all basis vectors e; for which k#i. The contrac-
tion operator C corresponds to the canonical approach:

C(u’p)=C(p9u)=p(u)=pi'ui' (5)

The new definition of algebraic dual spaces actually cor-
responds to that in the common approach. Only the dual
basis vector e’ is not orthogonal to the basis vectors
ep:S(ex.eh) =f"k¢g;;. It is sufficient to note that for an ar-
bitrary element p € X* the corresponding linear form

S(u.p)=pi-u'=p;- frut=pi-u’ (6)
is given, where p,...,p, are the constant components of the

given vector p € X*. The last equality can also be written in
the form

S(u,p)=S(p,u)=p(W)=p,-u'. @)

Remark. The generalization of the concept of algebraic
dual spaces for the case of vector fields over a differentiable
manifold is a trivial one. The vector fields are considered as
sections of vector bundles over a manifold. The vector bases
become dependent on the points of the manifold, and the
numbers f* ; are considered as functions over the manifold.

Remark. If the basis vectors in the tangent space T,(M)
at a point x of a manifold M (dim M =n) are the coordinate
vector fields d; and in the dual vector space (the cotangent
space) T*(M) the basis {dx*} is defined as a dual to the
basis {d;}, where dx* are the differentials of the coordinates
x* of the point x in a given chart, then S(d;,dx*)=f*; [f*
e C'(M)]. After multiplying the last equality by fi! and
taking into account the relation Pl =g§ we obtain the
condition S(9;,f%' -dxk)=g§ , which is equivalent to the re-
sult of the action of the contraction operator C on the vectors
d; and e!, where e'=f, -dx*. The new vectors e’ are not in
general coordinate differentials of the coordinates x’ at x
eM. They would be differentials of new coordinates
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x!'=x!"(x%) if the relation dx' =A,! -dx* were connected
with the condition e/=dx! and x!'= fdx! . In an analogous
way, in the case when S(f,i-ﬂi,dxk)=gf the new vectors
e,=f)'-3; in general are again not coordinate vector fields
d;; e; would again be coordinate vector fields if by chang-

ing the charts (the coordinates) at a point x € M the condition

fli=0x"1ox" were fulfilled.

Thus, the definition of algebraic dual vector fields over
manifolds by means of the contraction operator S as a gen-
eralization of the contraction operator C allows consider-
ations 1ncludmg functions f’ (x*) instead of the Kronecker
symbol g’ -

The contraction operator S can be easily generalized to a
multilinear contraction operator S.

3. CONTRAVARIANT AND COVARIANT AFFINE
CONNECTIONS. COVARIANT DIFFERENTIAL
OPERATOR

3.1. Affine connection. Covariant differential operator

The concept of an affine connection can be defined in
different ways, but in all definitions a linear mapping is
given, which to a given vector of a vector space over a point
x of a manifold M juxtaposes a corresponding vector from
the same vector space at this point. The corresponding vector
is identified as a vector of the vector space over another point
of the manifold M. The method of identification is called a
transport from one point to another point of the manifold.

Vector and tensor fields over a differentiable manifold
are endowed with the structure of a linear (vector) space by
defining the corresponding operations at every point of the
manifold.

Definition. Affine connection over a differentiable mani-
fold M. Let V(M) (dimM =n) be the set of all (smooth)
vector fields over the manifold M. The mapping V:V(M)
XV(M)—V(M), by means of V(u,w)—V,w, u,
we V(M), with V,, as a covariant differential operator along
the vector field u (see the definition below), is called an
affine connection over the manifold M.

Definition. A covariant differential operator along the
vector field u is a linear differential operator (mapping) V,
with the following properties:

(@ V,(v+w)=V,u+V,w, u,v,weV(M);

) V,(f-v)=uf) - v+f-V,, feC (M), r=1;

© Vyeow=V,w+V w;

(d) Vfuv =f' Vuv;

(e) Vuf=uf, feC' (M), r=1;

) V,(vew)=V,v@w+v®V,w (Leibniz rule), where
® denotes the tensor product.

The result of the action of the covariant differential op-
erator V,v is often called the covariant derivative of the
vector field v along the vector field u.

In a given chart (coordinate system), the determination
of V, egin the basis {ea} defines the components Vg, of the

affine connection V:

VmeB=VZﬁ-e7, a,B,y=1,...n. (8)
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The {V 5} have the transformation properties of a linear
differential geometric object.?!"*

Definition. Space with affine connection. A differen-
tiable manifold M endowed with an affine connection V, i.e.,
the pair (M,V), is called a space with affine connection.

3.2. Contravariant and covariant affine connections

The action of the covariant differential operator on a
contravariant (tangential) coordinate basis vector field 9;
over M along another contravariant coordinate basis vector
field 9; is determlned by the affine connection V=I" with
components F which in a given chart (coordinate system)
are defined by the expression

V,,ja,:rf.‘j- . ©)

For a noncoordinate contravariant basis e, e T(M), with
T(M)= UxeMTx(M)’

Ve ea=Tlpe,. (10)

Definition. Contravariant affine connection. The affine
connection V=1I" induced by the action of the covariant dif-
ferential operator on contravariant vector fields is called a
contravariant affine connection.

The action of the covariant differential operator on a
covariant (dual to contravariant) basis vector field e® [e®
e T*(M), with T*(M)=U,_,T¥(M)] along a contravari-
ant basis (noncoordinate) vector field e g is determined by the
affine connection V= P with components Pj, defined by the
expression

V.et=Plge?. (1)

For a coordinate covariant basis dx’,
V,,jdxi=P;;j-dx’<. (12)

Definition. Covariant affine connection. The affine con-
nection V=P induced by the action of the covariant differ-
ential operator on covariant vector fields is called a covariant
affine connection.

Definition. Space with contravariant and covariant af-
fine connections (L, space). A differentiable manifold with a
contravariant affine connection I" and a covariant affine con-
nection P is called a space with contravariant and covariant
affine connections.

The connection between the two connections I' and P is
based on the connection between the two dual spaces T(M)
and T*(M), which in turn is based on the existence of the
contraction operator S. Usually, commutation relations are
required between the contraction operator and the covariant
differential operator, in the form

S0V, =V 0S. (13)

If the last operator equality in the form V,, °o§=S8oV 3, 18

used for acting on the tensor product dx’ ®d; of two basis
vector fields dx'e T*(M) and d;e T(M), then

Fix= jk'f 1+ Pl
fix=0f; (in a coordinate basis). (14)
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The last equality can be considered from two different
points of view:

1. If Pj-k(x’) and I‘;-k(x’) are given as functions of the
coordinates in M, then the equality appears as a system of
equations for the unknown functions f* j(x’). The solutions
of these equations determine the action of the contraction
operator S on the basis vector fields for given components of
both connections. The integrability conditions for the equa-
tions can be written in the form

R f'm+ Plopa- f=0, (15)
where R™;; are the components of the contravariant curva-
ture tensor, constructed by means of the contravariant affine
connection I, and P',,,, are the components of the covariant
curvature tensor, constructed by means of the covariant af-
fine connection P, where [R(d;,d;)]dx*=Pk; dx’,
[R(3:,8)10c=R'; 1, R(3;,0) =V, ¥, AL

2. If f’ (x)) are given as functlons of the coordmates in
M, then the conditions for f*; ; determine the connection be-
tween the components of the contravariant affine connection
" and the components of the covariant affine connection P
on the basis of the predetermined action of the contraction
operator § on the basis vector fields.

If S=C, ie, f‘ =g! ;j» then the conditions for f’ are
fulfilled for every P=—T, i..,
Pi=~T%. (16)

This fact can be formulated as the following proposition:
_Proposition. $=C is a sufficient condition for P=—T
(P }k_ - Flk)

Corollary If P#—T, then S#C, i.e., if the covariant
affine connection P differs from the contravariant affine con-
nection I' not only in sign, then the contraction operator S
must differ from the canonical contraction operator C (if §
commutes with the covariant differential operator).

This corollary allows the introduction of different (not
only in sign) contravariant and covariant connections by us-
ing a contraction operator § that is different from the canoni-
cal contraction operator C.

Example Iff’-—e“’ gj, where ¢ e C"(M), ¢#0, then

= —Titek-g;.

3.3. Covariant derivatives of contravariant tensor
fields

The action of a covariant differential operator along a
contravariant vector field u is called the transport along the
contravariant vector field u (or transport along u).

The result of the action of a covariant differential opera-
tor on a tensor field is called the covariant derivative of this
tensor field.

The result V,V of the action of V, on a contravariant
tensor field V is called the covariant derivative of the con-
travariant tensor field V along the contravariant vector field
u (or covariant derivative of V along u).

The action of a covariant differential operator on contra-
variant tensor fields with rank >1 can be determined in a
trivial manner on the basis of the Leibniz rule which the
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operator obeys. Then the action of the operator V,,j on a
tensor basis d4=4d; ®...®4d; can be written in the form

V3!¢9A=V51[(9]1®..®911]=(V,,Jo"]1®ajz®&jl)+(8jl

—1i1 .o ) ip 4. .
=T 5,8...3;+..+T] -3, .87,

1
- i ok, i1, ,i2 k=1, plk+1 i | .m
k§=:1 8ji 8m gil gfz'"gjk—l gfk+1“'gj1 F’f
(3,1®®0,,)
If we introduce the abbreviations
!
ig—1

Bi_ _ ik, i 2 Lok i
Sam kzl 8jx 8m 8 8y 8y By 8ir un

Fg = _SAmBi T

. ;e
j u

A=j,...j;, B=iy...ij, (18)

then V ,,jaA can be written in the form
Vaj3A=F§j'5B=_SAmBi'F:"}'aB- (19)

The quantities S ! obey the following relations:
(a) SBiAj'SAkClz _gg_SBij, dim M=n, = 1,...,N;
(b) SgBi=—N-nV"1.gl;

(c) Sp'=—N-gjp-

Here

g5=g/..g" g gt .8 (20)

h
is defined as the multi-Kronecker symbol of rank [:
g’§= 1, i,=j, (forall k simultaneously)
Ll (21)

The covariant derivative along a contravariant vector
field u of a contravariant tensor field V=V4.4, can be writ-
ten in a coordinate basis as

=0, ik;{:jk’ k=

VV=(VA A5 VD) -ul- 0y =V ul 6y, (22)
where
VA= VA +T5;-V? (23)

is called the first covariant derivative of the components V*
of the contravariant tensor field V along the contravariant
coordinate basis vector field d;:

V, V= VA9, (24)

In an analogous way, for the second covariant derivative
V.V,V we find

VeV, V=(VA VA ul ) & Ia=(VA ;- w),- €94,
where
VA;j;i=(VA:j),i+rgi'VB;j_Ffi‘VA;k (25)

is the second covariant derivative of the components V4 of
the contravariant vector field V. Here
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VfVuV_ VuV§V=[(VA’hj— VA;j;i)' ui' é’
FVA - (u E = E-u)] 04 (26)

