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This is the first part of a review devoted to the exact, nonperturbative solutions of supersymmetric
gauge theories and their formulation in terms of integrable systems. The general phenomenon

of integrability as it appears in the formulation of effective actions for various models

of topological, low-dimensional string theories and almost realistic supersymmetric gauge field
theories is discussed. First the basic features of the string-theory path integral are discussed

in order to understand better the nonperturbative properties of the theory. Then a formulation of
the exact effective actions based on systems of nonlinear differential equations is proposed.

It is demonstrated that the resulting nonlinear differential equations belong to the class of
integrable models of the Kadomtsev—Petviashvili and Toda type. Particular models of this

class are discussed, with special focus on the integrable systems appearing in the context of
multidimensional supersymmetric gauge theories. Their Lax representations and spectral

curves are studied in detail, and a classification of the exact solutions of N=2 supersymmetric
gauge theories along these lines is proposed. © 1999 American Institute of Physics.
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1. INTRODUCTION

In the last few decades, the two problems of greatest
interest in theoretical physics (elementary-particle physics)
have been the fundamental problems of the confinement of
quarks inside hadrons and the quantum theory of gravity. An
essential feature of these problems is the fact that progress in
understanding and solving them is impossible without study-
ing the properties of non-Abelian gauge field theory—
quantum chromodynamics—and the general theory of rela-
tivity with strong coupling, where essentially all the standard
field-theoretic methods used in quantum electrodynamics
and the Weinberg—Salam model of electroweak interactions
and based on perturbation theory are inapplicable. Progress
in understanding the key current problems in elementary-
particle physics and the theory of gravitation is therefore
impossible unless some essentially new methods are devel-
oped which allow physical theories to be studied in the non-
perturbative regime.

A historically important event was the recognition of the
fact that the complex nonlinear equations on which the clas-
sical limit of the corresponding quantum theories is based are
integrable, and, moreover, at least some of their solutions
can be constructed explicitly. For example, the instanton so-
lutions of the classical equations discovered by Polyakov'*
(and, in particular, the instanton solutions of the Yang—Mills
equations found beginning with the study by Belavin, Polya-
kov, Schwarz, and Tyupkin®) turned out to influence signifi-
cantly our understanding of not only the classical but also the
quantum structure of sigma models and gauge field theories
(Ref. 4; see also Ref. 5 and references therein). Moreover, it
was instantons which first demonstrated the importance of
applying the techniques of complex analysis® to the solution
of modern nonlinear problems in theoretical physics.

The appearance of instantons and other nonperturbative
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solutions greatly broadened the horizons of the theory of
strong interactions and clearly demonstrated that elementary-
particle physics does not reduce to perturbation theory, in
which only high energies can be treated in QCD (the regime
of asymptotic freedom), where the standard formulation of
gauge field theory works well.” Nevertheless, instanton cal-
culations proved to be only the next-highest approximation
in QCD and are manifestly insufficient for describing quark
confinement and other effects in the strong-coupling region.
As far as the quantization of the general theory of relativity
is concerned, even the appearance of supersymmetry® as a
mechanism for canceling divergences has not given any hope
of constructing a consistent theory of quantum gravity within
the framework of quantum field theory (see, for example,
Ref. 9).

It has turned out that the construction of a consistent
picture of quantum gravity requires a fundamental change in
the theory at Planck scales, based on going from pointlike
objects to one-dimensional, extended objects—strings. The
appearance'® and development of string theory primarily led,
as noted by Scherk and Schwarz,!! to the unification of
gauge field theory and gravity, so that the two fundamental
problems ceased to exist independently, because the string
spectrum naturally contains massless vector fields and spin-2
fields. The geometric structure of string theory has been for-
mulated by Polyakov as an integral over two-dimensional
geometries:'?

Fg:j Dgabee_fzglﬂxP; -7:=E Aqug’ (1.1)
8

where x are the fields of two-dimensional conformal field
theory or the string coordinates, g,, are two-dimensional
metrics on the Riemann surface 3, of genus g, whose
equivalence classes (with respect to coordinate transforma-
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tions on the unobservable world sheets) correspond to vari-
ous two-dimensional geometries, and A, is the string cou-
pling constant. According to the Belavin—Knizhnik
theorem,” the integral (1.1) reduces to an integral over the
moduli space of complex structures of Riemann surfaces of
the special form

Fg= fM du()f 1% (1.2)

where M, is the (finite-dimensional) moduli space of com-
plex structures of the Riemann surface p3 ¢» and the specific
form of the integration measure depends on the choice of
string model. As will be seen below (Sec. 2), the formulation
(1.1) and (1.2) in principle allows the use of symmetry con-
siderations to obtain nonperturbative information, although
according to its actual definition it is a perturbative expan-
sion about some vacuum, and the integral (1.1) gives the
g-loop correction in the theory.

The development of string theory led to the appearance
of more or less realistic string models (see, for example, Ref.
14 and references therein), based on representations of the
real world as a part of a multidimensional space-time (10-
dimensional, in most cases) whose unphysical dimensions
are compactified and represent a manifold of a special type
(for example, a Calabi-Yau manifold). The structure of
compactified string models allows the assumption that there
exists a completely nontrivial symmetry (duality)®!7 relat-
ing the various string theories to each other, in particular, in
such a way that the perturbative regime in one gives some
information about nonperturbative effects in another. In
other words, duality transformations allow the various string
models to be treated as perturbative expansions (1.1) about
different vacua of the same theory. A defect in this picture
which remains to this day is the absence of any rigorous
mathematical statements.

On the other hand, it is in string theory (more precisely,
in some of its simplest models) that it first turned out to be
possible to obtain nonperturbative information about the (ex-
act) correlation functions. Owing to the limitations of direct
methods of calculation, i.e., directly using the Polyakov
functional integral (1.1), which can be used only to calculate
critical exponents and the simplest correlation functions on
the sphere,lg’20 progress has been made with an elegant dis-
cretization of ¢<1 string models or matrix models of two-
dimensional gravity:*?

(1.3)

where DM ,~11; ;dM ,, ;; denotes the integral over a finite
matrix, and V(M,,...,M)) is usually a polynomial poten-
tial. Here the loop expansion reproduces a discretized ver-
sion of the loop expansion of ¢=<1 string models (c is the
central charge of the Virasoro algebra, the set of degrees of
freedom of the corresponding string theory). The double
scaling limit of (1.3) proposed by Kazakov? has permitted
study of the nonperturbative partition function (or, more gen-
erally, the generating function of the string correlators) F
~1log Z, information on which can be encoded in nonlinear
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integrable equations.z‘"28 One method of obtaining differen-
tial equations for the generating function (1.3) is by studying
the loop equations or Ward identities for the integral (1.3)
(Refs. 25-27), {6V)=0 [the average is understood in the
sense of the partition function (1.3)], which are essentially a
very simple analog of the Ward identities in gauge field
theory. >

Another example (which, however, turns out to be re-
lated to the previous one) of the direct manifestation of inte-
grable structures is that of topological string
models, 3723537 in which the theory is actually defined by
the fact that its correlation functions ‘‘count’ the topological
characteristics of the moduli spaces of complex curves—the
intersection indices, Euler characteristics, and so on. Here
the integral over the moduli space of the complex structures

(1.2) (more precisely, over its compactification M, which
is usually taken to be the Deligne—Mumford compactifica-
tion) counts the cohomology classes Mg , and from the
viewpoint of field theory this implies that the physical de-
grees of freedom correspond to only a finite number of to-
pological operators which can be constructed, for example,
in the language of the cohomologies of the BRST
opcrator.38'39 The effective construction of the generating
function of the intersection indices in the form of a matrix
model allowed Kontsevich® to come close to formulating
nonperturbative topological string models as solutions of in-
tegrable equations of a special type.33’34

Further developments showed that it is integrable sys-
tems which provide a suitable language in which to describe
the nonperturbative solutions of quantum theories. More-
over, the formulation in terms of integrable systems is uni-
versal, i.e., it is common to many string models which a
priori appear to be completely different from each other. For
example, the important advance made by Witten and
Seiberg***? in understanding the nonperturbative structure of
four-dimensional N=2 supersymmetric non-Abelian gauge
theory allowed these exact nonperturbative results to be
stated in the language familiar from ¢<1 string theory, i.e.,
to be described as a deformation of the solutions of a hier-
archy of integrable equations of the Kadomtsev—Petviashvili
or Toda type,43 and it indicated the essentially stringy nature
of the exact solutions of quantum field theory.*~47

It should be particularly noted that, although the devel-
opment of this area of string theory is still far from any direct
relation to the problems of confinement and real quantum
gravity, the universality which characterizes this approach to
solving problems in non-Abelian gauge field theory and the
general theory of relativity is worthy of attention. Conceptu-
ally, the approach based on integrable systems currently en-
compasses a wide spectrum of problems from QCD at high
energies (the Lipatov approach“) to exactly solvable models
of two-dimensional®***® and three-dimensional*’ gravity.

An advantage of the language of integrable systems is its
relative simplicity: instead of string and field systems with an
infinite number of degrees of freedom, it is possible to work
with essentially finite-dimensional (because one often deals
with reductions) dynamical systems, for the study of which a
well developed formalism exists. The most convenient ap-
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proaches for working with nonperturbative string and field
theories have proved to be the algebraic—geometric approach
of Novikov, Krichever, Dubrovin ez al.,’*>3 and also the
Hamiltonian approach of the Leningrad school of
Faddeev®*>S and the Japanese fermionic formalism,’’
which leads to a formulation of the solutions of integrable
systems in  terms of an  infinite-dimensional
Grassmannian—a universal moduli space.’®-%

It should also be noted that the development of nonper-
turbative quantum field theory and string theory in turn has
had a significant effect on the theory of integrable systems,
as it has made it necessary to study new, in general, singular
solutions of integrable equations in more detail. **%%3 The
singular properties of this class of solutions (which hence-
forth will be called string solutions) are directly related to
their physical meaning—identification with the sum of the
perturbation series, which in general is an asymptotic series.
Nevertheless, it has turned out that in the zeroth-order ap-
proximation these solutions correspond to well known prob-
lems in finite-gap integration, and the construction of exact
solutions is related to Whitham deformations of finite-gap
solutions,36-31:61.62

Studies from the last few years (see, for example, Refs.
23, 25, 34, 40-43, 64, and 65) have shown that it is possible
to calculate exactly nonperturbative results (the spectrum,
correlation functions, and effective actions) in theories which
are not quantum-integrable models®*% in the canonical
sense of this term. In contrast to ‘‘canonical’’ quantum inte-
grable systems, where there is usually an (infinite-
dimensional) quantum symmetry algebra allowing the Hil-
bert space of the theory to be identified with its
representation space, and a sufficient number of conditions to
be imposed on the correlation functions, the theories which
we shall discuss below are not quantum-integrable in this
sense. However, they are certainly interesting from the view-
point of being close to realistic models of elementary-
particle theory and are exactly solvable in the nonperturba-
tive regime in the following sense.

For each of the examples discussed, there exists an ef-
fective description in terms of the generating functional of
the exact correlation functions in the theory,

5 e OF
(O s iﬂ)—m,

n

(1.4)

and/or the effective action. It should be especially noted that
the method of the effective action®’ is natural for formulating
string theory, where all string effects are important only at
short distances. The effective theory can be formulated in
terms of a (classical) integrable system. Moreover, in all the
cases considered below, this integrable system turns out to
be a hierarchy of integrable equations of the Kadomtsev—
Petviashvili (KP) type defined by reduction. The first equa-
tion of the hierarchy is

FU 4 4&0 12U(9U 3*U 15)
o o \*am T Uan T (1.

or the two-dimensional Toda lattice, for which the first equa-
tion has the form
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(1.6)

although, in general, the restriction of the class of integrable
models is due solely to the fact that we are dealing with the
string theories which are simplest from this point of view:
two-dimensional (2D) topological string models and c<1
theories interacting with two-dimensional quantum gravity
(Secs. 2 and 3), and also the N=2 supersymmetric non-
Abelian gauge field theories arising in the point (field) limit
of realistic string theories (Sec. 4). The effective formulation
is universal in the sense that it is independent of very many
of the properties of the ‘bare’’ theory, such as the dimension
of space-time: two-, four-, and even five-dimensional theo-
ries look practically the same from this point of view. More-
over, the resulting effective theories are in many respects
reminiscent of topological field theories, as they possess a
number of properties characteristic of two-dimensional topo-
logical theories, even though the bare theories are certainly
multidimensional. In particular, the spectrum of the effective
theories contains massless propagating particles.

To be more precise, we shall understand an effective
nonperturbative formulation as the construction of an explicit
dependence of the spectrum, the correlation functions, and
the effective actions (i.e., the effective coupling constants) as
functions of the parameters (or moduli) of the theory, which,
as a rule, are the low-energy values of the background fields
in physical space-time. For example, in 4D supersymmetric
gauge theories, these are the vacuum expectation values of
the Higgs fields, ;= (1/k){Tr¢*), while in more general
string theories they are the moduli of the space-time metric
(for example, the parameters of a complex or Kahler struc-
ture), the gauge fields (the moduli of flat connections or in-
stantons), and so on. The problem amounts to finding the
exact nonperturbative dependence of the physical quantities
on these parameters.” The solution of this problem is con-
siderably simplified by the fact that the space-time moduli in
string theories can often be identified with the moduli of
complex manifolds, the space of which is usually a factor of
a topologically trivial manifold under the action of a discrete
group. The action of this discrete group is hypothetically
identified with duality transformations!>~! relating the vari-
ous perturbative expansions of the string theory to each
other.

It is primarily the complex-analytic structure which dis-
tinguishes the class of theories for which exact nonperturba-
tive results will be formulated below. Here the possibility
immediately arises of posing problems which are technically
solvable, because many results can be formulated in terms of
holomorphic (or meromorphic) functions. The idea of work-
ing with holomorphic functions originated with the use of
complex analysis in instanton theory® and the Belavin—
Knizhnik theorem'? in perturbative string theory. Secondly,
the class of problems which can be studied is restricted even
more by the fact that in it the moduli of physical theories can
be identified with the moduli of one-dimensional (1D) com-
plex manifolds—(space-time!) complex curves 3 (or two-
dimensional real manifolds—Riemann surfaces). Here two
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explanatory remarks should be made. First, space-time Rie-
mann surfaces a priori do not have anything to do with
world sheets in string theory; this does not at all hinder the
use of the same technical tools as in perturbative string
theory when working with them. Second, in principle one
should expect the same picture for theories in which the
moduli spaces are identified with the moduli spaces of com-
plex manifolds of higher dimension (K3, dim¢=3 Calabi-
Yau manifolds, and so on). Moreover, in the unified picture
of string theory the space-time complex curves considered
below must often be assumed to be degenerate cases of string
compactification manifolds: when a Calabi—Yau manifold
effectively degenerates into a 1D curve 3, (Ref. 47). The
nontrivial topological structure of the spectral curve 3 is
essentially nonperturbative information; in perturbation
theory the spectral curve is manifested only ‘‘locally,”” as a
scale parameter. This means that it is string effects which
play the essential role in the structure of the exact nonper-
turbative solutions of gauge field theory, while the topologi-
cal degrees of freedom important for constructing the effec-
tive theory are directly related to the ‘‘windings’’ of the
strings (or, in general, D-branes) on nontrivial cycles of the
string compactification manifolds.

The relation between nonperturbative solutions of quan-
tum theory and integrable systems has been studied in detail
only for a few 2D topological theories and theories of quan-
tum gravity, and also for the Seiberg—Witten solutions of
N=2 supersymmetric non-Abelian gauge theories: pure
gluodynamics‘“'68 including interactions with the (N,=1)
N=2 matter hypermultiplet in the adjoint representation of
the gauge group, described in terms of the family of
Calogero—Moser integrable systems.69'73 When the hyper-
multiplet mass becomes infinitely large, it is effectively de-
coupled from the Yang—Mills theory, and dimensional trans-
mutation causes the elliptical Calogero—Moser model to
degenerate into a periodic Toda chain describing pure 4D
N=2 supersymmetric gluodynamics.43 It is also known’*"
that N.=3, Ny=2 (where N, and Ny are the numbers of
colors and flavors) curves correspond to the integrable
Goryachev—Chaplygin top, while the natural hypothesis con-
cerning families of models of AN=2 supersymmetric
QCD**8 is formulation in terms of integrable (in general,
inhomogeneous) s/(2) spin chains, for which the Toda chain
is again the limiting case. The idea of such an identification
is based’” on the special quadratic form of the algebraic
equations describing the embedding of the spectral curve in
C? (Refs. 42 and 76). Another possibility,”® that of remaining
within the dynamics of the Toda chain while changing the
boundary conditions, encounters difficulties when Ny>N..

Since the solutions are formulated in terms of the peri-
ods of meromorphic differentials on complex curves (one of
the possible choices of coordinates on the moduli space),
integrable systems [moreover, integrable systems of the KP
or Toda type, by which we mean those in which the Liou-
ville torus (angular variables) is the real cross section of a
special complex torus—the Jacobian of a complex curve]
arise almost by definition, owing to the Krichever
construction.”®

At the present time there is no mechanism which allows
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exact nonperturbative results to be obtained when starting
directly from the first principles of string theory and quantum
field theory [possibilities of obtaining some nonperturbative
results by directly studying the Polyakov functional integral
(1.1) will be one of the topics discussed in Sec. 2]. However,
the striking analogy between the equations arising in the de-
scription of the deformation of finite-gap solutions of the
Whitham equations—equations of the hydrodynamical
type—and the renormalization-group method in standard
perturbation theory’® should be noted. Actually, the scale
invariance of the correlation functions is related to their de-
pendence on the coupling constant by a first-order equation:
[d/(dlog A)—2B(g)(dldg)]F(g;A)=0. Naively, there is no
scale dependence in the exact solution, and it can be assumed
that the derivatives with respect to A can be replaced by
derivatives with respect to the moduli. However, even with
this hypothesis it should be noted that there is no way of
determining the B function outside the framework of pertur-
bation theory. In addition, the associativity equations for the
effective action suggest that some idea of the mechanism by
which integrable equations arise must be sought in string
theory.

The basic concepts used in this review. String pertur-
bation theory (1.1) is defined by a path integral'? over map-
pings x:2,— X of the world sheet 3, onto physical ‘‘space-
time”” X and over two-dimensional geometries, the metrics
gap 1n (1.1) or their equivalence classes up to
reparametrizations—moduli of the complex structure y on
the space M, in (1.2). In general, X need not be a four-
dimensional Minkowski space or flat space R*; it may have
a nontrivial metric (which, owing to the two-dimensional
symmetries, satisfies the Einstein equations®”) or even be a
nontrivial compact manifold (more precisely, have a com-
pact component), which physically corresponds to the origin
of internal (gauge) degrees of freedom in the Kaluza—Klein
scheme. Here the Polyakov integral (1.1) must be understood
in a generalized sense, where instead of a free two-
dimensional theory of the field x corresponding to flat space-
time X, it is necessary to consider some general fwo-
dimensional conformal field theory,® the fields of which, in
general, implicitly correspond to a o model on a nontrivial
manifold. The anomaly of the measure for the integration
over two-dimensional metrics Dg,, can also be attributed to
the gravitational contribution to the action of the two-
dimensional conformal theory. When cpapert € graviey™ 26
=0, two-dimensional gravity cancels the conformal
anomaly, and the integral (1.1) reduces to (1.2), as before. It
follows, in particular, that even in the absence of matter,
(pure) two-dimensional gravity is, in general, a nontrivial
string theory, and it is just such theories (for which the mat-
ter contribution is small, ¢4 <1, compared with the con-
tribution of gravity) which are amenable to nonperturbative
analysis.

Two features of a conformal theory of a general type
should particularly be noted. First, in string theory a single
conformal theory may correspond to strings on different
manifolds X; and X,. Such manifolds are called mirror
manifolds,'® and the simplest example of this phenomenon is
the theory of a free field taking values on a circle: the theo-
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ries on X; =Sk and X,=S,; are equivalent. Second, despite
the fact that conformal theories corresponding to nontrivial
manifolds naively do not appear to be free, for any 2D con-
formal field theory there exists a free-field or bosonization
technique, i.e., the string theories are basically defined per-
turbatively, and the integrals (1.1) and (1.2) can be calcu-
lated. Naturally, for a conformal theory of a general type this
problem is very complicated technically, but there exist ex-
amples of conformal theories in which the integral over the
matter fields, and even the resulting integral for the induced
gravitation, can be fully calculated. Examples of such theo-
ries are free theories

Cmatter
E IxHoxt
2o p=1

SCFT= f §x0x5 (1.7)
28

and certain theories with ¢<<0. The presence of ‘‘negative”’
matter leads to additional cancellations in the integration
measure (1.2), and this often makes it possible to calculate
the Polyakov functional integral. The bosonization technique
effectively reduces the calculations in nontrivial conformal
theories to calculations (of fairly complex correlation func-
tions) in theories of the form (1.7), or more precisely, theo-
ries with “‘extended”’ free action Scp(@)=[d@de
+ agR e, where the constant a (which in the case of many
fields is a vector) is related to the central charge of the
theory: ccpr=1-— 12a%. The best known examples of con-
formal theories of this type are the pg models®® with central
charge c=1—6(p—q)%/pq. Because of this, the integral
(1.1) can sometimes be calculated explicitly, and we shall
discuss examples of such theories in the first section of this
review. They all have ¢ 4,1 (including negative values)
or an integer, and the conclusions about the properties of the
theory which are preserved in the nonperturbative regime
(the correlation functions, for which there are no higher-
order corrections, and the operator algebra) are based on the
algebraic structure of the two-dimensional conformal theory
(the Virasoro and Kac—Moody algebras®'*?) and the repre-
sentation of 2D conformal field theories by free fields.33—%7

As expected, the information obtained directly from
study of the integral (1.1) is very limited.!>?*#% The for-
mulation of the nonperturbative theory is rather implicitly
related to the properties of the theory on the world sheet, and
it can be described as follows. The central object is the gen-
erating function (1.4) of the exact physical correlators (scat-
tering amplitudes), the calculation of which is the main prob-
lem of the theory. In the case of two-dimensional gravity and
topological string models, the functional F in (1.4) is liter-
ally a function which, in general, is an infinite (although
discrete in the present case) set of numerical variables, and
the variational derivatives in (1.4) are transformed into ordi-
nary partial derivatives.

