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during the last ten years. The approach uses wave functions and operators defined in
Fock—Bargmann space. A solution for the SU(3) shell model is introduced, as well as some
extensions that are related to a classical treatment of SU(3) theory. © 1998 American

Institute of Physics. [S1063-7796(98)00106-5]

1. OUTLINE OF SU(3) SHELL-MODEL
DEVELOPMENTS

The SU(3) model was introduced as a scheme for ana-
lyzing the problem of valence-nucleon dynamics within the
framework of a harmonic-oscillator shell-model basis. An
important feature of the SU(3) model is its reproduction of
the dynamics of the rotor model. This feature is clearly dem-
onstrated in the work of the LSU group,' and indepen-
dently in the work of the Kiev team.*® The LSU and Kiev
teams came to the same conclusion, using different ap-
proaches: the LSU effort used group-theoretical techniques
and computational methods, whereas the Kiev team devel-
oped a theory that exploits well-known expressions for the
wave mechanics of a rigid body.

The simplest version of the SU(3) model takes only the
so-called leading irreducible representation (irrep) into ac-
count. The Hamiltonian of the model is constructed either
from invariants of SU(3) and/or its SO(3) subgroup (for
instance, QQ, 000, QQQQ) or from a many-particle Hamil-
tonian built with a Gaussian nucleon—nucleon interaction.
The LSU work follows the traditional treatment which takes
the leading irrep as the one for which the second-order
Casimir operator of SU(3) has the maximum value. The
leading representation for the Kiev group is defined to be the
irrep for which the interaction of even nucleon pairs is the
most attractive.

Extended versions of both the LSU and Kiev approaches
include more than just the leading irrep. A focus of this
article is on the motivation for making such an extension. A
further issue is the collective motion of the valence nucleons
taken as a whole versus that of the valence neutrons and
protons with respect to one another. To probe these and re-
lated matters, it is necessary to use many SU(3) irreps. As
will be seen, in the simplest case this leads to a two-rotor
problem, one for describing the neutron motion and the other
for the protons. These rotors can move either together or
relative to one another. The goal of this work is to provide a
comprehensive theory of the valence-nucleon dynamics, to
appreciate the simplest modes in terms of a geometrical pic-
ture, and to understand what features of this dynamics are
realized in nuclei.
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2. SOME ELEMENTS OF RIGID-ROTOR THEORY

Why can the microscopic SU(3) model be presented as
a rigid-rotor model? To answer this question, it is first im-
portant to understand some elements of rigid-rotor theory.
The wave function ¥, of the rigid nonaxial rotor in a state
with orbital angular momentum L and projection M has the
form

Z'M=§ ckeDk ,,(4.6,9), )

where D%, are the spherical Wigner functions; K is the
orbital angular-momentum projection on the intrinsic axis of
the rotor; ¢, 0, ¢ are Euler angles defining the orientation of
the rotor with respect to the laboratory frame of reference;
Ck*® are coefficients which show the contributions of states
with different values of K; and finally, @ is an additional
quantum number used to distinguish distinct states with the
same values of L, M.

The Hamiltonian H , of the rigid rotor’ has the form

» L S P S Y}

Hmt=5 aLl;+ 5 bL,+ ) cLy. )
Now we would like to consider two central questions. First
question: ‘“How can one realize a transition from a micro-
scopic many-particle wave function of the SU(3) model to a
typical rigid-rotor wave function (1)?”’ Second question:
‘““How can one derive from the many-particle microscopic
Hamiltonian,

A

ﬁ:E ;,+E 12,',]', (3)
i<j

i=1

a Hamiltonian that reminds us of expression (2)? ™’

3. WAVE PACKET OF SU(3) BASIS STATES

To address these questions, it is convenient to introduce
an important construction; namely, the wave packet ®(\,u)
for basis functions of an SU(3) irrep (\,u). The wave packet
of the highest-weight irrep is most important. The state is a
Slater determinant built from one-particle oscillator orbitals
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with specific Cartesian quantum numbers. Whereas many
such functions can be constructed, for a given nucleus there
are only one or two such configurations with the minimum
value of the oscillator quantum number allowed by the Pauli
principle:

D\, u)=Detlp, . . (r;.0; 7, ©)
Py (T30 T) =Ny Hy (0 T)H, (Uy-1;)
XH, (u3-r;exp{—r*/2}&(o;, 7).
)

In (5), H,(x;) are Hermite polynomials, and &(o;,7;)
are the usual spin—isospin functions. Three mutually or-
thogonal unit vectors, u;, u,, u,, that are identical for all
particles, have also been introduced. If u; is directed along
the x axis, u, along the y axis, and u; along the z axis, then
instead of the variables x;; y;; z; in the arguments of the
Hermite polynomials, one can write the scalar products u,
°T;; Uy-T;; W3-T;. The vectors u;, u,, u3 are a convenient
system for describing rotations of the Slater determinant. The
function ®(\,u) is a superposition of states of different an-
gular momenta from which states of definite angular momen-
tum can be obtained by means of a generalization of the
Peierls—Yoccoz projection method.?