3.4. Covariant derivatives of covariant tensor fields

In an analogous way, the covariant derivative of a cova-
riant vector field can be written in the form

VuP=(Pi,j+P§j'Pk)-ui-dxi=pi;j-ujdxi,
peT*(M) (in a coordinate basis). 27

The action of the covariant differential operator on co-
variant tensor fields with rank >1 is generalized in a trivial
manner on the basis of the Leibniz rule, which holds for this
operator. Then the action of the operator V,; on the basis
dx*=dx/1®...®dx’! can be written in the form

Vajde=Pf j-dxt=—8,,% Pj}-dx*, (28)

where ng= —Sunl P
The covariant derivative of a covariant tensor field
W=W,-dx"=Wg-e® can be written in the form

VuW= (WA,]+P,§]‘ WB) . uj-dxA= WA;j' uj
-dx* (in a coordinate basis). (29)

The form of the covariant derivative of a mixed tensor
field follows from the form of the derivative of contravariant
and covariant basis tensor fields and the Leibniz rule:

VuK=Vu(KAB'aA®de)=KAB j-uj-ﬁA®de

=(K4p;+T¢;-KCp+ PP - K*p)-ul- 9,
®dx®? (in a coordinate basis). 30)
If the Kronecker tensor is defined in the form
Kr=g§-6’,-®dxj=g;~e,,®eﬂ, (31)

then the components of the contravariant and the covariant
affine connection differ from each other by the components
of the covariant derivative of the Kronecker tensor, i.e.,

F§k+P;k=g§;k’ I‘g,y'i' ng=g§/7' (32)

Remark. In the special case when S=C and in the ca-
nonical approach, g, =0 (g5,=0).

4. LIE DIFFERENTIAL OPERATOR

The Lie differential operator £ along the contravariant
vector field £is another operator which can be constructed by
means of a contravariant vector field. Its definition can be
considered as a generalization of the concept of the Lie de-
rivative of tensor fields (Refs. 13, 21, 30, and 31).

Definition. L, := Lie differential operator along the
contravariant vector field & with the following properties:

(@) Lg: VoV=LV, V.Ve o' (M);

(b) LE cW— W= EEW’ W,WE ®k(M);

(¢) L;: K—K=LK, KKe®'(M);

(d) linear operator with respect to tensor fields,

La-Vi+B-V))=a-LV+B-LiV,, a,BeF (R or
0), Vie®(M), i=12,
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£§(a- W1+ﬁ W2)=CL"L§WI+B'£§W2, WiE ®k(M),
i=1,2,

£§(aK1+ﬁK2)=a[,§K1+ﬂC§K2, K,'E ®’k(M),
i=12;

(e) linear operator with respect to the contravariant field
¢

Ea,§+3_u=a-£§+ﬂ-£u 5
ueT(M);

(f) differential operator obeying the Leibniz rule,

L{SOU)=LSQU+S®LU, Se®" (M), Ue
®"(M);

(g) action on a function fe C'(M), r=1, Lf=¢f,
£eT(M);

(h) action on a contravariant vector field,

‘C.fu = [§’u]’ §’u eT(M), [gau]= fou - uof,

‘cfeaz [E’ea]= - (eagﬁ-— E‘)’_ Cga) . eﬁ,

ﬁeaeﬁ= [e,, ,eﬁ]= CQBY' e.y, CaBYE Cr(M),

Eglylz - g"l ﬂj, £5l31=[¢9, ,(91]=0;

(i) action on a covariant basis vector field,

Lee®=kg(8) €, L, e*=k%,-eP,

Ledx'=k';(&)-dx/, Ly dx'=k'j-dxi.

The action of the Lie differential operator on a covariant
basis vector field is determined by its action on a contravari-
ant basis vector field and the commutation relations between
the Lie differential operator and the contraction operator .

aBeF (R or C), §&

4.1. Lie derivatives of contravariant tensor fields

The Lie differential operator £, along a contravariant
vector field £ is another operator which can be constructed by
means of a contravariant vector field. It is an operator map-
ping a contravariant tensor field V into a contravariant tensor
field V=L ng

The action of the Lie differential operator along a con-
travariant vector field £ is called dragging-along of the con-
travariant vector field & (or dragging-along of §).

The result of the action (L;V) of the Lie differential
operator L; on V is called the Lie derivative of the contra-
variant tensor field V along the contravariant vector field &
(or the Lie derivative of V along &).

The commutator of two Lie differential operators

[Le. L ]=LpL,—LpoL, (33)
has the following properties:
(a) Action on a function,
[Le. LA =(LpL,— LoL)f=[£ulf
=(La)f=[V¢, V11,
feC (M), r=2.
(b) Action on a contravariant vector field,
[Le:LJv=(LeLy— L2 L0 = Lol — Lo Lov
=Ly Lyb=—Lr,v="Lgv.
(c) The Jacobi identity,
(Lo Lo LAD=[Le [ L4, LI+ L, [ L6, £,]]
+[Lu,[Ly . Le]]1=0. (34)
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The Lie derivative of a contravariant vector field,

Lou=[&u]=(Leu')-0;=(& u' j—u*-&)-0;, (35)
where
Lo'= -y —uk &, (36)

is called the Lie derivative of the components u' of the vector
field u along the contravariant vector field & (or the Lie de-
rivative of the components u' along & in a coordinate basis.

In a noncoordinate basis the Lie derivative can be writ-
ten in a manner analogous to what was done in a coordinate
basis:

Leu=[&u]=(Lu) e,

=(§ﬂ-eﬂu”~uﬁ-eﬂ§“+cﬂya-§ﬂ-u”)-ea, (37

where

,Cfu"=fﬂ-eﬁu“—u'g-eB§“+Cﬂy”-§B-u7 (38)

is called the Lie derivative of the components u® of the con-
travariant vector field u along the contravariant vector field
€ in a noncoordinate basis (or the Lie derivative of the com-
ponents u” along £). Leﬂu can be written in the form

Eeﬁu=(eﬁu”— Cyg™-u?)-e,

=ua//B'ea='_‘Cueﬁz(’cepua)'eaﬂ (39)

where

Eeﬁu“=u“,/3=eﬂu“— C,g*-u. (40)

The second Lie derivative £.£,v in a noncoordinate ba-
sis will have the form

[’f‘Cuv =[§ﬁ'eﬁ(£uva)—(£uvﬂ) . eﬂfa_ 5‘9
'(Euvy)'§B]'ea=(£§‘cuva)'ea’ (4])

where LeLv*=EP-eq(Ly™)~(L0P) g8~ C 0%
-(L,v?)- £P is called the second Lie derivative of the com-
ponents v* along u and £ in a noncoordinate basis.

The action of the Lie differential operator on a contra-
variant tensor field with rank k>1 can be generalized by
virtue of the validity of the Leibniz rule under the action of
this operator on the bases of the tensor fields.

The result of the action of the operator L, on a basis
d4=0; ®...®3; can be found by the use of the already
known relation Efﬁik= —Lajk &= —§"’,~jk- dm- Then L0,
=SAmB’l : §m,n -dp, and

£§V= [:g( VA : 3A) = ([ava) . (9A

=(& VA + Syt VE-E )9, (42)

where L VA=£ VA + 8541 VB ¢ | s the Lie derivative
of the components V4 of the contravariant tensor field V
along the contravariant vector field & in a coordinate basis
(or the Lie derivative of the components VA along & in a
coordinate basis).

For £L.L,V we obtain

£§£MV= (L;:EMVA) s 0A

=[ELV) o+ Spt!- (L VP)- € ]-04,  (43)
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where LL,VA=E(L, V) + Sptl-(L,VE)- & is called
the second Lie derivative of the components V4 along u and
£ in a coordinate basis.

The result of the action of the Lie differential operator
L, on a noncoordinate basis e, can be found in a manner
analogous to what was done for a coordinate basis. Since

fa//ﬁ=eﬁ§a_ C;ﬁ' £% (44)
CgeA=[,§[eal®...®eal]=(£§eal®ea2...®eal)

ﬁgep= - 'fa//;;' Ca>s

+(‘eal®£§ea2®...®eal)+...+(eal®...®£§eal)
=SAaBB'§a//B'eB’ (45)
B=p;...Bi>

A=a1...a,, eB=eﬂl®...®eﬁl,

we have
Leea=SaatP €% p-ep and LV=LAV"-ey)
=(LVA)-ep=(£% e VA+SptP-VE-£%p) 4.
(46)

The explicit form of the expression for S s B €% g can
be given as

SBaAB'f“//ﬂ=SBaAﬂ'ep§a_SBaAﬂ'Cyﬁa'g", (47)
and if we introduce the abbreviations

Cp,=Sp"P-Cp®=—Sps P -Cp,)" (48)

Spa*- fa//ﬂ=SBaAﬂ'eﬁ§a’ Cpa’- €% (49)

then £§VA can be written in the form
LVA= £ VA+Sp AP VB £ =% e, VA +Sp,"*
VB (et~ C o™ €7)=£%-(eaVA = Spg T V2
. Ca'yﬂ) +SBBA7. V3. ey§ﬂ= £ VA//a+SBaAﬂ
-VB.egt®. (50)

L,;VA is called the Lie derivative of the components VA
of the contravariant tensor field V along £ in a noncoordi-
nate basis. Here

VA,,,,=eaVA—SBﬂ”-VB-C,,yﬁ=e,,VA—-CBaA-VB.( )
51

In a noncoordinate basis the following relations are
valid:

L, V= VA areas ‘CeaeA:’—CAaB'eB- (52)
The quantity
I
AB— _ iy k=1, gk, oB . ikt Gl
Ssa 1;1 888,88 8y (53)

where [=1,..,N, B=j,...j;, A=i;...i;, is the multicon-
traction symbol with rank N.

4.2. Connections between the covariant and the Lie
differentiations

The action of the covariant differential operator and
the action of the Lie differential operator on functions are
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identified with the action of the contravariant vector field in
the construction of both operators. The contravariant vector
field acts as a differential operator on functions over a dif-
ferentiable manifold M:

Vef=&f=Lef=E-0f=E"eof, feC'(M), EeT(M).

If we compare the Lie derivative with the covariant de-
rivative of a contravariant vector field in a noncoordinate (or

coordinate) basis,
[,gu:([,gu"‘)-ea=(§ﬁ-eﬁu"‘—uﬂ-eﬁ§”‘
+C,gy“-§ﬁ-u")-ea,
V=% £F) e,=(£P-equ+T5g-u”-£F)-e,,
(54)

we see that both expressions have a common term of the type
Eut=¢P.e gu”, allowing a relation between the two deriva-
tives.