The generating function depends on two types of vari-
able. Those of the first type are sources for physical opera-
tors

T O
FymFy(T)= f DgayDxe cF(x,g,)+ S,
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FoF A, T)=2 ALF(T), (1.8)
4

the derivatives with respect to which determine the correla-
tion functions in the theory. Equation (1.8) certainly depends
on the choice of basis O, or T;, and only in a special basis
(which is not necessarily convenient from the viewpoint of
formulating the theory on the world sheet) can it be elegantly
described in the language of nonlinear differential equations
or relations of the unitarity type for the correlators.?>?%%832
In general, such relations are well known in traditional quan-
tum field theory (the Ward identities,® the Schwinger—
Dyson equations, and so on), but the situation in string
theory is different because these equations can be written as
a complete system of integrable differential equations com-
pletely determining the generating function (1.8). Like the
function T, the generating function (1.4), (1.8) can be de-
fined only as a formal series whose coefficients are identified
with correlation functions. The series, in general, has zero
radius of convergence. This fact certainly reflects the well
known properties of perturbation series in string theory and
in quantum field theory, and, moreover, is consistent with the
existing explicit expressions for exact nonperturbative solu-
tions, which, if they exist at all, usually have an integral form
and can sometimes be reduced to matrix integrals (1.3), i.e.,
to simple analogs of gauge field theory.

The other parameters on which the partition function or
the generating function depends are the physical or space-
time moduli of the theory. The space of these parameters is
usually finite-dimensional, and complex in the cases consid-
ered, and it can often be interpreted as the moduli space of
complex curves. It should be particularly noted that the com-
plex curves or Riemann surfaces which arise here have a
‘‘space-time’” origin (for example, they originate from string
compactification) and are not at all related to the world
sheets in string theory! Like a function of the moduli, the
generating function is an ordinary (for example, meromor-
phic) function of many complex variables, and it can often
be calculated more or less explicitly. The moduli themselves
can be interpreted as the low-energy values of the back-
ground fields (the Higgs expectation values of scalars, the
moduli of the physical metric—complex and Kahler struc-
tures, and so on), and, as a function of the moduli, F usually
has the meaning of the effective action.

In topological 2D gravity and some topological string
models (of the A, series), the dependences on the moduli ¢
and the sources T practically coincide (the + T formula®).
The problem is to find the explicit form of the function
J(t,T), or at least the equations which it satisfies. In the
case of topological theories this problem can be solved ex-
plicitly, and the answer is expressed in terms of an integral of
the form [DX exp[—TrV(X)+TrAX], where the moduli ¢
are related to the coefficients of the potential V(X), and the
external sources to the traces of powers of the matrix A. The
proof of the r+7 formula is a nontrivial problem (see
Sec. 3).

Naturally, this dependence is, in general, different, and
both problems are of independent interest. In the case of an
effective N'=2 supersymmetric gauge theory in four dimen-
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sions, as yet only the first question has an answer, and an
extremely important fact is that the Wilson effective action
in the massless sector, being a functional of the fields, can be
expressed in terms of a function of several complex variables
(see Refs. 41 and 42 and references therein). This effect is
easily understood as follows.

For an N=2 supersymmetric gauge theory with the
group SU(N_), the scalar potential has the form V(¢)
=Tr[#,#']%, and its minimum corresponds, apart from
gauge transformations, to diagonal, traceless matrices ¢
=diag(4,,... An)» whose invariants

N(‘

det(A— ¢)=PNC()\)=I(20 Sy -\, (1.9)
equal in number to the rank of the group, rank SU(N,)
=N_.—1 [or any other set of algebraically independent in-
variants, for example, &, = (1/k) Tr¢)*], parametrize the space
of physical moduli. The Higgs effect leads to the appearance
of a mass for the off-diagonal part of the gauge field A,
since [¢,A,]=(A;,—A )A”, while the diagonal part re-
mains massless, and the gauge group is broken from G
=SU(N,) down to U(1)™*G=y/(1)Ne~!. Therefore, the
massless sector can be represented as an AN'=2 Abelian
gauge theory whose effective Lagrangian is defined in terms
of the superfields ®;,=¢'+ 130'#,,5Gfu,,+ ..., Wwhose
vacuum values coincide with the diagonal elements of the
matrix ¢. Therefore, a function of complex variables F(a)
=‘7:(A)|EA.-=0 actually determines the Wilson effective ac-
tion of the massless fields, which is obtained from it by the
substitution

2

" Fada G;L,,Gi“,

Leg~ f d*IF(A—- ;)=
(1.10)

As far as the massive excitations in N'=2 non-Abelian gauge
theory are concerned, it turns out*'*? that at least the spec-
trum of BPS states? is related to the function F as M ~|na
+map|, where ap=43F/ da.

Therefore, it is knowledge of the function of complex
variables F as a function of the moduli and all its derivatives,
for example, the expansion in sources T, which gives the
most complete nonperturbative information about the theory.
It will be demonstrated below that, at least in one class of
problems whose general features are described in this sec-
tion, the main goal is to find a formulation of the properties
of the generating function F which depends on some of its
variables as on the moduli of the complex structure of some
Riemann surface.

As already stated, the main idea is to identify the func-
tion JF, and also other characteristics of the physical theory,
with quantities which are meaningful in systems of inte-
grable equations of the KP/Toda type. To formulate this re-
lationship, we also need to give some definitions from the
theory of integrable models. In the class of problems studied
in this review, all the equations which arise pertain to KP
(1.5) or Toda (1.6) hierarchies, or, more precisely, to reduc-
tions of them. The concept of a hierarchy implies that the
dynamical systems (1.5) and (1.6) possess an infinite number
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of integrals of the motion, which can be associated with an
infinite number of mutually commuting [and commuting
with the first equations in (1.5) and (1.6)] flows. The differ-
ential equations involving higher-order times T; have a more
complicated form if they are written as equations for the
functions U(T) and ¢,(T), but there is a more elegant
method of specifying the entire hierarchy.

This method is based on the auxiliary linear problem for
the hierarchy of integrable equations

Tk — ¥=B,¥, (1.11)

a
where the B;=B,[ U; ¢] are differential operators only with
respect to T in the KP case (1.5) or difference operators
with respect to the discrete time n in the Toda case (1.6), and
the solution ¥ of the auxiliary linear problem is usually
called the Baker—Akhiezer function. To (1.11) we can add
the Lax equation

LY=\D, (1.12)

which appears in the reductions as one of the equations of
the chain (1.11). The hierarchy of nonlinear integrable equa-
tions here is equivalent to the Lax equations

—T—=[Bk,£] (1.13)
or to the Zakharov—Shabat compatibility conditions
d
H_Y}_Bk’a_ﬂ_Bl}=0' (1.14)

The most universal object in this formulation of integrable
problems is the Hirota 7 function satisfying an infinite chain
of bilinear differential (difference) equations and generating
the solutions of the integrable hierarchy, the Baker—Akhiezer
functions, and so on. For example, for the KP hierarchy,

1
T\ T _k)
= eETkRk_(_L ;

R U(T)=¢*log 7(T); ...,

(1.15)

and similar expressions exist also for other hierarchies.

The Toda and KP hierarchies have an infinite number of
solutions parametrized by a point of the infinite-dimensional
Grassmannian®®> or, roughly speaking, a function of two
variables. The particular solutions can be obtained by means
of auxiliary conditions, which often have the form of addi-
tional (often linear) equations for the 7 function.

Finite-dimensional reductions of hierarchies of inte-
grable equations in which only a finite number of integrals of
the motion and flows d/9T; are independent play a special
role. A beautiful example of finite-dimensional reductions of
hierarchies of KP/Toda equations is that of the so-called

finite-gap solutions defined by the conditions
finite
[£,A]=0; A= c\By. (1.16)
3
where L is the Lax operator (1.12), the B are the operators
of the Baker evolution function (1.11), and ¢, is some finite
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set of nonzero constants. The integration of finite-gap solu-
tions is referred to as the Krichever construction®® and re-
duces to the following steps:3)

* The combined spectrum of the commuting operators £
and A (1.16) is specified by a system of equations describing
a complex curve %; in the simplest case, P(L,.A)=0.

« A Baker—Akhiezer function is a section of some
bundle over 3. In the cases used below, this bundle is almost
always linear.

e The moduli of a complex curve are integrals of the
motion of the system (1.16).

« The integrating change of variable is the Abel transfor-
mation, and the Liouville torus (angular variables) is the real
section of the Jacobian of the curve .

o The Hamiltonian structure of a finite-gap solution is
formulated by means of a generating meromorphic
1-differential dS, whose periods (integrals over nontrivial
cycles on the Riemann surface) are the action variables (the
canonical set of integrals of the motion) of the system.

The resulting complex curves are specified by algebraic
equations of the form

P(\,w)=0 (1.17)
[one relation of the form (1.17) for two variables, where P is
a polynomial whose coefficients are the moduli of the com-
plex structure, specifies a one-dimensional complex (or two-
dimensional real) manifold], or by systems of equations in
several complex variables. Topologically, each complex
curve is characterized by a single parameter, the genus g (the
number of handles), and for a surface of fixed genus 2, the
complex structure is defined by 3g—3 parameters—the
moduli of the complex structure, ie., dimcM,,=3g—3.
Finite-gap integrable systems usually correspond to
g-parameter families of complex curves (so that the dimen-
sion of the moduli space, equal to the number of independent
integrals of the motion, coincides with the dimension of the
Jacobian of the curve, i.e., with the number of angular vari-
ables). The dimension of the Jacobian coincides with the
number of globally defined holomorphic differentials dw;,
i=1,...,g, and is equal to the genus of the surface. On a
surface of genus g there are 2g independent incontractable
cycles (two around each handle), the canonical set of which
corresponds to division into the A;, i=1,...,g, and B;, i
=1,...,8, cycles with intersection index A;°B;=;;. The
holomorphic differentials are canonically chosen to be nor-
malized on the A cycles, $ Ajdw ;= 6, and the integrals over
the B cycles give the period matrix, § Bjd w;=T;;. The finite-
gap solutions are the simplest solutions of integrable sys-
tems, of those related to nonperturbative quantum theories.
In general, they represent only the first approximation to the
nonperturbative solutions, which are the main topic of the
present review. They already allow some of the information
on the physical characteristics of the effective theory to be
described. In addition, in many cases the exact solutions can
be viewed as integrable deformations of finite-gap solutions
described by hierarchies of Whitham equations. When the
solution of a string theory can be found exactly, it turns out
to be a poorly defined solution of an integrable system (one
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which is not periodic and does not fall off, or, conversely,
one which grows at infinity, and so on), but at the same time
it corresponds to the minimal deformation of Eq. (1.16)—to
the appearance of a constant on the right-hand side. Such an
additional condition is called a string e:quation;24 in extend-
ing it to the entire hierarchy, this condition takes the form of
the condition for invariance of the 7 function under the ac-
tion of the linear differential operators forming the Borel
(n=—1) part of the Virasoro algebra.

The content of this review. We shall begin with the
formulation of the topological phase of 2D gravity on the
basis of the technique of two-dimensional conformal field
theory and the theory of free fields on Riemann surfaces—
world sheets in string theory. It is shown that the correlators
in the theory of topological gravity have a representation in
terms of a ccpr=—2 two-dimensional conformal theory
with special matter interacting with ordinary Liouville grav-
ity, and we shall study the generalization of two-dimensional
gravity to the case of higher nonlinear two-dimensional sym-
metries corresponding to W algebras. We shall consider the
geometrical formulation of 2D and W gravity, in which ob-
jects from the theory of integrable systems arise naturally.
Studies of the algebra of the observables in 2D and W grav-
ity, in particular, have shown that the open-string sector (or
the holomorphic sector of the model) contains closed subal-
gebras whose structure is determined by the model (the sum
of all unitary representations with unit weight) corresponding
to a finite-dimensional group (the group G for W gravity).

Next, in Sec. 2 we turn directly to the exact nonpertur-
bative formulation of quantum theories in terms of integrable
systems and start by discussing the historically first example:
the model of 2D quantum gravity. In Sec. 2.3 we show how
the exact nonperturbative solution of models of 2D gravity of
the (2,2k+ 1) series (including pure gravity, the theory with
k=1) is formulated in terms of the solution of the hierarchy
of the Korteweg—de Vries (KdV) equation, invariant under
the action of the n=1 (Borel) subalgebra of the Virasoro
algebra. In that section we encounter for the first time the
logarithm of the 7 function of an integrable hierarchy, which
is the generating function for the correlators of nonperturba-
tive string theory, and we also construct the nonperturbative
effective action for the string equation allowing the possibil-
ity of interpolating between various critical points of the
(2,2k+1) series. In Sec. 2.4 we prove that there exists an
explicit solution of the Virasoro conditions, i.e., a represen-
tation in the form of a matrix integral for the 7 function, for
the theory of topological gravity, whose generating function
formally satisfies the same equations as the generating func-
tion of 2D quantum gravity [the (2,2k+1) series].

Section 3 is devoted to the nonperturbative formulation
of topological ¢<1 string models—theories in which not
only the formulation of the nonperturbative regime in terms
of systems of integrable equations is known, but also explicit
solutions of these equations (in integral form) have been
found which, in principle, permit one to obtain an exact re-
sult for the correlation function. In Sec. 3.1 we prove the
integrability of topological string models of the A, se-
ries, namely, that the generating function is the logarithm of
the 7 function of the reduced KP hierarchy satisfying the
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string equation ZkTi(IFP10Ty_p)+Zy4p=paTbT=0.
In Sec. 3.2 we explicitly construct the solutions of topologi-
cal string models and their topological deformations in the
Ginzburg—Landau theory [i.e., determined by the polynomial
(super)potential] in the form of matrix-integral solutions of
the KP hierarchy. In Sec. 3.3 we study the generalization of
the construction to the case of nontopological solutions. We
show that the explicit solutions of topological theories are a
consequence of a more general expression, the p,q-duality
transformation ‘If(l’"’)()\)=fd,u(x)es(p'q)()"")‘lf(q’p)(x), the
formulation of which is the central topic of Sec. 3.3. Finally,
in Sec. 3.4 we study the c—1 limit of nonperturbative topo-
logical solutions, and construct its generating function in
terms of the 7 function of the hierarchy of the two-
dimensional Toda lattice. In addition, we propose an inter-
pretation of our results from the viewpoint of string field
theory.

Finally, in Sec. 4 we turn to the case of greatest physical
interest: four-dimensional (4D) N'=2 supersymmetric gauge
field theories, which are the point (or field) limit of the more
complex ¢>1 string theories. In Sec. 4.1 we formulate the
nonperturbative solution of N=2 supersymmetric gluody-
namics in terms of periodic solutions of the Toda chain. In
particular, we show that the moduli of physical solutions (the
parameters of the solutions of the classical equations of mo-
tion) in the N=2 case can be identified with the integrals of
the motion of the Toda chain, and that there exists an elegant
formalism for this identification in terms of complex curves.
In Sec. 4.2 we study the elliptic deformation of the Toda
chain in the Calogero—-Moser model corresponding to the
inclusion of the interaction of A’=2 non-Abelian gauge
theory with matter in the adjoint representation of the gauge
group. In Sec. 4.3 we study an alternative deformation of the
Toda chain into (classical) spin chains, and the solution of
the corresponding periodic problem is identified with the
nonperturbative formulation of N’=2 supersymmetric QCD.

Thus, in Sec. 4 the nonperturbative solutions of N'=2
supersymmetric non-Abelian gauge theory are formulated in
terms of the finite-gap solutions of equations of the KP/Toda
type. The relation between gauge theories and integrable sys-
tems will be studied in more detail in the second part of this
review.”®

2. EXACT RESULTS IN 2D GRAVITY AND STRING
SOLUTIONS OF INTEGRABLE SYSTEMS

2.1. 2D and W gravity in the formalism of conformal
theories and integrable systems of the KP type

As the starting point in studying quantum gravity, we
shall assume that the theory, which by definition reduces to
integration over all metrics (if we are located in the sponta-
neously broken phase), is at least naively a topological
theory. Leaving aside for now the detailed discussion of the
topological nature of an arbitrary theory of gravity, in this
subsection we shall solve a much more modest problem,
namely, we shall show that topological correlation functions
in fact arise in the original Polyakov approachlz’lg_21 to per-
turbative 2D quantum gravity.
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We shall show that observables in the topological
sector’? of two-dimensional gravity are related to operators
of zero dimension from the viewpoint of conformal theory,
and the calculation of multiloop topological correlation func-
tions is related to the problem of the bosonization of first-
order bosonic systems—so-called By systems.83’86’87

The results presented below are based on the following
postulates of the conformal approach to two-dimensional
gravity:‘g‘21

« The choice of conformal structure in two dimensions is
equivalent to choosing the complex structure: in the coordi-
nates z, z on a surface of fixed genus g, the metric g,;, can
be replaced by the Liouville field ¢.: g,5= e?2(g0)ap» and
the ghosts bc—anticommuting fields of spin 2 and —1 and
their complex conjugates. The action also depends on the
reference metric go=go(y), which is a function of the
moduli of the complex structure ({y} are the coordinates on
M, ; Refs. 12 and 13).

For a system from a conformal theory of ‘‘matter,”” with
action Scrr{®,g}, central charge ¢, and 2D gravity, the
Polyakov functional integral'>!%% (1.1) takes the form

Fg{l(:}=j2 Dgabe_sgmvi,y{gab}j D(Pe—ScFr{%g,,b}fC{(P,gab}
8
=Agj dyf Dd,LD(pe—ZS—cmsﬂydzz(%hwdzmo%)
Ml’

_SCFT{"”gO}f |Db Dc ejbgCPIC{cp,b,c, b, (2.1)

where Ro=33dl0g g, |0¢|*=0¢ 3., and K{¢,g,} de-
notes a set of vertex operators in the theory.* The coefficient
(25—c¢)/487 in front of the Liouville action on the right-
hand side of (2.1) is determined by the condition that the
conformal, holomorphic, and gravitational anomalies
cancel.'>!>1%2 The constant A, depends on the choice of
normalization of the functional integral (2.1) and, in general,
is not fixed in Polyakov perturbation theory. The question of
fixing this normalization (more precisely, the relative nor-
malization of the F, corresponding to different genera) is
only solved by imposing nonlinear equations on the generat-
ing function and will be studied later on.

« The fundamental postulate is that D ¢ is the measure
for a free scalar field, i.e., it is determined by the norm
| 8¢>= f 12,] 6|2, and not by fz2,|¢|*¢?. The main (but
still not completely convincing) argument in favor of this
postulate is the relation of 2D gravity to the Drinfeld—
Sokolov reduction of the SL(2,R) Wess—Zumino—
Novikov—Witten (WZNW) model or the geometric quantiza-
tion of the Virasoro algebra,ZI’87 from which the SL(2)
invariant integration measure follows: D¢,~II (dF/F")
X(z2)~(det 9) M d,(z), F'(z)=3dF(z)=e%®, while
Hze‘bﬁ(”dtﬁﬁ(z) corresponds to HZ(dF/F’z), which is not
invariant under linear-fractional transformations F—(aF
+b)/(cF+d). We shall apply this argument only to the
“‘holomorphic square root’” of D¢, and not to the measure
itself.

« Not all the observables in the conformal theory on the
right-hand side of (2.1) have the meaning of observables in
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quantum gravity. Only (I-dimensional) operators integrated
over the surface or operators of zero dimension can appear as
operators K—they are independent of the location of the
points on the world sheet, for example,
J2,0a{b.c, p}e?a%z, where O, is an operator of dimension
A from the matter sector, and A is chosen such that

As+A=1, (2:2)

where the dimension of the Liouville part ¢4A%¢ is deter-
mined by the energy-momentum tensor of the Liouville
field:

25— 1 2, 22 6 2
T£=T “5(0%) +d"dc|; AC=_'25_CAA+AA
2.3)

[we note that é(2,2)$(0,0)=—[12/(25-¢)]
Xlogzz+...]. Solving (2.2) for A, , we find

1
Ax=15[25-c—(25-c)(1-c+244)], (2.4)
where the sign in front of the square root is chosen such that
Apr=0 for A=1.

Let us consider operators independent of the matter. The
simplest local operators constructed from the ghosts bc have

the form
s,,(z)=b¢9b...¢9”—2b(z), n>1;

sp(z)=cdc...d"c(z), n<1;
n—2)(n—1 n’+n
L (=Dm=1)

2 2

A(s,)=2(n—1)

or, in the representation of a single bosonic field ®,

|b|2=e'®, —i®,

le|?=e~"%;
1 1 .
T,,c=5(ac1>)2—i(j—5)02q>; |sal>=€ "D (256)

The situation becomes much simpler if the operators o,
=e”%|s,|* have zero dimension and c=—2. In fact, in-
stead of (2.2) and (2.4) we then have

1
Ar+A=0; BA=§[25—c—\/(25—c)(25—c+24A)],

2.7)
from which it follows that
1
B,=15(25-c- V(25—c)(1—c+12[n%+n]))
3
=5(1—-n). (28)

The topological operator of zero dimension can be written as

0= ePnfr|s | 2= UMb |22 ((1-m)(@ i) (2.9)

(where we have introduced the normalized Liouville field
D,=\(25—c)/12¢,=3/2¢) and obviously has zero di-
mension. In the absence of the gravitational anomaly [the
case of the theory (2.1)], the correlators of operators of zero

1, (2.5) .
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dimension do not depend on the location on the surface and
can play the role of (some of) the observables in quantum
gravity.

