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This review is devoted to the covariant method of calculating matrix elements of processes in
quantum electrodynamics in the diagonal spin basis, which has been developed in the

last few years. Its application for calculating the differential cross sections of real processes
involving polarized particles is studied. In the diagonal spin basis the spin 4-vectors of particles
before and after the interaction are expressed in terms of their 4-momenta. This forms a
realization of the Lorentz little group, which is the same for the initial and final states. It causes
the spin operators of the initial and final particles to coincide, which can be used to

separate covariantly the interactions with and without change of the spin states of the particles
involved in the reaction, thereby making it possible to trace the dynamics of the spin
interaction. In contrast to the method of the CALCUL group and others, this approach is valid in
both the massive and the massless cases. No difficulties arise in calculating the spin-flip
amplitudes, and it is not necessary to introduce auxiliary vectors. For constructing the
mathematical formalism used to calculate the matrix elements in the diagonal spin basis

it is sufficient to know only the 4-momenta of the particles participating in the reaction. The
method has been used to study the following QED processes: (1) Méller and Bhabha
bremsstrahlung (e “e~—e* e~ ) in the ultrarelativistic (massless) limit for the case where the
initial particles and the photon are helically polarized; (2) the Compton back-scattering of
photons by an intense, circularly polarized laser wave focused on a beam of longitudinally
polarized ultrarelativistic electrons (e +nyy,—e+7y); (3) e* e -pair creation by a hard

photon in a collision with several laser photons simultaneously (y+ny,—et+e™); (4) the
Bethe—Heitler process in the case of emission of a linearly polarized photon by an electron, taking
into account the proton recoil and form factors; (5) the reaction ep—ep 7y, taking into

account the proton polarizability in the kinematics where proton bremsstrahlung dominates; (6)
the three-photon annihilation of orthopositronium (e *e™—3). The results obtained by

this method indicate that it is useful for calculating multiparticle processes involving polarized
particles. © 1998 American Institute of Physics. [S1063-7796(98)00305-2]

INTRODUCTION

By now, the physics of spin phenomena has become an
essential component of the research program at many large
accelerators of the new generation.!=> This is a consequence
of, first, the successful development of the polarization tech-
nique, in particular, methods of obtaining polarized beams
and advances in the construction of polarized targets and
polarimeters.®> Second, the energy range of the current accel-
erators is dominated by weak interactions which violate both
P and C parity,é’7 and also combined CP invariance.® This is
manifested in polarization effects, which are often used for
precision tests of the Standard Model with accuracy unattain-
able in other experiments.!” Third, it is necessary to go be-
yond the Standard Model to seek new particles and new
types of interaction, and here spin plays a very important
role.

The advances in accelerator and polarization techniques
have revealed new possibilities in the study of polarized-
particle interaction processes. Therefore, it is becoming more
and more important to calculate theoretically the probabili-
ties for various elementary-particle interaction processes,
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taking into account the particle polarizations and internal
structure, and also to develop new computational tools.
When the standard approach®™'? is used to calculate the
probabilities for various processes (i.e., to calculate the
squared moduli of matrix elements), the inclusion of the par-
ticle polarizations greatly complicates both the calculations
themselves and the structure of the expressions obtained.
Their covariance is often lost.

A natural way to simplify the calculations for reactions
involving polarized particles is to calculate not the squared
moduli of the matrix elements, but instead the matrix ele-
ments themselves. This can be done in several different
ways.!? One way is to use the explicit form of the fundamen-
tal matrices and state functions written in a particular basis of
the representation space of the Lorentz group in which they
are defined. A noncovariant approach of this type has already
been used for spin-1/2 particles by Powell'* in 1949. The
general theoretical development of this method is due to
Sokolov.'> This method continues to be used successfully to
this day,'®'” owing to the appearance of powerful computer
programs for analytic calculations.
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However, the most widely used method for calculating
the matrix elements of QED processes is the covariant
method not involving the use of the explicit matrices and
wave functions. It was proposed in 1961 independently by
Bellomo'® and by Bogush and Fedorov.!® This approach is
based on the method of projection operators in elementary-
particle theory developed by Fedorov.”

The Bellomo method uses a trick which amounts to mul-
tiplying the matrix element M, of the transition from the
initial state (¥,) to the final state (V3), M3=P,0¥,,
where Q is the interaction operator, by the quantity
v VA 2Yi \—I}IZ‘IQ , so that the amplitude M 3, can be reduced

to calculation of a trace:"
M3 =Ti(P3,Q), P3=V¥¥;, (D

\i’lZ‘I’3= I\T’IZ‘I’3|ei¢.
)

Py =1 Z73/(|V,2%5]e'?),

Here 7, and 73 are the projection dyadics of the initial and
final states:?° 7,=W,¥, (i=1,3). The operator Z in (2) is
arbitrary. In Ref. 18 it was chosen to be Z=1. In recent
years, the greatest progress in the development of the
Bellomo method (in the ultrarelativistic, massless case) has
been made in studies by the CALCUL group.2! The achieve-
ments of this group are widely recognized and extensively
used by scientists all over the world. The CALCUL method
has been generalized to fermions with nonzero mass in Refs.
22 and 23, but this generalization requires the introduction of
additional vectors unrelated to the kinematics of the process
under study, making it inconvenient to use.

In the method proposed in Ref. 19, the operator Pj,
=W V¥, is constructed on the basis of a complex vector
parametrization of the Lorentz group**%% and the operators
T, of representations of this group in the space of particle
wave functions,?’?® which play the role of operators for tran-

sitions from the initial to the final state: W,=T5,¥,, ¥,

= ,T3,'. Here the operator P3; =¥ ¥ is written as'319

P31:W1@3=TIT3_11=T3_11T3. (3)

This version was originally developed for longitudinally po-
larized Dirac particles.29 It was developed further by
Fedorov®*~3? and his students (see Ref. 13 and references
therein). In principle, the method developed by Fedorov
(Ref. 13, Sec. 36) allows analytic expressions to be obtained
for the matrix elements of various QED processes for arbi-
trarily polarized Dirac particles, either massive or massless,
which is the main, decisive advantage of this method over
that of the CALCUL group. However, the striving for gen-
erality is not always consistent with efficiency of the ap-
proach.

For a number of QED problems, the development of the
approach of Refs. 13 and 19 for calculating matrix elements
of multiparticle processes is largely the result of progress in
developing covariant methods of describing the spin proper-
ties of two-particle systems based on the use of a vector
parametrization of the Lorentz little groups.

At the present time, the helicity basis introduced by
Jacob and Wick®? is very popular in high-energy physics.
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This is a consequence of the simplicity of the physical inter-
pretation of helicity (the spin projection on the direction of
the particle momentum), the fact that the center of mass of
the system is distinguished in the helicity basis, and also the
fact that the helicity amplitudes admit a simple partial-wave
analysis using the SO(3) group.”® In addition, studying the
helicities of moving particles is analogous to studying the
spins of particles at rest.'> However, there are several impor-
tant factors which prevent helicity from playing the domi-
nant role in describing the spin properties of particles. One is
that the helicity is not a particle characteristic which is in-
variant under Lorentz transformations.”'®> Nevertheless, in
the literature one can find articles with titles like ‘‘A covari-
ant method for calculating helicity amplitudes’’ (Ref. 34). In
interpreting the dynamics of the spin interaction, amplitudes
with and without change of the particle helicity are often
referred to as amplitudes with and without spin flip. How-
ever, since the particle momentum is changed by the inter-
action, it is clear that such a classification is very arbitrary.
Both types of amplitude actually describe a process with a
change in the particle spin state.

Many of these difficulties can be avoided for a particular
choice of spin basis of a reaction, namely, the diagonal spin
basis (DSB), in which the spin 4-vectors s; and s3 of par-
ticles with 4-momenta p, and p; (s,p;=s53p3=0, s%=s§
=—1) belong to the hyperplane formed by the 4-vectors p
and p; (Refs. 35 and 36):

5= (v103)v,— 03 s (v1v3)v3— D,
\ =TT 3T
V(vv3)* -1 V(v v3)*—1

where v;=p,/m, and v3=p;/m5. The spin vectors (4) ob-
viously do not change under transformations of the Lorentz
little group common to particles with 4-momenta p, and p,
(Ref. 37): Ly p.p1=P1, Ly p,p3=p3. We note that it will

4)

be a one-parameter subgroup of the rotation group with axis
whose direction is determined by the vector'**’

a=c(p,/p1o—p3/P30), %)

where ¢ is an arbitrary real number. The direction of a (5)
possesses the property that the projections of the spins of
both particles on it will have definite values even when the
particles have different masses. Therefore, the DSB naturally
makes it possible to describe the spin states of systems of
any two particles (including ones with different masses) by
means of the spin projections on the single common
direction? given by the vector (5).

The fundamental fact that the Lorentz little group com-
mon to particles with momenta p, and p; is realized in the
DSB leads to a number of remarkable consequences.”"42
First, in this basis particles with 4-momenta p, (before the
interaction) and p; (after the interaction) have the same spin
operators,38“4° which allows the covariant separation of the
interactions with and without change of the spin states of the
particles involved in the reaction, making it possible to trace
the dynamics of the spin interaction.

Second, in the DSB (4) the mathematical structure of the
amplitudes is maximally simplified, owing to the coinci-
dence of the particle spin operators, the separation of Wigner
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rotations from the amplitudes,35‘36 and the decrease in the

number of independent scalar products of 4-vectors which
characterize the reaction. Third, in the DSB the spin states of
massless particles (p7=p3=0) coincide up to a sign with
the helicity states. 02

Use of the DSB does not lead to loss of generality, be-
cause the transformation to an arbitrary spin basis is carried
out by means of Wigner D functions.® In the new expres-
sions for the amplitudes, the original amplitudes give the
best representation of the dynamics of spin phenomena, and
the D functions are purely kinematical in nature.

Therefore, the DSB reveals new possibilities for devel-
oping methods to calculate matrix elements and increasing
the efficiency of such methods when the Bogush—Fedorov
approach is used.'>"

The first calculation of matrix elements in the DSB was
performed in Refs. 35 and 36, using the spinor formalism.
The amplitudes were calculated for the complete set of Dirac
matrices I'; (i=1,2,...,16) in which the arbitrary operator
Q entering into (1) is expanded. We also note that the meth-
ods proposed in Refs. 18 and 19 are quite closely related, as
was first shown in Ref. 44, where the various methods of
calculating matrix elements were classified.

Notation and abbreviations

x=(x,) is a three-dimensional and x,

(a=1,2,3) are its components.

vector,

p=(pk)= (po,z;) is a four-dimensional vector in
Minkowski space.

;§=x,y,+x2y2+x3y3 is the scalar product of the
vectors x and )7

pp’ZpMp’”=p0p6—E-E’ is the scalar product of the
4-vectors p and p'.

[;}-;] is the vector product of the three-dimensional
vectors x and )7

€ 4pc 1s the three-dimensional Levi-Civita symbol.

[;x;]a=8abcxby6'

(€)p=EaanCa» € x=[cXx], x-c*=[xXc].

x )7 =(x,yp) is the dyadic formed from the vectors x
and )7

x-y=(x,y,) is the dyadic formed from the 4-vectors
x=(x,) and y=(y,).

(x-y)=x-y+y-x, (x-y)=x-y+y-x are symmetrized
dyadics.

[x-y]=x-y—y-x, [x-y]=x-y—y-x are alternating
dyadics.

(a’x),uvz %8uvpoap0’ at’=—a" (a=-a).

([a-b]x),“,= € uvpaa’b’.

[a,b,c],=([a-b]"¢c),= € ypa"bPc”.

8 uv 1s the metric tensor, g=(+,—,—,—).

€uvpo 18 the four-dimensional Levi-Civita symbol,
go13= — L.

y* are the Dirac matrices, a=a,y"=(ya).

Y==iY’y'v’v, ¥'=v. o

The algebra of the Dirac matrices is ab+ba=2ab.
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dbé=d—iy’f, d=(ab+[a-bc. f=([a-b])*c.

For algebraic operations we use the notation:

* for complex conjugation.

+ for Hermitian conjugation.

~ for the transpose.

X for the dual.

- for the dyadic product.

QED stands for quantum electrodynamics.

DSB stands for the diagonal spin basis.

OVB stands for orthonormal vector basis.

RCS stands for real Compton scattering.

VCS stands for virtual Compton scattering.

CBS stands for Compton back-scattering.

Everywhere we use the system of units in which the
speed of light ¢ and Planck’s constant 7 are equal to unity:
c=h=1.

1. SPIN OPERATORS IN THE DSB

We shall use the following approaches in describing the
spin properties of particles: (a) the approach proposed by
Bargmann and Wigner, in which the spin-projection opera-
tors are determined by using the generators of the Lorentz
little groups. These are known in the literature as the Pauli—
Bargmann—Lyubanskif operators.** (b) The covariant spin
theory developed by Fedorov on the basis of vector param-
etrization of the Lorentz little groups and their
representations.'> These approaches are essentially equiva-
lent. However, vector parametrization of the Lorentz group
not only allows simplification of the theory of the spin prop-
erties of elementary particles, but also disposes of (see Ref.
13) commonly encountered, incorrect statements about some
approaches,”'? such as *‘for a given momentum the spin pro-
jection on an arbitrary axis cannot have a definite value.”’