4. STANDARD PROJECTION METHOD

In this section we review the definition of the standard
projection method. Let the wave function ¥ be a superposi-
tion of states with different L and M values:

V=2 Cry¥piy- (6)
LM

The same function has a new form after a rotation of the
frame of reference, namely,

‘P->‘F= E CL,M\I!L,MDIA‘{,M" (7)
LMM'
The overlap integral of ¥ and ¥ (or, in other words, the

integral of the product ¥ -¥) can be expressed in terms of
the coefficients C;, ,, and a spherical Wigner function:

(‘r’l‘l’)=L EM, CLuCrmDiyg gy - (®)

As a result, we obtain the following well-known relation:

Cy 34Cr = f dQ(F|¥)D}, .. ©

The last formula gives us an algorithm for the selection of
states with definite value of the angular momentum.

5. FOCK-BARGMANN MAP OF MANY-PARTICLE
HARMONIC-OSCILLATOR BASIS FUNCTIONS

The SU(3) symmetry indices (\,u) are introduced to
remove the degeneracy of the translationally invariant oscil-
lator shell-model states. If K denotes the projections of the
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angular momentum L on the principal intrinsic symmetry
axis, the many-particle wave functions W7 ,,(\,u) of the
SU(3) shell model have the following form:

WZ,M()\flL) = ; Allé’a()‘vl")\lfﬁ,M({ri »Tj 9Ti})s (10)

where the quantum number « is analogous to the additional
quantum number of the nonaxial rigid rotor.

The starting point for the construction of the wave func-
tion (10) can be the highest-weight vector of the (\,u) irrep
which has the form of the Slater determinant ®(\,u) or a
linear combination of the Slater determinants and is charac-
terized by definite numbers of quanta along the Cartesian
axes of the system. The Peierls—Yoccoz projection method
ensures that this highest-weight vector, after an arbitrary ro-
tation of the coordinate axes, is a superposition of all basis
functions of the (\,u) irrep; namely,

“’“”“)=§, 2 Bﬁ;“(x,u); ALS(\, )WL

X({r;,0;,7:}). (11)

The coefficients in this superposition (11) are not numbers;
they are functions of the Euler angles ¢,0, , which appear
together with the three unit vectors u;, u,, u; introduced
(see Sec. 3) in the generating invariant ®(\,x), which is also
a generalized coherent state. Because ®(\,u) is an invariant
form, the coefficients

Bﬁ;“(x,u)=1vz<x,m§ ALI(Nm)Dy, 1(6,6,9)
(12)

are also SU(3) basis states, but in this case defined in Fock—
Bargmann space.”'°

We now give the wave-packet expansion again [in other
words, an expansion of the SU(3) generating invariant]:

@(A,M>=L§A)l Ea ; AR N pw) Tk 4
X({r,-,o,- ’Ti})Ng()\:/")

X2, A (N u)Dy, (.6.9). (13)
K'

The last expansion plays an important role in our approach.
It introduces the Fock—Bargmann map of the basis function
and gives the connection

3 ARV NIOLm) D AR Dy (14)

The left side of this connection is a complicated construction
of the many-particle function, and the right side is its simple
map in Fock—Bargmann space. This map reminds us of the
rigid-rotor wave function, but with a normalization factor
NZ(\, ). We shall work with the map because of its visual
character and simplicity.

For the projection we need another Slater determinant

&(\,u) which differs from ®(\,u) in a simple way. To
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obtain ®(\,u) we must change the vectors u;, uy, uj3 to
vectors if,, if,, if;. The next step is a calculation of the
overlap integral

(BN, ).

This overlap has the following simple form because (\,u) is
fixed:

(B, DO, p))= (- up) (- us) . (15)

Two conclusions follow from (15). First, this overlap does
not depend on u,. Second, it can be represented in a form
that is convenient for calculation:

(SO, w)| PO\, w))=dld;, (16)

where d,, and d3; are the elements of the rotation matrix in
the three-dimension space. Regarding the latter, it can be
shown that

dydly=2, X Ni(\,p)
LM a
x 3 AR OLIIDE u($.8.PNEN. )

X2, AL p)Dg 4 (6,0,), (17)
KI

which defines the amplitudes AR *(\, ) as well as the nor-
malization coefficients NJ(\, ).

Of course, the simplest situation is for x=0, in which
case we can realize the projection in the following way:

d},=cos* ®=§ cMP,(cos ©), @18)
where P;(cos @) is the Legendre polynomial and
1
Ci= f_lt"PL(t)dt (19)

are the expansion coefficients, which give the contribution of
the state with angular momentum L.