The operators o, possess an important property: any set
of them Hfilani(zi »Z;), satisfying the selection rule Efvzl
(No. of ghosts cr,,i) =2f’=1(n,-— 1)=3g—3=dimcM, in the
ghost number, automatically satisfies the law of charge con-
servation with respect to the Liouville field:

ad Y 3 25— 9
2 4= S (1-n)="(1-g)=>(1-g).
(2.10)

i=1
This remarkable coincidence occurs only for the particular
value c=—2.

It is easily verified that tree (g=0) nonzero [i.e., satis-
fying the selection rule (2.10)] correlators of the operators o,
are equal to a constant—the contribution of the ghosts ex-
actly cancels that of the Liouville field. This is not so obvi-
ous for multiloop correlation functions: in order to ensure
cancellation between the bc and Liouville contributions for
higher genera g>0, ¢, must not be treated as an ‘ordinary’’
scalar field with values in the field of real numbers. The
problem is to cancel the instanton sector of the ®—bc¢ sys-
tem, whose contribution is described by the © function in the
expression

<H ei(n,~—1)<l>(§,-)>~H E(fi,fj)(l_"i)(l_"j)®
i i<j

x(zﬁ(z (1—n,.)g,-+3v‘z'A)|4T),

(2.11)

where E(§;,¢£;) is the principal form on the surface of high-
est genus [the analog of 1/(§;—&;) on the sphere], and ©
denotes the Riemann theta function on the Jacobian
(g-dimensional torus) of a surface of genus g (see, for ex-
ample, Refs. 52, 91, and 92). It turns out to be much more
natural to treat the field ¢, as arising in the bosonization of
the By system, and having nontrivial global behavior for p
>0 (see Refs. 86 and 87 for details). In contrast to the usual
scalar field, the correlators of @ , (treated as a field arising in
the bosonization of the By system) are calculated from the
expression®®

<§(Z)H e(l_m)%(&)>~H E(&;, &)~ mm1=np
. i<j

X

@)(2&(2_ (1-n)¢

-1
+3V‘2A)|4T)) ; (2.12)
which cancels the nontrivial factors in (2.11), apart from a
constant.

In the foregoing discussion an ordinary ghost system can
easily be replaced by an arbitrary system of anticommuting
fields of spin j (j#2), b jc1-; (following Ref. 83, we refer
to the special case of j=0 as the 7¢ system, where n=>b is
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a spin-1 field), which corresponds to the very special case of
matter with negative central charge ¢ =—2. For the case of
¢=—2 conformal matter realized as the 7§ system, the total
action has the form

1 1 3 _ _
Stotal:4_7; LZZ(E |(7<I>[;|2+ 5 Ro®+ ndét+c.c.tbdc

1 _ _
+c.c.) =1 Lzz(ﬁdy-i- bdc+c.c). (2.13)

The terms in front of bdc give exactly the action arising in
the bosonization of commuting By systems with spin j=2
(B=0&e®c, y= ne~2c). Thus, the full theory is transformed
into a combination of b¢ and By systems with the same spin
Jj=2. It is quite natural to assume, and this is the main ob-
servation of the present subsection, that such a supersymmet-
ric combination is a topological theory.

The measure in the functional integral for a similar ¢
= —2 theory with 2D gravity can be rewritten as Dg,;D(c
=—2CFT)=(du(y)DbDcD $)(DED ), or

du(y)(DbDc)(DpDED 77) =d;L(y)(DbDC)(Dﬂ(Dzvi)4-)

Thus, the original functional integral is rewritten as an inte-
gral for the bc— By system.

The proposed approach can be generalized directly to a
theory with a richer symmetry on the world sheet—so-called
W strings, where the internal geometry is formulated in
terms of the W gravity associated with extended Virasoro
algebras or W algebras.g?”94 W algebras are closely related to
the theory of integrable systems95 [Wy algebras with N re-
ductions of the KP hierarchy: the KdV (N=2), Boussinesq
(N=3), and other hierarchies]. The main goal is to obtain a
nonperturbative formulation or a ‘‘summed’ perturbation
theory based on the technique of the wuniversal moduli
space—the infinite-dimensional Grassmannian®®*® param-
etrizing different solutions of integrable systems of the KP or
Toda type. The W geometry leads to the appearance of Vi-
rasoro conditions in physical space-time?>~?’ (in general, lit-
erally, W conditions; henceforth, if not specially stipulated,
by Virasoro conditions we shall mean the conditions for in-
variance under the action of the ‘‘Borel”” part Wy ;> _y4+; of
the generators of the W algebras themselves, which are lit-
erally generators of the Virasoro algebra only for N=2),
arising from the W, symmetries of the Grassmannian.>*%°

Let us begin with the representation of the topological
sector of W gravity in terms of free fields. Two-dimensional
gravity is defined by the functional integral (2.1), and, as will
be shown above, the simplest topological example corre-
sponds to the special choice of 7¢ matter (2.13) in (2.1), for
which the topological subsector (2.13) is formulated in terms
of j=2 bc and By systems:

S=Sgraviry+Smane,=f bdc+ Bdy+c.c., (2.15)

where we have used the bosonization rules

B=e" %3¢, y=e?n,
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Cﬂ}': _Cbc=2(6j2_6j+ 1)=26=Cmatter+cLiouvill<(52- 16)

The generalization of these expressions to the case of W
gravity is obvious. The topological action (2.15) has the form

N

SW—gravity+Smaner= 22 (bjgcl—j'f'ﬁjg')’l_j‘f‘C.C.)
j=

N
= 22 (bjgcl_j+ naé+c.c.
=

I
+§|3¢j| =3 Ro(y) ;|-
(2.17)

First we note that the total central charge of the system of W
ghosts
N
en=2 —2(6j2—6j+1)=2(1-N)(2N(N+1)+1)
j=2
(2.18)
(in particular, c,=—26, ¢3=—100, etc.) restricts the pos-
sible values of the central charge of the W algebra:

N

CWN=2

Jj=2

2
1+12(j— %) ]=4(N—1)(N2+N+1)
(2.19)

(for N=2 this equation (2.19) reproduces the ‘‘topological”’
Virasoro central charge ¢ =28). The number of zero modes
{bj.ci_;} of the ghost fields is equal to the (complex) di-
mension of the W-moduli space. It follows from the
Riemann—Roch theorem that

N N
2 (No. of b?)=(g—1)2 (2j—1)
j=2 j=2

=(g—1)}(N*—1)

=(g—1)dimSL(N) (2.20)

[for N=2, (g—1)dimSL(2)=3g—3=dimcM, coincides
with the dimension of the moduli space of the complex struc-
tures]. Equation (2.20) was used by Hitchin for studying the
moduli spaces of flat SL(N,R) connections® and indicates
the relation between Wg-moduli spaces and flat G connec-
tions on Riemann surfaces.

The most general expression for the functional integral
in conformal W gravity has the form [cf. (2.1)]

J {dy}j D¢e—fdlz(1/213¢|2+ﬂoRo(y)p¢+Eaea¢’)
My
N 3
X H J’ ,DbjDCl_je‘rbjacl_jlz
j=2

X [ DoeSmetesvcion ) ek} @21



498 Phys. Part. Nucl. 30 (5), September—October 1999

Let us now consider a very simple example allowing a better
understanding of the features of the (classical) W symmetry.
We deform the partition function of the theory with W sym-

metry
<<1>>E<ef,u2T+/,L3W3+,..) — f e—Sej',u.zT+,u,3W3+...,
(2.22)

where w,d7(dz)™" are generalized Beltrami differentials,
and we first consider the case in which only u, and u; are
nonzero. Calculating the deformation in the first order, we
have

uy=3(T())= [ el ENTT(E)+ s

X(T(2)W(€))}+0(8)

C
= D & pa— 2u20py— pydu,

"3(9[1«3!13'”2/.(,331.434‘..., (223)
where

up(2)=(T(2)), u3(2)=(W3(2)),-...un(2)=(Wy(2)),
(2.24)
and c is the central charge. Similarly,

- c 1
(9u3=30,u2u3+/.1,2&u3+ '3@ 05#34' 5 03/.4,2142

1 3
+3 Pusduy+ops| 262 A+ o Fu,

1
+ #3[b2(9A+ 1 (93u2}. (2.25)
For u3=0, p,=u, and u,=u, (2.23) becomes
- C
—Ou=20pu+pout > Pu. (2.26)

This equation can be treated as a compatibility condition for
the auxiliary linear problem

c _ 1
(E 02+u)‘1'—1/2=0; (5+,U«0"—5<9#)‘1’—1/2=0’
(2.27)

where ¢/6 is a known semiclassical coefficient and ®_,),
denotes the — 3 differential. The combatibility of these con-
ditions implies that the complex and projective structures are
consistent. Choosing u=de, it is easily seen that the last
equation in (2.27) is a simple consequence of the transfor-
mation law for the — 3 differential:
1

SV _ 1 p=€dV_ | p— 7 eV _ . (2.28)
For the W; Ward identity (2.25) the auxiliary linear problem
has the form

c 1
o Pt+ud+ 5 Quatus|¥_; =0,
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- 1 1
I+ pad—dpad= Pyt 7 Om3d

(2.29)

— M3 32_7“2

)\I,_1=O

[using the renormalization u;— \/gm, U3— \/§u3; the co-
efficients in (2.29) are simplified for the special value ¢
=24, which will be used below]. The second equation in
(2.29) corresponds to the transformation law

2
B\If_1=62¢9‘1'_1—e3(¢92—§uz)‘l’_,+6

—derivative terms, (2.30)

which explicitly depends on the ‘‘external field”” u,. This is
the main difference between the cases of W, and the higher
W, . The general form of the transformations (2.30) is

of= 2 €,D,(ugy,...,u,_)f+e—derivatives terms,
(2.31)

where

D, (ug,..ostty_1)=38"+u,_8" 1+---+u, (2.32)

are nth-order differential operators. The appearance in this
case of the operators (2.32) with nontrivial coefficients im-
plies a relation to the KP hierarchy and the algebra of
pseudodifferential operators:”’

Lgp=0+2, a;07% (Lip)y=d"++uy.  (2.33)
i=1

In fact, the trivial differential operator " corresponds to the
choice of the trivial point of the Grassmannian W,
={L\,A%\3,. ..}, while the differential operator of gen-
eral form (2.32) corresponds, in general, to any point of the
Grassmannian. It is therefore natural to treat functions on the
Riemann surface as objects depending on the Grassmannian
point. For example, let us take some function on the curve
and write it (locally) as a Fourier or Laplace integral f(£)
= e"ff()\)d)\. Now this function can be raised to the sec-
tion of some bundle over the Grassmannian specified by the
flows of the KP hierarchy f(tys....t,)
=feMit o Nt 2\ )d\, where 1,=£. Then the sym-
metries corresponding to the action of differential operators
of higher order in £ are related to the action of the flows of
the KP hierarchy d;f= a;‘l f=a, f for the expression at the

trivial point of the Grassmannian. At an arbitrary point of the
Grassmannian, instead of this expression we have the trans-
formation

fltrset)= | T {LDFNON, 239

where ®y(\,{t,}) is a Baker—Akhiezer function. This re-

placement gives rise to the nontrivial flows

8 f=(8"+u,_1 8" ' +...+ug)f, (2.35)
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as a consequence of changing over to the general point W. In
fact, a general point of the Grassmannian corresponds to W,
gravity.”® The more frequently encountered case of finite Wy
corresponds to special reductions of W, . Let us consider, for
example, a special reduction of the Baker—Akhiezer function

1 1
T tl—x,...,tn—m,...

'T(tl ,...,tn,...)

T (N1, e

(2.36)

=ez:,,x"[ HZT wi({tn}))\_i]

such that the sum on the right-hand side is finite, of order N.
The corresponding 7 function is expressed in terms of the
solutions of the equation (o¥+w,;d¥ 1+ ... +wy)fi=0, i
=1,...,N (Ref. 98), T=det;; fﬁ’ =D It is easy to calculate the
corresponding ¥ function:

[ )
TV = Theeesly™ T
=e2)\kh, A n\

‘I’()\,tl,...,t,,,---) T(tl t )
geerbpgese

WN
AV
where wy_;=dety f]4;- (dety £ )71 GL(N) transforma-
tions of the functions f; do not change the values of the ¥
function. Imposing the auxiliary condition w, =0, we verify
that 97/9t;=0. There is a simple relation between the ex-
pressions for the w, from (2.37) and the u, from (2.32).
Expanding the logarithms of both sides of (2.37) in series in
I/\ and using the equation &, d, log 7=(Lgp) - (i.c., simply
the coefficient of the term involving 9~ '), we immediately
find

w
=eE)\ktk< 1+Tl+---+ ), (237)

Wy = o'f,zl log 7+4d;, log 1;

wy= 5,31 log 7+, 9, log 7+ 4, log; .... (2.38)

Let us now consider the case where the only independent

function is u, [i.e., the S/L(T) or KdV reduction of the KP
hierarchy]. Then , log =0 and w,=u,. Similarly, for the

S/La) reduction, J,, log 7=0 and w3=3du,+us.
2.2. Algebras of the observables in 2D and W gravity

Let us now consider the algebra of the observables in
c¢=1 theories of 2D gravity and theories of W gravity with
integer central charge. These algebras can be treated as fun-
damental invariant characteristics of topological string mod-
els also outside the framework of perturbation theory, be-
cause they, in particular, are independent of the order of the
term in the perturbative expansion. In the approach discussed
here, the primary fields of the two-dimensional conformal
theory—the (extended) Virasoro algebra, dressed by Liou-
ville fields and ghosts—are representatives of BRST coho-
mology classes®®!® or physical operators. From the view-
point of the Lagrangian approach this is a remarkable
simplification, because the set of primary fields, as a rule,
possesses additional structures or symmetries which are not
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seen when studying all the fields of the two-dimensional con-
formal theory. In this subsection we shall show that an ex-
ample of such a structure is essentially the SU(2)-group
model found'"! at the S U(2)-invariant point of the c=1 con-
formal theory, i.e., the direct sum of all the unitary represen-
tations of SU(2) of highest weight, in which each represen-
tation enters only once. The structure of the model is
preserved upon dressing by the Liouville field and unifies a
class of observables in the corresponding string model, or
more precisely, in the open-string sector. Moreover, this
structure also defines to some degree the algebra of the ob-
servables in the corresponding string theory. Below we shall
propose a natural generalization of this structure to arbitrary
groups G of the A—D—E series, physically corresponding to
c=rank G W gravity.

The construction of Ref. 101 proceeds as follows.

1. We consider a scalar (matter) field X compactified on
a circle of radius r=v2 (i.e., X~X+2wr=X+2mv2) with
energy—momentum tensor — 3(9X )2. For this radius the ob-
vious U(1)XU(1) symmetry is increased to SU(2)
X SU(2) symmetry, and we can study the chiral sector with
SU(2) symmetry. This corresponds to the self-dual point of
the ¢=1 Gaussian model,lo2 where SU(2)XSU(2) acts
naturally on the Virasoro primary fields. Below, we shall
consider the holomorphic sector in such a theory (= the
open-string sector), in which the left- (or right-) handed
SU(2) group acts naturally. Here all the chiral primary ver-
tex operators in the theory form the SU(2) model:
M[SU(2)].

2. To isolate the structure of the primary fields, we can
eliminate the descendants by introducing an interaction with
2D gravity, i.e., by going to string theory. Among the string
observables there is a subsector consisting of integrals over
surfaces (integrals over contours for the holomorphic sector)
of gravitationally dressed primary fields with total unit di-
mension. The corresponding vertex operators have the form

qym= fﬁ ) m(x)e~ V28, (2.39)

3. These operators form a Lie algebra G (in contrast to
the OPE in the conformal theory), whose structure constants
are 3-point correlators on the sphere. Thus, we have obtained
a mapping of M[SU(2)] onto an algebra of (some of) the
observables which is the Lie algebra G[SU(2)]. Moreover,
the mapping M[SU(2)]—G[SU(2)] is a representation, i.e.,
it preserves the structure of the model:

(@) g,n=0Q,, forms the adjoint representation of SU(2)
in GISU(2)];

(b) since the Q,, act trivially on the Liouville field ¢, the
{q;.m} form the SU(2) model: the set of representations of
highest weight of spin J.

4. Owing to the special selection rules determined by the
properties of the Liouville sector, the commutator
(g m' +qm mv] contains a single term g, ,, with J=J'+J"
—1 (and m=m'+m"):

J'+"-1

[ql',m”ql”,m"] = C_]I’JH (240)

qj'+J"—1m' +m"-
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The coefficients C[SU(2)] are the 3 symbols (Clebsch—
Gordan coefficients) of the SU(2) group in some basis.

5. The structure constants specified by the 3; symbols
Cj:;,{"_l can also be interpreted as the structure constants of
the algebra of area-preserving diffeomorphisms of the two-
dimensional plane R*~C (i.e., the algebra of Hamiltonian
Vecto; fields on the plane, often identified with the algebra
W)’

Let us consider in more detail the theory of a single free
scalar field X compactified on a circle, with the Lagrangian
J0X0X. In this theory the chiral algebra usually contains
U (HX U (1), generated by the current J,=dX, and the Vi-
rasoro algebra generated by T=— 3(9X)? (the plus sign cor-
responds to the conjugates). The standard set of primary
fields in this theory is given by the exponentials® e?P*eP*,
where

(2.41)

n,meZ, and R is the compactification radius'®? (we note
that in fact this quantity is half the actual compactification
radius: x~x+27R and ¥~x+27R implies that x+¥=X
~X+2mr, where r=2R). However, in some cases the ho-

lomorphic chiral algebra increases to § 0(2)k=1 , formed by
the currents 7. =e*"*2* and Jo- This occurs at the self-dual
point for R=1/V2 [at which the theory is related to the

SU(2)1=; WZNW model]. Here the set of primary fields
becomes SU(2) X SU(2)-invariant, and for the holomorphic
sector (or the sector corresponding to the theory of open
strings) this implies that for each e’P* the spectrum contains
all nonzero (Q_)*e?* [for p>0, or (Q,)** for p<0;
Q.=¢J. are the SU(2) generators and commute with the
energy—momentum tensor]. If p =integerX v2, this sequence
is finite, k=<|p|/v2, and forms an SU(2) representation of
spin J (J=|p|/2). Each representation appears once, and we
obtain the SU(2) model.

This conclusion is confirmed by the calculation of the
one-loop partition function in the theory. In fact,¥7192103 for
R=1M2 we have (g=¢2"")

172
1%

0
90
[7(q)]* ’

where 0 is the Jacobi theta function, which coincides with
the partition function of the SU(2),~; WZNW model. We
introduce the quantity

2
+

2

(27) (27)

2Z(1,7)= (2.42)

0 172
0[0}(27') 0[ 0 27
== Ve )

which can be interpreted as the ‘‘holomorphic square root’’
of the partition function or, what is practically the same
thing, the partition function of the corresponding open-string
model.'* This holomorphic partition function can be repre-
sented as the sum of Virasoro characters over all the Vira-
soro primary fields from the spectrum of the theory. Accord-
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ing to the foregoing arguments, (2.43) is exactly the partition
function of the SU(2) model or all the representations of
SU2):

Z(n)= 2 (2J+1)x/(7), (2.44)
JEZ N2
where x,(7) denote the characters of the representations of

the Virasoro algebra for c=1, x,(7)= (qu—q”“)z)/ 7(q)
(Ref. 105), and the factor (2J+1)=dimR, literally reflects
the fact that we are dealing with the SU(2) model. We there-
fore obtain

7(q)Z(7)=

[\STC

( > @IHDxA(D)+{T—=—J—1)
zZ. .2

€Ly
0

=2 q‘”’2’2=0(8)(r/2)

n=—-w

0 172
=0(0)(27)+ 9( 0 )(27’), (2.45)
in accordance with (2.43).

