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The results of studies devoted to describing the large-scale motions of the nuclear matter of
neutron stars are reviewed. The approach is based on the idea that stellar nuclear matter is an
elastic Fermi continuum possessing the properties of a compensated magneto-active

plasma. The fundamental dynamical equations of motion of self-gravitating nuclear matter are
taken to be the equations of nuclear elastodynamics, formulated in the macroscopic

theory of nuclear collective processes. A variational method is presented for calculating the
frequencies of gravitational-elastic spheroidal (s-mode) and torsional (f-mode) vibrations of a
neutron star, and the star’s stability with respect to linear deformations is studied. The
effectiveness of the elastodynamical method is illustrated by calculations of the periods of global
gravitational elastic vibrations within the standard homogeneous model, and also for a

family of realistic models of neutron stars, constructed on the basis of the relativistic equation of
gravitational equilibrium and the nuclear-matter equations of state taking into account the
heterophase nature of the nuclear statistical equilibrium. The motions of the magnetized Ae phase
of the neutron-star matter are described using the magneto-hydrodynamical approach, which

is used to calculate the frequencies of toroidal and poloidal Alfvén oscillations. It is emphasized
that magneto-plasma vibrations can significantly affect the electromagnetic activity of

pulsars. © 1999 American Institute of Physics. [S1063-7796(99)00504-5]

1. INTRODUCTION

The main value of the discovery of neutron stars' for
nuclear physics is that they provide a unique astrophysical
laboratory for studying the equilibrium and dynamical prop-
erties of macroscopic nuclear matter. At present, more than
500 neutron stars are known to exist in the Galaxy.” They are
seen as isolated sources of pulsating radio emission (ra-
diopulsars), and also as sources of pulsating x rays (x-ray
pulsars) of binary systems, where the radiation is produced
owing to the accretion of matter from the companion at the
magnetic poles of the rotating neutron star. A fairly complete
idea of the development of the physics of neutron stars over
the last 30 years since the discovery of pulsars can be ob-
tained from Refs. 3-13.

In recent theoretical studies concerning the nuclear as-
pects of the physics of neutron stars, the central position is
occupied by studies devoted to the equilibrium properties of
these massive compact objects from the final stage of stellar
evolution (see, for example, Refs. 14—22 and references
therein). These studies have significantly deepened the ear-
lier ideas about the equation of state of nuclear matter and
have fundamentally enhanced our understanding of thermo-
dynamical phase transitions in stellar nuclear matter in the
density, temperature, chemical composition, and magnetic
field strength.2'"?> The methods of evolutionary analysis de-
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veloped by the present time allow us to judge with some
degree of reliability the details of the stratified structure of
neutron stars and to calculate accurately the density, pres-
sure, temperature, and other profiles determining the global
equilibrium parameters of neutron stars such as the mass M,
the radius R, the moment of inertia J, the critical (Kepler)
frequency of gravitationally stable rotation (), the magnetic
field strength B, and others."

Meanwhile, the features of the dynamical behavior of
nuclear matter in the cores of these compact objects have
been less well studied. This is mainly related to the absence
of any clear ideas about the laws governing the continuum
mechanics of self-gravitating nuclear matter. The macro-
scopic electrodynamics of wave processes capable of sup-
porting a strongly magnetized nuclear medium remains
poorly studied.

In this review we present arguments that macroscopic
nuclear matter possesses the properties of an elastic matter
continuum and a compensated, strongly magnetized plasma.
In particular, we show that the fundamental equations of the
continuum mechanics of a continuous nuclear medium can
be taken to be the equations of nuclear elastodynamics, es-
tablished in laboratory nuclear physics in the study of
strongly collectivized processes such as giant resonances and
fission, while the electrodynamics of wave processes which
can occur in the Ae phase of neutron-star matter can be stud-
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ied using the equations of magnetohydrodynamics.

Let us begin by listing a number of observations which
clearly demonstrate the incorrectness of identifying continu-
ous nuclear matter with an incompressible fluid. The knowl-
edge accumulated so far about the evolution of massive stars
leaves no doubt that it is only at the early and mature stages
of evolution that stellar matter can be treated as a high-
temperature plasma30’31 whose large-scale motions obey the
laws of gas dynamics. The idea that normal stars are spheri-
cal, self-gravitating gaseous masses has been convincingly
confirmed by numerous studies of variable main-sequence
stars (primarily, the Cepheids), in which the periodic varia-
tions of the brightness (luminosity) are well described by the
hydrodyamical theory of radial pulsations.>>~>” However, the
gas-dynamical concept of the behavior of the stellar medium
ceases to be justified for stars in the final stage of
evolution—white dwarfs and neutron stars. Theoretical cal-
culations and observations show that as the nuclear fuel
burns, the matter becomes significantly more dense owing to
gravitational compression, as a result of which in the final
products of stellar evolution it acquires the properties of an
extremely stiff, rigid-body-like material. It has now been rig-
orously established that the variability of the luminosity of
white dwarfs is due to shear spheroidal and torsional, essen-
tially nonradial, vibrations,>”*! which are accompanied by
significant anisotropic (shear) distortions of the internal
stresses in the star. It is known from condensed-matter phys-
ics that such vibrations can be supported only by rigid-body
elastic forces, and not by gas—liquid forces. Convincing evi-
dence that the nuclear matter of neutron stars possesses the
properties of a solid (practically incompressible) medium is
provided by the phenomenon of stellar shaking, detected as a
sudden disturbance of the regular pulsations of pulsar radio
emission (see p. 71 of Ref. 3). In the two-component model
of a rotating, magnetized neutron star, the observed distur-
bance is related to the appearance of critical elastic stresses
in the stiff peripheral core, as a result of which its stable
coupling to the inner, denser core is lost (Ref. 42; see also
Refs. 8 and 13). The high degree of incompressibility of
nuclear matter, which makes it difficult to excite radial pul-
sations, indicates that large-scale (seismic) matter fluctua-
tions in the interior of a neutron star, as in white dwarfs,
must have a nonradial, elastodynamical nature (Refs.
111-115).2 In this review we present one of the possible
approaches to this problem.

Special attention is paid to the conclusions following
from relatively recent studies carried out in laboratory
nuclear physics with the goal of understanding the regular,
empirically established features of the systematics of the data
on giant resonances and fission. In describing the resonance
response of the nucleus, modeled as a small particle of con-
tinuous matter, it has been found that it manifests the prop-
erties of an elastic sphere, rather than a drop of incompress-
ible fluid, as suggested earlier. In the modern macroscopic
theory of nuclear collective motion, giant electric and mag-
netic resonances are treated as fast (diabatic) excitations of,
respectively, elastic spheroidal and torsional quasistatic
waves (or, in other words, long-wavelength, nonradial elas-
todynamical vibrations).*6~3¢ An important achievement of
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this branch of laboratory nuclear theory is the rigorous for-
mulation of fundamental equations modeling the elastic-like
behavior of a continuous nuclear medium: the equations of
nuclear elastodynamics. The expression obtained in this
theory for the potential energy of the elastodynamical vibra-
tions of a macroscopic nuclear particle has the form of the
macroscopic energy of elastic deformations subject to the
classical Hooke’s law, although the microscopic nature of
this energy has an essentially quantum origin due to aniso-
tropic distortions of the Fermi sphere (see, for example,
Refs. 54 and 56). One of the main results of the elastody-
namical approach is the transparent physical treatment and
exact quantitative description of the scaling rules,” which
can be clearly traced in the experimental data on the inte-
grated characteristic parameters of giant resonances. Indirect
indications of elastic-like behavior of macroscopic nuclear
matter have been obtained in studies of adiabatic (slow) col-
lective processes such as nuclear fusion®’ and the fission
of nuclei of heavy and superheavy elements.®

Since a neutron star is a large-scale distribution of
nuclear matter, it appears completely natural to study the
continuum mechanics of nuclear matter in its intrinsic gravi-
tational field, using the equations of nuclear elastodynamics,
thereby assuming that the laws of motion of a dense nuclear
medium established in laboratory experiments on nuclei re-
main in force for their giant cosmic twin. Such studies have
been performed in Refs. 61-66, and the first half of this
review is devoted to systematic discussion of them.

There is no doubt that the electromagnetic activity of a
pulsar is related to anomalously high magnetization of the
matter in its core.’%® A direct, observed consequence of the
presence of a magnetic field in a neutron star is the strong
linear polarization of radio pulsars. The physical reason for
the superstrong magnetization of neutron stars can be under-
stood by assuming®® that even weakly magnetized stellar
matter remains in an ionized (plasma) state during its evolu-
tion, and stellar collapse occurs with conservation of the
magnetic flux. A characteristic dynamical feature of a mag-
netized and compensated plasma is the ability to support
magneto-plasma (Alfvén) oscillations, the possible propaga-
tion of which in a neutron star was apparently first suggested
in Refs. 71 and 72. In Ref. 71 it was shown that the energet-
ics of a Crab-like nebula can be understood by assuming that
at its center is a neutron star releasing the magnetic energy
stored during the contraction stage of its creation by trans-
forming the energy of the residual (after the supernova ex-
plosion) hydromagnetic vibrations into the energy of electro-
magnetic radiation. However, it seems to us that this idea has
not been developed constructively. In this review we present
a systematic exposition of the theory of nonradial Alfvén
vibrations in a neutron star formulated in Refs. 73-76, and
we describe a detailed calculation of the periods of nonradial
magneto-hydrodynamical (MHD) vibrations of an essentially
elastodynamical nature.

The review is organized as follows. In the second part of
the Introduction we briefly discuss neutron stars. In Sec. 2
we present the elastodynamical model of global
gravitational-elastic nonradial vibrations of neutron stars,
which can be induced by a massive companion in a binary
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system, or preserved as the residual effect of the implosive
creation of a pulsar. In Sec. 3 we present a constructive com-
parison of the hydrodynamical and elastodynamical ap-
proaches to describing self-gravitating nuclear matter and
discuss the appearance of nonradial gravitational vibrations
of neutron stars in the electromagnetic activity of pulsars.
The theory of magneto-plasma quasistatic waves in a neutron
star is presented in Secs. 4 and 5. Emphasizing the elastody-
namical nature of Alfvén vibrations, we present detailed cal-
culations of the periods of magneto-plasma oscillations. Sec-
tion 6 contains the conclusions of our analysis.

1.1. Neutron stars

A neutron star (pulsar) is a spherical, magnetized, com-
pact object of radius R~10-15km (for comparison,
R5=695980km) and mass (0.3—2.5)M (M5=1.989
X 10* g), in the core of which the matter is compressed by
intrinsic gravitational forces to densities close to the normal
nuclear density p~2.8X 10'* g/cm®. The moment of inertia
of a neutron star is J=(2/5)MR*~10%—10* g.cm3. The
most characteristic features of the nuclear medium of a neu-
tron star are superhigh magnetization and high conductivity.
The magnetic field strength at the stellar surface reaches
B~10""-10"G (Ref. 67). The average magnetic moment is
tns~ 10 G-cm?, and the average electrical conductivity is
0~6x10"sec™!. The spatial distribution of pulsars dis-
plays a clearly expressed clustering near the Galactic plane
in a disk about 500 pc thick, and the average age of the
activity in the radio range is estimated to be 7~ 10°—108 yr
(Refs. 8 and 13). According to current estimates, a neutron
star is created every 15-20 years.’ The characteristic periods
of pulsar radio emission lie in the range from 1.6 msec (PSR
1937+ 21 is presently the fastest pulsar) to 4.3 sec(PSR
1845-19 is presently the slowest). The discovery of the Crab
pulsar, in the vicinity of which are clear signs of matter
disintegrated and dispersed by an explosion, confirmed the
hypothesis of Baade and Zwicky’’ about the birth of neutron
stars in supernova explosions.’ The qualitative picture of the
creation of this pulsar is explained by the magneto-rotational
scenario of implosive creation in the supernova of
10541787 At the critical moment when the reserves of
nuclear fuel are exhausted, the gravitational instability aris-
ing in the weakly magnetized, slowly rotating predecessor
star® develops in such a way that the tendency for matter to
fall into the center (implosion—explosion toward the inside)
is accompanied by increasing density until the forces of
gravitational compression are no longer in equilibrium with
the pressure of the degenerate neutron Fermi continuum. The
strongly magnetized and rapidly rotating compact object pro-
duced at the center ultimately forms a neutron star—a
pulsar,81 and the rest of the mass [rather larger, about
(2-6)M ] of the original star is ejected by magnetic pres-
sure into the surrounding space in the form of a rapidly cool-
ing, radio-wave emitting nebula. In the formation process the
neutron star is heated to a temperature of 10'' K (10 MeV),
and then rapidly cools to a temperature 7~ 107—10% K (10-
100 keV; Ref. 82).