After substituting egu® and egé” from the equalities
egu®=u®g—T 5z u” and egf*=£% 5~ ['5g- & into the ex-
pression for L.u we obtain

Leu*=u®g £P— £%p ubP— Tp," EPour

=ua/3'§ﬂ“(§a/p“Tﬂya'fy)'uﬁ, (55)
where

Tpy =I5~ Tgy=Cpy"=—Top" (56)

£§u=(£§u"‘) 'ea=(ua/ﬂ' §B"§a/ﬁ' uf— T,eya‘ fﬁ'“y) ‘€q

=Vau—V,£-T({u), (57
with

T(£u)=Tgy* EP-u"-eq=—T(u,£),

T(eg.e))=Tg, " eq- (58)

The contravariant vector field T(&,u) is called the (con-
travariant) torsion vector field (or the torsion vector field).

If we use the equality following from the expression for
L

vhu— uP 0= LpP+T,pf-u% v, (59)
in the expression
V.V, 6=V, V. E=[(£% 51y~ fa/y/;;)'vﬁ'uy“”ga/p
-(vﬁ,y-u"— uﬂ/7~v")]-ea,
then
V.V, -V, V. 6=[(£% 61y~ fa/y/p)'vﬂ'uy"' &%
-(£uvﬁ+T755-u7-u’-v")]-ea
=[(&% g1y~ £%p) VB - uT+E%g
(LoP+TE(u,0)] e g
Tﬂ(u,v)=T5,,ﬁ-u"~v7,

VT(u,v)f= fa/ﬁ' Tyaﬁ' u?-v’ Cas
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V.V =V, V.-V ¢
=(&%p1y= E%yp) VP U7 €0+ Vi )€, (60)
or
ViVoé=V, Vb=V, = Viuné

= (§a/p/y_ fa/y/p) vBu €a
Veyveﬂf'— Veﬁve},g_ Vﬁeyeﬂg_ VT(e,y,eB)g

=(E%p1y— E%yp) €a- (61)
In a coordinate basis the contravariant torsion vector will
have the form

T(£u)=T} & u' 9= ~Ti)-&-u'-9;, (62)
T’ =Ty+Th, T(d.0)=Ty'-d;. (63)
The Lie derivative Lezu can now be written as
Lou=(Lou')-0;=(u'y- E—ur- &4 =Ty} €-ul) - 5;,
Loi=u'y- & —uk 4= Ty & ul, (64)

The connection between the covariant derivative and the
Lie derivative of a contravariant tensor field can be found in
the same way as in the case of a contravariant vector field.

4.3. Lie derivative of covariant basis vector fields

Lie derivative of covariant coordinate basis vector
fields. The commutation relations between the Lie differen-
tial operator £ ¢ and the contraction operator S in the case of
basis coordinate vector fields can be written in the form

LpS(dx'®d;)=SL(dx'®3)),

[,§°S(e“®eﬂ)=S°£§(e“®eB), (65)
where

£§°S(dxi® 4;)= §fij=ﬁj,k' £,

SeL(dx'®3;)=5(Ldx'®3,)+S(dx'®L;3).  (66)

By means of the nondegenerate inverse matrix ( f’ gt
=(f;') and the connections f';-f/* =g}, fli-fi'=4gl, after
multiplication of the equality for k’,(f) by £, and summa-

tion over j, an explicit expression for k’ #(€) is obtained in the
form

kij(§) =fjl'§k’l'fik+fjl'fil,k'gk- (67)

For L, dx'=k'(9y)-dx/=k' ;- dx/ we obtain the corre-
sponding form

Lydx'=k'y-dxl=f}f| - dx,

Ku=fi e (68)

On the other hand, from the commutation relations be-
tween S and the covariant differential operator \Y% ¢» the con-
nection between the partial derivatives of f’ and the compo-
nents of the contravariant and covariant connections I and P
follows in the form

Fora=Poi Y+ T8 . (69)
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After substituting the last expression into the expressions
for k* j(€) and k';., the corresponding quantities are obtained
in the form

KAE=f &) fit (PLt £/ Th-fl)- &, (70)
K00 =K =Pyt fi - Th-fi,
Ledx'=[f{-& |- fot(Phtfl-Th-f)-€1-dxi, (71
Ly dx'=k'y-dx! =(Py+f T fi)-dxl. (72)
If we introduce the abbreviations
£ =Fe b ffs Th=f/Th f, (73)

then the Lie derivatives of covariant coordinate basis vector
fields dx' along the contravariant vector fields £ and J; can
be written in the form

Ledx! —[gl +(P’k+I‘ k) £ dx/,

Ls, x'—(P'k+rk) dx. (74)

Lie derivative of covariant noncoordinate basis vec-
tor fields. By analogy with the case of covariant coordinate

basis vector fields, the Lie derivatives of covariant noncoor-
dinate basis vector fields can be obtained in the form

Eg6“=[§‘—’//g+(P§y+l"‘_§y)-f’]'eﬂ
=[e,-3§5‘+(P;7+F’_§7+ c,?f)-gv]-eﬁ, (75)
e*=(P§,+T5,+Cp,) P, (76)
where _ -
& 1ng= =1 Eus f°=1%, (es£") 82+ [y Css?-f5% £°
=e,_g§a+ c,_g,,&.g",
ept ="y (est")-f5"
Nl )

C?a'a=fay' Cc‘)‘a'y'fﬁs’ (77)

4.4. Lie derivatives of covariant tensor fields

The action of the Lie differential operator on covariant
vector and tensor fields is determined by its action on cova-
riant basis vector fields and on the functions over M.

In a coordinate basis the Lie derivative of a covariant
vector field p along a contravariant vector field & can be
written in the form

£§p=E§(pi-dxi)=(£§pi)-dxi
=[pip €+p; & ;+pj (Ph+T] k) £]-dx’
=[pi;k'§k+§k;i'pk+Tkij'pj'gk]'dxi7 (78)
where

.= fl, T/=F Ty, £,
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T,/ =T%—T}Y; (in a coordinate basis). (79)

In a noncoordinate basis the Lie derivative L¢p has the
form

Lop=Le(pae)=(Lepa)-e”
={(e'ypa+ ng'pﬁ) . f”‘Pﬁ
Le P+ (TE 4 Cpp)- €11}

=(pa/ﬂ'§B+fﬂlq'pﬂ+Ty¢_zﬂ'Pﬁ'£y)‘ea9 (80)

where
gﬂ/1_1=fﬂ5' ga/'y'fay’

Tg, =F‘;B—F§7— Cg,” (in a noncoordinate basiz);.l)

The action of the Lie differential operator on covariant
tensor fields is determined by its action on basis tensor fields.
In a coordinate basis,

LW=L(Wy-dx)=(EW,)-dx*+ W, Lodx*
=(LWy)-dxt,

‘Cfdx8= _kmn(g) § SAmBn -dxA, L:dem_km (f) dix. ,)
2

ro)-€1-dx*.

Tygﬁ=fa6' Tya"'fﬂm

We ®k(M),

LodxB=[—& - S~ Sam™™ (Pt
After introducing the abbreviations
8= —Sp%-Tjpo Ph=—Sa Py, (83)
LW can be written in the form
LW=(LWy)-dxA=[£ Wy~ fl:.g' Sax™
Wyt (PR +T4) Wy €]-dx, (84)
where
LWa=E-Wy— §E,g‘ Sul-Wy+ (PR +TR)-Wg-&
=&k Wo—Sai®t- Wp- (85— T &)
— W= S We (8- TE-8), (89
Lo Wa= WAj+(ng+T§j)' Wpg,

E(,de——SA,B’ (P,1+F,J) -dxt=(P}+T},)-dx".
(86)

The second Lie derivative of the components W of the
covariant tensor field W can be written in the form

LL W= (LWa) k=& S’ LW
+(PE+TE)-&-L,Wp- (87)
In a noncoordinate basis, £;W has the form
E§W=(§WA)-eA+WB-(£5e3)=(£§WA)-eA, (88)
where
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TABLE I. Relations between transport conditions and types of dragging-
along.

Transport condition Type of dragging-along and transports

P§7+ FE7+ C§7“=F
i i _pi
ij+I‘jj.k——ij.

a a_fa B
By [,,1e _ F;.,e ;
E,,kdx'=F}k~dx/.
Transport with arbitrary dragging-along
Leye”=/§.,-e"+ C?.,‘_'-ep,
L, dx' =A,-dx'.
Transport thh collinear dragging-along
L, e"=Cg,"-€”,
L‘,,, dx'=0.
Transport with mvanant dragging-along

P;7+F§7=A7'3§’
ij+rjik=1§kg5 §
P3,+T5,=0,

P +T},=0.

LoWy=EP-egWy—540"F Wy egt”
+(P AT, +Cy)0) Wi £,
f‘,’iy:—sA,,Bﬂ-r;},, Cay’=—S4a"FCpy22
L, 8= (Ps+Thg+ Cag’) e,
L, Wa=e W+ (PL s+ TRt Cag’) - Wp. (89)

The second Lie derivative of W, in a noncoordinate ba-
sis has the form

Eg‘CuWA=gﬂ'eﬁ(ﬁuWA)—SAaBB' (L,Wp)-ept”

+(P} ,+T3,+CL,)-£-LWp. (90)

The Lie derivatives of covariant basis tensor fields can
be given in terms of the covariant derivatives of the compo-
nents of the contravariant vector field £ and the torsion ten-
sor:

LeeP=[—54a2F %+ PR €7+ Ta)0 £7]-¢h, O
where TA ,,B=SA aBB' TB.YE=SAE,B?' Tﬂya.
LW, will then have the form

LW4=EP WA/,B—SA&Bg' Wg- (€%~ Tgy" €7)
=&8-Wap—Saa"? Wa (€9~ Tpy" M. 92)

The generalization of the Lie derivatives for mixed ten-
sor fields is analogous to that for covariant derivatives of
mixed tensor fields.

4.5. Classification of linear transports with respect to
the connections between contravariant and
covariant affine connections

By means of the Lie derivatives of covariant basis vector
fields, a classification can be proposed for the connections
between the components | 5 ik (I'g,) of the contravariant af-
fine connection I' and the components P’ ik (P ﬂy) of the co-
variant affine connection P. On this basis, linear transports
(induced by the covariant differential operator or by connec-
tions) and draggings-along (induced by the Lie differential
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operator) can be considered as connected with each other
through commutation relations of both operators with the
contraction operator.

The classification of the relations between the affine con-
nections is analogous to the classification proposed by
Schouten® and considered by Schmutzer.*?

5. CURVATURE OPERATOR. BIANCHI IDENTITIES
5.1. Curvature operator

One of the well known operators constructed by means
of the covariant and the Lie differential operators, which has
been used in the differential geometry of differentiable mani-
folds, is the curvature operator.

Definition. Curvature operator. The operator

R(&u)= ngu_ VMVE_ V£§u=[vf’vu] - V[f,u] ’
éueT(M), (93)

is called the curvature operator (or the operator of the cur-
vature).

