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A numerical method for studying nonlinear problems arising in mathematical models of physics
is systematically described in this review. The unified basis for the development of

numerical schemes is a generalization of the continuous analog of Newton’s method, which
represents a qualitatively new development of the Newtonian evolution process on the basis of the
integration of concepts from perturbation theory and the theory of evolution in parameters.

The results are presented of numerical studies of quantum-field models of the polaron, the solvated
electron, the binucleon, and also QCD potential models for some commonly used potentials.
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1. INTRODUCTION

Twenty-five years have passed since the publication of
the first review in the Soviet Journal of Particles and Nuclei
on the use of the continuous analog of Newton’s method
(CANM) for the numerical solution of nonlinear equations in
mathematical models of physics.! During this time, owing
largely to the efforts of the group at the JINR, this method
has been transformed into a powerful tool for constructing
effective numerical schemes to solve a wide variety of non-
linear problems arising in physics. Moreover, it can now be
stated with certainty that an approach which is qualitatively
new compared to the CANM has been developed for design-
ing algorithms for the numerical analysis of complex, multi-
parameter, nonlinear physics models.

The development of this approach has largely been the
product of experience in solving a wide variety of practical
problems. The method thus incorporates, along with the
CANM concepts, the most attractive features of several well
known methods which are widely used to solve physics
problems.

These are perturbation theory,2 the method of continua-
tion in a parameter,” and the method of differentiation with
respect to a parameter,* which in nuclear physics is also
known as the method of coupling-constant evolution.’

In the developed iteration schemes, the problem of
choosing the initial approximations is in some sense solved,
and the solution of the linear problem for the iteration cor-
rections is simplified. Moreover, it is possible to construct an
iteration process without inversion of the linear operator in
this problem.

As a result, the numerical schemes possess the features
of such well known methods as the splitting method,® mul-
tigrid methods,” and several regularization methods.?

Our approach therefore follows the modern trends in the
development of computer architecture and the programming
techniques for numerical processes.’
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In spectral problems of quantum mechanics, our gener-
alization of the CANM can serve as a unified theoretical
basis for describing a series of well known methods, such as
the method of inverse iterations, and the method of inverse
iterations with a shift and with a Rayleigh partial.'® The re-
alization of the numerical schemes used in these problems is
discussed in reviews.!!"!?

Our work on the development of the generalized CANM
has initiated research on optimization of the convergence of
Newtonian iteration schc:mes,13’14 and also schemes with pa-
rameter continuation.'® In this review we present the results
of a numerical study of nonlinear models used in the theory
of polarons and QCD potential models. These represent com-
pletely different areas of theoretical physics, but the numeri-
cal methods used in them are based on the generalized
CANM.

The collaboration responsible for this review is made up
of specialists in the numerical analysis of nonlinear physics
models and theoretical physicists who actively use the
method. We hope that the material presented here will help
the interested reader, acquainted with the basic ideas behind
the generalized CANM and the technique of numerical
analysis of some nonlinear models in physics, to extend the
range of its applicability.

2. MODIFIED CANM-BASED ITERATION SCHEMES

A number of mathematical models of quantum field
theory lead to new formulations of boundary-value problems
for nonlinear differential, integro-differential, and integral
equations. The formulations are original in that they combine
the nonlinear boundary-value and spectral problems, which
leads to systems of the corresponding equations. The general
features of such systems are that they are singular and in-
volve many parameters, i.e., the model parameters and the
spectral parameters. The problems can be reduced to a uni-
fied formulation as the equation

© 1999 American Institute of Physics
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¢(a,A,y)=0, (1)

where y is an element from some region of the B space Y,
and Ae R,, and ae R, are vectors from the Euclidean spaces
of the corresponding dimensions. For a given vector a, the
nonlinear function ¢ takes the elements z={\,y} from the
space R,, X Y to the space R;X U, where U is a B space and
UDY. It is assumed that for each given vector a, Eq. (1) has
a countable set of solutions {y*}, n=0,1,2,..., and an ei-
genvalue vector A corresponds to each solution yr¥. A so-
lution z¥={A¥,y*} of Eq. (1) is a function of the parameter
vector a.

These problems have the following features.

1. As a rule, there is definite information about the exis-
tence and qualitative behavior of the desired solutions. This
information can be obtained from the physical properties of
the studied processes or from the study of simplified models,
particularly in asymptotic regions of the parameter variation.

2. In problems which are an approximation to more com-
plicated multidimensional ones, and also in going from infi-
nite ranges of variation of independent variables to finite
ranges, problems arise with estimating the accuracy of the
approximations used. In many cases such estimates can be
obtained only numerically, by performing calculations at
several values of the parameters of the approximation.

Therefore, in the formulation (1) the vector of ‘‘exter-
nal’’ parameters a is extended to include not only the
“‘physical’’ parameters of the model, but also the parameters
of the approximation to the problem, including those of the
numerical scheme. The numerical study of the model usually
reduces to performing a large number of calculations in a
wide range of variation of these parameters, allowing the
simultaneous study of both the properties of the models, i.e.,
the behavior of the solutions as functions of the ‘‘physical’’
parameters, and the accuracy of the results as a function of
the parameters of the approximation to the original problem.

In what follows, we shall not write out the dependence
of the function ¢ on the parameters a and N wherever this
cannot lead to confusion.

2.1. Newtonian iteration schemes

The author of Ref. 16, where the CANM method was
first proposed, studied a group of single-step iteration meth-
ods of solving a nonlinear equation in B space:

¢(2)=0,

in which at each step k of the iteration process the correction
Az, to a known approximation z; of the desired solution is
calculated from the expression

AZk= lp(Zk),
Zkr1=2%tAz;, k=012,

Zp is a given element.

The method of constructing the function #(z) is selected
according to the iteration method used. In particular, for
Newton’s method,

Y(z)=—¢'(2) ' o(2),
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where ¢’ (z) is a linear operator, the Fréchet derivative of the
function ¢(z). For each iteration process of a given type it is
possible to construct its continuous analog by introducing,
instead of the discrete variable k (k=0,1,2,...), a continu-
ous parameter ¢ (0<t<o). Assuming that the dependence
z=z(t) is continuous and introducing the derivative
(d/dt)z(t) in place of the increment Az;, we obtain the
differential equation

d
Ez(t)= W(z(2)), z2(0)=z0. )]

As a result, the solution of (1) is found by solving the
Cauchy problem (2) on the semiaxis 0=<t<<ec. The study
cited earlier'® proves a number of statements about the con-
vergence of continuous analogs of iteration methods for ¢
— 0 to an isolated solution z* of (1).

For the CANM this proof is based on transformation of
(2) to the form

d
7 e@(M)=—e(2(1), 2(0)=z0, (3)
from which there follows the existence of the integral

e(z(1))=e " "p(zy).

When the function ¢(z) is smooth and a bounded operator
@'(z) ! exists in the neighborhood of the initial approxima-
tion zg, it can be proved that a root z* of Eq. (1) exists in
this neighborhood and that the trajectory z(t) converges to
this root for t— .

In Ref. 16 it was proposed that the Cauchy problem (2)
be solved approximately by using suitable numerical meth-
ods, which are expected to be stable for asymptotic stability
of z=z(1).

The earlier review! describes a very simple method for
the approximate integration of (2): the Euler method for the
CANM. On a discrete grid {t;, k=0,1,2,...; t;4— 1, =T}
this method leads to a sequence of linear problems

@' (z)ve=—o(z1)s

1=+ vy, k=012, (4)

where z is a given element. For 7,=1 the sequence of New-
ton’s method is obtained.

The convergence of the Euler method was proved! on
the finite interval 0<¢<T for 7,—0. However, in practice
the treatment of the parameter 7, as an integration step is not
interesting. In fact, in order that z=z(T) differ little from the
desired solution z*, it is necessary to take =T to be rather
large. At the same time, to calculate the value of z=2z(T)
more accurately by the Euler method it is necessary to take
7, to be sufficiently small. These requirements are contradic-
tory, because we are not interested in all the approximate
values z;~z(#;), but in only the required element z(T).

In order to find a representation of the parameter 7, sat-
isfying the requirement of minimal computational time to
reach the required accuracy of the solution z*, we recall that
Newton’s method, which converges quadratically in the near
neighborhood of the solution, ensures that the discrepancy is
minimal for the linear part of ¢(z) (Ref. 17).
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To generalize this feature, we shall treat 7, as an itera-
tion parameter in the iterations (4), the optimal choice of
which gives the minimum transition function ¢ , ;(7) in the
estimate!®

le(zi+ IS 1 (Tl ezl

If we assume that in the neighborhood of the desired
solution

le'(z)'<B, l¢"2)lI<M, (5)

the transition function is defined as

r 5
Yer1(1)=1—71+ =MB|o(z)|, 0<7<Ll.

2
It has been shown'® that the algorithm for determining
the iteration parameter

n=lle' @)l Ne(zi-Dlm-1, 0<mesT<1, (6)

ensures, for a suitable choice of 7, nearly optimal calcula-
tion of the sequence {7;}, and, in the case of convergence,
passage to the iterations (4) of Newton’s method. It should
be noted that the algorithm (6) was first proposed in Ref. 19,
and it has been used successfully to solve many nonlinear
problems.?°

The local convergence of the iterations (4) with the it-
eration parameter (6) has been studied in Ref. 18.

Theorem 1 (Ref. 18). Let the conditions (5) and

70
40=7MBZ||<P(ZO)”<1

be satisfied in the sphere

B
1-gq,

Dy =} lz=zll< le(zoll; -

Let there exist a positive integer K such that

le(zi—1)
1) 1>Tk=”TI;k)l”-Tk_l, k=12,..K—1;
2) 'rk+j=l, Jj=0,1,..;
3) 7>qf, @1= (7).

Then Eq. (1) has a solution z* € D, to which the iterations
(4) beginning with zy converge. The rate of convergence is
determined by the inequality

k-K_
lz*—zl<Bg? ~~'*Fle(zo)l, k>K.

In Ref. 18 it was also shown that the region of conver-
gence of the CANM-based iterations for this choice of 7 is
larger than in the classical Newton method.

Since the CANM ensures convergence to a solution of
(1) only in the neighborhood of a local solution,! the problem
of constructing the initial approximations is very important.
In general, this problem is not algorithmizable and is solved
in different ways, depending on the features of the problem
in question.
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In particular, for the numerical analysis of most models
in theoretical physics, there is often a priori information
about the nature of the solutions, which can be used in
choosing the initial approximations.

In the software package SLIPH4,2! which realizes the
solution of the Sturm-Liouville problem, the initial approxi-
mations are efficiently constructed by the method proposed
in Ref. 22. It is based on an algorithm for calculating the
roots of a polynomial by Newton’s method with elimination
of a calculated root.2 In that study, and also in Ref. 24, an
additional orthogonalization of the calculated approximate
solution is performed at each iteration in order to eliminate
convergence to the solution already found.

A numerical study of several parameter-dependent prob-
lems was performed in Ref. 25 for various physical models
using a combination of Newtonian iterations and the continu-
ation method.? Here the computation was organized in such a
way that the solution known for some set of parameters is
used as the initial approximation to solve the problem with
new parameter values. The small change of the parameters
and the continuous dependence of the solution on them guar-
antee the convergence of the Newtonian iteration scheme.

