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The results obtained in the last few years using nonperturbative variational expansions in
quantum chromodynamics are reviewed. The review begins with examples which explain the
method of constructing variational series in quantum field theory, along with how the

properties of their convergence can be controlled by special parameters. The variational
perturbation theory for quantum chromodynamics is then formulated, and a nonperturbative
expansion in a new small parameter is constructed. Various phenomenological applications

of this approach are discussed. © 1999 American Institute of Physics. [S1063-7796(99)00105-9]

1. INTRODUCTION

The theoretical foundation of quantum field theory for
performing calculations involving only Lagrangian param-
eters is perturbation theory. Its use along with the renormal-
ization procedure allows important results to be obtained in
quantum electrodynamics, in the theory of electroweak inter-
actions, and in the description of the perturbative region of
quantum chromodynamics. However, the specific features of
quantum field theory are such that a sufficiently complete
study of the structure of a quantum field model within the
framework of perturbation theory is not possible, even in
theories with a small coupling constant. This is the case, in
particular, for the modern theory of strong interactions,
quantum chromodynamics. There, nonperturbative effects
play the decisive role, both in understanding fundamental
phenomena such as quark and gluon confinement, and in
describing hadron phenomenology and the correspondence
between theoretical results and experimental data.

The development of nonperturbative methods in quan-
tum field theory has received a great deal of attention. The
spectrum of such studies is very broad, and in the literature
one can find quite a variety of approaches to the problem of
going beyond perturbation theory. The goal of the present
study is to review the results obtained in recent years using
so-called variational or ‘‘floating’’ expansions in quantum
chromodynamics. The basic idea behind variational series is
quite simple. In order to explain it, let us first recall how a
perturbative expansion is constructed.

In the usual version of perturbation theory, the total ac-
tion corresponding to a physical system is split into a free
part and a part describing the interaction. The latter is treated
as a perturbation, and the coupling constant entering into it is
viewed as the small expansion parameter. As a rule, this
treatment leads to asymptotic series which, albeit not ‘‘well
behaved,”’ are nevertheless widely used in physics and allow
useful information about the system in question to be ex-
tracted for weak coupling. As the interaction constant grows,
the perturbation series becomes worse and worse. The reason
for this is understood: now the treatment of the interaction
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term as a perturbation of the free system is no longer ad-
equate, since the physical system in question has properties
far from those of a free system. In this case it is necessary to
split the total action in a different way, such that the new
““‘interaction term’’ can be treated as a perturbation not only
when the coupling constant is small, but for a wider range of
its values. Of course, here one must also worry about
whether this procedure, which is similar to ordinary pertur-
bation theory, allows the possibility of calculating correc-
tions.

How is it possible to seek a functional which can be used
as a perturbation with more justification than the usual inter-
action term? One possibility, realized in variational perturba-
tion theory (VPT), is to probe the system by using a varia-
tional type of functional to study the system’s response to a
change of the trial parameters. Here it turns out to be conve-
nient to apply*the functional-integration formalism, which in
field theory is widely used both to study general questions’”
and to find various approximations.>° In spite of the term
“‘perturbation’” appearing in the name of this approach, the
VPT method is nonperturbative, since it is not essentially
based on the use of the coupling constant as the small ex-
pansion parameter. In the VPT method, a given quantity can
be approximated by constructing series, different from those
of ordinary perturbation theory, which allow quantum sys-
tems to be studied not only in the weak-coupling region, but
also far beyond it (see the reviews devoted to this subject,”®
in which mainly quantum-mechanical systems and scalar
models of field theory have been studied). The possibility of
constructing expansions different from perturbative ones and
having different convergence properties has been pointed out
in Ref. 9. The case of the quantum-mechanical anharmonic
oscillator has been studied in Refs. 10 and 11. The use of the
functional-integration method to describe quantum systems
on the basis of expansions of this type was proposed in Refs.
12-14. The method of variational probing of a system,
which is based on the functional-integration formalism and
admits a natural generalization to the case of quantum field
theory, was proposed in Ref. 15. The development of this
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approach in Refs. 16 and 17, and also in later studies,'®2¢

has demonstrated the effectiveness of the VPT method for
studying quantum field models.

At the present time there are different versions of the
variational method (see, for example, the early studies?’?®
and also Refs. 29-32) which can be used to perform nonper-
turbative calculations. One of them is the method of Gauss-
ian effective potential,”’36 which allows the evaluation of
the effective potential, an important energy characteristic of
a field-theoretical model,”” without using the usual loop ex-
pansion. The use of the VPT method allows the Gaussian
effective potential to be obtained in the first nontrivial order
of the variational expansion for various ways of choosing the
trial functional.”! The possibility of performing a nonpertur-
bative calculation of the effective potential allows the study
of questions such as the existence of phase transitions in a
theory,*®-%°, renormalization outside perturbation theory, and
the triviality of the ¢* model in four dimensions.*=%

One serious problem of many variational methods is the
difficulty of evaluating the accuracy and stability of the re-
sults obtained by the variational procedure. The reason is
that the formulation of the method often does not contain an
algorithm for calculating the needed corrections. As a result,
it becomes difficult to determine the degree to which the
so-called main contribution found by the variational method
corresponds to the object under study, in particular, whether
or not the object is directly related to some energy charac-
teristic, and in what region the results are applicable. The
VPT method allows ab initio the determination of an algo-
rithm for calculating corrections, so that the effect of correc-
tions on the main contribution can be studied. Moreover, the
VPT series is not a strict construction specified once and for
all. Special parameters characterizing the variational probe
allow the convergence properties of the VPT expansion to be
controlled. Series of this type whose convergence properties
can be influenced by varying special parameters are referred
to as variational or floating series. In contrast to the
asymptotic expansions characteristic of perturbation theory,
the VPT approach allows the construction in some cases
of approximating series with a finite region of conver-
gence.'®171922 There is also the interesting possibility of
constructing Leibniz series, which allow upper and lower
bounds on the quantity of interest to be estimated, using only
the first few terms of the series. The control parameters can
be used to optimize such estimates.’

Modernizations of the ordinary perturbative expansion in
which the original interaction potential is taken as the per-
turbation are receiving a great deal of attention. For example,
in studying systems with singular potentials, the usual per-
turbation theory proves to be poorly adapted for an adequate
description.*> This is the case because the asymptotic behav-
ior of the free wave functions differs essentially from that of
the exact solutions. The situation can be improved if the
singular part of the potential is taken into account exactly
and the perturbative expansion is constructed on the basis of
its regular part.*> Among the approaches allowing one to go
beyond the perturbative region, mention should also be made
of the method of the linear & expansion,®>***’ the method
of self-similar interpolations,*® and the nonperturbative
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approach studied in Ref. 49. An important feature of the
VPT method discussed in the present review is that it natu-
rally combines an optimization procedure and a regular
method of calculating corrections.

In this review we shall study the method of variational
expansions and its application to problems in quantum chro-
modynamics. In this case the VPT method can be used as the
basis for constructing an expansion parameter which is
smaller than unity for any value of the original coupling
constant.*® First we shall explain the method of constructing
this small expansion parameter, using a simple model which
allows us to describe the idea behind the method more
clearly. We shall show that the new expansion not only al-
lows a considerable extension of the ‘‘lifetime’” of perturba-
tion theory and makes it possible to obtain a good-quality
approximation for larger values of the coupling constant, but
also offers the possibility of analyzing the strong-coupling
limit. In the case of quantum chromodynamics this method
allows a unified treatment of both the traditional perturbative
region and the region beyond it.>!?

The renormalization-group resummation of the perturba-
tive expansion gives rise to an invariant charge which pos-
sesses unphysical features like a ghost pole in the one-loop
approximation. The inclusion of higher-order corrections
does not eliminate this difficulty, but leads only to additional
unphysical cuts in the complex Q2 plane. A possible solution
of this problem within the perturbative approach consisting
of the imposition of an additional analyticity requirement
following from the Kallén-Lehmann representation was
proposed in Ref. 53, and within the context of the
renormalization-group method in Ref. 54. The analytic ap-
proach was developed for the case of quantum chromody-
namics in Refs. 55 and 56, where new, interesting features of
this treatment were discovered.

An important feature of the VPT approach is the fact that
its use can ensure the correct analytic properties of the run-
ning expansion parameter, which reflect the general prin-
ciples of local quantum field theory.!>”*® In particular, the
preservation of these analytic properties allows the self-
consistent determination of the running parameter in the
time-like region®® and a consistent description of inclusive
lepton decay® (see also Refs. 61-64). The presence of an
infrared fixed point corresponding to the VPT expansion pa-
rameter is quite consistent with the low-energy, smeared ex-
perimental data on e*e” annihilation into hadrons,% which
can be obtained by a special procedure for smoothing reso-
nances. A generalization to the massive case using the renor-
malization scheme with subtraction at some Euclidean point
has been studied in Refs. 66—68. Along with these questions,
we shall also review some other applications of the method.
In particular, we shall study the possibility of calculating the
renormalon contribution and its role in describing semilep-
tonic inclusive 'rdecay69 (see also Refs. 70 and 71), and also
the use of the variational approach to describe the mass spec-
trum of heavy quarkonia on the basis of the sum-rule method
of quantum chromodynamics.”?

This review is organized as follows. In the next section
we shall study the main ideas on which the method of varia-
tional perturbation theory is based. Using a simple example,
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we shall show how to construct a new small expansion pa-
rameter, and how the expansion in this parameter works in
the nonperturbative region of large coupling constant. The
method of the a expansion will then be formulated for quan-
tum chromodynamics, and its correspondence to the repre-
sentations arising in the potential model of quark confine-
ment will be studied, along with the problem of the stability
of the results. A number of phenomenological applications of
the method such as low-energy e*e™ annihilation into had-
rons, inclusive 7lepton decay, and the description of the
mass spectrum of heavy quarkonia will be studied in the
following sections of the review. The results are discussed in
the Conclusion, and in the appendices we give further ex-
planatory material.

2. VARIATIONAL SERIES: BASIC IDEAS

It is convenient to use the functional-integral formalism
for constructing variational expansions in quantum field
theory. This formalism was developed in the course of gen-
eralizing the path-integral formulation of quantum
mechanics,? first given by Feynman in 1948.” The develop-
ment of the functional formulation of quantum field theory
began with the studies of Bogolyubov,”® Matthews and
Salam,”” Gel’fand and Minlos,78 Khalatnikov,79 and
Fradkin.®® The functional-integration technique is now one
of the most widely used methods in quantum field theory. It
has proved effective not only for solving such problems as
the quantization of gauge theories,®! but also in developing
various approximation methods allowing the nonperturbative
analysis of field-theory models. For example, it can be used
as the basis for studying various asymptotic regimes in quan-
tum field models, such as the behavior of the Green functions
in the infrared region,> and for the development of the eiko-
nal approximations'é'g2 and the method of Gaussian effective
potential 33343

In the functional-integral formalism, calculations in
quantum field theory are performed using Gaussian func-
tional quadratures of the form

f D¢ exp[ ~

e

%(@I@PH(W)”

— 12

A

. (2.1)

exp[E(JI?"J)

Such Gaussian integrals are used to construct perturbation
series, in semiclassical analyses, and for estimating func-
tional integrals by the method of steepest descents. The
Gaussian quadrature (2.1) can be used as the basis of the
functional-integral formalism in quantum field theory. The
method of variational perturbation theory is also based on
Gaussian functional quadratures of the type (2.1).