1. Action of the curvature operator on a function of the
class C'(M), r=2, over a manifold M:

[R(&u)]f=0, feC'(M),

2. [R(&w)fv=f-[R(&u)]v,
veT(M).

r=2.

feC' (M), r=2,

3. Action of the curvature operator on a contravariant

vector field:
[R(£&u)]v= VVo-V, V- chuv z[(valﬁ/y_val'y/ﬁ)
-uﬂ-§7+v‘5,a-Tﬁy"-§‘8'u7]-eg
=[(jx—v'p)) - v’ T £ u']-9;.
(94)

Thus, we can find for V&€ T(M) and Vue T(M) the fol-
lowing relation in a coordinate basis:

V=0 = _Uj'Rijk1+vi;j' T, 5)
where the quantities
| 1 i m i _1Tm i
lekl'—rjl,k—ij,l+rjl'rmk ij'rml (96)
are called the components of the (contravariant) curvature
tensor (Riemannian tensor) in a coordinate basis.

4. Action of the curvature operator on contravariant ten-
sor fields.

For V=V*.¢,=V%.9p, Ve ®' (M), and the bases e,
and dp the following relations can be proved, using the prop-
erties of S5 and T'§;:

[R(&u)1(f-V)=F-[R(&u)]V, (97)

[R(£&u)IV=VA-[R(£u)]es=VE-[R(£,u)]35,  (98)

[R(aj’(?i)]‘?AzRBAji'aB=_SAkBl'Rklji'aB’ (99)
where

RE, ;= —SaP - RYji SuB =0, (100)

RBAji=Ffi,j_ng,i"'rfi'rgj_rfj'rgi, (101)
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[R(&u)]V=—Sp - VE-RY ;- &) 5, .

On the other hand, it follows from the explicit construc-
tion of [R(&,u)]V that

[R(§9u)]v=(VA;i;j— VA;j;i+ VA;k' Tkji' ui' §I (9,4 »

(102)

VA;i;j— VA;j;i= _SBkAl' VB'Rklji_ Tkji' VA;k,
[R(3;,0,)]— VT(aj.a,.)] V=( VA;i;j— VA;j;i) "0y - (103)

5. The action of the curvature operator on covariant vec-
tor fields is determined by its structure and by the action of
the covariant differential operator on a covariant tensor field.

In a coordinate basis,

[R(g,u)]P = (V§Vu_ Vuvf— chu)P =Dr Plikj' gk_ w-dx!
(104)
(105)

=(Pi;j;k"Pi;k;j+ Tkjl'pi;l) cul- g dxt,
[R(ﬁk,ﬁl)]dxi=Pijkl-dxj,
where the quantities
Pijkl=P§1,k_P;k,z+P}7<‘anl‘P}';'ankz‘Pijtk (106)

are called the components of the covariant curvature tensor
in a coordinate basis. S .
Special case: S= C:fj=g;:Py+ I'=0:
Pl=—Riy,. (107)
In a noncoordinate basis,
[R(&u)Ip=ps P’.py EP-u”-e®
=Paryip=Patpryt Tpy’ Pars) - €8-u?- e,
(108)
Psgy=egPs,~e Pig+ Ps: P
— P35, Pgs—Cp,7-P§,. (109)

The quantities P%;s5,= —P%;,p are called the compo-
nents of the covariant curvature tensor in a noncoordinate
basis.

For a covariant tensor field W=W,-dx =W -e€e
® (M) we have, in a coordinate basis,

Waiii=Wai=Sam " Wg-P"yiit Wy T, (110
and in a noncoordinate basis,
Wargry=Waryg=Saa" - Wg- P%s5,4+ Wy, 5- Tg,’. a1
1

5.2. Bianchi identities

If we write down the cycle of the action of the curvature
operator on contravariant vector fields, i.e., if we write

([R(&u)]o)=[R(£&,u)]v+[R(v,)]u+[R(u,0)]¢
(112)

and give the explicit form of every term in the cycle, then by
the use of the covariant and the Lie differential operator,
after some (not so difficult) calculations, we can find identi-
ties in the form
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[R(&u)]o +[R(v,&)]u+[R(u,v)]€
=T(T(&u),0) +T(T(v,€),u) +T(T(u,0),£)
+(V D) (u,0) +H(V,D(Ew) + (V. T)(,E),
(113)
or in the form
([R(&u)]oy=(T(T(£&u),0))+{(V D (wp)). (114)

These identities are called Bianchi identities of the first
type (or of type 1), where

(T(T(&,u),0)y=T(T(£&u),v)+T(T(v,£).u)
+T(T(u,v),8),

(VD) (u,0))=(V T)(u,0) +(V,, T)(Eu)
+(V.1)(v,$),

Vg[T(u,v)]=(VgT)(u,v)+T(V§u,v)+T(u,V§v).

By the use of the curvature operator and the covariant
differential operator, a new operator (V,R)(&u) can be
constructed in the form

(VuR)(&u)=[V, . R(£&u)]=R(V,&,u) = R(&V 1),
(115)

where
[V, R(&u)]=V,oR(&u)—R(£u)oV,,, w,&ueT(M).
The operator (V,,R)(&,u) has the structure
(V,R)(Eu)=V,V V-V, V,V+ vV.V.V,-V.V.V,
+V,,va§—VVWEV,,+VVWMV§—V§VVWM
+ VﬁéuVW— Vchfu+V£§un— Vv,
(116)

This operator obeys the so-called Bianchi identity of the
second type (or of type 2):

((VWR)(&u)y=(R(w,T(§,u)))
where
(VR (&u)y=(V,,R)(&u)+(V,R)(W,&)
+(VR) (u,w),
(R(w,T(&u)))=R(w,T(&u))+R(u,T(w,£))
+R(&,T(u,w)).

117)

The Bianchi identity of type 2 can be written in a coor-
dinate or in a noncoordinate basis as an identity for the com-
ponents of the contravariant curvature tensor:

Rij(kl;m)ERij(kn' Tlm)nE _Rijn(k' Tlm)n7 (1 18)
where
RYjetsmy=Rjit;m + Rt R ks

Rjgn Tlm)nERijkn T+ R T+ Ry, kar-(l 9)

For the commutator
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[V..R(&u)]=V °R(&u)—~R(&u)°V,,

the following commutation identity is valid:

([Vw.R(£&u)])=—(R(w,Leu)), (120)
where
[V .R(Eu) Y=V, ,R(£&u)]+[V,.R(w.£)]

+[V§,R(u,W)],

121)

The curvature operator and the Bianchi identities have
been applied in differentiable manifolds with one affine con-
nection. They can also find applications in considerations
concerning the characteristics of differentiable manifolds
with affine connections and metrics. The structure of the cur-
vature operator leads to the construction of another operator
called the deviation operator.

<R(W,L£u)>ER(W,L§u)+R(u,£w§)+R(§,£uw).
(

6. DEVIATION OPERATOR
By means of the structure of the curvature operator,
R(&u)= vau_ Vuvf—' V£§u=[V§ Vyl— V[f’u] K
(122)

the commutator [V, ,R(&,u)] [w, &, u e T(M)] can be repre-
sented in the form

[Vw ’R(&u)]:[vw ’['F(f’u)]-*'[vw ’[vavu]]

—[Vw.[£e: V]l (123)

where

[,F(g,u)=L‘.§Vu—V,‘llg—VLE,,=[E§,Vu]—V[§,u] 3
(1249)

The operator LI'(&,u) appears as a new operator, con-
structed by means of the Lie differential operator and the
covariant differential opcrator.33'36

Definition. The operator L£I'(£,u) is called the deviation
operator. Its properties include the following relations:

1. Action of the deviation operator on a function
[ [LL(Ew]f=0, fe C'(M), r=2.

2. Action of the deviation operator on a contravariant
vector field:

[LT(&u)](fo)=fLT(&w)]v, &u,veT(M),
[LT(£u)]o=vP[LT (& u)]les=v/[LT(£,u)]8;
=uyvﬁ[LT(f,ey)]eﬂ=ujvi[LI‘(g,aj)]&,-.

The connections between the action of the deviation op-
erator and that of the curvature operator on a contravariant
vector field can be given in the form

[‘Cr(€7u)lv =[R(§,u)]v +[VMVU—VV"U]§

=T(&V,0)+V,[T(Ev)].
In a coordinate basis, [ LI'(£,3,)]d; has the form

(125)
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[LT(¢, al)]ak=[§i;k;l_Riklj' &+ (T’ &)1 9;
=(Lel)- 6, (126)
where
Vo [T(£.9)]1~T(£,V5.0)=(T,*- £),;- 5.

The quantity [,gfi, is called the Lie derivative of contra-
variant affine connection along the contravariant vector field
£. It can also be written in the form

[:gr;;,:fi,k,,-l-:fi-Fil’j—gi,j-F£l+§i,k-rj-l+§i,1-ri~.
(27)

By means of Egl"};, the expression for [ LI'(£,u)]v can
be represented in the form

(LT (&) ]o=v" u'-(LL})- 0= gy v*-ul = Ry
vl E (Tl ;)05 -4l 5;. (128)
In this way, the second covariant derivative V,V & of

the contravariant vector field & can be represented by means
of the deviation operator in the form

V.Voé=(R(u,8)1v)+V V0~ LAV,v)
=VuUIT(&v)]+H[ LT (& u)lv
=([R(4,§)]v)+V.V v

—V,,Cgv—chuv—Vu[T(f,v)]. (129)

For v=u the last identity is called the generalized de-
viation identity.33 It is used for analysis of deviation equa-
tions in spaces with affine connection and metric (L, spaces,
U, spaces, and V, spaces), where deviation equations are
considered with respect to their structure and solutions,3” !
and as a theoretical basis for gravitational-wave detectors
in (pseudo-)Riemannian spaces without torsion (V,
spaces).**~*® Deviation equations of Synge and Schild and
their generalization for (L,,g) spaces are considered in
Ref. 28.

2. Action of the deviation operator on a contravariant
tensor field:

[LT(&u)]V=u"-VA-[LT(&e,)]es=u”-VE-(LT}.) €4
=—(Spa"P-VE-L TG -uMe,, VeokM),
(130)
where
L5, =~Sp, P L5,
([LT(&u)]ep)=(LT5,)-u” ey
=—Sp,*P [€%/81y— R%gys €24 (T 55"
&%), u"ey. (131)

3. The deviation operator obeys an identity analogous
to the Bianchi identity of the first type for the curvature
operator:

([LT(£:u)]0)=((V V.= Vo, )0) H(T(T(£,u),0))
—(T(u,V)), &Eu,veT(M), (132)
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where
([LL(&u)]o)=[LT(£,u)Tv +LE (v, 8)]u
L (u,0)]¢,
((VeV,— VVEu)v>= (Vv — vau)v +(V, V- Vy, elu
+(V.V,=Vy )&,

(T(u,V0))= T(u,Ve)+T(v,V, E)+T(EV,u). (133)
In a noncoordinate basis, this identity acquires the form
(Ll og) v uP+(L,LYp)- €% 0P+ (LT -u" &P
Egy/a/ﬂ'va'u'g+uy/a/ﬂ'ga'vﬂ+vylalﬁ'ua'§ﬁ
T (ap Tes>? v 8- u®—T,p5"- (u® - vP) 5 £°
v 85 u+ £ u) 5 09). (134)

The commutator of the covariant differential operator
and the deviation operator obeys the identity

<[Vw "CF(EJ‘)])E([VW ’[‘C{’Vu]]>_<R(WvC§u)>a
(135)

where
[V LT (&) =V, . LT (£&u)]+[V, LT (v,8)]
+[Ve, LT (u,0)],
(IVu.[Le. VD=1V, .[£ V14V, [£,.V,]]
+[Ve [£,,V,]],
(R(W.Lgu)y=R(w,Lu)+R(u, Ly, )
+R(EL,w), EuweT(M).