It should be noted that difficulties in the practical appli-
cation of the CANM can arise when ||¢’(z)|| is close to zero.
They are related to the fact that the system (4) in this case
becomes incorrect. Several versions of regularization of the
iteration process (4) are studied in Ref. 13.

An iteration procedure based on a combination of New-
tonian iterations and the buildup method?’ was suggested in
Ref. 26. Its advantage over the scheme (4) is its wider appli-
cability in cases close to degenerate ones (||¢’ (z)||—0).

2.1.1. Estimates of the accuracy of Newtonian
iteration schemes

Let us discuss the accuracy of numerical schemes based
on the CANM. As already noted above, in practical realiza-
tions of Newtonian iteration schemes Eq. (1) is replaced by
an approximating equation in the grid space:

®n(zp)=0. @)

Let zf be an exact solution of (7). Then in the grid norm
we have the estimate

lz* = zill <llz* =zl + 1z = z3. ®

where z’,‘, is the approximation to the solution obtained after
the kth iteration when the condition

lenzi)l<e ©)
is satisfied, where 0<e<1.
Since

lz* 2|l < O(kP)
lzf— 2kl <Bllea(zD)| (Ref. 16),

then for B ¢,(z5)||<O(hP), which is satisfied for suffi-
ciently small £ in (9), the accuracy of the approximate solu-
tion is close to the theoretical estimate of the difference
method of approximating Eq. (1):

lz*~ 2z}l ~ O (hP). (10)

(Ref. 28),
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The accuracy can be studied in detail for a sequence of suc-
cessively finer grids. It is possible to improve the difference
solution using Padé or Richardson extrapolation (see, for ex-
ample, Ref. 7).

When the original problem is singular, the estimate of
the accuracy acquires an additional term characterizing the
error in approximating the singular problem by the corre-
sponding regular problem.29 This error can be estimated by
performing successive calculations on wider and wider inter-
vals. A relation between the parameters of the numerical
scheme is eventually reached, such that the main contribu-
tion corresponds to the error of the difference solution, ie.,
such that Eq. (10) is satisfied.

According to Ref. 30, classical spectral problems for lin-
ear operators can be treated as nonlinear functional equa-
tions. For this, the eigenvalue problem in the form

Dy—Ay=0

is supplemented by the normalization condition for an
eigenelement,

F(y)=0,
where T is a normalizing functional, for example,
(y,y)—1=0.

In this formulation, the eigenvalue problem is a nonlinear
functional equation (1) for the unknown z={\,y}. There-
fore, the CANM can also be used to solve eigenvalue
problems.20

2.1.2. Generalization of the CANM

At present, various modifications of the CANM which
raise its efficiency for particular classes of problems and ex-
tend its range of applicability have been developed and are
widely used.

One such modification used in a number of studies is a
generalization of the CANM in which the parametrization of
(1) by the additional parameter ¢ is effected by having ¢
depend explicitly on ¢. The continuous parameter ¢ is intro-
duced into (1) in such a way that for r=0 we obtain the
simple equation

?(0,2(0))= @o(20) =0,
which can easily be solved, and

lim @(t,2(¢)) = @(z).

t— >

Thus, for the nonlinear functional equation (1) an evolu-
tion equation in the continuous parameter ¢ is constructed
which is similar to Eq. (3):

d
:i—tcp(t,z(t))=—qo(t,z(t)), 0=st<o, (11)

with the initial condition z(0)=z,.
Writing A(#) = ¢, (2,2(f)), from (11) we obtain

d
== - AW etz + 9l (12(0)]) 12)
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Since the integral of (11) is ¢(#,z(t))=e '@(0.p),
llo(t,2(2))]| =0 for t—0oe, and asymptotically stable conver-
gence of z(t) to the desired solution z* can be expected.

In the approximation of (12) using the Euler scheme, the
continuous parameter ¢ is discretized: (fg,f1,...,0); %o
=0, t,+1— ty= 7%, which gives the iteration sequence

Lee1= 2T Ve (13)

where

Vi= =Bl e(ty,zx) + @ (t-26) ]

Calculating the iteration correction V, and the step 7, for
each value of ,, we obtain a new approximation z; ; to the
solution z*. The iteration process (13) and (14) must be
continued until the inequality

o= lle(tr,z)ll<e (15)

is satisfied.

One variant of the parametrization based on the general-
ized CANM is realized by using the scalar function g(r)
(Ref. 31), referred to as the function which switches on the
perturbation. Here g(0)=g(®)—1=g'(®)=0, and the
function ¢(¢,z(t)) is represented as the sum

@(1,2(2)) = @o(z(2)) + g (1) @(2,2(2)) — @o(z(2))]. (16)

It is easy to find the solution of the equation ¢y=0, or
else it is assumed to be known. This variant can be viewed as
a combination of the CANM and the parameter-variation
method.* In Ref. 32 the function g(¢) is calculated in the
iteration process through the iteration correction, and in
Refs. 33-38 the functional dependence g(t) is specified ex-
plicitly.

The conditions for convergence of the Newtonian evolu-
tion process (11) and (16) for g(#)=1—exp(—t) are studied
in Ref. 31.

Theorem 2 (Ref. 31). On the sphere

Bi=A(t)~!. (14

B
Drllz—zOlls—_-;llcp(Zo)H, 0<g<1,

let the functional equation (1) be represented as

@(z)=@o(z) + ¢:1(2) =0,

and the parametric dependence have the form

@(1,2(2)) = @o(t,2(2)) + g (1) 1 (2,2(2)).

Let there exist Fréchet derivatives ¢y(z), ¢1(z) and linear
derivatives ¢g(z), ¢1(z), where the linear operator @o(2) is
invertible, and let the inequalities

leo(z)~MI<B, llei(2)'I<C,

be satisfied. Let also the operators ¢y and ¢} be bounded in
the neighborhood of each point from the sphere D. Then the
following are true:

(1) Equation (11) has a solution z=2z(t) for all t from
[0,%0), with its values lying in D.

(2) The limit lim,_,z(t)=z™ exists, and serves as the
root of Eq. (1).

Theorem 3 (Ref. 31). Let Eq. (1) have a unique solution
z* in some open region D of the space X, and let all the

q=2BC<1,
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conditions of Theorem 2 be satisfied in this region. Then
there exists a sphere S:||z— zo||< € belonging to the region D
such that for any zy€ S the differential equation (11) has a
unique solution z(t) for all t €[0,%) and lim,_,.z(t) =z*.
One advantage of this approach is the constructive solu-
tion of the problem of choosing the initial approximation,
which can be taken to be the known solution of the equation

®o(z)=0.

Another possible application of this approach is to con-
struct modified iteration schemes where, instead of inverting
the operator ¢'(z) at each iteration, the derivative of a spe-
cially selected operator ¢, having a simple structure is in-
verted. The convergence of such schemes is also discussed in
Ref. 31.

In Refs. 34—-38 a parametrization of this type was used
to develop efficient numerical schemes of higher accuracy.

Numerical schemes based on generalization of the
CANM for solving integro-differential equations are given in
Ref. 33. The integral part of the equation is treated as a
perturbation and is introduced via the function switching on
the perturbation.

The presence of an integral operator in problems of this
type makes it necessary to invert the high-order, dense ma-
trices approximating it at each iteration. The approach men-
tioned above allows this step, which takes a large amount of
computer time, to be avoided and significantly simplifies the
solution of the problem.

As was shown in Ref. 31, realization of the Newtonian
evolution process (12)—(14) leads to regularization processes
of the Newtonian type studied in Refs. 8 and 39.

2.2. The Newtonian iteration scheme with
simultaneous calculation of the operator inverse to
the derivative operator of a nonlinear function

The use of vectorized and parallelized numerical
schemes makes it essential to develop special algorithms and
programs which take efficient advantage of their possibili-
ties. In this section we present a modified algorithm based on
the generalized CANM which does exactly this. An iteration
process has been developed*® in which inversion of the de-
rivative operator of a nonlinear function is replaced in each
iteration by two multiplications of linear operators.

The idea behind this approach for finding inverse matri-
ces as applied to the parameter-variation method was de-
scribed in Refs. 41 and 42. Its advantage is the absence of the
division operation throughout the calculations. Division by a
small number, which can occur in the inversion of poorly
conditioned matrices, is thereby eliminated. This results in
greater stability and accuracy of the calculations.

Test calculations performed for a number of problems
have confirmed the efficiency of this algorithm for the vector
and parallel system used at the JINR.

2.2.1. Description of the modified algorithm

Instead of Eq. (1), we shall study the following system
of functional-operator equations:
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¢(z)=0,

BA-1=0, ()

where A=¢,, B=A"!, and I is the unit operator.

Introducing the continuous parameter ¢ (0<t<®) and
passing, according to the generalized CANM, to the system
of evolution equations, we obtain

(d

E¢(t,z(t))=—¢(t,z(t)),

< 4 (18)
\ E[B(I)A(t)—I]=I—-B(t)A(t).

After simple transformations we obtain

( d
7;20=—BO)[e(t,2(1)) + ¢, (£,2(1))],
. (19)

d
T BO=LI-BO)(A®+A"(1)]B().
\ dt

Discretizing the continuous parameter, using the Euler
scheme we obtain expressions for calculating z;4;
=z(ty+1) and By =B(t;+1), assuming that z; and B, are
known at each step k:

Zkr1= 20t Vi,

20
Bii1=By+ Wy, 20)
where
sz_Bk[(P(tk ’Zk)+‘pt,(tk sZk)]s (21)
Wi=[I—-By(Ax+(Ay),)]By. (22)

Therefore, if we have the initial approximation z, and
By, we can successively find all the approximations z; and
B k -

The iteration process is continued until the inequality
(15) is satisfied.

A special feature of this algorithm is the parallel calcu-
lation of the inverse operator B, in the iteration process,
which opens up additional possibilities for parallelizing the
computational process.

On the other hand, the inversion of the derivative of a
nonlinear functional operator in this modification is replaced
by multiplications of auxiliary operators, so that in the pro-
gram realizing this scheme it becomes necessary to perform
the corresponding operations using the matrices approximat-
ing these operators. Since, in the scalar version, a single
matrix inversion takes a time close to that for multiplying
two matrices,”® the computational time using the modified
scheme should be about twice that for the unmodified
scheme.

However, from the viewpoint of vectorizing the
operations,* matrix multiplication is preferable to matrix in-
version, and the modified algorithm gives a gain in time
when used as part of a vector computational scheme. Natu-
rally, this gain will be obtained at the expense of additional
requirements on the machine memory needed to store the
auxiliary matrices.

The convergence of this iteration scheme is discussed in
Ref. 45.
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2.2.2. An iteration scheme for solving the eigenvalue
problem for a linear integral equation

As an illustration, let us consider an iteration scheme for
solving the equation

o=( 2] =0

where

(23)

R
‘IJ(Z)E)’(X)(Q(J'C)—>\)+6¥fo K(x,x")y(x")dx"=0,
(24)
K(x,x') is known, z=(y(x),\), and the normalization con-
dition is

I'(z)= foRyz(x)dx~N=0. (25)

We introduce the parameter ¢ (0<f<o) and the func-
tion switching on the perturbation g(t)=1—e"‘, and then
write ®(t,z) as

D(1,2) = Po(z) +8(1)(P(2) — Po(2)), (26)

where ®(z) =0 is a simple functional equation with known
solution z, used as the initial approximation.