6. SU(3) GENERATORS IN FOCK-BARGMANN
SPACE

Because our basis functions depend only on the three
Euler angles, all the SU(3) operators should be expressed in
terms of indices \,u and projections M, ,M,,M; of the
angular-momentum operator M in the principal-axis system.
We shall show two matrices. The first one is the matrix

€, gll of the SU(3) generators:

ANB+u/3 M, —M,
0 — M3+ p/3 M, . (o)
0 0 —N3-2ul3

The second is the matrix ||Q, gll of the mass quadrupole
moment:
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ANBHpi3 My2 —M,/2
My2  —\3+pul3 M2 ‘ (21)
—M,/2 M2 —N3—2ul3

We can check these matrices by noting that they should
give us the well-known expression for the SU(3) second-
order Casimir g,. By definition,

82=Z CiiCi- (22)
"J
Here C‘,-, ; are defined in the laboratory system; however, we
have (3‘,,; p in the principal-axes system. For this reason
82=Z 2 2 diqd;gC o pdsdi,C o5,y (23)
ij aB by
The summation in (23) is not trivial because we must take
into account the fact that the matrix elements C‘a, g contain

the operators M .- Which act on the matrix elements d;;s
and d;

iy»

Md;;=0, Myd;=—d;3, Myd; =d;,, (249
and so on, and

did j,ZM 3d j,ldi,IQ atd j,zdi,zQz,2+ d j,3di,3Q3,3}
=d; d;,{(d;d;i dj,ldi,Z)Ql,l

—(djdiz+d;jadi) 022} (25)

We have, after summation over i and j in the last expression,
the simple result

‘z} d;djM3{d; d;101,+d 12412022+ djsd; 3033}

=011~ 022- (26)
By this method we obtain from (23)

2
B~5 N2+ Ap+u2+3N+3u). 27

Note that the linear terms in \ and u are a direct result of the
last calculation.

7. BARGMANN-MOSHINSKY OPERATORS ) AND
Q,
Another important example is the operator Q=MQM,

considered in the work of Bargmann and Moshinsky.!! By
definition,

Q=2 2 2 di,aMadi,ﬂdj,YQﬁ,YdiﬂsM‘s

i,j a,B 7.0
2At+u ) e o TN “A—"2u .
S e e
o Xr N | a2 e
+M2M3M1+§{M1—M2—M3}. (28)
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We will now show, separately, the additional terms from the
off-diagonal matrix elements of O B,y

A o] “) g o
MM3M\+ 5 {— M- M3+ M3}, (29)

and from the action of operators O B,y on the matrix elements
d; s,

Mi-m2. (30)
The action of M, gives a zero result.

It is convenient to rewrite the operator ) in the terms of
the operators L, , where L ,= — iM,:

2 tp ., A—p ., A+2
Q=- 3”L§+ 3'uL§+ 3”

pa_ppp o Lag s
XL3_IL2L3L1+—{L2+L3_L1}. (31)
As usual for the rigid rotor, we use the basis states
1
|L,K+)=—{|L,K)+|L,—K)} (32
V2
if L is even, and
1
IL.K=)=—{|L.K)—|L,~K)} (33)
v2
if L is odd. Here K is the projection of the orbital angular
momentum on the intrinsic axes. For simplicity we shall

omit the + or — signs behind X in the notation for the basis
functions.

The matrix of the operator () is traceless and has a tri-
diagonal form. Its matrix elements are the following for fixed
values of the orbital angular momentum L:

(L.K|Q|L,K)= w {L(L+1)-3K?}, (34)
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(L.K+2|Q|L,K)

mn—K
= VL-B)(L-K-DLFK+I)L+K+2),

(35)
(L.K—2|Q|L,K)

mt+K
= —4—\/(L+K)(L+K— 1)(L-K+1)(L—K+2).

(36)
In the special case when K=0 or K=2,

- -
(L,2|Q|L,0) - VL(L—1)(L+1)(L+2), (37)

{LO|Q|L,2)= ’;—;22 VL(L=1)(L+1)(L+2).  (38)

The matrix of () is not symmetric because the operator §} is
non-Hermitian. This feature of the matrix appears as a result
of the well-known fact that the quantum number K cannot be
greater than u. If K= u, the matrix element (35) vanishes,
and the states for which K<y are separated from the states
with K> u. Because (3= —L.QL, the eigenvalue for which
K=0 dominates and the angular momentum L is orthogonal
to the symmetry axes Q, lying higher, for example, than
those with dominant K= with L directed along Q.

Some examples of characteristic equations will now be
given. Consider the case L=2. Then we have the following
determinant, which should be equal to zero:

2N+ u+3—E (p+2)V3
=0. 39
uv3 —~(2N+u+3)-E
In another form, the same equation is
E2-6g2_9=0, E1'2=i \/682+9. (40)
For L=4 one finds
=E’—(104g,+ 100)E+448g,=0, (41)

PoNtp+3)-E  3(u+2)\5 0
3u5 SN+ u+3)—E (m+a)T
0 (n—2)\7 —YON+u+3)-E

where the third-order Casimir is given by
5
83=57 CA+p+3)(A+2u+3)(N—pw). (42)

The result is trivial if L=3:
E=0. (43)

(Note that if the operator ) is used to fit the experimental
spectrum, it should be taken with a negative sign. Remarks

regarding the calculation of the normalization factor for
eigenvectors can be found in the last section of this article,
where, as an important example, the operator () is given
careful consideration.)