We shall start from the fact that in momentum space the
free state of a particle with 4-momentum p and spin projec-
tion don the ¢ axis is described by the state vector | p,6) (we
drop the indices denoting the spin j, the mass m, and other
particle characteristics). The particle spin j is defined as the
angular momentum in the rest frame, where the orbital an-
gular momentum is zero. It is therefore convenient to define
the state vector |p,d) in terms of the state vector in the rest
frame |p°, ), where p®=(m,0). Here we shall assume that
the vector on which the spin is projected (i.e., the axis of spin
projections ¢) in the particle rest frame is the spatial part of
the spin 4-vector s°=(0,c), satisfying the conditions s%p°
=0, s%2=— ¢2=—1.Let Ap be a boost, i.e., a Lorentz trans-
formati(ln such that p=A,,p°, s=Aps0, sp=0, s’=-1,
s=(sg,s5), where

- pp . pc

i+ =—, .

s ( m(po+m) & ST, (.0
Then

lp.8)="T,|p°,5), (1.2)

where T,=T(A,) is the operator for this transformation act-
ing in the space of state vectors. The state vector |p,d) sat-
isfies the equations
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PHp,8)=p¥|p,5), (1.3)
olp.8)=14lp.s). (1.4)
wp,8)=—j(j+1)|p,6). (1.5)

Here P* and o are the energy-momentum and spin-
projection operators:

o=stw ws (1.6)
where w# is the Pauli-Lyubanskii 4-vector:*
1 A
Wﬂ:_ES#V)\pMV pp, (1.7)

and M™ are the angular-momentum operators. Using (4),
(1.6), and (1.7), we find that the spin-projection operators for
the initial and final particles oy =ws, and o3=ws; in the
DSB (4) coincide and have the form3®>°

1
— — g
PN L UL (18)
It should be noted that in any other basis different from the
diagonal one, the operators o, and ¢; do not coincide and,
therefore, do not commute with each other.

The requirement that the Lorentz little groups coincide
for particles with momenta p, and p; imposes rigorous con-
straints not only on the choice of particle spin vectors s, and
53, but also on the spin-projection axes ¢, and ¢, [see (1.1)].
As was shown in Refs. 35 and 36, ¢, and 53 have the form

- 53] o 513
|013|’

where v 13 (v 31) is the spatial part of the relativistic velocity
4-vector of the first and third (third and first) particles: v, g
=v,-evj=(v,-j0,5,-j), defined as the velocity of the ith par-
ticle in the rest frame of the jth particle:3¢

(1.9)

v,-j=vlevj=A;,'v,-. (1.10)

7
Here A ' is a boost, A 'v,=v%=(1,0), and vi=0v%=1
Pj O I J i ij Ji ?
Vijo=0ji0=vv;, and |v;]=v;|=V(v;v;)?—1. The vec-
tors v 3 and v3; have the form®®

- >

U1U3
1+le

... v,Us
> U31=U37 0 030‘1_4_0‘3;-
(1.11)

To illustrate the properties of the DSB, let us consider an
interaction process in the rest frames of the initial and final
particles. In the first case [p,=(m,0)] the spin-projection
axes E, and 53 are parallel to the momentum of the final
particle [this follows from (1.9) and (1.11)]:

U13:01“U3(U|o‘

E|=E3:53/|63|. (1.12)

In the rest frame of the final particle [ p;= (m,0)] the spin-
projection axes are antiparallel to the momentum of the ini-
tial particle:

(1.13)

6[253:_61/161|.
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Obviously, in these cases the Lorentz little group L,p isa
subgroup of the group of rotations about the direction of the
momentum of the moving particle, which is the spin-
projection axis for both particles. This is a special case of Eq.
5.

Let us give another, equivalent representation for the
spin-projection operator (1.6), expressed in terms of the an-
tisymmetric matrix a(p)=[v-s]*, a(p)p=0, and M*":

o=7 ([v-5]%),,MM. (1.14)

In the DSB the alternating dyadics [v,-s,] and [v5- 53] co-
incide:

[01'51]:[173'33]:_(\/[0—1.—%,
V1V3)" —

which ensures that the spin operators o, and o5 coincide.
We write the matrix a(p)=[v-s]* in expanded form:

) 1 ( 0 [cp]

44 = > - > - .

P —lLep] po(1=p-p/((po+m)py)c)™
(1.15)

It is easily verified that it has the same form in the rest frame
(p=0) and for cllp:

0 0
a(p)=( EX)’

0 (1.16)

where ¢ is an arbitrary unit vector in the first case and
¢=pl/|p| in the second. Therefore, study of the helicity states
of moving particles is analogous to study of the spins of
particles at rest, which is one reason for the popularity of the
helicity basis.

Let us now turn to spin-1/2 particles, the states of which
are described by bispinors u®(p,s) satisfying the Dirac equa-
tion:

(P—m)u’(p,s)=0, u’(p,s)(p—m)=0, (1.17)

where u=uty" with u%p,s)u’(p,s)=m. The Dirac
matrices satisfy commutation and recursion relations:

Yy oyt =247, (1.18)
Yy P =gt P+ g Pyt — gty  +iy by, (1.19)
Yy =gty —il2e Py, y,. (1.20)

We write out these relations in the form without indices: !>

db+ba=2ab, Gbé=d—iy’}, (1.21)
75é5=aby5—i[a-b]x. (1.22)
d=(ab+[a-b])ec, f=[a-b]*c=[a,b,c],

Fu=€pupoa’bc”, (1.23)
[a-b]x=1/2([a-b]x)#,,y""y”. (1.24)

Let us also give some expressions which will be useful later
13
on:

aa—da=2wa=2(yaa),
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Xa—aa*=2a"a=2(ya*a), (1.25)
where a= %a”,,'y"'y”, and « is an arbitrary antisymmetric
matrix. The first of these expressions can be obtained by
multiplying (1.19) by 3e,,a,, then by 7a,,,, and sub-
tracting the results. (The second one is found similarly.)

In bispinor space the generators of the Lorentz group

M*™" have the form™®
MPY=il4(y*y"— " y*). (1.26)

Then the spin-projection operator (1.14) for a spin-1/2 par-
ticle can be written as follows,*? using (1.26) and (1.22):

i 1
0=§[u-s]x=-— 50,

3 op=po. (1.27)

Therefore, the covariant electron spin-projection operator
(1.14), which is directly related to the Lorentz little group,”
differs by only the factor v from the widely used operator o’
(Refs. 9-12):

o'=1 7%,

Here the commutation condition for the operators o and
p is satisfied automatically, as is easily verified by using
(1.25) and the equation [v-s]*p=0. Therefore, for both
moving particles and particles at rest the spin projection on
an arbitrary axis can have a definite value.'® The actions of
the operators o (1.27) and ¢’ (1.28) on the particle state
vector coincide because the Dirac equation is valid.

Let us consider a binary reaction p,;+p,—p3+p,4 in
which particles 1 and 3 are of the same type, as are particles
2 and 4 (for example, electron—nucleon scattering ep—ep,
and so on). Given the spin structure of the matrix elements of
this process, it is most convenient to use the DSB in which
particles 1 and 3 and particles 2 and 4 have the same spin-
projection operators. In order to construct the raising and
lowering spin operators of the particles, we introduce the
orthonormal vector basis (OVB) n,, with nynz=g,z (A,B
=0,1,2,3) (Ref. 36):

[0'p]_=0, s’=—1, sp=0. (1.28)

ny=[p,-ps1*rip,
(p3—p1) _ (p3tp1)

V=(ps—pD*’ (ps+p)*

where r is the 4-momentum of a particle participating in the

reaction different from p, and p;, and p is determined from
the normalization conditions 2

ny=[no-n31%n,,

(1.29)

ni3=

n%=n%=n3= —n(2)= —-1.
Therefore, the axes n, and n; belong to the hyperplane
formed by the 4-momenta p,; and p;, and n, and n, are
orthogonal to them. The four vectors n, satisfy the
relations>S

[na-npl* =128 45[nc-np)l,

[na.np.ncl=—eapc"np. (1.30)
They also satisfy the completeness relation:
no ng—ny-n;—ny-n,—n3-n3=g, (1.31)

by means of which an arbitrary 4-vector p can be written as

p=pnho-no—pn,-n,—pny-n;—phs-nj.
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In the DSB, not only the spin-projection operators oy and o3
(1.27), but also the raising and lowering operators o ° and
a;—"s for particles 1 and 3 coincide. In the OVB (1.29) they
have the form3%4

O=0,1=03= 1/275.;:161: 1/2’);33133= 1/275ﬁ0ﬁ3:i/2ﬁ|ﬁ2,

(1.32)
00=071%=07°=— 1129’ Rs s, Nag=n,%idn,, 6==1,
(1.33)
ou’(p)=0612u’(p;), o™ %uTAp)=u""(py),
o= %u*%(p,)=0, (1.34)
[oo®?]_=+60"% [p,0=%]_=[p;0™%_=0, (1.35)

where u%(p;)=u’(p;,s;) are the bispinors of the first and
third particles.
Let us consider the projection operators for spin-1/2 par-

ticles, 7°=u’(p,)u’(p;) (Refs. 13 and 20):
°=1/4p+m)(1— 6v°5).
In the DSB the operators 77 (1.36) have the form®*:

TP=1Mm+(£4Rg— £_Rz)+ 8Y (£_Rg— £,z —mitzi)),
(1.37)

= VA(m+ (& R+ E_fi3)— 8y (£-fig+ f+ﬁ3+mﬁ3r(%{,))é)
3

where £, =(p,ps=m?)/2. Owing to (1.32), the spin parts
of the projection operators for particles 1 and 3 can be made
identical in the DSB, and so we have*647

(1.36)

P=—1/8(p;+m)isnt, (1.39)

where n¥=n,—idn,=n_gand nsn¥=—2.

The bispinors of the initial and final states of the par-
ticles, #%(p,) and u®(p;), can be related to each other by
using the transition operators T3, and T;;=Tj5! (Refs. 13
and 19):

'46(173)=T31'45(P1)s 175(173):’;6(171)7'13’ (1.40)
which in the DSB have the form®>*®
14+030 14+0,0
T3l= . Tl =—13 (1.41)

\/Z(UIU3+1), \'2(UIU3+1).

Rewriting (1.41) in the OVB (1.29) and isolating the spin-

projection operator o (1.32), we obtain®
Ty=£,—26L 90, Tp=¢£,+269°0,

from which we find the relation between the bispinors
u’(p;) and u’(p,) (Ref. 41):

u’(p3)=(&, — Y’ )u’(p)),
u’(p)=(&, + Y’ EL)u’(ps),

where &, =&, /m. We also note that the Dirac equation can
be used to reduce the transition operators T3, and T 5 (1.41)
to the same form:*°

(1.42)

(1.43)

T3I:T13:ﬁ0. (1.44)
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In the massless case the projection operators Tf and T38 in
(1.38) and (1.39) take the form**4?

=p(1—6Y°)/4, 75=p3(1+69°)/4. (1.45)

It is easy to show that the operators 77 and 7% (1.45) satisfy
the relations
¥ Tf= 57?,

Y 13=— o715, (1.46)

73975=5T35,

which imply that in the massless case the initial state is a
helicity state, and the final state has negative helicity.

Therefore, the DSB possesses a number of remarkable
features which allow great simplification of the covariant
calculation of the matrix elements for QED processes, to
which we now turn.

Yy’ =— o1}, (1.47)

2. CALCULATION OF MATRIX ELEMENTS USING THE
DSB

The study of multiparticle reactions and of the polariza-
tion phenomena arising in them requires effective computa-
tional tools. One is based on the use of the DSB (4). In the
DSB the particle spin operators coincide. This allows the
covariant separation of interactions with and without change
of the spin states of the particles involved in the reaction. In
the DSB, Wigner rotations,***8 which are purely kinematical
in nature, are separated from the amplitudes. This leads to
maximal simplification of the mathematical structure of the
diagonal amplitudes, and the resulting expressions give the
truest reflection of the physical essentials of spin phenomena.

Let us turn to the calculation of the matrix elements of
QED processes. They have the form

M*%2=y*%p)0u’(p)),

where Q is the interaction operator, and u%(p,) and u*%(p;)
are the bispinors of the initial and final states, with
u’(pyu’(p)=m, pi=m> (i=13).

In the Bogush—Fedorov covariant approach'>! the cal-
culation of matrix elements of the form (2.1) reduces to find-
ing the trace:

(2.1)

M=5°=Tr(P5>°Q), P3>°=ul(p)a*%(p;), (22)

P§’15=u5(P1)ﬁ”(P3)=u‘s(pl)ﬁ‘s(Pl)Tm:Tles, (2.3)

P35> =u’(p )i %(p3) =" 2u~%p )i~ %(ps)
=o+3p;0, (2.4)

The operators P3;>° determine the structure of the spin de-
pendence of the matrix elements (2.1) in the case of transi-
tions without spin flip M%° and with spin flip M~ %2, Their
explicit form in the DSB can easily be obtained by using
(1.33), (1.37)—(1.41), and (1.44) (Refs. 39 and 40):

APSP=(E,+mRg— E_Rziot+ 8y (E_—m iy— £, 7izRy)), )
25

4P %0= - 8(¢_+m hiy+ &, 67) R (2.6)
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Equations (2.5) and (2.6) can be used to calculate the matrix
elements, both with and without spin flip, for arbitrary Q. In

particular, if the interaction operator reduces to the form
Q=d+ybh, (2.7)

where a and b are 4-vectors, then for the matrix elements
(2.1) we will have®>*

M5’5=m(an0+ obns),
M~%%=(—6¢_a+&,.b)ng.

Equations (2.5) and (2.6) can be written more compactly by
using the operators (1.39) and (1.44), and also the
expressions”"‘o

(2.8
(2.9)

A A A SA 5/\ A — A A 5A A — A A
Ryl s== 0y s, Y Rgo=0n3ns, Y hsh3=adngis.

(2.10)

As a result, for the operators P;ﬁ‘” we will have®®¥
AP3P=(p,+m)i shen%/2, @.11)
4P35°=8(p,+m)ii shs. (2.12)

Let us give yet another representation for the operators P;ﬁ‘s‘a

in (2.3), (2.4) in the DSB:*

1 5y
4P5=(p,+m)
N2(p\p3+m?)  \2(pps3—m?)
X(p3+m), (2.52)
apron S0t [ 1 2
rn; V2(p\p;—m”®)
N (Pl'*'P:;)") 5’)’5
Xlr—m 5] — i
pip3tm V2(pp3+m*)
. (pa—pl)r) .
x| 7+ +m), 2.6
(’ mp__f,p3—m (p3+m) (2.62)

where rn| is calculated by using the completeness relation
(1.31):

(rny)?=(rng)®—(rn3)*=r?, rn,=0.