Using the fact that z(¢)=(y(x,?),A(¢)) and passing to
the evolution equation, for (26) we obtain

[(@o(2(0))}+ (DD (2(1))); — (Polz(1))); 11y
= —[@o(2(1)) + (g(2) + &, () (P (2(2))
—®o(2(£)))]— [(Po(z())x + (DD (z())x
—(Do(z()))IN (D). (27
Applying the approach described above, denoting y(x)

=y(x,t), &=8(t), £:=8'(t), vi=y;(x.1), tu
=\, (), Ay=®,, By=A; ', for each 1, using (21) and
(22) we find
v=—Bi[ G+ piFil, (28)
Wi=[1-By(Ac+Ay)]By, (29)
where

Ap(0(x)) =D (z)vi(x) + g4 (Q(x) = N)vi(x)

R
+aJ.0 K(x,x" v (x")dx'
_(Déy(zk)vk(x)}, (30)
Al’c,(vk(x))=(CD(')y(Zk)),'Uk(x)+g,’c[(Q(x)-—)\k)vk(x)
R
+aJ’0 K(x,x")vi(x")dx’

_q)(’)y(zk)vk(x)} — iV r(x) [ px
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+(®4,(z0); 1, (31)
G =P(2i) +(8x+81)| (Q(x) — N yr(x)
R
aJ K(x,x")yu(x")dx'—®Py(z4) |, (32)
0
Fi=®g (21) —gx(1+ P, (21))- (33)
The iteration correction v, is calculated as
vi=v+ p®, (34)
where
v§1)=—Bka, U;(Z)z_Bka. (35)

The expression for calculating u, is derived from the nor-
malization condition (25) and has the form

N= Ry x) e(x) — 200 (x))dx
J&2y(x)v P (x)dx

After calculating the iteration corrections w;, vy, and
W, , we can find the new approximation by using the Euler
scheme:

M= (36)

Ye+1= Ykt Tk,
Ner1 =Nt Topy,
By =B+ 1 W,. (37)
The numerical approximation of (24) on a discrete grid

inx (0=xp<x;<...<x,=R) leads to a system of n equa-
tions:

(I)i:yi(Qi_)‘)+a21 Kijyj&;, (38)
j=

where y;=y(x;), Q;=0Q(x;), K;j=K(x;,x;), and §; are the
coefficients of the quadratic formula for the numerical inte-
gration. The operators A, A, , F, and G in Egs. (28)-(33)
are respectively approximated by the matrices {a;;}, {@;;}
and the vectors (F;), (G;). In particular, the values of the
matrix elements a;; and &;; at the kth step are defined as

=al)+g,[(Qi~\) 8;+ aK &~ a)], (39)
ai' ~(0)+gk[(Qt )\k)51]+a[Kt]§]_~(0)]
— gl et a(o)] (40)

where 5 is the Kronecker delta, and a(o) and @ '(0) are the
elements of the matrices approx1matmg the operators
®@,(z;) and [@,(z;)]; , respectively, on the discrete x grid.

2.3. The Newtonian iteration scheme with parametric
dependence on the asymptote of the solutions

The modeling of nonlinear effects in field-theory models
leads to singular, nonlinear boundary-value problems de-
pending on the ‘‘external’’ physical parameters of the model.
By including their additional constraints it is often possible
to decrease the number of parameters in the problem. But
here additional conditions arise which, as a rule, relate the
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integral characteristics of the desired solutions to their
asymptotic behavior. Since the group of dependent param-
eters can be replaced by asymptotic relations for some of the
desired solutions, it is possible to formulate an original
boundary-value problem in which the equations depend not
only on the desired solutions, but also explicitly on the
boundary conditions for these solutions.

The iteration scheme developed in Ref. 46 for solving
this new type of problem uses a combination of the CANM
and the method of continuation in a parameter.’ It makes it
possible to study the dependence of the behavior of the so-
lution on the parameters of the problem, including the exter-
nal parameters of the physical model and the internal param-
eters of the numerical scheme.

Let us consider a system of N equations written in vector
form:

R(7)=7"+F(7;7';x;5)=0,
0sx<oo, 41)

where the prime denotes differentiation with respect to x, ¢
are the parameters of the problem (an M-component vector),
and F is a continuous vector function of its arguments y, ',
and ¢, and as a function of x can have a singularity 1/xP,
p=<2, for x—0.

We shall seek a solution of the system (41) (the exis-
tence of which is assumed) satisfying the asymptotic condi-
tions

RL(¥)=G(F(x.);¥' (x1);x1;8)=0,

RR(7)=Gg(¥(xg);¥" (xr)3xr:C) =0,
and also the auxiliary functional condition

Ry(7)=S(y:¥":x,€) =0, (43)

where G, and G are N-component vector functions and S is
a p-component vector function, with p<M. We note that for
p=M, by solving (43) for ¢ (if possible) and substituting the
result into (41), we can completely eliminate the parameters
of the problem. If p<M, some free parameters always re-
main. In what follows we shall assume that p=M with no
loss of generality.

Therefore, in solving the boundary-value problem (41),
(42), taking into account the auxiliary condition (43), we
need to find the unknowns {y(x),c}. In the numerical solu-
tion of the singular boundary-value problem (41)—(43) on
the semiaxis (0=x< ) we need to define the corresponding
boundary conditions on the finite interval (0<x<xg). Here
there is an additional problem related to transferring the
asymptotic conditions for the desired solutions to finite
points (x=x;,, x=xg) and estimating the accuracy of this
approximation. In general, such estimates can be made only
numerically, using the calculations for a sequence of values
of the parameters x, , xz . We shall assume that the boundary
conditions (42) for finite values x; =0 and xz<® include the
asymptotic properties of the desired solutions sufficiently ac-
curately. We use the continuous analog of Newton’s method
to solve the problem (41)-(43) on the finite interval (0<x
<xpg). The Newtonian iterations for this problem amount to
solving at each step k the linear problem

XL—>0,

Xgp—®, (42)
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O3+, 0, +Fio,=—R(y)~ Jrh 4 (44)
with the boundary conditions
Gy;/54(0)+G};54(0) = —Ry(¥) ~ AGyz

R 'Uk(xR)+GR Ti(xg)=—Rp(¥)— i} GRC (45)
and the auxiliary condition
S"'vk+s 7= —Rp(¥)— ;S (46)

for the iteration correction U= Ay ©» Bx=AC; to the known
approximation {J(x);,C;} of the desired solution. We shall
seek a solution of the system (44) in the form

o= +alo®. (47)
Substituting (47) into (44) and (45), we find
@)+, (o)) +F50, = ~R() (48)

G5 (7(0)) + G55, (0) =~ Ry(3),

Glleyr(ﬁil)(xle))' +G1'h—,l7k1)(xR)= —Rz(¥) (49)

and
(T2)"+F;, (0) +Fyo = —F, (50)
G, (7((0))' +G;5(0)= =Gy,
Gy (017 (xp))’ +Gps0(xg)=—Gpg - (51)

To find the functions 7} and & 2) we solve the boundary-
value problems (48), (49) and (50), (51). By substituting 47
into (46) we obtain a system of equations for the & . There-
fore, at each iteration it is necessary to solve the boundary-
value problems (48), (49) and (50), (51) and the system of
algebraic equations (46) to find f, . The passage to the next
approximation is effected by the formulas

V1=Vt Tilx
Cr+1=Crt ki, (52)

where 7 is the iteration parameter, which can be chosen so
as to ensure the optimal conditions for convergence of the
iterations.!® The iterations stop when the condition

6k< €
is satisfied, where the discrepancy &, can be defined as

S,=maxmax max |Ri(yu(x),c;r)l, i=12,,N,
J i xe[xp.xg]

j=12, .M,

with €>0 a given small number.

3. NUMERICAL STUDY OF SEVERAL NONLINEAR,
SELF-CONSISTENT QUANTUM FIELD MODELS
USING THE GENERALIZED CANM

Various physical processes occurring in condensed me-
dia can in many cases be modeled in terms of self-localized
states. The study of such processes is therefore very impor-
tant, and for the last few years great efforts have focused on
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the single-particle self-consistent description of multiparticle
systems (see, for example, Ref. 47 and references therein).

One example which can be cited is that of the polaron,*®
which is, on the one hand, a very simple model of quantum
field theory and, on the other, an object with numerous ap-
plications in the physics of condensed matter. The problem
of a polaron as a nonrelativistic particle interacting with a
quantum field was initially formulated as the problem of a
self-localized electron in an ionic crystal.

At present there are many physical examples in which
the electron forms a self-localized state. Among these are
magnetically ordered crystals, in which magnetic polarons
can be formed, polar liquids, in which solvated electrons
form self-localized states, and numerous others (see refer-
ences in Ref. 47). The single-particle spectrum for a charged
test particle interacting with an electron gas has been studied
in an approximation where the particle is associated with
plasions and forms a self-localized state,*’

From the mathematical point of view, the appearance of
self-localized states is associated with the appearance of
particle-like solutions at some value of the coupling constant
describing the interaction of a test particle with a quantum
field. %

The modeling of nonlinear effects in condensed media
and quantum field models leads to nonlinear eigenvalue
problems for differential equations depending on the external
physical parameters of the model. Therefore, the essence of
the problem is largely concerned with studying the solutions
of the equations which arise for strong interaction between
the particle and the field, when the formation of self-
localized states becomes possible.

In this section we shall formulate problems within some
self-consistent models which have been studied numerically
using Newtonian iteration schemes. We shall discuss the
generalized polaron equation in the Luttinger—Lu model,!
the self-consistent model of a solvated electron,’? and the
quantum field model of a binucleon in the strong-coupling
limit.>

3.1. The polaron equation in the Luttinger—Lu model

3.1.1. General statement of the problem

In the strong-coupling limit, the calculation of the char-
acteristics (energy levels and wave functions) of the polaron
reduces to solving a nonlinear system of differential equa-
tions for the eigenvalues:

AY(r)+é(r)¥(r)+EV(r)=0,
A,¢(r)+C¥%(r)=0, (53)

in which the function W(r) satisfies the condition
S¥2(r)dr=1 (here E is the eigenvalue and C is a param-
eter). The system (53) was obtained by Pekar from the phe-
nomenological theory.® In the fundamental study by
Bogolyubov,* the equations in (53) were obtained construc-
tively from the consistent microscopic theory of the motion
of a nonrelativistic particle interacting with a quantum field.

The spherically symmetric solutions of (53) are now
well studied. Approximate solutions of (53) of this form
were first obtained in Ref. 54 for the ground state by the
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direct variational method with trial functions chosen in the
form of polynomials and exponentials. The variational cal-
culations of the polaron ground state were improved in Ref.
56 by numerical integration of (53). The CANM was used to
calculate the ground state in Ref. 57. The solutions of (53)
corresponding to four different self-consistent excited states
of a particle in a quantum field were first obtained in Ref. 58.
Since physico-chemical reactions in condensed media occur
via excited states, the quantitative study of the physical char-
acteristics of such states is very important. Accordingly, in-
terest has grown in solving the polaron problem not only in
the strong-coupling limit, but also in the entire range of
particle—field coupling constant. The physical aspects of the
problem are discussed in many articles and reviews (see, for
example, Ref. 47 and references therein).