The construction of variational expansions. To be spe-
cific, let us consider the <p4 model in Euclidean space. We
construct the VPT series for the 2v-point Green function:

Gzﬁf De{¢e*"yexp(—S[¢])s (2.2)

where
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{0*"}=0(x)) - (x3,),
and the action functional has the form

m2
S[el=Sole]+ 5-Sal ] +ASul ],

1
, So[‘P]=§j dx(9¢)?, Sp[cp]=f dxeP. (2.3)
The integration measure in (2.2) is normalized so that
-
| D<pexp( ~Sule1=3-5a01 =1 24)

We write down the VPT expansion of the Green func-

tion (2.2), introducing the variational functional S| ¢], in the
form

GZu= 2 G2u,n » (2-5)
n=0

where the elements of the VPT series (2.5) are represented as

a functional integral:

_l n _
G2v,n=(—n!L f D¢{¢2V}()\S4[‘P]_S[(P])n

: 2

m —
Xexp( ~Solel-5-Sael-Slel|. (26
The original Green function (2.2) and, consequently, the full
sum of the series in (2.5) do not depend on the type of
variational probe S[¢]. This functional can be fairly arbi-
trary, its form being restricted only by the requirement that
the action in the exponent in (2.6) be positive-definite. How-
ever, the “‘principle of calculability’” significantly restricts
the arbitrariness in the choice of the variational addition
S[¢]. We should actually require that the functional integral
(2.6) be a Gaussian, or reduce to one by means of some
transformation, so that in the end it is possible to use the
definition (2.1). Therefore, not only variational additions
with functionals quadratic in the fields are allowed, but also,
for example, ones with functionals admitting the use of
Gaussian quadrature after Fourier transformation:

= (= d
Fate)= [ ax[" SZFpIeslEiALeI-p)x)
2.7

where A[ ¢] is a functional quadratic in the fields.

Let us choose the VPT functional S[ ¢] in the form of a
sum of a harmonic term quadratic in the fields and a func-
tional of the anharmonic type allowing the degree to be low-
ered by means of the transformation (2.7):

2

SLe]=—SaLel+ 6*S3[ o). (2.8)
The variational parameters M and 6 in (2.8) are then fixed on
the basis of some optimization procedure. The passage to a
Gaussian quadrature is effected by the transformation
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* du u2+. -
_wz\/;exp 7 TiudSlelr.
2.9)

As a result, the VPT series (2.6) for the Green function
in question is written as

exp(— 0°S3[ @]) =

n

n—k
1
= _— 2v
Gayp ,;go%nk!(n—k—l)!fl)‘p{‘o }

n+il—k
X ( _)\S4[¢])k02[(M2_m2)n—k—[( SZg‘P])

2

Xexp[ (so[<p]+'" s2[¢]+02s2[<p])J (2.10)

It is convenient to represent the expression
(S,[¢]/2)" 17k as a differential operator in the parameter
M?, making the replacement

Sz[(P] n+l—k J n+l-k
50
Then the pre-exponential factor in (2.10) contains not only
{¢?"}, but also the usual factor (—\S,[ @])¥ arising also in
perturbation theory and generating ordinary vertices in the
graphs. Owing to the change of the quadratic form in the
exponent, which amounts to a change of the mass parameter
X*=M?+iu6, the propagator is modified and (2.10) takes
the form

(2.11)

é — 1 J’°° du u?
Gs2pn= <0 5 N(n—k—1)! _mz\/;exp 4

n+l—-k
X 021(M2_m2)n—k—1( _ Y7 ) g(zkv)(XZ),

2.12)
where
FO = fop{qu”}( AS,[e])*
X2
XCXP[ [So[<P]+ Sz[GP]H (2.13)
Using (2.1), Eq. (2.13) can be rewritten as
P+ yr 17
g‘z’i’n(x2>=det[— s arund INY S S ' R AT

where gz,, ,,( X°) is represented as a set of kth-order graphs
with the modified propagator

Alp.xY= (2.15)

Prx*

Thus, to construct the Nth order of the VPT expansion
we can use the graphs of perturbation theory up to order N
with modified propagators and, in general, vertices. Here the
structure of the VPT series is considerably different from
that of perturbation theory. The possibility of using the stan-
dard diagrammatic technique, which is ensured by the
method of constructing the VPT expansions, is important
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from the technical point of view, since it means that the
results obtained in perturbation theory can be used.

Nonperturbative expansion in a small parameter. In
order to demonstrate the key features of the introduction of a
small nonperturbative expansion parameter, let us consider a
simple example. We define the ‘‘vacuum functional”” ® of
the zero-dimensional ¢* theory,

W(g)= J_de exp(—S[x]), (2.16)

with the ‘‘action functional’” S[x] written as the sum of the
free action So[x] and the interaction part S,[x]:
S[x]=S8o[x]+S [x]=x*+gx*.

As before, we shall be interested in Gaussian quadra-
tures of the form

2.17)

f dxP(x)exp(—ax?), (2.18)
where P(x) is a polynomial.

The standard method is to expand exp(—S[x]) in powers
of the coupling constant g. Here it is natural to use Gaussian
integrals (2.18), and we obtain the usual perturbation series

W(g)=k§0 (o) (2.19)
with the coefficients
o=y [ dx(~gx*)Fexp(~Sulx. (220)

Owing to the asymptotic nature of the expansion (2.19),
the function W(g) cannot be uniquely reconstructed from the
series (2.19) if we deal only with the series (2.19) and do not
take into account any additional information about the func-
tion W(g). For example, the function W(g)+exp(—1/g)
will have the same series (2.19), but it behaves completely
differently in the nonperturbative region. Of course, in this
very simple example it is not difficult, using the integral
representation (2.16), to find additional conditions which al-
low the correct formulation of the problem of summing the
perturbative expansion. However, we recall that serious dif-
ficulties arise when we attempt to do this in the case of field
theory, where the additional information needed to sum
uniquely the perturbation series can be found only for several
simple one- and two-dimensional models. In some sense the
problem of obtaining such information is in many respects
equivalent to solving the strong-coupling problem. However,
the use of Gaussian integrals (2.18) offers greater possibili-
ties than simply obtaining the perturbation series. Here we
shall show how a nonperturbative small expansion parameter
can be constructed by using, as for perturbation theory,
Gaussian quadratures.

We rewrite the original action (2.17) in the form

S[x]=So[x]+S;[x], (2.21)
where
Solx]=¢""'x2 (2.22)
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and

Silx]=gx*~ (&' = 1)x% (2.23)

The total action and the original quantity W(g) are in-
dependent of the introduced parameter {, but such depen-
dence does arise when W(g) is approximated by a finite
number of terms of the VPT series. However, it is possible to
use the freedom in choosing { to construct a new expansion
parameter. We shall also study the question of the degree to
which the new expansion allows us to move into the nonper-
turbative region.

It is clear from the start that if it turns out that the opti-
mal parameter { is smaller than unity, then in writing the
action in the form (2.21) with the components (2.22) and
(2.23) we at least have the possibility of improving the per-
turbative expansion, since the new interaction part (2.23) can
be viewed as a perturbation for a larger set of field configu-
rations. In addition, it is known that for fixed variational
parameter the VPT series remains asymptotic, although, in
contrast to perturbation theory, it allows W(g) to be approxi-
mated for large values of the coupling constant. We have
already mentioned that an important role is played here by
the principle of induced convergence, which allows a signifi-
cant extension of the range of possible values of the coupling
constant.

Expansion in the interaction term (2.23) leads to a VPT
series for the original quantity (2.16):

W(g)=2, W, (2.24)
where
1 ’ N ’
w,= FJ dx(—S;[x])" exp(—Sp[x]) (2.25)

" 1
— _ 4k
=2 (n—k)!k!fd"( 8x")

X[(¢™ = D" exp(— Sglx]).

As before, it is convenient to introduce the auxiliary pa-
rameter k, writing the free action as

Se=¢" = [1+ k(7 =1)]x? (2.26)

and setting k=1 at the end of all the calculations. In this
case any power of the expression [({ ™' — 1)x?] in (2.25) can
be obtained by means of the corresponding number of dif-
ferentiations with respect to the parameter . After this, the
expression (—gx** remaining in the pre-exponential factor
in (2.25) leads to the standard graphs, but with modified
propagator:

1

A= m . (2.27)

For k=1 the propagator is A={.
As a result, the terms of the VPT series can be written as

= 1 g \nk
W,,=k=0 ——(n—k)!(_E;) . (2.28)
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FIG. 1. Lower-order graphs illustrating the relation (2.31) between the num-
bers of internal lines and vertices.

where the quantities

wk:kl'-f dx(—gx*)*exp(—xA™'x) (2.29)
are calculated by using the ordinary diagrammatic technique
with the propagator (2.27).

Let us consider the structure of (2.28). First of all, we
note that differentiation with respect to the parameter « leads
to the appearance of an additional factor (1—{). In fact, it
follows from (2.27) that

1 a m
m_!(__) A(x=1)=(1=)"A(k=1). (2.30)

Kk
We also note that in this case for any graph with / internal
lines and V vertices we have®

I=2V. (2.31)

The lowest orders of this equation are illustrated in Fig. 1.

An internal line of a graph corresponds to a propagator
and therefore leads to a factor {. A vertex gives a factor g,
and one differentiation with respect to « gives a factor (1
—{). Therefore, we can schematically write

W,~(g)"+(1- ) (g®) 1+
+(1-0"" g A +(1-D (2.32)

It is clear from this expression that if (1 — ¢) is chosen to
be proportional to g 2, the expression for W,, will contain an
overall factor a”=(1—¢{)", and a=(1—¢) will serve as the
expansion parameter in the series of variational perturbation
theory. Therefore, the requirement that a single expansion
parameter exist dictates the following equation for {:

1—-¢=Cgl? (2.33)

with some positive constant C. From this we obtain the
equation relating the parameter a of the VPT expansion to
the original coupling constant:

1 a
= Cl-ar (234
It is easily seen from (2.34) that for any positive value of
the original coupling constant g, the new expansion param-
eter a satisfies the condition

0<a<l. (2.35)

The remaining arbitrariness is concentrated in the parameter
C, which can be determined by some optimization proce-
dure; such procedures are described in Ref. 7.

Here we shall consider another optimization method, in
which it is assumed that certain information of an *‘experi-
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D(g) % N=0

FIG. 2. Relative error (in percent) of the approximation of (2.16) in the
lowest orders of variational perturbation theory.

mental’” nature can be used. This method is convenient in
quantum chromodynamics, where ‘‘normalization’’ can be
done by using experimental information. We assume that we
know the ‘‘experimental’’ value of the function W(g) at
some normalization point g :

W(go)= Wexp . (2.36)

Equation (2.36) or, more generally, minimization of the
modulus of the corresponding difference, can be used to de-
termine the variational parameter and to calculate W(g) for
all other values of the coupling constant g. It turns out that
the error in this approximation is only a few percent for the
entire range of variation of the coupling constant g, even in
the lowest orders of the a expansion. In Fig. 2 we present
graphs of the relative error of the approximation

W(N)(g )= Werac(8 )'
Wexac(8) I

for small values N=0, and N=2 of the order of the approxi-
mation. As the ‘‘experimental value’’ we used the value of
W(g) at the point gg=1.

We stress that this method has not only allowed us to
extend the range of small values of the coupling constant for
which the approximations give reasonable results, thereby
improving perturbation theory, but has also taken us to the
essentially nonperturbative region of strong coupling, where
g—>. The reason for this important result is the induced
convergence of the series. In this case the variational param-
eters are fine-tuned order by order in accordance with some
variational principle which, in spite of the harmonic varia-
tional procedure that we have used, ensures the convergence
of the series. Table I demonstrates the induced convergence
of the VPT series for the case considered above. Such em-
pirical convergence was first noticed in Refs. 83 and 84.
Further study of this topic and additional references can be
found in Ref. 85. It is also possible to prove rigorously the
induced convergence of the variational expansion for the
case of the anharmonic oscillator.35%7

In Table I we give the results of calculations of the rela-
tive error of the approximation

Wiheor(8)
Wexp(g )

D(g)=

D(g)=’ —1‘
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TABLE 1. Hllustration of the induced convergence of the VPT series. The
relative error of the VPT approximation D(g) is given for various orders N
at the coupling-constant values g =10 and g=1000.

N 0 1 2 3 4 6 8
C .14 264 356 546 612 871 1133
D(g=10) (%) 276 483 026 073 0.038 0.006 0.0012
D(g=1000) (%) 5.01 6.52 056 1.13 0.089 0.017 0.0033

for the coupling constants g= 10 and g = 1000, obtained by
using the ‘‘experimental’’ information for go=1. The pa-
rameter C(N) for odd N is found from the condition for the
minimum:

min' W(N)(go) - Wexpl .

For even N the equation W")(g,)=W,,, has a root.
Before turning to chromodynamics, we note that the idea
of variational perturbation theory can be applied not only in
the context described above—to approximate quantities
which can be represented as functional integrals—but also
for other purposes, such as to optimize the approximations
obtained by solving equations iteratively (see Appendix A).