Let us turn to the case of an arbitrary A—D~E Lie alge-
bra G, namely, we consider rg=rank(G) free scalar fields
X={X,,...,X,_} with Lagrangian {9XJX. Usually the chi-
ral algebra in an rg-dimensional free theory is U(1)’¢
X U(1)’G, and the generator of the Virasoro algebra is T
= —19X3X. In the case of many fields it is more natural to
consider not the Virasoro subalgebra of the chiral algebra,
but the algebra (of higher spins) W;, formed by generators
of the form Z(mdX)". For compactification on an
r-dimensional lattice I'={y}:X~X+2y, the primary Vi-
rasoro fields are e’P*e’P*, where

1 1
p=7*+t57, 17=7*—57; yel, y*el*,
(2.46)

and I'* is the lattice dual to T, i.e., ¥¥* is an integer. How-
ever, in the case of special lattices the chiral algebra in-
creases to Gy, with the generators J,=e'®, H,=wox,
where a are all the roots of G, and v is some basis in the
Cartan (hyper)plane. This occurs when I (yeT') is the root
lattice of the algebra G; then the charges 0,=$.7, and Q,
=¢H,, which are the generators of the algebra of the global
symmetry G, commute with the energy—momentum tensor,
and the Virasoro primary fields form a representation of G.
As in the SU(2) case, this implies that in_addition to the
“‘naive”” primary fields (or tachyons) e’”*e’P* there also exist
others formed by the action of G. When r;>1 this is not all,
namely, there are many more Virasoro primary fields (gravi-
tons, and so on—all the higher spins). In order to restrict the
class of primary fields and reveal the structure of the model
of the group G, it is necessary to change over to the primary
fields of the W; algebra. The generators of the W algebra
are combinations of the type X,_o(v,0x)", where n
=1,...,rc and v, are vectors in the Cartan (hyper)plane,
related to the fundamental weights. The W; algebra itself (or
its universal covering algebra) is defined as the part of the
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chiral algebra (in our case, the universal covering algebra
G) commuting with the charges Q,, Q,. Therefore, as be-
fore, the primary fields of W; form multiplets of G, and the
complete set of them forms the model M[G]. In order to
demonstrate this, we turn again to the equations for the one-
loop partition functions:

2
ZnD=lng) " S D ‘o, @

vel*/T €

where € runs over the vectors {3e;} and 0 ({e;} is the basis of
the lattice I').¥'®* The term with €=0,

Z(n7=|n(g)""> X (2.48)

vel'*/T

v 2
®0(T)

is modular-invariant and is the one-loop partition function of
the k=1 WZNW model for the A—-D—-E group G. The cor-
responding one-loop partition function in the ‘‘chiral” or
“‘open’’ sector is

Z(D=n(q)""¢ 2, ©

vel*/T

g(T)= > Daxa(7),
AEF*
(2.49)

where the representation of highest weight Rg[A] of the
group G is in one-to-one correspondence with the highest
vector A lying in the ‘‘positive’”” Weyl sector I'". The di-
mension of the representation Rg[A] is calculated as the
product over all positive roots a (Ref. 106):

(A+p.a)

Pa= ag+ (p, )
[P=32 ac A& and (,) is the scalar product in the Cartan
(hyper)plane]. According to the foregoing arguments, the
same vectors A correspond to the primary fields of the alge-
bra W, or the irreducible representations Ry [A] with ¢
=rg. (However, we note that the representations Ry [A]

and R;[ A] themselves do not coincide: they are representa-
tions of different algebras!). We use xA(7) to denote the
analogs of the Kac—Roch—Cardy Virasoro characters for the
irreducible representations RWG[A] with conformal dimen-

sions A ,=3A%:

(2.50)

XA(N=n(g) 776 3, dex(o)q AP o@Y, (251)
oeW

where W is the Weyl group of the algebra G, and det(o)
denotes the determinant of the transformation o€ W. These
characters depend only on the dimension A, and so they are
identical for all the primary fields D, of the representation
R[A] and give identical contributions to (2.49), leading to
the appearance of factors of D, . Equation (2.49) proves that
the W primary fields form a model of the group G.

To prove (2.49) we calculate the sum on the right-hand
side. First we rewrite it as the sum of the weights over the
entire lattice, using the fact that, owing to (2.50) and (2.51),
for any o € W and v we have

Dox 1) =D, Xy, (7). (2.52)

where v,= g (v)+ o(p)— p. For any lattice 7 this gives
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E D x(1)= (2.53)

veT,

ordW( E D.x( T))

where ordW is the order (number of elements) of the Weyl
group, 7, is the intersection of T with the Weyl sector, and

Tis

7= UW[U(T+)+o(p)—p]-

(2.54)

In general, 7 does not coincide with the initial lattice 7: this
is true for the root lattice I'=T", but not for ['*+T'*. [In the
simplest SU(2) example, T*={n/v2, neZ}, p=1N2,
T*={n/v2, neZ, n=0}, and T'*={n/v2, nez, n+
—1}. Nevertheless, the difference between I'* and I'* con-
sists of the single point ¥= —p, and, according to (2.50), at
this point D_,=0, i.e., it does not contribute to the sum on
the right-hand side of (2.53), so that the summation can run
over the entire lattice I'* . The last statement is true for
arbitrary A—D—~F algebras G; in general, the difference be-
tween I'* and I'* is no longer a point, but a hyperplane of
codimension 1, so that for any ve '*—I'* the sum v+p is
orthogonal to at least one of the positive roots. Then, accord-
ing to (2.50), the corresponding D, =0 and the summation
on the right-hand side of (2.53) can run over the entire lattice
I'* instead of I'*. After this we obtain

z(n= 23 Dux,xt)—TW 2, Duxil7)

3
vel]

2 Dx,f1), (2.55)

ordW Vel*
where we have also used the fact that D,=0 for veI'*

—TI'*. Substituting (2.55) and making the change of summa-
tion variable A= v+ p—s(p), we obtain

(v+p,a)
2 H (p.@)

1
ordW

(A+S(P)sa) qlleZ
(p, )

1
7(g) " Z(7)= 55

pyel'* SseEWaeld

X det(s)gA»+o (P =

x > de(s) >, |1

sew Ael* acl,

- 2 quzAZ’

AeTl*

(2.56)

where we have used the fact that s2=1 for s € W, and also

+0(p), @)

2 dt() a) = ordW (2.57)

for any A. Finally, for the right-hand side of (2.56) we obtain

S o= 3 (3 40)= 3 o|g)m.

vel'* veI*/r \Ael vel'*/T
(2.58)

where a lattice O function defined as the sum over the lattice
of roots I' has appeared.
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The characters of the irreducible representations of the
algebra W (2.51) can be obtained by taking the limit ¢
—rg or ayg—0, namely, by using the characters of the
““minimal’’ series arising for the values c=rg— 12a(2,p2
=rg—6[(p—p")*/pp']p*. According to Ref. 94,

det(s;)det(s,)

Xa (D=0 X

sp.5eW

psiAi—p'sA,

X@)[ 0 (pp'T)=n(q)""¢

imTr
X > det(s) X, exp(—,(psAl—p'Az
SEW acl’ pp

—2pp’a)2), (2.59)
of which only the term with @=0 remains in the limit p
—ow, p'—oo for fixed difference p’—p. Redefining A;
—A;+p and setting A;=0 [n=1 in the SU(2) case] and
A=A, we arrive at (2.51).

Interaction with W, gravity. Finally, in order to reveal
the structure of the model, it is necessary to eliminate the
descendants: to make the W; symmetry a gauge symmetry
or go to W; strings. The main difference between W; grav-
ity and ordinary 2D gravity is the formulation, in which the
physical operators (observables) are represented as integrated
simple operators of unit dimension not containing ghost
fields. Actually, ghost-free operators have the natural dimen-
sion AlGt=2p2=1C [ G]dimG. Even the three-point corre-
lation functions of such operators contain a nontrivial ghost
part (i.e., the moduli space of W gravity is nontrivial even
for a sphere with three labeled points).

The analog of the Liouville action is the action of the
conformal G-Toda field theory (2.21):

Lzz(|5¢|2+ﬁoRo()’)P¢+ 2 me™), (2.60)

simple a

where the summation runs over the rg simple roots of G and,
as usual in the DDK formalism, we consider the point with
all 7;=0. In addition to the r;-component W-Toda field ¢, it
is necessary to introduce rg ghost pairs, bc systems
Ja2.2jes (bjdc, - j+c.c.) with spins je S, where, in gen-
eral, S is the set of G invariants or Casimir operators for the
three A, D, and E series: for SU(r+1), j=2,...,rg+1
[cf. (2.17)]; for SO(2r), j=24,...,2r—2 and r; for Eg,
j=25,6,8,9,12; for E;, j=2,6,8,10,12,14,18; for Eg, j
=2,8,12,14,18,20,24,30, respectively. The central charge of
the ghost system in general is Cghoss=2 ¢ SG[ —2(6j2—6j
+1)]=—48p*>—2r, and the central charge of the W-Toda
fields is c 4= rG+48,B(2)p2. From the condition ¢papertcy
+ Cghosts=0 we have 48(Bi—1)p*=Cmater— TG~ and so for
Cmanter=rg We obtain By=*1.

For the construction of the observables in the W string
model, the natural generalization of the DDK formalism
leads to the following algorithm.

A. We choose any Wg primary matter field W, «(x)
=% ,(0_ ,,i)(”i@‘l',,,o , ¥, 0=e""*, where v corresponds to
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the representation R,[G] with the highest vector », and £
=& is an element of this representation for which the con-
formal dimension A, ;= v%/2 does not depend on &.

B. We dress the matter field by a W-Toda exponential
E,dx,.p)=V, f(x)eBV‘ﬁ, such that the field &, ¢ has fixed
dimension Af®T. This gives the condition A, %Bf,
~2ByByy=A1%, or, in our case, where A, ;= 3V* and f3,
=1,

1 1

5 V2=-2—(ﬁ,,+2p)2+(A{G}—2p2). (2.61)
It is certain that the single (scalar) equation for r; of the
quantities (vector) B, (for fixed ») has many solutions; nev-
ertheless, there exists a special situation where A{G}=2p2,
and

B.=wr— . (2.62)

C. Let us add the ghost factor in order to form an opera-
tor of zero dimension from A{C}, In ordinary gravity with
ABUDI=1 jt is sufficient to multiply = (x,#) by the ghost
field corresponding to reparametrizations, ¢_ | =c:

Ov,f(x’ (}S,C) = E V,f(x, ¢)C -1= ‘/lv,f(x)eﬁv(ﬁc —-1- (263)

Here the correlation functions of observables are calculated
2

with additional insertions of the form IYe)[ 2,601,

where the u{? are Beltrami differentials, and N@ is the
dimension of the moduli space. The alternative definition

O )= | Buind)= [ puireh® 6
dz dz

is an integrated ghost-free operator of unit dimension.

For G#SU(2) the situation is more complicated, since
(at least at present) there is no natural definition of the form
(2.64), and only a formulation of the BRST type analogous
to (2.63) remains. Now instead of dressing E(x,¢) by the
single ghost field c_;, we must use a combination of ghost
fields:

O, dx,¢,c)=E, dx, )

X H (Cl_jacl_jazcl_j...(9/_26'1_]')
jESj

(2.65)

In the last equation we have used the explicit expression
(2.62) for B, and the bosonization of the ghost fields, i.e.,
bj=e™'%, c¢,_;j=e'%. The dimension of the combination
{cl_jacl_jazcl_j...3"2cl_j}=:(cl_j)j_1==ei(j_l)"f is
A;=—j(j—1)/2, and the derivative of the ghost contribu-
tions in (2.65) acquires the dimension

1
> A== > [—2(6/2-6j+1)+2]

jeSg 7 245,

= tﬁ,,,g(x)e(”‘z”)“’e"z(f_ De;

1
= ﬁ(cghosts_i_er): _2p2~ (266)
Thus, an operator corresponding to an observable has zero
dimension, but acquires a large ghost charge. This ghost
charge is canceled in the calculation of the correlators by
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insertions II; SG(HZ(__ledzzbjpf{)), which now include the
Beltrami differentials corresponding to the moduli of the W
structures. We note that the operators of observables (2.65)
in W; strings with ¢=r can be chosen as representatives of
BRST cohomology classes [at least for the case G
=SU(3); Ref. 107]. The operator algebra in the sector de-
fined by the model of the group G reduces to the rules for the
product of representations of the corresponding group, but
here the calculation of the structure constants is difficult,
owing to the absence or the awkwardness of the expressions
for the Clebsch—Gordan coefficients in all cases except
SL(2).

2.3. Nonperturbative formulation of 2D quantum
gravity: solution of the Virasoro conditions

By definition, the nonperturbative partition function (or
the generating function for physical amplitudes) can be writ-
ten as the sum of a series, each term of which is represented
by a Polyakov functional integral over a Riemann surface of
definite genus [see (2.1)]:

FN)= 2, NF;

genus

F,= L Dg exp ‘yf RAT'R.
14
(2.67)

Above, we showed that the functional integral (2.1), (2.67)
can be calculated even perturbatively (i.e., each term sepa-
rately) only for certain special cases in the simplest theories
of 2D gravity. The calculation of the nonperturbative effects
or summation of the series (2.67) is a complicated problem
which has not yet been solved. The exact result can be found
only by indirect methods, of which the first historically was
the formulation in terms of matrix models,?> where instead of
the continuum theory (2.67) one deals with an effective dis-
cretization which in a sense is exact for the simplest string
models, i.e., for special requirements on the space-time [for
example, on the space-time dimension: effective matrix theo-
ries are known only for spaces of low dimension—in the
limit for the case of pure gravity (2.67)].

As a rule, problems with the continuum formulation
(2.67) are related to the fact that it contains excess informa-
tion associated with the internal structure of the world sheet
(for example, information about the structure of the represen-
tations of the chiral algebra of the 2D conformal field
theory), which is not important for the formulation of a finite
effective theory directly in physical space-time. In other
words, the interaction with gravity converts the conformal
descendants into gauge degrees of freedom, which do not
carry any physics, and so it can be hoped that one can find an
effective formulation which ignores the structure on the
world sheet and which, if we are lucky, can be stated in
terms of an integrable system. In a sense, integrability can be
viewed as an auxiliary principle allowing the series 2.67) to
be summed, namely, if a differential equation is found for
which the (asymptotic) series (2.67) is a solution, then its
exact solution will correspond to the nonperturbative regime.
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Let us first consider an example in which the effective
theory is given by the continuum limit of matrix models
defined by integrals like (1.3), or more precisely, in the case
of a single matrix taking the form

Zy= J' DM yxyexp—Tr >, M5

DM o= flaM, (2.68)
NXN=yolU(N) " )

The continuum limit, in particular, the limit N—o, logZ
—» F, gives the exact nonperturbative solution of (2.67) for
N—x

the class of (2,2k+1) models.?

The main difference between the continuous (2.67) and
effective matrix formulations is the fact that the former as-
sumes some auxiliary set of unitarity or factorization condi-
tions in order to relate the normalization of different terms in
the sum over topologies in (2.67) to each other, while in the
matrix formulation (2.68) these relations appear automati-
cally. Moreover, at least for known solutions they have the
form of the Virasoro (in general, W) conditions,” which in
fact can be viewed as the definition of the nonperturbative
theory. We shall refer to solutions of hierarchies of inte-
grable equations satisfying Virasoro conditions as string so-
lutions.

Below, we shall define nonperturbative theories as solu-
tions of the Virasoro conditions. It turns out that these con-
ditions lead directly to the integrability of the corresponding
effective theories, in particular, solutions of the Virasoro
conditions are the 7 functions of well known hierarchies of
integrable equations.z“‘26

In terms of the generating function (2.67), this means
that F(T)=1log 7(T), where T={T} is the set of times of the
integrable hierarchy or the set of coupling constants of the
nonperturbative theory of 2D gravity. It is the appearance of
an integrable system which is the new feature of the effective
formulation allowing considerably more progress to be made
by studying the properties of (2.68) rather than the original
formulation (2.67).

The solution of the discrete Virasoro conditions”

L,Zy(t)=0, n=—1;

e )

aZ
L,=2, kty—/—+ )
‘ ,;0 K tien atben 0,0,

(2.69)

with the auxiliary condition (making the variable o mean-
ingful) 9Zy/dtg=—NZy, where N is identified with the di-
mension of the matrices in (2.68), in the special double scal-
ing limit?®> gives a nonperturbative formulation of 2D
quantum gravity as the solutions of differential equations:

L,7=0, n=-—1,
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L=, (k+l)T d
= 2) Ty g my1t
& Son  S—1aT3
+¢ 3 4 Zon Ln 1’
o<i=n—1 0T +19T3(n—1y-1 16 16G
(2.70)

where 7is the 7 function of the KdV hierarchy, i.e., in addi-
tion to (2.70) it also satisfies an infinite system of nonlinear
differential equations (bilinear Hirota relations; see, for ex-
ample, Ref. 56). The final formulation of this family of mod-
els of 2D gravity in terms of integrable systems is based on
the following statements:

* The generating function of the matrix model (2.69) as
a function of time is the 7 function of a semi-infinite Toda
chain. The corresponding Riemann—Hilbert problem is the
scalar product

(A(N),B(\))= § A(N)B*(N)e™ V™),

VM=, k. (2.71)

=0
This scalar product allows the introduction of a set of or-
thogonal polynomials P,(N\)=\"+O(\""!), differing in
normalization from the standard Baker—Akhiezer functions
‘If,,()\)=P,,()\)exp[—V()\)/2—¢,,/2],

(Pa(N\),P,(N))=e%5,,, (2.72)
so that
N-1
ZN(’)=7'N(I)=TOI:[l e?n, (2.73)

and the variables ¢, as functions of the times {z,} satisfy the
equations of the Toda-chain hierarchy:

)
G et T et i=R R,
1
2
a¢n=-— e¢n+1_¢’n+ a¢” —e¢n_¢n—l
oty dty

=—(R,+1+p2—R,), (2.74)

and so on. In the reduced model the system (2.74) degener-
ates into a Volterra hierarchy, the first equation of which (in
the variables R, {t);}=e% " %-1{t,,}) has the form
dR,/3t;=—R,(R,+1—R,_1). The compatibility between
the Toda equations and the Virasoro conditions (2.69) gives
the string equation.?’

* The continuum limit is defined as the double scaling
limit,” for which N—s oo simultaneously with the condition
that the coupling constants attain their critical values, with
the string coupling constant (the parameter describing the
genus expansion) fixed. Continuous quantities are obtained
from discrete ones by renormalization, which is a conse-
quence of the nontrivial replacement of the times {t}— {T}
—{T} and renormalization of the generating function. More
precisely, below we shall introduce a parameter a such that
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a—0 in the continuum limit, and all discrete quantities are
functions of the parameter a, for example, the discrete times
ti=t;(a,T), the matrix dimension N=N(a,T)—> as a
—O0, etc. This limit is nontrivial, both for the Toda
equations® and for the Virasoro conditions. The simplest
case in which it can be determined and leads to a family of
(2,2k+ 1) models of 2D gravity is the one-matrix Hermitian
model with zero odd-numbered times.® The relation be-
tween the discrete and continuous theories in the language of
free scalar fields corresponding to bosonization of the Vira-
soro conditions (2.69) and (2.70) is obtained by replacement
of the spectral parameter u?=1+az. Here the continuous
generators of the Virasoro algebra (2.70) are the modes of
the energy—momentum tensor:

T —l'qﬂ : 1—2 £y 2.75
(Z)—E-ﬁ (z)-—@— 77 (2.75)

Details of the procedure of taking the continuum limit can be
found in Refs. 28 and 29.

* The compatibility condition for the Toda equations and
the Virasoro conditions, i.e., the discrete string equation

1
n+3=GP{R} or 1=GX{R}-GP {R}, (2.76)

is equivalent to the extremum condition 8S/(81logR,)=0 for
the functional

5=, (¢,,+§k‘, th,(,k){R}). (2.77)

The action (2.77), written in terms of the Lax operator L with
the standard normalization of the matrix elements Ln

=(m|\|n)/(m|m){n]n) (Ref. 27), takes the form

s=> (¢n+%§ tkTrLZk).

Thus, we have explicitly presented a construction in which
the family of solutions of the integrable system (which is a
reduction of the KP hierarchy or the two-dimensional Toda
lattice) selected by the condition of invariance of the corre-
sponding 7 functions under the action of some of the genera-
tors of the Virasoro algebra (the W algebra) L,7=0, n=
— 1, is formulated in Lagrangian language, i.e., as equations
of motion 6§ =0. As usual, the action allows us to go beyond
the equations of motion: a functional integral of the form
I D¢ exp[—(1/%)S{¢}] for nonzero Planck constant % #0 in
principle allows us to study the dynamics in the configura-
tion space of the string field theory. In particular, it can be
hoped that by changing the values of the parameters ¢ in
(2.78) by means of the renormalization group, it will become
possible to describe transitions between different multicriti-
cal points or between different points of the effective theory
of two-dimensional gravity. In this formulation these defor-
mations of the action S{¢} are specified by derivatives with
respect to the times 7, i.e., by (mutually commuting) flows
of integrable hierarchies.

(2.78)
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2.4. Topological 2D gravity as an explicit solution of
the Virasoro conditions

In this subsection we shall construct a solution of the
continuous Virasoro conditions without reference to their
discrete analogs, i.e., we shall propose a procedure com-
pletely different from the one given above for constructing
the solution of nonperturbative two-dimensional quantum
gravity as the limit of an auxiliary discrete problem with
simpler ‘‘unitarity conditions.”” In contrast to the discrete
Virasoro conditions, where the solution is found directly in
the form of a conformal correlator of ordinary scalar
fields,'%® the continuum case turns out to be much more com-
plicated. The main reason is that the continuum case differs
from the discrete one [in explicit form; cf. (2.69) and (2.70)]
in that an ordinary scalar field is replaced by a scalar field
with antiperiodic boundary conditions. It is this singular
transformation which corresponds to the meaning of the
double scaling limit. It is much more complicated to con-
struct a conformal solution for fields with antiperiodic
boundary conditions,” and therefore we shall use a different
method to solve the continuum problem.

It turns out that the continuous Virasoro conditions (in
special Miwa variables, which will be discussed in detail
below) can be “‘summed’’ to give definite matrix differential
operators. Specifically, for the W) algebra (Virasoro
= W?) these operators are related to the Laplacians (or Ca-
simir operators) of the corresponding finite-dimensional al-
gebras [SL(n) for W] and have the form

oP

AP + (2.79)

where A is an NXN Hermitian matrix [for the case of
SL(N)]. The conditions for invariance under the operators
(2.79) can be interpreted as the Ward identities in several
effective matrix theories.