As is well known, at present the best approximation for
the polaron at intermediate values of the electron—phonon
coupling is the Feynman path-integral approach.’ Unfortu-
nately, this approach is directly applicable only to calculating
the polaron ground state. This method is essentially analo-
gous to the direct variational method for the Schrodinger
equation. An important development of the Feynman ap-
proach was made by Luttinger and Lu (Ref. 51; see also
subsequent publications®®). Their studies allow the Feynman
approach to be reformulated in the language of differential
equations. At the present time this is the only method by
which differential equations can be used to describe the pas-
sage from the limit of weak particle—field coupling to strong
coupling. It is crucial that in the strong-coupling limit the
resulting equations are asymptotically exact, i.e., they be-
come the Bogolyubov—Tyablikov equations corresponding
to the strong—coupling limit.

Thus, the simplest self-consistent model of the polaron
for arbitrary coupling is obtained from the general problem
formulated in Ref. 61. In that study the polaron energy levels
and wave functions {€, ,u(7)} in the Luttinger—Lu model are
determined by the eigenvalue problem for an integro-
differential equation in three-dimensional coordinate space:

1 av2 — Iu(F')lz ~-Clr-7'| -
[—ﬂvz——fdr ——IF_F’I (1—e ) |u(7)
=eu(7r), (54)

where V2 is the three-dimensional Laplacian, u=m/(1
+m) is the reduced mass of the electron, « is the coupling
constant, and C= uv2/y/1 — u. The normalization condition
takes the form

f drlu(7)|*=1.

The problem (54) can be formulated in dimensionless
quantities as a nonlinear eigenvalue problem for the system
of equations

AY(r) = Ag(r) +A(V,(r)— Vy(r)) ¢(r) =0,
AV, (r)+|y(r)|2=0, (55)
AV,(r) = C*V,(r)+|¢(r)|*=0

with the normalization condition
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[Ciwwrar=1 (56)

where A is the three-dimensional Laplacian, A and C are the
physical parameters of the problem, and \ are the eigenval-
ues determining the energies of the polaron states.

3.1.2. The spherically symmetric case
Writing the spherically symmetric solutions of (54) as
u(F)=x""g(x),

we obtain the following eigenvalue problem, the solutions of
which determine the polaron energy levels and wave func-
tions in the case of spherical symmeu'y:(’1

x=|7l,

¥ (x)— Np(x) +AP(x) V(x,4,(x)) =0, (57)
where
1 [ (x")
Ve pt)= 1 [ D) S

the boundary conditions have the form

P(0)=¢h(=)=0,

the normalization condition is

w 1
JO Px)dx=—, (58)

1
! — Z;exp(—Cx)sinh Cx', x'<x,
D(x,x")=

x— —exp(—Cx')sinhCx, x<x’,

C
A=8V2ma, and \=2 ue, €>0, are the energy levels. In the
limiting case of strong coupling for =1, corresponding to
the statement of the problem in the Pekar model,> the func-
tion D(x,x") takes the form

x', x'<x,

D(x,x")= ,

x, x<x.

This problem was solved in Ref. 62 using a program
based on a modification of the CANM.®
Another statement of the eigenvalue problem (57) i
V2 - V
x

1___0,

.
Y (x) = Np(x) +Ad(x)
¥’

{ vi+—=o, (59)

A

Vi—CV,+—=0
2 2 x

\

with the normalization condition (58). The desired solutions
of the system (59) must satisfy the following asymptotic con-
ditions:

$(0)=y()=0, V;(0)=Vi(»)=0,
V5(0)=V5()=0.
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The solutions of (57) are the solutions of (59) and vice versa.
The system (59) was solved numerically in Ref. 64 using a
modified CANM-based algorithm, which is described below
for the more general nonspherically symmetric case.

After some algebra, the spectral problem (57)—(59) can
be reduced®’ to a parametrically dependent system of nonlin-
ear equations of the form

s

1
¢"— o+ ;¢(W1-W2):0,

1
{ Wi+=¢’=0, (60)

1,
\ Wy—a*Wy+ <¢ =0
with the boundary conditions
#(0)=(*)=0, W,(0)=W;(x)=0,
W, (0)=Wy(=)=0.

The solutions z={¢,W,,W,} are calculated for various val-
ues of the parameter a. A feature of this formulation is the
fact that the energy levels and other physical parameters of
the problem can be determined only after finding the solution
of the system for some value of the parameter a. A Newton-
ian iteration scheme for the numerical study of the problem
(60) is given in Ref. 61. The first five spherically symmetric
states of the polaron were first found in that study. The re-
sults of solving the eigenvalue problem in the formulations
(57) and (59) obtained in Refs. 62 and 64, respectively, agree
with the results of Ref. 61.

3.1.3. The nonspherically symmetric case

If we write the solution of (55) as an expansion in
spherical harmonics Y,,( 6, ),
© 1

wn=2 3 YDy 8.4,

r
I i=1,2, (61)

Vim
m(T) (6.9,

=—1 r

vin=2,

substitute this expansion into (55), multiply on the left by
Y*(6, ), and integrate over d{)=sin 6d6d¢, we obtain the
following system of equations for the expansion coefficients
‘/Jlm(r) and Vilm(r):

" I(+1)
(/llm(r)—)\‘/’lm(r)— —7'_‘ Yim(T)

© ll

A
+ 7 2 2 lellml(r) l//llml(r)=0a
;=0 my=-1
. I(1+1)
llm(r)__rf—vllm(r)+slm(r)=0’ (62)
I(1+1)

V’2’lm(r)_ '—rf— VZIm(r)_ CzVZlm(r)+Slm(r) =0’

1=0,1,2,...,

with the normalization condition

m=-1,...,1,
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o 1
> 2| dh(ndr=1, (63)
=0 m=-1Jo
where
o0 12
le11m1=2 E Wlmllmllzmz(vllzmz(r)
12=0 M2=—12

- V212m2(r) ) 7
L o

m=_ 2 E 2 Wlmllmllzmz

=0 my=—1; I,=0 my=—

X Y1, m () Y1 m (1), (64)

- % %
Wimt m,lym, = f dQY Y1 m Yim,

= * *
Wlmllmllzmz_ f dQYlellmlylzmz'

The desired solutions of (62) satisfy the following
asymptotic conditions:

1+1
Yim(1) 0= A1,

I+1
Vim(r)r—o—=Bimr ™",

wlm(r)rﬂquZhne - \/Xr’
Viim(r)r—o—Bomr ',

—cr (65)

I+1
Vaim(r)r—0=Ciim? ™'y Voum(r) s Comr

where Ay, Agims Biims Baim, Crim, and Cy,, are con-
stants.

The numerical solution of the problem (62)-(64) with
the boundary conditions (65) is obtained on the finite interval
0s=rs<R,, R,>1, with the number of terms in the expan-
sions (61) restricted to L,, for ¢{r) and L,=2L,, for V(r),
i=1,2.

As already mentioned, the best-studied case is that of the
spherically symmetric solutions ¢(r,8,$)— (r), corre-
sponding to the value L,,=0, when the problem (62)—(65)
can be reduced to the statements given in the preceding sec-
tion.

Let us discuss the more general case (r,6,¢)
—(r,0). Then the function Y;,(6,¢) in the expansion
(61) must be replaced by

21+1
Y= —4-7_‘_—P,(cos 9,

where P, is the Legendre polynomial and [=0,1,. .. oLy

Introducing the more convenient notation ;0= i,
Vie=Vu, Vao=Vu, Si=35i, Qi01,0=CQu, Wior,01,0
= W”1 Ly and taking into account the above restrictions, the
system (62)—(65) can be rewritten as

s
Yy (r)— M//,(r)—-(ﬂ—-d/,(r)+ 2 Qu, (Y (r)=0,
1=0,1,..L,, (66)
I(1+1)
t(r)_—z—Vu(r)‘FSz(f) 0, (67)

Puzynin et al.

R (E)) )
21(’)”_rr'vzz(r)_c Va(r)+S8(r)=0, (68)

where [=0,1,...
the form

,L,, and the normalization condition has

Lm Rm
Ef pA(r)dr=1. (69)
=0 JO

Here

LU
Qu, (= 2 Wi, (Vi (r) = Vai,(r)), (70)
<

Ly Ly

Sin=2 %

L=

2041 2051 212+1
Wy (r)=2m

X f_l ,(x)P,l(x)Plz(x)dx. (72)

Wi, (1) g (r), (71)

Using the asymptotic properties of the solutions (65), we
can write down the boundary conditions on the finite interval
0<r<R,

¥14(0)47(0) — ¢1,(0) ,(0) =0, (73)

Y24(Rn) ¥ (Rp) = 34(Rpn) ¥1(R ) =0, (74)

Vi1a(0)V;(0) = V;1,(0) V4(0) =0, (75)

Vi2a(Rn)Vi(Rp) = Vips(Ry) Vir(R,) =0, (76)
where

_ —Jxr — I+1
Yra=Agye ™, Via=Byr

0t
Vau=Cyr'™",

_ I+1
Yra=Ayr'" -,

_ -1
Viu=Byr™’,

r

_ -c
Vou=Cope™ ",

A;, By, and C;; are constants, and i=1,2.

The practical application of the CANM to this problem
requires the solution of fairly complex systems of (L,
+2L,+3) nonlinear differential equations at each iteration.
A different approach for solving this system was proposed in
Ref. 66. By analogy with the splitting method,®’ instead of a
system of (L,,+2L,+3) nonlinear differential equations, it
is possible to successively solve simpler problems: the eigen-
value problem for a system of (L,,+ 1) linear differential
equations (66) and 2(L,+ 1) boundary-value problems for
the linear differential equations (67) and (68).

The iteration procedure for solving the problem (66)—
(76) has the following sequence of steps.®

Having  specified some set  {A @, y{9(r),]
=0,1,...,L,} (the initial approximation), Eq. (71) is used to
calculate the coefficients §,(r) for (67) and (68). Solving
(67) and (68) with the boundary conditions (75) and (76), we
find V(O)(r) and V(Z?)(r). Then, using (70)—(72) we calculate
the effective potentials Q;?l)(r) . Solving the eigenvalue
problem for the system (66) with the boundary conditions
(73) and (74), the normalization condition (69), and the ob-
tained potential Q“))(r), we obtain new functions
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{M”,:/é“(r), 1=0,1,...,L,}, which in turn are used to cal-
culate the solutions V(”(r) and V(l)(r) and to construct the
effective potential Q )(r) for the next iteration.

This process contmues until the eigenvalues and wave
functions A\ ®,y¥(r), 1=0,1,...,L,}, and also the func-
tions V(k)(r), i=12,1=0,1,...,L, obtained after two suc-
cessive iterations coincide with each other to within a speci-
fied accuracy e, i.c., until the condition

o0<e
is satisfied, where

S=max{|A*+*D-\®)|,

max { max |V (k+1)(r) V(")(r)|

r;€[O0.R,,] 1€[0,...L,]i=12

max | (r)— ()1

A similar algorithm was also used in Ref. 64 to find the
spherically symmetric solutions.

