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INTRODUCTION

It is well known that many phenomena in nature arise
from phase transformations. Therefore, study of the vacuum
has long been decisive in choosing the most important areas
of development of modern physics, including elementary-
particle physics. The existence of elementary-particle phys-
ics without the phenomenon of spontaneous symmetry
breaking leading to rearrangement of the ground state is now
unthinkable.

The progress in modern elementary-particle physics is to
a large degree dud to the recognition of symmetry principles
and, perhaps even more, to symmetry-breaking mechanisms
in models of elementary particles. One of the most important
steps in the construction of gauge field theory was the under-
standing of the role of the Higgs mechanism, spontaneous
symmetry breakdown accompanied by the appearance of
mass for the gauge bosons. This effect forms the basis of the
unified theory of electroweak interactions, grand unification
models, and so on. However, this symmetry-breaking
mechanism, which requires the introduction of fundamental
scalar fields into the theory, is clearly insufficient at a deeper
level. There is another, dynamical mechanism of spontane-
ous symmetry breaking, first studied in Ref. 1. The funda-
mental fields in this case are spinor fields whose bound states
are bosons. As a rule, dynamical symmetry breaking is real-
ized in models with four-fermion interaction, and one special
feature of such models is their nonrenormalizability in (3
+ 1)-dimensional spacetime. (In spite of their nonrenormal-
izability, attempts have been made to use such models for
meaningful calculations of dynamical quantities outside the
framework of ordinary perturbation theory.?) They are there-
fore convenient for constructing effective models of
hadrons.? Moreover, dynamical breaking of chiral invariance
using four-fermion Lagrangians forms the basis of the
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description of spin effects in strong-interaction physics* and
elsewhere.

We would like to make particular mention of a series of
studies (see Ref. 5) on gauge field theories in the presence of
external supercritical Coulomb-like forces. This physical
situation can arise in collisions of heavy relativistic ions. It
turns out that here also there is dynamical symmetry break-
ing, and fermions acquire a mass.

From the viewpoint of constructing a systematic chiral
field theory, it is the (1+1)- and (2 + 1)-dimensional (rather
than 4-dimensional) versions of four-fermion models which
are of greatest interest. The Lagrangian of one of these, the
Gross—Neveu (GN) model, has the form®

N
_ = 4 8o
Lw—kgl ¢kla¢k+ 2N

N 2
Z l/fk'ﬁk) . (1)
=1

In two dimensions the model (1) is obviously perturbatively
renormalizable, but its renormalizability in (2+1) (3) di-
mensions has been proven only relatively recently,’ using the
nonperturbative 1/N expansion. Owing to its simplicity, the
two-dimensional GN model can be used to illustrate
asymptotic freedom, spontaneous breakdown of chiral in-
variance, and other fundamental features of quantum chro-
modynamics. However, the model is also interesting for
practical reasons, because it can be used to describe quasi-
one-dimensional conductors, called Peierls dielectrics.® The
vacuum properties of the (1+1)-dimensional GN model
have already been studied at nonzero temperature and chemi-
cal potential®!! and in external electric and gravitational
fields.'? A recent series of studies'® has been devoted to the
phase transitions in this field theory in two-dimensional
spacetime with topology R!X S!.

The three-dimensional GN model has become an object
of study relatively recently in connection with the discovery
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of high-temperature superconductivity (HTSC; see Ref. 14),
and also with attempts to understand the quantum Hall
effect.'”” The Hall effect is observed in planar samples lo-
cated in a strong magnetic field, and HTSC occurs in mate-
rials like La,CuQO, in which the conduction electrons are
concentrated in the planes formed by the Cu and O atoms.
This is why in the last decade many theoretical physicists
have intensively studied (2+ 1)-dimensional field theories,
using techniques from quantum field theory in condensed-
matter physics. Among the most fashionable models at
present are 3-dimensional quantum electrodynamics, the
nonlinear ¢ model, and, in particular, the (2+1)- dimen-
sional GN model (1).

The point is that in 3-dimensional theories with four-
fermion interaction the facts of spontaneous symmetry
breaking’ and also dynamical mass generation are well es-
tablished, and so attempts have already been made using
models of this type to explain HTSC.'® Moreover, such mod-
els can be used to describe the properties of planar antifer-
romagnets, because in the continuum limit some of the lat-
tice solid-state models of these materials have Lagrangian of
the form (1) (Ref. 17). Like any other 3-dimensional theory,
models like the GN model can serve as a good foundation for
understanding the physical processes occurring in thin films.
Finally, the field theory (1) is a special sort of laboratory
allowing the prediction of new effects in the four-
dimensional world.

The present review is devoted to the systematic study of
the vacuum properties of some (2+ 1)-dimensional theories
with four-fermion interaction as a function of 7, u, and ex-
ternal gauge fields, and also to the related new dynamical
effects.

A key feature common to the models studied here can be
demonstrated by the following simple example. Let us con-
sider a system of free fermions in R2*! spacetime interacting
with an external uniform magnetic field. Its Lagrangian has
the form

L=y(id—eA—m).
" In the massless limit, the condensate () is found to be

lim (gyp)=—eH/ .

m—0

(This result is obtained by using the effective-potential
method and the relation between the absolute minimum of
the potential and Bogolyubov quasi-averages,'® because the
fermion mass term introduced into this Lagrangian explicitly
breaks chiral symmetry, while the condensate is a quasi-
average which in our case does not vanish for m—0.) From
this we see that in the presence of an external uniform mag-
netic field, the ground state of the quantum-field system of
massless fermions in R2*! is degenerate, and chiral symme-
try is spontaneously broken. This phenomena originates in
the modification of the infrared regime owing to the interac-
tion of the fermion spin with the external magnetic field.

In Sec. 1 the nonperturbative 1/N expansion is used for a
detailed study of the critical properties of the three-
dimensional Gross—Neveu theory in the presence of
an external magnetic field, temperature 7, and chemical
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potential x. We describe the heretofore unknown phenom-
enon of dynamical breaking of the chiral and flavor symme-
tries by an arbitrarily small external magnetic field H. We
construct phase portraits of the model in the variables (T, ),
(H,T), and (H,u), and also find the critical values of the
parameters at which the original symmetry is restored. In
addition, we show that in the (T,u) plane there exists a
tricritical point at which the curve of first-order phase tran-
sitions is transformed into a second-order critical curve.

In Sec. 2 we show that the GN model with SU(3) fer-
mionic fields is exactly solvable in the leading order of the
I/N expansion in an external chromomagnetic field. This
model can be viewed as a three-dimensional analog of the
theory effectively describing the low-energy region of quan-
tum chromodynamics. Here the external non-Abelian field
enters as the field of the gluon condensate, in the background
of which processes involving quarks occur. We have shown
that external constant chromomagnetic fields, both Abelian-
like and non-Abelian, act as catalysts of the spontaneous
breakdown of chiral invariance. (We note that the choice of
fields modeling the ground state of QCD is not limited to the
configurations that we consider; this is demonstrated in Refs.
19 and 20, where (anti-)self-dual fields and also other pos-
sible field conﬁgurations2l which are solutions of the Yang—
Mills equations have been studied in detail.) Therefore, one
of the reasons for chiral symmetry breaking in QCD is the
nonzero chromomagnetic gluon condensate. We have also
found the critical value of the temperature at which chiral
symmetry is restored.

In Sec. 3 we study in detail two 3-dimensional models
with more complicated fermion interaction. We show that
both chiral phase transitions and transitions of the supercon-
ducting type with spontaneous breakdown of the U(1) group
are possible in those models. In addition, we pay special
attention to the possibility of dynamical generation of a
Chern—Simons term (topological mass of the gauge field),
which causes particles to acquire fractional spin and statis-
tics. For the example of these models, we show that violation
of P parity is necessary but not sufficient for the spontaneous
generation of a Chern—Simons term. We also discover the
effect where the order parameter of the theory (i.e., the quan-
tity in one-to-one correspondence with the vacuum structure)
is the topological mass of the gauge field.

1. CRITICAL PROPERTIES OF THE THREE-
DIMENSIONAL GN MODEL FOR T,u,H+0

In this section we shall study the phase structure of the
three-dimensional Gross—Neveu model for u,T,H+#0. The
Lagrangian has the form (1) with é=aﬂr “, where I'* is a
4 X 4 matrix whose algebra is described in Appendix A, and
each of the N fermion fields is a 4-component Dirac spinor:

Y
= ( ‘//21:)'

Here k=1,...,N, and ¢; (i=1,2) are ordinary two-
component Dirac spinors. In this case the Lagrangian (1) is
invariant under two discrete transformations. The first is

-3 k=1..N (3)

2
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[the matrix T'? is given by Eq. (A8) in Appendix A] and
represents the locations of the spinor generations ; and
¥, from (2). [Symmetry under (3) is called flavor symme-
try.] The second transformation has the form

=T k=1,..N, 4)

with I'> given by (A9). We shall refer to symmetry under (4)
as discrete chiral symmetry, because I'°~T°T''T'?[? and
formally has the same form as the generator of chiral trans-
formations for spinor fields in four-dimensional spacetime.

The Lagrangian (1) is also invariant under continuous
transformations of the form

Yp—explia)y; k=1,..N. )]

We shall study the phase properties of this model in the
leading order of the 1/N expansion.

1.1. The case T,u+0

At zero T and w the Lagrangian (1) is equivalent, in
terms of the equations of motion for the field o, to the fol-
lowing auxiliary Lagrangian:

N 2
= = No
L,=2, [hidph+ o]~ 5. ©)
=1 280
In terms of this Lagrangian, the discrete symmetries (3) and
(4) become

b— T, k=1...N, (M

where I is one of the matrices I'> or I'>. It is easy to show
that in the leading order of the 1/N expansion the effective
potential in the equivalent auxiliary model (6) has the

form”?

og——0;

1 a® d*p
IVVO(O-)=-2?(;_2J Wln(p2+0'2). 8)

Here the integration runs over three-dimensional Euclidean
space. Equation (8) contains ultraviolet (UV) divergences
which are eliminated by renormalization. For this we assume
that |p| <A in (8), and we easily find

‘1‘V0(0')=0_2(1 ——2%)+|f|—3. ©)
N 2 \gy 37w
From this, using the normalization condition

AVl N

do*| _.~ &(m)’
it can be shown that

1 2A 1 2m 1

- -——=— (10

g @ gm) = g

[m is the normalization point, and g(m) is the renormalized
coupling constant], where we have introduced the new pa-
rameter g, which is independent of both the normalization
point m (because g is independent of m) and the UV-cutoff
parameter A [because g(m) is independent of A]. Substitut-
ing (10) into (9), we obtain the final renormalization-
invariant expression for Vy(0o):
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L y(o)= s 1t (1)
N olo)= 2¢ 3w’
It is easily seen that for g>0 the absolute minimum of the
function (11) is located at zero, and so the discrete symme-
tries (3) and (4) of the model are not broken. If g<<0, the
point corresponding to the global minimum of the potential
is

op=(0)=—m/g=M. (12)

The discrete symmetries of the model are spontaneously bro-
ken, and the fermions dynamically acquire a mass M (12).

Let us now assume that our system described by the
Lagrangian (1) [or, equivalently, the Lagrangian (6)] is lo-
cated in a heat bath. In this case we must use the methods of
quantum field theory at finite temperature developed in Ref.
23. Then the properties of the system in thermodynamical
equilibrium are determined by the thermodynamical poten-
tial Q(T,p):

BVQ(T,u)=—1nTr exp"ﬁ(’;_“"}), (13)

where B=1/T, V is the two-dimensional volume of the sys-

tem, H is the Hamiltonian, and Nisa generator of the group
of transformations (5):

1§'~j d2x (%, )TOY(Z,1).

The quantity (T, u) is the value of the effective poten-
tial V7,(0) at the global minimum. To find Vr,(0), it is
sufficient to transform the integration measure for the Eu-
clidean energy variable in (8) according to the rule**

) .
| rwo-1 3 spon:

Pon=2n+1)aT—ip. (19
Now we have
1 a? > d*p
2, .2, 2
— — —_——— +
N V(o) 220 2Tn=§;°c> f Wln[pﬁ-pz o
+ 727220 +1)2— pu2—2iuwT(2n+1)].

(15)

Summing over »n in this expression, we obtain
NT (=~
Viu(o)=Vo(o)— T f dx In[ (1+exp[ — Byx+ a
0

~Bul)(1 +exp[ — Bx+07+Bul)],  (16)

where V(o) is the effective potential at zero T and u [(8) or
1)].
. )]Without loss of generality, here we shall study this func-
tion only for positive o. The stationarity equation for (16) is
V(o) do=Nofr,(o)=0, (17)
where
1 o T
fru(o)= PR In[(1+e~P7"Br)(1

+e Borhry], ¢ D (18)
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FIG. 1. Phase portrait of the Gross—Neveu model for g<0 in the variables
m,T.

Let T+#0. The function f7,(0) increases monotonically on
the interval (0,%0), and f7,(%)=c. Moreover,

0—l+zl 1+e Bry(1+ePH) (19)
Sru( )—g — In[(1+e" ) (1+e")].

We see from (19) that for >0, f7,(0)>0, and so fr,(o)
>0. In this case the only solution of the stationarity equation
(17) is the point =0, which is the statistical average of the
field o. This point is invariant under the discrete transforma-
tions (7), and so the vacuum of the model (here and below by
vacuum for T,u#0 we mean the state of thermodynamical
equilibrium of the system) is also symmetric under these
transformations for any u and 7.