Thus, the representation (2.5a) and (2.6a) is attractive in that
it contains the Dirac operators only on terms of the particle
4-momenta p,, p;, and r, in contrast to (2.5), (2.6), (2.11),
and (2.12), which involve n 5 and n% . Moreover, the struc-
ture of the operators P}:{s,s in (2.5a), (2.6a) is such that they
automatically satisfy the Dirac equations: (p, —m)Pi‘s"s
=P;—'l‘s’5(ﬁ3-m)=0. This was used to derive (2.5a) and
(2.6a) from (2.5) and (2.6).

Let us explain the choice of 4-vector r in terms of which
the axes n| and n, (1.29) appearing in (2.5) and (2.6) are
defined. First, it is chosen from the 4-momenta of the par-
ticles in the reaction under study, in contrast to the CALCUL
approach, in which it is defined from considerations of con-
venience. Let us illustrate this for the example of the reaction
e (p)+tu (pr)—e (p3)+u (pg)+ y(k), which corre-
sponds to Feynman graphs containing two fermion lines. For
each of these lines it is necessary to construct the
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corresponding operators P;‘s"s and Pff"‘s' in (2.5a) and
(2.6a), expressed in terms of p,,p;,r; and p;,p4.r,. For
this process it is very convenient to make the choice r|=r;
=k, so that kn,=kn}=0 and (kn,)?=(kno)?— (kn3)2. The
vectors r, and r, can also be chosen to be the 4-momenta
belonging to different fermion lines: r;=p,, r,=p, (here
we are considering transitions p,—p; and p,—p,). We
note that the arbitrariness in the choice of the 4-vector r in
(1.29), i.e., replacement of r by r’, leads to the expression®

n|+idny=e'*(n,+idn,),

ei5¢_r(n1-n1+i6[n0-n3]x)r’
rny-r'ng

and affects only the phase factor of the matrix elements
M~%°,

Processes involving identical particles (for example,
ee—ee, ee—eey, and so on) correspond to direct and ex-
change graphs.'® They are associated with matrix elements
M and M, of the form

M, =i*%p3)0u’(p))-u*% (pa) 0’ (py),

My=ia=%(p3)Q3u® (p2) - 5% (p4) Qau’(py).

which are calculated as

M, =Tr(P3>°0 ) T(P3 ' 0,),

My=Te(P57°Q3P%"" 0u).
Therefore, the calculation of the direct graphs reduces to a
product of traces, while that of the exchange graphs reduces
to a trace extended by the product of the corresponding
operators.13

Let us give some useful expressions which are valid in
the DSB:*

au’(p,)=(ang+an36y°)u’(ps)+ansy’u=%p,),
au’(p;)=(ang+an38y°)u’(p,)+ansy’u=%(p;),
u(p)a=u’(p;)(any—an;8y’)—anku"%(p,)y’,

ﬁ{s(Pa)&:’/_‘5(171)(0"0"0"3575)"angﬁ_a(lh)’}’s,
(2.13)

where a is an arbitrary 4-vector (nk=n_j).

In the DSB (4) the particle spin vectors are expressed in
terms of the 4-momenta, so that the number of independent
scalar products entering into the final expressions for the
matrix elements after calculation of the traces (2.2) is de-
creased. For the same reason the circular-polarization vector
e, of a photon with 4-momentum k emitted by a particle in
the transition p,—p; is conveniently defined by using the
4-vectors p, p3, and k (Refs. 21 and 40):

_[no-n3lk+iN[ng-ns]*k
v2p

_pi-pal
, [no-n3l= 2. £

(2.14)
Then for the dyadic

e

where p=+—([p,-p:]0)72£. €.

e\ -e¥ we easily find
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1 k-nytny-k k-k
en-ef==|—g+—F+

. [k'nl]><
7 —.

kn, 2k
(2.15)

Using (1.25) and (1.22), the operators € +) (€5 =¢€_,) can be
written as follows:

éx=Nps(kpsp (1 FAY) = pap k(1Y)
#2p1pA 7k,

Nl_3l =2"%(8p \p3-p1k-p3k
—m*((2p1k)*+(2p3k)*) ">

(2.16)

In the massless case (p}=p35=0) the operators P5%% in
(2.5) and (2.6) take the form®

4P5P=E(1+48Y°)(1 +ghs),
4P5>%=— SE(1+ 8y )5,

where £¢=¢&,.=¢&_=+p,p3/2. Similarly, from (2.5a) and
(2.6a) we have

1+6y)p.p
4P6’5=( Ys)plp3 , 4P3—16,5= _

. V2p1p3

(2.17)

5(1—575)131f133

rnyN2pps

(2.17a)

Using (1.25), it is easy to show that the representations
(2.17) and (2.17a) are equivalent. As noted above, in calcu-
lating processes with the emission or absorption of a real
photon with 4-momentum £, it is convenient to make the
choice r=k for the 4-vector r entering into (2.17a). Then the
denominator of the operator P3—15,5 in (2.17a) takes the form
rnyN2p,p3=2p k-2p;k, and we obtain a result similar to
that of Ref. 23, except that our expressions involve the 4-
momentum of a real photon, and not an auxiliary lightlike
4-vector k. These points are very important for our approach,
in which we use only the 4-momenta of the particles partici-
pating in the reaction.
Using (1.46) and (1.47), Eq. (2.13) can be written as*

au’(p)=(ang—an3)u’(p;)—dansu*(py),

au’(ps3)=(ano+an3)u’(p,)+dansu°(p;),
u%(p,)a=(ang—an3)u’(p;)—danfu=%p,),
u’(p3)a=(ang+ansy)u’(p,)+danku~%p;). (2.18)

In the massless case the relation between the bispinors of the
initial and final states takes a particularly simple form [see
(1.449)]:

P3 P

B, - ) ) S

u’(ps)= u’(py), u(p))= u’(p3)-
V2p1ps V2p\P3

(2.19)

In this massless limit, the terms containing y°k in (2.16) can
be dropped, owing to gauge invariance. As a result, for the
operators ¢+, we obtain the expressions used by the
CALCUL group:2"48

¢ x=Np(kpsp (1FNY)—p3pk(1205°)),  (2.20)
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N =4(pp3-pik-psk) .

Using (2.18)—(2.20), we can easily verify the correctness of

the expressions?!"048

éxu’(p)=—(1+6N)2p kN 3psu’(p)),
u’(p3)é¥=(1—6N)2p3k N 5u’(p3)p, .

If photon emission occurs in transitions p,— pp, then, mak-
ing the replacement (p,,p3)—(p4.pg) in (2.20), we obtain
the operators é\ap » Whose action on bispinors is the same as
that of &, = ¢, 3 except for a phase:!"*

(2.21)

= . : — 9l
éx13=éxap exp(idap), explidap)=iN2 e)\l3n2(AB%’

2.
where n,,p) are unit vectors:

nyaB)=[Pa Pl k/pay, PaBy=(2PaPB-Pak-pgk)".

Up to now our discussion has pertained to the case with
only electrons in the initial and final states. If one state is an
electron and the other a positron, the amplitude of the pro-
cess will have the form®

_ u=’(—p3)Qu’(p,)
u*%p3)Qu’(—p)),

where u’(—p,) and 4™ %(— ps) are the positron bispinors in
the final and initial states, with u®(—p,)u®(—p)=-m (i
=1,3). The upper amplitude in (2.23) corresponds to pair
annihilation, and the lower one to pair production. To con-
struct the operators

P3>=u¥(p)ia*%(~ps),

M35o= (2.23)

P52°=u®(—p)a*(p;),

(2.24)
used to reduce the determination of the matrix elements
(2.23) to calculation of the traces M*%°=Tr(P3,>°Q), we

need to use the relation between the positron and electron
bispinors in the DSB:3

u’(—p)=—8vu"p). 7= %(p)syS.

(2.25)

As a result, for the operators P;—"l‘s"S used to calculate the
amplitudes for pair annihilation, we obtain

4PSP=08(p +m)ighs, 4P3%°

#’(—p)=

= — (P +m)Azhah%2.
(2.26)

Similar expressions can be obtained for the operators P‘5 °
in the case of pair production.

We have used this formalism for calculating matrix ele-
ments in the DSB to obtain the cross sections for several real
QED processes, to which we now turn.

3. THE CROSS SECTIONS FOR THE PROCESSES
e*e”"—e* ey IN THE ULTRARELATIVISTIC
MASSLESS CASE

Méller and Bhabha bremsstrahlung e*e ™ —e*e 1y are
background processes in studying hadron states. Moreover,
the study of these processes allows verification of QED in
higher orders of perturbation theory. The cross sections for
these processes are quite awkward, even in the ultrarelativ-
istic limit. Only relatively recently has it been possible to
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write them down in a compact form for unpolarized® and
transversely polarized initial particles.® Using the methods
described above [Eqs. (2.17)—(2.22)], the present authors
have obtained® compact expressions, in the ultrarelativistic,
massless limit, for the differential cross sections of the pro-
cesses e“e”—e*e ™y for the case where not only the initial
particles but also the photon are helically polarized. As was
shown in Ref. 40, the cross sections for these processes are
written as the product of two factors, one universal and co-
inciding with that obtained earlier* for unpolarized particles.
Let us consider Méller and Bhabha bremsstrahlung,

e (p)te (py)—e (p3)+e (py)+y(k), (3.1)

assummg that the initial and final e* particles are massless
(p, =0, i=1,2,3,4). The details of the calculation of the ma-
trix elements for (3.1), which correspond to eight Feynman
diagrams,'0 are given in Ref. 40, and so we shall not dwell
on them here. We introduce the invariant variables*-*°
s=(Pi+p)? t=(p1=py)% u=(p,—p)%
u'= (Pz_P3)2,
3.2)

s'=(p3+pa)?, t'=(py—pa)?,
and also the notation &, §’, and A for the helicities of the
initial particles and the photon, respectively. Then the differ-
ential cross sections for the processes e "e*— e e¢* 7y in the
case of helically polarized initial leptons and photon have the
form™

o o
dU‘Mz";rz_sAMWMdr, dUBZW_ZEABWBdF’ (3.3)
AMZAMB/tt,uu,, AB=AMB/ttISS’, (3.4)

App=12ss' (s> +s" D) +tt' (P2 +1t'2) +uu'(u?+u'?)
+88 (55" (52452 —te' (12 + ') —un’ (u?+u'?))
+ON(—s8'(s2=5"2)—tt' (P—t'2)—uu'(u>—u'?))

+ &' N(—ss"(s2—=5"2)+ 11" (12—1'?)

+uu' (u?—-u'?))}, (3.5)

2

Pl P2 P3 P4
Wy= —_———— 3.6
MTT\pik ok pak p4k) (36

2

Pi pP3 P2

Wy=— —_——— 3.7
8 (Plk P4" p3k sz) (37)

N &B3ps d3p, &k
2p3 2py 207

dU=68p,+p,—p3—ps—

where x,=pk (A=1,2,3,4), and a is the fine-structure con-
stant. We note that Eq. (3.5) for A, is invariant under
crossing transformations:

sou, s'eu,

84
(3.8)

P27 Pa, XXy,

The expressions for Az, Wy, , and Wy can be written in a
different form:*
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Apys=12{(1+88")((1+8\)ss's"2+(1— 8N\)ss's?)
+(1=88")((1+8'N)(tt' >+ uu'u?)

+(1—=8"N)(tt't"? +uu'u'?))}, (3.9)

’

s s’ t t u u
+—t—,
X9X3

(3.10)

XXy X3Xg4 X X3  XoXg4 XXy

! !

s s t t' u u

——t—————t—+—.
X1Xy X3X4 X1X3 XyX4 X X4 XaX3 (3 )
11

When soft photons are emitted (s=s’, t=t', u=u'), Ay
and A take the form*

Wp

A s24u?  s24e2 252
=t +—
M= g2 u? tu
, s2—u? §2—12 25
+ 66 7 +——T-u +E— > (3.12)
A w+s? uwr+rr 2u?
N 12 K] N st
, wl—s? W+ 242
- 66 o +T pryt (3.13)

These differ only by overall factors from the cross sections
for elastic processes e*e ~—e™ e~ when the initial particles
are longitudinally polarized (see Ref. 10).

For unpolarized photons, from (3.9) we have

Ayp=(1+86")ss'(s*+s'2)+(1—68")

X(tt' (24" v uu' (u?+u'?)). (3.14)

Therefore, the ratio of the cross sections for particles with

parallel and antiparallel spins have the same form® for the

two reactions e*e” —e~e v (as in the case of the elastic
+ + —

processes e~ ¢~ —e e ; see Ref. 10):

daoy ' (41" +uu' (u?+u'?)

SS'(S2+S’2) (315)

doyy

4. POLARIZATION PHENOMENA IN THE
THREE-PHOTON ANNIHILATION OF
ORTHOPOSITRONIUM

In recent years the three-photon annihilation of ortho-
positronium >S,—3y has attracted a great deal of attention,
because experiments to measure the decay width of ortho-
positronium revealed a discrepancy with the theoretical
predictions.’' Several attempts have been made to resolve
this contradiction. In Ref. 52, relativistic corrections were
included in the cross section for the annihilation of a slow
e*e™ pair into two or three photons, but this did not solve
the problem. The contribution of the five-photon decay mode
of orthopositronium, calculated in Ref. 53, indicates that this
mechanism also cannot eliminate the discrepancy in the
widths. All these problems, including the results of Refs. 51
and 53, require further analysis and confirmation. The work
of Ref. 54 does not represent an attempt to resolve the or-
thopositronium problem. Almost all the known results
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pertaining to polarization phenomena in the reaction e*e”
— 3y were obtained there, but by calculating the matrix el-
ements in the DSB. The purpose of that study was to dem-
onstrate the effectiveness of that method for a process to
which the CALCUL method is inapplicable. A key feature of
the technique is the very specific choice of the photon polar-
ization vectors (2.20), which is valid only for the massless
casec.