In Fig. 1 we systematically present the model of a neu-
tron star constructed on the basis of the relativistic
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Tolman-Oppenheimer—Volkoff equation of gravitation-
alequilibrium with the typical parameters of the nuclear-
matter equation of state, given in Table I, calculated
by taking into account the heterophase nature of the nuclear
statistical equilibrium. Equations of state are discussed in
detail in Refs. 8, 21, and 22. In Figs. 2 and 3 we show the
density and pressure profiles, calculated by the Hartree—Fock
method, for the equations of state listed above.2

2. THE ELASTODYNAMICS OF SELF-GRAVITATING
NUCLEAR MATTER

The elastic-like behavior of the matter continuum of
neutron stars is constructively expressed by the fact that its
motions are described by the equations of nuclear

elastodynamics: %54 .
dp av;
d—t+pg,-—0’ 2.1)
dv; 0Py U _ 555
P dt é’xk pc?xi o ( ’
Py p iy p iy p Vi 0 2.3
dr Puge tPige TP =0, (2.3)

where p is the density of the nuclear medium, V; are the
components of the velocity field of the elastic displacements,
and P;; is the elastic stress tensor (summation over repeated
indices is understood). The first equation, (2.1), is the famil-
iar continuity equation. Equation (2.2) describes the motion
of the nuclear-matter flow. Equation (2.3) controls the dy-
namics of the internal stresses. The above definition of the
mass density p, the three components of the flow velocity
Vi, and the nine components of the elastic stress tensor Py
are, respectively, the zeroth, first, and second moments of the
one-particle distribution function in phase space. We are
studying the motion of the nuclear medium on scales where
the dominant role is played by the bulk forces of intrinsic
(Newtonian) gravity. Therefore, U in Eq. (2.2) is understood
as the gravitational potential satisfying the Poisson equation:

AU=—-47Gp, 2.4)

where G is the gravitational constant. As a result, we arrive
at the closed system of equations (2.1)—(2.4) describing the
dynamics of an ideally elastic continuous medium (elasto-
plasticity effects are ignored) in its intrinsic gravitational
field. In the rest of our discussion these equations are treated
as the fundamental equations of the elastodynamics of self-
gravitating nuclear matter. The introduction of Eq. (2.3) en-
sures the possibility of describing both the hydrodynamical
and the elastodynamical properties of the nuclear medium
within a unified scheme, the manifestation of these properties
being related to the nature of the local distortions of the
equilibrium Fermi distribution. As a constructive demonstra-
tion of this statement, let us consider the propagation of
plane-wave perturbations in a uniform, isotropic Fermi con-
tinuum.
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2.1. Zero-temperature waves in isotropic nuclear
matter

By uniform, isotropic neutron matter we mean a continu-
ous medium in which the distribution of internal stresses P;;
at zero temperature is specified by the pressure P of a Fermi
gas, completely degenerate in spin and isospin, compressed
to the normal nuclear density p. In the Thomas—Fermi ap-
proximation, the equilibrium parameters of this medium are
specified by the following equivalent expressions:

2 3
pUE tkp ky
P;j= 6P, P=—5 VP p=nm*, n=z-7
(2.5)

TABLE 1. Parameters of the nuclear-matter equations of state (ES) used in
constructing (on the basis of the equations of general relativity) realistic
models of neutron stars whose integral characteristics (mass and radius) are
given in Table II. E/A is the binding energy per nucleon at average particle
density n, K is the compressibility, m*/m is the ratio of the effective
nucleon mass m™* in nuclear matter at a given saturation density and the free
nucleon mass m, and ay, is the symmetry energy. The abbreviations for the
equations of state Gy,, HV, and UVII are taken from Ref. 22.

ES E/A[MeV] n[F? K[MeV] m*/m ay,[MeV]
Gy —15.95 0.145 200 0.80 36.8
HV —115 0.175 202 0.79 29.3
uvi —15.98 0.145 285 0.77 36.8
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FIG. 1. Schematic picture of the cross sec-
tion of a neutron star of radius 11 km and
mass 1.4M ¢, . The degree of shading reflects
the stratified nature of the matter distribution
in the cores of the neutron star. The inner
part is a massive core of radius 9 km, com-
posed of nuclear (mainly neutron) matter
with average density 1.5py (py is the nor-
mal nuclear-matter density). In the periph-
eral region of the star the matter is a strongly
degenerate electron—nuclear plasma (the Ae
phase), and the inner core of thickness
~15km 1is formed of neutron-enriched
atomic nuclei (with an insignificant admix-
ture of degenerate electrons). The outer core
of depth 0.5 km consists of free electrons
and iron nuclei forming a quasicrystalline
lattice.

2 3 1
P=§£N', g./\/: znhéegp,

5 (2.6)

— ¥
61:—2m Up.

A more complete description of the equilibrium properties of
nucleon matter taking into account the nonuniformity of the
density distribution is given in Ref. 51.

In momentum space, an isotropic stress distribution cor-
responds to spherically symmetric filling of single-particle
orbitals by nucleons [Eq. (2.5), rewritten as p>/m*?=5P/p
=const is the equation of the Fermi sphere]. Spherically
symmetric compression and expansion of the Fermi sphere
in momentum space corresponds to isotropic changes of the
stresses in the bulk of the medium:

P;j—(P+dP)J;;. 2.7
In an ideal liquid or gas the perturbations propagate without
spoiling the isotropy of the equilibrium isotropic stress dis-
tribution, i.e., without the appearance of shearing stresses.
Mathematically, this property is reflected by the condition
that the stress tensor (2.7) be spherical (all the normal
stresses in the medium are expressed in terms of a single
scalar quantity, the pressure). In contrast to a fluid, the per-
turbation of an isotropic rigid-body elastic medium is accom-
panied by the appearance of anisotropic stresses. Such per-
turbations are described by the tensor

P,—P8;+ 8P, (2.8)
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FIG. 2. Density and pressure profiles (in units of the energy density of nuclear matter, £,= 140 MeV/F°), calculated using the Tolman—Oppenheimer—Volkoff
equilibrium equation and realistic nuclear-matter equations of state (Table IIT) for models of neutron stars of the given masses.

The anisotropy is expressed by the tensor §P;;, which con-
tains nonzero off-diagonal elements. In momentum space,
the substitution (2.8) corresponds to anisotropic quadrupole
deformation of the equilibrium Fermi distribution or, stated
differently, quadrupole deformation of the Fermi system.
According to the modern theory of continuous media,
the rheology of a matter continuum is determined by the
dynamics of the internal stresses, which are manifested in the
ability of the medium to support the propagation of pertur-
bations in the form of waves specific to the type of medium.
We shall show that the properties of an ideal Fermi liquid are
manifested under linear deformations of Thomas—Fermi neu-
tron matter which are accompanied by exclusively isotropic
(compression) distortions of the Fermi distribution in mo-
mentum space, i.e., the medium can support the propagation
of essentially longitudinal vibrations with phase velocity

c¢;=vp/V3. Meanwhile, under perturbations leading to de-
formation of the equilibrium Fermi distribution of the neu-
trons in momentum space, neutron matter manifests the
properties of an elastic Fermi continuum, i.e., a medium ca-
pable of supporting elastodynamical zero-temperature
waves, namely, a wave propagating longitudinally with
phase velocity ¢;=(3/5)"?v; and a transverse wave with
phase velocity ¢,=vp/ V5.

Hydrodynamical zero sound in degenerate nuclear
matter. Let us consider linear perturbations of compressible
neutron matter at rest under which the Fermi sphere under-
goes isotropic distortions. Here we shall consider only per-
turbations which do not lead to rearrangement of the original
Fermi distribution, the structure of which is determined by
the average field U. This actually implies that under such
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FIG. 3. Comparison of the density and pressure profiles for a neutron star of mass equal to one solar mass in the homogeneous model (right-hand figure) with
average density equal to twice the nuclear density, and in the inhomogeneous model constructed on the basis of a realistic nuclear-matter equation of state.

motions the mean-field potential is not changed, i.e., 6U
=0. Under these conditions, Egs. (2.1)—(2.3) are linearized
by a substitution of the form

p—ptdp, Vi—Vi(=0)+dV;,
PUF

As a result, we arrive at the closed system of equations of the
linear hydrodynamics of a viscous Fermi liquid:

adp 38V,
9% o

o +p P X (2.10)
asv; aoP _ I
P=or " ox, :
90P 5 9Vi_ o)
at 3 0xk e )

If (2.11) is differentiated with respect to time, then by using
(2.12) we immediately obtain the equation of a longitudinal
hydrodynamical wave:

oV—c2A6V=0—w,=cik, c,=

(2.13)

expressing one of the main conclusions of the theory of a
Fermi liquid, namely, that an ideal Fermi liquid can support
the propagation of longitudinal sound waves (k is the wave
vector) at zero temperature. As seen from (2.13), a longitu-
dinal zero-sound wave is characterized by a dispersionless
propagation law with phase velocity c¢,. The essentially
quantum nature of Landau zero sound means that it can be
excited at zero temperature, i.e., in a completely degenerate
Fermi continuum. Sound-wave propagation is impossible in
a classical ideal gas, because the equilibrium pressure is pro-
portional to T (the equation of state of a classical ideal gas is
P=nkT, where kg is the Boltzmann constant).

Zero-temperature elastodynamical waves in degener-
ate neutron matter. Let us now consider linear perturba-
tions in a compressible neutron medium under which the
Fermi sphere undergoes anisotropic distortions. In this case
Egs. (2.1)—(2.3) are linearized by the substitution
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p—)p+ 6’), V,—>V,(=0)+ 5Vi,

pPUFp

5

which leads to the following system of equations for dissi-
pationless linearized fluctuations:

ot o"x,- O’ ( )
ot oy 0 10
dOP;; déV; 9oV, adv,
i Lt = s—%|=0. (2.17)
ot ij c?xi 7 é‘xk

In this case it is convenient to transform to the displacement
field D(r,?), related to the velocity field 6V(r,z) as

8Vi(r,t)=—D(r,1). (2.18)
Substituting (2.18) into (2.17), we obtain
5Pij:P(a_Di+% i'iD—k')~ (2.19)
ox;  Ox; T 9xy,

Comparing this expression for the stresses in neutron matter
(induced by distortions of the Fermi distribution in momen-
tum space) with the stresses obeying Hooke’s law for an
isotropic, ideally elastic material,®®

dD; oD j) dD;

ok ,u( ox;  ox; Ady axy’

(2.20)

we conclude that the neutron Fermi continuum behaves as an
ideal elastic medium in which the elasticity modulus \ and
the shear modulus u (the Lamé parameters) are equal to each
other and coincide in absolute value with the pressure,
A= pu=P. Moreover, substituting (2.18) and (2.19) into the
equation of motion for the velocity field of elastic deforma-
tions 8V; (2.17), we find that this equation takes the form

pD=2P grad divD+ PAD, (2.21)
coinciding with the Lamé equation
pD=(\+ u)grad divD+ uAD (2.22)

describing the linear elastodynamics of an ideally elastic,
isotropic, continuous medium. The analogy established be-
tween the equations of motion of the neutron Fermi con-
tinuum, perturbations of which are accompanied by aniso-
tropic distortions of the Fermi distribution, and the Lamé
equation allows us to use the classification of wave motions
from the linear theory of elasticity. According to the latter,
both longitudinal and transverse elastic displacement waves
can propagate in an ideally elastic medium.®® The procedure
for splitting elastodynamical waves into longitudinal and
transverse waves is described in detail in the literature, and
so here we shall only present the main results, which follow
from representation of the vector field of elastic displace-
ments as the sum

D=D,+D,, (2.23)
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where D, obeys the equation
D,—c}AD,;=0, curl D;=0 (2.24)

for a longitudinal wave propagating with phase velocity

IN+2u \/5
c= p = SUF.