The iteration method described here can be viewed as a
variant of a combination of the buildup method and Newton-
ian iterations, the theoretical justification of the convergence
of which is given in Ref. 26.

This algorithm has also been used successfully to solve a
number of other nonlinear problems.

The results of a numerical study of this problem agree
with the theoretical results of Ref. 68. The more general case
m+#0 was studied in Ref. 69. In that study we presented the
CANM -based algorithm and the results of a numerical study
of this system in the strong-coupling limit.

3.2. Self-localized electron states in a liquid

Self-localized electron states in a liquid, the so-called
solvated electron, are described’® by a system of three non-
linear cquations:

[ )0+ £x )M 0,
{ 7i(x)+ ;Ez(x)=0, 77
7" a2 5 772( ) 2
nz(x)——é-x smh( +— 5 (x)=0,

with boundary conditions
£(0)=&() = 5,(0)=n{(®)=1(0) = 75() =0, (78)

where a, b, and d are the parameters of the physical model.

The same system with a linearized final equation
[ sinh(d 7, (x)/x)~(d7(x)/x)] and the same boundary condi-
tions (78) coincides with the system (60) and was solved in
Ref. 58.

Additional constraints between these parameters are pro-
posed in some physical models. In the boundary-value prob-
lem (77), (78) the conditions

drT?
" 52629-10%
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B da? (79
n M 6.2125- 10

are satisfied, while in the problem (65), (78) the condition
T% 2 m?
b(—) =0.84713 — (80)
a n
is satisfied, where
T1=f0 £ (x)dx = 7;(®), (81)

A,=dT?, A,=dd?,

m is the effective electron mass, and n is the ion concentra-
tion. These parameters m and n are convenient because they
are determined from the experimental data.

Thus, with the conditions (79) and (80) the original
boundary-value problems depending on three independent
parameters can be reduced to boundary-value problems with
a single parameter and the auxiliary condition (81) relating
the integral condition on one desired function to the
asymptotic behavior of the other function.

A similar approach can be used to formulate the
boundary-value problem with auxiliary conditions, described
in the preceding section.

In the problem of the solvated electron, using the nota-
tion £=y,, 7;=Yy,, and 7,=y3, we have the system (77)
with the boundary conditions

G1=y1(0)=0,
G12=y»(0)=0,
G13=y*(0)=0,
Gri1=y1(xg)+y1(xg)=0,
Ggra=Y,(xg)—C=0,

, [A2
Gr3=y3(xg)+ ZTC)’s(xR):O, (82)

approximating the asymptotic conditions (78), and the auxil-
iary condition

XR 2
Q1Ef0 yi(x)dx—C=0, (83)

which in the iteration process leads to the system of linear
equations

( " Yok~ Y3k Uk ™ Usg
vt Uit

Y= Ry,
" 2 _
Uyt ;}’Ucvlk—“Rz,

A, A
*v3k—14_c CO! h( Cl,y ci

2b
U3t — Ykl (84)

A1Y3k
C%x

Ay 4 .
=—R3+pu XZ4C x sinh

A, A1ysk
k A—2Cy3 cosh( % |’
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with boundary conditions

[ v1(0)=—Gy,,

V(0)=—G,,
v3(0)=—Gp3,
{ vi(xg)tvi(xg)=—Gpy, (85)

Ua(xg) — = —Gpo,

, A2 A2
v (xg)+ a4 Cvalxp)=—Grz—p 7 Yar(xg)
1 1

and auxiliary condition

\

2 f:"yu(mvlk(x)dxwk: -0 (86)

A detailed description of the algorithm for solving this prob-
lem is given in Ref. 46, along with the numerical results.

3.3. The quantum field model of the binucleon in the
strong-coupling limit

There have been many studies devoted to the description
of the binucleon (a bound state of a neutron and a proton);
references to them can be found in the books and reviews
dealing with this topic.”"”> However, this problem remains
important, because its solution gives direct information about
the nuclear forces.

The basic characteristics of the binucleon were calcu-
lated in Ref. 73 using the quantum field model proposed in
Ref. 53. According to this approach, the description of the
interaction of the nucleons with the meson field in the
strong-coupling limit reduces to a system of nonlinear differ-
ential equations in three-dimensional space.

According to Ref. 53, the total-energy functional in the
quantum field model of the binucleon for the case of a point
interaction of the nucleons with scalar and pseudoscalar me-
son fields has the form
2

h2 g
F=— 2
lf”‘” dVv

—kjr—r'|R2
x [ S I PlutrPavav -7

[r=r']
—kpglr—r'|12
XJ' (o'vr)(o-vr’)e Ir_rr’ I‘/l(r)'z
X|w(r')|2dvav’, (87)

where k is the mass of the scalar meson, kj is the mass of
the pseudoscalar meson, m is the nucleon mass, g and f are
the constants describing the interaction with the scalar and
pseudoscalar meson fields, o is the spin operator (a unit vec-
tor directed along the z axis), and # is Planck’s constant.

From the condition for the functional (87) to be a mini-
mum on the class of functions yAr) satisfying the normaliza-
tion condition

f dr|y(r)|*=1, (88)

we obtain the system of equations
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A’ 2¢°
r;A'//—S‘/H"?‘:_—VN/“LZF[(UVr)Vz]‘ﬁ:O,
k 2
Lavi-( 2] vimanr, (89
k 2
L sz—(f) Vy=—4m(aV,)| ¢

Then, writing
Vi=(aV,)V,
and setting k2= 1, we rewrite the system (89) as
(1 282
—Ay—ey+ —i-v1¢+2f2v3¢=o,

k 2
4 Avl—(f) Vi=—47|y|% (90)

ko)
AVs_(—p') Vi=—4m(aV,)*|yl

. 2

Solving this system (90) on the class of functions (r)
bounded for 0<r<o, and satisfying the normalization con-
dition (88) and the asymptotic conditions

lim ¢(r)=const, lim V;(r)=const, lim V;(r)=const,

r—0 r—0 r—0

lim (r)=const, lim V (r)=const, lim V;(r)=const,

r—o r—w r—om
91)

we can determine the binucleon energy levels € and wave
functions . (Here r= x>+ y>+z>.) Then the binucleon ra-
dius R and its quadrupole moment Q are calculated from the
expressions

R= f drr|y|?, Q=j dr(3z*—r?)|y|%. 92)
Making transformations of the form
U=y, (93)

the system (90) can be rewritten in dimensionless quantities
(henceforth the bar over the vector T will be dropped):
Ap—Np+(V,+BV3)p=0,
2
AV1“k1V1=‘]‘P|2, (94)
AVs—k3V3=—(0V,)*¢|%,

r= roi,

where
k\? k. \?
nmemrd, K=(2] 5 e=(%) %
72
o
B=jg;;;7, 8gZmryy*=1. (95)
0

Using the change of variables (93), we rewrite (88), (92), and
(87) as

. 1 W  a
N=Jdr]<p|2=—3——, R=r}y'R, R=fdrr]<p|2,
roy
(96)

0=r3v*0, Q=Jdr(322—r2)|¢|2,
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F=(e/N)[(T-W/2)IN], 97)

where

T=ryy*T, T=Jdr|V<p|2,

W= f dr(V,+BV3)|e|”. (98)
These quantities are related to each other as

R=ro(RIN), Q=r3(QIN). (99)

Here the expressions in parentheses are dimensionless.

The system of differential equations for the binucleon
(94) represents a nonlinear three-parameter eigenvalue prob-
lem. The numerical integration of (94) in the limit kj;—
was performed in Ref. 53. The problem (94) for finite k,
was studied numerically in Ref. 73.

As an example, let us present a formulation of the
boundary-value problem for the system (94) in the special
case where the solutions are symmetric about an axis, i.e.,
D(p,z,¢)—P(p,z) (cylindrical coordinates). In addition,
we go from a semi-infinite integration range to a finite range
(—zm=2z<2zy, 0<p=<py). Then the description of the bi-
nucleon reduces to solving the two-dimensional spectral
problem for a system of nonlinear differential equations.

Let us formulate the problem in such a way that it is
reduced to a one-dimensional system of equations.

We shall seek a solution of (94) in cylindrical coordi-
nates in the form

r ©
40(1072)=HZl Yu(2)P,(p),
{ Vilp.)= 2 Vin()@1a(p), (100)

vs<p,z)=g1 V3n(2)@3,(p),

\

where the eigenvalues and eigenfunctions {u, ,®,} are de-
fined as the solutions of the following spectral problem:

1
o)+ ;¢;+,u.,,¢),,=0, 0<p<py,
J- dpp¢ﬁ= 1.

Here A - is determined from the expressions

(101)

d
371 alo)
A= "F(p) ’

P=py

¢A(p)=ij dzyo(z) pa(z,.p).

In finding the sets {uq,,P,,} and {u;,,P;,} the function
¢4 1s replaced by V,, and V;4, respectively, and the
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function yy(z) by Vo and V3, respectively, where yo(z),
V.10, and V3, are some initial approximations. In a special
case we can use only one set of functions {®,}.

Substituting the expansion (100) into the system (94),
we find

0o

Yam A+ )yt 2 Wony,=0, n=12,.,
m=1

, ' (102)
ij_(kiJr#lj)Vlj:—JU’ j=12...
"
V= (ka+ paj) V= —Js;,
where
an=21 [anjmvlj+BQ3'lij3j]’ (103)
=
© © d2
Jljz 2 anjmynym’ J3j= E Q3’l]‘m21(y"ym)’
nm=1 n.m=1 Z
(104)
Pu .
Qunin= [ " dop® (00 Pinlp). i=13. (105

The functions y,, V,;, and V3; satisfy the following bound-
ary conditions:

[ yu(z) = A(zy)yn(zm) =0,

Yu(=2m) ~A(=2m)yn(~2m) =0,
Vii(zu) —A1(zn) V1j(zi) =0,
Vijzm)— A (—zp) Vij(—zp) =0,
V3j(zm) —As(zy) Vaj(zy) =0,

Véj( —zp) —As( _ZM)VSj( —zu)=0,

(106)

~—

where

d
a7 a@)]

A==y

z=2zp

PM
yA(z)=f0 dpp®o(p) palz.p),

d
E[VIA(Z)]
Via(2) ’

=2y

Ai(zy)=

PM
Via(z)= fo dpp®@o(p)V14(z,p),

d
E[V&Q(Z)]

Vaalz) |,_,°

M

AS(ZM)=

Via(z)= fopMdPPq)so(P)VaA(Z’P)-
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FIG. 1. The binucleon wave function ¢(p,z).