We shall show that from the (system of) equations for
the invariance of the function under the action of an operator
like (2.79),

Tre(A)( W(i) —A)Z[A]=0 (2.80)
IA ¢

[where W(X) is a polynomial, and (Ay);;=A ], it will fol-
low (strictly speaking, in the N—oo limit) that this function
is a solution of the continuous Virasoro (or W) conditions. It
follows from the form of (2.80) that it can be rewritten as a
Ward identity for a matrix integral, which (for a definite
normalization) gives the exact nonperturbative solution of
2D (topological) gravity. The exact equation for the corre-
sponding generating function has the form* [W(M)
=V'(M)]

Z(N)[ VlM] = C(N)[ VIM]eTrV(M) —~TtMW(M)

X J DXe—TrV(X)+TrW(M)X’ (2.81)

where the integration runs over the space of NX N Hermitian
matrices, and the normalization factor can be written as a
Gaussian integral:
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C(N)[ V|M]_ 1 J’ DYe ™ U2[M,Y],

U,=1lim 2Tr[V(M+eY) V(M)—eYV'(M)].
e—0 €

(2.82)

First we shall discuss only special potentials of the monomial
type, V,(X)= XP*1/(p+1), leading to equations like (2.79)
after substltutlon into (2.80).19

In the simplest case p=2 we have a quadratic differen-
tial operator (Laplacian), and therefore we must prove that
1 ( * )
= Trl e—=—€A

-n-2
= A2 > L£,ZTr(eA™""2) (2.83)

Zn>1

for

1
ZAY= J- DX exp( -3 TrX3+TrAX )

=C[JA ]exp( TrA3’2)z{2}(T)

T,,,=%TrM""=%TrA"”’2, m odd, (2.84)
with
C[VA]=det(VARI+I®JA)~ 17 (2.85)
and
c,,=l > KTy ¢ L1 >
2 ki(&;dfi"" Miv2n 4 W fo el Ay
+5,,+10-T—%+5,,0- 7 (2.86)
0 g 016 0Tp,13

Equation (2.83) is true for any dimension of the matrix AD
moreover, in the limit of infinite dimension of the matrix A
(N—) all quantities Tr( eA~""?), for example, TrA? "2
for e= A?, become algebraically independent, and so from
(2.83) it follows that £,Z{T}=0, n=—1. We note that the
function Z{A}, which must be differentiated in (2.84) in
order to prove that the Virasoro identities (2.83) are satisfied,
depends only on the eigenvalues {\;} of the matrix A.
Therefore, it is natural to study (2.83) at the ‘‘diagonal
point” A;;=0, where i#j. The only nondiagonal piece in
(2.83) surviving after diagonalization is proportional to

—_ = for i#j
dA ;oA dt

2.87)
ALn=0, m#n )\ )\

This equation (2.87) is just the second-order correction, well
known from any quantum-mechanics course, to the eigen-
value of the Hamiltonian in traditional quantum-mechanical
perturbation theory. This expression can easily be derived by
variation of the determinant:

1 1
(X SA K 51\) +....
(2.88)

1 1
6 log(detA) =TrX 6N — ) Tr
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For diagonal A;;=\;d;; but, in general, nondiagonal 8A ;;,
Eq. (2.88) gives

5 5>\k Z SA;8A;

k B 14=j )\)\
=— - |——+.., 2.89
‘Z‘,( x xj) = @80

which proves (2.87).

Since the matrix € is arbitrary (and therefore may be a
function of A), it can be chosen to depend only on the eigen-
values ;. Thus, we are actually using only two conditions:

(i) the specific form of the normalization factor (2.82);

(ii) the fact that the generating function Z[T(\;)] is a
complex function, i.e., it must be differentiated as though it
depended on the eigenvalues {\;} only through the variables
Tk -

After these conditions are satisfied, (2.83) can be rewrit-
ten as

o ~Y3TAM? P ] E -
Tre A |C(VA)ePPTAZLT
C(VA)Z{T} [01\2 ] i
1 9*Z T, T,
-3 S eyt 22
Z a,b>0 HTaBTb i (9)\1 19)\.,
1 9z T,
+Z,§0 aTn[; M) A A A,
aT, dlogC
22 €M) 5 o
T, (2
il 32 .
+22,~ : 8>\,-( )ax TrA Z e(\;)

2 (2] 3 0 3 e
O\; i ij

7 2\
X\ oK A K | Tk +2§‘, e(\;)
2 aTrA3/2alogc 1 » #*C
3 an an T C& Uy vy A,

(2.90)

where TrA¥2= Ek)\ilz and C=II; ;( YN+ \/5\7)_1/2. Now the
calculation of all the quantities in (2.90) reduces to an exer-
cise in differentiation, using (2.87). Explicit calculation
shows that after differentiation, the resulting terms contain
only negative powers of \/\; and can be ‘‘absorbed,”’ i.c.,
rewritten in terms of the times 7. As a result, we find
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_ 32
e 2/3TrA

C(JA)Z{T} !

2
rel 5(17 A} }C( \/K)eZBT’AmZ{T}

1 9
=— Tr(e,A™""2 kT
4 n>z— ( )( 2 k>62+10 kaT2n+k
1 3 1
+ et - 2
4 a+,,z=2,, 9T 0T, 16 5"°+ Ont 10T
a>0,b>0
4 Z(T)=0 (2.91)
aT2n+3 ’ )

namely, a tower of continuous Virasoro conditions for the
case p=2.

The derivation for an arbitrary value of p is completely
analogous and involves the following steps:

* We write Z[A] as Z{”}[A]=gp[A]Z{"}(Tn), where

gl A1= 3 T (V7)™ et =V
- AA(?;:) [T nj71rerip+ ™) (2.9)

i.e., we explicitly separate the normalization factor from the
function of time.

 We substitute the expression for Z}[A] into (2.80),
which in the case of the monomial potential V,(X)
=XP*1/(p+1) has the form

9 \?
— YT )=
The higher derivatives ¢°Z/dA}, are calculated by means of
relations like (2.87).
* We make the variable shift

[Tre(A)

A p

~Z b (2.94)

(this procedure does not change the derivatives themselves).

* After all the substitutions, the left-hand side of (2.93)
takes the form of an infinite series in which each term is a
product of Tr[ & M)M ~*] and a linear combination of gen-
erators of the W), algebra acting on ZX(T,). For example, if
p =3, the resulting equation has the form

LTr[%’(M)Mﬂ(Z M‘3"VV§?,)+9E M—3n—1/3(2 (3k

27
3b 3)

+92, M_3"_2/3( > (3k—2) T3 Wi 34

o oo

* In the limit N— all expressions Tré(M)M ~* with
fixed k and arbitrary & M) become independent, and Eq.

—2) T3 W2

(2.95)

+2 ¢9T3,,
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(2.93) gives a tower of invariance conditions with respect to
the action of the W generators. The exact proof for the p
=3 case by the method proposed in this subsection has been
given by Mikhailov.!%® In Sec. 3 below, we shall propose a
different existence proof for the Virasoro conditions, using
the integrability of topological string theories existing for
any p.

Finally, let us discuss the meaning of the shift (2.94). In
the preceding subsection we studied a complicated procedure
for obtaining the exact nonperturbative solutions of 2D quan-
tum gravity as the solutions of the continuous Virasoro con-
ditions, and we did not obtain explicit representations for
these solutions. In the present subsection we have proved
that the continuous Virasoro conditions have explicit solu-
tions, which at least have an explicit integral representation.
For the p=2 case this representation gives a solution of pure
topological gravity and is called the Kontsevich model.*°
Thus, we have proved that the generating functions of two-
dimensional quantum and topological gravity satisfy the
same Virasoro conditions and in this sense are equivalent.
Nevertheless, a more detailed treatment shows that the per-
turbative expansions for topological and quantum gravity oc-
cur at completely different points (see below), and the time
shift (2.94) corresponds only to topological gravity.

3. EXACT SOLUTIONS OF TOPOLOGICAL STRING
MODELS

3.1. Integrability of topological string models

In this subsection we shall show that the Virasoro con-
ditions (2.70), (2.86), and (2.95) considered above and deter-
mining the nonperturbative string solutions specify a com-
pletely specific solution of the integrable KP hierarchy,
namely:

* The partition function Zx[M] (2.81) as a function of
the times®’

1

Tie=y M~k k=1, (3.1)
is, for any N, the 7 function of the KP hierarchy for any
potential V[X].

« If the potential V[X] is a homogeneous polynomial of
degree p+1, the partition function Z}VV}[M ]=Z§6’}[M ] in
fact is the 7 function of the p-reduced KP hierarchy or,
equivalently, the pth KdV hierarchy (Ref. 59).12

To prove this, we first rewrite (2.81) as the determinant
expression

det(;j) (1))
A(p)

and then show that this form is, in a sense, the definition of
any 7 function of the KP hierarchy, written in Miwa
variables.'>

The principal feature distinguishing string solutions of
hierarchies of integrable equations of the KP type is the spe-
cial form of the functions {¢;(x)} in (3.2), which is not at
all arbitrary. Moreover, in the case considered here, the en-
tire infinite set of functions in (3.2) is expressed in terms of a
single function, the potential V[X] [i.e., instead of an arbi-

ZWm1= i,j=1,...N, (32)
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trary matrix A;; determining di(n)=2A; j,u,f in the general
case, the solutions corresponding to the nonperturbative re-
gime in (topological) string theories are parametrized by the
vector V; or the function V[ u]= > V,u']. This is due to the
presence of additional £_, and other W conditions, which in
the context of integrable hierarchies of the KP type can be
viewed as a consequence of the £_, . All these conditions, in
particular, follow from the Ward identities (2.80).

For the proof we first reduce the representation as a ma-
trix integral

Z;VV}[A]E f DXe—Tr[V(X)—TrAX]’ (33)
where it is easy to integrate over the ‘‘angular’”’ U(N)
matrices,''? to an N-fold integral over the eigenvalues of the
matrices X and A (denoted by {x;} and {\;}, respectively).
The integral (3.3) takes the form

1 N
m(ﬂ f dx,-e‘V“f)“m)A(x),

i=1

(34)

where A(X) and A(A) are Vandermonde determinants, for
example, A(X)=II;5;(x;—x;).
Now (3.4) can be rewritten as

J
A_I(A)A(EK) H f dx;e” VD TA

=A"1(A)det;Fi(\)) (3.5)
with the matrix elements
. d\
Fi+1(x)sf dxx‘e’v(")“"=(5\-) Fi(N\). (3.6)

We note that F;(A)= 202 [A]. Recalling that A=V’ (M)
and going over to the eigenvalues of the matrix M, {u;}, we
find

det®;(u;)
Z{NV} Vi(M)]= = s 3.7
[veans s (V' (i) = V' (&) at
where
S(u)=F(V'(n)). (3.8)

We now change to the normalization (2.82) given by the
Gaussian integral

cMviM = f DXe~U2(M.X), (3.9)
Using the U(N) invariance of the Haar measure dX, we can
easily diagonalize M. Then the Gaussian integral (3.9) is
easily calculated:

N
N
f DXe‘Ei,quXinijJ u;'", (3.10)

and it remains only to substitute the specific form of U;;(M).
If the potential is written as a formal series V(X)
=3(v,/n)X", then
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Uy(M.X)= D, v,,ﬂ( > TrM“XMbX),
n=0 atb=n—1
o o M —ﬂn
— b|_ i
U,-j—E Un+1( E u?u,-)—E Un+1™ !
n=0 +b=n—1 n M j

Mi— M
Returning to (2.81), we obtain
Z{NV}[M]=eTf[WM)-MV'(M”c(N’[V|M]zN[V'<M>]

U,
[det & (“f)]H V(=" (,u,))
[det ()]
XH s(py)= TM)j,:Hl s(y)
(3.12)
s(u)=[V"(u)]P2eV -1V (W), (3.13)

The product of the s factors on the right-hand side of (3.12)
can be absorbed in the definition of the & functions:

det ®,(1)

AGM) (3.14)

Z{' M=
where

. 1
Pi(w)=s(w)®i(p) —— ,u’”l( 1+(9(/—L)), (15)
e

and the asymptotic behavior is important in order that the
determinant in (3.14) give a solution of the KP hierarchy in
the sense of Refs. 58 and 59.

It follows from (3.8), (3.13), and (3.15) that the ®;(u)
can be obtained from the basic function ®;(x) by means of
the relation

(I)i(#)z[v”(ﬂ)]]/zf xi_le_v(x)J”V'(l‘)dx

=Af ()P (), (3.16)
where Agy(u) is the first-order differential operator
F) eVW—pViim) 5 =V(p)+uV' (k)
A =55 = m = m
N %) L P P
1 4 V'"(u)
=t U . (3.17)
V'(w) dp 2[V"(u)]?

In the special case V(x)=x?*!/(p+1), the operator
Ap(p)= (UpuP~Y(lap)+u—(p—1 )2pu?  coincides
[apart from a scale transformation of u and Appy(p)] with
the operator selecting a finite-dimensional subspace in the
infinite-dimensional Grassmannian.%® It should be specially
noted that it is the relation ®;,  (u)= =A ()P ()
[Fis1(N)=(3/0N)F(\)] which is responsible for isolating
the partition function of topological (W) gravity—the GKM
among the solutions (and 7 functions) of general form writ-
ten in Miwa variables:
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[det ()]

{:} -
W M=K )

(3.18)
with an arbitrary set of functions ¢;(w). It will be shown
below that (3.18) is exactly the r function of the KP hierar-
chy in the Miwa representation.

The best-known representation of the (general) 7 func-
tion of the KP hierarchy is that in the form of the fermionic
correlator 7{T,}=(0|:¢7+/»:G|0),% where

J(2)= (@) (2),  G=:exp Gty : (3.19)

in the (two-dimensional) theory of free fermionic fields
¥(2), ¥(z) with (holomorphic) action [ #Jy. The vacuum
states are determined by the conditions ,]0)=0, n<0, and
:/0)=0, n=0, W)=Zzy,2"dz'?,  §(z)
=324,z " 'dz"2. An important constraint on the form of
the correlator with the insertions (3.19) is the fact that the
operator :e>"»/»:G is Gaussian, and its insertion can be
viewed as a modification of the quadratic action and the fer-
mionic propagator (), so that, as before, the Wick theo-
rem is applicable, namely, the correlators
(O|TI;(2,) ¥(\;)G|0) for any suitable operator G are ex-
pressed in terms of pair correlators:

where

<0111 P(u:) Y(N;)GO)=det;;;y(0] B 1) ¥();) G| 0).
(3.20)

To understand what happens to the operator e>7'» after the
Miwa transformation (3.1), it is simplest to go over to the
representation of the current J(z)=dJ¢(z) by free bosonic
(scalar) fields. Then

2 Toly= 2(2 #m,,) 2 o(u)
and

e Zio(u) = H e,

T — (3.21)
,<,(,u, M)

In the fermionic representation it is better to start with

1 1 1
T,=— >, ( —— ~—,,) (3.22)
noEo\p By
instead of (3.1). Then
V(i
(#‘1_ )
e . ¥
N l>](ll‘1 ILJ)H,>1('u,I #‘j H 'ﬁ(ﬂ'l)‘l’(ﬂz)
(3.23)

and to reconstruct the form of the replacement (3.1) it is
necessary to take the limit in which all the ; go to infinity.
In other words, this implies that the left-hand vacuum is
replaced by

(N|~(0| () P’ (=0)...

Now the 7 function can be represented as

TV=D (), (3.24)
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75 M]=(0:2T/n:Gl0y=A(M) " {(N[] :e*®?:G]0)

- 1im I (= py)
ﬁj_mni>j(ﬂvi_ ) (7= &j)
x(OlI1 #@)9(w)GlO), (3.9)

where, applying the Wick theorem (3.20) and taking the limit
L;— %, we obtain

det ¢;( ;)
G _ i\Hj
wM]=—FxonT ) (3.26)
in which the matrix elements are the functions
&i( 1)~ (0] P~ V() Y(p)G|0) —— p'~!
,L—)w
1
X 1+(')(——)). 3.27)
m

Thus, we have shown that the 7 function of the KP hierarchy
in Miwa variables (3.1) takes the determinant form (3.2) or,
equivalently, (3.2) is the 7 function of the KP hierarchy. Now
we shall show how to go from a general point of the Grass-
mannian described by the (infinite) matrix G=exp ZA,-jt/~/,-¢//j
with two indices (2) to special solutions determined, in
particular, by a single (%) or two (2X®) functions of the
same variable.

Let us return to the question of isolating the string solu-
tions from all the solutions of the KP hierarchy, i.e., in some
sense the problem of specifying the auxiliary conditions. Us-
ing the integrability, it is sufficient to prove only one of the
infinite set of auxiliary conditions, the so-called string equa-
tion or the action of the £_,th generator of the Virasoro
algebra. All the rest of the tower of Virasoro conditions fol-
lows from these two properties by induction. 25111

The action of the £_;th Virasoro generator (differentia-
tion with respect to the spectral parameter) is associated with
the operator

S P S "y
oA YRy oMy (3.28)

and so it is natural to ascertain first how the operator (3.28)
acts on the partition function:

det®,(u;

ZWmM]= A(M))H s(aa).

1l

s(p)=(V"(p)) VW1V W),

9 i—1
5i(/~L)=Fi()\)=(K) Fi(N\), A=V'(w). (3.29)

First, if we treat 7"} as a function of the times T, then

1

0logZ{V}
VU(M)MIH-I J

aT,
(3.30)

— 7ii— _
Z{V}’TraA‘IZ 2 Tr|

n=1
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On the other hand, by directly applying (3.28) to the explicit
expression (3.29), we obtain

LT zW= oM+ »
zZm ‘aA )

V(1) = V' (1)
Mi— K

XE V”(;L,)V”(/L,)

d
+Tr3A_u logdet F;(\)). (3.31)
Below, we shall show that the expression
L tWz=_ 2 log ZV +TrM
Zr =1 aT,
o (3.32)
IA g )

can be used to determine the universal operator ,C{_Vl} . This
definition has the form

J

V1= - |—

E—l El Tl'[ V”(M)Mn+l](7Tn
1 V() —V"(u; 7]
T - _ ()= V"() 9
297 V(ul)V(uJ i~ aT,

(3.33)

which becomes the expression already known for monomial
potentials V(X)=X?*!/(p+1) [we note that terms with i
= are included in the sum on the right-hand side of (3.33)].

Thus, to prove the £{V} condition, it remains to be shown
that the right-hand side of (3.32) is equal to zero, i.e.,

(vi_ J
log ZY*=Tr M — Tr—— log det F;(\ ;).

A, (3.34)

&T
In order to prove this, it is very important that the partition

function is a 7 function: Z;VV} {V} . Here the left-hand side
of the equation can be written as the residue of a ratio of 7
functions:

TR,V}(T,,+;L_"/n) d

—— log Ty (T,).
1 T%V}(Tn) aTl 0g Ty ( n)

res (3.35)

If we now go over to Miwa variables, the 7 function in the
numerator will be given by the same expression as in the
denominator, but with the additional parameter u, i.e., it will

be T&Vll This observation is almost sufficient for deriving
(3.34). For the simplest case N=1 we have [A=V'(u)]

AT, = A 1=V #0~V @OV () ]2F(N,),
(3.36)

AT+ n) =5y, ]

= VD)=V (D V() —pV' (1)

X[V”(M)V"(,u)]”2
2 |
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IF(\)

X 2N

F(A\y)

F(\)

9F (A1)

e V(/t)—;tV'(u)[ V"(,u)]”zF()\)

I 0|
dlog F(\,)
xf%”[m]-[ B
dlog F(\)
+TJ' (3.37)

The function F has the asymptotic behavior
F()\) - f dxe™ V(x)+)\x~e V(p,)—u.V'(p,)[ V”([l,)] —-12

X (3.38)

l_+0('v,,—v,,)].

If V(u) increases at infinity u—oe as u”, then V" /(V")?
~p~", and for what follows it is sufficient that n=p+ 1
>1, so that in the brackets on the right-hand side of (3.38)
the asymptotic form is {1+o0(1/x)}, where w-o(u)—0 for
p—. Thus, the numerator of the right-hand side of (3.37)
is constructed as ~1+o0(1/u), while the second term in the
square brackets behaves as [dlog FONV/N~u[1+0(1/u)].
Collecting all the terms, we find

J
—_ {v}
oT; log 7j

=Tres

1
”"('ﬁ)( dlog F(\,) ( (1)))
— +ul l+o|—
m— 28 7
_ dlog F(\,)
et N,

7

(3.39)

i.e., we have proved (3.34) for the special case N=1.
The proof for arbitrary N is practically the same. After a
simple but lengthy calculation we obtain

it ; u”( [1+0(1/w)]

L log T,{VV}=res#(“
aT, Hj=1(ll-_ll-j

J
; Trm log dCtFi()\j)}

'[1+(9(1/,u)]))

N
d
=121 'u'f_Tro'fAu logdet Fy(\;),  (3.40)

which completes the proof of (3.34) and the derivation of the
form of the universal auxiliary condition of the E{_Vl} opera-
tor.

In the special case of a monomial potential V= Yy
=XP*1(p+1), the general expression (3.33) takes the
more usual form?>?
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d 1
{p} __ + + —
X T,bT),— — 341
ag—p a a b (9T1 ( )
a,b=0

3.2. Exact solutions of topological (p,1) models and
their deformation into theories of the
Ginzburg-Landau type

For various potentials V(X) the model (2.81) formally
reproduces various theories of the (p,q) series as follows.
The potential V(X)=X?*1/( p+1) gives the entire series of
(p,q) string models with fixed p and all possible ¢. To fix g
it is necessary to fix the times 7 in a special way, i.e., to set
all T,=0 except for T; and Tp44 (we note that this proce-
dure spoils the symmetry between p and g present in the
conformal theory).