The equation for transverse wave motions has the form

(2.25)

D,—c?AD,=0, divD,=0. (2.26)
This wave propagates with velocity
v
c,= \/E= £ 2.27)
P \5

A transverse wave does not create compressions and rare-
factions, and so it can propagate in an incompressible neu-
tron (nuclear) medium.

2.2. The standard model of a neutron star

The heuristic value of standard stellar models is that they
can be used to obtain analytic estimates of the equilibrium
and dynamical parameters of stars.>* In the standard model, a
neutron star is idealized as a spherical, homogeneous mass of
incompressible matter possessing the properties of a nonrel-
ativistic, degenerate, neutron Fermi continuum, compressed
by intrinsic gravitational forces to densities close to the nor-
mal nuclear density.

The equilibrium distribution of the intrinsic gravitational
field is given by the familiar solution of Eq. (2.4):

. 27 » 2
U6n=_ 7 Gpo(r —3R ), r<R, (228)
4 7R3
U= T Gpy, >R, (2.29)

where the subscript zero denotes the equilibrium character-
istics.

A consequence of the spherical symmetry of the gravi-
tational interaction is the isotropic equilibrium distribution of
stresses (pressure) in the stellar volume:

PY(r)="Py(r)5;. (2.30)

The radial dependence of the pressure is determined from the
equilibrium equation with the boundary condition that the
pressure at the center of the star is determined by the internal
pressure of the nuclear matter, Py(py):

VPo(r)=peVUG(r), Po(r=0)=Py(po).  (231)
The solution of this equation has the form
Po(r)=Pr(po)— (27/3)Gpir?. (2.32)

We note that Py(pg) is the main characteristic carrying in-
formation about the nuclear-matter equation of state, and
therefore relating nuclear physics to neutron-star physics. In
the standard model, Py(p,) is understood as the pressure of
degenerate neutron matter:®
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FIG. 4. Schematic depiction of the motions of nuclear matter in a neutron star undergoing spheroidal quadrupole (L=2) and octupole (L=3) nonradial

gravitational-elastic vibrations.

5/3 2 3
Py(po)=(213)En(po)=Kpy~s  po=m*z 3k,

ﬁ2(3 772)2/3

Comparing Fig. 4 with Figs. 2 and 3, we get an idea of the
degree of reliability of the sharp-boundary approximation for
the density profile on which the standard neutron-star model
is based. For a given density, from (2.32) we easily obtain an
estimate of the neutron-star radius, defined as the radius of
the spherical surface free from stresses Py(r=R)=0, i.e.,
the surface where the elastic stresses due to the intrinsic
gravitation are balanced by the internal pressure of the neu-
tron Fermi continuum. From the condition

252 2T 50
Po(R)=Py(po) —(2m/3)GpyR*=0 — PNzTGPoR ,
(2.34)

we find that the equilibrium radius and mass of a neutron star
in the standard model are given by

3Py

R=~\/——, M=(47/3)p,R>.
27Gp> (47/3)po

(2.35)

In Table II we give the numerical values for M and R cal-

culated from these expressions, and in Fig. 2 we show the
density and pressure profiles. These estimates agree satisfac-
torily with the results of the mass and radius calculations
obtained using relativistic neutron-star models and given in
Table III.

It has been repeatedly pointed out in the literature'? that
since the radius R of a neutron star is comparable to its
gravitational radius Rg=2GM/c?~3 km, reliable results
can be obtained only taking into account effects from the
general theory of relativity. Nevertheless, the above esti-
mates convincingly show that the standard model based on
Newtonian gravity and using the equation of purely neutron
matter as the equation of state of nuclear matter leads to
values of the integrated equilibrium parameters (the mass,
radius, and moment of inertia) in good agreement with the
predictions of realistic models of neutron stars.?!> This sug-
gests that the use of the nonrelativistic gravitational equation
will not result in serious errors even in calculating the peri-
ods of nonradial gravitational-elastic modes.

2.3. Nonradial gravitational-elastic vibrations of a
neutron star

In an incompressible elastic medium, nonradial long-
wavelength vibrations (quasistatic elastic waves) are the only

TABLE IL. Periods P, (in msec) of nonradial gravitational spheroidal (s-mode) and torsional (s-mode) elastodynamical vibrations for realistic (inhomoge-
neous) models of neutron stars constructed on the basis of the Tolman—Oppenheimer—Volkoff equation of hydrostatic equilibrium, and three versions of the

nuclear-matter equation of state with the parameters given in Table 1.

Inhomogeneous model

Gravitational s-mode

Gravitational z-mode

ES MI/Mg R [km] P, [msec] P [msec] P4 [msec] P, [msec] P [msec] P, [msec]
HV 1.0 14.38 0.41 0.30 0.25 0.60 0.44 0.36
HV 12 14.23 0.37 0.27 0.22 0.54 0.39 0.33
HV 1.9 11.28 0.14 0.11 0.09 0.21 0.15 0.13
G0 1.2 11.95 0.26 0.19 0.17 0.39 0.29 0.24
Gl 13 11.59 0.23 0.17 0.15 0.35 0.26 0.22
G 1.4 11.03 0.20 0.15 0.13 0.30 0.22 0.18
uvil 2.1 9.20 0.09 0.07 0.06 0.14 0.10 0.08
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TABLE III. Periods P, (in msec) of nonradial gravitational-elastic spheroidal (s-mode) and torsional (t-mode) pulsations, calculated using the standard
homogeneous model of a neutron star (a self-gravitating spherical mass of degenerate neutron matter).

Homogeneous model Spheroidal mode

Torsional mode

M/Mq R [km] P, [msec] P3 [msec] P4 [msec] P, [msec] P3 [msec] P4 [msec]
0.89 12.34 0.14 0.11 0.08 0.20 0.14 0.12
0.95 12.10 0.13 0.10 0.08 0.19 0.13 0.11
1.00 11.89 0.13 0.09 0.07 0.18 0.13 0.10
1.04 11.70 0.12 0.09 0.07 0.17 0.12 0.10
1.09 11.54 0.12 0.08 0.07 0.16 0.12 0.09
1.14 11.38 0.11 0.08 0.06 0.16 0.11 0.09
1.18 11.24 0.10 0.08 0.06 0.15 0.11 0.09
1.22 11.12 0.10 0.07 0.06 0.15 0.10 0.08
1.26 11.00 0.10 0.07 0.06 0.14 0.10 0.08
1.30 10.89 0.09 0.07 0.06 0.14 0.09 0.08
1.34 10.78 0.09 0.07 0.05 0.13 0.09 0.08
1.37 10.69 0.09 0.06 0.05 0.13 0.09 0.07
1.41 10.59 0.09 0.06 0.05 0.13 0.09 0.07
1.44 10.51 0.09 0.06 0.05 0.12 0.09 0.07
1.48 10.43 0.09 0.06 0.05 0.12 0.09 0.07
possible type of dynamical activity. The fundamental fre- OP;(r,t)
quencies of nonradial vibrations can be calculated analyti-
cally, using the energy variational principle.3* Assuming that ={ Py(r) ‘95 (r) ‘951( ) g-(r) 200 0( r) 1)
. . . . a;(t).
mass flow is absent in the equilibrium state and using the 0L, ox; ox; %\ & Xk L
standard linearization procedure, 42)

p—po+8p(=0), V=V (=0)+6V,,
P;;—6;jPot+ 0P;;, U—Uy+6U,

Egs. (2.1)-(2.4) can be transformed to

98V, 536}
0x,- B )
48V, 3Py 90U _ 237
P " Tox;  Poax, :
28V,

dSP; p (a&v,-
0

+o.| sv,2E0) —¢o (2.38)
at ax W\ "Tkox, |

j ‘ ﬁx,-
ASU=0. (2.39)

Then, performing scalar multiplication of Eq. (2.37) by 8V;
and integrating over the stellar volume, we obtain the
energy-balance equation:

d 1 5 v,
= 2 pooVdr— f&P,ja_dT— ?[poaUJV

which controls the energy conservation in the vibration pro-
cess. We can write the velocity fluctuations of the perturbed
flow 6V, and the self-gravitational potential U as

OVi(r,t)=—¢Er(r)ay(r), OU(r,t)= @ (r)ay(t),
(2.41)

where L is the multipole order of the vibrations. The normal
coordinate «; (¢) determines the time dependence of the fluc-
tuating variables. The instantaneous elastic displacement
field is denoted by &(r). Substituting (2.41) into (2.38), we
find that the stress fluctuations are given by the tensor

The linear part of the elastic stress tensor 5P;; (the dynami-
cal characteristic of the elasticity of the material) along with
the elastic-deformation tensor U;; (the kinematical character-
istic of elastodynamical displacements),

ok Okf
—_— + .

(SP,]"’ZP(Y)UU, Ui 6‘x Bx,

a.(t),

indicate that the distribution of elastic distortions in a nuclear
medium obeys Hooke’s law.®> Owing to the separation of the
spatial and time dependences of the fluctuating variables, the
substitution of (2.41) and (2.42) into the energy-balance
equation (2.40) transforms it to

dH Mpai Kpa?

W=0, H= ) + > (2.44)

where the inertial parameter M, and the stiffness parameter
K, are defined as

1 aEL  9£k\?
_ L gL __ 2ty 2
ML_ fvpogi gi dT’ KL_2 .fVPO( axj + axi) dr.
(2.45)

In deriving the equation for the stiffness C; we neglected
surface effects. This approximation can be treated as the
elastodynamical analog of the Cowling hydrodynamical
approximation.’® The Cowling approximation can be ex-
pressed constructively as

[ dP,

Po®—&>— % —0, (2.46)

which will be used below as the boundary condition for find-
ing the arbitrary integration constants in the calculation of
the elastic-displacement field.
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FIG. 5. Schematic depiction of torsional quadrupole (L=2) and octupole (L=3) nonradial gravitational-elastic vibrations of a neutron star.

It follows from the expressions for the inertia M, and
stiffness K; that the instantaneous displacement field &(r) is
the only quantity to be determined which is needed for cal-
culating the frequencies of intrinsic gravitational-elastic non-
radial vibrations. It was shown in Ref. 83 that the instanta-
neous displacement field arising in nonradial vibrations of a
spherical mass of elastic matter is found as solutions of the
vector Laplace equation:

A&r)=0, div&r)=0. (2.47)
According to the Lamb treatment® of the eigenmodes of an
ideally elastic sphere, they can be classified as spheroidal
modes described by the poloidal solution of (2.47):

Ny L L
&r)= L+1curl curl rroP;(u)=N,gradrP(u),

Mm=cos 6, (2.48)
and torsional modes corresponding to toroidal solutions of
the form

&r)=N,curlrrtP, (). (2.49)
Here P;(u) denotes the Legendre polynomial of multipole
order L. The most important feature of this variational
method is that the frequencies w?=K; /M, of the two
branches of spheroidal (s-mode) and torsional (f-mode) vi-
brations can be calculated in a unified way as the eigen-
modes of the oscillator Hamiltonian (2.44). We note that in
the Cowling approximation the specific form of the arbitrary
constants N, and N, is not fundamental, since they enter into
both M; and K; quadratically.