What simple conclusions can one draw regarding the

operator —(}?

(1) It does not shift the 3% level.
(2) It shifts the 2% levels symmetrically down and up.
(3) Two of the three 4 levels go down, and one goes up.
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(4) If A>p, the shift of the lowest 47 level is more than
10/3 times (from the initial position) the 2" shift.

The next most important operator is €};=NIQQM,

which has the following form:

1 282 1 2572 1 2102 1
6(2)\+,u,) M1+§ N—pu) M2+§'()\+2[.L) M3+-3—(5)\

L, 1 L, 1 L, 2

F I+ 5 (=3 3 A+ SpME= 3 (O

—[L)M2M3Ml+M§M%_2M2M3MI_ZM%_2M§.
49

If ©=0, the last operator reduces to the axial rotor.
The operator (44) has diagonal matrix elements given by

(L,K|Q,|L.K)=—(g;—2)L(L+1)+ % (2A2+2\p
— w2+ 6N){L(L+1)—3K?}
+ % {L(L+1)—K?—2}K?, (45)
and the off-diagonal ones are given by

(L, K+2|Q,|L,K)

—-K
== —1—2— (2)\+,L+3K+6)

X(L—K)(L—K—1)(L+K+1)(L+K+2); (46)
(L,K—2|Q,|L.K)

pt+K
=~ 71 (2A+p—3K

+6)(L+K)(L+K—1)(L—K+1)(L—K+2);
(47)

M
L2|0,|L,0)=——— 2\ +
( |1| ) 6‘/2( 12

+6)VL(L—1)(L+1)(L+2); (48)

pt2
LO|Q|L2)=———(2\
(L,0|4|L,2) 6v§(

+pu)VL(L—1)(L+1)(L+2). (49)

Again, we obtain a tridiagonal matrix. Its trace is equal to
1 L+2
L(L+l)[—g2+2+§—0(L—2)(2L+1)] 5 (50

if L is even, and

L(L+1)t—g2+2+§16(L+3)(2L—1)}—2—— (51)

if L is odd.
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If u<L, the characteristic equation becomes the product
of two factors or two equations, where one gives us the states
with K<p, and the other gives the unphysical states with
K> . As an example, we present the characteristic equation
for L=2,

E2+12(g,— 2)E+36(g2~2)*— g3, (52)
and its solutions,
Ep=—6(g2—2)*g;. (53)

A contribution of K=0 is greater in the state with the sign
+; this result can be predicted qualitatively a priori and

follows directly from the definition of the operator Q,.

Having the matrices of the operators {} and {},, one can
construct the matrix of an arbitrary linear superposition of
such operators, as well as an arbitrary power of those super-
positions. In all cases it is sufficient to find the sum and
product of the matrices obtained above.

8. OVERLAP INTEGRAL AND DENSITY MATRIX

The overlap integral can be considered to be a density
matrix. What do we mean by a density matrix? Consider the
wave function of a many-particle system:

W=V(r|,rz,....0;d1 92 5--->qN)» (54)

where q;,q;,...,qy are overall control variables and
Iy ,I2,...,T, are the usual position variables of the subsystem.
Then the density matrix p can be written as an integral

! ’ ’
16 TR CYRUUN 0 S CRRN

= j ‘P*(rl B yFTETN P! ] 9q2"'-’qN)

XW(r],r) s 3159250 ---An) 914G, .. Ay

over all the control variables. In the case of the overlap, we
integrate (&|®) over all variables because we do not know
in explicit form the subsystem variables. However, we can
introduce three parameters (three Euler angles) and thus
separate the system into two subsystem through the integra-
tion procedure, one subsystem being the closed shells and
the other one representing the valence nucleons. The treat-
ment of the overlap from this point of view gives an obvious
picture—the motion of valence nucleons on a background of
the fixed state of closed-shell nucleons.

9. SYMMETRY OF THE SU(3) DYNAMICAL
EQUATION WITH RESPECT TO PERMUTATION OF
THE PRINCIPAL AXES

All scalar SU(3) operators should be symmetric with
respect to a permutation of the intrinsic principal axes. The
S, group of this permutation has three irreps: symmetric,
antisymmetric, and a two-dimensional one. In order to de-
scribe this symmetry, we introduce two expressions: 2A
+u+3 and vV3(u+1). These are elements of a two-
dimensional representation. It is convenient to introduce two

‘other parameters (3 and v, defined by the equalities

2A+u+3=Bcosy, V3(ut+l)=pBsiny. (55)
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It is obvious that g, and g5 are the two simplest invariants of
S5 that one can construct:

5
68,=B>—12, g;=c B’ cos3y. (56)

Eigenvalues of higher-order Casimir operators can be ex-

pressed in terms of 82 and B cos 3. The operator ) has
an elegant invariant form in terms of 8 and y.