As an illustration, let us consider two simple examples.
First we set p=2, i.e., we start with the case of the KdV
reduction of the KP hierarchy. In this case the string equation
takes the form

y —IZkT i +T%—o
TRav _]TKdv_zkkT,‘}d kaTk_2 08 Tkav 4 0

(3.42)
or, differentiating again with respect to T;, we find
Py

kT, —————
kgl d ﬂTk_zz?Tl
k odd

log TKdV+ Tl =(. (3.43)

Using the definition of the Gel’fand—Dikii polynomials

82
—_— —[72m-1 =
3Ty_ 3T, log 7gqv=[L*""']_ =R, [u], (3.44)
we have
2 (2m+ 1)T2m+lRm[u]=0. (345)

m=0

Now we can use the ‘“‘rule’” for isolating (p,q) critical
points25 for p=2 and g=2m—1, i.e., (2,2m—1) solutions
from (3.43) and (3.45). The simplest case is m=1, when
3T5(9*/9T1)log Tyay+Ty=0. Using u~(3%3T?)log 1ay,
we find the solution of the KdV equation u~T, /T, or,
fixing T3, we have F=log 7~T5, which coincides with the
earlier results (2.10) for the c=—2 theory interacting with
2D gravity, in which (P?)=1, where P is the unit operator
(2.9), P=cce®. This example is the best known case of pure
topological gravity.

A less trivial example is the (2,3) theory with m=2, in
which (3.45) and the explicit expression R ,~u?+u" lead to
the appearance of the first Panlevé equation u’+u"=T),.
This example corresponds to the theory of pure (physical)
gravity, where the solution, as we shall see, is much less
trivial than in the preceding case.

From this point of view the presence of all the (p,q)
critical points in the model (2.81) is a purely formal state-
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ment. For the potential V(X)=X?"!/(p+1) the partition
function Z[ V|T,]1= 1y[ T]=7,[T,] satisfies the string equa-
tion

p—1

> k(p—K Tyt 2 (p+k)| Tpix
k=1 k=1

i.e., the T function is defined as an expansion in (small)
Miwa times (3.1) near zero values of all the times except
Tp+1, which is shifted by a finite factor p/(p+1) corre-
sponding to the (p,1) model according to the foregoing ar-
guments. Thus, we see that a matrix integral representation
of the Kontsevich type corresponds to the solution of (p,1)
string models, which describe the interaction of (4,) topo-
logical matter with topological gravity or topological W
gravity.

Let us now turn to deformations of the pure (p,l)
theory®*!!? related to deformation of the potential and the
so-called p or Whitham times, which are directly related to
deformation of the moduli of the solutions. In fact, there
exists a priori another integrable structure in the model
(2.81) where the flows are described by times related to non-
trivial coefficients of the potential V. As a result, theories
with the monomial potential V,,(X)=X1’ *1/(p+1) and an
arbitrary polynomial of degree p+1 turn out to be closely
related to each other.

To show this, we return to the question of calculating the
derivatives of Zggy Wwith respect to the times 7). These
derivatives determine the nonperturbative correlation func-
tions in string theory and are of particular interest from the
“‘internal’’ point of view in an integrable system. The de-
rivatives with respect to the times T with k=p+1 (corre-
sponding to correlators! of irrelevant operators) are rather
complicated to calculate. However, for times T, with 1<k
<p the situation is much simpler. Using the obvious defini-
tion of the average such that the partition function (2.81) is
Zgkm={1), we have

T,

=(TrM*—TrX*), 1sks<p. (3.47)

Here it is understood that the derivative on the left-hand side
is calcuated for fixed potential V(x)=3P*(v,/k)X*.
The right-hand side of (3.47) can also be written as

IZcku| V(M)  V(X)
aTk |V—<T avk Tr (9vk R lsksp,
(3.48)

which is already very similar to, but actually not the same as,
the expression — (8/dv)Zgkm, Which differs from (3.48) by
correction factors. The problem is that the expression
(8/9v4)Zgkm contains contributions not only from differen-
tiating V(X)— V(M) from the exponential in (2.81), but also
a contribution from the term V'(M)(X—M)=WM)(X
— M), as well as the derivative of the normalization factor in
(2.82). These corrections can be split into two parts:
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d
(’)(—— W) + ‘‘quantum corrections’’ (3.49)

vy

The first part can be eliminated by introducing a new *‘spec-
tral parameter”” W(M)=MP, as a result of which the new
times Ty, = (1/k)TrM ~* arise naturally. It is clear from (3.49)
that the {v,} themselves are not the ‘‘correction’” variables
for an arbitrary potential. It is easy to see that it is much
more convenient to work with linear combinations of them
{t:}, defined as®

te=— 7 (pp_ o res WP (u)d . (3.50)
Using (3.50), we easily find
1 p+l p+l1
> 2 kg V(W= pV(w)=- 2 ik,
(3.51)

This equation (3.51) shows that the exponential factor in
(2.81) is none other than the standard essential singularity of
the Baker—Akhiezer function for the hierarchy where the in-
tegrable flows are parametrized by the p times.

Finally, direct calculation gives

1 =
Z[VIT(]= TV[Tk]=eXP( -3 > Aj(0)(+T)(t

+Tj)) ot t+ T, (3.52)
where A;j=res, WPdW/'? and f(u), denotes the non-
negative part of the Laurent series f(u)=3f;u’: f(u)+
=3 ,of;p'. It is now easy to show that 7,[T]= Ty, [T] is
the 7 function of the p reduction of the KP hlerarchy (the
hierarchy of the pth KdV equation).

The meaning of (3.52) is that *‘shifting’’ by the flows of
the p times (3.50) allows the 7 function to be expressed fairly
simply in terms of the 7 function of the p reduction, now
depending only on the sum of the times 7; and t,. The
replacement of the spectral parameter M —M=f(M)
=WY(M) (and the corresponding time replacement T}
—T,) is a natural operation in the construction of equivalent
hierarchies.'"

Actually, the relation between the 7 functions of equiva-
lent hierarchies can be obtained from the following identity
transformation:

A(g)
A(p)

where the determinant representation of 7(T) as a function
of the times T (3.2) is constructed from the basis vectors

H(E) =Lf (w())]1"¢p:(u(f)). It can be shown by direct
calculation that the factor in front of the 7 function on the

right-hand side of (3.53) can be rewritten as

AE’L; I Lf'(u,)]"z—exp( —7 2 Ay ) (3.54)

where A,-j=resf’()\)d>f+()\). It follows from (3.53) that

o(T)=—— H Lf' ()17 T), (3.53)
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_ _ 1 _
HT(T) =% T)exp( ==X A,-jT,-Tj). (3.55)

We introduce the 7 function #(7) of the p-reduced KP hier-
archy, defined as

_ D o ) -
HT)= ~0) exp(g ]z_jTj), To(1) =~ VA
(3.56)
for which instead of
det ¢;(u;
LS eAq(ij) (3.57)
we have
[t +T] _ det$i(&))
[t~ A(g) (3.58)

and the Grassmannian points corresponding to (3.57) and
(3.58) are determined by the basis vectors

Gi()=[W' (u)]"* exp(V(u)

_MW(ﬂ))j x T e TV HaWln) gy (3.59)
and
p+1
P m)=[par~"]"" exp( -2 4
Xfxi_le_v(x)+xﬁpdx. (3.60)

Here it is easy to show that 7,(T) satisfies the string equation
(the L_; condition) with the KP times shifted in the follow-
ing manner:

p—1 ©
g_l k(p—k)(tk+fk)(t,,_k+T,,_k)+k§1 (P+K)(1psi

~ d ~
+Tp+k)T log f'p[t+ T]=0, (3.61)
d

k

where the ¢; defined in (3.50) are identically equal to zero for
iZp+2.

We can extract at least two different consequences from
(3.52) and (3.61). First, the generating function in the case of
deformation of a monomial potential (equivalent to a poly-
nomial of the same degree) is expressed in terms of the 7
function of the equivalent (in the sense of Ref. 113)
p-reduced KP hierarchy. Second, in the deformed case, not
only 7, but all the ¢, with k<p+1 are nonzero. We shall
refer to such theories as topologically deformed (p,1) mod-
els [in order not to confuse them with the intrinsically (p,1)
models specified by monomial potentials V,(X)], since the
deformation is topological in the sense that it preserves all
the properties of topological models. From the viewpoint of
field theories, these models correspond to 2D N=2 twisted
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Ginzburg—Landau theories interacting with topological grav-
ity. The relation obtained above has been reproduced in the
spherical limit by another method.?’

3.3. Nontopological solutions and pq duality

The scheme presented above for constructing topological
solutions has a clear interpretation in the language of canoni-
cal quantization. In fact, the exact nonperturbative solutions
of topological (p,1) theories are described by the generating
function (2.81), which can be viewed in a certain sense as a
representation of the functional integral for the equations®*
[£,0]=1, ie., simply the Heisenberg algebra in a realiza-
tion in which P and Q are differential operators of finite
order (p and g, respectively), the pth order of the operator P
specifying the p reduction, while ¢ corresponds to the qth
critical point. The semiclassical commutator is transformed
into a Poisson bracket®®!'* {P,0} =1, where now P(x) and
Q(x) are definite functions (polynomials). It is easily seen
that the case considered above corresponds to the situation in
which Q(x)=x is a first-degree polynomial, and the total
degree p— P(x) must be identified with W(x)= V’(x).”)
Here the expression in the exponent in (2.81), (3.59), and
(3.60) acquires the natural meaning of the action functional:

Spalo ) = = V() +xW(p)

= foxdyW(y)Q’(yHQ(x)W(u),

p
W(x)=V’(x)=x1’+kZ1 vext"l Q(x)=x%, (3.62)

and, naturally, its generalization to the case of arbitrary
(p.q) models becomes

Shuig=— f:dyW(y)Q’(yHQ(x)W(,u),
p
W(x)=V’(x)=x"’+kZ1 vkl

q
Q(x)=xq+2 a1 (3.63)
=1
As before, variation of the action (3.63) gives W(x)
= W(u) with one of the solutions x= u, and the value of the
action at the extremum x = g has the form

P ’ ptq »
Sw,olx=p= Jo dyw ()’)Q(}’)=k=2_oo 7978 (3.64)
where @?=W(u) and
tkEtﬁtw‘Q)= — k(p—p—k-)_ res WI=¥P40. (3.65)

It should be noted that the value of the action (3.63) at the
extremum, written in the form (3.64), determines the semi-
classical (or dispersionless) limit of the p-reduced KP
hierarchy®6''* with p+qg—1 independent flows. It was
shown above that in the case of the topologicaly deformed
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(p,1) model, the semiclassical hierarchy is exact in the fol-
lowing sense: solutions of the hierarchy in which the flows
are determined by the p times are also solutions of the full
equations of the KP hierarchy [the ¢+ T formula (3.52)], and
the first of the set of basis vectors is exactly the Baker—
Akhiezer function restricted to the ‘‘small’’ phase space.
This is certainly not so for the general case of (p,q) models:
here the semiclassical limit is no longer exact, and in order to
find the explicit form of the basis vectors it is necessary to
solve the “‘full”” problem, i.e., to find the exact solutions of
the complete (reduced) KP hierarchy along the first p+gq
—1 flows. Nevertheless, the presence of a ‘‘semiclassical
component’” in the full integrable structure of these models
can in principle give some useful information. For example,
it can be assumed that the coefficients of the asymptotic ex-
pansions of the basis vectors are expressed only in terms of
the derivatives of the semiclassical 7 function.

Returning to (3.65), we immediately note that now the p
times are identically zero only for k=p+qg+ 1, while for the
(k=p +q)th time we have

o _ P

ptq ‘ptq p+q’ (3.66)

t

and the correct critical behavior is obtained by ‘‘twisting’’
all the times {z;} with k<p+ ¢ so that they become equal to
zero. The exact expression for the basis vectors in the Grass-
mannian in the general case of (p,q) models takes the form

G1(w)=[W' (1)1 exp(—Sw,olr=p)

Xj dMo(x)f(x)exp Sw,o(x, 1), (3.67)

where d M y(x) is the integration measure. As will be seen in
what follows, for the general case of (p,g) models the mea-
sure is determined by two polynomials W and Q and has the
form

dMy(z)=[Q'(z)]"%dz, (3.68)

which follows from the string equation. In choosing the mea-
sure in the form (3.68), to ensure the correct asymptotic be-
havior of the basis vectors ¢;(u) it is necessary to choose
the functions f;(x) (not necessarily monomials or polynomi-
als!) to satisfy the same asymptotic condition f;(x)
~x'"![1+0(1/x)]. Finally, for the basis vectors to satisfy
the string equation, it is necessary that they satisfy two con-
ditions: the reduction condition

W<u>¢,-(m=§ Ciipi(w) (3.69)

and invariance under the action of the Kac—Schwarz opera-
tor (3.17):

AM D (u)=2 Aydip), (3.70)

where
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0
AW.Q) = N(W.0) - — [NW.0) —1
W) gy 72N )]
1 4 1 W'(w)

=WI(#) 5;1, 5 W!(#)Z—*_Q(:u‘)a

NW-O()=[W'(u)]"?exp( — 85, el

The string equation is a consequence of (3.69) and (3.70).
The structure of the action leads directly to

(3.71)

A(W,Q)(ﬁi(#):N(w,Q)(#)f dMp(z)Q(2)fi(2)

Xexp Sw,o(z, 1), (3.72)

and the condition (3.70) can be reformulated as the property
of Q reduction of the (dual) basis {f;(z)}:
0()f2) =2 Ayfi(2)- (3.73)

Let us now return to the W-reduction condition. Multiplying
¢(n) by W(u) and integrating by parts, we obtain

1
W) () =NY V) | dMo@F (D) s

0'(z)
0
X~ Texp Q()W(k)]
X exp| — f:dyW(y)Q'(y)]

- _N(W,Q)(#)f dMy(z)exp[Sw,o(z,1)]

1 4 10%)
0'(z) z 2 Q'(2)°

X

W(z))f,-(z)

= —N(W'Q)(,u)f dMg(z)

X exp[Sw,o(z, ) JACYfi(2). (3.74)
Thus, for the dual basis {f;(z)} the condition (3.69) becomes

ACWE () ==, Cuf(2), (3.75)
where we have introduced the notation A(@W) (A9 for
the dual Kac—Schwarz operator:

1 ¢ 1 0"72)
0'(z) 3z 20Q'(z)*
Equations (3.67) and (3.68) are exact integral expressions for
the basis vectors which are solutions of (p,q) string
models.!'? The meaning of these expressions is contained in
the explicit form of the integral transformation relating dual
(p.q) and (q,p) nonperturbative exact string solutions. We
shall call this the pq duality transformation (in general, W—
Q duality) for exact nonperturbative generating functions
(see also Ref. 115). The principal consequence of these ex-
pressions is that the general solution of c<1 2D nonpertur-
bative string theory is formulated using mwo (polynomial)
functions W(x) and Q(x).

AQW) —

W(z). (3.76)
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3.4. String field theory and the c—1 limit

Finally, let us discuss the question of why the scheme
proposed above for a unified description of the nonperturba-
tive regime 1in a class of string models can be viewed as an
attempt to construct a string field theory or an effective for-
mulation of string theory in which the world sheet of the
string no longer appears explicitly. From the very start it
should be noted that by string field theory we mean some-
thing more than the traditional definition as a field theory of
functionals defined on string loops. By string field theory we
shall mean an effective theory allowing a unified treatment
of the string vacua (the solutions of the classical equations of
motion of string field theory—2D conformal field theories
interacting with 2D gravity), and assuming that the effective

action is a function having (perturbative) expansions about .

the given string vacua. Such a theory, in particular, must be
able to describe transitions between different string vacua
and other nonperturbative effects.

The scheme studied above can be referred to as a string
field theory, as it is based on the two-dimensional geometry
of the world sheet, which allows the correlators (in the topo-
logical sector) to be expressed in terms of integrals of differ-
ential forms on the moduli space.*’ This is the main differ-
ence from ordinary field theory, where there are no
restrictions imposed by the two-dimensional geometry. The
general form of the construction proposed above is related to
the cell decomposition of the moduli space.**!16

Thus, at present we are dealing with a theory describing
various (p,q) models interacting with 2D gravity, outside
the framework of perturbation theory and technically based
on (differential) equations in coupling-constant space im-
posed on the generating function of the physical correlators.
The main statement is the identification of the generating
function with the 7 function of an integrable hierarchy of the
KP/Toda type, which is not defined as a global function in
coupling-constant space, but has some fixed expansion about
each critical point, reproducing the perturbation series of the
original first-quantized theory (2.67). However, for naive
transitions in coupling-constant space from one solution to
another, impediments appear which are related to the poor
convergence of the perturbative expansions, i.e., a nontrivial
analytic continuation becomes necessary, which leads to in-
trinsically nonperturbative contributions. For the simplest to-
pological (p,1) theories this scheme can be described in the
language of the effective integral representation, which re-
duces to an integral over Hermitian matrices (2.81), and the
exact integral expressions for the general case are con-
structed in a much more complicated fashion.

This scheme is applicable, in principle, also to the lim-
iting case c=1. However, a ¢=1 theory of general form is
much more ‘‘saturated’” than ¢<1 topological models, and
so the naive limit from ¢<1 effective matrix models leads
only to the formulation of strongly degenerate c=1 theories.

All these cases are more or less based on generalized
Penner models for calculating the Euler characteristics of
moduli spaces of complex curves. In fact, the determinant
representation of the partition function of the Penner
model''® already by itself presupposes that (for fixed times)
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this partition function is the 7 function of the Toda lattice.
The existence of an integral representation of the Penner
model indicates that this theory is in some sense an analog of
the generalized Kontsevich model. In fact, the solution of the
Penner model,

Z~det H'®

i 3.77)
with ng‘-")=l‘(a+i+j— 1), is a special case of the topo-
logical theories studied above.

In order to demonstrate this, we first note that for any
solution of the KP hierarchy there is an explicit relation be-
tween the determinant representation in the 7 function of the

Miwa variables,
det;; di(u;)
A(u) 7

and the determinant representation of the 7 function charac-
teristic for solutions of the Toda lattice,

TNLT -k, Ti]=detH;yy o n[T— T,
ij

kel Ti]= (3.78)

(3.79)

where

. 1
A(u)=£[j (mi= 1) ¢i(#)=ﬂ“1( 1+(9(;) )

1
=2 2 ui*, k>0, (3.80)
t
and
19H,-j/(9Tk=H,~’j_k, j>k>0,
(9H,j/3T_k=Hl_k,j, i>k>0. (3.81)

The relation between the representations (3.78) and (3.79) is
most simply stated in terms of Schur polynomials, defined by

P[zITk]Eexp(,% Tkz"] =2, Z*P(T], (3.82)

>

in particular, P_,=0 for any n>0; Py[T]=1; P[T]
=Ty; Py[T]=T,+4iT}; P3[T]=T;+T,T;+iT3, etc. An
important property of the Schur polynomials is the equation
P 13T ,= Py_,, following from dP/3T,=z"*P. This prop-
erty allows the time dependence of the matrix H;[ T] satis-
fying (3.81) to be expressed in terms of Schur polynomials:

H T _T,]= kgj P ([T_,JHyP 4 ,[T,], (3.83)

I=—j

where Hy=H,[0,0] is now a matrix independent of the
time 7.

Let us first consider the case of zero negative times and
zero time N=T_,=0. Then we shall allow the zero-valued
time to take any (positive integer) value!® N>0 and intro-
duce negative times T_; .

For a given system of basis vectors ¢;(u) for i>0 we
introduce, by definition,

Hiy[T_4=0.Ty]= §1H0¢f(2)z_qu|Tk]dz’ i>0.
(3.84)
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The integration contour, which encircles the origin, can be
deformed to an infinitely distant point. The integral then sits
on the singularities of the function P[z] if they exist. Sub-
stituting the definition (3.82) of the function P[z] into (3.84),
we obtain (3.83), in which P,_,[T_,,=0]=&,;, and also

Hy= ﬁﬁom(z)z"dz. (3.85)

In order to prove the equality of (3.78) and (3.79), in (3.82)
we transform to Miwa variables (3.80):

_ detM _ ‘Li
Pzl Til= det(M —1z) _Iz] (mi—2z)

Ar(n)

_)k
[H “']2 (z—m) A(w)”

where Ap(u)=Il;5 ;21— pj). Now the contribution to
(3.84) comes only from the poles of the function P{z|T,] at
the points gy :

(3.86)

Hj[T_=0.T;]= in #i(2)z/Pz|T]dz

k(#)

"‘ 3 () im) (3.87)

The sum on the right-hand side of (3.87) has the form of a
matrix product, and so

] 1 1
det Hyj=det (o) [ ] [ A )"Ak(m] det—.

k
(3.88)

The last determinant on the right-hand side of (3.88) is equal
to A(V/p)~A(p) - [Mul1 L In addition,
LA )/ A()]=A(w) "2, and, collecting all the terms,
we verify the existence of the equality detH;
=det ¢{(u;)/A(u), as required.

Let us now consider the introduction of zero and nega-
tive times. Zero time n arises simply as a single-time shift of
the labels i and j of the matrix H;;: H;;—H; yj+n. We
can therefore write

Hin j+n0.T]= é (3.89)

=

0¢EN}(z)z_jP[z]dz,

with the vectors ¢V (z)=z"V¢; n(2). This completely
solves the problem of zero time N for positive integer values
of N.