2.4. The periods of spheroidal gravitational-elastic
nonradial vibrations: the s mode

In spheroidal multipole vibrations, an arbitrary spherical
surface inside the stellar volume takes the shapes of har-
monic spheroids, given in the coordinate frame with fixed
polar axis by the equation

r'(t)=r[1+ a.(t)P(cos 6)]. (2.50)
Here r is the radius of the unperturbed spherical surface.
Figure 5 illustrates the spheroidal quadrupole and octupole
vibrations of the star shape. To determine the arbitrary con-
stant N, in the expression for the poloidal instantaneous dis-
placement field (2.48), we impose the following (dynamical)
boundary condition:

L 9P

L— ==
ppt— € e 0, (2.51)

r=R0

in which the only unknown quantity is the function oL de-
termining the surface fluctuations of the gravitational poten-
tial (2.41). The variation 8U satisfying the Laplace equation
is determined by the following solutions of the latter:
5Uin:BLrLPL(COS 0)aL, r$R,

(2.52)

SU*=Cr E*DP,(cos @), r>R. (2.53)
The arbitrary constants B; and C are fixed by the standard

boundary conditions:

Ug'(r')+8U™(r' )= UgH(r') + 8U(r" )y =g' r=p)
(2.54)
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JUG(r') 9sU™(r') UG (r') 98U (r")|
ar’ or' e’ or Ir,=R, (=R)
(2.55)
Substituting (2.52) and (2.53) into (2.54) and (2.55), and
keeping terms through first order in a; , we obtain

47 Gpg

in_ __ L
SU RI2 —(2L+ ) rP;(cos 6)a;p , (2.56)
and
A7GpoRE*3
SU* = — —po—r_(LH)PL(cos Oa;,. (2.57)

(2L+1)

As a result, we find that ¢* on the stellar surface is given by
the expression

417G pyR?
L ...~ PV

Substituting (2.58), (2.48), and (2.32) into (2.51), we find

3
No= LR

(2.58)

(2.59)

The components of the poloidal field in spherical coordinates
have the form

£=N,r"" 1P (u),

212, L1 dP(p)

€6=—N,(1—pu dn £4=0. (2.60)

Substituting (2.60) into (2.45) and integrating over the com-
plete solid angle, we obtain the following expressions for the
inertia and stiffness:

Ry
ML=4’7TLN12,] po(r)ritdr,
0

R
/CL=8771\I,2,L(L—1)(2L—1)f0 "Po(r)r2t=2dr. (2.61)

These will prove extremely useful for what follows. The de-
tails of how to calculate these integrals are given in Appen-
dix A. The final expression for calculating the frequency of
the gravitational-elastic s mode has the form

2(2L—1)(L—1)[§°Po(r)r* " 2ar

w =
’ Jopo(r)rtdr

172

(2.62)

It is easily seen that the monopole (L=0) and dipole
(L=1) modes in the homogeneous model are excluded. The
excitation of monopole (purely radial) vibrations is impos-
sible, owing to the incompressibility of the stellar nuclear
medium. Perturbation of the dipole velocity field of elastic
displacements can lead only to motion of the star center of
mass without any change of the internal state, since the stiff-
ness coefficient vanishes for L=1.%

The standard homogeneous model leads to the expres-
sions

27TMR?
L"LeL+1)*

Bastrukov et al.

L-1 (L—1)(2L-1)

Ke=3CEnr oo~ PEe [orry - @69

where

3
Ec=(3/5GM*R, Ey=&V, 5N=T(—)pva (2.66)

are respectively the total gravitational and internal energy
(M is the mass and V is the volume of the star). The expres-
sion for the stiffness in (2.65) explicitly reflects the construc-
tive contribution of the elastic-deformation energy (propor-
tional to Ey) and the destructive contribution of the
gravitational compression energy (proportional to E) to the
stiffness of gravitational-elastic vibrations. Clearly, this com-
bination can lead to an instability which provokes stellar
shaking. Nonradial vibrations remain stable until the domi-
nant contribution to the deformation energy of the star comes
from the elastic-distortion energy of the Fermi sphere of the
neutron matter, which counteracts the intrinsic gravitational
energy. The final expression for the s-mode frequency can be
written as

2 2 5(2L—1)
w;=ws(2L+1)(L-1) l—rm 5
3E E
2_ N -G
w0—4MR2, Ey’ (2.67)

The parameter I' is a measure of the vibrational stability of
the neutron star. The star becomes unstable with respect to
spheroidal gravitational-elastic deformations when K,_,
=0. This can occur only when the ratio of the gravitational
and internal energies reaches the critical value I' ,=4/3. As a
result, we arrive at the following stability condition for the
spheroidal vibrations of a neutron star:

4
0 (L=2)>0 — I'sz. (2.68)

This condition is satisfied for all the neutron-star models
listed in Table II.

The eigenfrequencies of spheroidal modes in the stan-
dard model (where Py=pov2/5) can be written in a different
form [equivalent to (2.67)]:

2_ 22 2

w; =wF§(2L+ I(L-1)—wg(2L—1)(L—1)
5(2L-1)
2(2L+1)

,2
=wiz QL+1)(L-D[1-8

2

wg

’

(2.69)

This representation emphasizes the characteristic difference
between the frequency of quantum elastic oscillations
w7=v}/R* and the gravitational frequency w%=47Gp,/3,
which is that wr depends on the stellar radius and density,
while wg depends only on the stellar density. In this repre-
sentation B is the parameter of vibrational stability of
gravitational-elastic vibrations. We note that the first term in
(2.69) exactly coincides with the expression for the fre-
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quency (related to the energy E =7 w) of nuclear giant elec-
tric resonances of multipole order L=2 obtained in the elas-
todynamical collective nuclear model 4% As already
noted, in this model electric giant resonances are treated as a
manifestation of the spheroidal nonradial vibrations of a
macroscopic nuclear particle, in which the restoring force of
the elastic deformations (which exactly coincides with the
Hooke force of linear elasticity theory) is due to the reaction
of the nucleus to anisotropic distortions of the Fermi sphere.
The similarity between a neutron star and a giant nucleus
with mass number A ~ 10°’ is missed in this observation, but,
strictly speaking, the analogy is not completely justified.

Let us conclude this section by making one important
comment concerning the potential possibilities of this varia-
tional method. In the basic expression for the frequency of
spheroidal gravitational-elastic nonradial vibrations (2.62),
the density and pressure profiles po(r) and Py(r) are present
as input parameters of the equilibrium configuration. With
this in mind, the constraint related to the use of the Newton-
ian approximation and also the assumption that the mass
distribution is homogeneous can be weakened. In order to
obtain reliable estimates of the s-mode frequencies, these
local equilibrium characteristics can be taken from realistic
models of neutron stars. The results of calculating the peri-
ods of spheroidal modes for several realistic models of neu-
tron stars are given in Table II. Comparison of these calcu-
lations with the predictions of the standard model (see Table
IIT) shows that the estimates of the latter determine the lower
limit on the periods of spheroidal vibrations.

2.5. The periods of torsional gravitational-elastic
nonradial vibrations: the t mode

The property of dynamical elasticity of a neutron Fermi
continuum indicates that a neutron star can undergo
transverse-shear, torsional vibrations. The geometrical pic-
ture of torsional vibrations is given by the following repre-
sentation of the toroidal velocity field of the elastic displace-
ments:

8V=N,curl rrlP;(cos 0) &, (1) =[Q(r,t)Xr], (2.70)

where
Q(r,t)=N, grad r' P, (cos 0) &, (1),

is the angular velocity field of differentially rotational vibra-
tions. The normal coordinate a;(¢) in this case is interpreted
as the infinitesimal angle of twist of the elastic displacement
field about the polar axis. In spherical coordinates the com-
ponents of the toroidal elastic displacement field have the
form

dPr(u)
£,=0, £,=0, §¢= —N,rL(l _M2)1/2 o

2.71)

The boundary condition fixing the arbitrary constant N, has
the form
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oV(r,1)|,-g=[QoXr] with Qy=d;(t)grad P (1)

1

—N 3 F . (272)
Let us discuss in more detail the case of quadrupole torsional
vibrations. The components of the velocity field of these mo-
tions are given by 6V,=—Q,y, 6V,=Qx, and 6V,=0.
Formally, this field has the same form as the velocity field of
rigid-body rotation. However, in quadrupole torsion the an-
gular velocity €2 is not a constant vector, but a vector field
with components {2, =0, {},=0, and {},= az. The Cartesian
components of the toroidal field of quadrupole torsion have
the form §,=—yz, §,=xz, and §,=0. The vibrational mo-
tions corresponding to such shifts are axially symmetric, an-
tiphase oscillations of the north and south hemispheres of the
star about the z axis. A schematic picture of the elastic dis-
placements in differential-rotational quadrupole and octupole
nonradial vibrations of a neutron star is given in Fig. 5.

Substituting (2.71) into (2.45) and integrating over the
total solid angle, we find

,L(L+1) (R

= e 2L+2
My 41TN,(2L+1) . pol(r)r dr,

Ry
Ky =4mwN*L(L*—1) jo Po(r)r?tdr. 2.73)

We again stress that this representation can be used to cal-
culate the r-mode frequency

(2.74)

w,=

(2L+1)(L—1) ngPo(r)rZLdr} 2

T o%po(r)r?t*2dr

on the basis of the density and pressure profiles taken from
realistic models of neutron stars.®

Calculations of the mass and the stiffness parameters in
the standard model of a neutron star give

M -—3MR2L(L—+1)

L= °2L+1)(2L+3)’
K,=2E L ) 5. LL—1) 2.77
LTEEN(L+1) 279 (2L+3) )

For L=1 the mass parameter coincides with the moment of
inertia of an absolutely rigid sphere, Jo= %MR%. It clearly
follows from the expression for the stiffness that a dipole
torsional excitation is not an eigenmode of the torsional vi-
brations of a neutron star (since in this case the stiffness
coefficient vanishes), but corresponds to rigid-body rotation.
We therefore conclude that the multipole order of the lowest
stable torsional mode is L=2. In the standard model the
t-mode frequency of global gravitational-elastic nonradial vi-
brations of a neutron star is given by

5(2L+1)
4(2L+3)
where w, and 7 were defined above [see Eq. (2.67) of the

preceding subsection]. A neutron star remains stable with
respect to a quadrupole torsional deformation if and only if

; (2.78)

1
w,2=5w(2,(2L+3)(L— 1)[1—r
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0 (L=2)=0 or T<1.15. (2.79)

Let us give another equivalent representation of Eq. (2.78):

2 21 2
] = Wiz (2L+3)(L—1) —wg(2L+1)(L-1)

5(2L+1)

=B3arrs @80

51
=0j=(2L+3)(L~1)

where the Fermi frequency wg, the gravitational frequency
wg, and the vibrational stability parameter 8 were defined
above. The first term in (2.80) exactly coincides with the
expression for the frequency of nuclear magnetic giant reso-
nances, which in nuclear elastodynamics®® are described in
terms of quasistatic torsional waves excited in the volume of
the nucleus modeled as a macroscopic particle of nuclear
matter. This analogy again displays the resemblance between
a neutron star and its microscopic twin—an atomic nucleus.
We again stress that torsional (differential-rotational) vibra-
tions of a neutron star are exclusively due to the dynamical
elasticity of the degenerate Fermi continuum. Such modes do
not arise in the gaseous medium of a main-sequence star
governed by the equations of hydrodynamics.

In Tables II and III we present numerical values of the
periods of global nonradial torsional pulsations of a neutron
star for the three lowest multipole orders, calculated in both
the standard and realistic inhomogeneous models. We see
from comparison of the numerical values given in these
tables that the estimates of the standard model determine the
lower bound on the periods of torsional gravitational-elastic
vibrations. Comparison of the numerical values of the peri-
ods of the lowest torsional modes with the periods of sphe-
roidal modes shows that torsional nonradial vibrations are
slow compared with spheroidal ones. The measured period
of the Crab pulsar is P=233.3 msec, that of the Vela pulsar is
P=89.3msec, and that of the Heming pulsar is P
=273.1 msec. The periods of all the pulsars presently known
lie in the range P~ 1.6 msec—4.3 sec, whereas our estimates
of the periods of gravitational-elastic nonradial modes give
P~0.01-0.1sec. It follows from this comparison that non-
radial gravitational vibrations, like the radial vibrations stud-
ied earlier, are unrelated to the pulsating radio emission of
neutron stars. However, these vibrations may be related to
the fine structure of the spectra of complex or C-pulsars.” A
characteristic feature of the latter is the fact that the average
pulse profile of these pulsars reveals substructures whose na-
ture remains a mystery. In particular, along with a clearly
distinguishable pulse localized approximately between the
peaks of the main pulses, there are clear structures called
subpulses with a periodicity of order 10™* sec.”!* The cal-
culated results given in Tables II and III show that the peri-
ods of nonradial oscillations are of the same order. There-
fore, as first pointed out in Ref. 111, the variations in the
intensity of radio emission recorded over the time interval of
the micropulses can be attributed to residual gravitational
vibrations of neutron stars.
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3. NONRADIAL VIBRATIONS IN THE
HYDRODYNAMICAL MODEL: THE KELVIN f MODE

In order to trace the differences between the elastody-
namical and hydrodynamical treatments of the motions of
the nuclear matter of neutron stars, let us derive the spectrum
of eigenvibrations of a spherical, homogeneous mass of in-
compressible, inviscid fluid, using the variational method
presented above. The motions of an inviscid fluid in its in-
trinsic gravitational field are described by the equations