The main process determining the positronium lifetime
is three-photon annihilation. Here the decay probability can
be related to the cross section for annihilation of a free
pair:1°

e (p))+e*(ps3)— y(k))+ y(ky) + y(ks).

Since the momenta of the electron and positron in positro-

4.1)

nium are small'® (|p,|=|psl~ma, where a is the fine-
structure constant), in calculating the annihilation cross sec-
tion they can be considered to be at rest at the origin [i.e., we
assume that p,=p;=p=(m,0,0,0)]. In this case the matrix
element of the reaction (4.1) takes the form

M3>°=u*%-p)0u’(p),

where u’(+p) are the electron and positron bispinors,

4.2

ﬁs(:’:p)u‘s(i p)=*m, and @ is the interaction operator,
which corresponds to six Feynman diagrams.' Let us con-
sider the kinematics of the process e*e”—3y in the
e*e” c.m. frame, in which the momenta p, and p; have the
form P1=(P0o,0,0,—ma) and P3=(po,0,0,ma),
po=mA1 +a?. We introduce the OVB a,:

ap=(1,0,0,0), a,=(0,1,0,0),

a,=(0,0,1,0), a;=(0,0,0,1),
using which we find

(4.3)
si=&raz—¢&ay, s3=¢a3t+&la, (4.9
where &.=¢&./m, & =\1+a?, and & =a, with s,p,

=s53p3=0 and s%=s%=—1. Therefore, in the limit a—0
the electron and positron spin vectors s; and s3 (4.4) in the
DSB (4) coincide:

pi=—§-a3téiay, p3=§&_aztéiag,

§)1=83=aj, (45)

i.e., the direction of the positron motion is singled out as the
common axis of spin projections. The momentum conserva-
tion law

kl+k2+k3=0 (4.6)
determines the annihilation plane in which the photon mo-
menta lie. We shall also assume that the vectors a | and a 3 lie
in this plane, while the vector 52 is normal to it, i.e., Jzﬁi
=0, n;=k;/w;, and n2=1 (i=12,3).

Let us construct the photon circular-polarization vectors
eri=(0,e))):

exi=([dn;]+iN;a,)/V2,

.. - g
e\in;=0, eyex;=1,

4.7

where \; are the photon helicities, \;=* 1.
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In the limiting case that we are considering, the opera-
tors (2.26) used to calculate the matrix elements (4.2) have
the form

4P30=8(m+p)as, 4P3>0=—(m+p)d "&3&%’; 0

where a.5=a,*ida,, 6=*1 (ak=a_y).

The explicit form of the matrix elements M*%? for the
process (4.1) in the case of circularly polarized photons was
obtained in Ref. 54:

3

23215.5= &3 a;(6N;+c))(nj—1)/m, (4.9)
=1

3

23/2M_5’5=El aisi(ny—1)/m, (4.10)
~

where «; (i=1,2,3) are the polarization factors:

a;=(1+XN3)(1=NN\3), a=(1+XN\3)(1=X\z\35),

(4.11)
a3;=(1+ N N)(1 =N jX3),
0= 03=aya3=0, a’=4da;, (4.12)
and the quantities c¢;, s;, =Ny (l,_]k 1,2,3) are:
njk=ﬁjﬁk=cjck+sjsk, ;= a3n,, 5= a,n,, s?+c,-2=1,

with the indices i, j, and k in (4.9) and (4.10) representing a
cyclic permutation of the numbers 1, 2, 3.

The matrix elements (4.9) and (4.10) determine the an-
nihilation of a free e*e™ pair in the case of parallel (M %9
and antiparallel (M ~%9%) spins of the electron and positron.
They are real and vanish if all the photons have the same
helicity, i.e., when A|=N,=X\j3.

The differential cross section for the process (4.1) is ex-
pressed in terms of the matrix elements M *4.4 in (4.9) and
(4.10) as

a3 (M*ES9)2 3 d3k
dUsyz(stWn—z); (':l_ll ; )54(217 ky—ky—k3),
(4.13)
in the c.m.

N oAgoAs
Set

we find>*

where v is the relative velocity of the e and e~
frame (v~a). We introduce the notation o

_ ApAgA
=3[ (M%%)*+(M>~?)*]. Then for o'} 72"

3

A A2
T et 322

a;(1+ 8N;c)(1—np)22m?, (4.14)

which determines the annihilation cross section when all the
particles except the electron are helically polarized. For the
quantities

0.)\1 sAgN3 — 1/425; ((M5,5)2+(M8,78)2)’

o =12 3 (M +(MP9)?),
A2,A3

the meaning of which is clear from the notation, we find
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oMM M= (a (1= ny) 2+ ay(1—ny3)?

+ a3(1—ny)%)2m?, (4.15)
Se=2((1+ 0N o) (1= ny) 2+ (1= 8) )

X(1=n3)2+ (1= 6\, c3)(1—nyp)?)/m?. (4.16)

In the case of unpolarized particles we obtain the well known
result'®

a= 2

M X2oAs

MM =4((1-npy)?

+(1—n3)2+ (1 —ny)?)/m?. (4.17)

Let us calculate the probability for the process (4.1)
when one of the photons is linearly polarized in the annihi-
lation plane (o) or perpendicular to it (o) (and the other
two are unpolarized), and also the degree of linear polariza-
tion p;:

ri=(o,—a)/(o,+0,). (4.18)

For this we go from the helicity states |+ 1) and |—1) of a
photon of momentum & I

|+ 1)=(x)+ilyDv2, |=1)=(x)=ilyN/v2,
to states with linear polarization |x) and |y):
(xl=(+1+(-1Dv2, (yl=i(+1]—-(-1])/vV2.
Then for the amplitudes and probabilities we find**
M=(M 3+ M2, )12,
M =M 35+ M2 )1v2,

My=i(Myy) = M235,3)/V2,

—6_ i ag—5,8
M, _l(MA2A3_M~)\2)\3)/‘/_

o =14 2 (|M2*+|M;%?),
Shyh3

o,=1/4 2 (IMJ*+|M;9?).
Ao\

Computing o, 0, and p;, we obtain>*

=2(A—B)im?, &,=2(A+B)m*, p,=BIA,

A=(1-np)*+(1—n)*+(1—ny)?

B=(1—np)(1—n;3)(1—ny).

Equation (4.19) coincides with the results of Refs. 55 and 56.

Let us use (4.9) and (4.10) to construct the amplitudes
for orthopositronium annihilation:'® X, ,=M**, X,
=(M*"+M " ")V2, and X, _ =M~ (X,+,=X,5), cor-
responding to the projections of the total spin of the system
on the direction of 53 equal to +1, 0, and — 1, and the same
for parapositronium (with total spin and projection equal to
zero): Xoo=(M*~—M~)/v2. We find>*

1 :\/QMB'_a, XO’():O.

4.19)

X, s=M%°, (4.20)
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2 P>

q
9, == & = O Fp— 2 9 94—=

Summation of X f sand X %,o over the photon polarizations A,
and \j; gives

> X3 =(@m)((1+ 8N jcp) (1 —ngy)?+(1
A2.A3

— 8\ c2)?
X(1=ny3)*+ (1= 8N jc3)*(1-npp)?),
2 Xig=(m) (1= (1= n)+(1=¢))
X(1=np)*+(1=c3)(1=np)?).
Averaging the squares, we again obtain the well known

result'”

2 —_
2 (Xi+XI+XD_)=4a,
A ApoA3

where o is given by (4.17).
It was shown in Ref. 55 that the amplitudes for the

three-photon annihilation of orthopositronium
Hfi(Xl,+ 1 sXI,O ’Xl,— 1) can be written as
Hf,'=;ﬁ, ﬁ=ﬁl+lj2+I;3, (4.21)

where the vector %, is a function of the photon polarization
vectors:

el=[em;] (i=1,23),

ei=exi,
and the vectors u, and u; are obtained from u, by cyclic
permutation of the indices. The complex vector f character-
izes the triplet state of orthopositronium.

Let us construct the tensor ®=u-u* in terms of which
the three-photon annihilation probability is expressed. Ac-
cording to our calculations, the tensor ® can be written as
three terms:>*

q)zal(l)l+a2(1)2+a3¢3,

®,=a,+a,+a;=m?c 1 2032, (4.23)
a=a;(1-np)% ay=ay(1-n;3)%,
az=a3(1—np)?, (4.29)

where each of the tensors ®; (i=1,2,3) is just the beam
tensor (the three-dimensionally covariant polarization den-
sity matrix) of the corresponding circularly polarized
photon:>’

®,=¢y;-ex=(1—n;-n)2+i2\n]

- P FIG. 1. Graphs corresponding to the reaction ep
r i f k —epy.
2 qz
Cc

®n;=0, (P,),=1. (4.25)

Since the tensor ® corresponds to the sum of three waves
and its trace ®,=a,+a,+a; coincides up to an overall co-
efficient with the probability g™1-*2-*3, each of the a; (i
=1,2,3) in (4.24) determines the probability for the appear-
ance of a single photon having polarization vector ey; and
direction of motion 7, i

5. THE REACTION ep—epy AND THE PROTON
POLARIZABILITY

There has recently been much interest in studying
Compton scattering on nucleons at low and intermediate en-
ergies. This is because the fundamental structure constants of
the nucleon—the electric and magnetic polarizabilities—can
be determined in this process. The nucleon polarizabilities
contain important information about the nucleon structure at
large and intermediate distances, in particular, the radius of
the quark core, the meson cloud, and so on (see the detailed
discussion of these questions in Refs. 58 and 59). Knowledge
of the amplitudes for Compton scattering on nucleons is also
required to interpret the data on photon scattering on nuclei.
For example, studies of this type can answer the question of
how greatly the electromagnetic properties of free and bound
nucleons differ.

All the experimental results on the proton polarizabilities
have been obtained from data on elastic yp scattering below
the pion photoproduction threshold. However, it has recently
been shown that measurement of the proton polarizabilities
at the Novosibirsk storage ring with electron beam energy of
200 MeV using an internal jet target appears very promising.
As proposed in Ref. 60, this can be done using the reaction

e_(Pl)+P+(‘11)—’e_(P2)+P+(‘12)+ y(k) (5.1)

in the kinematics corresponding to electron scattering at
small angles and photon scattering at rather large angles,
which corresponds to small 4-momentum transfer from the
initial electron to the final y and p.

In the lowest order of perturbation theory, the process
(5.1) is described by the three graphs shown in Fig. 1. The
first two (a) and (b) correspond to electron bremsstrahlung
(Bethe—Heitler graphs), and the third (c) corresponds to pro-
ton bremsstrahlung [graph with virtual Compton scattering
(VCS) on a proton]. The kinematics described above was
chosen for the following reasons. First, the subprocess of real
Compton scattering (RCS) on a proton is realized in it, be-
cause at small electron scattering angles the virtual photon
with 4-momentum r=p,—p, (see Fig. 1) becomes almost
real. Here the quantity |r|=+—(p,— p,)” turns out to be
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small, |r|~m, where m is the electron mass. Second, for
electron scattering at small angles and photon scattering at
fairly large angles, the contribution of the graph correspond-
ing to proton bremsstrahlung dominates, i.e., it is several
orders of magnitude larger than the contribution of the
Bethe—Heitler graphs to the cross section for the process
(5.1) (Ref. 61). This is the main requirement needed to iso-
late the subprocess of Compton scattering on a protonw from
the reaction ep—epy.

The estimates made in Ref. 60 using the method of
equivalent photons and the scalar model showed that the
reaction (5.1) offers a good possibility of obtaining high-
statistics data on the Compton-scattering cross section and
the proton polarizability. Measurement of the electric and
magnetic polarizabilities of the proton (@, and Bp) with
higher accuracy than in earlier studies is one of the most
important problems to be solved by experiments in the near
future.5>%3

However, to obtain high-statistics data on the cross sec-
tion for yp scattering and the proton polarizability it is es-
sential to use a theoretical model more accurate than that in
Ref. 60. It must include both the spin properties of the par-
ticles and the main structural parameters characterizing the
electromagnetic structure of the hadron. The model can be
based on the results of Ref. 64, where a general calculation
of the reaction ep—ep<y was performed. The cross section
was expressed in terms of 12 form factors corresponding to
the VCS subprocess on the proton (i.e., the contribution of
the graph in Fig. 1c) and two form factors corresponding to
the Bethe—Heitler graphs.

The differential cross section for the reaction ep—epy
in the above kinematics was calculated in Ref. 65. It was
expressed in terms of the six invariant amplitudes for
RCS,%8% and also the electric and magnetic form factors of
the proton.'”

Let us consider the amplitudes corresponding to the
graphs of Fig. 1. The sum of the two Bethe—Heitler graphs

(a) and (b) corresponds to the matrix element

1
M =u(py)Q%u(p,)-u(q)T (q*)u(q,) et (5.2)
Pi—k+m o Potk+m
H— + M B
I (¢%)= + Kp v, —=v.4 5.4
wa)=Frvut or F2(GY=7u9)s (5.4

where u(p;) and u(q;) are the bispinors of electrons and
protons with 4-momenta p; and ¢;, p,~2=mz, q,-2=M2,
u(pu(p)=2m, u(qu(q)=2M (i=1, 2), My, f1, and
f> are respectively the anomalous magnetic moment and the
Dirac and Pauli form factors of the proton,'® g=¢,—gq, is
the momentum transfer, e is the polarization 4-vector of a
photon with momentum k, ek=k*=0, and M is the proton
mass.