3. THE VARIATIONAL EXPANSION IN QUANTUM
CHROMODYNAMICS

Many problems in quantum chromodynamics require the
use of nonperturbative methods. In the present section we
discuss the application of the VPT method for constructing
variational expansions in quantum chromodynamics and per-
form some nonperturbative calculations using them. A VPT
expansion in quantum chromodynamics leading to a new
small parameter was proposed in Ref. 50. This parameter
turns out to be smaller than unity for any value of the cou-
pling constant. Using this approach, it is possible not only to
extend the range of applicability of the variational expansion
in relation to perturbation theory, thus stabilizing its proper-
ties at scales of the order of a few GeV, but also to study
essentially nonperturbative effects. Here we shall discuss the
possible interrelationship between the results obtained in the
VPT approach and the potential model of quark confine-
ment.>!*>? Then, following Ref. 65, we shall study the prob-
lem of describing e *e~ annihilation at low energies. In this
review we shall use massless renormalization schemes be-
longing to the class of minimal schemes. The use of momen-
tum renormalization schemes, in which the subtraction is
done at some Euclidean point, was studied in Refs. 66-68.

Construction of the variational series. Let us consider
the construction of the VPT series for quantum chromody-
namics on the basis of a variational procedure of the har-
monic type. The action functional of quantum chromody-
namics is written as

S(A.q,0)=S,(A)+S,(q)+S,(¢)
+853(A.q,0) +g°54(A), (3.1)

where S,(A), S,(¢), and S,(¢) are the free action function-
als of the gluon, quark, and ghost fields, respectively. Here



Phys. Part. Nucl. 30 (5), September—October 1999

A. N. Sisakyan and |. L. Solovtsov 467

o T
G- (ot o T
~
/+\
+©—O -+ —o—Q—o—(\ ’)—o——f—..->
—

00

(@

<__.__>= + 0 +

N

FIG. 3. Diagrammatic representation of the full gluon
propagator in perturbation theory using the y transforma-
tion. Solid lines correspond to the gluon propagator, dashed
lines correspond to the ghost-field propagator, and lines
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S,(A) also includes a gauge-fixing term, which we shall take
to be the expression defining the covariant a; gauge. The
functional S3(A,q,¢) in (3.1) specifies the Yukawa interac-
tion of the gluons with each other, with quarks, and with
ghosts:

S3(A.q.0)=53(A)+S53(A,q) + S3(A, ).

The functionals S3(A), S3(4,q), and S3(A,p) generate
three-gluon vertices of the type (AAA), (7Aq), and (¢A @),
respectively. The term S4(A) generates four-gluon vertices
(AAAA). Let us transform this term, introducing the auxil-
iary fields xj,, via

(3.2)

i
2 [ dxayxiao

explig?S(4)]= | Dxexp

XIA™ )1 v X ()

+i % J' dx,\/‘:w(x)f"b”AZ(x)Af,(x)} N

(3.3)
where A(x,y) is the gluon propagator in the x field:
(A, = 80— ) 8708, By (3.4)

After the y transformation, the diagrammatic representa-
tion of the Green functions will contain only graphs of the
Yukawa type. In addition to the ordinary three-point vertices,
vertices of the type A YA appear. Therefore, a Green function
of QCD can be written in the form of a functional integral as

G(--)= f DxDqocp(- -*)exp{i[ S(A,x) +S2(q) + S2(¢)

+82(x)+853(A,q,9)1}, (3.5)

where

S(A ____l_f a -1 ab 4 b
X)=75 | dedyAL()[D™ (xy[0)]AN). (36

with gluon propagator D(x,y|x) in the x field

[D~ .y 1)1 =[(— 8 uyd* +3,3,) 6+ gV2f** X,

+ gauge terms] §(x—y), 3.7)

in which ‘‘gauge terms’’ denotes terms associated with
gauge-fixing. The integration measure Dqcp in (3.5) speci-
fies the standard integrations over gluon, quark, and ghost
fields.

Inside the x average, all interactions are Yukawa-type
interactions. Four-gluon vertices appear in the expansion of
the functional integral in the field x. Let us illustrate this
situation by the example of the full vector-field propagator in
the case of gluodynamics. For an arbitrary Green function we
can write

G(-+)=(Gyul""|X)), (3.8)
where (...) denotes the y-functional average
)= [ DAt Texslisy00) 69)

and the Green function in the y field,

Gyl 1= [ DAL+ TexpliTs(4. )+ SHAND,
(3.10)

is determined only by graphs of the Yukawa type with gluon
propagator D(x,y|x).

In Fig. 3(a) we show the full gluon propagator
{Dgu(x,y|x)). Graphs with four-gluon vertices arise in ex-
panding (D(x,y|x)) in a perturbation series [Fig. 3(b)].
They are added to the Yukawa graphs, and we obtain the
standard diagrammatic representation of the perturbation se-
ries [Fig. 3(c)].




468 Phys. Part. Nucl. 30 (5), September—October 1999

Let us now turn to the construction of the VPT expan-
sion and introduce the auxiliary parameters { and & rewriting
the action functional in (3.5) as

S(A,q,0,X)=50(A,q,0,.xX)+S;(A,q,0.X), (3.11)
where
So(A.q, 0, %)=L [S(A, x)+82(q) +S3(@) 1+ £ 185(x)
(3.12)
and

SI'(A"I,GD’X)=853(A,‘I,<P)_(5_1“ 1)[S(Av)()

+52(4)+52((P)]_(§_1— 1)S>(x).
(3.13)

The exact value of the quantity for which the VPT ex-
pansion is used, for example, a Green function, is, of course,
independent of the auxiliary parameters ¢ and & However,
the approximation of the quantity by a finite number of terms
of the VPT series, obtained in the expansion in powers of the
action §;(A,q,¢,x), will depend on these parameters. We
shall use the freedom in choosing { and £ for our goal of
constructing a new small expansion parameter.

Technically, it is convenient to rewrite So(A,q,@,x) by
replacing {™! by [1+x({™'—1)] and £ by [1+ (&~}
—1)] in (3.12) and setting k=1 at the end of all the calcu-
lations. In this case, any power of the expression ({~!—1)
X[S(A,x)+S2(9) +82(@)]+(£7 '~ 1)S5(x), which ap-
pears in the pre-exponential factor after expansion of (3.13)
in powers, can be obtained by differentiating the correspond-
ing number of times with respect to the parameter . Then
the pre-exponential factor inside the functional integral will
contain only powers of the action gS3(A,q,¢), which gen-
erate Yukawa graphs of QCD with modified propagators,
determined by the corresponding quadratic forms in the new
*“free’” action Sy . The VPT series for the Green functions is
written as

X f DxDgep(-++)

X[gS3(A.q, 01 exp[iSy(A.q,0.x)],  (3.14)

where the above replacement has been made in
So(A.q,9.x). Next, it is convenient to rescale the fields:
(A.q,9)

A’ 9 %9
R T

X
X:\/1+K(§'1—1),

which brings the propagators to the standard form and modi-
fies only the vertices of the graphs. Then, integrating over
the field x, for the Green function of v fields we find

(3.15)
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w1 ( a)"*’ 1
GCI=2 2 o\ "5 TERET

ik
XafDQCD("')[q3S3(A’q"F’)]k

X exp{i[So(A.q,0)+85S4(4)]}. (3.16)

Here S4(A.q,¢) no longer contains the term correspond-
ing to the field x and is now the ordinary free action func-
tional of QCD. The factors g5 and g, at the Yukawa and
four-gluon vertices are defined as

4 4
= 30 847 I
[1+x("'=1)]? [1+x(&1-1)]2

83
(3.17)

The structure of the resulting VPT expansion has been ana-
lyzed in Refs. 50 and 51, where it was shown that for a
special relation between the variational parameters and the
coupling constant it is possible to construct a new nonpertur-
bative expansion parameter. This parameter is always
smaller than unity for any value of the original coupling
constant. Here we shall show how the nonperturbative small
parameter arises in the case of gluodynamics.

A small expansion parameter in quantum chromody-
namics. As in the example studied above, differentiation
with respect to the parameter « leads to several additional
factors. Let us see which factors arise when the original for-
mulation is used before applying the rescaling of the fields
(3.15). In this case the differentiation operator (—d/dk)*
leads to the factor (1—{¢)’, which acts on the gluon propa-
gator, and to the factor (1— &)’ in acting on the propagator of
the field x. Defining for convenience the parameter 7, the
power of which specifies the order of the expansion, we can
symbolically write the structure of the VPT series as

1+ 79(1= )+ 77 [(1-0*+ P+ g€+ (1 - 0P +6°8

X(1=0)+g* (1= ) +g*(1- )]+ (3.18)

As an illustration, in Fig. 4 we show the graphs for the
full gluon propagator corresponding to the new expansion. A
slash through a line denotes differentiation with respect to
the parameter x and corresponds to a factor (1=¢) for a
gluon line and (1— £) when the gluon line arose via a X field.

We see from (3.18) that by setting £=¢3 and (1—¢)2
~g?{ we obtain the nth term of the VPT series containing
the overall factor (1—{¢)", while the second condition guar-
antees that the inequality (1 —¢)<1 is satisfied for all posi-
tive values of the coupling constant.

A similar result is also obtained in the more general case
where fermions are included. Here the formulation with res-
caling of the fields (3.15) is more convenient. We note that in
the context of gauge invariance, the choice £= 3 also serves
to make the constants in Yukawa-type interactions and the
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four-gluon interaction consistent. This choice ensures that
the Slavnov—Taylor identities are satisfied for the renormal-
ization constants obtained in this approach.

Thus, we obtain a new expansion parameter a=1—{
related to the coupling constant g as

g2 _ 1 a>
(4m)? C (1-a)*’

A= a=1-¢, (3.19)
where C is a positive constant. It follows from (3.19) that for
any value of the coupling constant g the new expansion pa-
rameter a satisfies the inequality 0<a<1.

Let us present the result for the VPT expansion for
Green functions up to order a’, which can be used to per-
form calculations at the two-loop level in this approach. We
rewrite the expression for the Green functions as

()= [ Dot VA g.@xp0iS0). (320
and then, using (3.16)—(3.19), we find
- ol 2,3 sl 3.3,
V=1+aA;+a 5A3+EA3 +a EA3+EA3+A3A4

+3A+15A + . 1A +1A2A+3A
4T g3 a¥| T3 A3t AL+ S ASALH 743

9 2 35 5

5
5 16A3 +a

33
+= A3A4+ A3A4+ A4+3A2A4+3A +16

L 6

]

% ) 1
+ §A3A4+5A3+ 1044+ -12—8A3

5
- A4A4+ A2A4+ A4+1 A+ A3A4

6 6

7 21 21 143
Ad+ A2+ A+ —A3

c B a2 —
3047 g% 9 2747 3273

4

120 15
——AA AL+ 154+

93
+ T3 A3

756 +0(a"),

(3.21)
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FIG. 4. Graphs corresponding to the
VPT expansion of the full gluon propa-
gator.

o L

where A;=4m(iS3)/y/C and A4=(4m)*(iS,4)/C.

It is easily shown that the Nth order of the VPT series
coincides with the Nth order of perturbation theory with ac-
curacy O(g"*1):

N
GPr=2 Gu=Gir +0(s"*). (3.22)
Therefore, at small values of the coupling constants, the VPT
expansion leads to the same results as standard perturbation
theory. However, as we shall see later, in the nonperturbative
region, when the coupling constant becomes large and direct
use of perturbation theory is impossible, the constructed a
expansion, as in the simple example considered above, re-
mains well defined and allows a consistent treatment outside
the framework of weak coupling.

Renormalization. Using dimensional regularization
with d=4—2¢g, for the renormalization constants Z, and Z;
in the leading order of the VPT expansion we find

N173G4N
296|730

J (13 4 11

We recall that the coupling constant A= a /47 and the pa-
rameter ( are related to each other as (1—¢ )2 6\
From (3.23) we find

1

Z,=1+\{? e

(3.23)

A 0] (3.24)

RO:M2€Z2 3)\ )\l‘LZE[l__)\éJ

where By=11—3%N . From this, for the B function we find
the expression

LN 9
B(\)=lim p’~— o2 Bo(h———l)(sz)

e—0
§4
3=
Solving the corresponding renormalization-group equa-
tion, we obtain

=—2B\2 (3.25)
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FIG. 5. Static quark interaction potential. The solid line corre-
sponds to the VPT potential, and the dotted line to the phenom-
enological potential,®® which reproduces the meson-spectroscopy
data well.
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Q2
Inxz= 2—ﬂ0f(§), (3.26)
where the function (/) has the form
-2 + 12 +211 d —2 (3.27)
O T Y .