E-@-pa—o, (31)

dv, 9P, U
foe—tpe—=M0, Pu=Pdy,
6x,~

L . (3-2)

AU=47Gp. (3.3)

The main feature distinguishing the hydrodynamical descrip-
tion from the elastodynamical one is that the distribution of
internal stresses in a fluid is isotropic, and so it is described
by a scalar pressure function P rather than by a tensor, as in
the case of an elastic continuum (i.e., in a fluid always
P;;=PJ;;). A characteristic feature of the dynamical behav-
ior of a fluid is the conservation of this property as perturba-
tions propagate. In other words, external perturbations do not
spoil the isotropy of the equilibrium internal stresses. There-
fore, the hydrodynamical equations are linearized by the re-
placement P;;—(P+ 6P)6;;, and for small perturbations the
fluid motions obey linear equations of the form

Vi 3.4
pal (3.4)

oV, 4 dopP 4 doU g 4
Po 9t x; Po ox; =4y, (3.5)
A6U=0. (3.6)

Following the variational principle described above, we
perform scalar multiplication of the linearized Euler equation
(3.5) by 8V, and integrate the result over the stellar volume:

3 sv?
at Jy 2 s

Then, using the Rayleigh factorization procedure, we obtain
the standard equation for normal vibrations:

Mpai+K ai=0, (3.8)

where the mass parameter M; and the stiffness parameter
K are given by

M= f poki&rdr, Ky = jg(pL+po¢L)§,~Ldo.--
v S
(3.9)

The velocity fluctuations 8V; of the excited flow and the
self-gravitational potential 6U are calculated using the
scheme described in the preceding section. However, in the
hydrodynamical model under consideration the displacement
field is specified by the potential function &= grad, ¢*. This
representation is a consequence of the fact that undamped
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TABLE IV. Frequencies of quadrupole w,, octupole w;, and hexadecapole w, nonradial spheroidal gravitational modes in the homogeneous model of a
neutron star. The masses M (in units of the solar mass M) and radii R were calculated using the expressions of the standard homogeneous model with the
equation of state for purely neutron matter of average density po, written in fractions of the normal nuclear density py .

Model parameters Nuclear elastodynamics Classical hydrodynamics

polpy MIMg  R[km] w, [10% sec™!] w3 [10% sec™!] w, [10* sec™!] w, [10* sec™!] w3 [10* sec™!] @, [10* sec™!]
1.0 1.00 11.90 1.48 2.11 2.60 0.79 1.16 1.44
1.2 1.09 11.54 1.62 2.32 2.85 0.87 1.27 1.58
1.4 1.18 11.25 1.75 2.50 3.08 0.94 1.37 1.71
1.6 1.26 11.00 1.87 2.68 3.29 1.00 147 1.83
18 1.34 10.79 1.99 2.84 3.49 1.06 1.55 1.94
2.0 1.41 10.60 2.09 2.99 3.68 1.12 1.64 2.04
22 1.48 1043 2.20 3.14 3.86 1.17 1.72 2.14
24 1.54 10.28 2.29 3.28 4.03 1.23 1.79 224
2.6 1.60 10.15 2.39 3.41 4.20 1.28 1.87 2.33
2.8 1.67 10.02 2.48 3.54 4.36 1.32 1.94 242
3.0 1.72 991 2.56 3.66 4.51 1.37 2.01 2.50

oscillations in a fluid propagate essentially as longitudinal
sound waves. Substituting this field into the incompressibil-
ity equation, we obtain

Ayt=0, yL=NrtP (u). (3.10)

The constant N; is fixed by the well known Neumann
boundary condition:

1
OVAr)=¥Fly—ri =y — N=m:2‘. (3.11)

The final expression for the displacement field in spheroidal
hydrodynamical vibrations takes the form

gl= VriP (). (3.12)

L RL_2
The only unknown variable is the pressure variation SP.
Acting with the divergence operator on (3.5) and using (3.4)
and (3.6), we find that 5P obeys the Laplace equation, which
is supplemented by the condition that stresses be absent on
the vibrating surface:

ASP=0, Po(r')+6P(r'), =g (r=r)=0. (3.13)
The solution of (3.13) has the form
L L 4m 2L
sP=p(an(r), pH)= T Gey P (14)
For the inertia and stiffness we find®?
5 _
_ 4arpoR =2772Gp2 5 (L—-1)
L“r@aL+1y” "t 3 0% (2L+1)?*"
(3.15)

As a result, we obtain the well known Kelvin formula (Refs.
62, 84, 86, and 89):

, 2L(L—1)

2 _ 3
¢ ar+1 ° Y GM/R",

(0f)=w (3.16)
characterizing the eigenfrequencies of the f mode of the non-
radial, gravitational vibrations of a star modeled as a spheri-
cal, homogeneous, self-gravitating mass of incompressible,

inviscid fluid. The physical content of our expression (2.64)

for the spheroidal eigenmodes of a self-gravitating elastic
sphere is in many respects analogous to the Kelvin formula
(3.16). In particular, the lowest-order vibration in both mod-
els has multipole order L=2. We stress that the ratio of the
s-mode frequencies of the nonradial vibrations of a self-
gravitating elastic sphere (2.64) and the Kelvin f-mode fre-
quencies (3.16) of the nonradial vibrations of a spherical
mass of incompressible, inviscid fluid satisfies the inequality

0} (2L+1)

(0?2 L

>1 for L=2, (3.17)
from which it follows that w,—v2w5 for L—. Therefore,
for identical L and p, the frequencies of the spheroidal, non-
radial vibrations of a self-gravitating elastic sphere are al-
ways higher than those of the nonradial gravitational vibra-
tions of a spherical fluid mass. For comparison, in Table IV
we give the numerical values of the frequencies obtained in
nuclear elastodynamics (2.67) and in classical hydrodynam-
ics (3.16). We see that the two approaches give the same
growth of the frequency with increasing multipole order of
the vibrations (the periods vary approximately as Py~ 1/L):
the more massive the star, the higher the frequencies of the
gravitational vibrations (and, accordingly, the shorter the pe-
riods).

3.1. Tidal vibrations

Modermn evolution calculations based on realistic equa-
tions of state clearly indicate the stratified nature of the had-
ronic matter distribution in the cores of neutron stars. The
density of the inner region is about three orders of magnitude
larger than that of the periphery. Therefore, perturbations
induced, for example, by residual matter fluctuations after a
supernova explosion will most likely be preserved only in
the peripherai layer of the star. Accordingly, the question
arises of how much the vibrational frequencies of the surface
layer differ from the frequencies of nonradial vibrations of
the entire volume of the neutron star. Such a model may
prove useful for the further study of tidal vibrations in a
neutron star which forms part of a binary system, where tides
are induced by the orbital motion of the massive companion.
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Below we present calculations of the eigenmodes of the
spheroidal vibrations of the surface layer, using the hydrody-
namical theory.

The equilibrium parameters of the model. In the
dynamical-layer model, the stratified structure of a neutron
star is treated in a simplified manner as a rigid, inert core of
density p. surrounded by a dynamical layer of density
p<p.. The radii of the core and of the entire star will be
denoted by R, and R, respectively, and AR=R—R, is the
depth of the outer shell.

In the nonrelativistic model, the distribution of Newton-
ian gravity in the star is given by

AU,=47Gp,, r<R,, (3.18)
AU=47wGp, R.<r<Rr, (3.19)
AU,=0, r>R. (3.20)
Using the standard boundary conditions
Ui=Ul,=g, U=Uj|,, (3.21)
I 7
dr dr =g, dr dr R
we find
U= 2—7TGp( r’—3R*+ ——3) - 4—7TGpC£2. (3.23)
3 r 3 r

It is easily checked that in the limit R,—0 (along with
p.—0) this model reproduces the potential of the homoge-
neous model. The locally equilibrium pressure P in the pe-
ripheral layer can be calculated from the equation of hydro-
static equilibrium with the boundary condition of zero stress
at the surface:

VP=—pVU, P(R)=0, (3.24)

where U= U, is the potential inside the external layer of the
star. The solution of (3.24) has the form

3

2w 2im2 oy, 4™ _RC R—r
P(r)=3-Gp*(R*=r")+ =G4 p(p.~p)

pa
(3.25)

We again note that for R.=0 we obtain the pressure in the
homogeneous model.

The periods of tidal vibrations. To find the eigenmodes
of the normal vibrations, we write the fluctuating variables in
separable form:

OVi(r,1)= & (r) (1),
8U(r,t) = (r)ay ().

The instantaneous displacement field & (r) obeys the equa-
tion
div &, =0, (3.27)

the solution of which we shall seek in the form of a poloidal
vector field:

OP(r,1)=p"(r)a (1),
(3.26)

x =[ALr"+ALr L1 P ().
(3.28)

& =curl curl ry,,
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To find the constants entering into the expressions for the
flow velocity in nonradial vibrations of the surface layer, we

use the condition that the core is impenetrable:
V,l,-x,=0. R.=0, (3.29)

which also reflects its inertia. At the stellar surface we im-
pose the standard Neumann boundary condition:

5Vr|r=R=R(t):RdL(t)PL(F'),
R(D)=R(1+ay(1)Pr(p)). (3.30)

From (3.29) and (3.30) we find the explicit form of the con-
stants A} and A:

A A
1__ L 2_ L 2L+1
AT+ AT TR
RL+3

Afmm- (3.31)

The spherical components of the instantaneous displacement
field & are written as

P+ p2L+1

§=Ar——177 —Pu(w), (8.32)
Ay (L+ 1)Lt LR+
56’_—L(L+1) rL+2
dP;(p)
X — ,,2\172 .

(1=p%) " (3.33)

£5=0. (3.34)

In the case under study, the variation of the potential ¢* at
the stellar surface is given by the general solution of the
Laplace equation:

L+3
Pc—P Rc
¢L=—2L+1pGR2[1+T(—) P(w).

R
(3.35)
For the fluctuating surface pressure we have®
4 p.—p(R.\3
L__"" 2~p2 ¢ =
p 3 P GR*| 1+ p (R) Pr(u). (3.36)

The inertia and stiffness parameters of small vibrations of the
shell of the neutron star are given by

u 47mwpRS 2L+1  R**! ] (537)
LUL@L+1) L+1 RMFI_RAFTP |
167G

2pS

2(L-1 —p[R\3
K= . ( )+p p(R.
3(2L+1) 2L+1 p \R

< 1-zea(w] )}

Let us give numerical estimates of the eigenfrequencies of
vibrations of the outer shell for a typical neutron star of
radius R~10km. We assume that the depth of the surface
core participating in the vibrations is AR~0.5km, the mat-
ter density of the inner core is p,~2X 10" g-cm ™3, and that

(3.38)
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of the outer layer is p~4.3X 10! g-cm™3. From (3.37) and
(3.38) we obtain an estimate of the periods (in seconds) of
the tidal vibrations:

P;=79X1073, P,=19x1073,

P3=11x107%, P,=0.9x1073. (3.39)

A noteworthy feature of the inhomogeneous two-component
model (with the condition that the massive core remain un-
perturbed) is the conclusion that the lowest mode is a dipole
mode. It should be noted that the absolute values of the fre-
quencies of nonradial vibrations of the peripheral layer are
lower than those of the frequencies in the homogeneous stel-
lar model. The closeness of the periods of the tidal vibrations
to those of pulsar electromagnetic radiation shows that tidal
gravitational fluctuations of the matter in the peripheral layer
of the neutron star can affect the star’s electromagnetic ac-
tivity.

The analytic results that we have obtained suggest sev-
eral conclusions.