4. The action of the deviation operator on covariant vec-
tor fields is determined by its structure and especially by the
Lie differential operator.

In a noncoordinate basis,

[LF(g,ey)]e“=££Veye"—- Veyllfe"— Ve e

=(LPg,)-€*, (136)
where
L§P§7=g"-e5P§y+P§y-e,?§"+P§7.(ng+rf,p
+Cl_;p‘5)-§p—ey(e€§a)—e7[(P;p+F‘;p
+C§pa)-§"]—P27-[e:;§‘_'+(ng+ng
+C5,%) - £14 Phs (€487~ C, .0 £7),  (137)
ept’=f57 ot f*, Tp=f’cfs"Th,.  (138)

The expression for L:Pg, can also be written in the
form

LePg,=—P% 5 £°— §E/B/7+ Tgo® £+ T@aa/y' .
) ) (139)



Phys. Part. Nucl. 30 (5), September-October 1999

The quantity LPg, is called the Lie derivative of the
components P;*r of the covariant affine connection P in a
noncoordinate basis.

Special case:

Fif=e"%.g1:
LePl= =Pl &=t Tyl €4t

S=e*-C: fop=e®-g5, f=e® g,

Tifx-&.  (140)
The Lie derivative of the components of the covariant
affine connection P can be used in considerations related to

deviation equations for covariant vector fields.

7. EXTENDED COVARIANT DIFFERENTIAL
OPERATOR. EXTENDED DERIVATIVE

If T ' are components of a contravariant affine connec-
tion I’ and P ' are components of a covariant affine connec-
tion P in a given (here, coordinate) basis in an (L, ,g) space,
then T;k and P}, with

— s
k r_,k jk’ Py= ]k B

A=A 6;@dx @dx", 1§=E‘jk-ai®dxf®dx",

II ,E e® 12(M ),
are components (in the same basis) of a new contravariant
affine connection I and a new covariant affine connection P,
respectively.

T and P correspond to a new [extended with respect to
V.., ueT(M)] covariant differential operator °V,,

eVakaj=T;k'at eveﬂ€a=rzﬁ-e.’,

evakdx =pi L dx! , eveyea=1_);_y.eﬁ,

with the same properties as the covariant differential operator
V..

If we choose the tensors A and B with certain predefined
properties, then we can find T and P with predetermined
characteristics. For instance, we can find P for which ¢V ,g
=0, VueT(M), g€ ®,(M), although V,g+#0 for the co-
variant affine connection P. On the other hand, A’ and B’
are related to each other on the basis of the commutation
relations for ¢V, and V, with the contraction operator §.
From

V,o8=8V,, °V,S8=5°V,,

we have

(8°°V 5 )(3;@dx") =Ty f1=Aly f1+ Pl f'= Bl £y

(°V4,°8)(9;®dx")=°V ;, (5(3;®dx"))
=evak(fij)=ak(fij)=fij,k~

Therefore,

Fin=Th fi= Al 1+ Pl f1= By ;.
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Since the equality (V,, °8)(9; ®dx’) (8-V, )(o" ®dxh)
leads to the relation f 5. k—F i AP f! j» we obtain the
c;);mectlon between A’ i and B’ & in the form Al jk fi+ By,

Therefore, B'=-A
==B"yf'j fu'=—B%.

We can write "V,;k in the form eV,;k=V,;k
A‘ﬁkzgijk' 0,~®dxj.

The operator ¢V, can also be written in the form °V,,
=V,—A, with A,=A";-u*- 5,@dx/.

Here A, appears as a mixed tensor field of second rank,
but acting on tensor fields as a covariant differential opera-
tor, because °V,, is defined as a covariant differential opera-
tor with the same properties as the covariant differential op-
erator V, .

Definition. Extended (to V,) covariant differential op-
erator. The linear differential operator °V,:v—°V v=70,
v,0 € ®% (M), with the properties of V.

From the properties of V, and V, we obtain the prop-
erties of the operator A, :

! i pm__ xi Ti
U e Ay and A’y

- A ak with

A, v—Ap, ueT(M), v,A,pe®%M).

(@) A (v+w)=A,v+A,w, v,we @ (M).

(b) A (f-v)=f-Ap, fe C"(M).

©) A, w=A,w+A,w.

(d) A-f-uv =f'Auv'

(e) A, f=0.

6 A,wew)=Av0w+vRA,w,
we®"(M).

(g) A,08=S0A, (commutation relation with the contrac-
tion operator S).

All the properties of A, correspond to the properties of
€V, and V, as well defined covariant differential operators.
In fact, A, can be defined as A,=V,—¢V,. If A, is a given
mixed tensor field, then °V, can be constructed in a unique
way.

On the basis of the above considerations we can formu-
late the following proposition:

Proposition. To every covariant differential operator V,,
and a given tensor field A, € ®',(M) acting as a covariant
differential operator on a tensor field in an (L,,g) space
there corresponds an extended covariant differential operator
v,=V,—A,.

In accordance with property (c), A,;,=A,+A4,, the op-
erator A, must be linear in u. On the other hand, 4, as a
mixed tensor field of second rank can be represented by the
use of the existing [in (L,,g) space] contravariant and co-
variant metrics g and g, respectively, in the form A,
=g(A,), where A, is a covariant tensor field of second rank
constructed by the use of a tensor field C and a contravariant
vector field u in such a way that A, is linear in u. There are
at least three possibilities for construction of a covariant ten-
sor field A, of second rank in such a way that A, is linear in
u, ie., A,=C(u)=C;j(u)-dx'®dx’ with:

ve®k (M),
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1. A,=C(u)=A(u)=Aji- uk-dri®dxl, A= =A dx’
®dx-’®dx e®3(M), ueT(M).

2. A,=C(uw)=V,B=B,;,- uk-dx'®dx!,
®dx' e ®2(M) ueT(M).

3. A,=C(uw)= A(u)+V B, A(u)=A;j uk-dx'@dx/,
A= A,]k dx'®dx’ ® dx* € ®3(M), ueT(M) V.B=Bjj;

-uk-dx'®dx!, B= B;;-dx' ®dx’ € ® (M), ueT(M).

An extended covarlant differential operator °V,=V,
—A, can obey additional conditions determining the struc-
ture of the mixed tensor field A, (acting on tensor fields as a
covariant differential operator). One can impose given con-
ditions on °V, leading to definite properties of A, and vice
versa: one can impose conditions on the tensor field A, lead-
ing to definite properties of ¢V, .

Every extended covariant differential operator and every
covariant differential operator has its special type of trans-
port of covariant vector fields.

B=B;;-dx'

8. METRICS

We have introduced the concept of a contraction opera-
tor acting on two vectors belonging to two different vector
spaces with equal dimensions at a point of a differentiable
manifold M and associating with them a function over M. If
a contraction operator acts on two vectors belonging to one
and the same vector space, then this operator is connected
with the concept of a metric.

Definition. Metric. Contraction operator $ acting on two
vectors of one and the same vector space and mapping them
to an element of the field F (R or C).

Definition. Metric over a differentiable manifold M.
Contraction operator S acting on two vector fields whose
vectors at every fixed point xe M belong to one and the
same vector space, i.c., S:(u,v)—S(u,v) e C"(M), u,,v,
eN,(M).

8.1. Covariant metric

Definition. Covariant metric. Contraction operator S act-
ing on two contravariant vector fields over a manifold M,
whose action is identified with the action of a covariant sym-
metric tensor field of rank two on the two vector fields, i.e.,

S(u,v)=g(u,v):=5(g,9)=S(g.u®v)

=S(g®(u®v)), g=ud®v. (141)
The tensor g=g,g-€*-eP=g,;-dx'-dx/ is called the co-
variant metric tensor field (covariant metric), and g(x)=g,
€ ® (M) is called the covariant metric tensor (covariant
metric) at a point xe M.
(a) Action of the covariant metric on two contravariant
vector fields in a coordinate basis:

k v’=u, v’—u

g(u’v)':gkl'f*i'f[j
v/, gi_j=fki'f1j'gkb uk=f*i'ui,

l__
d= guv—gk,u

uj‘=g3-ui, u,=gk,-u"=g,;,-uk. (142)
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Remark. g(u,v) is also called the scalar product of the
contravariant vector fields u and v over the manifold M.

When v=u, we have

g(uu)=gzg-u”" uﬂ—gﬂu up=u u=u,-u®
(143)

=ut=t|ult =21, (144)

and g(u,u)=u’= ilbzl is called the square of the length of
the contravariant vector field u.

(b) The action of the covariant metric on a contravariant
vector field « can be introduced by means of the contraction
operator S in a coordinate basis as

g(u)=8(g,u)=5/(g;;-dx',dx/,u*- 3;)=g;;- u*

-Sjk(dxi-dxj,ak)=g,~j-uk-fjk-dxi=gi;-uk-dxi
u(g), 8ik=8ij"fx- (145)

Remark. The abbreviation u(g) is equivalent to the ab-
breviation (u)(g):=S(u,g). It should not be considered as
the result of the action of the contravariant vector field u on
g. Such action of u on g is (until now) not defined.

The action of the covariant metric g on a contravariant
vector field u considered in index form (in a given basis) is
called lowering indices by means of g. The result of the
action of g on ueT(M) is a covariant vector field g(u)
€ T*(M). On this basis, g can be defined as a linear map-
ping (operator) which maps every element of T(M) onto a
corresponding element of T*(M), ie., giu—g(u)
eT*(M),uesT(M).