The coefficients A(—zy), A1(—2zp), and A3(—zy) are de-
fined analogously. The normalization condition for the sys-
tem (102) takes the form

S [ ariw=gmam=h
zy,(2)= =N..
n “zy y 27”'072

Using the expansion (100), Egs. (96) and (97) for calculating
the required physical quantities have the form

L N Y T O L)
M
Q=27rj+2Mdzf0pMdpp(222—pz)fpz(z,p), (108)
“iM
F=(e/\)[T.,—W_.2)/(27N,), (109)
where
TC=2'17]::dzfopMdpp 6;—9:)2 %"; ’

« tim
W.=2n2 | " dz[V1;(2)+BV3;(2)lya(2)ym(2)-
jam J—zp
The symmetry of the problem can be used to solve the sys-
tem (102) on the interval 0<z<z,,. Here it is necessary to
change the boundary conditions and the normalization con-
dition accordingly.

This problem was studied numerically in Ref. 73 using a
modified CANM-based algorithm similar to the one de-
scribed in Sec. 3.1.3. As an illustration, in Fig. 1 we show
the binucleon wave function ¢(p,z). The calculations
showed that the numerical solutions of the two-nucleon sys-
tem in the limit of strong coupling to the scalar and pseudo-
scalar fields lead to values of the deuteron binding energy,
effective radius, and quadrupole moment consistent with ex-
periment.

We conclude by noting that a system of the form (53)
arises in widely different cases of particle—field interactions,
for example, the self-localized states of electrons in
v:lectrolytesw’74 and electron states in biological

Puzynin et al.
macromolecules,”’® in particular, electron transport over
large distances in biological systems. Certain nuclear-physics
models (the Hartree—-Fock and Hartree—Fock-Slater
models’’) also lead to nonlinear self-consistent systems.

A common feature of all these cases and many other
problems is the need to solve the nonlinear self-consistent
spectral problem. The development of methods for studying
self-localized states numerically therefore acquires special
importance.

The algorithms and CANM-based programs developed
for the above problems are widely applicable and can be
used to solve a broad range of nonlinear self-consistent prob-
lems.

4. NUMERICAL STUDY OF SEVERAL QUARKONIUM
POTENTIAL MODELS USING THE GENERALIZED
CANM

The physics programs of experiments at meson factories
present the theories of elementary particles with the problem
of constructing a model for the unique description of the
spectrum and form factors of the interactions of light and
heavy mesons. This problem has been solved in several
studies’®®® using a quantum field generalization of the non-
relativistic potential model of one-gluon exchange. The main
feature of such an approach is the description of the sponta-
neous breakdown of chiral symmetry using the Schwinger—
Dyson equation. Then the description of the meson spectrum
reduces to solving boundary-value problems for the
Schwinger—Dyson (SD) and Bethe—Salpeter (BS) equations
in three-dimensional form. The SD equation describes the
quarks ‘‘inside’’ the meson and allows the use of the same
phenomenological potential as in the spectroscopy of heavy
quarkonia for calculating the ‘‘dynamical’’ quark mass,
which is a measure of the spontaneous breakdown of chiral
symmetry for light quarks. The solutions of the BS equation
(the eigenvalues and eigenfunctions) are compared with the
masses and wave functions of free mesons. Then, by com-
paring the resulting solutions with the experimental data for
the masses and decay constants, one can study the problem
of constructing an effective QCD potential independent of
the quark flavor. In the limit of heavy quarks the equations of
the model become the Schrodinger equation.

In Refs. 79-83 the quark potential model with various
phenomenological potentials (like the harmonic oscillator, a
linearly growing plus Coulomb potential, and the Richardson
potential) was used to describe a broad range of meson
masses, wave functions, and leptonic decay constants (F,
and so on). The authors of those studies consider their main
result to be the qualitative description of the mass spectra of
all mesons represented as a quark—antiquark bound state. In
particular, in Ref. 84 a large difference between the p- and
7r-meson masses was obtained in the oscillator-potential ap-
proximation as a consequence of the spontaneous breakdown
of chiral symmetry, neglecting the quark—antiquark spin—
spin interaction, which is usually added to the interaction
potential. In addition, in the studies cited above, values of the
meson leptonic decay constants (for example, F,) consider-
ably smaller than the experimental data were obtained.
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One difficulty in the numerical study of relativistic po-
tential models (see, for example, Ref. 84) is related to the
fact that, as in the nonrelativistic case,85 the effective poten-
tial in those models is usually taken to be a combination of
the Coulomb and linear potentials, which leads to diver-
gences in the kernels of the integral equations. In the litera-
ture this problem is often solved by the method of ‘‘renor-
malization of the quark wave function inside the meson.”’
Essentially, here the singularities are removed, owing to
counterterms introduced into the Hamiltonian. Up to now
there has been no self-consistent method of regularizing sin-
gularities when the quark is off-shell and is a constituent of
the hadron.

Another method of solving the singularity problem is to
modify the original potential at the level of the coordinate
representation by approximating it by several functions with
“‘good’” properties. In particular, several functions approxi-
mating the Coulomb and linear potentials are studied in Ref.
86. The properties of these approximations are studied for
the example of the nonrelativistic Schrodinger equation and
compared with calculations®” in which the divergence prob-
lem is solved in a different way.

From the mathematical point of view, the SD problem is
a system of two nonlinear integral equations in three-
dimensional momentum space. Its solutions are the quark
wave function and energy function, which are used in the BS
equation. The statement of the problem includes asymptotic
conditions which are imposed by physical arguments on the
dynamical quark mass and energy.

The system of BS equations in this model is an eigen-
value problem for a system of linear integral equations in
three-dimensional momentum space. The eigenvalues and
eigenfunctions of the BS system are physically interpreted as
the meson energy levels and wave functions.

Thus, theoretical studies of the quark characteristics us-
ing this model lead to the numerical solution of singular
boundary-value problems for systems of nonlinear differen-
tial, integro-differential, and integral equations. These prob-
lems are characterized by a countable set of solutions, which
can be used to describe the quark spectra, which, in turn,
depend on the physical parameters of the model: the quark
mass and charge, and the characteristics of the model poten-
tial.

The study of these problems is a complicated numerical
task. In general, each of these problems can be viewed as a
nonlinear functional equation in B space.®® The unified ap-
proach to the numerical analysis of these problems based on
the generalized continuous analog of Newton’s method al-
lows the design of efficient numerical methods which maxi-
mally take into account the specific features of the particular
problem. The algorithms and programs which have been de-
veloped have permitted the successful solution of the prob-
lem of computing the mass spectra and leptonic decay con-
stants for a number of effective interaction potentials.

For example, the SD and BS equations with the oscilla-
tor potential were studied numerically in Ref. 89, and solu-
tions were obtained for the 7, 7', K, and K' meson spectra.
The spectra of pseudoscalar, scalar, vector, and axial-vector
mesons were calculated for the same potential in Ref. 90.
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Numerical solutions of the SD and BS equations were ob-
tained in Ref. 91 for a potential containing oscillator and
Coulomb terms. The first successful description of the ex-
perimental value of the leptonic decay constant of the pseu-
doscalar pion was obtained in Ref. 92 using the approxima-
tion of the Gaussian potential. A numerical analysis of the
modified SD and BS equations using the CANM was per-
formed in Refs. 97-99 for the Yukawa potential, a combina-
tion of the oscillator and Gaussian potentials, and also the
linear and Coulomb potentials.

The explicit form of these equations depends on the
choice of effective potential. Below, we present a general
statement of the SD and BS problems within this approach.
We shall give the forms of potentials popular in meson spec-
troscopy, and also discuss methods for the numerical study
of these problems on the basis of the generalized CANM.

4.1. The Schwinger—Dyson equation

The system of SD equations for a given potential V(|p
—q|) has the form*

( E(p)cos(2v(p))=my
1
+5f dqV(|p—ql)cos(2v(q))/(2)?,
E(p)sin(2v(p))=p

1
+3 [ davilp—aDésin2u(g)/@2m’

A

(110)

where the integration runs over the three-dimensional space
of coordinates of the vector q, £=(p/p.q/q) is the scalar
product of three-dimensional unit vectors, m is a given con-
stant (the quark current mass), and E(p) and v(p) are re-

spectively the quark energy and wave function, which must
be found.

After the integration over angles ()q, the system (110)
takes the form

{E(p)COS(Zv(p)) =mo+1,(p),
E(p)sin(2u(p))=p+1(p),

where

(111)

Il(p)=J:qul(p,q)COS(Zv(q)),

I,(p)= f:quz(p,q)sin@v(q)), (112)

1 1
Vi(p.q)= 3 (Z—W)quj dQv(lp—q|),

1 1
Valpa)=5 s [ d0EV(B=a).  (113)

The solutions of the system of equations (111)—(113) depend
both on the form of the potential, and on the asymptotic
behavior of the functions V;(p,q) and V,(p,q) for

p—0, g=const (or g—0, p=const),

p—®, g=const (or g—%®, p=const),



102 Phys. Part. Nucl. 30 (1), January—February 1999

|p—q|—0.

In addition, from physical considerations the functions I,(p)

and I,(p) must satisfy certain asymptotic conditions for p

—0 and p—oe:
lim I,=0,

p—®

lim 7,=0, lim /;=const<o,
p—® p—->0

lim I, =const<co. (114)

p—0
This imposes constraints on the class of allowed potentials.

As already mentioned, for some of the potentials used in
hadron spectroscopy the integrals /,(p) and I,(p) have di-
vergences at asymptotically small and large momenta. To
eliminate these, for a set of selected potentials some authors
have proposed that the system (111) be replaced by a system
of so-called renormalized equations (a trick often used in
perturbation theory):

{E(p)COS(2v(p)) =mo(1-Z2,)+1,(p),
E(p)sin(2v(p))=p(1—Z)+1,(p),

where

Z, =const<o, Z=const<o,

By choosing Z,, and Z, for some potentials it is possible to
satisfy the requirements (114) imposed on the system (111).
Several authors have suggested that the constants Z,, and Z
be replaced by specially selected functions Z,,(p) and Z(p).
These questions are discussed, in particular, in Refs. 80—82.

A more general approach to modifying the system (111)
is the following. While preserving the form of the SD sys-
tem, we introduce into (112) the new functions f;(p,q) and

f2p,q):

Il(p)=f0 dqVi(p.q)cos(2v(q))f1(p.q),
& (115)
Iz(p)=Jo dqV,(p.q)sin(2v(q))f2(p.q).