Now let g<0 and, in addition, let T and u take values
such that f7,(0)<0. Since f7,(o) is a monotonically grow-
ing function, in this case there must exist a single nonzero
point o, depending on T and u such that f7,(0¢)=0. More-
over, f7,(0)<0 for o<0y. It then follows from (17) that
the first derivative of the function Vy,(o) with respect to o
is negative on the interval (0,0y), i.e., V,(0) decreases on
this interval, and so V7,(0)>Vr,(g). We have thus shown
that for g<0 and fr,,(0)<O the point o¢#0 is a global
minimum of the potential (16), and the symmetry (7) of the
model is spontaneously broken. It is easily seen that oy—0
for f7,,(0)— 0. Obviously, for g<0 and fr,(0)>0 the sta-
tionarity equation (17) will have only a single root
o=0. This implies that at values of T and u for which
Sru(0) becomes positive, the symmetry (7) of the model is
restored. A systematic study of phase transitions in
condensed-matter physics, and also in elementary-particle
physics and cosmology, was made in Ref. 25.

The results of this subsection can be displayed as a phase
portrait of the model in the plane of the variables T and u. In
Fig. 1 we show the critical curve given by the equation
fru(0)=0. It divides the set of points (T,u) corresponding
to the phase with massive fermions and spontaneous break-
ing of the discrete symmetries from the set corresponding to
the massless, symmetric phase of the theory. On the critical
curve the temperature and chemical potential are related as

w(T)=T In K(T), (20)

where
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K(T)=—1+ ; exp(8BM)

w

and M is the fermion mass for T,u=0. The function (20)
vanishes at the point 7.=M/(21n2). Moreover, u(0)
=M, u'(T.)=—, and u'(0)=0. In crossing the critical
curve a second-order phase transition occurs in the theory,
because the order parameter—the point at which the poten-
tial reaches a global minimum—on this curve is a continuous
function of the external parameters T and u.

Up to now we have assumed that T#0. For T=0 the
picture is qualitatively different. Here the effective potential
can be obtained from (16) for T—O0:

1 2
—1+§exp(,3M)} —1I,

N
Vil0)=Vo(0) = — O(u—0)(n—0)*(p+20), (21)

where O (x) is the Heaviside step function, and the station-
arity equation takes the form

1+0+1® _
Aty (u—0)(u—0)|=0.

Study of the potential (21) shows that for g>0 the symme-
tries (7) are not broken for any value of the chemical poten-
tial. However, if g<<O there exists a critical value of the
chemical potential x.=M below which the global minimum
of the function V(o) is 0p=M, and for 4> p the absolute
minimum is located at zero. Since the order parameter un-
dergoes a discontinuity at the point x ., we have a first-order
phase transition here. Accordingly, on the phase diagram in
Fig. 1 the point (0,M) is a tricritical point,?® because at it the
phase-transition curve goes from being a line of first-order
phase transitions to a line of second-order ones and vice
versa.

1.2. The case H#0. The catalysis effect

Let us now study the critical properties of the three-
dimensional GN model in an external constant magnetic field
H for T,u=0. The Lagrangian of the model in terms of the
auxiliary scalar field o(x) in this case takes the form

2

N .. - No
Lo=2, [d(id—eA)p+ othth]— 5~ (22)
k=1 8o

where A=A MI‘“, e is the fermion charge, and the vector
potential corresponding to constant external magnetic field H

has the form Ay, =0, A,=x;H. The generating functional
for the Green functions of the scalar field o is

exp{iW(J)}= J DyDyDo exp{i J d*x[L,

+J(x)o-(x)]}.

Integrating this over the spinor fields, we obtain
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exp{iW(J)}=fD(r exp{ifd3x[Lef,((r)

+d. (x)a(x)]} ,

where

f d3xL o) = f d*x(—No?/(2g))—iN TrIn A.
(23)
In this expression A= d—eA+ 0. Now we assume that the
field o is independent of the spacetime point. Then in the

leading order of the 1/N expansion the effective potential of
the model in an external magnetic field takes the form

Ver=Vy(o)=—L(0),
ie.,

No? iN
VH(O')=E+;_TI InA, (24)

where v=fd>x. It has been shown?’ that the function (24) is
symmetric under the transformation 0— — o, and so it is
sufficient to study its properties for o=0.

Let us first turn to the causal Green function of the op-
erator A, which can be written as?

A;é(x,t;x',t')=—i®(t—t'){§n; VT NAEN)
X Prl(x’ 1) +i®(t' —
'/'{n}p(x ;') +iO(t' —1)

x{E} PopalE ) Plpa(x' o). (29)

Here {n}=(i,n,k), where i=1,2; n=0,1,2,...; and k is a
real number, —0<k<o, In addition, 4//{,,} are the positive-
and negative-frequency orthonormal solutions of the Dirac
equation A =0 and have the form (7 denotes the transpose)

(1‘“,3 (x,t)=exp(Fient+ikx,) \’ﬂh W(x1),
" 4me, "™

e, >0

h,— 1,k(x1),0:0) >

4me,

P (x,0)= exp(Fie,t+ikx,)

0,0 \'__n h X

Vs 4 n n,k( l)’

e \’____n h,_ X 26
471_8” n l,k( l) ’ ( )

( H)1/4
1) = i exp(— E1DH,(8), @7

where

H,(§) are the Hermite polynomials, &,= Vo?+2eHn, and
¢=+JeH(x,—k/eH). The functions (27) satisfy the condi-
tions
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1
f dxlhf,,k(xl)=e—ﬁ J dkh? (x)=1. (28)

In addition, in (26) it is assumed that h_ ;(x,)=0.
We now have the information needed to calculate the
quantity

J No iN i
e Vulo)= g— +— Tr(A ). (29)

First we need to get rid of the © functions in (25), using the
rule

FO(Et)exp(Fie,t)f(e,)

_ do f(xw)exp(—iwt)
) 2w w¥(g,—i0) 60}

Then, substituting the expression for the Green function into
(29), we find

0 No iNo 3
_VH( )—*—'—'—rfd fdwjdk
5¢ i hn—l,k(xl)+h721,k(xl)

420 m2-—s,2,+i0

We can perform the integration over the variable k [see

(28)):

J No
75 Va( )— it

iNoeH

o [

“82‘.‘10
(31)
where 5,=2—&;,. We change to the Euclidean metric in
(31), i.e., we make the replacement w—iw and use the a

representation.” After integrating over « and summing over
n, we find

7] L No NoeH [~ da
7o H(U)—E— T \/—
Xexp(— ao?)coth(eH ). (32)

Integrating both sides of this equation over ¢ from o to ©
and dropping the unimportant o-independent constants, we
find

v No? +NeH * da
a(o)= 2go 472 J, a7
X exp(— ao?)coth(eH a). (33)

The integral in this expression diverges at the lower limit.
Making identity transformations in (33), we can localize this
divergence in the effective potential for H=0:

Vu(o)= Vo(”)"'—mf —mexp(—aa)

X[coth(eHa)— ﬁ;;}' (34

Here
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Na? N da 5
VO(“)ET%+W ’ mexp(—aa)

A 35

_§+3_7T' ( )

We note that Eq. (34) for V(o) can be derived by the
Schwinger proper-time method. 9

The effective potential (34) can be written more com-
pactly as*?

Na?
VH(O')= )

NeHo N(2eH)*? 1 o?
t s T an T2’ 2eH)’
(36)

where {(s,v) is the generalized Riemann zeta function,*
and the stationarity equation for it becomes

Vu(o) No No NeH No\2eH o? 5
oo g 2 2w { 2’ 2eH )
€)
For 0—0 the ¢ function has the expansion®*
1 o? H
Z(E, %—H) = +const+o(a/\2eH). (38)

Substituting this into (37), we easily see that the stationarity
equation does not have a solution =0 for H#0. Therefore,
in an external magnetic field both the flavor symmetry (3)
and the chiral symmetry (4) of the three-dimensional Gross—
Neveu model are spontaneously broken independently of the
sign of the coupling constant g for arbitrarily small H. This
phenomenon is called the catalysis of spontaneous symmetry
breaking by an external magnetic field.

It was shown in Refs. 22 and 27 that (37) has the single
solution a(H), and its properties depend significantly on H
and g. Let us assume that g>>0 and that the external field is
weak, i.e., eHg?<1. Substituting (38) into (37), in this case

we find
oo(H)=egH2w+ ... . 39)

(This fermion-mass asymptote is justified in more detail in
Ref. 27.)

If g<0, then gy(H)— M for H—0, and so here we need
to use the following expansion33 (x=2eH/d?):

1 l) 1 1
g R Yol Mg il
5(2 x 2 Jr
m
I'2n—1/2)
>< —_—
DT
+0(x2m+3/2)_ (40)

Using (40),

2n—1/2

Here B,,, are the Bernoulli numbers, B,= .o
from (37) we find in this case

ao(H)=M{1+(eH)Y(12M*) +o((eH) I M*)}.  (41)

Let us now consider large values of the external mag-
netic field. Following Refs. 27 and 35, it can be shown that
in this case
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oo(H)~0.45\JeH. (42)

1.3. The case H, T+0

Now we shall study the combined effect of temperature
and an external constant magnetic field on the phase
structure of the three-dimensional GN model. To obtain the
effective potential in this case it is sufficient to make the
Euclidean rotation w—ip, in (31), and then apply the opera-
tor (14). After simple algebra we arrive at the following ex-
pression for Vg (0):

No? N HT
VHT(U)— Z 2 2 j _CXP( ao?
280 2w
—a(2n+1)27?T?)coth(eH a). (43)
We split (43) into two terms:
V(@) =V(0)+Vrz(0), (44)
where
¥ B Na'2 J da 5
T(o-)— 27_‘_ 2 — exp(— ad?—a(2n
+1 )271'2T2),
VHT(U)— T E j — exp(— ao?—a(2n

+1)272T?)[eH a coth(eHa)—1]. (45)

Let us now study the function (44) at the absolute mini-
mum. The stationarity equation for it has the form

oVru(0)/ do=Nolfr(o)—F(a)]=0, (46)

where fr(g) coincides with fr,(0) (18) at =0, and
NF(0)=0Vy(o)/ do:

F(o)=— EJ’ ——exp(— ac?—a(2n+1)>2 w2T?)

X[eHa coth(eHa)—1]. (47)

We see from (47) that F(o)>0 for o=0. Moreover,
F'(0)<0, i.e., F(o) is a monotonically decreasing function
on the semiaxis 0=0. In Appendix B it is shown that
F(0)=const<w, There we obtain upper and lower bounds
on the value of F(0), from which it is seen that F(0)—x
for T—0 and F(0)—0 for T— o, We find from (46) that for
any nonzero temperature there always exists a solution
o=0 of this equation. Depending on the relation between
f7(0) and F(0), the stationarity equation may or may not
have nonzero solutions which, obviously, satisfy the equa-
tion

fr(e)=F(o). (48)

For example, at sufficiently small 7', when f1(0)<F(0), Eq.
(48) has a single solution gy#0 [the uniqueness is a conse-
quence of the fact that (o) is a monotonically increasing
function and F(o) a monotonically decreasing function].
Obviously, f7(0)<F(0) if 0<o<0y,. It therefore follows
from (46) that V<0 for 0<o<o,. Then on the interval
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(0,00) the potential V(o) is a monotonically decreasing
function, i.e., Vy7(0)>Vy(0y), and its global minimum is
located at the point 0. In this case the discrete symmetries
(3) and (4) of the model are spontaneously broken, and the
fermions acquire a nonzero mass o.

At sufficiently large T, when f(0)>F(0), Eq. (48)
again has no solutions because fr(o) is a monotonically
increasing function and F(o) a monotonicaly decreasing
function. In this case the vacuum of the model is symmetric,
and the fermions are massless. We therefore see that in the
(T,H) plane the equation

Jfr(0)=F(0) (49)

determines the critical curve /.. It separates the region of
parameters (7,H) corresponding to the symmetric vacuum
from the region where the discrete symmetries (3) and (4) are
spontaneously broken. If as T and H vary we intersect the
critical curve, a second-order phase transition occurs in the
model. This is easily understood when we remember that for
fr(0)—F(0) the solution of the stationarity equation o
tends to zero. This means that the effective fermion mass on
1. is a continuous function of the parameters T and H, which
is the necessary and sufficient condition for a second-order
phase transition.

Let us study the features of the critical curve in greater
detail. Equation (49) determines the temperature as a func-
tion of the external magnetic field. Therefore, in the (T,H)
plane the critical curve can be specified as

l={(H,T):T=T(H)}. (50)

The function T.(H) will be referred to as the critical tem-
perature. Let us evaluate its behavior at large and small H.

We assume that g>0. Using the estimates for F(0) ob-
tained in Appendix B, the critical temperature must satisfy
the following inequalities:

@ (T (H),H)>f(0)=F(0)>®,(T(H),H), (51)

where @, and ®, are respectively the upper (B3) and lower
(B5) limits on F(0). Replacing f7(0) by (18) for =0 and
solving the resulting inequality for H —, we find

CVeH<T_.(H)<C,+eH, (52)

where C, are known constants (in order not to encumber
the text with inessential equations, we do not give C,, ex-
plicitly here). It follows from (52) that for H—

T(H)~C3\eH, (53)

where Cj is an unknown constant. Solving (51) for small H,
we find

C,geH<T (H)<CsgeH. (54)
From this it follows that for H—0
T, (H)~CegeH. (55)

In the last expressions C, s are known constants, and Cg is
unknown. The phase portrait of the model for g0 is given
in Fig. 2,

Let us now study the critical temperature at negative g.
Here for H—, T (H) is proportional to \/ﬁ with un-
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TA

massless phase

~VeH

massive phase

~geH

a7

FIG. 2. Phase portrait of the Gross—Neveu model for g>0 in the variables
T,H.

known proportionality factor (the arguments are the analog
of those for the case g>0). In the region H—0 we obtain
the asymptote of the function F(o) (Ref. 22):

(eH)? 9 |1 .
1270 do ot 2T

F(o)=— +o((eH)?). (56)

From this we find the value of F(0) and substitute it into
(49). The solution of the latter for small parameter eH has
the form

T (H)=T.+(eH)[T>288 In 2]+ 0(eH)?), (57)

where T,=M/(21n2) is the critical temperature at H=0
(see Sec. 1). The results of the analysis are shown in Fig. 3 as
the phase portrait of the three-dimensional GN model for g
<0.