In the limit of interest |r|~m, the matrix element corre-
sponding to the graph of Fig. 1¢ will be expressed in terms of
the six invariant RCS amplitudes T; (i=1,2,...,6) obtained
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from the theory of dispersion relations and the data on -
meson photoproduction on nucleons.® It has the form®

1
My=u(py) Y u(p,)-u(q)M ,.e’u(q,) 2> (5.5)
C, c Du
M,w= +T,K)+ (T3+T4K)
(¢,.D,~C,D,) (CD+C,,D)
*D—”f s+ —D— TeD
(5.6

The tensor M, is constructed using a set of four mutually
orthogonal 4-vectors C, D, B, and K:

K=12(r+k), QO=1/2(r—k), R=1/2(q,+q,),
(RK) (RB) (Q )
C=R——7 K——57 B, , (5.7)

D,=&,,,;K"B°C®,

and it satisfies the requirements of parity conservation and
gauge invariance:
M, kP=rtM ,,=0. (5.8

To calculate the matrix elements (5.2) and (5.5) in the
DSB, we construct two OVBs a4 and b, (A=0,1,2,3), using
the 4-momenta p,, p,, k, and q,,q,,k:

ao=p+/\Np%, a3=p_IN-p°, a;=[ae-a3]*klp,

ay=[ao-az]%a,, (5.9)
P+=prxp|, as+s=a,*ida,, 6==*1,

ak=0, a%—a% a§ —a(2)=—1.

bo=4+/\/q_:, b3=q_/\/—_2_,

by=[bo-b31"kip’, b1=[by-b3]*b,, (5.10)
9+=4q,*q,, biy=bxid'b,, & ==1,

byk=0, bi=bi=b}=—-b3=—1,

where p and p' are determined from the normalization con-
ditions. Then the electron and proton operators szla,.s and

03529 [see (2.11) and (2.12)] will have the form
PRC=VA(m+p\)asiod}, Py*’=8/2m+p)dsis,
(5.11)
= VA(M+§ )b 5bob*,,
Q;‘S”"'= 812 M+G))bybs, (5.12)

while the matrix elements (5.2) and (5.5) in the case of vari-
ous combinations of electron and proton spin states reduce to
a product of traces, denoted by the index ¢:

T
Ml—q 7 (P72°0%),(05°°T ,(¢M), (5.13)

My=— (P*”y )(05% ' M (5.14)

vey)t-
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In the unpolarized case it is most efficient to use the calcu-
lation of the matrix elements in the DSB in conjunction with
the standard approach.lo The calculations performed by the
first [i.e., using Eqgs. (5.13) and (5.14)] and second methods
give identical results. Nevertheless, the second method,
which will also be discussed below, is preferable, because it
gives results considerably more quickly. To find the prob-
ability for the process (5.1) it is sufficient to calculate only
the matrix elements of the electron and proton currents:

(229, =u*2(py) y,u(p))°= (P35>, (5.15)

U2, =% (g)T (g% (q)=(05°° T, <f12(>)~6)
1

and also the quantity

X577 = ()M e (4)=(5"" M)
(5.17)
The calculations give! %47

U2 ,=2m(ag),, (U °0,= =28y (au,  (518)

I3 =28 Mbo)us (U; 0= =28y gulbs).
(5.19)

where y_= \/—pz_/2, ylL= \/—qz_/Z, and g, and g,, are just
the proton electric and magnetic form factors:'

2

ge:fl+ll'p #fﬁ’ gm:fl+:u’pf2' (520)
Therefore, in the DSB the matrix elements of the proton
current corresponding to transitions without spin flip are ex-
pressed in terms of the electric form factor g,, and the in-
teraction with spin flip is expressed in terms of the magnetic
form factor g, .

After the matrix elements of the proton current (5.16) are
determined, the calculation of the contribution of the two
Bethe—Heitler graphs reduces to the calculation of VCS on
the electron:*"%

Ly pl—k+m ~

*8',8" 12 | +
|M; I*=— M(Pz)(-]p ok ¢

~ = 2
. p2+k+m Ar g

+e Tzk".]; ’ )u(pl) (5.21)

Denoting the result of averaging and summing the expres-

sion | M =98 |? over the polarizations of the initial and final
particles by Y., we obtain"%

1/42 (hr+m)Q=2"% (5, +m)Q77) 1q*,
(5.22)

+45',8

where Q . —(Q;‘)(J,f ,s',a') u 18 the operator in parenthe-

ses between the electron bispinors u(p,) and u(p,) in Eq.
(5.21), and Q“s 2 'yo(Qf‘s”‘S,)Jr'yO. Owing to the factor-
ization of the electric and magnetic form factors g, and g,, in
(5.19), the Bethe—Heitler term in the cross section for the

reaction ep—epyY,, (5.22) will contain only the squares of
the Sachs form factors (see Refs. 36, 47, 65, 67, and 68).
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Similarly, the calculation of the contribution of the graph
in Fig. 1c reduces to the calculation of quasireal Compton
scattering on the proton. Using the expressions for the elec-
tron current (5.18), we have

M5 %% = A |17(Q2)Q;s’5u(ql)|2, (5.23)

where Q » 0,0 =(J, =4, 6)“M ,e". Denoting the result of aver-
aging and summing Eq. (5 23) over the polarizations of the
initial and final particles by Y ,,, we obtain®

Y pp= 1143 (G2 M)OF G +M)Q; ), 11,
e
(5.24)

where Q ;a 0= o (Q+‘s %)*4°. Finally, to calculate the inter-
ference term in the case of unpo]anzed particles

Y,,=1/4 2, 2Re MM} (5.25)

5,0 e

we shall use the matrix elements of the proton current (5.19)

and also the 4-vectors X, sadd (5.17), which have the form®

DuDv
D2

1] ! C
x,0%= 25’y’bk( LT+ T,

C2

(C,D ;C.,D,) Tﬁ)e ,

) C C VIM
Xz -8 =2(y’+(—€,21'(Tl+E'_T2)

+ido'y yl

(5.26)

where v, =\g22=M\1-7, r=q%14M?, and
v,=kq /2M?. As a result, for the matrix element M, (5.5)
we find

My=u(py) X% % u(p,)ir?, (5.27)
and Eq. (5.25) reduces to calculation of the trace:®®
—1/4 Y, 2Re((p,+m)Q=%"%
8,8 e
X (5, +m)X=5%), 1q%r?, (5.28)

where X*0'3 = yux =88 and x*90' = (X2 yron,
The interference term Y, (5.28) is a linear combination of

the proton electric and magnetic form factors, because the
operators Q=%
trix elements of the proton current:
=(Q)MJ;?"?"), [see Egs. (5.3) and (5.19)].

Therefore, the problem of finding the probability for the
reaction ep—epy in this approach has been reduced to cal-
culation of the traces (5.22), (5.24), and (5.28), which was
done by means of the program REDUCE. For the differential
cross section we then obtained®

!
%" are expressed linearly in terms of the ma-
A+d',8'
Q.
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o &*|TI*8*(p\+q1—py—aq,—k) d°p, d*q, d3_k
2m2(p1q,)>—m*M? 2py0 29 20’
(5.29)

|T|2= 1/421 |Ma2=Y 0+ Yt Y, (5.30)
po

8M?

Vo= (82Y +7gLY Y, (5.31)

TAaMP (-0 | x, A

7 ((P19+)*+(p2g4)?)
AN, ’
A N, mig? ( 1 1 )2 riq?

_+_ —_
NN 2NN,

(5.32)

L_m Pid+  Pad+)?
2M2(1—7) |\ A, N

T ((P1¢1+)2+(P2Q+)2)

(5.33)

Y Rely [ T+ 2
= m 8eRelyi| T, 1—;sz

VIM
———Re
1—7

VIM
+y, T3+1TTT4 +Tg.,

X(y1Taty,Ty) +4M RC(21T2+22T4+Z3T6)”,
(5.349)
Ypp=—[(a%a3+ V3)[(1_T)IT1|2+2V1M Re(TlT;k)
+ MY (v = )| Tl 1+ (ap+ v3)[ (1= 7)| T2

+20,M Re(T5TH)+MA (v —13)|T 2]+ (aa;

|T5|2+M2|T|2 16M*
M4v§ as 6 ré

+a2+2v3)'r( -

(5.35)

For the invariant variables in Egs. (5.30)—(5.35) used in
determining the Bethe—Heitler term (Y,,), the interference
term (Y,,), and the term corresponding to proton brems-
strahlung (Y ,,), we used the notation adopted in Ref. 64:

y1=2a1[a1a3(112v5— V1V4)+2V‘2t+ V2V3],
vi=kq2M?, v,=—kq_I2M?,

Yo=2a,(vyvs— V1V4)—a1v§, v=r?/4M?,
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vy=kq /4M?, vs=p.q./4M?,

y3=—(4v3/v3)[aja3(vvy(v, +v3)
—204(v,v4— 1yv5)) + vy(4V5— V)],

a,=vstvvy(2v;+ V2)/V§,

3= 3 (V3+(vp 4 v;) (v} — 13)),

a,=m?M*— v+ M8/ DY — (v, v+ v,v5)?
+4V3(Vi— V1V4V5)—4V3Vi( vy +v3)],

D =M (V3 + (v + v3) (V2 — v2)) = M®v2/ aj,

A=pik, AN=pk,

_ 2 _
= Naaz, 7= Vla0,,

3= 1/4&1(21’2(2(12‘{' V2+ V3)+4V‘2‘— V%).

We note that the expression obtained for the differential
cross section (5.29) coincides, apart from the definition of
the initial quantities (the tensor M ,,), with the result ob-
tained in Ref. 64, if in the latter f, and f, are expressed in
terms of g, and g,, . Nevertheless, the Bethe—Heitler term
Y,, and the interference term Y,, have a more compact
form, owing to the factorization of the electric and magnetic
form factors. As far as the region of applicability of Egs.
(5.29)—(5.35) is concerned, it is limited by the requirement
that the virtual photon with 4-momentum r be quasireal,
which is realized in electron scattering at small forward
angles.

Let us consider the effects due to the contribution of all
three graphs to the cross section for the reaction (5.1) in the
selected kinematics when the initial proton is at rest [g,
=(M,0)] and the electron beam energy is E,=200 MeV.
Performing the required integration over the phase space in
the rest frame of the initial proton, we obtain®

a’w?|q,|T]?

do=—mp 221 _
v 16m°M|p,|(p1k)

dEpdQ,,dQ,, (5.36)

where d(},, and qu2 are the elements of the photon and

proton solid angles, and E; is the kinetic energy of the
recoil proton.

Let calculate the differential cross section (5.36) numeri-
cally in the region 5<E,;<35 MeV with the sum and the
difference of the electric (a,) and magnetic (8,) polariz-
abilities equal to @,+8,=14 and a,— B,=10 (in units of
1074 fm3; Refs. 58—60). We assume that the reaction kine-
matics is planar, and that the photon and proton emission
angles are 4, =135° and 3,=—20.5°. (All angles are mea-
sured from the direction of motion of the primary electron
beam.) The calculations® show that in the entire range of
proton kinetic energy considered, S<E ;<35 MeV, for the
selected angles ¥,=135° and 9,=—20.5° the electron
scattering angle ¥, and the 4-momentum transfer |r|
= \/—(pz—pl)2 are bounded by the values |9,|<6.4° and
|r|<7.3 MeV, with the minimum value of |r| corresponding
to forward electron scattering.
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FIG. 2. Differential cross section for the reaction ep—epy in the kinemat-
ics corresponding to electron scattering at small angles and photon scatter-
ing at fairly large angles, where proton bremsstrahlung dominates.

The results of the numerical calculations of the differen-
tial cross section (5.36), do-/dEpk/quz/dQ.r, in the kine-

matics described above are shown graphically in Fig. 2. We
see that in the angular range studied the cross section for the
reaction ep—ep7y has a sharp peak consisting of two
maxima. This peak originates from the factor 1/r* in Eq.
(5.35) for Y pp- The two maxima have a kinematical origin
and arise from the interference of the two pole graphs corre-
sponding to quasireal Compton scattering. The cross section
(5.36) has a strong angular dependence, which, in particular,
causes the two maxima to disappear when the proton (or
photon) emission angle is changed by only half a degree (i.e.,
for 9,=—20°), so that we have an ordinary peak at E;
=15 MeV (not shown in the figure).

The total cross section (5.36), shown by the graph in Fig.
2, is the sum of the Bethe—Heitler (a,,), the interference
(0,p), and the proton (o,,) terms [see (5.30)], where the
symbol o denotes a cross section of the form (5.36) with |T)?
replacedby Y,,, Y,,, and Y ,,, respectively. Numerical cal-
culations show that in the entire range of proton kinetic en-
ergy studied, 5<E ;<35 MeV, the ratios of the Bethe—
Heitler term o, and the interference term o, to the term
corresponding to proton emission o, are bounded by the
values o,,/0,,<0.02 and |o,,|/0,,<0.05. The calcula-
tions carried out for another set of angles (¥,=135° and
¥,=—20°) give results which are only insignificantly dif-
ferent: o,,./0,,<0.05 and |o-el,|/ 0,p<0.075. Since these ra-
tios are much smaller than unity, the main requirement (see
Ref. 60) for separation of the background, which is mainly
electron bremsstrahlung, is satisfied.