Covariant symmetric affine connection. In a noncoor-
dinate basis, the covariant affine connection P will have the
form

=glj.u].dxl:

1
—PY 4 _
Plg=Pipt 5 - Ulg, (146)
where
Pzﬂ—z(P B+PBH+C,,B ",

The components of the covariant derivative of a covari-
ant metric tensor field g can be represented by means of the
covariant symmetric affine connection. If

gaﬂ;)":e‘ygaﬁ_*-PZy'g&ﬂ-'_pg'gad (148)

is the covariant derivative of the components g, g of the co-
variant metric tensor g with respect to the covariant symmet-

ric affine connection P in a noncoordinate basis, then

%(Uayts'gﬁﬂ-'_Uﬂyﬁ'gaé)' (149)

On the other hand, the components of the covariant sym-
metric affine connection I—’ﬁﬁ can be written in the form

gaﬂ/7=gaﬁ;y+

85y Fgﬁ= "{C!B, 7}+Kaﬁ'y+ CaBy+ %(géa' Uﬁ76

+g¢$ﬁ' Uaya) = _{aﬂ’ 7}+ CaBy

+ %(ga‘y;ﬂ-'_gﬁ'y;n_gaﬁ;y)’ (150)
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where
{aB,v}= 3(€agpyt€p8ay—€ 8 ap)
Kapy=3(8ayigt8pyia—8apiy)
Copy=3(8sa"Cpy’+ 855 Cay’ T 85y Cap’)-  (151)

By means of the last expressions, Pzﬁ can be repre-
sented in the form

85y Pog=—{aB.V}+Kop,t Uapyt Capy. (152)
where
Uaﬂ‘y= %(g da” U27+g5,8' Ug'y+g5‘y' ng) (153)

In the special case when the condition g,g.,=0 is im-
posed, the following proposition can be proved:

Proposition. A necessary and sufficient condition for
8ap;y=0 is the condition

8oy Pap=—{aB.7}+ Capy.

The proof follows imediately from (150).

In a coordinate basis, the covariant derivative of the
components g;; of g can be represented in an analogous way
by means of the components P}k of the covariant symmetric
affine connection:

(154)

gij;k=gij,k+ka‘gtj*‘f—’}k'giz*' S(Uh- gyt Uj'k'gil)
=giin+ 3 (Ul 81+ Ujy-ga) (155)
where
gij/k=gij.k+pﬁk'glj‘*'p;k‘git- (156)

Action of the Lie differential operator on the covari-
ant metric. In a coordinate basis, L,g will take the form

Lig=(Lgij)-dx'-dxi=[gj &+ g1 E it g fk;{'

+(gxj- Tlgk‘*‘gik' Tllk)'fl]'dxi'dxj- (157)

The following relations are also fulfilled:
Llg(u,v)]=Eg(u,v)]
=(£§g)(u,v)+g(£§u,v)+g(u,£§v),

Lfg(u)]=(Leg)(w)+g(Leu), &uveT(M). (158)

The action of the Lie differential operator is called
dragging-along of a contravariant vector field. On the basis
of draggings-along of the metric tensor field g, concepts such
as arbitrary (nonmetric) draggings-along, quasi-projective
draggings-along, conformal motions, and motions can be de-
fined and considered, as in (L, ,g) spaces. Here we will only
define different types of draggings-along.

1. Arbitrary (nonmetric) draggings-along:

£§g=45, VgET(M), q§E®sym2(M)-
2. Quasi-projective draggings-along:
Leg=1[p®s(§)+8(£)®p),

£eT(M), peT*(M).
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3. Conformal-invariant draggings-along (conformal mo-
tions):

Leg=N-g, ANeC' (M), EeT(M).
4. Isometric draggings-along (motions):
Lg=0, EeT(M).

For all types of draggings-along the changes of the sca-
lar product of two contravariant vector fields and the changes
of the length of these fields can be found and used in the
same way as in (L,,g) spaces.

8.2. Covariant projective metric

If a covariant metric field g is given and there exists a
contravariant vector field u whose squared length is g(u,u)
=e#0, then we can construct a new covariant tensor field
which is orthogonal to the vector field u. It possesses prop-
erties analogous to those of the covariant tensor field g acting
on contravariant vector fields in every subspace Ti“(M ) in
T (M) orthogonal to u(x)=u,e T,(M), where (T;"(M)
={§x}:gx(§x vux) =0), 8x€ ®sym2/x(M)-

Definition. Covariant projective metric. Covariant met-
ric orthogonal to a given nonisotropic (non-null) vector field
ule=g(u,u)#0], ie., covariant metric h, satisfying the
condition A,(u)=u(h,)=0 and constructed by means of the
covariant metric g and u in the form

1 1

h,=g— i) -g(u)®g(u)=g——-g(u)®(u).
(159)

The properties of the covariant projective metric follow
from its construction and from the properties of the covariant
metric g:

(@) h(w)=u(h,)=0, [gw)](u)=g(u,u)=e.

(b) h,(u,u)=0.

(¢) h(u,v)=h,(v,u)=0, VveT(M).

8.3. Contravariant metric

Definition. Contravariant metric. Contraction operator §
acting on two covariant vector fields over a manifold M
whose action is identified with the action of a contravariant
symmetric tensor field of rank two on the two vector fields,
ie.,

S(p.q)=8(p.q):=5(g,w):=5(g.p®q)

=5(ge(p®q)),

The tensor field g=g“ﬁ-ea-eﬂ=g‘7-¢9,~- d; is called the
contravariant metric tensor field (contravariant metric);
g(x)=g,€ ®,2((M ) is called the contravariant metric tensor
inxeM.

The properties of the contravariant metric are deter-
mined by the properties of the contraction operator and its
identification with the contravariant symmetric tensor field of
rank 2. On this basis the following properties can be proved:

(a) Action of the contravariant metric on two covariant
vector fields in a coordinate basis,

w=p®gq.
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Ep.)=g"-fix-Frpia;=8"pi-0;=q" - pi-qi=p’-q;
=px:d"s Pe=fpis 41=F1q;, pP'=g""p;.
[When g=p, the quantity g(p,p)=p?= *|p|? is called
the square of the length of the covariant vector field p.]

(b) Action of the contravariant metric £ on a covariant
vector field,

g(p)=p(8)=g" pi-f*;-9i=8"-p;-d;=g™ pr-0;

=p"-9;, g"=g"-f*, p'=g"-pj=g"-p;.

The action of the contravariant metric & on a covariant
vector field p in a given basis is called raising of indices by
means of the contravariant metric. The result of this action is
a contravariant vector field g(p). On this basis, # can be
defined as a linear mapping (operator) which maps an ele-
ment of T*(M) onto an element of T(M):

g:p—8(p)eT(M), peT*(M).

The connection between the contravariant and covariant
metric can be determined by the conditions

ueT(M), peT*(M).

(160)

glg(u)]=u, glz(p)1=p.

In a coordinate basis, these conditions take the form

g7 ew=gi. &y 8™=sgf. (161)

From the last expressions we obtain the relations

g[§]=gijgij=n’ g[g]=gij'gij=nv dimM=n.
(162)

Contravariant symmetric affine connection. From the

transformation properties of the components of the contra-
variant affine connection, it follows that the quantity

1 1k Tk
5(F53+Fga—caﬂ") or 5(1‘U+I‘ﬁ)
has the same transformation properties as the contravariant
affine connection itself. This fact can be used as usual for
representing the contravariant affine connection by means of
its symmetric and antisymmetric part in the form

k_7k_ 1 k
Ly=Ty= 2Ty,

[h=3@L+T%),
T,-j" =T fi—F f‘] (in a coordinate basis),

Top”=T'},—T}2s—Cag” (in a noncoordinate basis).
(163)

The quantities I'f; (') 5) are called the components of
the contravariant symmetric affine connection in a coordi-
nate (respectively, in a noncoordinate) basis.

The components of the covariant derivative of the con-
travariant metric tensor field g can be represented by means
of the contravariant symmetric affine connection. If we in-
troduce the abbreviations

8., =e,g"F+T , g%+T% -g*° (inanoncoordinate basis),
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8Yn=8" ;+T'; g+TJ,-g" (inacoordinate basis), (164)
where g is the covariant derivative of the components of
the contravariant metric tensor g with respect to the contra-

variant symmetric affine connection T in a noncoordinate
basis, then

8°F, =8~ 3(T5, 8% +T,:PF g%9). (165)

By means of the explicit expression for g4, g*? and
the usual method for expressing the components of the sym-
metric affine connection, the components of the contravari-
ant symmetric affine connection can be represented in the
form

g% gP<.T'Y =K*Pr— {27} — CBY
— 187AeP T " +8* T, f).,  (166)

where

{*P7)= 1 (8- e, 8P +gP"- e, 87— g7 ¢,g%F),

RoPY= (8% 8P +gP7) - g~ g, - g7),
CPr="L(g70. gbx. C, 62 +g?. g . C L+g.gP.Cs?. (167)

The brackets {*#?} are called Christoffel symbols of the
first kind for the contravariant symmettic affine connection
in a noncoordinate basis.

The components I'} 5 of the contravariant affine connec-
tion I" can be written by means of the last abbreviations in
the form

gaa_gﬁx_ Fng _ {aﬁ,y}_*_l?aﬂ‘y_ TaBy_ CB7, (168)
where
TaBy: %(g-yﬁ_gﬂx_ TK(,~“+g7‘s'g""
T, P+g®®.gPr. T, 7). (169)

By using the connections between the components of the
covariant metric, the components of the contravariant metric,
and their derivatives,

- » - Sy_ _ 6 .
8ap-8P7=g). gare&”=—g"" (g3
835 8"1=—8"" 8adx> (170)

g&z_ilx=fya'fg'gyﬂ/x »
the components of the contravariant affine connection I can
be represented in a noncoordinate basis in the form

vl .
Lle= { aﬂ] ~Kap"=Sap"= Cap’,

where

@a71)

[JBJ =28"lep(gas) Tea(ems) —esl8ap)]=—82

.gﬁ‘;.{pa'f)'}, Kﬂ'ﬁ-y= —gn—p.géa'.fpo'y,

aﬂ7= ~8ap 8B Tpay’

Ll

Cop?’=—8' 855 C*".
(172)
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The brackets {} 5} are called generalized Christoffel sym-
bols of the second kind for the contravariant symmetric affine
connection in a noncoordinate basis.

In an analogous way, when contravariant and covariant
metric fields are given, the covariant affine connection can
be represented by means of the both types of tensor metric
fields in the form

where -
YI_ 7o Y= o0
| Tl =7 @8 Keg?=67Kapo-
(_J,,p"=g%'Uaﬂw (_jaﬁ’/=gw-caﬂg. (174)

The brackets {} 5} are called generalized Christoffel sym-
bols of the second kind for the covariant symmetric affine
connection in a noncoordinate basis.

The same expressions can also be obtained in a coordi-
nate basis.

In the special case when the condition of vanishing of
the covariant derivatives of the contravariant metric with re-
spect to the contravariant symmetric affine connection is im-
posed, i.e., g“”;7=0, the components of the contravariant
symmetric affine connection can be written in the form
FZﬁz {Zﬁ} —Cap's

The last expression is a necessary and sufficient condi-
tion for g®#. ,=0. In a coordinate basis, the necessary and
sufficient condition for g/, =0 takes the form I'};={{}.

On the basis of the connection between the covariant
derivative of the contravariant tensor metric field and the
covariant derivative of the covariant tensor metric field,

Veg=—28(V2)e, (V)leg(w)]=—2l(Ve8)(w)]
VEVueT(M), Veg=-8(Ve)s,
(Veg)g(p)l=—8l(V2)(P)],

VéeT(M), V,eTH(M),

one can prove that there is a one-to-one correspondence be-
tween the transports of g and g. Every transport of the co-
variant tensor metric field g induces a corresponding trans-
port of the contravariant tensor metric field g and vice versa.