1.4. The case H,u+0

As in the preceding cases, the phase structure of the
Gross—Neveu model in an external constant magnetic field at
nonzero chemical potential is determined by using the effec-
tive potential. To find it, we can start from Eq. (31). Assum-
ing for now that in addition to H and u the temperature is
also nonzero, we must make a Euclidean rotation in (31) and
replace the integration over w by summation over the Mat-
subara frequencies [see (14)]. Here we shall slightly modify
this procedure. Instead of summing over the eigenvalues of
the Dirac operator (as in calculating the effective potentials
in the two preceding cases), in the resulting expression we
sum over Matsubara frequencies:?

massless phase

~VeH

massive phase

M

B

FIG. 3. Phase portrait of the Gross—Neveu model for g<0 in the variables
T.H.
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a v eHo Sy
mvﬂuﬂ")—{tgg“ 2 & ]

n Sn

eHo S,
= —Ble,+u)1—1
> 2 - [[1+exp 1

+[1+exp~AlEa—w]71], (58)

Here &,= \/02+ 2eHn and 5,=2— &y, . It is easily seen that
the expression in curly brackets in (58) is, up to the coeffi-
cient N, just the right-hand side of (31). Therefore, after
integrating both sides of (58) from ¢ to %, we obtain the
spectral representation for the effective potential at H,T,
uFQ:

NTeH
Viur(9)=Va(0)= —— 2 s, In{[1

+exp PEnt M1 +exp Alea~ M}, (59)

where the function V(o) is given in (34) or (36). Finally,
after taking the limit 8—o in (59), we obtain the effective
potential for H,u#0, T=0:

eHN <
Vau(0)=Vy(o)— 5 — "20 5,0(u—g,)(u—e,),

(60)
the stationarity equation for which has the form
0=+ eH o\2eH (1 o\ eH
g 2w 2 2’ 2eH| 2@
> o
XD 5,.0(u—¢,) —. (61)
n=0 G"

Let us first study the function (60) at the absolute mini-
mum for g>0. First, we show that the symmetric phase is
realized in the theory for u>oy(H), where oo(H) is the
single solution of the stationarity equation (37) in the case
pn=0, H#0. For this we split the parameter plane (u,H)
(for u,H=0) into regions {},,:

(u.H)= U Q,;
0

Q,={(u,H):2eHn<pu*<2eH(n+1)}. (62)

Obviously, in the region (), only the first term inside the
sum will contribute to (61), while in ), the first and second
terms inside the sum are nonzero, and so on. In what follows
we shall need the very important expansion of the Riemann ¢
function®* (9= o2/ eH):

k ©
g(% ﬂ)=20 (19+i)'”2—2\/k+1‘)——i=2k f(®), (63)

where

1
fi(ﬂ)__‘i’f.

We assume that (u,H)e(),. Taking into account the as-
ymptotes (39) and (42), it is obvious that for sufficiently

i+1 (u—1i)du
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small and large H the curve u=o0y(H) passes through the
region (). Therefore, inside {1 there are points satisfying
the condition u>ay(H). In this case the stationarity equa-
tion (61) can be written as follows, using (63) with k=0:

0'+02+0' 2eH§w: a?
Ft= f\2em

eH _
2 —5-[1-0(u—a)]=0.

(65)

For pu>o this equation has only one solution o;=0. If
p=<o, (65) formally coincides with (37), as is easily seen
from the expansion (63), and will have a solution oy(H)
only for u<oy(H). If, as stipulated initially, u>oy(H),
Eq. (65) will not have solutions located in the region u
=<¢. Therefore, for points from )y with the condition u
>o0y(H) the corresponding effective potential (60) has a
single stationary point o;=0. Similar calculations can be
performed for any region () ,,, and so the following statement
is valid. Points of the (u,H) plane lying above the curve
pm=0o(H) correspond to an effective potential whose global
minimum occurs at oy =0, i.e., for u>0,(H) the massless
phase of the theory symmetric under the discrete transforma-
tions (3) and (4) is obtained.

If u<oo(H), it is easy to show that the potential pos-
sesses another stationary point o, = oo(H), at which, in gen-
eral, a local minimum occurs. The corresponding ground
state is metastable as long as we do not cross the critical
curve u= pu (H), which is found from the condition

Vi (0)=Vy,(oo(H)). (66)

Below this curve the global minimum moves to the point
0,=0¢(H)#0, and so here the phase with massive fermions
and spontancously broken symmetries (3) and (4) is stable,
while the massless phase is metastable. Since the order pa-
rameter undergoes a discontinuity in crossing the critical
curve, a first-order phase transition occurs in the model. The
more detailed form of the equation for the critical curve
p=pu (H) can be obtained from (66), using (60):

HN
Vil oo ) =Vi(0) = 5 3, 5,0(u—2eHn) (1

—+\/2eHn). (67)

It is clear from these arguments that u (H) must lie below
the curve u=oy(H). However, we have already noted that
for both fairly large and fairly small H the line u=oy(H) is
located in the region (). This means that at these values of
H the critical curve is also located in (), and so only the
first term need be kept inside the sum in (67). As a result, we
obtain the form of the curve u=u (H) at fairly large and
small H:

2
plH)= = [V(0) = Vi(ao(H))]. (68)

At small H, when oy(H) is small, (68) gives

27 dVy(0)
eHN do

For H— from (42) and (68) we find

M (H)= ~oo(H)=0y(H). (69)
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po(H)~ \JeH. (70)

The situation is less clearly defined at negative values of
the coupling g. The point is that here the stationarity equa-
tions have some features which allow rigorous results to be
obtained only for sufficiently large magnetic fields.

Let us assume that (u,H) € )y and g<0. We consider
Eq. (65). For u<o it can have a solution oo(H) [for
w<ao(H)], or it may not have any solutions at all [for
w>ao(H)]. For u>o, Eq. (65) obviously has the trivial
solution o=0. Moreover, owing to the negative value of g,
in this region Eq. (65) may in general have other nontrivial
solutions different from o y(H). In the latter case the process
of finding the stationary point at which the potential has a
global minimum is considerably more complicated. In order
to avoid this situation, we shall single out the values of H at
which Eq. (65) can have no more than two solutions o} =0
and o,= ao(H).

For this we calculate the integral fo(3) in (64) and write
(65) as

2+ eH \2eH
[ i+ o*+te L OV2e 2 ( )
T ~/0'2+2eH 2@ =17 '\2eH

eH
— 5= [1-0(n-0a)]=0, (71)

where M =— m/g. The expression in curly brackets in (71)
is positive for all =0 if

2M?<eH. (72)

Now, imposing the constraint (72) on the magnetic field, we
arrive at the same conclusions about the phase structure of
the model in the region (), as for the case g>0. It can be
shown that the stationarity equations for the potential
V(o) for (u,H) e (0, (n>0) also have no more than two
solutions o=0 and oy(H) with the constraint (72). Accord-
ingly, it can be stated that for g<<O and eH >2M?, in the
(u,H) plane there exists a critical curve u= u (H) specified
by Eq. (67). In the region () it obviously has the form (68),
and therefore u (H )~\/-eﬁ for sufficiently large H. These
conclusions are obtained by analogy with the case g>0. Un-
fortunately, we can say nothing about the behavior of the
critical curve at small H for g<<0 except that u(0)=M (see
Sec. 1.1).

1.5. Discussion of the results

In this section we have followed Refs. 22, 27, 37, and 41
and studied the phase structure of the three-dimensional GN
model for nonzero temperature, chemical potential, and ex-
ternal constant magnetic field.

We have obtained an exact expression (20) for the criti-
cal curve of this model at T, # O in the leading order of the
1/N expansion, and we have shown that a tricritical point
exists on this phase diagram. These results were first pub-
lished in Ref. 37, and were later rediscovered by other
authors.!®?® In addition, in Ref. 10 it was shown that in
D-dimensional GN models with 2<D<3 the tricritical
point no longer lies on the boundary, but is shifted to the
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interior of the region T,u=0. A similar result for the two-
dimensional GN model was obtained in Ref. 11.

In this section we have displayed a new feature of an
external magnetic field: its ability to effect the spontaneous
breakdown of various symmetries.”??’ (In the contemporary
literature this is referred to as the catalysis effect.) In terms
of the Gross—Neveu model, this implies that for g>0 the
flavor and chiral symmetries (3) and (4) are spontancously
broken by any, arbitrarily small, external magnetic field H.
Moreover, this serves to stabilize the phase with broken sym-
metries. For example, for g<0 the three-dimensional model
(1) is located in the unsymmetric phase with massive fermi-
ons, and the external field H only increases the fermion
mass. (The effect of an external electric field on the massive
phase of the model is the opposite;¢ it decreases the fermion
mass until the system crosses over into the massless phase at
some E_.).

The effect of a magnetic field on the three-dimensional
Gross—Neveu model has also been studied in Refs. 35 and
39, where the relation of the catalyzing role of the magnetic
field to the zero modes of the Dirac operator and modifica-
tion of the infrared regime was studied. This effect was also
studied in Ref. 39 and then developed further in several
studies,40 which showed that the catalysis effect is also ob-
served in other field-theoretical models: in three-dimensional
quantum electrodynamics, in the Nambu—Jona-Lasinio
model, and so on. These studies proposed an explanation of
the catalysis effect, which in R2*! arises only owing to the
presence of an external magnetic field (with which the fer-
mion spins interact, leading to a fundamental change of the
infrared behavior in the system) and is unrelated to the pres-
ence of a four-fermion interaction in the original Lagrangian.

It should also be noted that in the present review we are
far from mentioning all the external factors on which the
vacuum structure of the model (1) can depend. We have not
considered the effect of nontrivial topology or spacetime cur-
vature, or finite-volume effects on the phase structure of the
three-dimensional GN model. We refer the interested reader
to Ref. 42 for more details on these aspects.

2. THE GLUON CONDENSATE AND
THREE-DIMENSIONAL ()2 FIELD THEORY

In this section we continue our study of the critical be-
havior of the three-dimensional Gross—Neveu model, taking
into account the effect of external non-Abelian gauge fields,
the structure of which has been discussed in Refs. 46-49.
The Lagrangian of the model has the form

Ly=yTH(id,+eAlN /2)./;+ [zpz/;]2 (73)

. where the field ¢ is a four-component Dirac spinor, which

can correspond to quarks. In this case e is the quark—gluon
interaction constant, and I, are 4X 4 matrices whose alge-
bra is given in Appendix A. The spinor  transforms under
the fundamental representations of the color group SU(3)
and the group SU(N), which is auxiliary in nature and has
been introduced in order that the theory contain the param-
eter 1/N, which is small for N—o. [For simplicity, the
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group indices, which are summed over, have been omitted
from the spinors in (73).] Here \,, a=1,...,8, are the
SU(3) generators, and A;’L is an external non-Abelian (color)
gauge field. For simplicity, we study a model which is in-
variant under the discrete chiral transformation (4), although
it is also easy to study a model like (73) with continuous

chiral invariance.

2.1. The effective potential. Structure of the external
fields

It is convenient to perform the phase analysis of the
model (73) in terms of the auxiliary scalar field o(x). For
this we need to introduce the auxiliary Lagrangian

2

L=ilid+ = exide) -7 4 i 74
o=yl id 3¢ lﬁ—rgo oy, (74)

which is equivalent to L, (73) in the equations of motion. By
analogy with the preceding section [see the derivation of
(24)], it can be shown that in the leading order of the 1/N
expansion the effective potential of the model (73) in an
external non-Abelian field has the form
No? iN .
V(0)=—g—+—Tr In(IT+ o), (75)

where 1= TA(id,+eAj\,/2) and v= Jd3x. Taking into ac-
count the 1dent1ty (the matrlx % is given in Appendix A)

I+ U=F5F5(H+ o)=TI3(— I+ o),

the effective potential (75) can be written as follows, up to an
unimportant, o-independent constant:
No? iN
V(a')——+2—Tr In D, (76)

where

D=(Ml+0)(~[1+0) = 02~ T1,I1#~ 2 T*I"\F%,,

Fo,=0,A5—0,A5+ef*ALAS, T1,=id,+ } eN®A%.

an
In Eqgs. (75)—(77) the field o no longer depends on spacetime
points, and f°*° are the SU(3) structure constants. We
would like to study the three-dimensional model (73) and
(74) in external constant (i) chromomagnetic and (ii) chro—
moelectrlc fields. In case (i) we let, for example, F
—F3,=H+#0, while the other components of the tensor F
are zero. Two independent choices of the vector field A;’L are
possible here. In the first case Ay is an Abelian-like vector
potential, used in Refs. 44 and 45 to model the vacuum gluon
condensate:

AL=H5,,x,8%. (78)

,uv’

However, we shall not dwell on (78), since here we easily
obtain the same results as for the Gross—Neveu model in an
external magnetic field (see the preceding section). In the
second case the vector potential no longer depends on space-
time points:
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AZ=5;’L\/H/e (a=1,....8; u=0,1,2). (79)