As far as negative times are concerned, as soon as the
matrix Hy, is defined they can be introduced by means of
(3.83), so that
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Hi+N,j+N[T—k:Tk]EkE, P f[T-,]Hi+n,j+n0T)]
=]
= 35 ¢ "2z
=0

XP[—i-‘T_k}P[lek]dz, (3.90)

with the basis vectors

¢+ (z)= (PH D > Pl T- 184"
=z exp( > Tz )

k>0

X2 P T-1i4n-i(2). (3.91)

We have introduced an auxiliary exponential factor into the
definition of the basis vectors (3.91) in order to ensure the
correct  asymptotic  behavior ¢§T"‘ ’N}( 2)=z'"11
+O(1/2)}.

An important special case of the hierarchy of the Toda
lattice is its reduction to a Toda chain (see, for example, Ref.
98). The reduction to a Toda chain can easily be described in
terms of a fermionic operator G specifying the Grassman-
nian point and satisfying the condition [G,J;+J_;]=0, and
also in determinant language. In the last case the symmetry
condition becomes

[H,A+A"1]=0, (3.92)

where A is a shifting matrix, A;;=J; ;_, . Satisfaction of this
condition leads to the appearance of the 7 function of the
hierarchy of the Toda chain, which now depends only on the
sum of positive and negative times t,=3(T;+T_;), and is
independent of their difference (this can be viewed as a de-
fining property of the Toda chain). We note that the solution
of the condition (3.92) is H; ;="H;_;.

It is now easy to reconstruct the dependence on negative
and zero times in the integral expressions for the string so-
lutions of the KP hierarchy, so that the partition function of
the effective theory is transformed into the 7 function of the
hierarchy of the Toda lattice. The corresponding set of
functions—basis vectors at the Grassmannian point corre-
sponding to the generalized Kontsevich model—is given by
the integral expressions

¢,{V}(#)= eV —nV' (1) V"(Iu)f dx xi~le= VO +xV'(w)

(3.93)

The dependence on N and T _; is introduced according to the
rule'®)
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N

exp(E T_,(x“—;f’))>
>0
WeV(u)—#V'(u)

= ,uN

{_VvN'T—k}( y=( x! *
@, M < ”

I

xjdxxN+i~le—V(x)+xV'(p.)

X expl

> T_,<x"—;r’))
>0

= V)=V () 7 =1, = V(x)+xV' ()
e V() | dxx'"'e .
(3.94)

where V(X)=V(X)—N log X— 240t X X The initial po-
tential V is identified with V. . It follows immediately from
(3.94) that the partition function of the generalized Kont-
sevich model taking into account the dependence on zero and
negative times (which is automatically the 7 function of the
hierarchy of the Toda lattice) is

v ; ~TeV(X) +TeV', (M)X
Z{Q}[M]=6TrV(M)—TrMV;(M) IDXe g,

[dXe —Tel 4 5(X. M)
(3.95)

It is now easy to introduce the dependence on positive and
negative times in the Penner model (3.77) and to reconstruct
<I),{(V}(z) from (3.91). In fact,

RO =HP=T(a—1+i+))

o d 24 e ;
=[Sy f @z 699)
immediately gives
#0= [ ey 397

which is a representation in the spirit of the topological mod-
els studied above. The essential difference from the ¢<<1
examples considered above is in the definition of the integra-
tion contour in (3.97), and also in the fact that the depen-
dence on the parameter z is trivial. The integral is easily
calculated, giving

I'lati
()= (z(_—“l),,’l—,-smﬁ(z),

o\ : T(at+i+j)
(E) ! )(Z)—":(_)J¢§+)j(z)=(-)j—(z_l)a“+_i+j'
(3.98)

Introducing negative times, we find!'8
¢,(-a)(Z|T_,,) =77 exp( -> T_,,z_p)
p>0

xg PUT_,16{%(2) (3.99)
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or

Zc=l~fDYexpTrZY+aTr10gY+2 T_ Try *
k>0
(3.100)

with positive times T ;= (1/k)TrZ*. It should be noted that
(3.100) has been obtained independently by comparison with
the results of calculating tachyon amplitudes in a c=1
theory.!?”

Finally, let us make a few remarks about c=1 theories.
In general, here we would expect to obtain the most general
(nonreduced) 7 function of the KP or Toda-lattice hierarchy
satisfying some (again, nonreduced) string equation. This
situation would more likely correspond to taking the ‘‘direct
sum’’ of the various (p,q) theories rather than the limit from
the region ¢<1. However, in some degenerate cases the di-
rect limit c—1 studied above is also meaningful. These de-
generate cases essentially turn out to be ¢=1 analogs of
(p,q) string models and correspond to the topological sector
of the c=1 theory.

In fact, it is easy to see that in the special case in which
p==*gq, Egs. (3.69) and (3.70) are greatly simplified and the
system degenerates into a single equation. This case certainly
does not correspond to the minimal series, where the num-
bers in the pair (p,q) must be relatively prime. Nevertheless,
as before, it is possible to satisfy both conditions, reduction
and invariance under the action of the Kac—Schwarz opera-
tor. The resulting solutions, as can be seen from the expres-
sion for the central charge of the matter, formally correspond
to c=1 for p=g and ¢=2S for p=—q.

The simplest example again arises for g= 1. In this case
the “‘c=1"’ theory turns out to be equivalent to an auxiliary
discrete matrix model,'"” while “c=25" literally corre-
sponds to the result expected from the development of the
Penner approach.''®!!? In fact, if we take in general the (non-
polynomial) functions W(x)=x"# and Q(x)=x%, the action
acquires a logarithmic term §_g B=—,Blogx+x5/,uﬂ, and
Egs. (3.69) and (3.70) lead to simple rational solutions. It is
easy to see that =1 leads directly to the Penner model in
an external field, which, as we have seen, corresponds more
closely to the theory ‘‘dual’’ to the c=1 theory with central
charge of the matter ¢ a4, =25 and strongly nonunitary re-
alization of the conformal matter.!”

4. NONPERTURBATIVE RESULTS IN 4D N=2
SUPERSYMMETRIC GAUGE THEORIES: COMPLEX
CURVES AND INTEGRABLE SYSTEMS

In the preceding sections we studied nonperturbative so-
lutions of topological string models for which there are ex-
plicit exact expressions describing the generating functions
of all the correlators. This is primarily related to the fact that
these solutions can be regarded as a deformation of trivial
finite-gap solutions for which the spectral curve X is a com-
plex sphere and, in particular, then only the parameters re-
lated to the residues at the points in (3.65) are important, and
the eigenvalues of the operators determining the generating
differential are polynomial functions (3.63) on the sphere
CP!. Here the prepotential—the logarithm of the semiclas-



Phys. Part. Nucl. 30 (5), September—October 1999

sical 7 function—is a simple polynomial function of the
times, F= t?/6+ ..., and the topological correlation func-
tions are the expansion coefficients of the prepotential; as we
have seen, these are numbers corresponding to the intersec-
tion indices on the moduli space of the complex structures.
The corresponding theory is called  rfopological
gravity.31’32’34'4°

In the case of physical (c<1 or pq) gravity, the number
of explicit expressions known is much smaller. These theo-
ries correspond to the nontrivial spectral curves
Ze=(p-1)g-r2 (Ref. 121).!® 2D topological theories with
nontrivial spectral curves corresponding to space-time have
been constructed formally in Refs. 36 and 37.

From now on (see also Ref. 90), we shall make a de-
tailed study of the more interesting example of the nonper-
turbative solutions associated with the appearance of non-
trivial complex curves of higher genus—in the effective
Witten—Seiberg solutions***? of 4D N=2 supersymmetric
gauge field theories with the bare Lagrangian

1 -
L= f d*9F(®))=... = TrF2, +i0TrF,,F,,+...
@4.1)

(where the superfield is ®,=¢'+¥0,,9G),,+...). The
nonperturbative exact solution is formally defined as the
mapping

G,1,hi—a;, alp, a?=— 4.2)

(G is the gauge group, 7 is the ultraviolet coupling constant,
and h,=(1/k){Tr®*) are the vacuum values of the Higgs
field), and an elegant description exists in terms of the curve
S ,—rankG » for which h; parametrizes certain (usually hyper-

g
elliptic) moduli of the complex structure. The periods

a;= f*f' ds, aP= _cf ds (4.3)
A4; B;
of the generating meromorphic 1-differential
dS=\dlogw=TrLdlogT, 4.4)
satisfying the conditions
adS 4 4
ahk = a)k, ( 5)

where d w,, are holomorphic differentials on 3, determine the
spectrum of massive BPS states

M~|na+maP|, (4.6)

and the expression a,p =JFlda’ determines the prepotential
F (defining the low-energy action; see the Introduction,
where a more detailed explanation of the basic concepts was
given) and, thereby, the set of effective coupling constants:

_ & F _da}
ij_o"a,-é’aj_ 19aj :

4.7)

In the present section we shall show that the curves arising in
the Witten—Seiberg solutions are the spectral curves of
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finite-gap solutions of the periodic Toda lattice and its natu-
ral deformations into the elliptic Calogero—Moser model and
(classical) spin chains.

4.1. N=2 sypersymmetric gluodynamics and the
periodic Toda chain

We begin our analysis with the very simple case of the
periodic Toda chain corresponding to the nonperturbative so-
lution of 4D N'=2 supersymmetric gluodynamics. The peri-
odic problem in the Toda chain can be formulated in two
different ways, which are naturally deformed in two different
directions. From the physical point of view, the different
deformations of the Toda chain correspond to the inclusion
of two types of interaction with 4D N'=2 supersymmetric
gauge theory: with matter in the adjoint and the fundamental
representations of the gauge group.

The Toda chain is specified by the equations of motion

ad; ap;
. L ,%it1— b p®i— Pi-1
g P e ¢ ¢ ’

4.8)

where for the periodic problem (with period N in the “‘num-
ber”” of particles) the conditions ¢;+y =@; and p;+y =p;
are imposed. The Toda chain is a completely integrable sys-
tem with N, mutually commuting (as Poisson brackets)
Hamiltonians, hTC=3p;, hiC=3(ip?+e®~%i-1), etc. Like
any finite-gap solution, the periodic problem in the Toda
chain can be described in terms of the eigenvalues and eigen-
functions of two operators: the Lax operator £ [or the aux-
iliary linear problem for (4.8)],

+ + __ 1/2 - & +
w,,—g Lot =e 2 On1=8y  +p o

+

J
+e”2(¢"_¢"—1)!/l,',t_1(=13; !/l;), (49)

and the monodromy operator (or boundary conditions),
which in this case is simply a shift in the discrete variable
corresponding to the number of particles: T¢,= @, N,

Tpn=Pn+N, TYn=tnen - The condition for the spectra of
these two operators to be compatible,

LYy=\¢, Ty=w, (4.10)

[L£,T]=0,
implies that the relation P(L,T)=0 exists between them. It
can be stated rigorously in terms of the spectral curve X:
P(\,w)=0 (Refs. 50 and 53). The generating function of the
integrals of the motion can be written in terms of the opera-
tors £ and T, and for the Toda chain there are two different
formulations of this type.

In the first version, which can be viewed as a limiting
case of Hitchin systems,” the Lax operator (4.9) is written in
the basis of eigenfunctions of the T operator. For a chain of
length N, it becomes an N.X N, matrix
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i o (12)($2- 1) 0
e (d—¢1) P2 eW(d3—¢7) ...
0 (112 (3~ ¢7) P3
LTw)=

1

— e(UD)(P1—dp) 0 0

w

defined on the cylinder. The Poisson brackets {p;,d;}
= 0;; are equivalent to the Poisson relation on the Lax op-
erator  {LTW)®LT(w")}=[R(w,w"),LT(Ww)®1+1

® LTCX (w"')] with the numerical trigonometric R matrix
W2(8;i+1®8i41) T (W' E8;11,i®8;141)
w—w'

R(w,w')=

’

4.12)

and the eigenvalues of the Lax operator determined by the
spectral equation

PN, w)= det (LT(w)—\)=0

N.XN,

(4.13)

commute with each other as Poisson brackets. Substituting
the explicit expression (4.11) into (4.13), we find'??

1
wt —=2Py () (4.14)

or

2_p2 1
y =PNC()\)—1’ 2y=w— ot 4.15)
where Py () is a polynomial of degree N, whose coeffi-
cients are the Schur polynomials §;(4) from the Hamilto-
nians hk=2f.v=clpf.‘+ oem

N, 1
PNc(x)=’Z,O ch_k(h))\k=(ch+hl>\Nc-1+ 5 (2

—hf)ch—2+...). (4.16)
The spectral equation depends only on mutually commuting
combinations of dynamical variables—Hamiltonians or ac-
tion variables parametrizing the subspace in the moduli
space of the complex structures of hyperelliptic curves =TC
of genus N,— 1=rank SU(N ).

An alternative description of the same system arises if
we explicitly solve the auxiliary linear problem (4.9), which
is a second-order difference equation. It can be solved by
simply rewriting it in the form (/7,-+1=L?C()\)zz,-, ie., by
means of a chain of 2X2 ‘‘Lax matrices,”” > having (after a
simple ‘‘gauge transformation’’) the form

pl+k ed’i

e % 0 (4.17)

L,.TC()\)=( ) i=1,..N,.
These matrices satisfy a quadratic Poisson relation of the
r-matrix type:>>
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weD(®1=8y)

0

0 (4.11)

PN

{LIMOLTN)} =8, r(\—=N"), LTSN ® LT\

' (4.18)

with a numerical rational r matrix (independent of the label

i!) satisfying the classical Yang—Baxter equation r(\)

=( 1/)\)22=10a® o?. Consequently, the monodromy matrix

(usually defined for an inhomogeneous lattice with inhomo-
geneities \;)

TvM)= 11 (4.19)

=i=
N =i

Li(A=X\))
1

satisfies the same relation

{Ty (ST, (A }=[r(A=\").Ty (M @Ty (A)],
’ (4.20)

and the integrals of the motion of the Toda chain are gener-
ated by a spectral equation in a different form:

det(TH(N)—w)=w2—wTrTac(\)+detTh(\)
2x2 € € ¢

=w2—wTrT;{,S()\)+ 1=0 4.21)

or

1 1
PN, w)=w+ ;—TrT;f(x)=w+ —=2Py (\)=0.
(4.22)

Here we have used the fact that det,,, L™C(A\)=1 leads to

detyxo T;C()\)= 1. The right-hand side of (4.22) is a polyno-
c

mial in \ of degree N., whose coefficients are integrals of

the motion, since

{TrTy (\).TeTy (N} =Te{ Ty (M @ Ty (\)}
=Tt r(A=\"), Ty (\)

®Ty (N "Y1=0. (4.23)

For the special case of L matrices (4.17), the inhomogene-
ities of the chain \; reduce to a trivial shift of the momenta:
Pi—Pi— ;.

Below, we shall consider possible elliptic deformations
of the two different Lax representations of the Toda chain.
Deformation of the N XN, representation leads to the
Calogero—Moser model, while deformation of the 2 X2 rep-
resentation leads to the XYZ model and the Sklyanin alge-
bra.

In addition to the equation of the spectral curve (4.13),
(4.14), (4.15), and (4.22), the minimal set of data for deter-
mining the Toda chain is given by the generating
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1-differential dSTC. The properties of this differential will be
studied in detail in Ref. 90; here we only note that the equa-
tion dSTC=X\(dw/w) in the case of the Toda chain has the
literal form (4.4), where \ is the hyperelliptic coordinate in
the representations (4.14) and (4.15). The periods of this dif-
ferential,

dw dw
a= ffdsTC= fﬁ A—, ap= fﬁdSTC: %A——,
A A W B B W

(4.24)

specify the massive BPS spectrum (4.6) and determine the
prepotential and the effective coupling constants (4.7) in the
low-energy limit of A’=2 supersymmetric gluodynamics—
the effective AN'=2 supersymmetric theory with the (Abelian)
gauge group U(1)™*G.

4.2, Elliptic deformation of the N.x N, representation:
the Calogero—Moser model and interaction with
adjoint matter

The N.X N, Lax matrix operator for the GL(N) Calog-
ero system explicitly depending on the spectral parameter
has the form'%

Lo g)= pH+§ F(qal®)E,,

P F(g,—42l9) F(q1—qn,8)
| Flaz=q1l&) P2 F(g,—qn,9)
F(gn,—q1l&) Flan,—q2l8) -+ PN,
4.25)
Its matrix elements F(q|l&)=(g/w)o(qg

+§)/o-(q)0‘(§)]e§(q)f can be expressed in terms of Weier-
strass elliptic functions, i.e., the Lax operator £(§) is defined
on the elliptic curve E(7) (a complex torus with periods o,
' and modulus 7= w'/w). From the viewpoint of the 4D
interpretation, the interaction constant in the Calogero sys-
tem, g%/ w?~m?, is expressed in terms of the mass m of the
adjoint N=2 supermultiplet, breaking the N'’=4 supersym-
metry down to N=2 (Ref. 69).

It follows directly from (4.25) that the spectral curve
€4l for the GL(N,) Calogero system has the form

det (L5(&)—N)=0,

N XN,

(4.26)

and the masses of the BPS states (4.6) (a and ap) are speci-
fied by the periods of the generating 1-differential

dsel=\d¢ 4.27)

associated with incontractible contours on . The integra-
bility of the Calogero—Moser model can be described in the
language of the Poisson structure

{ﬁ(i)é?ﬁ(é')}=[R?S'(E,'E’), L(§el]
—[REN(&,€)., 18L(E)]

determined by the dynamical elliptic R matrix'2*
the involution of the eigenvalues of the matrix L.

(4.28)
ensuring
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The periodic Toda chain is obtained from the Calogero
elliptic model in the special double scaling limit,'> where
g~m—», —it—, and ¢;—q;={(i—))logg+($— )],
such that the dimensionless coupling constant 7 becomes the
dimensional parameter A¥e~mNee!™. In this limit the ellip-
tic curve E(7) degenerates into a cylinder with coordinate
w=efe'™, and the generating 1-differential ds®—dsTc
=\ (dw/w) goes into the generating differential of the Toda
chain. The Lax operator of the Calogero system becomes the
Lax operator (4.11): £L(&)dé— LT (w)(dw/w), and the
spectral curve acquires the form (4.13). In contrast to the
Toda chain, Eq. (4.26) cannot be rewritten in the form
(4.14), i.e., the specific w dependence of the spectral equa-
tion (4.13) is not preserved when the Toda chain is embed-
ded in the system of Calogero—Moser particles. However,
the form (4.14) is preserved in a natural way when the Toda
chain is interpreted as a special case of spin models.

To describe the other elliptic deformation, we shall use a
nonstandard normalization of the Weierstrass g function:

= 1 = 1
CURIPIN orerr P I e

(4.29)

which is doubly periodic in & with periods 1 and 7=0'/@
(this differs from the standard definition by a factor of w2
and the redefinition é— w§&). According to (4.29), the values
of p(&|7) at the half-periods, e, =e,(7), a=1,2,3, are func-
tions of only the modular parameter 7, also differing by a
factor of w2 from the standard definition. The complex
torus E(7) can be defined as the factor C/Z& 7Z with the
““flat”> coordinate £ defined modulo (1,7). Moreover, the
torus (with a point labeled) can be specified by the elliptic
curve

x=p(§),

yi=(x—e))(x—ex)(x—e3),

r dx
y=59'(8), dé=7. (430)
There are three interesting degeneracies of the elliptic pic-
ture:

o The rational limit: The two periods are w,»’— %, and
& is redefined as £€=w~ !¢ for finite 7=w'/® and {. Then

b
x=p(§)= z (1+o(0™h),

1 o’ o
y=59 (§)=—F(1+O(w ))- (4.31)
In the other two limits, 7— +i%, i.e., q=e””—>0.

* The trigonometric limit: £ is finite for g—0 and

1 1
x=p(&)=— 3t m"’o(t]),

¢

1 cos
y=560'(§)=—77—3—z+0(q)-

: (4.32)
sin’ 7

o The double scaling limit: £=log(gw), the branch points
are



520 Phys. Part. Nucl. 30 (5), September—-October 1999

1 2
ej,—— 518q+o(q2), e3—+ §+o(q2), (4.33)
and, in addition,
1 -1 2
x=p(§)=—§+4q(w—w )+o(q?),
1 ' -1 2
y=7 ' (§)=49(w—w")+o(q"), (4.34)

so that dé=(dw/w)[1+O(q)]. In the simplest example,
N.=2 for a curve = of genus 2. In fact, in this special
case (4.26) becomes

2 2
g g
P(N,x)=N2—hy+ mx=)\2—h2+ = p(&)=0,

4.35)

showing that each value of x corresponds to two points on
the curve =%, A=+ \h,~ (g% w0?)x, ie., S is specified
as a double covering by the elliptic curve E(7) with the
branch points x=(w/g)*h, and x=c°. In fact, since the co-
ordinate x itself is elliptic on E(7) (when the elliptic curve is
treated as a double covering of the sphere CP!), x
=(w/g)*h, corresponds to a pair of points on E(7) differ-
ing in the sign of y. This would also be true for x=o, but
x= is one of the branch points in the parametrization
(4.30) of the curve E(7). Thus, the two cuts between x
=(w/g)?h, and x= on each of the sheets of E(7) effec-
tively coalesce to form a single one between the points
((w/g)?hy,+) and ((w/g)*h,,—). The curve S can
therefore be treated as two tori E(7) glued together along
one cut, i.e., ES,T:Z is a curve of genus 2.