It is easily seen that in the perturbative region, when
0% A2 (¢{~1), the expressions given above readily give
the well known one-loop result:

1
MOY= 5 1oAY

For decreasing Q% and correspondingly increasing coupling
constant, the logarithmic growth is replaced by power-law
growth, A(Q@?)~1/Q?, as will be shown below. In the po-
tential quark model, this behavior in the infrared region is
consistent with the phenomenology of meson spectroscopy.

Relation to the potential quark model. In order to fix
the parameters of our expansion, we shall use nonperturba-
tive information associated with large-distance physics and
obtained from the phenomenology of meson spectroscopy.
This will allow the evolution law of the running coupling
constant a,(Q?) to be completely determined without the
use of any high-energy experimental data, in contrast to the
usual case in determining the scale parameter A of quantum
chromodynamics. In other words, we shall find the relation
between the universal tension o in the linear part of the static
quark—antiquark potential,

(3.28)

which can be determined from meson spectroscopy (see, for
example, Refs. 88 and 89 and the review of Ref. 90), and the
behavior of the invariant charge in the perturbative ultravio-
let region.

If we assume that the g7 potential in momentum space
can be written as

Vin(r)=or,

167 a,(q?)
V(gh)=—— ,
(g7) 3 47
where @,(g?) describes the regions of both large and small
g* and has singular infrared behavior @ gH~q72, we

(3.29)

10

obtain the potential (3.28) growing linearly at large dis-
tances. The singular behavior of the invariant charge in the
infrared region corresponds to the asymptotic behavior of the
B function

B(\)=—\

at large values of the coupling constant.

The representation of confinement described above has
been used in several approaches. One of the first attempts to
unify the description of small and large distances by means
of a single expression for the invariant charge was made in
Ref. 91, where a simple prescription was proposed, accord-
ing to which the original asymptotically free expression for
the running coupling constant is modified as follows:

o, 4w 1 . 1
Z,(Q )__B_oln(QZ/Az):B—oln(1+Q2/A2)' (3.31)

(3.30)

The ultraviolet asymptotically free behavior of the run-
ning coupling constant is preserved in this model, and the
singularity of the coupling constant required to obtain the
linear potential appears in the infrared region. Thus, in Ref.
91 the phenomenological quark—antiquark potential was ob-
tained on the basis of a smooth model matching of the per-
turbative behavior at large momenta and the assumed infra-
red asymptotic behavior. Of course, this approach is
completely model-dependent. A more systematic treatment
of this problem is given in Refs. 92—-94, where the analysis is
performed using an approximate solution of the Schwinger—
Dyson equations explicitly including the Slavnov—Taylor
identities. This question has also been studied in lattice cal-
culations (see, for example, the review of Ref. 95).

The static quark interaction potential obtained in the first
order of the VPT expansion was found in Ref. 50 and is
shown by the solid line in Fig. 5. For comparison, the dotted
line in Fig. 5 shows the phenomenological potential taken
from Ref. 89, which agrees well with the data from meson
spectroscopy and is close to the VPT potential.

Thus, in the VPT approach it is possible to determine the
behavior of the invariant charge in the ultraviolet region by
using information extracted from large-distance physics. Be-
fore turning to this topic, it is important to study the question
of the stability of our results.
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FIG. 6. Behavior of — B®}(\)/\ for k=2,3,4,5.

Corrections and stability. An arbitrary Green function
G(---) corresponding to an even number of fields can be
written through 0(a®) as

2 3
Gl--)=go(-+) + maa(-+) +3 8a(-+)

4

+ 22 l6Ce () +84(--)]
a5
+ 72[10Cgy () +684(-+)], (3.32)

where (- --) denotes the set of arguments of the corresponding
fields, and g.(-+*) are the coefficients of the perturbative
expansion with the parameter X\, and are written in
functional-integral form as

go(-+)= [ DAC-Jexplisol
)= JDA( {(1S3) (154)
i5.)4 (iS4)?
g4("')=jDA(-"){(l43!) +(12¢:)

(153) (iS4)
T2

exp[iSol,

]exp[tSo] (3.33)
The VPT expansion of Green functions with an odd number
of fields can be written down similarly.

In accordance with the mechanism of induced conver-
gence (Refs. 83, 84, 86, 96, and 97), the variational param-
eter C is fine-tuned in each order of the approximation, using
some optimization principle. Here we shall perform the cal-
culations at the four-loop level, corresponding to the ap-
proximations 0(a?), 0(a®), 0(a%), and O(a), and com-
pare the resulting B functions.

Using dimensional regularization and the results of Ref.
98 (see also the review of Ref. 99) and performing the cal-
culations in the covariant gauge with arbitrary gauge param—
eter ag, we find the charge renormalization constant®’ Z,
(A= KPEZ\N):

- Z3Z§ 1 a2 a3
Z =1+- E(IIN‘ZNf)+E(11N—2Nf)
&

a
(34N3—13N2N;+ 3N+ 132CN?
C2 f f

a5
—24CNN,)+
7 3Nc?

(102N3—39N*N;+9N;

+110CN*—20CNNj) ] (3.34)

where Z; and Z; are the renormalization constants of the

gluon and ghost fields, and Z, is the renormalization constant
of the ghost—gluon—ghost vertex. We shall verify directly
that, as expected, the charge renormalization constant Z, is
independent of the gauge parameter ag; this serves as an
additional test of the correctness of the calculations.

Knowing the charge renormalization constant Z,, we
can calculate the B function corresponding to (3.34):

a2

Grai=a’ 2/30a2+930a3+4(6po

ﬂ()\)=——c‘7

(3.35)

+-'3—(1:)a +5( 10,30+6ﬂ)
where B, and B;=102—38N/3 are the perturbative coeffi-
cients of the B function.

Keeping only terms of order 0(a?), 0(a®), O(a*), and
O(a®) in the expression for the renormalization constant
(3.34), we obtain the four B functions corresponding to these
approximations: B, B3, W, and BO. In Fig. 6 we
show the functions —B%®(N)/\ for the parameters C,
=0.977, C3=4.1, C4,=10.4, and Cs=21.5. The approach
of the ratio — B*)(\)/\ to unity at large coupling constants
corresponds to an infrared singularity of the running charge
&S(Qz)va_2 at small Q2. The increase of the variational
parameter C; with increasing order of the approximation oc-
curs for the same reasons as in the simple example of the
induced-convergence mechanism studied above.
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FIG. 7. The function 0((Q?) as a function of the inverse momentum

Q™! for the normalization points Qp=50MeV (solid line) and Q,
=150 MeV (dotted line). The horizontal lines indicate the range of o
compatible with the available experimental data.
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To determine completely all the parameters from large-
distance physics, let us consider the parameter o in the linear
part of the quark potential, Vy;,(r)=or. Its phenomenologi-
cal value is 0=0.15-0.20 GeV? (Refs. 88—91). The invari-
ant charge @,(Q?) in the infrared region behaves as

_ . 30
a(Q%)=z o7
For normalization at some O, we shall use the value from
Ref. 89: 20=0.2652GeV? (0=0.1768 GeV?).

The renormalization-group evolution of the expansion
parameter a is described by the equation

(3.36)

0=Qg exp[ $(a,Ny)— $(ao,.ND)], (3.37)
where
N dh
$(a,Ny)= B0 (3.38)

and the S function is defined as in (3.35).

The behavior of U(Q2)=§Q2as(Q2) as a function of
the inverse momentum Q ™! (in order to have some analog of
the distance) is shown in Fig. 7 for two normalization points:
Qp=50MeV (solid line) and Qy=150MeV (dotted line).
The result at small momenta lies inside the range of the
phenomenological estimates o==0.15—0.20 GeV? (in Fig. 7
the corresponding corridor is indicated by the two horizontal
lines) and, as expected, depends weakly on the value of Q,
and on the corresponding number of active quarks, NO We
have made the calculation for N0 3, which seems reason-
able for our purposes, since a 51gn1ﬁcant fraction of the in-
formation about the nonrelativistic quark interaction poten-
tial comes from data on the charmonium family. Never-
theless, we note that there is no strong sensitivity to the
number of active quarks, N0 and, for example, for N0 2
the results are similar.

Thus, all the parameters have been found on the basis of
information of a nonperturbative nature extracted from me-
son spectroscopy. The law describing the evolution of the
expansion parameter a=a(Q?), given by (3.37), makes it
possible to find the invariant charge in the ultraviolet region.
For example, for the parameters found above on the Z-boson
mass scale we obtain @ (M;=91.2GeV)=0.126. Taking

into account the fact that all the parameters were fixed on the
basis of essentially nonperturbative information correspond-
ing to the infrared region, the value found for the coupling
constant in the ultraviolet region appears quite reasonable.
Thus, the region of applicability of the VPT method is con-
siderably larger than that of ordinary perturbation theory.
With this approach, it is possible to study on a unified basis
not only the ultraviolet region of small coupling constant, but
also the essentially infrared region.

4. e* e~ ANNIHILATION INTO HADRONS AT LOW
ENERGIES

In approximating some physical quantity, such as the
known ratio R(s) for e*e ™ annihilation into hadrons, by a
partial sum of the perturbation series, the important problem
of the dependence of the results on the selected renormaliza-
tion scheme arises, owing to the truncation of this series. In
particular, such a dependence is manifested outside the
asymptotic ultraviolet region. On the one hand, the depen-
dence of a physical quantity on the renormalization scheme
can be viewed as an annoying fact. On the other hand, an
additional degree of freedom appears, which can be used to
construct an optimal expansion having a wider range of ap-
plicability than ordinary perturbation theory. In particular, as
was shown in Refs. 100—102, in this way it is possible to
enlarge the region typical of ordinary perturbation theory and
move to low energies. The result obtained in those studies
was based on optimization of the scheme dependence ap-
pearing in the third-order perturbative approximation. Im-
proved perturbative coefficients were used,'*>'™ and the
principle of minimal sensitivity”®’ was chosen to optimize
the scheme dependence.!”"'%2 The e*e~ annihilation pro-
cess that we shall consider here was analyzed in Ref. 100,
using another method of optimization of the scheme depen-
dence, based on the effective-charge method.!% We note that
the dependence on the renormalization scheme can be sub-
stantially decreased in analytic perturbation theory.!%

We shall use the results obtained for the ratio R(s) in
e*e” annihilation into hadrons. To make the comparison
more convenient, as in Ref. 102 we shall study the range of
Q=15 from 0 to 6 GeV. It is impossible to use perturbative
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expressions for the direct description of the experimentally
observed quantity R(s) at small s, owing to the presence of
threshold singularities of the form (a,/v)" in the perturba-
tive expansion. A smearing method was proposed in Ref.
107, which allows comparison with  experiment. According
to that study,'”’ the problem of resonances and threshold
singularities can be solved as follows. Instead of the original
quantity R(s) defined in terms of the discontinuity of the
correlation function II(s) on the cut,

1
R(s)=5;[ﬂ(s+ie)—l'[(s—is)], 4.1)
one introduces the smeared quantity
1
Ra(s)= Z[H(s+iA)—H(s—-iA)], (4.2)

with a finite value of A. For values of s near threshold, the
quantity (4.1) is very sensitive to threshold singularities, in
approaching which the perturbation series ceases to work. By
going a finite distance A from the real axis in the complex q°
plane, as in (4.2), we can be sure that when the correct per-
turbative approximation is used it is possible to describe the
quantity in (4.2). The parameter A which must be used for
effective comparison with the experimental data was esti-
mated to be 1-3 GeV? in Ref. 107.