To explain the sensitivity of the reaction ep—epy to the
proton polarizability we performed numerical calculations of
the cross sections (5.36) for the same set of angles (9,
=135° and 9,=—20°) for fixed sum of the electric and
magnetic polarizabilities a,+ B,= 14 but different values of
the difference: (a) a,,— B,=10 and (b) @,— B,=6. It turned
out that the cross section (5.36) is about 8% larger for the
smaller difference of polarizabilities. Therefore, in this kine-
matics the cross section for the reaction ep—epy is quite
sensitive to the proton polarizability.%®
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6. EMISSION OF A LINEARLY POLARIZED PHOTON
BY AN ELECTRON IN THE REACTION ep—epy

Let us consider the emission of a linearly polarized pho-
ton by an electron in the reaction ep—ep 1y, taking into ac-
count the proton recoil and form factors. Our study will be
limited to the contribution of the two Bethe—Heitler graphs
(a) and (b) in Fig. 1, which corresponds to the matrix ele-
ment (5.2). The contribution of the graph with VCS on a
proton can be neglected when the initial electrons have ul-
trarelativistic energies, and the photon and final electron are
scattered at small forward angles (07~m/Ee , 9,~m/E,,
m/E,<1).

We are interested in these effects for the following rea-
sons. First, even though the Bethe—Heitler process has been
studied earlier in the case of the emission of linearly polar-
ized photons®*™ and is widely used to obtain them at
accelerators,”! up to now the proton recoil and form factors
have not been accurately taken into account (in contrast to
the unpolarized case). Second, as was shown in Ref. 72, the
inclusion of these factors in the case of unpolarized photons
leads to a strong change of the differential cross section for
the Bethe—Heitler process. Since the polarization character-
istics of the scattered radiation are expressed in terms of the
differential cross section for the emission of an unpolarized
photon (see below), it is clear that inclusion of the recoil and
form factors is essential.

The covariant expression for the differential cross
section for the Bethe—Heitler process (in the Born approxi-
mation) taking into account the proton recoil and form fac-
tors in the case of emission of a linearly polarized photon has
been obtained by us in Ref. 73. It has the form

_a3|Te|25“(p1+ql—p2—q2—k) d’p, d°q, d3_k

dogy= R
B 2772\/(p1q1)7—m§M2 2p20 2420 2@

6.1)
2 4M2 2ye 2ye
|Te| ZT (geYI+Tng]l)’ (62)
e_ NN 7 (kq4) 2 2 2
Yi=2 N, N, =7 AN +q*(ea)*+4(eA)*, (6.3)
NNy T (k‘1+)2
Yp=—2-—""1
)\2 )\l 1—7 )\1A2
+(q2+4m2)(ea)2—4(eA)2, (6.4
P1 P2 (bop2)p1  (bop1)P2
=——— =byt+ - . .
a Y A=b, n X, (6.5)

All the quantities entering into (6.1)—(6.5) are defined in the
preceding section. Thus, the differential cross section for the
Bethe—Heitler process in the case of emission of a linearly
polarized photon dagy (6.1) naturally splits into the sum of
two terms containing only the squares of the Sachs form
factors and corresponding to the contributions of transitions
without (~g2Y¢) and with (~ 7g2Y¥) proton spin flip.

Let us discuss the properties of the 4-vector a, which is
well known from the theory of emission of long-wavelength
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photons,'? and the 4-vector A. They both satisfy a condition
which follows naturally from the requirement of gauge in-
variance:

ak=Ak=0,
and, in addition, they are spacelike vectors: a’<0 and

A?<0. This is easily verified by using the 4-momentum con-
servation law and the explicit form of a2 and A2:

) . 2+ - 6.6
A PV W RS W (66)
m? q+P1  q+P
2= _ +F2
A 1+4M2(1—7') \, )\1)
T 4q4+P1°9+P>
1-7 )\1)\2 (67)

We note that the 4-vector A was first introduced in Ref. 73.

Using the electron 4-momenta p, and p, and the photon
4-momentum k, we construct the 4-vectors of the photon
linear polarization e; and e, (ejk=e, k=¢je, =0):

(p2k)p1—(p k)p, _[p1-pa17k
a= P’ > el_'_pr—v

(6.8)

where p’ is determined from the normalization conditions:
eﬁ=ei = —1. Then the degree of photon linear polarization
will be given by the following expressions:”

T P=Ini? 4

=y = —, 6.9
TP A .
where
16M> )
A1= q4 (geA“+TgmA12)’ (610)
8M> )
A2=T (geYl+Tng2)a (611)
A =A%+ T™?a%+2(e, by)?, (6.12)
Ap=—A%+1M*a?—2(e, bo)?+m?a?, (6.13)
by2e 4(SD)? 6.14)
(erbo)™= M2(1—7)a®\2\2’ )
SD= llzeuvpu(pl)#(p2)y(ql)p(q2)0, (615)
AN, T (kq+)2
=) —_— -2 2 2_2A2
Yl 2 )\2 )\1 1—7 )\l)\z i ’
(6.16)
A A T (kq+)2
Yy=—2————=
)\2 )\l 1—'7' }\1)\2
—27M?%a%*+2A%2—2m%a>. (6.17)

It is easy to check that A, (6.11) coincides with the expres-
sion for Y, (5.31) determining the Bethe—Heitler cross sec-
tion in the case of unpolarized particles: A,=Y,,, and also
that Y=Y and Y,=Y; [see (5.32) and (5.33)].

Therefore, owing to the factorization of the squares of
the form factors g, and g,, and also the use of the 4-vectors
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a and A (6.5), the differential cross section for the Bethe—
Heitler process in both the cases of linearly polarized photon
(6.2) and unpolarized photon (6.11), (5.31) can be written in
a rather compact form.

Let us integrate Eq. (6.1) over d3§2 and dp, in the rest
frame of the initial proton, ¢, =(M,0). As a result, we find

down __ @o_|py| TP (6.18)
dodQ,d0,  2m?[p,] ¢ '
|T|*=g2¥i+7en Y1 (6.19)

Let us consider the limit of the cross section (6.18) when the
proton is a point (structureless) particle with infinite mass,
i.e., we assume that g,=g, =1 and q2=(M,c;)=(M,0),
where 5= 1; 1= 1;2—12 is the momentum transferred to the
proton. In this limit (M —), E;,=q%/2M—0, g/2M —0,
and b0=(1,z;/2M )=(1,0). We choose the Coulomb gauge
for the photon polarization vectors: e = (O,g), as a result of

which we find
_bie pre

eby=0, ea= x x,

pi€ pa€

eA=p,, N P 7(q.+k)?= w?q>.

Using these expressions to take an accurate limit in (6.19),
we obtain

AN 0P¢?
M,

+g%(ea)’+4(ed)?, (6.20)

2
pP2€ Pi1€-p)€
'*‘(417%0"'112)(——)\2 ) —2(4pop20+q%) NN,

(6.21)

The expressions (6.18) and (6.21) for the differential cross
section for the Bethe—Heitler process dogy/dw/d(),/d),
in the limit where the proton is an infinitely heavy, structure-
less particle coincide with the analogous expressions of Ref.
69.

7. VIRTUAL-PHOTON POLARIZATION IN THE
REACTION ep—epy (ep—eX)

The reaction ep—epy and VCS on a proton have re-
cently become interesting not only at low and intermediate
energies, but also at high electron energies and 4-momenta
transferred to the proton.®*’*"7 The VCS process offers
greater possibilities for studying hadronic structure than the
RCS process, because in it the energy and three-momentum
transferred to the target can be varied independently. These
attractive properties of VCS have led to the suggestion that it
be used for experimental study of the nucleon structure’*”
and have made it necessary to perform a thorough theoretical
study of the reaction ep—epy (including the use of the
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noncovariant method of calculating helicity amplitudes; see
Refs. 63, 76, and 77 and references therein). To calculate
VCS on a proton, it is necessary to know the hadron (W ;)

and lepton (L ;) tensors: 5>

L;w=J,uJ;k’ J,;,=';(P2)'Y,u,u(pl)’ (7.1)

where u(p;) are electron bispinors, u(p;)u(p;)=2m, and m
is the electron mass (i=1,2). The interpretation of the re-
sults is considerably simplified if the tensor L, is expressed
in terms of the longitudinal and transverse polarization vec-
tors of the virtual photon. The corresponding expressions can
be found in Refs. 63 and 78. However, they have two de-
fects: (1) the electron mass is neglected, which is of course
justified at ultrarelativistic electron energies and large
squared 4-momentum of the virtual photon; (2) they have a
noncovariant form. A lepton tensor free of these defects was
constructed in Ref. 79.

Let us consider the question of the polarization state of a
virtual <y with 4-momentum r=p,—p, which is exchanged
between the electron and proton in the reaction ep—epy
(see Fig. 1c). Using the vectors of the orthonormal basis a,
(5.9) (A=0,1,2,3),
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ao=1’+/\/;2:, 03=P—/\I—P2_,

ay=[ag-a31%q1/p, a =[a-as]”ay, (72)
P+=p2tp, @4,=0, ai=dj=aj=—a;=-1,
(7.3)
which satisfy the completeness relation
ag-ay—a,-a,—a, - a,—ay-a;=g, (7.4)

we construct the 4-vectors of the longitudinal (e;,e,) and
transverse (e;) polarization of a virtual photon with 4-
momentum r (Ref. 79):

[ao-ailq, _ _[00'03]X¢11

e =——, e,=ay=—————,
V(asq,)*+qi p

=(1+03'a3)¢11

2
p’=(a;q,)*=

It is easily verified that the 4-vectors e; (i=1,2,3) are
orthogonal to each other (e;e;=0, i#j), and also that ¢;r
=e;a;=0 and e>=e2=—e3=—1. The 4-vectors ¢; (7.5)
are not changed when the auxiliary 4-vector q, is replaced
by qi+p —p;=q,tk [because p,—p,=r=-2ya;,
where y=+/—r2/2, and because the vectors a, (7.2) are or-
thogonal]. For this reason, study of the virtual-photon polar-
ization vectors e; (7.5) in the rest frame of the incident pro-
ton or in the c.m. frame of the final proton and photon is
equivalent and leads to the usual expressions. Here we shall
restrict ourselves to the rest frame of the incident proton
[q1=(M,0,0,0)], where the 4-vectors e; have the form

61:(09190’0)s 82=(0,0,1,0),

1 - -
ey=—=—=(|r|,ron;).
3 \/j(l l 0 3)

(7.6)

Here r_i3 is a unit vector directed along r (ﬁ§= 1), and rg is
the time component of the 4-vector r=(rq,r).
The four mutually orthogonal vectors e, €5, e3, and a3
also satisfy the completeness relation:
e3-e3—e|-e —ey-e;—daz-az=g, (X))
which allows a( and a; to be expressed in terms of e¢; and
€y’
B*=1+a?, (18)

a)=ae;—Pe,, ao=Pez—aey,

ey=—— (7.5)
V(‘13‘11)2+‘I%
where
]
P1P2‘qul‘P2Q1‘M2((P1P2)2—m4)_mz((qul)2+(P2¢I1)2)
(plp2)2_m4 )
|
a=eja,=ape|= il
=€é3d| =40 | T /= 7>
V(asq,)*+aq}
aopqi (7.9)

B=elal=e3a0=—-—.
V(asg)*+qi

In the DSB (4) the matrix elements of the electron current
have the form of (5.18):

(Jf'a)p.=2m(a0)p,! (Je_aya)ll,z—26y(a5)/4,

where a. s=a,*ida,, §=*1. Let us write them in terms
of the 4-vectors ¢; (7.5) (Ref. 79):

(Jf’a)ﬂ=2m(ﬂe3— ael)p, »

(J;%%),,=—25y(ae;— Pe,+idey),,.

(7.10)

(7.11)

Therefore, for transitions without electron spin flip (J f"s) the
virtual-photon polarization vector is a superposition of the
longitudinal (Be;) and transverse linear (—ae ;) polariza-
tions, while for transitions with spin flip (J, ) it is a su-
perposition of the longitudinal (@e;) and transverse elliptical
[es= (0,e 5)=— Be, +ide,] polarizations. Here the state of a
photon with elliptical polarization vector e;= (0,5 5) will
have degree of linear polarization” (equal to the ratio of the
difference and sum of the squared semiaxes”’)

ﬁ2_ 1 a2

K7=BT+‘1—=32—+1. (7.12)
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Inverting this relation, we obtain

a2

1+K7

2
1K7

2k
B2 =T (7.13)
1‘—K7

Now we find the squared moduli of the vectors ¢ sand ag:

- 2 -
léd?=1+p2 =7, la>=(1+8)(1+xy),
Y
(7.14)
2 2
r r
— e 22— 0 »2__ 0
KL= K,€3 Ky(_rZ)y €3 (_rz). (715)
We introduce the normalized vectors ¢’s and a;:
- €s ,1-K R =1 2.16)
€ 5= = €s, e =1. .
ST+ 2 "o e
-y 55 I—KY o =112 -
as= = as, lasl"=1+ke3=1+«k,.
) \/1_+_,37 2 ) | 8' y*3 L
(7.17)

Therefore, the elliptical-polarization vector e s of a virtual
photon can be normalized to unity (Je?=1), but the
presence of a longitudinal polarization makes this normaliza-
tion impossible for the total vector a 5 simultaneously. The
quantity «; (7.15) corresponding to the inequality |a}|2=1
+«,#1 has the meaning of the degree of longitudinal po-
larization of a virtual photon emitted in a transition with
electron spin flip. In the ultrarelativistic limit, when the elec-
tron mass can be neglected, the quantities «,, and «, will be
interpreted as the total degrees of linear and longitudinal po-
larization of the virtual photon. In this (massless) case we
have

(0341)2+q%=—M2 , (a,q9,)%*=M?*cot?9/2, (7.18)

‘:Nl ‘i[\g

72
ky'=1- P tan’9/2, (7.19)
where 9 is the angle between the vectors 5 , and p,. Equa-
tion (7.19) for «,, coincides with the result of Ref. 78.

The vector a 5 (7.17) can also be written as

“ - l+x, . l—x, .
as=kpn3— 3 e, +id 5 €2 (7.20)

which makes it easy to construct the polarization density
matrix for a virtual photon in the massless limit (both in the
polarized case, which for massless particles is helical polar-
ization, and in the unpolarized case; see Ref. 78).