This case differs qualitatively from (78) in that the non-
Abelian nature of the Yang—Mills fields is explicitly in-
volved. We shall use this gauge field (79) to find and study
the effective potential (75) and (76) of the original model.
We particularly emphasize the fact that recent theoretical
studies indicate that in QCD at sufficiently high temperatures
the vacuum is stable, and the gluon condensate in it most
likely has the form (78). However, at fairly low temperatures
the background gluon field must have non-Abelian
components.*’ Therefore, the vector potential (79) is a pos-
sible candidate for the role of the gluon condensate in the
true QCD vacuum at 7=0. An external gauge field with this
structure and its effect on various physical processes have
already been studied.*

In case (ii) it is assumed that the only nonzero compo-
nents of the tensor F,, are Fij= —F,=E. Here again we
shall work only with an essentially non-Abelian vector po-
tential, which by analogy with (79) has the form

A} =(VE/e,00), A% =(0,JEle,0); A%=0;

a=3,.8. (80)
The case of an Abelian-like gauge field

AL=—Eb,0x, 6%

is treated similarly to that of the three-dimensional Gross—
Neveu model in an external electric field.>
Now, going to momentum space in (76), we easily find

2

o ] -
—V(a) 220 +2—(ﬁ5TrJ d’p In D(p), (81)

where Tr denotes the trace over both spinors and SU(3)
indices, and D(p) is the Fourier transform of the operator D

from (77). Obviously, D(p) is a matrix in spinor and color
space with three fourfold degenerate cigenvalues:>%-3!

d{(p)=E}(p)—p;

where E;(p) is independent of p,. [The quantities (82) for
each case (i) or (ii) will be given in the corresponding sub-
sections below.] Substituting (82) into (81) and integrating
over the variable p,, we find

i=123, (82)

1

~ V(o)= f (—z E Ei(p). (83)

2.2. An external chromomagnetic field

Let us assume that the vacuum gluon condensate is

specified by a vector potential of the form (79). In this case

the quantities E;(p) from (82) are easily calculated:>**

E¥p)=p2+0% p*=p+p3;
eH 1
E}(p)=p*+o?+ - 3 V(eH) 4+ 4eHp>. (84

Substituting (84) into (83), we have (V=V,)



Phys. Part. Nucl. 29 (5), September—October 1998

lo|* (o*+eH)** eH
N Y@=y Volo)= 5o+ =0 e

o?\eH

H
+eH)"?— —[é— In[(VeH

0_2

+Jo*+eH)l|a|], (85)

where
1 V(o) a? 3(72A+|0'|3 (86
NV = e T T )

is the effective potential of the model for H=0, and A is the
ultraviolet-cutoff parameter of the integration region in (83).
Owing to the symmetry of the function (85) under reflections
o— — o, in what follows we shall consider only the region
o=0. As in Sec. 1, the function (86) can be renormalized
and reduced to renormalization-invariant form:

1 a* o

ﬁVo(0)=§§+?, (87
where the finite coupling constant g is independent both of
the normalization point and of A:

1 1 3A

The insignificant difference between the potential (87) and
the analogous quantity (11) is a consequence of the addi-
tional color degrees of freedom of the fermions (quarks) in
the model (73). Therefore, in the case H=0 it follows from
(87) that for g>0 the absolute minimum of the function
V(o) is located at zero, and the symmetry (4) is not broken.
For g<0 the global minimum occurs at

gg=—ml3g=M. (88)

In this case the chiral invariance (4) is spontaneously broken,
and the quarks acquire a mass M.
Let H#0. We therefore need to study the function (85)

at the global minimum. Its stationary points satisfy the equa-
tion

o{A(H)+4x—Gy(x)}=0, (89)

where

AH)= 27 o
Tplen’ T Ve
Gy(x)=In[(1+ V1 +x2)/x]— 241+ (90)

It is easily shown that the function Gy(x) decreases mono-
tonically from +c to —o on the interval (0,%). Therefore,
the expression in curly brackets in (89) vanishes at a single
point xo(H)#0, and the stationarity equation (89) has two
solutions. One of them is 0=0, and the other is gy(H)
=+eHxy(H). (If the external field were Abelian-like, then,
as shown in Sec. 1, the stationarity equation would not have
the solution o=0.) Using (89), it is easy to see that the
derivative dVy(o)/do is negative on the interval
o e (0,0¢(H)). Consequently, the absolute minimum of the
function V(o) lies at a point oo(H)+#0, and the symmetry
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(4) is spontaneously broken for both g<0 and g>0 for any
value of the external chromomagnetic field H # 0. Therefore,
an external chromomagnetic field, either Abelian-like or
non-Abelian, leads to spontaneous breakdown of the chiral
symmetry (4), and the fermions thus acquire a nonzero mass
ao(H).

Let us now study the behavior of the dynamically gen-
erated fermion mass [=oy(H)] at large and small values of
H. Let k be a solution of the equation 4k=Gy(k). Then for
H—» we see that A(H)—O0, i.e., xo(H)— k. Therefore, for

H—oo

oo(H)=eHxo(H)—k\eH. (91)

The asymptote (91) is independent of the sign of the constant
g. For comparison, we note that in the case with an external
magnetic field (see Sec. 1.2), the fermion mass has the same
qualitative behavior for H— .

Now let us consider small values of H. Two cases must
be distinguished. Let g>0. Clearly, the equation satisfied by
xo(H) for H—0 has the form

A(H)=—1n xo(H).
From this we easily find xo(H) and o¢(H) for H—0:

oo(H)~JeH exp(—2m/(geH)), (92)

i.e., the fermion mass falls exponentially with decreasing H.
It is interesting that in an external magnetic field the fermion
mass decreases linearly, i.e., more slowly than for H—0 (see
Sec. 1.2).

Let g<O0. in this case at small H the parameter A(H)
from (90) tends to —, and so the solution xo(H) of (89)
tends to +o. Using the asymptote of the function Gy(x) at
large x in (89), it is easily shown that for H—0

ao(H)=M{1+(eH)%/(T2M*)+o((eH)*/M*)}, (93)

where M is the fermion mass for H=0 [see (88)].

Thus, both magnetic and chromomagnetic external fields
like (78) and (79) induce spontaneous chiral symmetry
breaking in four-fermion models.

2.3. An external chromoelectric field

Let us now place the original model in an external con-
stant chromoelectric field whose vector potential has the es-

sentially non-Abelian form (80). Now the quantities E; 3( p)
from (82) have the form>

E35(p)=0%+p*+eE2* JeE(a?+p+p2), (94)

and E,(p) and p? are defined in (84). Taking this into ac-
count, the effective potential (83) can be written as
(V=Vg)
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1 1 |
5 Ve(0)= 5 Vo(o)+ 3= (DL +D2 -2|al*)

B 3eE
"E(D+ D.. )“ (D++D )

1 (2

~g |, e

JC+D,+D_

" -Jc+D,+D_|

The potential V(o) is defined in (86) and (87), and
=J(A£B), A=o2+¢ENR,

B=\0%E, C=eE(1+cos? Q). 96)
We have used polar coordinates in deriving (95).

Let us now study the function (95) at the absolute mini-
mum on the semiaxis o=0. It is easily shown that

1 Vg

N 9o

4(CA-B*)—-C?

8/C

(95)

=o{H(ag)—Gg(o)}, 97)
where

1 1
H(o)= E+ = (oc+D,.+D_),

2r  C—eE
f de In
0

Jc

D.+D_+C
D,+D_—ycC|

Gg(o)= 12
(98)

Obviously, H(o) grows monotonically, and Gg(o) falls
monotonically for o=0. Therefore, for H(0)>Gg(0) the
stationarity equation dVz/do=0 will have a single solution
o=0, at which the potential V(o) reaches its smallest
value. However, if H(0)<Gg(0), another stationary point

oo(E)#0 appears, at which the function V(o) reaches a
global minimum. Estimating Gg(0) numerically, we find

H(0)— Gg(0)= é+ VeE-0.2923.... (99)

From this we see that for positive g the inequality H(0)
>Gg(0) is satisfied for any value of the external chromo-
electric field E. In this case the chiral invariance of the
model remains unbroken, and the quarks are massless. (We
recall that for g>0, in contrast to the chromoelectric case,
arbitrarily small values of the external chromomagnetic field
induce spontaneous chiral symmetry breaking.)

Let us consider the case g<0 in more detail. It follows
from (99) that at sufficiently low E, H(0)<Gg(0), i.e., the
model is located in the phase with spontaneously broken
chiral symmetry. However, at sufficiently high E it will be in
the phase with unbroken chiral symmetry. The transition
from one phase to the other occurs at E=E:

eE.=(g-0.2923..) 2=M?.10.6730.... (100)

[The critical chromoelectric field strength is found from the
condition that the right-hand side of (99) vanish.] At the
critical point we have a second-order phase transition.
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Let us now evaluate the fermion mass for 0<E<E,.
This can be done by using the stationarity equation. In fact, it
is easy to show that for E—0

oo(E)=M(1—(eE)*(T2M* +...). (101)
However, near the critical point (E—E)
e(EC—E)
0o(E)=———-0.4591.... (102)

veE,

Finally, we note that the effective potential (95) has no
imaginary part. Therefore, the vacuum of the model in an
external chromoelectric field (8) is a stable state. In contrast,
the vacuum of the Gross—Neveu theory is unstable in an
external electric field.

2.4. The case H,T+0

Let us now assume that the system described by the
Lagrangian (73) is located in a heat bath. Before giving the
effective potential for this case, we write the potential (81)
including (82) in the more convenient form

2

& é J(P In dy(p)
—— n A
28, Qm) & ) ¢P AP

Performing calculations analogous to those of Sec. 1.1 for
T,u#0, we obtain

%V(a)= (103)

=V(o

11’ 2 f (2'tr)2

X{Ex+TIn[1+exp[— B(E;+ u)]]
+TIn[1+exp[ - B(E,— u)11},

where the relation between E; and di(p) is given by (82).
Now, assuming that #=0 and that the field of the gluon
condensate is a non-Abelian chromomagnetic field, where

the E4(p) have the form (84), after trivial algebra from (104)
we find the expressior; for the effective potential at H,T+0
[V(e)=Vy(0)]:

(104)

1 1 >
y Var(@)= 5 Va(o)= 2, Fi(o), (105)
where
T ©
Fy(o)= p fo dx In[1+exp[ — BE;(x)]1], (106)

x=p?, and the function V(o) is defined in (85). Since the
entire dependence of E;(p) on the momentum components
reduces to a dependence on the combination p? [see (84)], in

(106) we have used the notation E;(x)=E(p)| ;2-x- The
stationarity equation for the function (105) has the form

o{w(o)=¢(0)}=0,

where

(107)
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1 20 1 27
0(0)= 4 T NETRE {2 (1 +expl o)

+In(1 +exp[ — BVo’+eH])}, (108)
VeH ((Tm  dE E
¢(o)= o ,L- \/E——f_—o.ftanh(ﬁ) (109)

It is obvious that 0=0 is a solution of (107). Some proper-
ties of the functions (o) and ¢(0) are given in Appendix C,
where it is shown that »'(a)> ¢’ () on the interval (0,).
There it is also shown that for 0—, w(o)~40/m and
¢(0)—0. It then follows that if ©(0)<¢(0), the expression
in curly brackets in (108) vanishes at a single point oy #0,
where the function V(o) has a global minimum. There-
fore, in this case the chiral symmetry of the model is spon-
taneously broken, and the fermions dynamically acquire a
mass 0. If ®(0)>¢(0), the fermions are massless.

We thus see that in the plane of the parameters (T,H)
the equation

@(0)=¢(0) (110)

determines the critical curve /. separating the set of param-
eters (T,H) corresponding to the symmetric ground state
from the region where the symmetry (4) is spontaneously
broken. Obviously, when the critical curve is crossed a
second-order phase transition occurs (a situation analogous
to the case of an external magnetic field; see Sec. 1.3). The
critical curve can be written as

1.={(T,H):T=T/H);T,H=0},

where the function T .(H) is called the critical temperature.
To study this function, it is convenient to use the vari-
ables

\/E;I_ 27

t= , h= 5 111)
2T gw/eH (
in terms of which Eq. (110) has the form
t tanh 7
hEh(t)=J dr
0 T
2
—-2- " [21n2+In(1+exp(—2¢))]. (112)

The advantage of the parameters (¢,h) is that (112) explicitly
gives the functional dependence between them. We see from
(112) that h(t) is a function which grows monotonically
from —co to +o as ¢ varies from O to +. Therefore, there
exists a £o>>0 where h(t) vanishes. The transformation (111)
obviously takes the critical curve /. into the set of points

Li={(t,h):h=h(1), t>1,}
if g>0, and into the set of points
L_={(t,h):h=h(1r), 0<t<ty}

if g<0. Here values ¢~y on the curves L. correspond to
large values of the chromomagnetic field. The limits 1— oo
on the curve L, (g>0) and +—0 on the curve L_(g<0)
correspond to small values of the external field H. Knowing
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FIG. 4. Phase portrait of the model (73) for g>0 in an external non-Abelian
chromomagnetic field.

the properties of the function 4(¢), it is not difficult to find
the behavior of the critical temperature T .(H) at large and
small H.

In fact, the limit +— ¢y, when h(£)—0, gives [see (111)]
H—o and

T (H)~ eH (113)

for both positive and negative values of the coupling con-
stant g.

Let g>0 and t—. This part of the curve L, corre-
sponds to small H. It is easy to show that for r—o, A(t)
~In t. Expressing & and ¢ in this relation in terms of T and H
[see (111)], for H—O0 we find

T(H)~JeH exp(—2m/(geH)). (114)

The phase portrait of the model for g>0 is given in Fig. 4.