For different choices of the functions f; and f, we obtain
different modifications of the SD equation. For example, tak-
ing

cos(2v(p))—m0/\/p2+m02

! cos(2v(p))

_sin(2v(p))— 1
> sin(2u(p))

we obtain the system of SD equations studied in Ref. 81. For
f1=1 and f,=0 we have one of the modifications of the SD
equation studied in Ref. 92, and so on. Another possibility is
to choose the functions f; and f, to be analytic solutions of
the Schrodinger equation with the corresponding potential,
or to be functions of the form p®exp(—bp) or cp®/(p*
+1)b, and so on, where a=0, b=1, and ¢>0. Since the
solutions E(p) and v(p) of the system (111), (113), and
(115) describe not free quarks, but quarks in a bound state
(““inside’’ the meson), the choice of functions f) and f, can
be related not only to the solutions of the SD system, but also

Puzynin et al.

to the solutions U,(p) and U,(p) of the BS equation, i.e.,
F1=f1(p,U1(p)) and f,=f1(p,Us(p)). In this case the SD
and BS equations must be solved as a single system of equa-
tions. Here we shall not discuss the physical justification for
replacing the system (111)—(113) by the system (111), (113),
and (115), or the specific choice of the functions f; and f,.
The criteria specifying the form of these functions in this
case are the correct asymptotic behavior of the solutions, the
absence of divergences in the integrals I; and I,, and also
the qualitative and quantitative description of the character-
istics of mesons as bound states of a quark and antiquark.
The system of SD equations therefore reduces to the
boundary-value problem for the system of nonlinear equa-
tions (111), (113), and (115) with the boundary values

limv(p)=0, limv(p)=m/4, lim E(p)=const,
p—0 p—oo® p—0

lim E(p)=p.

p—®

4.2. The Bethe—Salpeter equation

Let us consider the BS equation for pseudoscalar mesons
consisting of quarks of various masses:>>

ML32(p)=E,(p)L —f quI—I
(3)(1’— «(p (;)(P) a3 (lp—q))

()G (1) e()
X[Cp Cq +§Sp Sq+ ]Lﬁ)(q), (116)

where

) =cos(1(p) 2va(p)), S =sin(v,(p) £0a(p)),

Vi, Uy and E,, E, are the solutions of the SD equation for a
quark and antiquark with current masses mg; and mg,, re-
spectively, E,(p)=E,(p)+ E,(p) is the total meson energy,
M is the eigenvalue (the mass of the bound state), and L( ;)

are the wave functions. The normalization condition has the
form

e[ 49 (@Ly@=1 117

M | Gn) (@)L (@) =1, (117)
where N¢=3 is the quantum number. These solutions of the
system (116) can be used to calculate the leptonic decay
constants of pseudoscalar mesons:

4NC dq

Fo=ar | ol @cos(oi(@) +oa(a).  (118)

We shall seek solutions of (116) in the form of an expansion
in spherical harmonics Y,,( 0, ¢):

1
Ley()= 5 2 Uaim(p)Yin(0:). (119)

In the spherically symmetric case (/,m=0), writing for
brevity UG)OO= UG) we find
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MU (p)=EAp)Uy(p) 2 |Caarel e npa)

+55058003(p. )10 3 (@), (120
4N 1 2
TCWIQ dqU,(q)Ux(q)=1, (121)

where

" p . p
Vi(p.q)= 3V1(p,q), Vy(p.q)= ; Viy(p.q),

and V,(p,q) and V,(p,q) are given by (113).
The expression for the leptonic decay constant takes the
form

4N 1 w
Fo==1 @ay \/47Tjo dqqU>(q)cos(v1(q)
+v4(9)). (122)
The solutions of (120) must satisfy the asymptotic conditions
lim U(l)(p)=0, lim U(l}(p)=0. (123)
p—0 2 poe 12

We have thus obtained the eigenvalue problem for the
system (120) with the normalization condition (121) and
boundary conditions (123). We again note that the expres-
sions defining the BS problem involve the solutions (v;,E})
and (v,,E,) of the SD system for two quark masses mg; and
moy .

4.3. The interaction potentials

In this section we present the most commonly used ef-
fective interaction potentials and discuss methods of numeri-
cally solving the SD and BS problems with these potentials.

4.3.1. The Gaussian and Yukawa potentials

The Gaussian potential is usually used for simplifying a
model (see, for example, Refs. 92 and 93). The coordinate

representation of this potential is
Vo=v,exp(— u’r?)+C, (124)

where C is a constant and v,>0 and p>0 are parameters.
The momentum representation of this potential is

V(lp—q))= —2
P
+C(2m)’8(lp—dl),

R3 exp(—R*|p—q/?)

R=pu/2. (125)

The potential corresponding to the difference of two Yukawa
potentials has the coordinate and momentum forms

= Z{exp(— pr)— Bexp(— par)}+C, (126)
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TABLE L mg;=mg,=001.

M (Gaussian potential) M (Yukawa potential)

h B=3 #,=0.001, p,=35, =18

0.100 0.192851 0.461893

0.050 0.202286 0.463275

0.025 0.201669 0.463363
My—My 15.17 1571

o=
MhIZ_ Mhht

B
wi+lp—dql> wi+lp—q?
+C(2m)*8(|p—dl),

where @, g1, m,, and C are the potential parameters. For
B=0 we have only a single Yukawa potential. Obviously,
for =0 and u,;r<1 the potential becomes similar to the
Coulomb potential. The difference of two Yukawa potentials
(B=1) for u,<pu, can be viewed as a method of regulariz-
ing the Coulomb potential in the ultraviolet region (|r— q?
> [.L%) A

The renormalized system (111), (113), and (115) with
the potential (124), (125) for f;=1 and f,=0 was solved in
Ref. 94 using a modified Newtonian algoritl1m.95 By means
of simple transformations, the problem was reformulated as a
nonlinear integral equation determining the quark mass func-
tion:

V(p—q) =4'rra{

(127)

m(p)=mqo+ f:dqV(q,p)m(q)/\/mi(q)+q7E , (128)

where

V(p.q) = = [exp(— By(p2+q?))sinh(2Bepa) ],
q
(129)

and a, and B, are parameters.

The SD problem was solved in Refs. 92 and 97 by the
iteration process described in Ref. 92. The numerical results
obtained by solving the SD equation in this way agree with
the results for Egs. (128) and (129) obtained by using the
modified Newtonian iteration scheme described in Ref. 95.

The BS system (120) for the potentials (124), (125) and
(126), (127) is an eigenvalue problem for two linear integral
equations with the normalization condition (121). Tt was
solved numerically using the program package SYSINT
(SYSINTM),% designed to solve the eigenvalue problem for
a system of linear integral equations using modified iteration
schemes based on the generalized CANM. The integrals
were calculated using the quadratic Simpson’s rule, which
gives the order of the approximation O(h*), as confirmed by
numerical experiments with a sequence of successively finer
grids with argument step h, h/2, h/4 (see Table I).

4.3.2. The oscillator and Gaussian potentials

The oscillator potential, with coordinate and momentum
representations



104 Phys. Part. Nucl. 30 (1), January-February 1999

Vo(r)= - v0r2,

Vo(lp—4)=—(27)°veA,8(]p—q|),

is often used as a linear approximation to simplify a model
(Refs. 80, 89-91, and 98). As was shown in Refs. 89 and 90,
the SD equation can be reduced to a nonlinear differential
equation of the form

W'(p)+2¢'(p)p—2p sin (p)+sin 2¢(p)/p*+2m,
—2cos ¥(p)=0 (131)

(130)

with the boundary conditions

WO0)=m/2, Y(®)=mg/\p>+m3.

In the studies cited above, Eq. (131) was studied numerically
using Newton’s iteration scheme. A modification of the
problem (131) allowing a more accurate description of some
experimental characteristics was studied in Ref. 98. It was
also solved using the CANM.

Let us consider a more general case, namely, a combi-
nation of the oscillator and Gaussian potentials:

V=VG+V0, VG=vgexp(—,u.2r2)+C, V0=—v0r2.

(132)

The momentum representation of (132) has the form
v
V(Ip-gl)=—F
(Vm)?
X &(lp—gl)—vo(2m)*A;8(|p 7)),
R=1/(2u). (133)
Equations (112) take the form

R*exp(—R¥p—g|)+C(2m)3

2 -
(Sin(¢(ﬁ)))”+;(sin(tﬁ(ﬁ)))’ +J1,

Tl =

- 2 2
12={(COS( &(p)))"+ ;(COS(qb(ﬁ)))’ = p-—zCOS(qb(ﬁ))}

J=é f:dqvl(p,q)cos(zwq)),

1r=a|dgVatp.g)sin(2v(a)), (134

v1=R;’—,[exp(—Rz(p2+q2))sinh(2R2pq)], (135)

Vz=l —1-7{CXP( —~R?*(p?+4?))[2R?pgcosh(2R?pq)
2 Rp

—sinh(2R2pq)]}. (136)
The system (115), (134)-(136) was studied numerically in
Ref. 99. In this case the SD equation reduces to a nonlinear

boundary-value problem for a single integro-differential
equation [for V,=0 and f;=f,=1 we obtain the differential
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equation (131)]. This problem was solved numerically using
the modified Newtonian algorithm studied in Ref. 63.

The statement of the problem (120) for the potential
(132) has the form of an eigenvalue problem for a system of
two linear integro-differential equations:

n

MU o)+ U3y e)+ Wiy )V ()

] = =
=-2 fo dqlC,”CyVi(p.g)

+8,75 Va(p.0)10  (a), (137)
2
with normalization condition (121), where
1 2 +
W,=—{E,+ 4—(¢{—+—¢£)2+ ?cosz( i d)z)}, (138)

1 2 _
Wy=— [E,-f— 7(#1— 1)+ ?sin2( o 5 ¢2)}, (139)

¢;=—2v;+72, i=12.

The problem (137), (138) was solved in Ref. 99 using the
CANM modification proposed in Ref. 63. The program
package”® SLIPS2 was used for the case V=0, where the
equations of the system become differential equations.

4.3.3. A combination of the Coulomb and linear
potentials

The coordinate representation of a combination of Cou-
lomb and linear potentials has the form

V(r)=—- ac7+o‘r, (140)

where a, and o are parameters. In momentum space we have

o 47 8
V(lp—q|)= _acl—

—— o ——, 141
p—q* " lp-g* (141)

Using the identity

! 1A ! (142)
lp—ql* 6 *lp—gl*’
the system (115) can be rewritten as
E(p)cos(2v(p))=mo+1,x+1y;
E(p)sin(2u(p))=p+Ixx+1y,
where
—_ @ __ o ailC
3= =gm O~y he=0pm
_alyc _alic i T i 2I5c
2C— p ’ 1L~ 2p ’ 2L—2P 2C 72— ’



Phys. Part. Nucl. 30 (1), January-February 1999

TABLE IL. The interval [0,6.], my=0.1, @=0.1, =0.1.

h M U,(0.6) U,(0.6)
0.100 1.7691 7.8183 6.6219
0.050 1.7744 77721 6.6048
0.025 1.7757 7.7761 6.6005
M,~M (T~ Upy—U
i Mis i Do) e JRCTRR_gg
Myp—Mpy, Uike=Urh Ushn= Uz pia

. (" rtq

Iic(p)= . dqq lnp_q cos(2v(q))f1(p.q),
2 2

. % ptq

Izc(p)=f0 dqq[—1+ T

Xsin(2v(q))f2(p.q)-

This system was solved numerically in Ref. 100 using the
algorithm described in Ref. 92.

In Ref. 100 it was also shown that the BS equation for
the potential (140)—(141) can be reduced to a system of the
form

ptq
P—q

In

Vis(p)Ui(p) +Via(p)U(p) + Via(p) U1 (p)
—MUy(p)—2J1»(U;,Uy,p)=0,
Vas(p)Us(p) + Vau(p)Ui(p) + Vau(p) U,

—MU(p)—2J5(Uy,Uz,p)=0, (143)

where the functions J,, and J,, depend nonlinearly on the
eigenfunctions U, and U,.

The system (143) was solved numerically in Ref. 100 by
developing a modified Newtonian scheme similar to the al-
gorithm proposed in Ref. 66, combining the CANM with the
method of successive approximations. The numerical scheme
was realized using a uniform grid in the argument p with
step A and has second-order convergence, as confirmed by
calculations on a sequence of grids smaller by a factor of
two. These results are presented in Table II.