10. SOME EXAMPLES

We consider now some particular examples of eigen-

functions and eigenvalues of the operator — (). The simplest
case is for u=2, since the problem then reduces to a second-
order algebraic equation for the eigenvalues:

(2N+5)L(L+1)/6—E V2L(L+1)(L—1)(L+2)
VIL(L+1)(L—1)(L+2)/2 (2N +5){L(L+1)-12}/6—E

There are two solutions for each even L<\. However, there
is only one physical solution if L=X\+2. In this case

E=—é(2)\+7)()\+3)()\—2), (58)

with wave function
¥=N{V2(A +2)(\+ 1)D} 2 — VN + 4 (A +3)D3 1%},
(59)

where N is the normalization coefficient. The other solution
is

E:=——é-(2)\+3)()\+7)()\+2), (60)
V,=N{V2(N+4) (A +3)D} 7+ VA +2) (A + 1)D3 2}
(61)

We obtain the same allowed function after expansion of
the Elliott overlap integral

1 Al
N g2 _ - Tt A+2

—V2(A+4) (N +3)(A+2)(N+1)(D3 2

+D§3 )+ (N+ AN +3)D3I2, }+... . (62)

The overlap (62) gives the value of the normalization coef-
ficient N in the function (59):

/ Al
N= m (63)

We need this normalization factor for calculating transitions.
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Because there is only one function in the (A,2) irrep for
L=\+2, it must also be an eigenfunction of the operator
—£,. The eigenvalue of the latter is

E= ; (A+3)(A+2)(A2+5\+10)

1
— 5 (V3 +1302+ 381 +20). (64)
In the work of Draayer et al."'? it is suggested that the
SU(3) form
A=al?+bpLQL+ L.QQL (65)

is an approximate map of the rotor Hamiltonian,
ﬁASR=A1LA%+A2i4%+A3E2, (66)

being an approximation that improves with increasing \,u

values. Now we can present the exact map # of (65), which
contains additional terms that are neglected in the limit of
large \,u and small L:

F=A L3+ A2+ A L2+iBL, L, +CL2L?,  (67)
1 2 3 3

where
22A+p 1 (2A+pu)? SA+pu
A,—a+b(—3-+§)+c[ 5 t—5 [ ©®
B “Atp 1 A=—p)? A—p
A2—a+b( 3 —5) c{ 9 +T 21, (69)
-A—2p 1 (A+2p)? A +5u
A3—a+b(T—§)+C{ ) + 3 2¢,
(70)
A—p
B=b+c(—2—3——2), D=—c. (71)

It is necessary to use some selection rules in constructing
eigenfunctions of the last Hamiltonian, specifically, in order
to exclude unphysical spurious states and to add an algorithm
for calculating the normalization coefficients of eigenvectors.
Obviously, we can present immediately the normalized

eigenvectors and eigenvalues of the operator # for the case
L=X+2, u=2, using (58), (59), (63), and (64).

11. NORMALIZATION COEFFICIENTS

Because of the expansion

d’l\ld%:;
3 I
F((AN+1)/2)T(N+u+2)2)T ((n+1)/2)
(N +2)12)T (AN +p+3)2)T (e +2)/2)

XDggt .., (72)

where on the right side all terms except the first are omitted,
we can give the normalization coefficients N(L=0,(\,u))
for all states W(A,u) with L=0:
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NHL=0,(\,p))

TN+ 1)2)L((N+p+2)2)T((n+1)/12)

1
B \/2\/; T((A+2)2)T((N+ 2+ 3) 2T ((u+2)12)°

(73)

Then, using the answer to the last exercise, we can show how
to calculate normalization coefficients of functions defined in
Fock—Bargmann space. These coefficients are needed for de-
termining electromagnetic transition probabilities.

Consider the two eigenvectors of the Bargmann-—
Moshinsky operator €} for the states with L=2 [see Sec. 7,
Eq. (39)] and A = w=2. One eigenvector is

#(1)=N{4V3D2,+(1105-9)D3 .}, (74)

with eigenvalue E, = 105. The function (74) is a superpo-
sition of the two orthonormalized functions. The latter form
a complete basis for the Elliott states. The function (1) can
be represented as a linear combination

P(1)=a¥,(1)+b¥,(2). (5

Because the functions ¥,(1) and ¥,(2) are orthogonal and
normalized, the function (1) must also be normalized, and
therefore

a’+b2=1, (76)

V3 1
a=b=— (21—\/105)N1=5,

v
N3 21— 4105
@7
In other words,

1
W(1)= v {¥2(1)+¥,(2)}. (78)

The second eigenvector of the operator () is

¥(2)=N,{4V3D5,— (J105+9)D3 1}, (79)

with eigenvalue E,=—+/105. An analogous calculation
gives the following result:

1 2 1
2)=— {¥,(1)=¥,(2)}, N=\/:——.
¥(2) v’i{ 2A1)—¥,y(2)} 2 3 211 J105
(80
From this we see now that the eigenvectors (1) and (2) of

the operator €} are really orthogonal, because they can be
considered to result from an orthogonal transformation of
two orthogonal Elliott functions.