Now let g<0 and t—0. In this case we also obtain the
part of the curve L_ corresponding to small H. Expanding
the function (112) in a series in the small parameter ¢ and
using (111), for H—0 we easily find

T (H)=T.+(eH)*[T}1728 In 2]+ o((eH)?), (115)

where T, is the critical temperature at H=0:
T.,=—mw/[6g In2].

For g<0, T .(H) has the same qualitative form as the curve
shown in Fig. 3.

2.5. The case H,u+0

Here we study the phase structure of the three-
dimensional Gross—Neveu model, taking into account the
external chromomagnetic field and the chemical potential u,
but at T7=0. In this case from (104) we easily find the ex-
pression for the effective potential of the model [V(o)
EVH[.L(U)]:

NO(u—
Vi@ =Vi(o)~ b= p ()
NO(u’—eH—o?
- (”12; ) g (o). (116)

Here O(x) is the Heaviside step function, and
B(0)=4u’+803— 120’2,u,+3,u,\/eH(,u,7— o?)
—302\eH In[(u+ \/,u.i— 0'7)/0'],
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B2(0')=2u3—6u02+4(0'2+eH)3/2
—3uveH(u — %) —3eH\Jo*+eH

+ v 2 o?
+302JeH In| b2

. (117)
veH+ Jo*+eH

The functions B;(o") possess the property (for wr=eH)

B(p)=By(Ju?—eH)=0.

Now from (116) we easily obtain the stationarity equation:

(118)

V(o) — Vy(o) NO(u—o)
do =0= Jo 127 bi(o)
NO(u?—eH—o?
_NOG —eHZ o) | o). (119)

127

where b;(0)=0B;(c)/da. We note that in deriving (119)
we have neglected terms proportional to d(u—o) and
&(u?— 02— eH). They obviously vanish, owing to (118).

Let H#0. In Sec. 2.2 it was shown that for u=0 the
effective potential V(o) must have a global minimum at a
point oo(H)#0, i.e., the chiral invariance of the model is
spontaneously broken by the external chromomagnetic fields.
Let 0<u<0y(H). Using (116), it is easy to see that here
Vuu=Vu+AV, where AV=0(u?. Therefore, for suffi-
ciently small u the global minimum of the effective potential
will still be located at the point oy(H). We shall show that
for sufficiently large u the chiral invariance of the model is
restored. Let u>+eH, |g|. We divide the semiaxis 0=0,
where Eq. (119) must be solved, into three segments.

(1) Let o= . In this case (119) has the form (89), i.e.,
3V 1da=0. However, it is easily shown that for sufficiently
large u the points 0=0 and oy(H), which formally are
solutions of (89), do not satisfy the condition 0= u, and so
they are not roots of (119).

(2) Let Vu?— eH<o= u. Then the stationarity equation
for the potential V,, has the form

] -0

nt ,u7 — o2
JeH +\Jo*+eH
It is easily shown that for sufficiently large u this equation
has no solutions satisfying the condition \/[LZ_EH sgo<su.
(3) Let 0<o=<\u?—eH. In this case the stationarity
equation (119) becomes

27
G[—g—+4/.b+ veH In

o{3u+mig}=0.

For sufficiently large w it will have the single solution
o =0 satisfying the condition 0<o=< \l,uz— eH.

We have therefore shown that for sufficiently large wu,
out of the entire set =0 only the point =0 is a solution of
(119), and at this point the potential (116) will have an ab-
solute minimum. This implies that at fixed H the chiral sym-
metry (4) of the model, which is spontaneously broken at
small u, is restored at sufficiently large values of the chemi-
cal potential.

Vshivtsev et al.

2.6. Discussion of the results

As shown in the preceding section, in the Abelian theory
the catalysis effect arises from the interaction between the
fermion spins and the magnetic field. In the non-Abelian
theory the situation is more complicated because the par-
ticles possess an isospin degree of freedom. As a result, for
an Abelian-like chromomagnetic field configuration we es-
sentially arrive at the situation discussed earlier in Sec. I,
because in classical language the motions in isospin space
and in ordinary space are separate. These motions are not
distinct for non-Abelian field configurations, and the particle
spectrum is affected not only by the particle spin and isospin,
but also by their relative orientation. It is this situation which
we have discussed in the present section, based on Refs.
50-52.

Using this result, we have studied the effect of the
vacuum gluon condensate on the phase structure of the three-
dimensional Gross—Neveu theory (a four-dimensional model
of this type essentially describes the quark dynamics at low
energies). In four-fermion models the gluon condensate is
not a dynamical quantity, but rather is a sort of external
parameter which is usually identified with an external color
field of, for example, the form (78)—(80), acting on the sys-
tem. The effect of Abelian-like color fields like (78) on the
four-fermion model (73) leads to the same results as for an
external magnetic field on the ordinary GN model, in which
fermions do not have color degrees of freedom. We have
therefore focused on the study of the critical properties of the
theory (73) in the background of external non-Abelian
fields like (79) and (80). In the true QCD vacuum the gluon
condensate at low temperatures must be essentially
non-Abelian,*’ and the field (79) [or (80)] is a good candi-
date for this role.*® The results of our analysis are the fol-
lowing.

Let an external chromomagnetic field (79) act on the
original theory (73). In this case the model is exactly solv-
able for N—co. This implies that in the leading order of the
1/N expansion the effective potential is a superposition of
elementary functions. This is a unique example of a field-
theoretic model in which the effect of an external field can be
taken into account exactly (perturbation theory in the exter-
nal field is usually used, and so there are restrictions on the
region where the calculated results are valid), and the re-
sponse of the system to a chromomagnetic field can be stud-
ied in a wide range of field strengths.

We have shown that a non-Abelian (and also an
Abelian-like) chromomagnetic field for g>0 induces the
spontaneous breakdown of chiral invariance (4), while for
g<0 it stabilizes the unsymmetric vacuum even more.
Therefore, a purely chromomagnetic gluon condensate of the
form (78) and (79) can serve as a catalyst for the spontane-
ous breakdown of chiral symmetry in quantum chromody-
namics. In Sec. 2.2 we found the behavior of the fermion
mass for H— [see (91)], and also for small H [see (92) for
g>0 and (93) for g<0].

When an external chromoelectric field E of the form
(80) acts on the system, the chiral invariance remains unbro-
ken for g>0. Let us take the coupling g<0. Then the chiral
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symmetry spontaneously broken at low E is restored at suf-
ficiently high E. We have found the critical value of the
chromoelectric field E, (100) at which a second-order phase
transition from the ordered to the disordered phase occurs. In
addition, we have found the behavior of the quark mass for
E—Q, and also near the critical value of the external field
(see Sec. 2.3). It is important to stress the following feature
of the non-Abelian chromoelectric condensate. In this case
the ground state of the Gross—Neveu theory is stable (in an
external Abelian-like chromoelectric field the effective po-
tential of the model has an imaginary part,® which indicates
that the vacuum is unstable). In our opinion, this can be
viewed as evidence for the possible existence of nonzero
chromoelectric components of the gluon condensate in QCD.

Now, in addition to the external non-Abelian chromo-
magnetic field, let the temperature be nonzero. As shown in
Sec. 2.4, there is a critical temperature T.(H) at which a
second-order phase transition from the chirally noninvariant
to the chirally invariant state of thermodynamical equilib-
rium occurs. For H—o the critical temperature is propor-
tional to yeH, and for H—O0 the behavior of T.(H) is given
by (114) for g>0 and by (115) for g<0.

Finally, we have considered the case where H and the
chemical potential x are nonzero. We have succeeded in
showing that the chiral invariance (4) of the model, sponta-
neously broken at small u, is restored at sufficiently large u.

The effect of external gauge fields on four-fermion mod-
els has also been studied in real four-dimensional
spacetime.>>>* The authors of Ref. 53 restricted themselves
to Abelian-like vector potentials of the type (78), and, of
course, obtained considerably fewer results than in the three-
dimensional case. In Ref. 54 it was shown that various types
of external chromomagnetic fields in the Nambu—Jona-
Lasinio model also lead to spontaneous breakdown of the
chiral symmetry.

3. DYNAMICAL GENERATION OF A CHERN-SIMONS
TERM IN GENERALIZED FOUR-FERMION
MODELS

In the two preceding sections we have remarked upon
the importance of studying three-dimensional models with
four-fermion interaction in connection with the possibility of
using them directly to describe high-temperature supercon-
ductivity (HTSC). However, there is another approach to
constructing a theory of HTSC based on the use of particles
with fractional spin and statistics, as even an ideal gas of
such particles possesses superconducting properties.”> In
turn, it is known that fractional statistics occurs only for
three-dimensional fields whose dynamics is determined by
Lagrangians containing the so-called Chern—Simons (CS)
term:

Lces=Ge*™9,A A, , (120)

where A, is a vector field (see, for example, Ref. 56). It is
therefore important to understand the mechanisms by which
CS terms arise in a theory. Of course, one can simply add
L s to the original Lagrangian of a theory, but physicists are
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always interested in obtaining a quantity dynamically, i.e.,
through radiative corrections, because then physical phenom-
ena can be described with fewer parameters.

Since the Lagrangian (120) is not invariant under
P-parity transformations (#,x,y)— (t,—x,y), one way of ob-
taining the CS term is by dynamical breaking of P invari-
ance. As noted in Ref. 57, in massless three-dimensional
quantum electrodynamics it is not so easy to break P parity.
Therefore, a great deal of work has been done on Abelian
gauge theories with scalar fields,’® where it has been shown
that the CS term can arise spontaneously. In addition, several
authors'%% have concluded that in very simple three-
dimensional models with four-fermion interaction it is also
possible to have dynamical P-parity violation which ulti-
mately leads to generation of a CS term.

In this section we continue our study of three-
dimensional field theories, using the nonperturbative 1/N ex-
pansion. Now we consider two models with generalized
four-fermion interaction, paying special attention to the con-
ditions sufficient for dynamical generation of a CS term.

3.1. Generalization of the Gross—Neveu model

Let us consider the Lagrangian

— 2.3 Jid G - 24.(4, 2
L= idp+ ‘/’2"9‘»02+ﬁ,'[(¢1¢1) +(47)"]
+é Uy Y +i D)2+ ()2

N b, 2N [(&12) "+ (2401)°]

H, _ =
+y Dttt (121)

Here ¢, , are two fundamental multiplets of the U(N) group,
each component of which is a two-component Dirac spinor.
For simplicity, in (121) we have omitted the sum over U(N)

group indices, and so expressions like ¢; ; are to be under-
stood as

N
l?’ilﬁj:gl Y-

The 2X2 <y matrices of Appendix A are used in (121). This
Lagrangian is invariant under the continuous U(1) gauge

group:
Ul):d—e'yy; dp—e'y,,

and also under P-parity transformations and the two discrete
transformations I'* and I'*:

(122)

P ‘ﬁlk(t,x,)’)“"')’ll//zk(t,_x,)’),
F3: ‘plk(t’x?y)‘_”ﬁzk(t’xv)')’
I Uit x,y) =it x,y).

Other notation is more convenient when studying the
field theory (121). Let us construct from #, and , another
fundamental multiplet  of the U(N) group, in which each

(123)
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component ¢, will now be a four-component Dirac spinor
(see Sec. 1): ¢k=($;:), k=1,...,N. In terms of ¢, the La-
grangian (121) can be written as

L= ¢zan/f+ (¢¢)2+ (¢rw)2+ (,¢r5¢)2

2 (g3 )2, (124)
2N

Here we have dropped the summation over U(N) group in-
dices. However, here and below this summation is always
understood. In contrast to (121), the Lagrangian (124) con-
tains the 4X 4 matrices I'#, I'3, and ', which are given in
Appendix A, and the 4X4 matrix 7 has the form 7
=(p -9). In addition,

61=G1+Gg; 62=G2_Gl;
H~1=H1_H2; H2 H +H2

The discrete transformations (123) are easily rewritten using
four-component spinors:

P:y(t,x,y)—ilC'T3y(t,—x,y);
[3:g-D; Thy—Ty.

To study the phase structure of the model (121)—(124),
we introduce the auxiliary Lagrangian

L= .39+ 0 ,($y)+ ao(§rip) + b, (igT5 )

- N o? ¢2)

.73
toiUlP Y -7 2 ( ot H,) (125)
where o; and ¢; are auxiliary real scalar and pseudoscalar
fields, respectively. The field theories (124) and (125) are
equivalent because the equations of motion can be used to
eliminate the fields o; and ¢; from (125), which gives the
Lagrangian (124). It is easily shown that the auxiliary fields
transform as follows under the discrete symmetries (123):

Pioy—0oy; 03> =03 o — ¢ oy

FS:"'I“’—‘Tl; 0,02, $1—o—¢1; P~y

I‘3501—’—0'1§ 0,0y, $1— by Pr—— .
(126)

Using the Lagrangian (125), we can find the effective action
of the theory, which in the one-loop approximation [equiva-
lent to the leading order of the 1/N expansion in the model
(124)] has the form

2 ‘T% o
Se(0,$)=—N §=) (55;+2—m)—zTr1nA (127)
where
A=id+o,+oyr+i [ +ig,I.