4.3.4. Analysis of the numerical results

The SD and BS equations were studied numerically in
Refs. 92, 97, 99, and 100 for various forms of the effective
potentials. Results were obtained for the pion as a bound
state of a quark and an antiquark having nonzero current
masses.

Since, as mentioned above, in some studies by various
authors the calculated values of the leptonic decay constants
did not agree with the existing experimental data, the goal of
these calculations was to try to describe the experimental
value of the leptonic decay constant F . for the ground state
of the pseudoscalar pion.

Therefore, the criterion for choosing the free parameters
of the model was chosen to be the experimental value of the
ratio of the pion mass and leptonic decay constant, M ./F
~1.04. The parameters and the modified SD system satisfy-
ing this experimental value were found for each of the po-
tentials listed above.
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In particular, in Ref. 92 it was shown for the first time
that there is a scheme for renormalizing the solutions of the
SD problem which allows the value of F to be described
within this class of models.

The parameters fixed according to this criterion were
also used to calculate radially excited states of the pion.
However, for this method of choosing the model parameters
the energy levels of radially excited states turned out to be
lower than the experimental values given in Ref. 101. The
exception was the oscillator potential,®® for which the ener-
gies of the radially excited states significantly exceed the
experimental data.

4.4. Generalization of a QCD-inspired model to the
case of finite temperatures

The generalization of the SD and BS equations to the
case of finite temperature and baryon density proposed in
Refs. 93 and 102 is interesting from the viewpoint of solving
the important problem of describing hot, dense hadronic mat-
ter (the quark—gluon plasma).!®® Since up to now'%!% this
problem has mainly been studied using the Nambu—Jona-
Lasinio model,'® which is equivalent to a separable
approximation'?’ of the equations, comparison of the results
from numerically solving the full system of SD and BS equa-
tions with the results obtained in the separable approxima-
tion is useful for analyzing the validity of the theoretical
model.

Such a study was performed in Ref. 108. As in Refs. 92
and 93, the model was simplified by taking the effective
potential to be a Gaussian.

In the formulation of the problem, the inclusion of the
temperature dependence leads to the appearance of an addi-
tional equation for the chemical potential. As a result, as'was
shown in Ref. 109, the SD problem takes the form of a
system of three nonlinear integral equations in three-
dimensional momentum space:

r 1
E(p)cos(2v(p))=mo+ 5 f dqV(lp—d|)

X[1—£(q)—F(g)]cos(2v(q))/(2)3,
. 1 (144)
E(p)sin(2v(p))=p+ EJ dqV(lp—q|)é[1-f(q)

. —F(g)1sin(2v(q))/(27)>,

1 -
wp)= o+ 5 [ davp-aDUi@-F@) V),

(145)
where
_ 1
AP = T op B E )~ AT
_ 1
AP = T oo BRE) T )T (146)

As in Sec. 4.1, the integration runs over three-
dimensional momentum space, §=(p/p.q/q) is the scalar
product of three-dimensional unit vectors, Br=1/T, T is the
temperature, and E(p), v(p), and u(p) are respectively the
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quark energy, wave function, and chemical potential, which
must be found. The quark current mass mg and the initial

chemical potential u, are treated as given parameters of the
model.

After integrating over angles ()q, changing to dimen-
sionless quantities, and performing some algebra, we obtain
the system

mo+1;(p)
p+h(p)’

1 _
E(p)=5C[1=f(P)~f(p)]+[mo+11(p)]
Xcos(2v(p)) +[p+1r(p)lsin(2v(p)),
1 _
m(p)=po(p)+ ECU(p)—f(p)]

(
cot(2v(p))=

(147)

+f dqV(p.q9)[f(q)—f(q)].
\ 0

where
L= “davipa1-sa)
—f(q)]cos(2v(9))f1(p.q).
L= [ dgVap.a)1 - fla)
—f(q)1sin(2v(q))f2(p.q),

Vi =R‘-Z-exp( —Rz(p2+q2))sinh(2R2pq),

1

1
1% =g R—I;zcxp( —Rz(p2+q2) ) [2R’pq cosh( 2R’pq)

—sinh(2R%pq) |.
(148)
Let us now turn to the BS problem. As was shown in
Ref. 109, in the case of unequal quark current masses for
pseudoscalar mesons, the BS equation has the form of the
eigenvalue problem for a system of four integral equations:

4

(EWp)- ML R (p)=a? )f———;vap ahlel el

N
+§c;+)c;+’]LE§))<q>, (149)
where
cl(;)=cos(v1(p)ivz(p)), S;t)=Siﬂ(Ul(P)ivz(P)),
N N N
agﬁl (a(f) ())/2 gl )—EliEz,
aIXZI—fl—f'z, a’!=l—f1—f2,
a?-:fz—fl, aé:fz‘flv
1 _ 1
fi= fi=

1 +exp[ Br(E;— u;)]’ 1+exp[ Br(E;+ )]’
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TABLE HII. my;=myp=0.1, T=0.1, po=1.

h M U,(1.96) U,(1.96)
0.07 0.5150346 0.6175460E-02 0.5610517E-0.2
0.035 0.5150543 0.6176788E-02 0.5611749E-02
0.0175 0.5150554 0.6176862E-02 0.5611821E-02
M,—M Uy~ U Uyy—U
h h2 =179 Lh 1,h12 =179 2,h 2,h/2 =171
Mhﬂ_ Mhl4 Ul,hIZ* Ul,h/4 U2,hfl_ UZ,hI4
i=1,2,

vy, Uy, Ey, E,, and u;, u, are the solutions of the SD
equation and the chemical potentials for the quark and anti-
quark with given current masses mg, and mg,, M is the

eigenvalue (the mass of the bound state), and L:’f)) are the
2

wave functions.
The normalization condition has the form

Nc¢ (LY(@+L3(@)* (LY(9)—L5(q))>
M (2'n') a” a”
B (LY(@)+L) (‘1))2 (L1(q)~Lj(q))?
a’ a2

(150)

According to Ref. 109, the leptonic decay constants can be
calculated using the obtained solutions with the expression

4NC
Fo= (—),r(Lz(q)COS(vl(q)Jrvz(q))

—L5(q)sin(v,(g) +v4(q))). (151)

For the spherically symmetric case, going to the finite inte-
gration range [0,py], we obtain the eigenvalue problem for
a system of four linear integral equations.

When the quark current masses are equal, mg;=mg,, the
BS system simplifies somewhat and reduces to the eigen-
value problem for a system of two integral equations.

These equations were solved numerically by using the
algorithms and programs described in Ref. 92 and substan-
tially modified to take into account the particular features of
this problem. The SD problem was solved by the method of
simple iterations. The BS system was solved by using the
SYSINT (SYSINTM) program.”® Since the introduction of
additional parameters—the temperature and chemical
potential—makes the problem more complicated, it was
solved successfully by the method of continuation in a
parameter,3 which allows the solutions obtained for other
parameters of the problem to be used as the initial approxi-
mation.

In Table III we give some of the results of the calcula-
tions for a sequence of grids smaller by a factor of two.
These results show that the numerical scheme has O(h*)
convergence, corresponding to the order of the numerical
approximation of the problem.

The solutions of the SD and BS problems for several
parameter values are shown in Figs. 2-4. The qualitative
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behavior of the solutions of these problems using the modi-
fied system (/,=0) are similar to the results obtained in Ref.
109 for the Nambu—Jona-Lasinio model.

The program which has been developed can be used to
find solutions for various values of the model parameters (the
quark mass, the temperature, and the initial value of the
chemical potential). Therefore, additional conditions are re-
quired for determining the solutions of interest in physics
studies.
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FIG. 2. Dependence of the solutions of the SD equation on the tem-
perature T and momentum p [v(T.p)=fi/p/t, E(T,p)=elplt,
w(T,p)=amu/plt, and m(T,p)=E(T,p)cosu(T,p))=dm/plt] for
quark current mass m=0.1 and initial chemical potential u,=0.9 for
I,=0.

It should also be noted that this approach to solving
these problems and its software implementation can be used
for the numerical analysis of theoretical models with poten-
tials of a different form (for example, Yukawa potentials).

Numerical investigation of the SD and BS equations
with different types of potential shows that this approach can
be used to obtain a quantitative description of some of the
available experimental data. For example, the use of a com-
bination of Coulomb and linear potentials allows satisfactory

FIG. 3. Dependence of the solutions of the SD equation on the tem-
perature T and momentum p [v(T,p)=filp/t, E(T,p)=elplt,
u(T,p)=amulplt, and m(T,p)=E(T,p)cos(2v(T,p))=dmlplt] for
quark current mass my=0.1 and initial chemical potential u,=0.9 for
the unmodified system (I,#0).
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FIG. 4. Wave functions of the BS equations as a function of tempera-
ture 7=0.1(0.1) 1, for quark current masses mgy,=0.8, mp,=0.4, and
po=1 for I,=0 (solid lines) and 1,# 0 (dashed lines).
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description of the mass spectra and leptonic decay constants
of heavy quarkonia. The oscillator potential can be used to
describe the mass spectra of both heavy and light quarkonia.
The possibility of correctly describing the decay constant for
the pion ground state was demonstrated in Ref. 92 for the
example of the Gaussian potential. Similar results have been
obtained for the Yukawa potential and a combination of os-
cillator and Gaussian potentials.

The numerical studies which have been performed for
systems of nonlinear equations, including the singular
boundary-value and spectral problems, have demonstrated
the effectiveness of computational schemes constructed on
the basis of the generalized continuous analog of Newton’s
method. The broad possibilities offered by such schemes
have been demonstrated for the SD and the BS problems,
neglecting the temperature dependence, and also for the gen-
eralization of these equations to the case of nonzero tempera-
ture and baryon density.

The analysis of these results can serve as the foundation
for the further development and experimental verification of
the theoretical approaches which are used.

5. CONCLUSION

In this review we have systematically described the com-
putational techniques used to study problems arising in sev-
eral quantum field models and QCD potential models. The
unified basis for the development of these techniques is a
generalization of the continuous analog of Newton’s method,
which represents a qualitatively new development of the
CANM based on combining the ideas of perturbation theory

and parameter evolution. We have shown that this approach
can be used to construct efficient iteration schemes with op-
timal step size which allow inversion of the regular part of
the linear derivative operator at each iteration step, or which
allow this inversion to be avoided altogether. We have justi-
fied the convergence of these iteration schemes and dis-
cussed their relation to several other existing methods.

We have presented the results of numerical studies of
models of the polaron, the bipolaron, the solvated electron,
and QCD potential models with various types of potential.

We have thus demonstrated the existence of an efficient
numerical method for studying a large class of nonlinear
models in theoretical physics.

The CANM has been developed at the JINR over more
than thirty years, and it is still a viable approach. This is
because it is closely related to practical problems in the
mathematical modeling of physical processes, which con-
tinually impose new requirements on the method and provide
new ideas which stimulate its development.

*Work performed with the financial support of the Russian Fund for Fun-
damental Research, Grant No. 97-01-01040.
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