To obtain the complete expressions for «,, and «,, aris-
ing from the contributions of the matrix elements both with-
out and with spin flip, we construct the lepton tensor aver-
aged over electron spin states. Using the matrix elements
(7.10) and (7.11), this can be done fairly simply:”

L, =4m*(ag) ,(ao),+4y*((a)) u(a)),+(a3) (a3),).
(7.21)
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Using the completeness condition (7.3) and gauge invari-
ance, the tensor L, can be written as

I:/LVZ 4x2(a0),u(a0)v_ 4y2g,u,1u (722)

where x*=m?+y%, The tensor L, (7.22) can be used to
reduce the calculation of the contribution of graphs with
VCS on a proton to the cross section for the reaction
ep—epy to calculation of the trace of a product of tensors:

Y=L, W W,,=V, V¥

nys wlvo

1
V,u,zlz(qZ)M,u,vevu(ql) r_2 (723)
Let us express the tensor L wv (7.21) in terms of the virtual-
photon polarization vectors e; (7.5). As a result, it naturally
breaks up into the sum of three terms corresponding to the
contributions of transverse (L;) and longitudinal (L;) states
and their interference (LLT):79

L=4y (L+L,+L,y), © (7.24)
Li=e; e (B*+a’*m?y*) +e,-e,, (7.25)
Li=e3-e5(a*+ BZm?/y?), (7.26)
Liy=—(e,-e3+es-e))aB(1+m?/y?). (7.27)

Then the total degree of linear polarization of the virtual
photon will be given by

,:,82+a2m2/y2—1 _ a?

Y B+ a’m?y?+1 B+ 1-2mExE
Since a and B are the same in Egs. (7.12) and (7.28) [see

(7.9)], the inclusion of the electron mass in the ultrarelativ-
istic limit will lead only to a slight increase of «., (Ref. 79):

K (7.28)

, 2m?
Ky=Ky| 1+ m . (7.29)
Inverting the relation in (7.28), we find
1+«! 2kl m?
B+ atm?/y?= 7, a*+ BZm? yr= 7, +—.
1- Ky 1— K, Y
(7.30)

We can separate the completely polarized and unpolarized
parts in the transverse tensor Ly (7.25) (Ref. 79):

LT=el-e|(B2+a2m2/y2—1)+el-el+ez-e2
:'___, (K.,),el'€|+(1 _K,,y)(el'€1+€2'62)/2).
1 Ky
(7.31)

Therefore, the virtual-photon polarization density matrix p; j

is obtained from the tensor L; ;j (7.24) just as in the massless

case (see Ref. 78):
pij=(1— K;)I:,-j/Syz. (7.32)

For the degree of longitudinal polarization of the virtual pho-
ton we then obtain
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A
KL=(—_—_—r—27 Ky 1+';2——'2—K;—— . (7.33)

The expressions (7.28) and (7.33) for . and «; with
m=0 obviously become ., and ; of (7.12) and (7.15).

We conclude by noting that the region of applicability of
the tensor L ,, (7.24) is not limited to only VCS on a proton.
Since in fixed-target experiments the charged-lepton scatter-
ing cross section at available energies is mainly determined
by virtual-photon exchange, the tensor L uv (7.24) can also be
used to study deep-inelastic electron scattering (e™p
—e*X) and muon scattering (u*p— u*X), where inclu-
sion of the mass is more important.

8. COMPTON BACK-SCATTERING OF THE PHOTONS
OF A CIRCULARLY POLARIZED LASER WAVE

ON A BEAM OF ULTRARELATIVISTIC,
LONGITUDINALLY POLARIZED ELECTRONS

It was shown in Refs. 80 and 81 that, using existing
(SLC) and planned (VLEPP) accelerators with colliding
ete” beams, it is possible to obtain colliding ye and yy
beams of roughly the same energy and luminosity as the
original e e~ beams. It has been suggested that the intense
beams of hard 7y rays needed for this be obtained from the
Compton back-scattering (CBS) of a powerful laser flash
focused on the electron beam.® For a sufficiently powerful
flash in the conversion region,®' processes with simultaneous
absorption of several laser photons from the wave become
important:

(8.1)
(8.2)

The first of these nonlinear processes leads to broadening of
the spectrum of high-energy photons,*” and the second effec-
tively lowers the e *e ™ -pair production threshold.®*

The processes (8.1) and (8.2) were studied systemati-
cally in Ref. 85. In Ref. 16 they were studied from the view-
point of providing sources of polarized y and e*e¢~ beams.
The phenomena arising in collisions of polarized electrons
with the photons of a circularly polarized electromagnetic
wave were analyzed in Ref. 86. Nonlinear effects were stud-
ied not only for x2<1, but also for x*=1. Here x? is the
wave intensity parameter:

: dTa
x°=n
Nm?w]|’

where n,, is the photon density in the wave and w is the
photon energy. The emission spectra at high intensities (x2
=1) were first calculated numerically in Ref. 83, but the
particle polarization was not taken into account.

Currently, at the SLAC accelerator a series of
experiments®’ are being performed for x~ 1 to verify nonlin-
ear QED. This has become possible owing to the use of
supershort, strongly focused laser pulses. The region of non-
linear effects for x2>1 is very important here, and it is of
great interest because emission processes due to simulta-
neous absorption of a large number of photons from the

e +ny,—e +y, n=l,

y+sy,—et+e™, s=1.

(8.3)
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wave become important, and the probabilities for these pro-
cesses are essentially nonlinear functions of the field
strength.

As a rule, in the literature the laser wave is described as
the field of a planar electromagnetic wave.®®® The applica-
bility of this model in strong fields has been studied in Ref.
88.

According to Ref. 10, the S-matrix element for the tran-
sition of an electron from the state ¢, = %(p,s) to the state
= W=%p',s"), =1, with the emission of a photon of
4-momentum k’'=(w’,k’) and circular-polarization vector
e, is given by

Sp=— ief 17/,,,@;", U, exp(ik’x)(20")” 4%,  (8.4)
where i, and 17/,,: are the exact wave functions of electrons

in the field of a circularly polarized electromagnetic wave,
corresponding to the vector potential

A=a, cos(kx)+\a, sin(kx), A==*1. (8.5)

Here k 1s the wave vector, k=0, a,k=a,k=a,a,=0,
a2 a?, and \,\" are the helicities. The explicit form of
the matrix elements (8.4) in the DSB was obtained in Refs.

38 and 86:
ie(4m)"?

(2w'2q¢2q4)"* =

2 M 5

X(2m)*6*(nk+q—q' —k'),

Sfi:

(8.6)

2(1-ulu,)

yov'—1

Yy )\’(—)\)"x{ -
—0,0 2

X(Jn—l+Jn+l)+

2(u+1)
(u+2)? u?
X ,__UU 1 O\’ ,_.._ n+)\)\l R (87)

MG)=— 2 N (A i(1 i)
J u u
y u+2 /vv’—l a
u vv'+1

- \/1+x
n+l 2(u+1)\/;v—- n+)\)\’ s

where
=p+ el k ! '+ o k
q=p 2kp ’ q =p 2kp, ’

q2=q'2=mi=m2(l +x2).
kk' 2nkp

u:kpl ’ un= mi >

uu, u
1+x2[1—-—
s [rf-2))

2(vv'—1)= (8.9



488 Phys. Part. Nucl. 29 (5), September-October 1998

(1+XN") (1—=AX\")
AN T 2 n+1 2 n—1>
nk+q=k"+q’,

B 2nx /u : u
Z"_\/1+x2 u U,

n n

Here M f;',’?; and M (_")5 s are the emission amplitudes of the nth
harmonic corresponding to transitions without and with elec-
tron spin flip, ¢ and q' are the electron quasimomentum
d-vectors, g=(qgo.9), ' = (9 ,q'), and J,, are the nth-order
Bessel functions of argument z,,. It is easily verified that the
amplitudes M ‘;35 s have the following kinematical features.
For u=u, and n>1 they vanish [M(if'zs,5(u= u,)=0]. The
reason for this behavior of the amplitudes will be explained
below. Knowledge of the diagonal amplitudes (8.7) and (8.8)
allows transformation to the helicity amplitudes. As a result,
we obtain the following expressions for the differential emis-
sion probability per unit volume and unit time:%

©

aw__e'm’n, S (Fo,+A\,G
du_8q0(u+1)2,,=1( On e 0n

+)\'A’F2n+)\eA,GZn)’ (8-10)

u2

utl

FO,,=—4J§+x2(2+ )(Jﬁ_,+15+1—21ﬁ),

_ 2(2+u)u
o T

2+ u?
u+l

u
(1_27)(13—1_‘];21“)’
n

F2n=x2

9 "l 2 2
1 u (Ja-1=Ja1)s (8.11)

Gyy=—— (= 412+ x2(2 4+ u)(J>
2nT 1 n

n—1 +J%+ 1 2‘,3))'
Here n, is the electron density in the beam. The expression
inside the summation in (8.10) determines the emission prob-
ability of the nth harmonic when the polarization states of
the laser and the emitted photons and also the initial state of
the electrons are helicity states. For x>=0, Eq. (8.10) coin-
cides with the result of Ref. 89.

Using (8.10), the degree of circular polarization of a
photon in the final state A, is defined as

)\fz El (ANF2,+X.G2p) El (FoutAN.Gy,)-
n= n=
(8.12)

For x2<1 only the first few harmonics dominate in the
probability (8.10) for the process (8.1). We expand the prob-
ability (8.11) in the parameter A=x%/(1+x?), expanding
only the Bessel functions and using the exact expressions for
the u,,. As a result, for the first three harmonics we have36
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Fu_,s w 4— |1 +4A — |1
X2 1+u Z Uy u; u;
VTR UL P
1+u -IZ ul u% ul
o 7+15 u? 5 u ¥
2 4 1+u 3u u) |
GOI u(2+u) U u
—=—1|1-2—]|1-2A —
x? 1+u ! 2u1 U,
5A2 ’ 1 u)’ 8.13
X l—u—l +Z u—% ‘-Z , ( )
Pa_[,4 W 1-2—||1-2A
x2 1+u Z u,
u u? u\?
X|1-—|+=A2—|1-—]| |,
u 4 uj u,
Cu_ 2tu—d—1-—|—4a — |1
2 1+ “ U Uy U Uy
2 w\?
X1+u——«1——— +A17(1——J
u U 1 up

for the first harmonic;

u U u2 u u
F02:4X2Au_ 1——]12+ —4—|1——

2 uy 1+u Uy Uy
A u . u 4t 3u? 16 u ) u
Uy Uy I1tu 3 u, usl |’
u u\ u(2+u)
— 2 — —_— —
G02 4x A u (1 u2) 1+u

(8.14)

Gap=4x?A — [ 1-—| ——{24u—d—1-—
=877 U u u

_2Ai(1_i)[4+3u_l§i(l_i)

Uy Uy

for the second harmonic; and
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81 u? u\? u(2+u) u
— 2N |1 -] ——|1-2—
Gu=7* u%( u3) 1+u usl’
2 2 2
F23—ﬁx2A2u—2 1—— 2+ —— 1— —1,
4 u3 us3 1+u us3

for the third harmonic.

The inclusion of the third harmonic, whose probability is
proportional to A2, leads to the appearance of terms contain-
ing A? in Egs. (8.13) and (8.14). This is the main difference
between the results obtained in Ref. 86 for the emission
probabilities of the first two harmonics and the analogous
expressions from Refs. 16 and 85.

Let us consider the case of a head-on collision of ul-
trarelativistic electrons with the photons of a laser wave. To
obtain the energy distribution of the produced photons
dW/dy, where y=w'/E and E is the electron energy, in
(8.10) we must make the replacement u—y/(1—y) (Ref.
85). Here variation of the variable # in the range O<u<u,
corresponds to variation of y in the range O<y<y, , where

Uy nk 2kp A4AwE
y"—1+u,,_n1<+l-|7’ K mT T M

Comparing the maximum possible energy of photons pro-
duced in ordinary Compton scattering (n=1, x*=0) with
the energy calculated with inclusion of nonlinear effects
(x2#0), we see that photons of the first harmonic (n=1)
have lower maximum possible energy. However, the energy
of vy quanta emitted in the absorption of several photons
(n>1+x?) is greater than that available in ordinary Comp-
ton scattering. Making the replacement u—y/(1—y) in
(8.10) and (8.11), we obtain the distribution in the energy of
the hard y quanta y= w'/E (Ref. 86):
dw  e’m?n, > , ,
o= 8 2 (Fout M\ oGout AN Foy AN Goy),
(8.16)

1
Fop=—4J2+xY 1-y+ = _y)(1§_1+13+1—21,2,),

1 y (1=y,)
Gonzxz(—1+y+—l_y)(1—2; (l_y") 2, =72,
1 y (I=y,)

=y2[1-= - _n 2 n 2 g2
s x(l y+1—y)(] 2y, @y |Urm1Tann)
(8.17)

1
—1+y+ ﬁ) 2\ +J2 =200,

2nx y ( y) (l—yn)
in= Va,, a,=—|1—— .
NI Yn yal (1=y)?

G,,= —4yJ;‘:+x2
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Let us now turn to the more detailed analysis of the
influence of nonlinear effects on this process. We shall start
from the following initial conditions. We take a head-on col-
lision to be one in which the electrons have energy E=50
and 300 GeV, and w=1.17 eV (a neodymium laser). We
shall use the expansions (8.13)—(8.15) for numerical calcu-
lations of the energy spectra (1/W)dW/dy (where
W=3"mxW, is the total emission probability) and the de-
gree of circular polarization \ s of an emitted photon for x?
< 1. For x?=1 we shall use the exact expressions (8.16) and
(8.17). In this case ng,, is determined from the conditions
for the series (8.16) to converge.