The “‘experimental’’ curve corresponding to (4.2) arises
if, using the dispersion relation

1 (= R
H(q2)=C0HSt+ ;;J;) ds ﬁs‘_—)_ﬁ, 4.3)
we rewrite (4.2) as
_Aaf" R(s")
Ra(s)= ‘7; ds’ (—ST)_"_—KQ (4.4)

Then, substituting into this the corresponding fit to the ex-
perimental data on e*e” annihilation Rey(s), we can find
the experimental curve corresponding to (4.2). Such curves
have been found in Refs. 101 and 102 for several values of
the parameter A estimated in Ref. 107. We shall use them for
comparison with the results obtained in our approach.

No difficulty with small v arises when studying smeared
quantities. Nevertheless, it is still impossible to use perturba-
tion theory directly to describe R,(s). Actually, the ratio R
in (4.4), parametrized by using the invariant charge with un-
physical singularities, causes the integral in (4.4) to diverge.
Therefore, despite the fact that the use of the smeared quan-
tity (4.2) allows the difficulty with threshold singularities to
be avoided, there is a problem associated with the behavior
of the running coupling constant in the infrared region. The
use of the VPT method makes it possible to avoid this diffi-
culty.

We shall restrict ourselves to the first nontrivial order
determined by the VPT expansion (3.21). In this case, for
R(s) we obtain

R(5)=33 OFT(v) (s~ 4mf>[1+g(uf) efAQ)}

4.5)
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The functions v(s), T(v), and g(v) are defined as”

V= V1 —4mf§/s,

v(3—v?)
T(U)=—2—‘,

_47r T 3+v 3 A6
=T T 27 (46

We shall consider two expressions for a.(Q)/7 correspond-
ing to different approximations [respectively, 0(a?) and
0(a*)]:
@ 4 @ 4
:Tff C—2a2, :Tff =E3-a2(l+3a).
The values of the parameters C, and C; are not related to the
fit to the e e~ data; they were found by us earlier from the
condition that the renormalization-group S8 function behaves
as B(\)=—NX\ for sufficiently large coupling constant. This
behavior corresponds to singular infrared behavior of the in-
variant charge as(Q2)~Q_2 and ensures linear growth of
the static quark—antiquark potential at large distances. In this
way we fix the parameters C; entering into (4.7) by using the
data on hadron spectroscopy. As noted above, this gives C,
=0.977 and C;=4.1. For the quark masses, as in Ref. 102,
we take the values m,=5.6MeV, m;=99MeV, m;
=199 MeV, m_.=1.350GeV, and m,=4.75GeV.
The running expansion parameter as a function of the
momentum Q is determined by the equation

4.7)

C.
0= Qo exp| 77-[fi(a) ~fia0)]}, (48)
0
where
—2+12+211 1-a 9
fola)=—z+— n -
2 6 481 18 1 6241 1—
fila)y= 2= g=48ma— g+ pyin(1—a)
51841 142 49
121 T 29 (“9)

To determine all the parameters we use the normaliza-
tion a.(Qy)=ay, and for Q, we choose the value of the
Z-boson mass, Qg=M;=91.2 GeV, and a(=0.12. Now
there are no longer any free parameters. It should be noted
that we have not used any information extracted from the
data on low-energy ete™ annihilation.

In Fig. 8 we show the graphs of the functions a(z)/w and

a7 defined as in (4.7), which practically c01nc1de For
comparison, we also show the behavior of the one-loop cou-
pling constant corresponding to the perturbative case. The
closeness of the VPT curves in Fig. 8 shows that the results
obtained in different orders of the VPT approximation are
stable. As we saw above, a similar picture is also observed in
a wide range of coupling constant for the 8 functions corre-
sponding to various approximation levels. The same stability
with respect to the inclusion of higher-loop corrections also
occurs for the smeared quantity (4.4).
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FIG. 8. Behavior of the functions 2/ and &)Y in the VPT approach and
the corresponding one-loop perturbative coupling constant o, .

The behavior of the function R, for A=3 GeV? is
shown in Fig. 9 [the two curves corresponding to the func-
tions in (4.7) practically coincide, and we give only the
graph for @$)]. The experimental smeared curve is taken
from Ref. 102. We have also given the theoretically calcu-
lated result from this study, obtained by optimizing the third
order of the perturbative expansion on the basis of the prin-
ciple of minimal sensitivity. Thus, the result found even in
the first order of the VPT reproduces the experimental curve
quite well and is close to the result obtained on the basis of
optimization of the third order of ordinary perturbation
theory. Interestingly, a similar situation also occurs in ana-
lytic perturbation theory,'® where an infrared-stable point
exists, as in the VPT approach.

Recently, there has been a great deal of discussion about
the ‘“freezing’’ of the QCD coupling constant at low ener-
gies. Many of the model approaches based on QCD require
such freezing (see the detailed discussion of this question in
Ref. 102 and in the references cited therein). Unfortunately,
at present there is no direct experimental information about
the behavior of the QCD coupling constant in the deep in-
frared region. Only some integrated characteristics of this

4
RA .............
3}
2l
N Q (GeV)
10 . ; * é \ :; ) ; SL L 6

FIG. 9. Graph of the smeared quantity R, for A=3 GeV>. The solid line
corresponds to the VPT result. The experimental smeared curve, shown by
the dashed line, is taken from Ref. 102. The result of optimization of the
third order of the perturbative expansion, performed in Ref. 102 on the basis
of the principle of minimal sensitivity, is shown by the dotted line.
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behavior are known. One of them, the smeared quantity R, ,
was studied above. Another experimental quantity conve-
nient for comparison is the integral

1 GeV aeff(Q)
I= f dg— =0.2GeV,
0 aw

4.10)

which is independent of the fit to the data.!®® Its value has
cleverly been extracted from jet physics. In our case, for ag}
the value of this integral is 0.239 GeV, and for &} it is
0.237 GeV.

Here we have studied a method of constructing varia-
tional series in quantum chromodynamics, using renormal-
ization prescriptions belonging to the class of MS schemes.
The generalization to the case of MM renormalization
schemes was discussed in Refs. 64 and 66—68. It turned out
that the result obtained for the function R,(s) is very close
to that for the MS case discussed above. This indicates that
the VPT approach is stable with respect to the choice of
renormalization scheme.

5. INCLUSIVE ~LEPTON DECAY

In accordance with the renormalization-group method,’
the invariant charge is defined in the spacelike, Euclidean
region. To parametrize processes in quantum chromodynam-
ics, for which timelike momenta are typical, for example,
e*e™ annihilation, it is necessary to use a special analytic
continuation procedure. This has been studied in Refs. 103
and 110-113 within the perturbative approach. As will be-
come clear below, to perform the analytic continuation self-
consistently, it is essential that the running coupling constant
have analytic properties consistent with the Kallén—
Lehmann representation, which are obviously violated by the
perturbative approximation leading to unphysical singulari-
ties like a ghost pole. Here we shall study the problem of
defining the invariant charge in the timelike region, follow-
ing Ref. 59. In this section we shall also discuss the use of
our method for describing inclusive 7-meson decay (Refs.
60, 61, and 64)® along with the effect of the renormalon
contribution on the value of the coupling constant extracted
from 7 decay,®®’! and, following Ref. 72, we shall touch
upon the question of using the VPT together with the method
of QCD sum rules to describe the mass spectrum of heavy
quarkonia.

The invariant charge in the timelike region. Let us
consider the D function,'"? related to the vector-current cor-
relation function I1(g?) in the relation

i j d*x exp(iq - x)(0|T{J ,(x)J,(0)}|0)

oc(qy,v_g,u.uqz)n(qz) (51)
as7)
D(q%)= 2(— a )H( 2) (5.2)
q q EEZ q-)- .

The relation between the D function and the ratio R(s)
is determined by the dispersion integral
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i
s+ig
i oo FIG. 10. Integration contour in the transform (5.4).
s-ieg
5 We can attempt to use perturbation theory to find the
D(q°)=—q J’ mz)_R (). (5.3)  s-channel coupling constant from (5.8), ignoring the fact that

Therefore, the D function is analytic in the complex q°
plane, cut along the positive real axis. Equation (5.3) can be
solved for R(s), and the inverse relation can be written as
stiedz

1
R(s)=—=— —D(z2).

54
2 Js—ie 2 (5.4)

The integration contour in (5.4) connecting the points
s—ie and s+ie is shown in Fig. 10.
We write D(g?) and R(s) as

D<q2>«§ Q[ 1+doA (g% +d N (g% +++]

E; 03[ 1+d\*f(g?)], (5.5)

and

R(s)o:; Q[ 1+rohy(s)+r AP (s)+-°]

E§fj Q[ 1+ro\{(s)]. (5.6)
Here the coefficients dj and r; and the function N depend on
the number of fermions f, and the subscript s on the cou-
pling constant in (5.6) denotes the s channel. Thus, for the
observable R(s) defined for timelike arguments we can write
down a representation analogous to that for the Euclidean
(t-channel) quantity (5.5).® It is therefore natural to take the
function )\ef (s) in (5.6) as the definition of the effective cou-
pling constant in the timelike region.

Taking into account the fact that the coefficients dy and
ro in (5.5) and (5.6) coincide, we obtain the following rela-
tion between the ¢- and s-channel constants:

© ds
)\eff 2 —_ ZJ )\'Cff 5.7
(g)=—¢q o =) s (5) (5.7
and
1 stiedz
eff e eff,
A (s) 7 L_ie : —N\; (2). (5.8)

the perturbative approximation violates the analytic proper-
ties needed for (5.7) and (5.8) to be consistent. This treat-
ment leads to known 72 contributions to the perturbative
s-channel coefficients. These contributions are very impor-
tant from the viewpoint of phenomenology For example, at
the 7-lepton mass scale, where & J(M? 2)=0.35, the dlfference
between the ¢- and s-channel constants due to the 7> contri-
butions reaches 20%. However, the violation of the analytic
properties in the perturbative treatment means that the
s-channel charge found in this manner does not reproduce
the original function when substituted into (5.7). This indi-
cates that in the usual perturbative treatment it is not possible
to determine self-consistently the coupling constant in the
timelike region.

In the VPT approach the s-channel charge corresponding
to (5.8) is found from the relation

D ey= () (i)

N(s)=5— 2/3 5[40~ ¢0a)], (5.9)
where the a. obey the equation

flas)= f(a0)+ [lnag_mr} (5.10)

in which the functions f(a) are determined in the lowest
orders by (4.9), and the corresponding functions ¢(a) have
the form

P (a)= ﬁ[z— 1la—4(1—a)lna+3(1—a)ln(1—a)]

(5.11)
and
Oa)=—-41 ——L 3181 1-
¢ (a)=—4lna— 3 7=+ Zyin(l—a)
+2561 1+9
ﬁn 2a (5.12)

The coupling constants A(g%) and \,(s) obviously have
identical ultraviolet tails determined by asymptotic freedom
and the same infrared limits. However, these functions differ
from each other for finite values of the arguments. For
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FIG. 11. Graph of inclusive 7-lepton decay.

example, on the rlepton mass scale this difference is of
order 7%, which is considerably smaller than in the pertur-
bative treatment and is therefore important from the view-
point of the phenomenology of low-energy processes. A
similar situation occurs for the r and s coupling constants in
the analytic approach in quantum chromodynamics.!!'*

7 decay. The only presently known lepton which has a
hadronic decay mode is the 7 lepton. Inclusive 7 decay (the
corresponding graph is shown in Fig. 11) offers unique pos-
sibilities for low-energy tests of quantum chromodynamics.
On the one hand, the ~lepton mass M ,=1777.051$2 MeV
(Ref. 121) is large enough that hadronic decay modes are
possible, while, on the other, it is small on the chromody-
namic scale and lies in the low-energy region.

It is inclusive 7-lepton decay which is the most interest-
ing, as it can in principle be described without any important
model assumptions,lzz‘125 and it allows the value of the cou-
pling constant @& (M 3) to be found with fairly high accuracy.
A quantity convenient for study is the experimentally mea-
sured value of R, which is determined by the ratio of the
hadronic and leptonic decay widths:

_I'[77—wv, hadrons(y)]
T T —ve 7,(y)]
The starting point for the theoretical analysis is the ex-
pression

(5.13)

2

2ds s 2s\ _
RT:Zf()MTM_i(l_M_i 1+Xl—2; R(s), (5.14)
where
~ N
R(s)=ﬁ[H(s+ie)—H(s-—ie)],
H(s)= 27 Vgl Mg p(5) + T, a(5)). (5.15)
q

=d,s

Here the V,, are the elements of the Kobayashi—Maskawa
matrix, and the normalization factor N is defined in such a
way that at the parton level R;%on= 3. In the case of mass-
less quarks considered below, the vector and axial-vector
hadron correlation functions in (5.15), I, v and I, 4 , co-

incide.
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FIG. 12. Passage to the contour representation for R, .