(i) The limiting case R.—0 corresponds to vibrations of
the full mass of the star:

R B oaens E1) 3.40
Sireny KTy TR Gy 340
and we again arrive at the Kelvin spectrum:
2L(L—1) 47
Ky2_ 2 2 e
(0p) =wg 2Li1 0 “96T3 Gp. (3.41)

(i) In the limit of small depth AR=R—R_.<R_, we have

" 22L(L2—1)A_R

wL=wGW R (342)
(iii) When p.=p,
, . 2L(L—1) 2L+1  R**! —1
W= g 2L+1 L+1 R2L+1_R3L+1
(3.43)

It follows from (3.43) that for homogeneous stellar den-
sity the vibrational frequencies of the peripheral layer of fi-
nite depth are lower than those of the entire mass. This com-
parison of the homogeneous and inhomogeneous models of a
neutron star show that a characteristic dynamical manifesta-
tion of the inhomogeneity in the radial distribution of the
mass is the presence of the dipole f mode in the spectrum of
stellar gravitational vibrations. This mode appears only ow-
ing to the nonhomogeneousity of the density profile and is
the lowest stable mode. As shown in Ref. 66, this conclusion
is independent of the specific type of inhomogeneity of the
density profile. We can therefore conclude that the presence
of the dipole mode is the main feature distinguishing the
inhomogeneous two-component model from the homoge-
neous Kelvin model, in which the lowest stable mode is the
quadrupole mode.

In summarizing this comparison of the hydrodynamical
and elastodynamical approaches, we note the following. The
frequencies predicted by the elastodynamical model are
about 1.5-2 times higher than those obtained in the hydro-
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dynamical approach. This difference has an exclusively dy-
namical origin and is due to the fact that the restoring force
of the vibrations of a spherical fluid mass in its intrinsic
gravitational field is determined only by the surface fluctua-
tions of the gravitational field and the gravitational pressure,
whereas in the elastodynamical model the stability of the
equilibrium shape of the neutron star and the restoring force
of the vibrations are determined by the balance of the elastic
deformation forces in the degenerate Fermi continuum and
the intrinsic gravitational forces. This adequately reflects the
firmly established fact that the stability of a neutron star with
respect to small-amplitude deformations (like the absolute
stability of the equilibrium configuration) is determined by
the competition between the destructive pressure of the
gravitational compression of the star and the constructive
pressure of the degenerate nuclear matter preventing the star
from collapsing. This is one of the reasons why the elasto-
dynamical model of continuum mechanics is more justified
and suitable for describing the eigenmotions of self-
gravitating nuclear matter than is the hydrodynamical model.
However, the above hydrodynamical estimates may prove
useful for analyzing the seismology of compact objects.

In conclusion, we make a final observation directly re-
lated to the elastodynamical treatment of the motion of mat-
ter in neutron stars. The two-component model of a neutron
star (a stiff peripheral shell undergoing elastic vibrations
relative to the denser core) allows a disturbance in the radio
emission of a pulsar to be viewed as stellar shaking caused
when the companion passes through the periastron of the
binary system. In this situation a tidal perturbation of the
peripheral shell of the neutron star due to the approach of the
companion should, most likely, lead to rapidly damped, non-
radial, torsional vibrations of the outer core relative to the
inner core. It is not impossible that repeated disturbances of
the pulsating radio emission of neutron stars is a direct indi-
cation that these pulsars are components of binary systems.

4. MAGNETO-PLASMA VIBRATIONS OF NEUTRON
STARS

Before the discovery of pulsars, Ginzburg® and
Woltjer® showed that the strong magnetization of a neutron
star can be understood physically by assuming that the col-
lapse of weakly magnetized, massive, main-sequence stars
(with B~ 1-10? G) with dimensions of the order of the solar
size (R~ 10°-10°km) occurs with conservation of the mag-
netic flux. In this case, if the magnetic lines of force in the
stellar matter are completely frozen, the catastrophic de-
crease of the size to tens of kilometers must be accompanied
by an increase of the magnetic field strength to 10''-10*G
(Ref. 67). Making this hypothesis actually implies that the
nuclear matter of the formed neutron star must remain ion-
ized (albeit partially), i.e., it must possess the properties of a
magnetized compensated plasma. One of the characteristic
signs of the latter is its ability to support undamped magneto-
hydrodyanamical (MHD) Alfvén waves.®** This fact in
neutron-star physics was first pointed out by Hoyle, Narlikar,
and Wheeler.”! They showed that the magnetic energy stored
during the collapse stage must, after the neutron star is
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formed, be released via transformation of the energy of re-
sidual magneto-plasma oscillations inside the star into the
energy of electromagnetic radiation into the surrounding
space. The possibility of releasing magnetic energy via ra-
diation was also suggested by Pacini.”! However, as noted in
Ref. 92, this idea was subsequently undeservedly forgotten.
In this section we shall perform a variational calculation and
make numerical estimates of the periods of MHD modes, on
the basis of which it can be concluded that the hypothesis of
the magneto-plasma mechanism of electromagnetic activity
of neutron stars is consistent.

However, before discussing the physics of magneto-
plasma, nonradial vibrations in neutron stars, we should
make special mention of the observations made in Refs. 93
and 94. There it was argued that the neutron fraction of mat-
ter in a pulsar is located in the ferromagnetic phase. In par-
ticular, it was shown®? that the spontaneous orientation of the
neutron magnetic moments can form a stable magnetization
of a spherical mass of neutron matter with a value of the total
magnetic moment sufficient for explaining the phenomenon
of pulsating radiation as the magnetic-dipole radio emission
of a rotating neutron star in the lighthouse model (Refs. 7,
11, 12, and 95-97). In a recent study,” additional arguments
were presented in favor of a magnetically ordered state. The
main one is the self-consistent estimate of the average mag-
netic field strength and the neutron-star density. One of the
remarkable consequences of this hypothesis is the prediction
of electromagnetic activity of a neutron star due to spin vi-
brations. It was estimated®® that the periods of these vibra-
tions lie within the millisecond range on the pulsar time
scale.

It should be added that according to recent calculations
of the structure of a neutron star, only the peripheral layer
can be associated with the Ae phase, whereas the structural
content of the deeper regions is apparently neutron matter
possessing the properties of the B phase7) of superfluid *He.
The characteristic feature of superfluid rotation is that it can
be accompanied by the formation of quantum vortices.”®
This idea is supported by the conclusions of the quantum-
macroscopic theory of disturbances in the radio emission of
pulsars proposed in Ref. 99, according to which sharp spikes
in the frequency of radio emission can be attributed to the
loss of stable coupling of the Tkachenko vortex lattice
(formed by magnetized vortex filaments oriented along the
rotation axis) or, in other words, the breaking off of magne-
tized vortex filaments from the peripheral core.'®

4.1. Nonradial MHD vibrations of a neutron star in the
homogeneous model

In this section we shall study the motion of the ionized
matter of a neutron star due to the presence of a strong mag-
netic field in its core. This model is based on the assumption
that the Ae phase possesses the properties of a compensated,
magnetically active plasma. As is well known, the dynamics
of matter in the plasma aggregate state are controlled by the

equations of magneto-hydrodynamics:3*

dv 1 B?
—=—-VW+ Z;(BV)B, W=P+—

P ar 87’ ()
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divB=0, % =curl[ VXB], 4.2)
where p is the density, V is the velocity of the medium, B is
the magnetic field strength, and W is the magneto-hydrostatic
pressure (d/dt is the substantive derivative).

When the matter is incompressible, the linearized MHD
equations containing the solution corresponding to the propa-
gation of an ordinary magneto-hydrodynamical wave can be
written as

3oV, 9B, _ 13
ox;  Oxp “.3)
95V, By 358, _ »

at 4w ox, @)
20B, 98V, _ »
a Kox, 4.5)

where 8V, and 6B, are the components of the fluctuations of
the velocity and the magnetic field strength. In obtaining
Eqgs. (4.3)—(4.5) we used the trivial solution of the Laplace
equation A SW=20 for the pressure fluctuations: W =0. This
corresponds to the case where gravitational vibrations are not
excited, and magneto-plasma oscillations are the only degree
of activity of the plasma medium.

Chandrasekhar and Fermi showed'?! that the presence of
a homogeneous field in a star leads to the same effect as
rotation, i.e., it tends to squash the star at the poles. For a
homogeneous, self-gravitating spherical mass of radius R
and mass M with uniform field strength B inside the star, the
degree of flattening of the star is estimated as
€~E . /Ey, where EmgvazR3 is the magnetic energy and
Ey,~GM 2/R is the gravitational energy. For neutron stars
£~1073, and so we can neglect the asphericity due to the
presence of the magnetic field, and calculate the frequencies
of MHD vibrations for the spherical equilibrium configura-
uon.

We are interested in the eigenfrequency spectrum of
nonradial Alfvén vibrations.? These eigenfrequencies can be
calculated by using the energy variational principle as fol-
lows. Scalar multiplication of (4.4) by 6V, and integration
over the stellar volume (on the surface of the star it is as-
sumed that §B|,- x=0) leads to the energy-balance equation:

d [ pdV?

3 y 2 drm=0.

n d6B
dr— ype V(')‘V,-Bk (4.6)

z?xk

Small deviations of the flow velocity and of the magnetic
field strength are conveniently written as

5V,=§,(r)a(t), 5B,=h,(r)a(t). (47)
Substituting (4.7) into (4.5), we find
¢;
h;=B ka. 4.8)
Substitution of (4.7) into (4.6) gives
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where M| is the inertia and K is the stiffness of hydromag-
netic vibrations:”?

_ _H*
M;= JVPfifidT, KL_47T jvhihidT-

(4.10)
It follows from these expressions that only the displacement
field is needed to determine the frequency w?>=K, /M, . Be-
low, we shall consider the case where the magnetic field B,
uniform inside the star, is directed along the z axis:

B,=uB, By=—(1-p»)"B, B4=0, p=cosb.
(4.11)

We note that it is this field configuration inside the star that
was studied in Ref. 101.

The elastodynamical nature of MHD vibrations.
When studying the propagation of MHD waves in a magneti-
cally active plasma, it is common to use the mechanical anal-
ogy developed by Alfvén’® between a magneto-plasma (es-
sentially transverse) wave propagating along magnetic field
lines frozen in a perfectly conducting medium, and a trans-
verse elastic stress wave propagating along a string under
tension. This analogy emphasizes the fact that the presence
of a uniform magnetic field inside an infinitely conducting,
compensated plasma gives it the features of an elastic con-
tinuum in the sense that the propagation of a transverse wave
serves as the main dynamical sign of an elastic continuous
medium.3** Adhering to this analogy, we shall assume that
hydromagnetic vibrations in the spherical volume of a star
with constant magnetic field inside develop like the elasto-
dynamical vibrations of a spherical mass of an elastic con-
tinuum. In other words, we assume that the displacement
fields in a star undergoing MHD vibrations are described by
poloidal and toroidal displacement fields, just as in the case
of spheroidal and torsional gravitational vibrations.”

The poloidal MHD mode. Let us consider perturbations
associated with the excitation of the poloidal velocity field:

N,
ovV,=

i L .
PTI31 curl curl rrePp(um)a.(t)

=N, grad rEPy(w)a; (1), N, (4.12)

1
“IRF?

The spherical components of the instantaneous displacement
field have the form

L—1 L1 9P, (1)
gr'__FPL(/‘)’ §a=—m(1—#2)m—ﬂ_,
£4=0. 4.13)

The spatial dependence of the magnetic field fluctuations is
given by (see Appendix B)
L—2
h,=(L=1) Zr=x Pr1(1),
—Brt?

P (w)
h0=—TRL— (1= p*)P——

4.14)

Substituting (4.13) and (4.14) into (4.10), we find
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ML:_‘LW_M?__, KL=BZR32. (4.15)
L(2L+1) 2L—1

As a result, for the frequency of the poloidal MHD mode we
obtain

2L+1 1% B?
2_02 _ 2_ A
W =QLL-D) 57—, O

AR Tapre 419

where ), is the natural unit of frequency of Alfvén
magneto-plasma oscillations.

The toroidal MHD mode. The above-noted physical
analogy between the behavior of a magnetized plasma and an
elastic continuum suggests the possibility of exciting the to-
roidal hydromagnetic mode. We recall that the toroidal ve-
locity field of elastic displacements in a system with fixed
polar axis is written as

8V,=N,curl rriP (u)a; (t)=[Q(r,t)Xr], (4.17)
where
L . 1
Q(r,t)=N,grad r"P (). (1), N‘:RTI-’ (4.18)

is the angular-frequency field of local torsional vibrations.
The spherical components of the toroidal displacement field
are written as

r’ P (u)
£=0, &,=0, §¢=_F(1—M2)UZT,
(4.19)

and the corresponding fluctuations in the magnetic field in-
tensity are

h,=0, h,=0,

k1 P 1(u)

h¢=B(L+1)F(1—P-2)”2 o (4.20)

Calculations of the mass parameter and of the stiffness pa-
rameter of toroidal MHD vibrations give
L(L+1)

= 5
M =4moR L 3y

L(L—1)(L+1)?
(2L+1)(2L-1)"

As a result, the discrete frequency spectrum of toroidal MHD
vibrations can be written as

2L+3
w?=0%(L*- D=7

K;=B’R? 4.21)

(4.22)

where the Alfvén frequency ), was defined above.