The curve = is specified analytically for N,=2 by the
system of equations (4.30), (4.35), and, accidentally, this
curve again turns out to be hyperelliptic (only for N,=2!)
after the substitution of x from (4.35) into (4.30).

As the two holomorphic 1-differentials on =¥ we can
take

_ dx Nd\ _ dx d\
Ty TwTy 36
so that
[ & dx g
dS=M\dé= hz_;fp(f)d§=7 hz—;fx.
4.37)

It is easily checked that 9dS/dhy=3(dx/y\). The presence
of only one of the two holomorphic differentials (4.36) on
the right-hand side is related to their different parity under
the Z,®Z, symmetry of =3 y——y and A——\. Since
dS has definite parity, its periods along two of the four el-
ementary cycles on =¥ are automatically zero, leaving only
the two nontrivial periods a and ap; this corresponds ex-
actly to the two independent variables in the four-
dimensional interpretation. Moreover, the two nonzero peri-
ods can be defined in terms of a ‘‘reduced”’ curve of genus 1:
Y2=(yN) 2 =[h,— (g% 0H)x]M2_,(x—e,), on which dS
=[h,—(g¥®*)x](dx/Y). Since x=0% is no longer a branch
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point for it, dS has simple poles at x=o (on the two differ-
ent sheets of =34 ;) with residues *g/w~ +m.

In the “‘opposite’” limit of the Calogero—Moser system
we have g2~m?—0, which corresponds to the N'=4 super-
symmetric Yang—Mills theory with B function identically
equal to zero. The corresponding integrable system is a sys-
tem of free particles, and the generating 1-differential d$
= \h,-d¢ is simply a holomorphic differential on (the N,
copies of) E(7).

4.3. From Toda to spin chains and supersymmetric
QCD: the case N<2N_ and XXX spin models

Let us now turn to the other deformation of the Toda
chain corresponding to the inclusion of the interaction with
N=2 matter hypermultiplets in the fundamental representa-
tion of the gauge group: N'=2 supersymmetric QCD. Ac-
cording to Refs. 42 and 76, the spectral curves for N'=2
supersymmetric QCD when N;<2N, have the same struc-
ture as (4.10) with a less trivial monodromy matrix satisfying
the conditions

TrTy, (M) =2Py (M) +Ry 1 (\),

det Ty (\) = O (V),

where QNf()\) and Ry _ () are polynomials in N indepen-
dent of h [we recall that for the Toda chain with the Lax
matrix  (4.17), dety, Ty (M) =T11%, detyy, LT°(A =) ) =1
and TrTy"(\)=Py (\)]. The two formulations (4.13) and
(4.21) are equivalent for the Toda chain, but their deforma-
tions are different: the representation in the form of a
“‘chain’’ of 2X?2 matrices (4.21) and (4.22) naturally gener-
alizes to the case of the XYZ family of spin models.*>’

The main idea of deforming the (2 X 2)-matrix represen-
tation is to modify Egs. (4.18)—(4.23), while preserving the
Poisson brackets

{L()\)‘?L()\')}=[r(7\—7\'), L(N)®L(N")],
{TNC()\)®TNC()\’)}=[r()\_}\’), Ty (M)®Ty (N)],
’ (4.39)

and thereby the possibility of constructing the monodromy
matrix T(\) by taking the product of the matrices L;(\) over
all sites. The equation of the spectral curve for a periodic
inhomogeneous spin chain takes the form

det(TNc()\) —w)=0,

(4.38)

(4.40)

with the T matrix TNC( A= Hl-1= NcLi()\ —X\;), as before satis-
fying (4.39). The spectral equations can be written more ex-
plicitly for sI(2) chains:

detyx2 Ty (M)
Wb " =Trp, Ty (A) 4.41)
or
1 TraxaTy (M)
W = 4.42)

W Jdetyxy Ty (V)



Phys. Part. Nucl. 30 (5), September—October 1999

and the generating 1-differential is now dS=N(dW/W), W
=w/ /det TNC()\). As before, the equations involve the dy-
namical variables of the spin system only in the form of
special combinations—as integrals of the motion and invari-
ants. It is the special form of these equations’™ (the quadratic
dependence on the parameters w and W) which allows peri-
odic spin chains to be identified with solutions of the
Witten—Seiberg problem with matter in the fundamental rep-
resentation.

The 2 X2 Lax matrix for the s{(2) XXX chain has the

form
3
LON)=M-1+2, S, 0 (4.43)
a=1

The Poisson brackets of the dynamical variables S, with a
=1,2,3 (taking values in the algebra of the functions) follow
from (4.39) with rational r matrix:

3

1
r(\)=— 2, 0“®d*, (4.44)
A a=1
and, in the case of 5/(2), become
{S4.Sp}=i€pcSe (4.45)

i.e., the {S,} have the meaning of the angular momentum (or
the classical spin). The algebra (4.45) contains the Casimir
operators (i.e., invariants which have zero Poisson bracket
with all the generators S,) K2=S*=32_,5,S,, so that

det L(N)=\2—K?,
2X2

1 1
det Ty (M= [I detz,(n=x)=I1 (\=\)*=KD)

2X2 i=N. 2x2

1
=II O+mDHOAm) =00 (V). (4.46)

where it is understood that the values of the spin K can differ
at different sites along the chain, and'?

mi=—\¥K;. (4.47)

At the same time, the determinant (4.46) depends only on the
Casimir invariants K; of the Poisson algebra. The trace of the
monodromy matrix ZVC()‘)Z %TrzszNc()\) is not an invari-
ant, and, as usual in integrable systems, depends on the vari-
ables Sff) only through the integrals of the motion, which, in
contrast to the Casimir operators, commute only with each
other.

In order to obtain a clear representation of the Hamilto-
nians, in what follows we shall analyze some explicit ex-
amples of monodromy matrices for N.=2 and N.=3. The
integrals of the motion depend nontrivially on the inhomo-
geneities of the chain \;, and the coefficients of the spectral
equation (4.40) depend only on the integrals of the motion
and on symmetric functions of the mass parameters m (4.47).
This property is important for identifying the parameters m
with the masses of the matter hypermultiplets in N=2 su-
persymmetric QCD. Explicit examples with N.=2,3 have
been analyzed in Ref. 77.
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4.4. N.=2N,: Spin chains of general form and the
Sklyanin algebra

The construction given above cannot be completed with-
out studying the least well known ‘elliptic’’ case Ny
=2N,, where the 4D theory is ultraviolet-finite (at least for
certain values of the moduli) and possesses an additional
dimensionless parameter, the UV non-Abelian coupling con-
stant 7=8ri/e’+ O/ .

The most general theory of this type is well known: the
XYZ spin chain, in which the elementary L matrix is defined

on the elliptic curve E(7) and has the form 12
L¥(&)=51+ ié,- W, (&)S%a,, (4.48)
where
Wa(§)= Wz 3 oil(o)ea-s‘-l(g) (449)

' 0011(0)6,1(8)°

The Lax matrix (4.48) satisfies the Poisson bracket (4.18)
with the numerical elliptic r matrix

3
HO=i% 3 W(§)0,00,,
a=1

from which it follows that §°, §¢ form a (classical) Sklyanin

algebra:ss’126

{59,8% =2i(e,—e.)SS¢, {S°S°}=2i5%s°, (4.50)

with the natural notation that abc is the triplet 123 or a
cyclic permutation of it.

Accordingly, along with the above limiting (degenerate)
cases of an elliptic curve (4.31)—(4.34) we can consider three
interesting degeneracies of the Sklyanin algebra.

« The rational limit. The two periods are w,w’—%0, and
(4.50) becomes

{s9,8% =0, {5%5b}=2ie*<s%s", (4.51)
i.e., the generator S° becomes a Casimir operator (a constant,
for example, 3), and the other S* form a classical spin alge-
bra (4.45). The corresponding Lax matrix (4.43), L
=NLyxx=N1+S- o, describes the XXX spin model with
the rational r matrix (4.44).

* The trigonometric limit. For 7— +i~ and g—0, the
Sklyanin algebra (4.50) becomes

{83,8%=32i¢8'$2+ O(q)—0,
{81,8%=-2i8283+0(q),
{82,891 =2i838'+ 0(q), {8',8%}=2i8°83+0(q),

{82,8%1=2i8%8'+ O(q).
(4.52)

{§!,8%1=—-2i8982+ O(q),
The corresponding Lax matrix is

(8'o,+8%0,+cos wéS3as),
(4.53)

Lxxzzgol_

1
sin &

and the r matrix is
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i

(01®0,+0,80,+cos mEo3® 03).
(4.54)

* The double scaling limit. Using (4.33) and (4.34), we
find

Vel,z_P(§)=2\/(;( Vw=
ves—p(£€)=1+0(q),

and so the Sklyanin algebra (4.50) takes the following form
after the redefinition $'2=(1/4+/q)5"%

{81,859 =-2i525%+ O(q),

r(§)=

sin w&

+0(g),

1
Vw

(4.55)

{82,5%}=2i8°5'+ 0(q),

{52,5%=2i838"+0(q), {5'.5%}=32ig3°53+O(q)—0,

{5',5%=—-2i595%2+ 0(q), {5°3°=2i5'5?, (4.56)
with the Lax matrix
I i 1)
Lds=S01+zS3o'3+5(\/:v—+ﬁ Slo,
+i Jw ! 52 (4.57)
2 w \/‘; 0'2. o

It is easily seen that (4.53) and (4.57) practically coincide. In
particular, the Lax matrix (4.57) satisfies the quadratic Pois-
son relations (4.18) with the trigonometric r matrix (4.54). In
fact, these two Lax matrices are related by the simple trans-
formation L ;= —sin(wéo,)Lyy;, where w is identified with
e and 5%, §', 52, and 57 with §2, §°, §°, and §!, respec-
tively. We also note that the matrix (4.57) is the L matrix of
the sine—Gordon lattice model.

The determinant detyy, L() is given by

3 3
det L(§) =55+ 2, euSi-0(0) 2 8

2X2
=K-M%*p(£)=K—M?*x, (4.58)
where
3 3
K=§3+£§1 e (7)S2, Mzzgl §? (4.59)

are the Casimir operators of the Sklyanin algebra (which
commute as Poisson brackets with all the generators $°, $!,

82, and §%). The determinant of the monodromy matrix
(4.19) in turn is

N,

Q(§)=det Ty (=11 det L(e-£)

2X2 =12x2
N,

:H (Ki—M%p(£— &), (4.60)

and its trace P(&)= %TrTNc(f) generates the integrals of the
motion, since, as before,
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{TrTy (€).Tr Ty (£')}=0. (4.61)

For example, in the case of a homogeneous chain [all ¢
=0 in (4.60)], TrTNC( £) is a combination of polynomials
P(£)=Pol{y) n(x)+yPol®y _3)(x), where [N./2] is the
integer part of N./2, and the coefficients Pol") and Pol® are
integrals of the motion of the XYZ model.?? As a result, the
spectral equation (4.42) for the XYZ chain takes the form

0(§)
w+ T—ZP(&),

(4.62)
where, for a homogeneous chain, P and Q are polynomials
in x=p(&) and y=3p'(£). Equation (4.62) describes
double covering by the elliptic curve E(7): each point of
arbitrary location £ E(7) corresponds to two points on
SXYZ_ corresponding to the two roots w .. of Eq. (4.62). The
branch points are w, . =w_== \/5, or Y=Hw—0Q/w)
=PZ-0=0.

The curve (4.62) is similar to the spectral curve of the
N =2 Calogero—Moser model (4.35), but the essential dif-
ference is that now x= is no longer a branch point, and so
the total number of cuts on both copies of E(7) is N, and
the genus of the spectral curve is N+ 1.

The curve =*YZ can be described analytically by the
system of equations

3
y=1I (-e). r’=p?-g, (4.63)

and the set of holomorphic 1-differentials on 2X¥Z can be
chosen as

_dx v _ x%dx 3 N,

v= y s a__yY_, a=u,..., 7 ?

v xPdx N.—3

= B=0..—5—| (4.64)

The total number of these differentials, 1+ ([N /2]+1)
+([(N.—3)/2]+1)=N_+1, is equal to the genus of SX¥Z,

Finally, once we have the spectral curve, we can try to
write down a generating 1-differential dS possessing the de-
fining property (4.5). There are two possible choices for the
Toda chain:

d
dZ™=d\ logw, dSTC=x\ Vw

d3"C=—ds™C+df™c. (4.65)

The two differentials 4™ and dST¢ satisfy the condition
(4.5), and the function fTC is defined so that its variation
8fT°=\(wlw) is a (meromorphic) single-valued function
on =TC,

In the case of the XXX model, the properties of the
generating differential are practically the same as those of
(4.65):

dw
d3XXX=d\ logW, dS¥*X=) W

ASXXX= _ g§XXX | g (XXX (4.66)



Phys. Part. Nucl. 30 (5), September—October 1999

For the XYZ model (4.62) the generating differential(s)
dS*YZ can be defined as

d3XY2=d¢ log W,
dSXYZ= §iV_V =—d3XYZ4 4(&£log W) (4.67)
= gW). :

Now, varying with respect to the moduli (which are all con-
tained in P), we have

S(d3XV2y= awd ___ PO —d—xap
(@T0= % % Tror—o vt
(4.68)

and according to (4.4) the right-hand side is a holomorphic
1-differential on the spectral curve (4.62).

The singularities of d=*YZ are located at the points W
=0 or W=, i.e., at the zeros of Q(£) or the poles of P(&).
Near the singular points, d=*¥Z is not single-valued, i.e., in
making a circuit around a singular point it acquires the ad-
ditional term 2ridé. The difference between d= and dS is
again a total derivative, but its variation 5fXY2= £(SW/W) is
no longer single-valued on the curve. In contrast to d=X¥Z,
dSXYZ has simple poles at W=0,0 with residues 3 ——
defined modulo (1,7). Moreover, the differential dSX*7 itself
is not single-valued: it changes by (1,7) X (dW/W) in going
around incontractible contours on E(7).

Thus, neither dS*XYZ nor dS*¥Z is a Seiberg—Witten
1-form in the literal sense; the latter must have well defined
residues corresponding to the hypermultiplet masses.*?

In the simplest example N,=2, the second equation in
(4.63) has the form

¥?= P2~ Q= (Ho~Hyx)?— (K~ M2x)(K,— M2x)

EA(X’—.X'I)(X_Xz) (469)

and is a curve of genus N +1=3, obtained by gluing the
two copies of E(7) together along the two cuts between x
=x; and x=x, on each sheet of E(7). In Eq. (4.69),

3 3

Ho=$785+ 21 eq8153. H2=21 §135. (4.70)
and, comparing with (4.59), it is natural to assume that H,
=M M, cos h. This splitting of the dependence on the Ca-
simirs (M) and the moduli (k) is based on the study of
different limits: the conformal limit, where all M;—0, and
the ‘‘dimensional transmutation’” limit, where M;—o and
T—+ i,

When 7— +i% or g=e'™"—0, the branch points e, and
e, move toward each other: e; —e,=16g+ O(q>), and the
correct coordinates on =XYZ become x=—1+g%, y=g¢y.
Then Eq. (4.30) for E(7) becomes y>=x%—1 and describes
the double covering of CP!, which is again CP!. The ca-
nonical holomorphic 1-form dé=2(dx/y) becomes a mero-
morphic differential on CP': 2(dx/y)=2(dx/¥*—1)
=2(dz/z), where x=z+z" L.

The double scaling limit assumes that the branch points
x; and x, also behave in a special way for g—0. Let x;
=—1+g#%;. Then, redefining Y=gV, for SX*Z in the
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double scaling limit we obtain y*=x2—1, }72=A(f—i1)(i
—X,). These equations describe two copies of CP! glued
together along the two cuts (between ¥=A,; and ¥=A, on
each sheet), i.e., an elliptic curve of genus 1. The generating
1-differential is
dz

d3XY2=q¢. 1og W—d3 = - log W. 4.71)
For higher N, the multi-scaling limit can be taken in a simi-
lar manner, i.e., assuming that a spectral curve of genus N,
+1, the double covering E(7), degenerates into a double
covering of CP' of genus N,— 1, associated with the Toda
chain. The generating differentials d=*¥Z and dS**? also
become the corresponding 1-forms (4.65).

Thus, it is natural to assume that the XYZ chain, which
is an elliptic generalization of the XXX chain describing A/
=2 supersymmetric QCD with Ny<2N,, can be related to
the case N;=2N,_ (see, for example, Ref. 127, where this
theory is studied in more detail in the context of multidimen-
sional generalizations of the Seiberg—Witten solutions).

5. CONCLUSION

In this review we have attempted to explain how inte-
grable systems like the KP hierarchy or the Toda chain arise
in the description of exact nonperturbative effects in the sim-
plest models of string theory and supersymmetric gauge field
theory. We have shown that, as in models of nonperturbative
two-dimensional quantum and topological gravity in four-
dimensional extended-supersymmetric non-Abelian gauge
theory, the effective action of light fields can be specified by
the logarithm of the 7 function of well known integrable
systems of the Whitham type associated with Toda chains.

More specifically, the BRS spectrum and the low-energy
effective action are defined in terms of an auxiliary Riemann
surface—the spectral surface of an integrable system (in the
case of the two-dimensional models studied in detail in the
first two sections of this review, the corresponding spectral
surface is simply the Riemann complex sphere with labeled
points) and the generating 1-form. We have studied in detail
the Riemann surfaces arising in the description of the non-
perturbative behavior in A'=2 supersymmetric gluodynam-
ics, and also in N’=2 supersymmetric QCD and the theory
with matter in the adjoint representation—the N'=4 super-
symmetric Yang—Mills field theory broken down to N'=2,
and the integrable systems associated with these surfaces.

In the second part of this review™® we shall discuss the
finer points of the formulation of supersymmetric gauge
theories in terms of integrable systems, and we refer the
interested reader to that study. The questions discussed in-
clude the properties of the generating differential, the explicit
associativity equations which the effective action satisfies in
the case of ‘‘higher-order” gauge groups, and also the rela-
tion of the exact Seiberg—Witten solutions and the integrable
systems corresponding to them to the general ideas of mod-
ern nonperturbative string theory (M theory). These are the
problems of greatest interest from the viewpoint of modern
elementary-particle theory.
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DIn addition to a parametric dependence on the moduli, physical quantities
may depend on the topological (discrete) characteristics of the moduli
spaces. Moreover, in the simplest topological string models it is this (and
only this) dependence which is important, i.e., the correlation functions are
numbers.

YBPS (Bogomol’nyi—Prasad—Sommerfeld) states are states whose masses
are proportional to the central charges of the extended A’=2 supersymme-
try algebra.

3Here we give only a crude picture of finite-gap integration, just to explain
the statements made in the text. The details of the mathematical statements
can be found in Refs. 50-53.

9K differs from K by the factor I13873|f 2. u;b|2, where u; are (—1,1)
Beltrami differentials, related to the specific choice of coordinates y; on the
moduli space M, .

SMoreover, G[SU(2)] is the algebra of the derivatives of the vacuum ring
formed by another part of the algebra of the observables: the physical
vertex operators of zero dimension and zero ghost number,'*'"! which in
fact is isomorphic to the ring of Hamiltonians (polynomials on R2~C).

9Here x and X denote the holomorphic and antiholomorphic parts of X,
respectively.

This effect clearly indicates the presence of a definite duality between the
world sheet and space-time, for which reparametrizations of the world
sheet and transformations in coupling-constant space are interchanged.

8)This is a well known limit in the theory of integrable systems correspond-
ing to the coalescence of two singular points (singularities of the Baker—
Akhiezer function, and so on) in the Toda theory into a single one which
corresponds to the KdV hierarchy with the corresponding redefinition of
the times.

9One reason is the absence of any simplifying selection rules for the zero
mode of the scalar field.

10The proof of invariance under the Virasoro conditions for potentials of a

general form is based on the use of integrability and will be given below.

DThe only requirement is that the matrix differential operator act on func-

tions of the variables T, (apart from the normalization).

DMoreover, in this case the equation aztry dT,,=0 is satisfied literally.

B)As a check, it is fairly easy to verify (see Ref. 34) that the determinant

expression (3.2) with any set of functions {¢,(u)} satisfies the bilinear
Hirota relations.
YFor example, W(u)= ui+1y, Q(u)=p, and then

159See Ref. 117 for a discussion of the case N<O0.

19We note that the exponential of negative quantities in the normalization
does not significantly affect the 7 function of the KP hierarchy, since this
factor reduces to an exponential of a trivial bilinear form in the times
and corresponds to freedom in  defining it.  Actually,
r~det(exp[2kakz/-_"]¢,~(z )~ exp[Zakz,_"]det Pdz))~exp[Zka, T Jdet d(z)).

This duality between the models with ¢c=1 and ¢=25 is most likely
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related to the well known fact that solutions of the ¢=1 matrix model of
Gross and Klebanov are related'? to the solution of the Penner model'!¢
by a Legendre transformation.

'®1n this case only the dualiry transformation relating the generating func-
tions of dual theories is known. It has the form of a Fourier transformation
with exponent S= [*dS (3.63).

9Equation (4.47) shows that in the limit of zero masses m; =0 the chain
becomes homogeneous (all \;=0) with zero spins at each site (all K
=0).

2For an inhomogeneous chain, it is more complicated to construct the
explicit expression for the trace. It can be simplified by means of equa-
tions of the type

’ + 4 8
i g,-)=(" ©+9'&)

¢ y+yi\?
m) —p(§)—p(§)=4 (;) —x—x;.
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