General remark: The Elliott integral contains informa-
tion on the normalization coefficients of the orthogonal basis
function. One can use instead integrals with the Bargmann
measure, which are simpler, as this involves a direct integra-
tion of the square of a basis function. The normalization of
the eigenvectors of the operator () is a result of the well-
known nonorthogonality of the Wigner D function in the
Fock—Bargmann space. From this work one can see that it is
possible to start with orthogonal combinations of D functions
that are normalized. However, in this case the theory be-
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comes less transparent, more complicated, and loses its ob-
vious connection with the problem of the rigid rotor.

12. HAMILTONIAN OVERLAP INTEGRAL—THE
SPECIAL (A,0) CASE

We shall consider a many-particle Hamiltonian. Matrix
elements of the kinetic-energy operator can be written down
immediately:

(61X f,.|<1>)=% No+)\+2,u,+%(A—1) fio(®|®),
(81)

where A is the number of nucleons and Ny is the number of
the closed-shell quanta. The overlap integral in this expres-
sion is a constant within irreps of SU(3). We shall approxi-
mate the potential-energy operator by a Gaussian nucleon—
nucleon interaction:

—r)2
(rl' rj) ] (82)

0:=Vo eXP[ T

Of course, this is only a schematic form. Furthermore, we
have omitted some details in the definition (for instance, the
spin and isospin dependence is not shown) which are not
important for an understanding of the main picture. The
structure of the matrix elements of such operators is quite
simple. For the case =0 it has the form

(‘m% U; | ®)=Co(Ti;-uy)*
+C (U Xuy) (W, - uy) 24+
=§ Ci(Tiy X uy) 2X(W, - uy )N 2, (83)

We now define the potential-energy operator O(u)) in
Fock—Bargmann space. We put, by definition,

(‘5|‘2<1 U.-,jl‘D)=(‘5|ﬁ(u1)|¢)=ﬁ(ul)(‘5|¢>- (84)
We shall use the following equality:

M(i, - uy)M =N (W, Xuy) (T u)* (85)

where M is the angular-momentum operator introduced
above. This operator acts only on the vector u; and can be
expressed as

M=(u,V,,). (36)
The expression
M@ u) LG u) . (W Xuy)
—i == = 7= =ik = (87)
(U;-uy) (9;-uy) (T -wy)

is the average value of the angular-momentum vector in the
state ®. Strictly speaking, the vector u, is complex, and W, is
its complex conjugate:

w=£+ij, u=£-i7, (88)

where £, and 7, are real vectors. Then
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I:(Tll'ul))‘ 2(§1X771)
= =\ . 89
@u)® N @) (®9)
V(T - up) = NN — 1)(T) X uy) (T - ug) 72— N (T, -6,
(90)
or, in another form,
1 )
= w2 w2 {_— M b
(T, XT,)*(,-1y) {)\_1 )\()\_1)}(“1 u)".
1)

Continuing this process for the other terms in the potential
energy (83), we obtain the following form for the operator

U(u,) in Fock—Bargmann space:
O(uy)=2 B L2, 92)
3

where the coefficients B, are expressed in terms of A and
C;. Because the Hamiltonian A of the system has the form

. . 1 3
H=T0+U(u1), TO:E N°+)\+2;1,+§-(A—1)]ﬁw,
93)

its eigenvalues E can be written down immediately:
E=To+, B{L(L+1)}-. (94)
%

This result is well known for p-shell nuclei, for which
k=1 only.

13. HAMILTONIAN OVERLAP INTEGRAL—THE
GENERAL (A,z) CASE

In the general case, when A and u are both nonzero,
(‘ﬂ% 0i,j|q)> = Coo(U; - uy)M (U3 u)#+ Cy o(1; X uy)?

X (T - u)M (W5 u3)#+ Coy

X (T3 X ug) 2(T; - uy)* (T3 - ug) # 72

+Cyy (T Xuy) - (T3 X u3) ) (Ty-u) !

X (- uz)# ... . (95)

Again, the challenge is to find an operator which, when act-
ing on the overlap (®|®), gives the right side of (95).