8.4. Contravariant projective metric

The concept of a contravariant projective metric with
respect to a nonisotropic (non-null) contravariant vector field
u can be introduced in two different ways:

(a) by the definition

e=g(u,u)#0;
(175)

(b) by inducing it from the covariant projective metric,
using the relations between the covariant and contravariant
metric,

1
h'=g— -u®u=g‘—;—u®u,

g(u,u)
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1
h'=g(h,)g=g~ - udu, Z(Q)Z=

g(g(u)®g(u))g=udu. (176)

h* is called the contravariant projective metric with re-
spect to the nonisotropic contravariant vector field u.
The properties of the contravariant projective metric are

determined by its structure.

9. BIANCHI IDENTITIES FOR THE COVARIANT
CURVATURE TENSOR

9.1. Bianchi identity of the first type for the covariant
curvature tensor

The existence of contravariant and covariant metrics al-
lows us to consider the action of the curvature operator on a
covariant vector field g(v) =g,z v?-e*=g;j-v/-dx’, con-
structed by the use of the covariant metric g and a contra-
variant vector field v.

The identity

(F{([R(&1)18)(W))=(&([R(&u)1[g(v)]))
—([R(&u)]v)=(&([R(&,u)]
X[g()D)—(T(T(§,u),v))
=((V0,T)(u,v)) (177)

is called the Bianchi identity of the first type (of type 1) for
the covariant curvature tensor.

In a coordinate basis, the Bianchi identity of first type
will have the form

Pl(ijk)E_gmn'R’m(ij-gk>m (178)
= m — "
Rluiny=—28""8mn P ijxy= Tiijy T ™ Toi>'-
(179)
It is obvious that the form of the Bianchi identity of the
first type for the components of the covariant curvature ten-
sor is not so simple as the form of the Bianchi identity for the
components of the contravariant curvature tensor.

9.2. Bianchi identity of the second type for the
covariant curvature tensor

The action of the operator (V,,R)(&,u) can be extended
to an action on covariant vector and tensor fields in the same
way as in the case of contravariant vector and tensor fields.
By the use of the relation

VAIR(EW]Ip=[(V,R)(&w)]p+[R(V,.€.u)]p
+[R(&,V,u)1Ip+[R(£,1))(Vwp)s

w,E,ueT(M), peT*(M), (180)
we can find the identity
((VuR)(&u))p=(R(w,T(£,u)))p, (181)

where
((Vu,R)(&u)p=[(V,,R)(&uw)Ip+[(V.R)(w.&)]p
+[(VR)(u,w)]p,
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(R(w,T(§,u)))p=[R(w,T(&u))1p +[R(u,T(w,£))]p
+[R(&T(u,w))]p- (182)

The identity (181) is called the Bianchi identity of the
second type (of type 2) for the covariant curvature tensor.

The Bianchi identity of the second type will have the
following form in a coordinate basis:

i — pi i i —pi n
Pj(kl;m)_Pjkl;m+ijk;l+Pjlm;k_Pj(kn Tlm>

= Pijkn ' Tlmn+ Pijmn ' Tkln+ Pijlr' kar- (183)

10. INVARIANT VOLUME ELEMENT
10.1. Definition and properties

The concept of volume element of a manifold M can be
generalized to that of invariant volume element.'®

Definition. The volume element of a manifold M
(dimM=n):

d™x=d™x=dx'/\...\dx" (in a coordinate basis),
dV,=e'/\.../\e" (in a noncoordinate basis).

The properties of the volume element can be represented
as follows:

1 1 /
d™Mx= o -sA-wA=n—‘ cgq-dft, d)x' =g gy,

1
dV”=_'8A'wA=_'8A'éA,

o av,=Jj-t.av,,

(184)

where J=det(Aa,‘f)=det(clri/Qxi'), dvi=e'N..Ne", &,
=g; i, o"=dx"\..Ndx, &, is the Levi-Civita
symbol,'® and

A

' o ’
g0t =J"lg, 0f, gq-0i=J-g4- 0",

r — A, A, A, 4
gqr-di? =T Vg, df4, g4-dRA=J-g4,-df*,
’ ’
d(”)x=—.8A.wA= .——.SA,.wA =F.J.€A,.dx‘4 .

The transformation properties of the volume element
correspond to those of a tensor density of weight w=—1.
Therefore, for the construction of an invariant volume ele-
ment (keeping its form, and independent of the choice of a
full antisymmetric tensor basis) the volume element must be
multiplied by a tensor density with weight w=$ and rank 0.
Since the covariant metric tensor field is connected with the
basic characteristics of contravariant (and covariant) vector
fields and determines, along with them, concepts (such as the
length of a contravariant vector, or the cosine of the angle
between two contravariant vectors) which in Euclidean ge-
ometry are related to the concept of volume element, the
covariant metric tensor density Qg with weight w=1 and
rank 0 (Q,=|d,|"? is a suitable multiplier for a volume
element.

Definition. The invariant volume element de of a mani-
fold M (dim M =n):
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1
do= \/—dg-d(")x=='n—' <&y @4,

—A_ A
0'=\-d, o, d,<0

(invariant volume element in a coordinate basis),
do=+—d,-dv,, d,<0
(invariant volume element in a noncoordinate basis).

From the transformation properties of \/—dg, namely,
\/ - d&’,= +J.\—d ¢» We obtain the invariance of the invari-
ant volume element: do' = +dw, where

dw’=\/—-d&’,-d("')x’ (in a coordinate basis),
do'=\—d;-dV, (in a noncoordinate basis). (185)

Remark. The minus sign in £dw can be omitted because
of the identical configuration (order, orientation) of the basis
vector fields in the old and in the new tensor basis.

From the definition of the invariant volume element we
obtain the following relations connected with its structure:

, 1
N—dg-gs- 0* =" V—dy-84-do=dw.

(186)

1

do'=—
n!

10.2. Action of the covariant differential operator on
an invariant volume element

The action of the covariant differential operator on an
invariant volume element is determined by its action on the
elements of the construction of the invariant volume element
(the Levi-Civita symbol, the full antisymmetric tensor basis,
and the metric tensor density). From dw=(1/n!)-g,- @4
and V(dw), it follows that

1
Ve(dw)=Vy — -(s,,-«r»‘)}

1
=E[(§8A)‘0_)A+SA'V§O_)A], (187)

and V(dw) can be written in the form

1 1 1
Veldw)=5-3[Veg]- o4 @ =5 -2[Veg]-do.
(188)

The quantity V(dw) is called the covariant derivative
of the invariant volume element dw along the contravariant
vector field £

10.3. Action of the Lie differential operator on an
invariant volume element

The action of the Lie differential operator on an invari-
ant volume element is determined in the same way as the
action of the covariant differential operator:
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! —A
Ldw)= pr Les- @)

1
= —[(ge0)-@* +eq- L]

1

=—'8A'£§(T)A.

o (189)

After some computation, we obtain for L/dw) the ex-
pression

1 1 w
Eg(dw)=m~8,q-5'g[£§g]-w
1 _ 1 _d
=5'g[['§8]'a'8/4'w g
1
Lg(dw)=5-g[£§g]-dw. (190)

The quantity L (dw) is called the Lie derivative of the
invariant volume element dw along the contravariant vector
field &

Special case: Metric transports (V= 0): V(dw)=0.

Special case: Isometric draggings-along (motions) (L,
=0): L{dw)=0.

In some cases, when conservation of the volume is re-
quired as an additional condition, one can introduce a new
covariant differential operator or a new Lie differential op-
erator which do not change the invariant volume element,
i.e., they act on dw in the same way that V, and L, act on
constant functions.

10.4. Covariant differential operator preserving the
invariant volume element

The variation of the invariant volume element dw under
the action of the covariant differential operator V,

1
V(dw)= 52l ] do,
allows the introduction of a new covariant differential opera-
tor “V preserving the invariant volume element.

Definition. The operator “V, is a covariant differential
operator preserving the invariant volume element dw along
a contravariant vector field &

1
V=V~ 5 8Vl

The properties of “V are determined by the properties
of the covariant differential operator and the existence of a
covariant metric tensor field g connected with its contravari-
ant metric tensor field 2:

(a) Action on an invariant volume element dw:

Y (dw)=0.

This follows from the definition of “V, and (188).
(b) Action on a contravariant basis vector field:

(191)
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P T k

V4= | i 58 8umij8i 0. (192)
(c) Action on a covariant basis vector field:

. : 1 -~ )
"’V,;jdx’=(P;q-— 3 -g""-g,,,,;,-g;() -dx*. (193)
(d) Action on a function f over M:
1

OV =&~ 7 -g[Vegl-f, feC'(M), r= 1. (194)

If we introduce the abbreviations
05=2[V.pe]=2""8vop. Q;=8[V581=8" 8usj>
(195)

0=0p-ef=0;-dv/, (196)

1 1
“FZB=FZB—§'gZ-QB, wPl;;;:P:,p—E‘g‘;'Qﬁ,

(197)
Qg=§[V§g]=Qp'§ﬁ=Qj'éi=2-00§, (198)
then “V, (192), and (193) can be written in the form
1
“Ve=Vem 5 Qs (199)
wVeBea=wF3’1ﬁ.ey, wvaj(;i:wrifj.ak’ (200)
OV get="Plg-e?, “V,dx'="P; dx". (201)

The quantities “I'}5 are called the components of the
contravariant affine connection “I" preserving the invariant
volume element dw in a noncoordinate basis, and ’”PZ, g are
called the components of the covariant affine connection “P
preserving the invariant volume element dow in a noncoordi-
nate basis.

Since “T') 5 and “P differ from I'] 5 and P} g, Tespec-
tively, by the components of a mixed tensor field 12-g2
- Qg of rank 3, “T" and “P will have the same transformation
properties as the affine connections I' and P, respectively.

The action of “V, on a contravariant vector field u can
be written in the form

1
“V§u=V§u—E-Q§-u. (202)
If u is considered as a tangent vector to a curve x(n),
ie.,
d ; ; dx’
u=—=u%e,=u'-a;, w'=—, (203)
dx'

a a i a
u =A. -u :A. @ e—
! bodr

—aA Kk k—  k

’ ea_Aa ks Aia'Aa =8>
(204)
and the parameter 7 is considered as a function of another

parameter \ [with a one-to-one (injective) mapping between
rand \], ie.,

r=7(\), A=\(7), (205)
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_d_d)\ d_d)\ _d
S e N TR T

then “V .u can be represented by means of the vector field v

and V v in the form
d\ 1 d\ -
gE—E'Qf'E'U' (207)

If an additional condition for a relation between A and 7
is given in the form

d\ 1 d\
{8)-tor s

(206)

wo _dX
V§u= d_7: V§U+

dr) 2% ar- @08)

then for an arbitrary vector field £ a solution for A=\(7)
exists in the form

1 :
}\=)\0+)\1-f[exp(ifQ,--dx’”-dT,

0;=0i(x k),
and the connection between “V ¢4 and Vv is obtained in the
form

dx 1 ;
wV§u=E-V§v= A -exp EfQi-dx

XVgU,

Ng,\=const, (209)

(210)

It follows from the last expression that there is a possi-
bility of associating the action of “V, on a contravariant
vector field u (as a tangential vector field to a given curve)
with the action of V on the vector field v corresponding to
the vector field u (obtained after changing the parameter of
the curve). If the vector field v satisfies the condition for
parallel transport along ¢ induced by the covariant differen-
tial operator V, (V,v=0), then the vector field u will also
satisfy the parallel-transport condition along ¢ induced by the
covariant differential operator “V ¢ (“Vau=0).