In the perturbative analysis of semileptonic 7 decay we
immediately encounter a difficulty in using the initial expres-
sion (5.14). The parametrization of the function R(s), which
in our case of massless quarks simply coincides with the
ratio R(s) for e*e ™ annihilation into hadrons, using the per-
turbative coupling constant possessing unphysical singulari-
ties, leads to singularities of the integrand in (5.14). A way
out of this difficulty was proposed in Ref. 122. The integral
(5.14) can be represented as a combination of integrals along
the lips of the cut in the complex s plane (see Fig. 12). Then
the Cauchy theorem can be used to transform this integral
into an integral over the contour |s|=M?. Finally, after in-
tegrating by parts, we arrive at the contour representation for
R, in terms of the D function (5.2):

1 d
2 (1-2(1+2)D(M%2).

=5 12 (5.16)
We write the D function as
D(M?z)=dy[1+d\*(M?%7)] (5.17)

and isolate from R, the contribution of strong interactions
At

R=RO(1+A)), (5.18)

where the quantity R(TO) corresponding to the parton level is
defined as

RS'O):'3(lvud12+lvus|2)SEW- (5.19)

Here Sgw=1.0194 is the known electroweak factor, and the
elements of the Kobayashi—Maskawa matrix have the values
|V.al =0.9753 and |V,,|=0.221 (Refs. 121 and 123).

For A, we find the expression

1 dz
i —(1—2)3 eff a2
Ar=gm D ﬁz,ﬂ 7 (1727 (1+ 2\ (M), (5.20)

which, after making the substitution z=—M iexp(z’ﬂ) and
taking into account the fact that d; =4, can be rewritten in
the following form convenient for numerical calculations:
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2 (= . . : ;
AF;f_wdou+ze'0—2e3"’—e4"’)xeff(M7;e'0).
(5.21)

The question of how many active quarks there are must
be studied specially for massless renormalization schemes.
This problem does not arise in the mass-dependent
renormalization-group formalism which originated with
Bogolyubov and was later developed by Shirkov.!?1% An
algorithm of the latter type for smooth matching was used in
Ref. 130 to analyze the behavior of the invariant charge in a
wide range of momentum transfers. However, in MS-type
schemes an additional ansatz is needed in order that different
numbers of quarks can be treated consistently. It is common
to use a matching of the running coupling constant corre-
sponding to different numbers of fermions in the Euclidean
region for Q=§&m, with some matching parameter 1<§
<2 (Ref. 126; see also Ref. 127). Such a procedure obvi-
ously leads to a discontinuity of the derivative and spoils the
analytic properties of the invariant charge. In the VPT ap-
proach this difficulty can be avoided by making use of the
possibility of the self-consistent determination of the effec-
tive charge in the timelike region, in which the number of
active quarks is directly related to the energy of quark-pair
creation. The passage between regions with different num-
bers of fermions is determined by the system of equationsg)

1 1
- =Dy )
- melar )= gy m e,

1 _ _
Wlm[(a(f M2(1+3a¥71)]

=C—1(f)—Im[(a(p)2(1+3a(f))], (5.22)
which allows us to determine the relation between the pa-
rameters C? and a” corresponding to regions with differ-
ent numbers of active quarks. After performing this proce-
dure, we arrive at the following attractive physical picture.
The running expansion parameter in the Euclidean region,
reconstructed by using the dispersion integral (5.7), as in
mass-dependent schemes does not correspond to any definite
number of fermions, and it will ¢‘know’” about all the thresh-
olds in the physical region.

The analysis of the experimental data on inclusive
7-lepton decay performed in the order a® in Ref. 60 led to the
following values of the s- and z-channel coupling constants:
as(M.2,)=0.37 and a(Mi)=0.40. Thus, the value of the
t-channel coupling constant is somewhat larger than the
value of the invariant charge determined in the timelike re-
gion. A similar situation also occurred in the analysis of
Refs. 116 and 117 based on analytic perturbation theory. The
O(a) calculation performed in Ref. 61 leads to a somewhat
smaller value of the extracted coupling constants. The renor-
malon contribution significantly affects the value of the in-
variant charge found from the same experimental data. We
shall discuss these questions in the following subsection.

The renormalon contribution. Let us now consider the
method by which the contribution of renormalon chains is
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effectively included.”’ In the lowest order, the perturbative
approximation for the D function has the form D(z,A)=1
+4N(u?), where t= Q% u?. The standard renormalization-
group summation of the leading logarithms leads to the re-
placement A ( u?)—X(¢,\). However, owing to the ghost
pole in the running coupling constant for Q2=A6CD, this
replacement spoils the analytic properties of the D function
in the complex g>=—Q? plane, in which the D function is
analytic with a cut along the positive real axis. This situation
can be rectified by noting that the solution of the
renormalization-group equation that we have used, which is
equivalent to the replacement A ( ,u.2)—> N(z,\), is not unique.
The general solution is a function of the running coupling
constant with asymptotic behavior 1+4N\ at small \. In order
to preserve the analytic properties of the D function, we
write it as a dispersion integral of the function R(s)
=(1/m)ImIl(s+ie). If we now use the renormalization-
group method for R(s), we find D(£,A)=1+4N4(t,\) with
the following Borel representation for the effective coupling
constant:

B(b), (5.23)

)\cﬁ(t,)\)=f db exp| — —
0 NERY)

where B(b)=T"(1+bBx)I'(1—58,).

Thus, in the Borel b plane there are singularities at the
points bBy=—1,—2,... and bBy=1.2,..., which corre-
spond to ultraviolet and infrared renormalons. The first infra-
red renormalon singularity at bB8,=1 corresponds to power
corrections 1/Q2, which, as is well known, are absent in the
operator expansion. Although the absence of a singularity at
b=1/B, is not a rigorously established fact (see, for ex-
ample, the discussion in Ref. 125), it is reasonable from the
viewpoint of consistency with the structure of the operator
expansion to assume that the infrared renormalon singulari-
ties begin at b=2/B,. This leads to an additional constraint
on the choice of renormalization-group solution. Integrating
by parts in the original dispersion representation of the D
function and then choosing R(s) to have the standard
renormalization-group form, we find the following expres-
sion for the effective constant:

N(kt,\)

Negi(2,N)= fowdfw( 7) (5.24)

1+XN(kt,\)Boln7

Here the factor k depends on the choice of renormalization
prescription. The resulting function

27

(1_*_—7_)3 (5.25)

o(7)=

describes the distribution of virtual momenta in the quark
loop. This function coincides with that used in Ref. 131 and
found on the basis of other considerations and, as shown in
Fig. 13, is close to the exact one.'*?

The function B(b) arising in the Borel transform of the
effective constant (5.24) has the form

B(b)=T(1+bBo)T(2—bpBy). (5.26)
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FIG. 13. Virtual momentum distribution 7w(7) in a quark loop. The solid
line corresponds to the model function (5.25), and the dashed line to the
exact calculation.!?

Thus, the procedure described above does not change the
location of the ultraviolet singularities, while the infrared
singularities now begin at b=2/8,. In contrast to the pertur-
bative approach leading to singularities of the integrand in
(5.24), in the method of the a expansion the integral (5.24)
turns out to be well defined.

Let us return to the study of inclusive rlepton decay and
use the trick described above to estimate the effect of the
renormalon contribution on the value of the coupling con-
stant extracted from 7 decay.

As before, we write R,=R%(1+A,), where the contri-
bution of the strong interaction can be written as
M2 ds | s \? s\
AT— 12d1,[0 A?(M_Z) ( 1- M_f. )\(ks)

T T

(5.27)

In the MS scheme k=exp(—>5/3) (Ref. 133), and the effec-
tive constant X is related to the expansion parameter as

2 3 gt d,\ a° 6d
o lor22)

No)=Z 43442 6 ! +
(@=c+3cteiotey)tc\0es,
(5.28)

C c C
where d; and d, are the coefficients of the perturbative ex-
pansion of the D function:'3*

dy=4, d2:§[365—22Nf—8{(3)(33—2Nf)]. (5.29)

Here {(n) is the Riemann ¢ function, and £(3)=1.202.
The dependence of the running parameter a on the mo-
mentum variable o is determined by the renormalization-
group method and can be found as the solution of the equa-
tion
I = = [7(a)~ Flao)] (5.30)
n—=—/{f(a)—f(ay)], ]
g0 2B 0
where o0 is the normalization point and a, is the corre-

sponding value of the parameter a. The function f has the
form

- 1
fla)= m[xlf(a,al)+x21(a,a2)+x31(a,a3)],
(5.31)
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where
J(a,b) —T—%—E—#
ab ab® ab (1—-a)(1-b)
+4+12b+21b21na+30—21bln(1_a)
b’ (1-b)?
(2+b)?

= mln(a—b). (5.32)

In (5.31) the parameters a; are the roots of the polynomial

¢(a)=1+2a+2(6+a)a2+5(5+3 A )a3 (5.33)
2 2CB, '
and
1
Xjm—————— (5.34)

(ai_aj)(ai_ak) ’

where the subscripts {,/,k} are written cyclically. The solu-
tion of (5.30) determining the running parameter a=a(o) is
unique, owing to the monotonicity of the function f(a).
For the experimental value!? R®P=356+0.03 (Refs.
135 and 136), in the case of three active quarks we find the
corresponding value of the strong coupling constant at the
rlepton mass scale: e, (M%)=0.326+0.015. This can be
compared with the value a, (M i)=0.40 found in Ref. 60 in
O(a®) calculations and without the renormalon contribution.
Thus, the contribution of renormalon chains and also of the
next terms of the a expansion turns out to be important for
extracting the strong-interaction coupling constant from the
experimental data on inclusive 7-lepton decay. For the evo-
lution of the value of ay (M i) found at the Z-boson scale it is
necessary to take into account the thresholds due to the
heavy ¢ and b quarks. As noted above, in this approach it is
possible to use a matching procedure for which the coupling
constant determined in the timelike region and its derivative
remain continuous at the threshold s =4m§ 1D Using the val-
ues of the heavy quark masses m,=1.6GeV and m b
=4.5GeV, for the ratio R, we obtain R,=20.85+0.03,
which agrees well with the available experimental data.!?!

6. THE QCD SUM RULES AND THE a EXPANSION

In this section we shall study the problem of describing
qq bound states by the method of QCD sum rules (Ref. 139;
see also the review of Ref. 140), applying the VPT approach
to describe not only the perturbative, but also, following a
recent study,’” the essentially nonperturbative contributions.
The VPT method gives a unified description of the system;
the explicit separation (from the viewpoint of the usual treat-
ment based on the operator expansion) into the perturbative
part containing the logarithmic dependence and the nonper-
turbative part determined by power corrections is not always
natural and is possible only in very simple cases, such as the
example studied in Ref. 72.

We shall begin our analysis with the hadron correlation
function corresponding to a current with matrix structure I,
whose imaginary part at the two-loop level can be written as
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1
ImMT(s)= E[H%O)(s)+4)\ﬂg)(s)]. (6.1)

The expressions for the components I1® and ITV which we
shall need later are given in Appendix B.
Let us consider the first moment associated with the D

function:
D) a1t (g?
1+Nr(Q )=- a0t

1 (= ds
I e O

Defining the variable o=s5s— 4m?, which is related to the
virtual momentum in the renormalon representation, and u?
—U/(0'+4m2), we find

@ & (o+4m?)Nr
l+NI(Q )_ A N2 dU(Q2+0'+4m2)2+NF

X[ () + 4T (w)].