First, we define an operator M in the terms of the vectors
u; and uy:

M=M(1)+M(3), M(1)=(u;XV,),

M(3)=(u3XV“3). (96)

This operator is simplest in a coordinate system with the first
axis directed along the vector u; and the third axis directed
along the vector u;. Then

M1=M1(3),

and

My=Ms(1) 97)
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My=M,(1)+M,(3). (98)
Our goal is to express M,(1) and M,(3) in terms of M,
M, M. The result is the following:

)\Mz_MIM:; A _/.LM2+M3MI

M) =

M2(1)= )\+/~"+1 ’ 2

99)
Of course,
(W) X uy) (T, - uy)N (W3- up)#

C2M+MX(L)

"R (Tru(Esw), (100)

(T3 X u3) (W, - uy )N (W3- uz)# 2
_2u+MX(3)
(1)

(W X uy) - (W3 X uz)) (U - up) (T3 uy)# 7!

(T, uy) M (- u3) %, (101)

_(MI(1)-¥I(3))
A
The last formulas can be used to give a realization of (95) in

terms of the operators L, L,, L;. As a consequence, the
system Hamiltonian FI(x 1-U3) will have the following form:

(CRNACTR DL (102)

H(u,,u3)=By+B,L2+D,Q+D,0,+... . (103)

14. CLASSICAL EQUATIONS FOR THE (A,0) CASE

We can consider u; to be a vector function of the time ¢,
u(t). To find the optimal function u,(#), we will construct
a Lagrangian %, define an action functional .%, and employ
the principle of least action.

The Lagrangian of our system has the general form:

P (Blo/or@) (B|H|D)

. (104)
(P|®) (P|®)
By definition,
F= f Hdt. (105)

For the (A,0) case, C4=C,=...=0 with only C;#0 [see
(3)], and we omit T;. Then

o (Tp-y) (W, Xuy)?
T G S @ (108)
Variation of ©; gives
(U, -wy) J (u X (W Xuy))
Ny — =20 \—=————
: [ul (U -uy) o ! (T -uy)
(T; X u,)?
- ﬁ ul} ; (107)

The vector u; was defined as a unit vector. Its square,
u,2=1, does not change with time,
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ul=¢-ni+itk =1, (108)
and orthogonality requires that
&-m=1. (109)

Let £2=cosh? a, 7> =sinh? a; then
(W, u;)=cosh(2a), (,Xu;)=—sinh(2a)n;, (110)

where n4 is a unit vector that is orthogonal to both 51 and 7,
and is conserved,

(i X uy)?

E=C, Eray” =0 tanhz(Za), (111)
L=—i (ﬁ—‘xu—‘)=xtaxm(2a)n (112)
(W, -uy) 3

It follows from this that a is constant, and the vector n3 does
not change its direction. As should be the case (understood
from quantum mechanics), the absolute values of L are re-
stricted by the conditions

0<|L|<\ (113)
because 0=<a=c. The value of the energy is expressed in
terms of L2=L2:

(114)

For transverse components of u;, Eq. (107) reduces to

(uy X (U -uy))

iAu; =2C — 115
1 1 (“1 . “1) ( )
or, in another form,
iNdy = (~ {“1 (T;-up)uy}. (116)
In terms of &,, 771, a,
s E - 1+ cosh? 2a ii
£1= | “cosh2a M (117)
N - 1—cosh? 2a ., -
71=2C, cosh 2 & (118)
In addition,
E+o’, MtoH, ©?=(2C;/\)? tanh? 2a.
(119)
A solution of the last two equations is as follows:
£,(t)=cosh a{n, cos(wt)+n, sin(wt)}, (120)
71(t)=sinh a{—n, sin(wt)+n, cos(wt)}, (121)

where n;, n, are two unit, mutually orthogonal vectors. Of
course,

(122)

What is the conclusion of this discussion? We obtained a

(n; Xny)=n3.

very simple picture, namely, two vectors, u; and ©,, or fl
and 7;, that move in the plane defined by n;, and n, and
rotate about the n; axis. The frequency of rotation is constant
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and proportional to the angular momentum L, and for fixed L
is inversely proportional to A2, The energy of the system is
proportional to L2,

15. TWO INTERACTING ROTORS, (A ,,0) AND (A,,0)

To describe two interacting rotors it is necessary to in-
troduce two independent pairs of generating vectors u;, U,
and v, ¥;. The overlap is then

(B|®)=(T; - u) (¥, v;)*. (123)

Now we give the potential-energy overlap of such a system:
(GIZ‘,_ U, j|®)=Co (T - u) (¥, -v)»+C
i<j

_2({'1"’))"’

+Co (V1 X V) 2(W; - up (¥ vy )2

X (Ty X uy) 2(T; - uy)

+Cy (0 Xuy) - (V1 Xvy))
X (@, -u (T v

“I(Vl-vl))‘fl-k...

—D(u;-v)(V,
“ug) (U w7 . (129)

The last term has the meaning of the second-order Casimir
operator of SU(3). If D is positive, this operator favors the
most symmetric SU(3) irrep.