Here the fields o; and ¢; depend on spacetime points. To
obtain the effective potential of the model, we must use the
definition

V(o,¢)= _Seff(0’¢)|a,¢=const’ (128)
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where it is assumed that the boson fields no longer depend on
the coordinates. Equations (127) and (128) can be used to
find the following expression for the effective potential of

the model (124) in the leading order of the 1/N expansion:

2 2
O'k
(129)

where

M =|o =\ oi+ 1+ &)

Equation (129) is derived like the effective potential in Ref.
61. Integrating over the region 0<p?<A? in (129), we find

2 2 2 3

oy (1 2A\ ¢ (1 2A\ M;
Vie.p)=N2, 7(6{?)*7 o 7)) 6nl
(131)

(130)

Now, to eliminate the cutoff parameter A from (131), we
introduce renormalized coupling constants, using the normal-
ization conditions (i=1,2)

1 oV _ 1 24 2m_ 1

N (30,)? vem Gi T g(m)’

1 PV _ 1 2A 2m_ 1 (132)
N (9¢))° ¢~=m_ H @ @ hm)

Here it should be noted that in the first expression in (132)
we use the value of the function 3?V/(da;)? at the point
$12=0, 0;=m, ;=0 (i# ). In the second expression only
the component ¢;=m is nonzero at the normalization point
of the function 3*V/(9¢;)%. The equations (132) allow us to
rewrite the effective potential in terms of ultraviolet-finite
quantities:

hy M;
V(o,d)= NE 22 0'k+ = P2+ e (133)
where
1 2m " 1 2m (134)
8%m) w Thm)

We recall that the bare coupling constants G; and H; are
independent of the normalization mass m. It therefore fol-
lows from (132)—(134) that the constants g; and k; also are
independent of m, i.e., the effective potential (133) is a
renormalization-invariant quantity.

We have thus actually shown that the model (121) is
renormalizable in the leading order of the 1/N expansion.
The complete proof that the field theory (121) is renormaliz-
able is not the subject of this discussion. However, we think
that this is true, on the basis of Refs. 7 and 62, where it was
shown that very simple three-dimensional models with four-
fermion interaction are renormalizable within the nonpertur-
bative 1/N expansion.
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3.2. The phase structure of the model

Here we shall study the dependence of the phase struc-
ture of the model on the renormalization-invariant constants
g; and h; (134). For this it is necessary to find the vacuum
expectation values of the auxiliary fields, which, as is well
known, are determined from the global minimum of the ef-
fective potential. For this we write down the stationarity
equations for the function (133):

v N +M1+M2 203 o

s, YT T T (M M)

1% M+M, 2(ci+¢2+¢d)
Z—=Noy g+ =0,

190'2 2 'TT(M1+M2)

aV_N h+Ah+M§ 203 o 135
o"¢i_ ¢i J 277' 7T(M1+M2) e

In the last equation i=1,2. We will need to find all the
solutions of the system (135) and use those at which the
potential is a minimum. This will give the vacuum expecta-
tion values (o;) and (¢;). In order not to encumber the text
with tedious calculations, we shall not present the detailed
solution of the system here, as we have studied similar equa-
tions in Ref. 61. We therefore immediately write down the
point at which the potential is a global minimum, its symme-
try properties, and its dependence on the constants g; and A;.

We divide the coupling-constant plane (#,,h;) into
three regions:

11={h1 ,h2>0}, 12={h1>h2,h2<0},

I;={h;<h,,h; <0}, (136)

and henceforth use the notation (o;)=o0; and (¢;)=¢;.
Let (h,hy)el;. In this case the coupling constants
(£1,82) can be located in one of the three regions

a;={g1,82>0}, b;={8,<0, g,<g1},
c,={2:<0, g,>gi},

where the vacuum expectation values have the form

137

(hy.h))el, (g1,.82)€a,:01=0,=¢= =0,
(hy.hp)el,, (g1,82)€b:0,=¢,=0,0,=—7g3,

(hy.hy)ely, (g1.82)€C1:0,=01,=0,01=—7g;.

Let (h,,h,) €I, . The plane of the parameters (g,,8>) is
divided into three regions:

a,={g1.82>ha}, br={g2<h3.82<g1},

ca={81<h,.82>81} (138)

in which the vacuum expectation values of the auxiliary

fields have the form
(hy,hy) el,, (81.82)€a2:01=02=¢=0,
b= —h;,
(hy,hy) el,, (81.82)€by:01=01=¢,=0,

0= T§2,

Vshivtsev et al. 539

(hl’hZ)EIZ’ (81,82)502502=¢1=¢2=0a
o,="7g,-

(139)

Let (h,,h,) € 1;. In this case the coupling constants (g,82)
must be located in one of the three regions

a;={g,.82>h\}, b3={g,<h,.g2<g1},
c3={g:<h.g2>g1}, (140)

in which the absolute minimum of the effective potential
occurs at the points

(hy.hy)el3, (81.82)€a3:0,=0,=¢,=0,

¢, =—mh,, (141)
(hy.hy)els, (81.82) €bs:io1=d=$,=0,
0y=—Tg2, (142)
(hy.hy) €ls, (81.82) €C3:02=d1=¢,=0,
o=—T7g;. (143)

Therefore, for any fixed values of the coupling constants
812 and h;, we can give the point at which the effective
potential has a global minimum, and also the symmetry
properties of the ground state of the original theory. For this
it is necessary to find the transformations from (122) and
(123) under which this point is invariant.

Now let us introduce new notation. Let A; be the set
(i=1,2,3) of values of the coupling constants g, and A, such
that (g,,g2) €a; and (hy,h;) €l;. Here the I; are given in
(136), and the factors a; are easily found from (137), (138),
and (140), i.e.,

A;={g,.82.h1.h2:(81.82) €a;, (hy,hy)el;}.

Similarly, we define the following parameter sets (i

=1,2,3):

(144)

Bi={gl ’glvhl ’hZ:(gl 982) Ebi ’ (hl 1h2) EIi}a (145)
Ci={g1.82-h1.h2:(8g1,82) €c;i, (hy,hy)eli}. (146)
Finally, we introduce the two sets
3 3
B=UB;, C=UC;. (147)

i=1 i=1

It follows from this discussion that the generalized four-
fermion field theory (121) describes a system which can be
in five different phase states, where the gauge symmetry
(122) is unbroken in all of them.

(1) If the coupling constants are located in the region
A,, the original symmetry is unbroken, and the vacuum ex-
pectation values of the auxiliary fields are zero.

(2) In the coupling-constant region B the vacuum expec-
tation values have the form (142). Using (126), it is easily
shown that here we have a phase with only P-parity viola-
tion.

(3) Let us assume that we are in region C (147). Here the
vacuum is P-even, but the I'* and I'* symmetries are spon-
taneously broken. The vacuum expectation values of the
fields have the form (143).



540 Phys. Part. Nucl. 29 (5), September—October 1998

(4) We assume that the coupling constants belong to the
set A,. In this case the auxiliary fields have vacuum expec-
tation values of the form (139), and the ground state of the
theory is invariant under P and I'°. However, the I'* sym-
metry is spontaneously broken.

(5) Finally, let us consider the case where the coupling
constants are located in region A;. Here we have the phase
in which both P parity and the chiral symmetry I'> are bro-
ken, and the vacuum expectation values are given in (141).
This is one of the most interesting results of this section,
because this phase is absent in all the simplest four-fermion
models,”!650

3.3. The mass spectrum of the model

Since in the model some symmetries are spontaneously
broken, and some of the auxiliary fields acquire nonzero
vacuum expectation values, the fermions become massive. It
is easiest to see this if in (125) we make the shift o;— o;
+(0;), ¢j— d;+(;), because this gives rise to a fermion
mass term in the Lagrangian. Depending on which phase the
theory is in, the fermion mass term has the form

Ag:— why(igT* ) = —imhy (b — i),

Az:—mh (igT )= mh (P + doyy),

B: —mgy(Yrh)= — me (b + ),

C: —wg (Yg)=—mg\(d1 01— tothy), (148)

while in phase A, the fermions are obviously massless. The
value of the mass of the fermionic fields in each of these
phases is easily found from (148).

To find the boson mass spectrum in the leading order of
the 1/N expansion, let us consider the effective action (127).
It is known that this is the generating functional of one-
particle- irreducible (1PI) Green functions of the bosonic
fields. Therefore, to find the 1PI Green function of, for ex-
ample, two o, fields, it is necessary to differentiate S, twice
with respect to the field o, and then equate all the fields in
the resulting expression to their vacuum expectation values.

Let us consider phase C, in which (o)#0, while the
vacuum expectation values of the other fields are zero. (To
avoid introducing additional mathematical symbols, we shall
refer to each phase by the symbol for the region of coupling
constants corresponding to it.) In this case

52Scft( g, ¢)

Lo N (080, ()
ceer_1a_1. . O(x—Yy)
=—1Tr[Axy1Ayx1]+ G, (149)
where
% d? b+ o
(B-1)zp= (2753[&)?1‘}} exp(ip(x—)).

(150)

The symbol Tr denotes the trace over spinor indices. It can
be shown that the Fourier transform of the function (149) has
the form
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4 22 -
F,,l(,l(p)=—<‘?T_p’jr<p>, [(p)=tan”" 5<—,,”—>J
(151)

Here, as in (150), momentum space has the Minkowski met-
ric. Similarly, it can be shown that in this phase

S(x—y) | B, A
I“72"2(x’y): G, —iTr TA.\')'l TAyxl],

o(x—y) . B i
L, (x.y)= T AL TAL,

ox—y) B e ot
Ly 6, (x3)= +iTTP A T?A,

which corresponds to the following momentum representa-
tion of these functions (k=1,2):

4a,)*—p?
Lo (P)=82—81+ ErNaa I'(p), (152)
Ly (P)=h—g+ 2—: L(p). (153)

We note that here, and also in the other phases of the original
model, mixed 1PI Green functions of two fields (F"H’z’

r o,¢,» and so on) are zero. The functions inverse to (151)—

(153) are the propagators of the corresponding bosonic
fields. It is well known that the singularities of the propaga-
tors in the variable p? determine the boson mass spectrum.
The analytic properties of functions like (151)—(153) have
been studied in Ref. 7, where it was shown that for coupling
constants from the region

C={h=g\, h,=g,, g,=g1}
these functions do not vanish for p2<0. Since coe [see
(147)], it is obvious that in phase C the propagators do not
have a tachyon singularity. It can also be shown that the
scalar field o, corresponds to a stable particle with twice the
fermion mass, which is (o). The particle o, is a pseudo-
scalar resonance, corresponding to a pole of the propagator
on the second sheet of its region of analyticity. The fields
¢, > correspond to two stable fermion bound states with non-
zero binding energy. One of these particles is a scalar (¢,),
and the other is a pseudoscalar (¢,).

To obtain the 1PI two-point Green functions in phase B,
where only (0,)#0, it is necessary to make the replacement
0, 0,, g8, in Egs. (151)—(153).

If we are in one of the phases A, 3, where (¢,)#0, and
the vacuum expectation values of the fields ¢ j» O are Z€ro
(i#j), the change of notation in (151)-(153) o, ¢;,
Oy ¢j, g1—h;, g+>h; gives us the two-point 1PI Green
functions in the corresponding phase of the theory. The bo-
son mass spectrum in the phases B, A,, and A; can be
described as for phase C. In addition, they do not contain
tachyons.
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Finally, we note that in phase A;, where the fermions
are massless, the boson-field propagators have a singularity
of the type y—pZ, which indicates the presence of massless
bosons in the mass spectrum of the theory.

3.4. Some special cases

In this section we study the conditions under which the
original model (121)-(124) is invariant under continuous
symmetries. First, we note that without any restrictions the
theory is symmetric under the gauge group

U(1):y—e'®y. (154)

This symmetry remains unbroken for any values of the cou-
pling constants. If restrictions are placed on the model pa-
rameters, the theory acquires additional continuous symme-
tries. Let us consider a few cases.

(a) We assume that the bare coupling constants G, and
H, are arbitrary, and

Gl=H1 (155)

(and so g;=h,;=g). Then, in addition to the U(1) symme-
try (154), the theory will be invariant under chiral transfor-
mations:

Ccos al/ll+sin a!ﬁ2

Us(1):p—exp(ial ™) y= &58 ail—5, e

(156)
It follows from Sec. 3.2 that in this case only the phases A,
A,, B, and C will be realized in the model [phase A; is
chirally equivalent to phase C, i.e., vacuum expectation val-
ues of the form (141) can be brought to the form (143) by
using transformations from the group (156)]. We denote the
regions of coupling constants (g,g,,k,) corresponding to
these phases by As, Ays, Bs, and C5, where

As={g.h,,8,>0}, Ays={g.8,>h,;h,<0},
Cs={h,,8,>g;g<0}, (157)

while the region Bs is formed from the values of the cou-
pling constants not belonging to the sets (157). It is easy to
see that only Cs is located on the boundary of region C
(147), while the sets A s, A,5, and B; lie inside the corre-
sponding regions A, A,, and B (144)—(147).

It is now obvious that in the original model with the
constraint (155) the continuous chiral invariance (156) is
spontaneously broken only in phase C, and, as follows from
the preceding section, the propagator of the field ¢, is sin-
gular at the point p2=0 [see (153) for g,;=h,], i.e., a Gold-
stone particle of zero mass appears in the theory.

(b) If G,=H, and G, and H, are arbitrary, then in ad-
dition to the U(1) symmetry (154) the model has another
continuous symmetry:

U;(1): p—exp(ial) . (158)

This case can be described like (a), and so we shall not dwell
on it.