(6.3)

An additional problem which must be discussed spe-
cially is that of the so-called Coulomb singularities. The per-
turbative expansion is made in powers of the effective pa-
rameter N/u. In the perturbative treatment of the higher-
order moments, the region of small ¥ dominates and the
perturbative approximation becomes inapplicable (Ref. 142;
see also Refs. 143 and 144). Therefore, for a consistent treat-
ment of the higher-order moments it is necessary to perform
some sort of summation of the Coulomb singularities. Pas-
sage to the renormalon representation studied above allows
such a summation to be made.”? This can be demonstrated
for a simple example, which we do in Appendix C. There we
also study the relation to the well known Sommerfeld—
Sakharov factor.!43:146

We rewrite (6.3) as

(o+4mHNITO (1)

M (@)= o [ do e, (64
where
W((T)=(0'+4m2)[1 Ani}r@%} (6.5)
and
(== [t MW,
(6.6)

The application of the renormalization-group method to
the integrand in (6.4), where the current has zero anomalous
dimension, leads to replacement of the coupling constant A
and the mass m by the running parameters A(o) and 7(0),
where in the MS scheme that we are using the argument o
must be scaled by the factor kzrz=exp(—5/3) (Ref. 133).
When the anomalous dimension of the current is nonzero, an
additional overall factor related to it arises; however, as will
be clear from what follows, it proves unimportant for the
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conclusions based on analysis of moments with large n, and
so this factor will not play any role in our treatment.

We shall use the running parameters of the VPT ap-
proach. As noted above, this does not lead to any difficulties
associated with determining the integral when these param-
eters enter into the integrand. Thus, the expression for the
nth-order moment has the form

® [cr+4m2(k0')]Nr
(T) — (0)
Mn (Qz)_ 4 J' o [Q2+W(O,)]l+n HI‘ (u)
(6.7)
Here
2 ‘ﬁr( )
W(o)=[o+4m=“(ka)]| 1 =4\ ko) (0)( 3k (6.8)

and now u?=o/[o+4m?*(ko)]. In the sum-rule method the
mass of the first resonance can be defined in terms of the
moment ratio

(6.9)

for large n.

Let us consider the mass spectrum of the charmonium
and bottomonium families (¢ and bb bound states). In this
approach the parameters are the value of the coupling con-
stant @ at some normalization point, which we shall take to
be the lepton mass scale, and also the value of the heavy-
quark mass (in this case, m, or m,;) specified at some scale
(we shall use 1 GeV). Here, of course, the values corre-
sponding to the best fit should be consistent with the other
data. As far as the parameter C is concerned, we shall not
vary it, but take for it the value C=4.1 found earlier, corre-
sponding to the O(a?) approximation for the renormahzatlon
constants.’! The value of the coupling constant aO(M )
=0.379 was found in Ref. 72. The masses of the ¢ and b
quarks were found to be m.=151GeV and m,
=4.72 GeV, in good agreement with other results.!?!

At large n the main contribution to the moments is de-
termined by the neighborhood of the minimum of the func-
tion W(o): o=&. The analysis of the various channels per-
formed in Ref. 72 showed that for ¢ systems this minimum
is reached at &~4-6GeV?, and for bb states at &
~20-30 GeV?2. The main contribution to the moments (6.7)
at large n is determined by the stationary point, and for the
moment ratio we can obviously write
—_— Q2 +W(F).

R,(0%) (6.10)

This quantity should be compared with the corresponding
hadron ratio R},}ad(Qz), for which in the narrow-resonance
approximation we easily find

_ Q2+M R-

RM(Q?) (6.11)

Therefore, at any value of Q for the resonance mass we
obtain the expression

=JW(&).

(6.12)
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FIG. 14. Behavior of the functions VR, as a function of the number n and VW(0) as a function of o for ¢ bound states. The solid line corresponds to the
vector current, the dashed line to the axial-vector current, and the dot—dash line to the A’ meson. The horizontal lines indicate the masses of the corresponding

mesons, whose values are taken from Ref. 137.

We note that the fact that the O dependence drops out is
nontrivial. This dependence is present in the usual treatment
and requires special analysis (see the discussion in Ref. 140).

In Figs. 14 and 15 we show the functions \/R_,, and
VW(o) for ¢ and bb systems, respectively. The solid lines
correspond to the vector current, the dashed lines to the
axial-vector current, and the dot—dash lines to the A’ meson.
The horizontal lines show the masses of the corresponding
mesons, whose values are taken from Ref. 137. The results
for ¢ systems with ¢-quark mass m,=1.51GeV are sum-
marized in Table II, and those for bb systems with b-quark
mass m,=4.72GeV are given in Table III. The c¢- and
b-quark masses used here are in good agreement with esti-
mates given by other approaches.'?!

To summarize briefly the analysis of this section, we
remark that in this approach the stability region of the mo-
ments in the variable n is considerably larger than in the
usual treatment, where the stability interval lies, as a rule,
near n=6-8. Another positive feature is the fact that at large
n the Q% dependence for the ratio of moments calculated in
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FIG. 15. The same as in Fig. 14, but for bb systems.

this way is exactly the same as in the hadronic sector. The
splitting between the vector, axial-vector, and A’ states is
reproduced with good accuracy. However, the approach to
describing quarkonium spectroscopy which we have outlined
in this section is only in the rudimentary stages of its devel-
opment. A number of questions need to be answered, and a
great deal of work remains to be done. For example, the
question of describing scalar and pseudoscalar states needs to
be studied; it is apparently necessary to include several other
additional effects for them.”

7. CONCLUSION

As is well known, in constructing a perturbative expan-
sion, the perturbation is usually taken to be the part of the
full Lagrangian referred to as the interaction Lagrangian,
which contains the higher powers of the fields. A free system
is described by the harmonic part quadratic in the fields.
As a result, for models with a single coupling constant one
obtains a power-series expansion, which for most cases of
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TABLE II. Mass spectrum of ¢C systems.

Current M., (GeV) M peer= VW (&) (GeV) & (GeV?)
Jv 3.10 3.06 4.6
ia 351 352 48
Fio 353 356 48
Js 342 327 6.0
Jjp 298 3.19 39

interest is asymptotic. At small values of the coupling con-
stant the perturbation series, despite its asymptotic nature,
can be used to analyze a fairly large class of problems of
practical importance. Nevertheless, the solution of many
problems makes it necessary to go beyond perturbation
theory.

In this review we have discussed the results obtained on
the basis of nonperturbative variational expansions in quan-
tum field theory. The idea behind this approach is fairly
simple. The usual splitting of the total action functional cor-
responding to a quantum system into the free part quadratic
in the fields and the part describing the interaction and con-
taining higher powers of the fields is to some extent purely
conventional. The system is described by the full Lagrang-
ian, and the traditional splitting of it into a free part and an
interaction part is largely dictated by the need to find ap-
proximate solutions by using perturbation theory, when an
exact integration procedure is unknown. Calculations can be
performed in the functional-integral formalism, owing to
Gaussian functional quadratures. Their obvious use, when an
expansion in powers of the original interaction part of the
Lagrangian is made inside the functional integral, leads to
the traditional perturbation theory. However, as we have
shown, perturbation theory is not the only possible conse-
quence of Gaussian integration. There is another method of
approximating functional integrals and performing calcula-
tions in quantum field theory. This method is based on prob-
ing the system by means of special functionals containing
trial parameters of the variational type. By studying the re-
sponse of the system to the change of the parameters of the
variational probe, it is possible to choose them in an optimal
manner such that the variational approximation is good for
the system not only in the weak-coupling regime.

This approach, which we refer to as variational pertur-
bation theory, combines a variational principle with a regular
method of calculating corrections. In the VPT approach the
original action functional is rewritten with an addition of the
variational type, and an expansion is made in the effective
interaction part of the action. Special parameters entering

TABLE III. Mass spectrum of bb systems.

Current M.y, (GeV) M peor= YW(&) (GeV) & (GeV?)
v 9.46 9.43 27
ja 9.89 10.02 26
s . 10.07 26
i 9.86 9.80 30
e - 9.56 24
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into the variational functional allow the properties of the
resulting floating series to be controlled. Thus, in contrast to
many other nonperturbative approaches, already from the
very beginning in the VPT the quantity of interest is repre-
sented as a series which allows the necessary corrections to
be calculated and the stability of the results to be evaluated.
In other words, the method of variational expansions studied
here offers the possibility of ascertaining the degree to which
the main contribution determined by the variational method
on the basis of some optimization principle correctly de-
scribes the system, as well as the region of applicability of
the results. As in standard perturbation theory, only Gaussian
functional quadratures are used to construct the VPT. Of
course, the resulting series has a different structure and,
moreover, some of the Feynman rules are modified at the
level of the propagators and vertices.

In the case of quantum chromodynamics the application
of the idea of constructing variational series leads to a new
small expansion parameter. This parameter obeys an equa-
tion whose solutions are always smaller than unity for any
value of the original coupling constant. While remaining
within the region of applicability of this expansion it is pos-
sible to go to significantly lower energies than in the case of
ordinary perturbation theory. The method used here ensures
the induced convergence of the VPT series. At present, this
type of convergence has been proved only for simple mod-
els. In the case of quantum chromodynamics, it is not yet
possible to give a rigorous proof of the induced convergence
of the variational expansion described here. However, our
analysis leads to several arguments of an empirical nature in
favor of a possible convergence of this type. For example,
the behavior of the nonperturbative 8 function found by the
method of the a expansion in various orders of the VPT
approximation has turned out to be surprisingly stable with
respect to the effect of corrections in the sense of induced
convergence in a wide range of coupling constants. An im-
portant feature of the VPT approach is the fact that for suf-
ficiently small &, the variational expansion reproduces the
standard perturbation theory, and the perturbative high-
energy physics is preserved. In moving to low energies,
where ordinary perturbation theory breaks down [@,(0?)
~1], the parameter of the VPT expansion remains small and
we stay within the region of applicability of the method.

In this study we have considered a number of phenom-
enological applications of the VPT method. One is the de-
scription of e*e” annihilation into hadrons at low energies
(on the QCD scale). To allow comparison with the experi-
mental data we have used a special method of smoothing
resonances, the so-called smearing procedure. The use of the
smearing method allows the difficulties associated with
threshold singularities in the perturbative expansion to be
avoided. However, direct application of perturbation theory
for describing the corresponding experimental data is still
impossible. The reason for this is the unphysical singularities
which occur in the perturbative invariant charge in the infra-
red region. Such singularities are absent in the method of the
a expansion; the smearing integrals are well defined, and
already in the first order of the VPT expansion good agree-
ment with the experimental data is obtained.
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The application of the usual renormalization-group re-
summation in perturbation theory produces unphysical sin-
gularities like a ghost pole in the behavior of the invariant
charge. The presence of such singularities leads to a conflict
with the fundamental principles of the theory. An important
feature of the VPT approach is the possibility of preserving
the analytic properties of the effective expansion constant
dictated by the general principles of quantum field theory. It
is this fact which allows the self-consistent introduction of
the definition of the invariant charge in the timelike region.
This concept is convenient for constructing a matching pro-
cedure in the timelike region, according to which the number
of active quarks is directly related to the quark—antiquark
pair-production thresholds. In contrast to the usual matching
procedure in the Euclidean region, this approach does not
violate analyticity. The absence of unphysical singularities
when the VPT method is used is essential for obtaining the
renormalon representation. The VPT approach, which is fun-
damentally a nonperturbative approach, allows a new view
of the method of QCD sum rules, in particular, the applica-
tion of the latter to describing the meson mass spectra. The
correct analytic properties turn out to be of fundamental im-
portance for describing inclusive 7-meson decay. This pro-
cess offers the unique possibility of performing low-energy
tests of quantum chromodynamics. The accuracy of the ex-
perimental data on it is considerably higher than for many
other low-energy processes, and the method of constructing
the theoretical description in principle allows assumptions of
a model nature to be avoided. However, the use of perturba-
tion theory leads to the above-mentioned unphysical singu-
larities, and the analyticity needed for a consistent descrip-
tion is spoiled. Unphysical singularities can be avoided in the
a-expansion method considered here. In this respect the VPT
approach is similar to analytic perturbation theory, in which
renormalization-group resummation is performed in such a
way that there is no conflict with the general principles of the
theory. Consequently, the correct analytic properties are re-
stored, owing to the nonperturbative contributions which ap-
pear automatically. Despite the difference between these two
methods, one based on the variational expansion and the
other on renormalization-group summation with imposition
of the analyticity condition, they have a number of features
in common and often lead to similar results.
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APPENDIX A. SOLUTION OF EQUATIONS BY THE
METHOD OF VARIATIONAL ITERATIONS

In this appendix we shall briefly discuss another possi-
bility offered by variational perturbation theory: finding

A. N. Sisakyan and I. L. Solovtsov

approximate solutions of equations by using the method of
variational iterations. This technique, as in the case of func-
tional integrals, leads to floating expansions whose conver-
gence properties can be controlled by means of special varia-
tional parameters. It is not our intention here to go into any
detailed discussion of this question. We shall only give an
illustration of the possibilities offered by the VPT idea for
finding solutions of equations.