The spectral equations (4.16) and (4.22) are the main
result of the theory. It follows from these expressions that the
eigenfrequencies of the hydromagnetic modes of a neutron
star are proportional to the magnetic field intensity inside the
star B and inversely proportional to its radius R. The periods
of MHD vibrations Py, (both poloidal and toroidal) fall off
monotonically with increasing multipole order L as
Pun—~1/L.
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TABLE V. Periods P; (in sec) of global nonradial poloidal and toroidal magneto-hydrodynamical (MHD) vibrations, calculated in the constant-field
approximation for a family of homogeneous neutron-star models with the parameters given in the first four columns of the table.

Model parameters

Poloidal MHD mode

Toroidal MHD mode

M/Mg R [km] plpy, B[102G] P, [sec] P [sec] P, [sec] P, [sec] P; [sec] P, [sec]
0.1 31.70 19.40 14.20 20.80 14.70 11.50
2.0 1.51 0.93 0.68 0.99 0.70 0.55
0.5 9.8 0.9 4.0 0.77 0.47 0.35 0.51 0.36 0.28
6.0 0.52 0.32 0.23 0.34 0.24 0.19
8.0 0.39 0.24 0.18 0.26 0.18 0.14
0.1 35.60 21.80 15.90 23.30 16.50 12.90
2.0 1.70 1.04 0.76 1.11 0.79 0.61
0.7 11.0 09 4.0 0.87 0.53 0.39 0.57 0.40 0.31
6.0 0.58 0.36 0.26 0.38 0.27 0.21
8.0 0.44 0.27 0.20 0.29 0.20 0.16
0.1 40.60 24.90 18.20 26.60 18.80 14.70
2.0 1.93 1.18 0.86 1.27 0.90 0.70
0.9 10.6 1.3 4.0 0.99 0.61 0.44 0.65 0.46 0.36
6.0 0.67 041 0.30 0.44 0.31 0.24
8.0 0.50 0.31 0.22 0.33 0.23 0.18
0.1 46.00 28.20 20.60 30.10 21.30 16.60
2.0 2.19 1.34 0.98 1.43 1.01 0.79
1.1 10.6 1.6 4.0 1.12 0.69 0.50 0.74 0.52 0.41
6.0 0.75 0.46 0.34 0.49 0.35 0.27
8.0 0.57 0.35 0.25 0.37 0.26 0.21
0.1 53.20 32.60 23.80 34.80 24.60 19.20
2.0 2.53 1.55 1.13 1.66 1.17 0.92
1.4 10.2 23 4.0 1.30 0.80 0.58 0.85 0.60 047
6.0 0.87 0.53 0.39 0.57 0.40 0.32
8.0 0.66 0.40 0.29 0.43 0.30 0.24

In Table V we give numerical estimates of the periods
P;=2m/w; of magneto-plasma poloidal and toroidal oscil-
lations of the lowest multipole order, calculated for a family
of homogeneous models of neutron stars with the simplest
configuration of constant magnetic field inside the star and
dipole field outside it. The periods of poloidal magneto-
plasma oscillations are always slightly larger (on the aver-
age, P,/P,~1.2—-1.6) than the periods of toroidal Alfvén
modes. Using the data of Table V, we can also trace the
general trends in the variation of the periods as a function of
the parameters of the stellar model. For both modes the pe-
riod grows as the stellar matter becomes denser. In other
words, the heavier the star, the larger the periods of its hy-
dromagnetic oscillations. The principal result worth noting is
that when the field strength is above 10! G, the periods of
the Alfvén oscillations almost exactly coincide with the pe-
riods of pulsar radio emission: 0.016<P<5 sec.®” As B de-
creases the periods of MHD oscillations become longer (and,
accordingly, the frequencies decrease). In other words, the
periods of the Alfvén oscillations must grow as the stellar
magnetic field is depressed. These conclusions follow from
the assumption that the magnetic field strength reaches the
values in Table V. For smaller values B~ 102G (such fields
are assumed in the inclined-rotator model), the periods of
Alfvén oscillations lie in the range 5<P <50 sec. The radia-
tion due to magneto-plasma vibrations with such periods,
superimposed on the magnetic-dipole radiation due to the
rotation, can be manifested as modulations of the amplitude
of the latter. It also should not be forgotten that these con-

clusions were obtained in the model with uniform distribu-
tion of the compensated plasma throughout the spherical vol-
ume of the neutron star. However, it follows from
calculations of the structure of this compact object that the
Ae phase is mainly localized in the peripheral core of the
star, where the matter density is lower than in deeper regions
(see Fig. 1). In connection with this it is appropriate to rees-
timate the frequencies of MHD vibrations using the model
taking this into account.

5. ALFVEN VIBRATIONS IN THE PERIPHERAL CORE
OF A NEUTRON STAR

In this section we shall perform a variational calculation
and numerically estimate the frequencies of MHD eigenvi-
brations localized in the outer core of a neutron star, i.e., in
the region where an electron—nuclear plasma is most likely
to exist. The neutron star is idealized as a two-component
object, in full analogy with the Baym-—Pethick—Pines—
Ruderman model*?> mentioned above (see also Refs. 8 and
13), which attributes disturbances of pulsars to shear seismic
vibrations of the outer (less dense) core relative to the denser
inner core. We shall also use the arguments of Ref. 94, as-
suming that the neutron-enriched nuclear matter of the mas-
sive core is located in the ferromagnetic phase. This at least
clarifies the physical origin of the strong magnetic field at the
surface of a compensated electron—nuclear plasma, on the
background of which Alfvén vibrations can develop.
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The poloidal mode. In the case of poloidal MHD vibra-
tions, the velocity field of elastic displacements at the surface
of the inner core of radius R, can be found by using the
impenetrability condition:

8V,|,- =0 for R,=0. (5.1)

At the stellar surface we impose the standard boundary con-
dition

8V,|,—r=R(1)=RP(p)aL(1), (5.2)

where R(¢)=R[1+ a ()P (u)], L being the multipole or-
der of the spheroidal distortions of the surface. For the po-
loidal vector field we have

XL= [AI{’L+AZ’7L_1]PL(#)'
(5.3)

& =curl curlry;,

From (5.1) and (5.2) we find the explicit form of the arbitrary
constants A} and Ai :

A A
1_ L 2_ _ L 2L+1
Ag L(L+1)’ Ay L(L+1)R” ’
RL+3
AL (5.4)

T p2L+1_ p2L+1°
R R;

The components of the instantaneous displacement field £;
in spherical coordinates are written as

r2L+1_ 2L+1
§,=AL—rL—+;—PL(m, (5.5)
_AL (L+1)r2L+1+LR3L+l .
§0=L(L+1) rL+2 PL(,"‘)? (56)
§¢=O, (57)

where PL(u)=(1—u*2dP (u)/dp is the first-order as-
sociated Legendre polynomial. The inertia parameter M cal-
culated using this field is®®

4mp 2p2L+1 L o+ 2L+1
= SR — XL+,
M L(2L+1)ALR ! L+1X 1 )
X=R,/R, (5.8)

where X varies within the range 0<X<1. We stress that
here p is the density of the electron—nuclear plasma (the Ae
phase) localized in the peripheral core of the star.

Then, substituting (4.11) and (5.3) into (4.8), we find
that the components of the magnetic field-strength fluctua-
tions take the form

A;B
h= e (L= 1P Py () + (L+ 2RI PLA (W],
(5.9)

ALB
hozr_LTE[FZLHP},—l(IL) —~RZTPL ()], h=0.
(5.10)

Then for the stiffness of hydromagnetic poloidal vibrations
we find
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L-1 2L+1
K=A2B2R2L-1 + 2L—1
ALB°R 2L—1 (2L+3)(2L—1)
L+2
_ 2(2L+1)
2L+3X } (5.11)

It is easily seen that in the limit X—0 we reproduce the
result of the homogeneous model:

s 2L+1
w2=Q3L(L-1) 5

ST (5.12)

The toroidal mode. Let us now consider nonradial tor-
oidal MHD vibrations. In the frame with fixed polar axis z,
the toroidal velocity field has the form

oV=curl rxpda;(¢t), x.= [AirL+Air_L— I]PL((M).
5.13)

The arbitrary constants A,{ and A,% are fixed by boundary
conditions analogous to those used above to study spheroidal
vibrations. For differential rotational vibrations, the distor-
tions of the stellar surface are given by R(f)=R[1
+ay(t)P;(u)], and so for r=R we must take

8V yl;—r=R(1)=RP(p) (1) (5.14)
We assume that the inner boundary remains at rest:
5V¢|r=Rc=0’ RC=0' (515)
As a result, we obtain
1 2 2L=1 Rt
AL=AL, ALZ_ALRC s AL:RzL—*'I—_W'
c
(5.16)

Using the separable representation (4.7) for the velocity field

of torsional vibrations (5.14), we find the components of the
toroidal instantaneous displacement field:

2L+1
rb—

§r:0’ §0=0v §¢:AL P;‘(/L) (517)

c
rL+1

Substitution of (4.11) and (5.17) into (4.8) leads to the fol-
lowing expressions for the components of the fluctuating
magnetic field strength (see also Appendix B):

hr=0, h0=0,

2L+1
(L+l)rL_lP}‘_l(,u)+chL—+2P£+1(y) .

(5.18)

hy=ALB

Calculations of the inertia and stiffness coefficients of toroi-
dal MHD vibrations give

B 247'1'pL(L+1)R2L+3
“OL (2L+1)(2L+3)

[l—(2L+3)X2L“

(2L+1)2x2L+3 (2L+3)X
2L—1 2L-1

2(2L+ 1)]
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L(L+1)R2L+1 LZ_I 3X2L+1
K=A}B? +
L (2L+1) 2L—-1 (2L-1)(2L+3)
L(L+2) ,
2 2 2(2L+1)
2L13 X J (5.19)

As expected, for X(=R,./R)—0 we arrive at the result of
the homogeneous model:” '

2L+3

©i=QL*~1) 37—,

(5.20)

where the basic (Alfvén) frequency )4 is defined above.

The two-component model can be used to obtain lower
and upper limits on the frequencies of the Alfvén MHD
eigenvibrations of a neutron star. The neutron-star param-
eters given in the literature, obtained using various nuclear-
matter equations of state, lie within the following ranges:

(i) depth of the peripheral core AR=R—R_,=R(1
—X): 0.3<AR<0.8km;

(ii) average density of the surface core 10%<p
<10 g/em’;

(iii) surface magnetic field strength 10'°<B<10'3G.

The results of numerical analysis of the model are given
in Figs. 6 and 7. In Fig. 6 we show the graph of period versus
magnetic field strength, often given in the literature 5792104
The calculated periods of nonradial poloidal and toroidal
MHD oscillations in a surface core of depth AR =0.5 km are
shown by the lines in Fig. 7, which are numbered according
to the values of the matter density in the region where the Ae
phase is localized. We see that the model predictions fall
fairly closely into the square denoting the pulsar region on
this diagram. Figure 7 illustrates the dependence of the cal-
culated periods on the depth of the layer in which Alfvén
vibrations of the lowest multipole orders are excited. The
estimates show that the calculated periods of MHD oscilla-
tions are close to the periods of electromagnetic radiation of
radio pulsars. We are inclined to believe that the coincidence
between the periods of MHD vibrations and the principal
periods of radio pulsations of neutron stars is not accidental
and supports the above-mentioned Hoyle—Narlikar—Wheeler
hypothesis’! that the low-frequency hydromagnetic oscilla-
tions arising as a residual effect of a supernova burst of the
second type may be an effective source of the electromag-
netic activity of neutron stars. Analysis of the evolution of
pulsars shows that the original magnetic field must be de-
stroyed over a time of order 7,,~2X10°yr.!™ Since the
periods of hydromagnetic oscillations are inversely propor-
tional to the magnetic field strength (P,,~ 1/B), the adia-
batic depression of the latter must tend to increase the peri-
ods of Alfvém vibrations. Therefore, the coherent nature of
magneto-plasma oscillations inside a neutron star must be
manifested outside the star as pulses propagating along the
magnetic field lines and generating pulsating electromagnetic
radiation by bunches of charged particles ejected from the
stellar ~ surface. It is known'®' that magneto-
hydrodynamical waves in interstellar space can accelerate
charged particles along field lines and thereby generate ra-
diation (synchrotron or bending radiation).
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FIG. 6. Graph of the period versus magnetic field strength, P—B. The
calculated periods of quadrupole poloidal and toroidal MHD vibrations are
shown by the lines, which correspond to different values of the electron—
nuclear plasma density (the Ae phase), localized in the outer core of depth
AR=0.5km: (1) p=10%, (2) p=10°, (3) p=10'", (4) p=10"" (in g/cm?).
The square denotes the region of P and B of actually observed pulsars.