The action of “V, on a metric tensor field g can be
represented in the form

A =const.

1

After contraction of both components of “V ¢& with g,
i.e., for g["’Vgg]=g‘7’*-(’”V§g)aﬁ, the equality

n
7LV sg1= ( - 5) 0, @12)
follows.
The trace-free part of “V g,
1
“Veg="Veg——-2[“Viel-g. (213)
can be written by means of (212) in the form
n—2

Using this form, “V g can be represented by means of
its trace-free part and its trace part in the form
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n—2

where 2[“V,g]=0.

Special case: dimM=n=2: “V,g=V g, g[“V,g]=0.
Special case: imM=n=4: “V;g=V,e— 1 0, g.
The covariant differential operator preserving the invari-

ant volume element does not obey the Leibniz rule when
acting on a tensor product Q® S of two tensor fields Q and S:

1
“V{Q8S) ="V 005+00°Y,S+ -0, 065,

Qe®" (M), See™(M). - (216)

10.5. Trace-free covariant differential operator. Weyl
transport. Weyl space

The description of the gravitational interaction and its
unification with other types of interactions over differen-
tiable manifolds with affine connections and metric [(L, ,8)
spaces] suggests' the introduction of an affine connection
with a corresponding covariant differential operator *V ¢ con-
structed by means of V, and Q; in the form

V=V, — l -0 dimM=

e=Vem Qg dim n- 217)

The action of *V, on a covariant metric tensor field g is
determined by

1
with the condition
gl’Vgl=0. (219)

On the basis of this relation, the covariant differential
operator *V is called a trace-free covariant differential op-
erator.

If the transport of g by the trace-free covariant differen-
tial operator °V, obeys the condition

‘Veg=0, (220)

which is equivalent to the condition for V e8>
1

V§8=;‘Q§'g, (221)
then the transport is called Wey! transport.

The covariant vector field [see (196)]

_ 1

Q=--0 (222)

is called the Weyl vector field.

A differentiable manifold M (dim M=n) with affine
connection and metric, over which for every contravariant
vector field §€ T(M) the transport of g is a Weyl transport,
is called Weyl space with torsion (Weyl—Cartan space) Y,
(Ref. 1).
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The trace-free covariant differential operator *V, is con-
nected with the covariant differential operator “V, preserv-
ing the invariant volume element dw through the relation

7 —

wV §= sV £ (223)

1
2.0 =V 50
The actions of the two operators “V, and *V, are iden-
tical if dimM=n=2 (Q,#0) or if 0,=0.

The components F;”;y of the affine connection I' can be
represented by means of the components of the affine con-
nections corresponding to the operators “V, and *V ;.

The quantity VeBe « €an be written in the form

1
5‘ . T(ea ,eB),
(224)

1
Veﬁea=5(veaeﬂ+veﬁea—[ea ’eﬁ])—

corresponding to the representation of I'}, g in the form

aﬂ_z(r 2t ThaCap) =5 Tap’
LA 25
= aﬁ—E-Ta,,. (225)
If we introduce the abbreviations
1 _
gVeﬁea=—2—(Veaeﬁ+Veﬁea—[ea,e,g])=l"zﬁ e,, (226)
1
SVeBea=Qaﬂy'ey Fy - ga Qﬂ ey, (227)
then
\% =V + : 228
epea_ eﬁea ;'Qﬁ'eav ( )
F3v 1
Veﬁe,,— eﬁe,,+5-T(eB,ea). (229)
From (224), (226), and (228), it follows that
l 1
Veﬁ i gV (:‘ + T(eﬁ, a)
! Y 2
+;-Qﬁ-ea+ eglal- (230)

The last equality corresponds to the representation of
'} in the form

1(_ 1 1
FzﬁEE(FaB 2 Taﬁ + ga Qﬁ+Qaﬁy)' (231)
Similarly, using the relations
1
mveﬁeazwrzﬁ'eyz(rt}xlﬂ—E'gz'Qﬂ)'e.y
1
=Veea= 75 0p €a: (232)

1
V., e.,=“V, e,t ) Jo e

B

Sawa Manoff 547

1
V. e,=%V, e +5-T(ep,ea),

B B “

one can obtain for V egla the expression

1
[V €q + T(eg.eq)

Ve,g =3

+¢V, SLa + Qp-e } (233)
The last equality is equivalent to the representation of
'} in the form

1 1 1

From (228) and (229), the connection between & Veﬂea
and ’Veﬁea follows in the form

1 1
8V, e,='V ea—E-T(eﬁ,ea)+;-Qﬁ-ea, (235)

B ‘B
which is equivalent to the connection between I} g and
Qaﬁ‘y:

- 1 1 y

T75=0us"+ 5 Tag"+ 82 Qp. (236)

On the other hand, there is a connection between sv,Bea
and “’Veﬂea in the form

1
gVeBea="’V T(eB, a)+ Qﬁ [P (237)

eB a
corresponding to the connection between "%z and “T'7,:

1 1
Fy _wr —_ Taﬁ7+5gz.Qp. (238)

10.6. Lie differential operator preserving the invariant
volume element

The action of the Lie differential operator £, on the
invariant volume element dw,

1
Lddw)=5g[Leg]-do,

allows the construction of a new Lie differential operator
preserving the invariant volume element dw.

Definition. “L,:=Lie differential operator preserving the
invariant volume element dw along a contravariant vector

field &

1

The properties of “L, are determined by the properties
of the Lie differential operator and the existence of a cova-
riant metric tensor field g connected with a contravariant
metric tensor field g:

(a) Action on the invariant volume element dw:

“Ldw)=0. (239)



548 Phys. Part. Nucl. 30 (5), September—October 1999

This follows from the definition of “L; and (190).
(b) Action on a contravariant basis vector field:

1
wﬂeaeﬁzﬁeaeﬁ_E'g[ﬁeag]'eﬂ
1 po y
= CHBV——E.gp .Eeagpa_.gﬁ .ey,

o I @
Ea,ﬂj:_z'g L5819,
(c) Action on a covariant basis vector field:

1
“LoeP=L,ef~ 7 BlL, gl e
1
=k‘)’[lﬁ- ey— 5 .g[ﬁeng] . e.B’

1
“’Eadxf Ky - dx’"—— g[E(,g] -dx.

(d) Action on a function f:

CLf= §f—— glLegl-f, feC'(M), r=l1.
If we introduce the abbreviations
Pﬂzg[‘ceﬁg]zg;s'ﬁeﬂg}q%
Pj:g_['cajg]zgkl‘ﬁajgkh
P=Pg-ef=P;-dx,

P.=g[L;g]=2-,6,,

Ay Y 1 b4 Ay Ay
Cap’=Cap’= 5 Par8p: Cap’# = Cpa”,

then “L; and (240)—(244) can be written in the form

. 1
“Le=Le= 5 Pe

1
wﬁeaeﬂ=ﬁeaeﬂ— 5 'Pa'eﬁ

1 "
N
1
“’E,;ié'j= - E 'Pi'aj,

1
“’Ceaeﬁ= Eeaeﬁ— B P,

1
“’E,;dxf k- dx’”—i P;-dx/,

1
“Lef=Ef—5-Pef. feC(M), r=1-

(240)

(241)

(242)

(243)

(244)

(245)
(246)

(247)
(248)

(249)

(250)

(251)

(252)

1
-eﬂzkwﬂ-e’/— E.pa.eﬂ,

(253)

(254)

(255)
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The commutator of two Lie differential operators pre-
serving dw has the following properties:
(a) Action on a function f

1
[mﬁg,“’ﬁu]f=(£§u)f+ E(MPf— §Pu)f

1
= £§u+ E(upg_gPu)jlf,

feC'(M), (256)

r=2.

(b) Action on a contravariant vector field:

1
[w‘cfvwﬁu]v = [‘Cf "Cu]v + E(upg_ gPu)v

1
={[£§"Cu]+ E(ng—fPu))v,

EuveT(M).

(c) The Jacobi identity

([[°Le,“L,1.°L,)=[["Le,“L,],°L, ]
9Ly, “Lel,“L,]
+[[“L,.“L,].°L=0.  (258)

The different types of differential operators acting on the
invariant volume element can be used to describe different
physical systems and interactions over a differentiable mani-
fold with affine connections and metric interpreted as a
model of the space-time.

(257)

11. CONCLUSIONS

The main conclusions following from our results can be
grouped together in the following statements:

A contraction operator S, commuting with the covariant
differential operator and with the Lie differential operator,
for which the affine connection P determined by the covari-
ant differential operator for covariant tensor fields is different
(not only in sign) from the affine connection I' determined
by the covariant differential operator for contravariant tensor
fields can be introduced over every differentiable manifold.
The components (in a coordinate or in a noncoordinate basis)
of the two affine connections P % and T jk differ from each
other by the components g o of the covariant derivatives of
the Kronecker tensor. At least three cases can be distin-
guished:

- (a) gj =0: P’k+F =0 [ij differs only in sign from

(canomcal case: §:= C ).

(b) g]k Pk- gj Plk+rjk Pk: g,, peC'(M) [
differs from ', by the derivative of an invariant fUIlCthl'l
ee C'(M), r=2, along a basis vector field (4, or e;), and
the components of the Kronecker tensor 1n the given basis].

() gjk 8k ij+ij Giks qe® L(M) [ij differs
from F by the covariant derivative g* ji& of the Kronecker
tensor along a basis vector field d; (or e)].

In cases (b) and (c) the Lie derivatives of covariant ten-
sor fields depend also on structures determined by the affine
connections, in contrast to case (a), where the covariant de-
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rivative and the Lie derivative of covariant tensor fields are
independent of each other’s structures (although the Lie de-
rivatives can be expressed by means of the covariant deriva-
tives).

On the basis of our results, the kinematics of vector
fields has been analyzed.z&sz'55 The Lagrangian theory for
tensor fields has been considered® and applied to the
Einstein theory of gravitation as a special case of a Lagrang-
ian theory of tensor fields>’"® over V, spaces (n=4), as well

as to Einstein’s theory of gravitation over V, spaces.”
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