(c) If we want the model to be invariant under transfor-
mations from the group U(1)X U (1), where

U (1):¢—expliar)ip, (159)
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it is necessary to impose the constraint H,=H,=H. Obvi-
ously, now the two-component spinors and auxiliary fields
transform as

UAD):—e s dn—e Py
(1~ idy)—exp(—2ia)(P,—igp,)

[the fields o; are invariant under the transformations (159)].
Clearly, in this case the model is also exactly solvable in the
leading order of the 1/N expansion, and, using the results of
the preceding sections, it is easy to obtain its phase portrait,
which consists of the four phases A,, A,, B, and C. [The
vacuum expectation value (¢ )# 0 of phase A can be trans-
formed, using (160), to ($,) #0, i.e., into the vacuum expec-
tation value of the bosonic fields of phase A,. Therefore,
these phases are unitarily equivalent to each other under the
transformations (159), and so we do not include A in the
phase portrait of the model for the above constraint on the
coupling constant.] Using (160), it is easily seen that in
phase A, the U (1) symmetry is spontaneously broken. For
H=0 we obtain the theory already studied in connection
with the phenomenon of high-temperature super-
conductivity,'®% but in it the U,(1) symmetry is not broken.
(d) There is another class of models of the form

Lyp=idg+V(JT)*+P(T 1y,
invariant under U ,(1). This Lagrangian is also a special case
of the generalized model (121)—-(124) for N=1, i.e., when
the spinors ¢, ¢, and ¢, do not carry U(N) group indices.
In fact, using Fierz transformations (A6) for two-component
Dirac spinors (see Appendix A), it is easy to show that

Lyp=,id + Pid,— 3(V+P)[($141) >+ ($24)%]

+(P=V)[ 4t + 20,0 0,]. (162)

Now, introducing the bare constants G; and H; [see (124)],
for the Lagrangian (162) we have H,=H, and G,=H,
+ G, . Therefore, for describing the phase structure of the
model it is sufficient to know the values of the parameters 4,
and g,. Then for #;>0 and g,>0 we will have phase A,
for h,>0 and g,<0 we will have phase C, for ;<0 and
£21<0 we will have phase B, and for #;<0 and g,>0 we
will have phase A, with spontaneous breakdown of the
U (1) invariance.

(e) Finally, we can have the situation where the theory is
invariant under U(2) transformations:

2 ¥

lﬁz) - U( wz)'
[Here U are 2 X2 unitary matrices.] It is easy to see that in
this case G,=H,=H,=H, i.e., g,=h;=h,=h, as follows
from (132)-(134). We therefore have only two independent
coupling constants, and so the phase portrait of the model is
especially simple. For example, the massless phase is real-
ized for g, ,h>0. The model is in phase B when the coupling
constants satisfy the relations g,<<0, h>g,. The U(2) sym-
metry remains unbroken. If <0 and g,>h, we have phase
C, in which the U(2) symmetry is spontaneously broken to
U(1)XU (1), and the mass spectrum of the theory contains

(160)

(161)

U2):y= (163)
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Goldstone bosons. The other features of the model located in
phase B or C remain unchanged and are given in the preced-
ing sections.

If we take P=0 in the Lagrangian (161), we obtain a
theory with vector—vector interaction of the fermions. For
N=1 it is a special case of the generalized Gross—Neveu
model (121)—(124) in which G,=H,=H,=H and G,
=2H, i.e., there is U(2) invariance. Obviously, here in ad-
dition to A; it is possible to have only phase B without
breakdown of the U(2) invariance.

3.5. Dynamical generation of the Chern-Simons term

Let us continue our study of the generalized model (121)
and consider the conditions under which a Chern—Simons
term (120) can be spontaneously generated in it. For this we
make the global continuous gauge symmetry (122) local, i.e.,
we introduce into the theory a vector gauge field A, the
Lagrangian for whose interaction with fermions has the form

Lin~ YTHYA = (1 v"dr + V" )A .
We shall assume that the full Lagrangian of the system does
not contain the Maxwell kinetic term for the gauge field, i.e.,

Li=L+Ljy, (164)

where L is given in (121). We also assume that the interac-
tion constants are located in region B or C (147), where only
the fields o; can have nonzero vacuum expectation values.
Making the shift o;— 0;+{0;) in (164), we obtain a diago-
nal fermion mass term in Ly :

2

Lw‘=l§1 W(id+me) -t ... . (165)
Here m; denotes the mass of the kth spinor multiplet. Using
this Lagrangian, which will correspond to the Feynman rules
with massive fermionic propagators, we can find the radia-
tive corrections to the effective action, which have a term
proportional to AIZL :

Seff=J dspZ“(—p)w‘“’Z,,(p)wL..., (166)
where A u(P) is the Fourier transform of the field A ,(x), and
a*” is the polarization operator of the gauge field, which in
the one-loop approximation at small momenta has the form

2
wEY~ el > sign my. (167)
k=1
Substituting (167) into (166) and going to coordinate space,
we obtain a CS term which is generated dynamically, i.e., by
radiative corrections:

Scs~(sign m,+sign mz)f d’xe"" A, 0,A,. (168)

We see that in phase B of the model, where m,=m, [see
(148)] and the P parity is spontaneously broken, the CS term
is nonzero; however, in phase C, where the fermion masses
have opposite signs, Scg=0.
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Let us now consider the case where the coupling con-
stants lie in the regions A, 3 (144). Here a nondiagonal fer-
mion mass term arises spontaneously [see (148)], and so Eq.
(168) is not applicable. In this case we can make a unitary
transformation of the fermion fields:

¥ fi

( ‘/’2) U(f 2) ’
which, for example, for the region A; has the form
U=( 1/\/7)('_l i). In terms of the spinors f;, the mass terms
of the model in the phases A, 3 will now be diagonal, but the
masses will have opposite signs. Therefore, according to
(168) the CS term does not appear dynamically in either the
A, or the A; phase.

We thus have an example of a phenomenon where the P
parity is spontaneously broken (in phase A;), but the CS
term is not generated.

3.6. The vacuum structure of the (/A ?y)? theory

Here we shall use the leading order of the 1/N expansion
to study the phase structure of a three-dimensional four-
fermion field theory of the form

Ly=igdg+miy+g(yr9)%(2N), (169)
where
V=2 biathiar INY=2 Giakoptip- (170)

The summation over i runs from 1 to N, and that over a and
B runs from 1 to K. For all fixed values of i and «, ¢;, is a
two-component Dirac spinor and \? are the generators of the
SU(K) group (a=1,... K2— 1). Therefore, ¢ transforms
under the fundamental representations of the U(N) and
U(K) groups, and the theory (169), which is not a special
case of the generalized model (121), is invariant under
U(N)XU(K). We shall perform all the calculations in the
leading order of the 1/N expansion. Here it is understood that
the rank of the U(N) group is very large (i.e., 1/N is a small
parameter). The structure of the Lagrangian (169) is such
that the U(N) invariance of the theory is not broken at any
values of m and g. Therefore, when we speak of the residual
symmetry of the vacuum, we shall always mean its invari-
ance under U(N).

To obtain the effective potential of the original model, it
is convenient to use an equivalent theory with auxiliary sca-
lar fields:

Lo=iddy+mipp+ o®(gA"P)—N(a®) ¥ (2g)

=igoy+mpy+ Poy—N Tr(9?)/(4g), (171)

where = 0c*\? and Tr ¢=0. [Using the equations of mo-
tion, it is easy to eliminate o from (171) and obtain L,
(169) as a result.] It can be shown (see Ref. 63) that in the
theory (171) the effective potential in the leading order of the
1/N expansion has the form

2w K (a 1
- - i S D 3
~ V(o) ;[2¢,+3|¢,+m| , (172)
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where a=7/g, and the variables ¢; satisfy the condition

(Pl+...+(PK=0. (173)
In deriving (172) we have used dimensional regularization.
The advantage of this in three-dimensional spacetime is that
the regularized expression for the effective potential in the
leading order in 1/N does not contain ultraviolet divergences.
Therefore, the bare coupling constants g and the mass m are
finite quantities.

Using the results of Ref. 63 and also of numerical cal-
culations that we performed for N=<1000, it can be stated
that in the massless case (m=0) the global minimum of the
potential (172) possesses U(n)XU(n) symmetry for
K=2n or U(n+1)XU(n) symmetry for K=2n+1, if g
<0. If g>0, the original U(K) invariance of the model is
not broken.

Now let us discuss the properties of the potential (172)
in the massive case. For this we introduce dimensionless
quantities, dividing both sides of (172) by m>:

2

K
T b
= — .— 2 — .3
oy V0= 2 13 = D23 [wil (174)

where b=a/m and w;=1+ ¢;/m. The new variables obvi-
ously satisfy the relation

W1+...+WK=K. (175)

From (174) we find the stationarity equations for V(w)
(i=1,...,K—1):

bW,'_bWK+|W,'|Wi_|WK|WK=O. (176)
In deriving (176), we have used the first (K—1) components
of w; as the independent variables, and the wg are defined by
(175).

Let 5>0 (i.e., g>0). Solving Egs. (175) and (176), it is
easy to show that in this case the function V(w) has only a
single stationary point Qx=(1,...,1), at which its global
minimum occurs. Obviously, )y corresponds to the U(K)
symmetry of the ground state of the theory (169).

Now let us consider the case »<0 (i.e., g<<0). First, we
show that an arbitrary point Q= (w,,...,wy), where all the
w; satisfy (175) and (176), has no more than three different
components.

This fact follows directly from (176), from whose solu-
tion we find that for arbitrary fixed i<K the corresponding
component w; of the stationary point () can take one of three
values (without loss of generality, here we assume that
wg>0):

for 0<wg<—», or

I - b 5
wl,w3,w4=5+ —Z—wa—-wK

(178)
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for —b<wg<-—b(1+v2)/2. For other positive values of
wg, all the components w; are equal to wg . To determine
the component w of the corresponding stationary point it is
necessary to use the condition (175).

We shall use the following procedure to find the point
where the potential has a global minimum. First, we use
(177) and (178) to construct all possible stationary points
with two and also three different components, determining
wy from the condition (175) each time. Next we find the
value of the function V(w) at each of these points and select
the one at which V is a minimum. Naturally, as K increases
the number of stationary points of the potential V(w) grows
significantly. We therefore restricted ourselves to a few val-
ues of K. Omitting the details of the calculations, we present
only the final results.

(A) Let K=2. It follows from the system (175), (176)
that the global minimum of the function (174) is located at
the point

b
Q= 1+§—"2—\/b2 s l—'—+ Vb b2 —

if b<—2. In this case the original U(2) symmetry is spon-
taneously broken to U(1)XU(1). If b>—2, the symmetry
remains unbroken.

(B) Let K=3. Numerical calculations (here and in the
following cases) show that b<b¥=—1.5388..., and the
global minimum occurs at {4,=(x,,x;,y,), where y;=3
—2x; and

x=—[3(b—4)— V9b2—12b—36]/10.

Obviously, {5, and, accordingly, the vacuum of the model,
possess U(2)XU(1) symmetry. For b>b¥ the theory is
U(3)-invariant.

(C) Let K=4. In this case for b<bf=—4.0694... the
global minimum of the potential occurs at the point
Q=(x72,%3,Y2,y2), Where y,=2—x; and

\/b_Z__

Clearly, in this region of the parameter b the symmetry of
the model is spontaneously broken to U(2) XU (2).
For b <b<b}*=—13572... the absolute minimum

X2—1'——+

of the function (174) occurs at the point 13,
=(x3,X3,%3,y3), where y3=4—3x; and
6—b
X3=_5 +§ b _2b_4.

Obviously, ()3, is invariant under the group U(3)XU(1).
For b>bJ}* the original U(4) symmetry is unbroken.

(D) Finally, for K=35 the model is located in the U(3)
X U(2)-symmetric phase if b<b¥=—2.5300... . For val-
ues b¥<b<b¥*=—-1.2654... the vacuum state is invari-
ant under the group U(4)XU(1). At the same time, the
original U(5) symmetry is not broken for b>b¥*. The
points corresponding to these phases where the effective po-
tential has a global minimum are of the form

UB)XU(2):Q3p=(x4,%4.%4,Y4.Y4);
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ya=(5—3x,)/2,

x,=[15—5b+ 2557 —20b— 100]/13,
U(4)XU(1): Q4 =(x5,%5,X5,X5,Y5); Ys=5—4xs,
x5=[40—5b+ J25h7—60b— 100)/34,
U(5):Qs=(1,1,1,1,1).

In summary, it can be stated that for K>3 the phase
structure in the massive model (169) is much richer than in
the massless case.

3.7. Dynamical generation of a CS term

Here we shall discuss the possibility of using the model
(169) for dynamically generating a topological mass of the
vector field, which corresponds to a CS-like term (120) in the
Lagrangian. For this we introduce the minimal interaction of
a statistical vector field A, with spinor fields. The modified
Lagrangian (171) takes the form

L,—Lo=i(d+ieA)y+mpy+ Yoy
—NTr(¢?)/(4g). (179)

In the leading order of the 1/N expansion the model (179)
possesses the same effective potential as the model (169)—
(171). Therefore, the results of the preceding section are ap-
plicable to the theory (179), and it can be stated that the
vacuum expectation values of the scalar fields (¢,g) from
L, are in general nonzero, i.e., they coincide with the coor-
dinates of the point where the effective potential has a global
minimum: In (179) we make the change of variable ¢,g
—Papt{(Pap)- Using the fact that  (@.g)
= diag(®, , - - - ,¢x), the fermion mass term takes the form

K
Lo=(---)+izl (m+o) i, (180)
where we have explicitly indicated only the summation over
the U(K) group indices, and summation over the U(N) in-
dices is understood. From this we see that in the leading
order of the 1/N expansion the ith multiplet of spinor fields
has mass M;=m+ ¢;, which, in general, is different from
the bare mass m of the original Lagrangian. The values M,
obviously depend significantly on the vacuum properties of
the theory, i.e., on which phase the theory is in.

Using the Lagrangian (180), it can be shown (see Sec.
3.5) that in the leading order in N a term of the CS form
(120) is dynamically generated in the field theory (179) and
(180), where

K

G=e221 sign(m + ¢;)=¢€2G. (181)
=

The parameter G is directly related both to the topological
mass of the vector field and to the values of the fractional
spin and statistics of the matter fields.