In our opinion, one of the decisive arguments confirming
the hypothesis that magneto-plasma oscillations of a neutron
star can be just as effective as rotation in producing pulsating
radio emission in the surrounding space would be the obser-
vation of long-lived, superfast pulsars with pulsation period
P<0.5 msec. For these values of the radio-pulsation periods,
the radiation frequency significantly exceeds the Kepler lim-
iting frequency determining the gravitational—rotational sta-
bility of a star.!”? Therefore, the existence of such pulsars is
excluded by the model of a unipolar generator, in which a
magnetized neutron star generates magnetic-dipole radio
emission with period equal to the intrinsic rotational
period.*"'"'% In connection with this, we think that the cur-
rent observations of the MANIYa program (Multichannel
Analysis of Nanosecond Brightness Variability), one goal of
which is to seek pulsars with emission varying over time
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FIG. 7. Periods of poloidal and toroidal multipole MHD oscillations excited
in the Ae phase, calculated as a function of the thickness of the outer core,
AR=R—R_, for average matter density of the Ae phase p=4.3
% 10! g/cm® and magnetic field strength B=0.5X 10" G.

scales of 1077107 sec, are extremely important.'®

6. CONCLUSION

In this review we have presented the theory of gravita-
tional and magneto-plasma nonradial vibrations of neutron
stars based on the idea that nuclear matter is an elastic Fermi
continuum possessing the properties of a compensated
magneto-active plasma. As the fundamental dynamical equa-
tions modeling the motion of the matter in the core of a
neutron star we have used the equations of nuclear elastody-
namics, proposed in the macroscopic theory of collective
processes of laboratory nuclear physics such as fission and
giant resonances.

We have constructively compared the predictions of the
hydrodynamical and elastodynamical models regarding the
behavior of a continuous nuclear medium with the available
astrophysical observations. Using the hydrodynamical ap-
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proach, we have shown that the presence of the dipole mode
is a characteristic sign of inhomogeneity in the profile of the
stellar density. However, the hydrodynamical model does not
allow the description of the principal physical factors gov-
erning the eigenvibrations of neutron stars. The vibrational
stability of a neutron star is determined by the competition of
the constructive forces of elastic deformations of the degen-
erate Fermi continuum and the destructive forces of gravita-
tional compression. This is quite clearly reflected in the elas-
todynamical theory of nonradial vibrations and is absolutely
absent in the hydrodynamical theory, which indicates that the
hydrodynamical paradigm of a continuous nuclear medium is
inadequate. One of the main conclusions of our elastody-
namical model of nonradial pulsations is that the vibrational
dynamics of a neutron star are characterized by two branches
of gravitational-elastic nonradial eigenvibrations: the sphe-
roidal (s-mode) and torsional (¢.-mode) branches. The tor-
sional differential-rotational vibrations of a neutron star are
due exclusively to the dynamical elasticity of the degenerate
Fermi continuum. Such modes are absent in the gaseous me-
dium of a main-sequence star whose motion is governed by
the hydrodynamical equations.

A method of calculating the frequencies (periods) of
these vibrations has been developed on the basis of the en-
ergy variational principle. The effectiveness of the method
was illustrated by analytic calculations of the periods of glo-
bal nonradial gravitational-elastic modes, using the standard
model of a neutron star (modeled as a spherical mass of a
homogeneous neutron Fermi continuum, compressed by self-
gravity to densities of the order of the normal nuclear den-
sity). Realistic estimates of the periods of spheroidal and
torsional gravitational modes have been obtained by using
models of neutron stars constructed on the basis of the rela-
tivistic equilibrium equation, using the nuclear-matter equa-
tions of state taking into account the heterophase nature of
the nuclear statistical equilibrium. We have analyzed the vi-
brational (seismic) stability of a neutron star with respect to
elastic deformations accompanying global gravitational vi-
brations, and have shown that for linear deformations obey-
ing Hooke’s law, no unstable stresses arise which could pro-
voke stellar shaking. The estimates obtained for the periods
of gravitational nonradial modes suggest that these vibrations
may be responsible for variations in the intensity of the mi-
cropulses observed in the millisecond range of the pulsar
spectrum.

We have made a detailed study of the nonradial
magneto-plasma oscillations hypothetically induced in the
Ae phase by a supernova explosion in the creation of a pulsar
or by the companion in a binary system. We have found that
the timing of the Alfvén MHD vibrations overlaps with the
pulsar time scale. The coincidence between the calculated
periods of magneto-plasma vibrations and the observed peri-
ods of pulsar radio emission is interpreted as confirmation of
the Hoyle—Narlikar—Wheeler hypothesis that weakly
damped magneto-plasma vibrations can be a source of the
pulsating (linear polarized) radiation which is formed in the
magnetosphere surrounding a star. In the magneto-plasma
model of the electromagnetic activity of neutron stars, the
observed lengthening of the periods of radio pulses can be
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attributed to the slow depression of the pulsar magnetic field.
This conclusion is yet another argument that the magneto-
hydrodynamical mechanism of the transformation of the en-
ergy of Alfvén vibrations into the energy of electromagnetic
radiation can be an effective source of pulsating radio emis-
sion of neutron stars, along with unipolar induction generat-
ing the geometrical effect of this radiation.

Thus, the astrophysical data obtained to date on the elec-
tromagnetic activity of neutron stars, and also the experimen-
tal data from laboratory nuclear physics, indicate that a con-
tinuous nuclear medium is an elastic Fermi continuum whose
motion in the intrinsic gravitational and magnetic fields is
adequately described by the equations of nuclear elastody-
namics and magneto-hydrodynamics.

This work has been performed under the agreement gov-
erning the collaboration between the JINR LVTA, Erevan
University (Armenia), Saratov State University (Russia), and
the Theoretical Physics Institute of Ludwig Maximilian Uni-
versity (Munich, Germany), and has been partially supported
by a grant from the Heisenberg—Landau program of the
JINR Laboratory of Theoretical Physics.

APPENDIX A

In this appendix we list the useful expressions which
considerably simplify the analytic calculations of the periods
of nonradial, gravitational-elastic eigenvibrations. The most
awkward calculations can be performed using spherical co-
ordinates with fixed polar axis z. The derivatives of the dis-
placement field in the elastic stress tensor have the form

% _0t o (-wheby &
oxy dr’ ox, r om r’ " ’
963 _ 1 f9§¢+§r ég ©

Ox3 T r(1-p)™ 9¢ r (1—-u?)??

i U=p) 0k & ok

9%, r ou r’ dx; or’
G & b ok

oxs r(1-u®>hPs¢ r° ax, or’
R
R L T R (R Lk

6§ (l_ 2 1/26
% _ (7AD" (Al)
oxy r u

The expression for the stiffness of elastic nonradial vibra-
tions which can be directly integrated is

1 agl af 2 gl af 0§
e J Pl 3 av- [ pon[ 54 2 By
&\ [0&,\? [d&; 0&,  d&)\?
=L””PHE) *(a—) +(a—) H(a*a)

2
+(?—§1+§3—) +(a_.§2+ 653) Hdv

Jx 3 ax 1 ox 3 ox 2 (A2)
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In the calculations we used the following representation of
the poloidal elastic displacement field:

&p= Llj_lcurl curl rrfP;(u): &€= LN, TP (),

§0=—N,,(1—u2)"2r“dz;im, £4=0, (A3)
and its derivatives

j—f—i=N,,L(L—1)rL‘2PL(u),

ZT%#W Z[Mdpjiﬂ ) —LZPL(m},

%%=N [LPL(,u) #dP;;#)J’

375;=_ p(L—l)rL_z(l—;ﬁ)”zdl;;’l(Lm,

375%— ,,(L—l)rL”(l—uz)”z%:‘),

By By By B,

The spherical components of the toroidal field of elastic tor-
sional displacements and their derivatives have the form

Np
&= L+1curlrr Pr(um): §&=0, &,=0,
dPr(u)

—N L nirt'L
Eg=Nr~(1—u?) dn (A5)
961 _, %%_, 9% _, & _ 96 _
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APPENDIX B

In calculating the variation of the magnetic field in
magneto-plasma oscillations, it should be borne in mind that
the components of the derivatives of the elastic displacement
fields along the direction of constant magnetic field inside
the star,

9E;

hi=Big,

(B1)
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have the following explicit form in spherical coordinates:
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DAt present, the study of the equilibrium properties of collapsed stars is
focused on the careful analysis of the hypothesis that massive, gravitation-
ally stable configurations with significant content of strange and quark
matter exist.>>2> One of the most attractive consequences of this hypoth-
esis was the prediction of two new branches in the family of compact
astrophysical objects: strange stars and strange dwarfs.?!??> Moreover, cal-
culations of the equilibrium configurations involving strange matter sug-
gest the possible existence of noncompact planet-like objects?® (with a
small mass like that of Jupiter, M ~(1072-10"*)M ), which are of par-
ticular interest for modern astrophysics in light of the well known problem
of hidden (dark) matter.”’ Considerable progress in solving this problem
has been made owing to the intensive development of the theory and
technique of observations by the microlensing method.?®%

DThe features of radial vibrations of neutron stars have been discussed in
Refs. 43—-45. However, from the data presently available it can be con-
cluded that neutron stars do not reveal any signs of radial pulsations. It
should be stressed that the methods of describing nonradial gravitational
vibrations of stars remain less well developed than the theory of radial
pulsations.m‘“5

3By scaling rules we mean the smooth systematic dependences of the en-
ergy, the total excitation probability, and the width of a giant resonance on
the mass number.

4)According to the theory of stellar evolution, massive stars of the main
sequence with mass M ~(4-8)M, but no more than ten solar masses,
can become neutron stars. The final stage of evolution of stars of mass
exceeding 10M, is a black hole.%

Mt is interesting to note that the model of a homogeneous, self-gravitating
mass of an ideally elastic continuum with pressure

2
P0=T7T GR(R*~P) (2.63)
leads to a discrete spectrum of s-mode frequencies of the form®!
ol=2w}L—1), wit=(4n/3)Gp,, (2.64)

where wg is the fundamental frequency of the gravitational vibrations in
homogeneous models. In this representation, the s mode of nonradial
gravitational-elastic vibrations is analogous in physical content to the
Kelvin hydrodynamical f mode of nonradial vibrations of a spherical mass
of inviscid, incompressible fluid.

n the model of a homogeneous mass of ideally elastic matter with pressure
of the form

P0=2§ GpY(R*—P), (2.75)
the energy variational principle described above leads to the following
expression for the z-mode frequency:®

wl=wi(L-1), wi=GM/R’, (2.76)
where wg is the fundamental unit of frequency of gravitational vibrations
in homogeneous models. Torsional gravitational vibrations of stars have
been studied earlier in Refs. 87 and 88, where the problem of the discrete
frequency spectrum of these oscillations was first formulated. It was first
shown in Ref. 62 that the application of the Rayleigh variational principle
to the elastodynamical equations allows the discrete spectrum of torsional
vibrations to be calculated analytically (see also Refs. 83, 99, and 115).
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34) long before the discovery of pulsars.

9These arguments were recently used to construct the magnetic jellium
model'®? for describing the electromagnetic response of magnetized
spherical particles (clusters) of semimetals and nonmagnetic dielectrics in
terms of the nonradial Alfvén vibrations of a compensated electron—hole
solid-state plasma.
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