To understand the role of the second-order Casimir op-
erator, consider the case D=0. As in the general case, we
then have two subsystems, and for each of them we can

introduce an angular-momentum operator, M(u,)=u, X V“1
and M(v,)=v, X V,,- We shall consider also the total angu-
lar momentum

M=M(u,) +M(v,). (125)
Of course, the integrals of the motion are the energy
E= (ti; X u,)? (¥ Xvy)?
- ()2 ol (¥,-v,)?
(W Xuy) - (¥, Xvy))
+C — = 126
M@ u) (3 vy) (126)
and the angular momentum
(b Xuy) (ViXvy)
L=—i\, — - s 127
") N o) (27

The classical dynamical equations of motion can be written
directly in terms of the subsystem angular momenta,
L,.=L(u;) and L,=L(v;):

d dL
dt v

L,=— (L,XL,), a1 (L.XL,).

(128)

)\)\ )\)\

The two last equations can be reduced to

d2
F(L,,XL,,)+w2(L,,><L,,)=O, 0?=(CyLIN,\)2,

(129)
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where L=|L|. The vector L, XL, rotates about L with an-
gular frequency w. Its magnitude is directly proportional to L
and inversely proportional to X, and \,. The absolute val-
ues of L, and L, and the angle between them are preserved
in time. The angle for which the energy is a minimum de-
pends on the sign of C ;: zero for positive C 1,1 and ar for
negative C Li-

The Hamiltonian follows immediately from the expres-
sion (124):

ﬁ=TO+Bl,Otfr+BO,lf412;+Bl,l(t‘7r'f‘v)+"'
1 - 1 53
=Lgt Bio= 5 Big)Ln+t 30,1“531,1 L,

1 2
+_Bl,lL +... .

3 (130)

The eigenvalues of this Hamiltonian are

1 1
E=T0+(Bl,0_ 3 Bl,l)Lw(Lqr"' 1)"‘(30,1_ ) Bl,l)

1
XLy(Ly+ 1)+ 5 BuL(L+1). (131)

Its eigenfunctions are

|L,M;LW,L,)=MZM Cr¥y i i) La ML, M,).
(132)

It follows that for the case D=0 there are four integrals of
the motion, the total angular momentum L and its projection
M, the proton angular momentum L, and the neutron an-
gular momentum L .

The general case (D+#0) is more complicated. The pro-
ton and neutron angular momenta are no longer preserved in
time, and two other quantum numbers are needed. As before,
we start with a classical description, using the overlap func-
tion (124). We have two complex vectors u, and v,, and
therefore what appears to be a total of 12 degrees of freedom.
However, this is not true because we must take into account
four additional conditions which follow from the equalities

w=1, v=1. (133)
We put
ul—§1+zn1, §1=c0sh amy, 7;=sinh an,,

(134)

where n; and n, are two unit, mutually orthogonal vectors,
and

7, =sinh a,m,,
(135)

where again m; and m, are two other unit, mutually or-
thogonal vectors. Each pair of unit vectors is defined by three
Euler angles (¢,,0;, 4, for the first pair, and ¢,,8,,, for
the second pair). As a result, we find eight time-dependent
degrees of freedom, including a,, a,.

First, we introduce the classical dynamical equations in
terms of the vectors u, and v,:

vi=&+in,, &,=cosh aym,,
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o a (u X (T Xuy)) (u; X (¥ Xv,))
B N ) B N B
(¥;-uy)
—-D W {Vl_(vl'ul)ul} (136)
N . (v X (¥ Xv})) (v X (1, Xuy))
Ai=2C0, (Vi-v1) b (- uy)

(W, -v,)
-D (_;:—:i) {ui—(u;-v) vy}

These represent eight equations for eight functions, We can
consider separately the five intrinsic variables and the three
Euler angles of orientation of the system as a whole. There
are the following intrinsic vyariables:

a(t), ay(t), (nl'm1)=d1,1(t), (ny-my)=d, (1),
(ny-my)=d, (1), (ny-my)=d, (1), (138)

Of the four matrix element d 11-d12,d2,1,dy,, only three are
independent because

df,l + d%,z"‘ d%,l + d%,z‘_“ 1+{d, \dyry—d,d,,}*.

(137)

(139)

The same equations can be expressed in other terms.

16. CONCLUSION

We have shown that Fock—Bargmann space is a useful
representation for gaining a deeper understanding of the
SU(3) model of atomic nuclei. In this space the wave equa-
tions have a differential form that is similar to those of a
rigid body if the Hamiltonian of the valence nucleons is con-
structed from the Bargmann—Moshinsky operators. This
Hamiltonian also gives rise to new terms that strongly influ-
enced the eigenvalue spectrum in the case of large angular
momentum L and its projection K. The Fock—Bargmann rep-
resentation also gives us a simple way to derive classical-
equation analogs of the SU(3) model and opens a new para-
digm for visualizing SU(3)-model results.
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