First we assume that m=0. In this case for K=2n a CS
term will not be generated at all. This is easy to understand
from the form of the point where the potential has a global
minimum: it has identical numbers of positive and negative
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components.63 If K=2n+1, then in the
U(n+1)XU(n)-symmetric phase of the theory a CS term
necessarily arises dynamically, in spite of the fact that it is
absent in the massless phase.

The situation in the massive case (m# 0) is more inter-
esting. Here, as follows from (181) and the results of the
preceding subsection, the statistical parameter G takes the
following values, depending on the phase of the theory:
K,K-2,....K—2n (n=K/2 for even K and n=(K—1)/2
for odd K). We have G=K in the phase with the maximum
symmetry U(K), and G is a minimum (i.e., zero or unity) in
the phase with minimum symmetry [for even K=2n, U(n)
X U(n), or, for odd K=2n+1, U(n+1)XU(n)]. It is im-
portant to note that the values of G and the possible symme-
try groups of the vacuum of the theory are in one-to-one
correspondence. If the particle statistics (or spin) is known,
the invariance group of the vacuum is known, and vice versa.

We thus arrive at the following conclusions:

(1) Instead of a set of vacuum expectation values of the
scalar fields (@,p) in the theory, it is sufficient to have only
a single order parameter which arises dynamically. This is
the statistical parameter G (181).

(2) A transition from one phase of the theory to another
is accompanied by a jump (transmutation) in the spin and
statistics of the matter fields.

All the above discussion pertains to a massive field
theory (169)—(171) interacting with a vector field and,
strictly speaking, cases with K=<5. However, since they are
so obvious, these results appear to be valid also for K> 3.

3.8. Discussion of the results

In this section we use the results of Refs. 61, 63, and 66
to study two three-dimensional four-fermion models of a
nonstandard type. The first model (121)—(124) is referred to
as the generalized GN model, because for G,
#0,G,,H, ,H,=0 it coincides with the ordinary Gross—
Neveu theory of Sec. 1. The Lagrangian (121) is symmetric
under discrete P, '3, and T’ transformations (123). We
have shown that the generalized theory can exist in five dif-
ferent phases, two of which, A, and A;, have not been ob-
served earlier in very simple models of the Gross—Neveu
type. In the phase A, only the I'3 symmetry is spontaneously
broken, and in the phase A; the P and I'> symmetries are
broken simultaneously. The properties of the ground state of
the latter phase are similar to those of the QCD vacuum,
where both chiral and CP invariance are broken spontane-
ously.

In contrast to the simplest GN models, the boson mass
spectrum of the theory (121) contains stable particles with
nontrivial binding energy, and also resonances with finite
lifetime.

We have studied several special cases, including a
theory with vector—vector coupling of the fermion fields, and
also a model (for H,=H,) with continuous global U (1)
symmetry (160), which is spontaneously broken in the phase
A2 .

We assume that the fields ¢, and ¢, describe particles
with opposite electric charges. Then the generator of the
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U,(1) group corresponds physically to the electric-charge
operator of the theory. It can be stated that the generalized
model (121) has both chiral phase transitions (when the rs
invariance is broken) and phase transitions of the supercon-
ducting type. In the latter case the gauge group of the electric
charge Ug(1)=U (1) is spontaneously broken [phase A, of
the model (121)—(124) for H,=H,; see Sec. 3.4], and scalar
charged particles ¢~ i, i, (analogs of Cooper pairs in the
theory of ordinary superconductivity) appear.

We have also shown that in the model (121) the CS term
arises dynamically only in the phase B, when P parity is
spontaneously broken. In addition, in Sec. 3.5 we showed
that violation of P parity is not sufficient for the generation
of a CS term (in the phase A5 the P parity is broken, but
there is no CS term in the theory).

In the second model, studied here by means of the non-
perturbative 1/N expansion, the spinor fields have internal
degrees of freedom corresponding to the U(K) symmetry
[we do not include the U(N) group for N— in the calcu-
lation, because it is auxiliary]. The physical justification for
studying this model is the same as for the other three-
dimensional theories. However, here there is also additional
motivation.

It has recently been suggested64 that the electric charge
has a topological origin. This idea has been tested, in par-
ticular, for the gauge theory based on the Lagrangian (169).
The possibility of spontaneous breakdown of the original
U(K) symmetry to U(K—1)XU(1) was very important in
that study. There, this possibility arose in an analysis of the
Schwinger—Dyson equations, which the masses of the fermi-
ons in the model (169) must satisfy.® In our opinion, the
method of Schwinger—Dyson equations is not reliable for the
phase analysis of a field theory with fairly complicated struc-
ture of the interaction Lagrangian. The reason is that the
mass equations have, as a rule, several solutions, from which
it is very difficult to select the one corresponding to the
ground state of the theory. We have studied the vacuum
properties of the model (169) by a more suitable method, the
effective-potential method, and have shown that the ground
state can be U(K—1)X U(1)-invariant only in the massive
theory (169).

Finally, for the model (169) we included the minimal
interaction of matter fields ¢ with the vector statistical field
A, and studied the possibility of dynamical generation of a
CS term, which causes the statistics of the fields ¢ to become
fractional. We have shown that in the massive case
(m#0), instead of the multicomponent point where the po-
tential has a global minimum, we can take as the order pa-
rameter a single parameter, the topological mass of the vec-
tor field (the coefficient of the CS term). The particle
statistics undergoes a jump in transitions from one phase to
another.

CONCLUSION

In this review we have carried out a detailed study of the
critical features of several three-dimensional field theories
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with four-fermion interaction, taking into account external
factors (temperature, magnetic fields, and so on) which sig-
nificantly affect the vacuum structure.

This study has revealed some dynamical effects which
were previously unknown. For example, we have shown that
an external magnetic field can spontaneously break the
symmc:try22'27’41 (this effect is now referred to as the catalysis
of spontaneous symmetry breaking in an external magnetic
field). In addition, we have shown that the chromomagnetic
gluon condensate in QCD can also catalyze the spontaneous
breakdown of chiral invariance.>->2 The effect of catalysis
of spontaneous symmetry breaking by external gauge fields
is just as important as the well-studied effects generated by
(anti-)self-dual fields.? All these phenomena have a com-
mon source: modification of the infrared regime due to inter-
action of the fermion spin with an external gauge field.

By studying the radiative corrections to the effective ac-
tion, we have obtained the conditions sufficient for the dy-
namical generation of a Chern—Simons term,*% which
plays an important role in the anyon theory of high-
temperature superconductivity. Finally, we have demon-
strated the possibility in principle that, in addition to chiral
transitions, phase transitions of the superconducting type oc-
cur in three-dimensional four-fermion models.®' [In the latter
case the U(1) gauge symmetry is broken.]

The authors are grateful to N. F. Klimenko for preparing
the figures, and also to the Russian Foundation for Basic
Research for financial support through Project No. 98-02-
16690.

APPENDICES
A. Algebra of the y matrices in three dimensions

Two-component Dirac spinors in three-dimensional
spacetime realize an irreducible two-dimensional representa-
tion of the Lorentz group. In this case the 2X2 7y matrices
have the form

, 1 o L 0 i
Y=o —1) YT o)

- 0 1
0% =zo-2=(_1 0). (A1)
These matrices possess the properties

Tr(y*y")=28"" [v*.7"]1=—2ie" " ya;

yhy = —isk .t gk, (A2)

where g#’=g,,=diag(l,—1,—1), Ya=8qpY’, and g2
=1. In addition,
Tr(y*y"y*)=—2ie""®. (A3)

The matrix elements of the y matrices satisfy Fierz identities:

P ¥ =3 (D Dsin= 2 (PP (A2)

where m,n,m,n=1,2, and summation over the indices u, v
from 0 to 2 is understood. It follows from (A4) that
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S st 5 DY Vs v,

(A5)
where ¢y (k=12,3,4) are arbitrary anticommuting two-
component spinors. If we again apply the Fierz identity (A4)
to the right-hand side of (AS5), we find

Y1V Y a= = 20 sl — by, (A6)
Using this relation, we can easily transform a vector—vector
coupling of spinors into a scalar—scalar coupling.

The use of a reducible four-dimensional representation
of the Lorentz group for spinor fields has recently become
popular. The corresponding gamma matrices have the form
I'#=diag(y*,— ¥*), where the y* are given in (Al). It is
easily shown that (u,v=0,1,2)

Tr(THT?)=4gh"; TATV=gh?+ gh¥;
oh=4 [T# T =diag(—ie""*y,,—is"""y,). (AT)

The dimension of the algebra of the matrices acting in four-
dimensional spinor space is 16, and the generators of this
algebra are the I'* (u=0,1,2) and the matrix I'> which an-
ticommutes with them:

- 0 I
“\1 o)’
where I is the 2X?2 unit matrix. There is another matrix

which anticommutes with all the I'* and with I'3. It has the
form

5o 0 -1
=1 I 0 5
B. Estimates for F(0) from Sec. 1.3

Let us make the change of variables eHa=r,
o’=eHq?, and T>=¢HT? in (47). Then

47/17#‘#21]/37’,4‘#4: -

(A8)

(A9)

T @ 5
F(o)= p 2 fo dt exp(— 76*— 7(2n+ 1)2m%T?)

X[coth 7—1/7]. (B1)

Let ¢(7)=[coth 7—1/7]. Obviously, ¢’(7)>0, and so ¢(7)
is a monotonically increasing function. Now, taking 7 to in-
finity, we have ¢(7)<1 on the entire semiaxis 0= r<oo,
Using this, from (B1) we find

T ) -
F(0)<;2 f d7 exp(— 762 — 1(2n+1)%7*T?)
n 0

=£2 (G2+(2n+1)27272) !

_eH il o
—_27r0t 27/

where in der1v1ng the last equality we have used the summa-

tion formula’
tanh|
2 )

(B2)

w
24 27-1_
go[(2n+1) +a¥] "=
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We see from (B2) that for 0—0

F(0)<i=<bl(T,H). (B3)
From this it follows that for T+ 0, F(0) = const<o, and for
T—o, F(0)—0 (H fixed).

Now let us obtain a lower bound on F(0). We see from
(B1) that all the terms of this series are positive. Therefore,
discarding all terms except the one corresponding to n=0,
we have

T [~ ~
F(O)>; f dr exp(— 77*T?)[ coth 7— 1/7]
0

T (= -
>;r- f dr exp(— rm*T?) (1)
1

CcT
>7 dT exp(— raT?), (B4)
where C=¢(1). Calculating the last integral in (B4), we

find
2T2
) =, (T,H).

Foy><H BS
(0)>7— exp| — — (BS)
From this we see that F(0)— for fixed external magnetic

field and T— 0.
C. Properties ot the functions w(o) and ¢(o) from
Sec. 2.4

Let us consider some properties of the functions w(o)
and ¢(0), defined in Eqgs. (108) and (109), respectively. First
we show that w’(0)=¢'(0) on the interval (0,0). From
(108) it is obvious that (8= 1/T)

'(0)“

where o= \o?+eH. We write the function (109) as

— tanh(B0/2) + — ta.nh( BG/2), (c1)

2

s dE
—_— a)=f ——— [tanh(BE/2)— tanh( Bo/2
Th @( . [tanh(BE/2) (Bai2)]
+ tanh( Bo/2) f L
t g, gy ——
T \/Ei— o
This expression is more convenient than (109) for differen-
tiation with respect to o:

s
E“—

(C2)

¢'(0)= 2)3/2 [tanh(BE/2)
~ tanh(Bo/2)]+ 5— tanh(B572)
lid
~Imo tanh( Ba/2). (C3)

The first term on the right-hand side of (C3) can be estimated
by using the inequality (x> x,)

tanh x—tanh xo<<[tanh x,]’(x—x,). (Ccq)
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As a result, we have

’ ~) _ B(&_ U) ag -
¢(0)<e' ()= 41 cosh’(Bo/2) + 2wo hh{ Bai2)
o
= m tanh( Bo/2). (CS)

We introduce two new functions:

Al =a"(a)— 2—7% tanh( B5/2) = EE_ tanh( 85/2)

T
2
+ p tanh( B8o/2), (C6)

Bo

P ~ ag ~ —_—
Al0)=¢" (o)~ 5= tanh(Bo12) = — o Ty

o[sinh(Bo) - Bo]

" 8ma cosh’(Bal2) 2

Obviously, A(o)=0 and A ()=<0 [because the expression
in square brackets in (C7) is positive] for all o in the range
(0,), i.e., A(0)=A(0). Then from the definitions (C6) and
(C7) and the inequality (C5) it follows that

w'(0)=¢'(0)>¢'(0) (C8)

for all o € (0,).

Now let us consider the behavior of the functions w(o)
and ¢(o) for c—o. From (108) it is easy to show that for
g—

w(o)~40/ . (C9)

For the function ¢(o) it is again convenient to use the rep-
resentation (C2), from which, taking into account the in-
equality (C4), we have

- BeH +dE(E—a)
PO < o (Bor2) ), VE—o0?

JeH Bao eH+a
+ o tanh(T)ln — I (C10)

Since ¢(0)>0, it follows from (C10) that for o— o,
¢(0)—0. Equations (C8)—(C10) allow us to make an impor-
tant statement: if w(0)<¢(0), then the equation w(o)
= ¢(0o) has a unique solution oy(H)#0. In fact, let a(0o)
=w(0o)— ¢(0o). Then from (C8)—(C10) we see that a(o) is
a monotonically increasing function on the interval (0,%),
with a(®)=w. If «(0)<O0, there obviously exists a single
point on the ¢ axis at which a(o) vanishes.
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