To be specific, let us consider the nonrelativistic
Lipmann—Schwinger equation for the Green function
G(E;p,q):

p? _ dk .
(E— E)G(E,p,q)—fWV(p,q)G(E,P’Q)

=(2m)*8(p—k). (A1)

Iterating (A1), we obtain the well known series of stan-
dard perturbation theory, which can be interpreted as the
series for the rescattering of a free particle with propagator

(27)° 8(p—k)

E—p*2m (42)

Gy(E;p,q)=
by the potential V(p,q). This representation is possible in
the weak-coupling limit. A different approach is required for
strong coupling.

Let us consider the application of the method of varia-
tional perturbation theory to this problem. We write the
Lippmann—Schwinger equation (A1) in symbolic form:

G—Gy,VG=G,. (A3)

In accordance with the VPT, we change the zeroth-order
approximation, writing (A3) in the equivalent form

G_G()VG=G(), (A4)

with

V=V+[Gy'-Gy"1. (A5)

Thus, iterations of this equation can be interpreted as the
series for the rescattering of an effective particle with propa-
gator G, by a new effective potential V (see Fig. 16).

As in the case of the harmonic variational procedure, we
choose

GO= {GO . (A6)
As a result, the VPT series can be written as
G= G,, (A7)
n=0
G _ n 1 (? n—k
S = N CR S TARTI AL

The functions g in (A7) can be represented by the usual set
of graphs with the modified propagator

~ 1
’

GO = m GO N (A8)
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where for convenience we have again introduced the param-
eter x, which we set equal to unity at the end of all the
calculations.

Analysis of the structure of the VPT expansion shows
that the elements of the VPT series will be proportional to a
new expansion parameter a when the original constant g and
a are related as'?

_1 a
g_Cl—a

Here C is a parameter of the variational type, which must be
determined on the basis of some optimization procedure.

In order to be able to compare the VPT result, let us
consider the case of a separable interaction:

V(p,9)=gf(p)f(q),

In this case there exists the exact solution

(A9)

(A10)

(B _(217)35(p—k) gf(p)f(a)
(EsPD= " 2m ' (E=p*2am)(E—q'/2m)
dk fz(kl) =]
X178 ) Ga)® E=xnm (LD

We restrict ourselves to the first nontrivial order of the
VPT approximation, which allows us to obtain an equation
for the variational parameter C and in the present case cor-
responds to the expansion through order a*. In this order
(N=2) we have

81(E;p,q)
G<2>(E;p,q)=go(E;p,q)+a——C’—
g:(E:pya)  g1(E;psq)
2
a C2 C s (Alz)

where the perturbative coefficients g,(E;p,q) have the form

(2m)*8(p—k)

5 =T 2,4

Eip.a)= gf(p)f(q)

[ 2f(p)f(q)
dk  fA(K%)
(2m)? E-K*2m’

(A13)
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Za !

FIG. 16. Diagrammatic interpretation of the it-
erative solution in the method of variational per-
turbation theory.

The principle of minimal sensitivity

4GV (E;p,q) o
aC N

determines the variational parameter C as

Ak

dk
J( 'n')} E—K2m’ (@l4)

As a result, it is easily verified by comparison with
(A11) that

GP(E;p,q) = Gexacl(E;P) (A15)

while all the following terms of the VPT series are equal to
Zero.

APPENDIX B. CORRELATION FUNCTIONS OF
MASSIVE-QUARK CURRENTS

In this appendix we give the two-loop expressions for
the correlation functions of massive-quark currents. The cur-
rents given below correspond to the format jr=... JFO).

« The scalar current: jg={;y;(07 )

« The pseudoscalar current: jp=iJ;ys;(0™7)

« The vector current: jy=t;y, (17 7)

e The axial-vector current:
_guv) ‘7/1'71/75 ‘/’j(l ++)

* The A" current: j41=§;0,ys¢;(1*7)

ja=(q,9./9*

To parametrize the common components of the correla-
tion functions it is convenient to define the functions'“°

? 1+u 1+u 1—u
+ln uln +21

A(u)= (1+u2) 5 —

1+u 1—u

+21 —2l| —— —4l(u)+1(u?)

_.2

+3uln m —ulnu, (B1)

2 1—u\? u—1
A'(u)=(1+u")| 21l 172 —-21 o
51 l—u1 1+u 1—u

nr I +21n1+ulnu, (B2)

where
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l(x)=—fxdtlln(l—t) (B3)
o ¢

is the Spence function.

The required functions T1® and I1' have the following
form.

The vector current (Ref. 140) (I' = Yu):

Ny=0, (B4)
1
H?,=§u(3—u2), (B5)
u? 1+u

H{,=2[(1——3— A(u)+PV(u)lnl_u+QV(u) , (B6)
1

Pyu)= —22(33+22u2—7u4), (B7)
1

Ovy(u)= Z(Su_3u3)' (B8)

The axial-vector current (Ref. 140) (T'=1ysv,(q “q,/q
—8u)):

Ny=1, (B9)
=43, (B10)
1 4 2
IIA=— A(u)+PA(u)ln +Q,,(u) (B11)
PA(u)—-—(21+59u —19u*-3u9), (B12)
1
QA(u)=B(—21u+30u3+3u5). (B13)
The A’ current (Ref. 140) ('=4,7ys):
Nyi=2, (B14)
m,=1 .
A=y u (B15)
12 2 1+u
HA’ A(u)+PA/(u)ln +QAI(u) 5 (B16)
1
P,,,(u)=1—6(13+28u2+17u4—2u6), (B17)
1
QA,(u)=ﬁ(—39y+47y3+6u5). (B18)
The scalar current (Ref. 141) (F'=1):
Ng=1, (B19)
0 3 3
! ) 1+u
Ig=2lu A’(u)+Ps(u)ln1_u +Qg(u)|, (B21)
1
Ps(u)=1—6(3+34u2—13u4), (B22)
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1
Qs(u)= §(21u—3u3). (B23)
The pseudoscalar current (Ref. 141) (T'=ys):
Np=1, (B24)
"
2
i=2[A" (u)+Pp(u)ln +Q,,(u) (B26)
1
Pp(u)= R(19—48u+2u2+3u4), (B27)
1
Qp(u)= §(21u—3u3). (B28)

APPENDIX C. COULOMB SINGULARITIES

Here we shall use a simple model to study the question
of how the representation (6.4) allows us to avoid the diffi-
culty associated with Coulomb singularities mentioned in the
text and to give a consistent treatment of the moments with
large n.

As is well known (Ref. 142; see also Refs. 143 and 144),
the perturbative expansion for ImII(s) even for small cou-
pling constant is poorly defined for small velocities

u=/1-—, (C1)

because the effective expansion parameter is A/u. Owing to
this fact, the direct use of the original perturbation series is
not justified for moments with large n, for which the domi-
nant contribution is determined by the region u~ 1/\/n, and
the corresponding effective expansion parameter is vn\.

Such singular expressions for nonrelativistic Coulomb
systems are summed by using the Sommerfeld—Sakharov
factor: 145,146

X 167% A
= , X= —,
1—exp(—X) 3 u

(C2)

Let us adopt a simple model to study this question, using
the method of describing quarkonium given here. We write
the nth moment as

M= ["ao

where the virtual momentum is o=s—4m?, and Y= Q?
+4m?. Then we choose the spectral function p(o) normal-
ized by the condition p(a,A=0)=1 as

Jor 1
P(0)=(H_\/;) ,

where p is a positive integer.
The perturbative expansion (C4), which has the form

p(o)

( +Y)n+1’ (C3)

(C4)
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A A 2 D A o A 2
Ppen(0)~1_p—\/;+0 ﬁ ~1—-2;;+ ; ,
(Cs)

shows that Coulomb singularities are present at small u.
Assuming that the function p(o’) possesses the smooth-
ness properties,144 the moments for large n can be written as

1
)
(C6)

The dominant contribution is determined by the region
o~Y/n, which in terms of the variable u corresponds to
u~1/y/n. Meanwhile, without using the perturbative ap-
proximation for the original moments M:* defined according
to (C3) with the spectral function (C4), the analogous
asymptotic expression at large n, where small velocities
again dominate in the integral, is

1+0

= g
M, (Y)~ Y'("“)f dap(o’)exp( —ny
0

-p
(e0))

A
Pex—| 1+ \/;—\/?

If we start from the perturbative expression in O(\), we
obtain

(C8)

A
Ppen— 1-p \/;\/_?

We can now see explicitly that for sufficiently large n the use
of the perturbative expression (C8) is not justified.

Let us now see what happens in our approach. For cor-
respondence with the operator expansion, we must first re-
write the expression for the moments (C3) in the renormalon
representation, which in the present case has the form

1

e+ )

Mi,e(Y)=f0 do'
where the function f(o') is defined implicitly by the equa-
tion

g'= J.f(q )dO'p(O').
0

This expression is obtained by making the change of variable
o=f(o') and assuming that the spectral function p(o) is
such that f()=0o0 and f(0)=0.

Although the transformation defined by (C9) and (C10)
is exact, we are interested in the order A. In this approxima-
tion, for the function f(o') we obtain the explicit expression

f(a’)=a"+2p)\\ﬁ.

In this approach no problem with Coulomb singularities
arises, and the first approximation is already sufficient for
reproducing the n dependence of the moments for large n.
As in the sum-rule method, we have the ratio R,
=M,/M, _,, and we can calculate three functions: the exact
one R}*, the perturbative one RP®" in the order A, and
the sum based on the renormalon representation R, in the

(C10)

(C11)
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FIG. 17. Moment ratios RS*, RE™, and RY for the parameters Y=1, A
=0.1, and p=1.

same order \. These functions are shown in Fig. 17 for the
parameters Y=1, A=0.1, and p=1. A different choice of
parameters leads to a similar result.

We note that when the renormalon representation is
used, the region u—~ 1/\/n no longer defines the leading con-
tribution to the integral for the moments at large n. Now the
stationary point is determined by some & independent of 7,
which completely corresponds to our analysis of the QCD
sum rules.

UDedicated to the memory of losif Norairovich Sisakyan, a remarkable
physicist and a true friend.

DA detailed description of the path-integral method can be found in Refs. 74
and 75.

9n considering this simple example, we shall always have in mind a field
model, and so we find it convenient to use the corresponding terminology.

YWe are considering the vacuum functional, and so all the graphs of interest
are vacuum graphs.

5The function g(v) in (4.6) corresponds to the Schwinger interpolation
formula.'® The exact expressions for two-loop massive correlation func-
tions which we shall use below to study the QCD sum rules are given in
Appendix B.

n the analytic perturbation theory mentioned above, the question of deter-
mining the invariant charge in the timelike region has been studied in Refs.
114 and 115, and semileptonic 7decay has been studied in Refs. 116—118.

“Here we use the common convention Q°=—g?; so that the Euclidean
region corresponds to positive Q.

8We note that A?) in (5.6) does not coincide with the square of X, and the
expansion in (5.6) is not a power series. A similar situation also occurs in
analytic perturbation theory. The non-power expansions corresponding to
the analytic approach have been studied in Ref. 120.

IWe give the system of equations (5.22) determining the matching proce-
dure in the order a®. The function ¢(a) in it is given by (5.12), and a.
satisfies Eq. (5.10).

19 Another experimental value of R, corresponding to the world average
given in Ref. 137, was analyzed in Ref. 69.

DEarlier, we gave the system of equations (5.22) corresponding to the
0O(a?) case. For the O(a®) case considered here, the system of equations
determining the matching procedure can be found along with some other
details in Ref. 138.

2 The problem of the motion of a particle in an external field corresponds to
the simplest relation between the new expansion parameter a and the
original coupling constant g.
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