The results of numerical calculations of the energy spec-
tra for various polarizations of the initial electrons (\.) and
laser photons (\) are shown by the graphs in Figs. 3a, 3b,
and 3c, constructed for x2=0.3, 1, and 3, respectively. We
see from these figures that the inclusion of nonlinear effects
leads to a significant difference between the calculated spec-
tra and the spectra of ordinary Compton scattering. First, the
simultaneous absorption of several photons from the wave
leads to broadening of the hard-vy spectrum and the appear-
ance of additional peaks corresponding to the emission of
higher-order harmonics. For a given electron energy this
broadening is larger, the larger the wave intensity. For ex-
ample, for E=50 GeV and x2=0.3 the spectrum is bounded
above by the value y=0.67, while for x>=1 it practically
vanishes at y=0.8, even though an insignificant fraction of
the photons can carry off up to 97% of the electron energy.
Second, the effective increase of the electron mass®
m2—>m3k =m?(1+x?) leads to compression of the spectra at
smaller values of y, because for each n the spectrum is
bounded above by the value y,=n«/(1+nk+x?) and not
by n«/(1+nk). The increase of the electron energy de-
creases the relative compression of the first harmonic (see
Fig. 3a). For relatively low intensity of the laser wave (x?
=0.3) the main contribution to the emission comes from
photons of the first harmonic, and the yield of photons from
higher harmonics is insignificant. At intermediate intensity
(x2=1) the broadening of the spectrum due to nonlinear
effects is accompanied by an increase of the probability, and
the yield of harder photons becomes important. Finally, at
high intensities (x?>=3, n,,,=100), as seen from Fig. 3c,
emission owing to nonlinear multiphoton absorption pro-
cesses becomes comparable to one-photon emission and
even begins to dominate (at E=50 GeV). Therefore, emis-
sion of the first harmonic dominates in the CBS spectra in
the field of a circularly polarized electromagnetic wave at
x2=0.3, while at x>=3 the emission is mainly due to higher
harmonics, i.e., the emission of a hard photon by an electron
essentially becomes nonlinear.%

To study the polarization effects at each value of the
energy E, we constructed the energy spectra for the follow-
ing polarization states of the electron and laser photon:

1-A,=0, A=1; 2-oA,=1,

A=—1; 3-A,=1, A=l

These correspond to lines 1, 2, and 3, respectively, in Fig. 3.
Everything said above about the behavior of the energy spec-
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—————cme s e

x FIG. 3. CBS spectra constructed for the following val-
ues of the intensity parameter x2: (a) 0.3; (b) 1; (c) 3.
The dashed lines correspond to ordinary Compton scat-
tering (x2=0). The lines 1, 2, and 3 correspond to the
following choice of helicities of the electron and laser
photon: (1) A\,=0, A=1; (2) A\,=1, A=—1; (3) A,
=1, A=1

0.0 0.2 04
y = o'/E

E =300 GeV

2
3 '
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y=w'/E

tra pertained to these three lines. Regarding their relative
location, from Fig. 3 we see that the most intense spectra
correspond to the case where the electron and laser photon
spins are parallel (AN,= —1), while the least intense ones
correspond to antiparallel spins (AN,=1), as in the case of
ordinary Compton scattering (see Ref. 89).

We also note that the difference between the spectra
constructed for the three polarization cases considered is
very large at small values of the intensity parameter (x?
=0.3), but insignificant at x>=3 (E=50 GeV). It again
arises only in connection with increasing electron energy
(see Fig. 3c for E=300 GeV).

Let us consider the energy dependence of the degree of
circular polarization of a hard vy ray, shown by the graphs in
Figs. 4 and 5. For this we first note that the above-mentioned
kinematical features of the behavior of the amplitudes M (,_ff; s
in (8.7) and (8.8) has a spin origin.®® In fact, the equation
u=u, corresponds to photon emission in the direction of
motion of the initial electron beam. In the case of absorption
of n photons (n>1) from the wave and exact backward
scattering of the hard photon, the total helicity of the
e+nvy, and e+ 7y systems before and after the interaction is
not conserved. It is this which causes all the amplitudes
M s(u=u,) for n>1 and also MY§N(u=u,) to vanish.
The requirement of helicity conservation also leads to A,

0.6 0.8 1.0

=—N\ for ordinary Compton scattering at the edge of the
spectrum 3¢

As can be seen from Figs. 4 and 5, the inclusion of
nonlinear effects (x2#0) decreases the degree of circular
polarization at the first peak. The contribution of higher har-
monics leads to the appearance of additional peaks, and at
the edge of the spectrum (for n=n,,,,) we have \;=—N\, as
in the case of ordinary scattering. However, it should be
noted that the yield of these photons is insignificant, since
the spectra are practically broken off at y<< Vg The situa-

tion regarding A\, = — 1 is the most favorable in this respect,
as there is a large range of hard 7y energies in which the
degree of circular polarization |\ is very close to unity.

9. e* e™-PAIR PRODUCTION BY A HARD PHOTON IN
A COLLISION WITH PHOTONS OF A LASER
WAVE

In Ref. 84 it was shown that a hard photon obtained in
the reaction (8.1) can create e*e™ pairs in a collision with
photons of the same laser beam. The threshold for this reac-
tion (8.2) at s=1 is very high. The lowest energy of the
Compton photon (s=1) in the process (8.2) for a neody-
mium laser with wy=1.17 eV is w=m?% wy=223 GeV. In
fact, e” e~ pairs will be created in large numbers and at
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FIG. 4. Energy dependence of the degree of circular

polarization of high-energy photons, calculated at

x2=0.3 for the following polarization states of the
colliding particles: (a) A,=0, A=1; (b) A,=1, A
=—1; (¢) A\,=1, A=1. The dashed lines corre-
spond to ordinary Compton scattering.

FIG. 5. Energy dependence of the degree of circular polar-
ization of high-energy photons calculated at x2=1 for the
following polarization states of the colliding particles: (a)
A.=0, A=1; ® A,=1, A=—1; (¢) \,=1, A=1. The
solid lines correspond to electron energy E =50 GeV, and
the dashed lines to E=300 GeV.
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TABLE I. Threshold values of the electron energy in the accelerator beam
E, (in GeV) for e* ¢~ -pair production at various n and s in the case of a
neodymium laser.

s i 2 3 4 5 6
E, 269 153 12 90 77 68
E,, 248 135 96 76 64 56

significantly lower energies owing to collisions of the hard
photon 7y with several laser photons 7, simultaneously.?* Ob-
servation of the process (8.2) is particularly interesting for
verifying QED in a new parameter region. At the same time,
it is an important source of background for ye and yy col-
lisions, and a possible method of dealing with it is described
in Ref. 84.

Like (8.1), the reaction (8.2) is an interaction of elec-
trons and photons with the field of an electromagnetic wave
which is nonlinear in the field strength. It is easily checked
that the inclusion of the influence of the nonlinear effects in
(8.1) on the process (8.2) also leads to a significant lowering
of the e e~ -pair production threshold and to an increase in
the number of pairs.”®

The maximum energy of a Compton photon 7 resulting
from the absorption from the wave of n laser photons of
energy w, by an electron of energy E is

nK 4woE 0.1
w"_1+nK S m? - ©.1)

The threshold value of the y energy for the process (8.2) is
given by
(k+ sky)?=4m?, (9.2)
where k and k, are the 4-momenta of the photons y and 7.
The corresponding threshold values of the energy of the
electrons in the accelerator beam E,,; for e*e ™ -pair produc-
tion owing to absorption of n photons from the wave and

collisions with s laser photons are determined from (9.1) and
(9.2):

2

Epy=ne— (1+(1+s5/n)"?).
ns 2(1)0S

(9.3)
For n=1 we obtain Eq. (7) of Ref. 84. Using (9.3), we can
calculate the values of E|; and E,; for wy=1.17 ¢V and
1=<s5=<6. The results (in GeV) are given in Table I.

These results clearly show that the broadening of the
hard-vy spectrum due to nonlinear effects also leads to low-
ering of the e* e~ -pair production threshold.

The matrix elements M (,_iL =M gj};' and the differen-
tial probability for the process (8.2) in the field of a circu-
larly polarized electromagnetic wave are given by*

e2m? 343 4
m d’qd’q
dW“")=— Mﬂf)"" 26%(skoy+ —_—
T ML ko k—a=q") — =
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MO =(—xyf| —nr xms
P punnid -+ —— (ukn|

* s

~)\’p.s\/u(—u—T)kn§)Js_w’,
ME), ==\'(=\)(nn, +>\'u)[ Voo + )72,

(UU’_I)/2 in_)\)\IJ,
where
’ mius Z
nny;=— ————
ol mu\2(vv’'—1) sx

n’ 2mius
ny=———o——,
0 msy2(vv'+1)

2m2u sV(u —l)/u
msy2(vv'—1)

/u— /vv +1
nln' vv' -1’

kny=—¢

k m*us Z ; ug(u—1)
ny=- -, e=si n\/
! sm3u(vv’)2—1 * & u(u,—1)’
B (kkg)? s skkg
T 4kogkog” sy 2m2

B \/1+x2 Us Us
x2m2 x2m2
=p+ k T

q2=(q')2=mi=m2(l+x2),

skotk=q+q', vv'—1=2(u;—1+x*(u,—u)).

Here ky, N and k, A’ are the 4-momenta and helicities of the
laser and hard photons, u is the projection of the positron
spin on the axis (1.9), ¢ and g’ are the positron and electron
quasimomenta, s, is the threshold value for the number of
absorbed photons J=J(2) is the Bessel function of argu-
ment z, and x? is the wave intensity parameter (8.3).

The total probability for pair production by a photon in
the process (8.2) per unit volume and unit time is given by*

2 o0
am
w=—— 23

$>s0

g
fl (F03+)\)\’F2s+:u')‘G0x

du
u\/u(u—l)’

Fo,=024+x*2u—1) (=T34 (2 +J%,)12),

TrN'Gyy) 9.5)

Fo=x*(2u—1)2ulu,—1)(J2_ = J%, )12,
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FIG. 6. Dependence of the number of ¢* ¢~ pairs created by a
hard Compton photon on the electron beam energy for various
energies of the laser flash A and particle polarizations. The
lines 1, 2, and 3 correspond to the following choice of helicities
\ and A, of the initial particles in the reaction (8.1): (1) A,

120 150 180 210

n=-1

=0, (2) AN,=—1, (3) AX,=1. The solid lines correspond to

n=2, and the dashed lines to n=1 in (8.1). Figure (a) corre-
E,GeV | spondsto positron spin projection u=—1, and (b) to u=1.
180 210

Goy= s p-x"ulug(u,—1)(J2_ =J%, ),
Gos=Ys ¢y {u 2+ xud2+u(u—1)(J7 +J7 )]},

where .= 1/y/(vv’' £1)/2.

The total number of e " e~ pairs N,+,- created by a hard
photon is obtained by summing over the energy spectrum of
the Compton photons:3*

@p 1 do
WY (w,wq,x) <

0 oo(E) do 1

r
Ng+.-=N, 2 2
50
where N, is the total number of hard photons, o(E) and
do./dw are the total and differential cross sections for CBS,
W (w,wq,x) is the probability for pair production by a
hard photon per unit time in the process (8.2), and 7
is the duration of the laser flash. The results of numerical
calculations of log(N,+.,-/N,) as a function of the beam
electron energy E for various energies of the laser flash A,
wave polarizations \, helicity of the initial electron beam A,
and spin projection u on the C5 axis (1.9) for positrons are
shown by the graphs in Fig. 6 (Ref. 90). The lines 1, 2, and
3 correspond to the following choice of helicities: (1) A\,
=0; (2) AN\,=—1; and (3) A\,=1. The solid lines corre-
spond to n=2, and the dashed lines to n=1 in the process
(8.1). It follows from Fig. 6 that nonlinear effects in CBS
lead to a significant increase in the number of e*e™ pairs

created by a hard photon at current accelerator energies.

CONCLUSION

The goal of the present review was to explain what the
DSB is, what new contributions it makes to the description
of particle spin properties and also to the development of the
covariant method of calculating matrix elements in the
Bogush—Fedorov approach, and how this method is related
to others like that of the CALCUL group.

We have seen that the DSB plays a key role among all
the other methods in that in it the Lorentz little group com-
mon to particles with 4-momenta p, (before the interaction)
and p; (after the interaction) is realized. The DSB allows the
description of the spin states of systems consisting of two
particles (even when they have different masses) by means
of the spin projections on a single common direction. The
coincidence of the Lorentz little groups causes the particles

before and after the interaction to have a common set of spin
operators which commute with each other, and this allows
the covariant separation of the interactions with and without
change of the spin states of the particles involved in the
reaction, so that the dynamics of the spin interaction can be
traced. Thanks to the coincidence of the spin operators and
also the fact that Wigner rotations are singled out, the math-
ematical structure of the diagonal amplitudes is maximally
simplified.

To calculate matrix elements in the covariant Bogush—
Fedorov approach, it is necessary to know the projection
operators of the particle states, the operator for the transition
from the initial to the final state (and its inverse), and also the
raising and lowering spin operators in the case of transitions
with spin flip. In this review we have developed this covari-
ant approach by using the DSB. We have constructed the
operators u%(p | )u *3(p5) used to calculate the diagonal am-
plitudes in the case of transitions without and with spin flip.
They are valid in both the massive and the massless cases.
We have obtained three equivalent representations for them
which have a compact form. We have also studied the tran-
sition to the massless case, in which the DSB coincides up to
a sign with the helicity basis.

In the CALCUL method the fermion must be massless.
The key feature of that method is the very convenient choice
of photon polarization vectors, in which the momenta of the
fermions from which the photons are emitted are used. This
ensures gauge invariance and simplifies the structure of the
amplitudes, so that they can ultimately be calculated. In the
CALCUL method the mass can be taken into account only in
the ultrarelativistic case and only in the form of awkward
mass corrections. As a rule, generalizations of this method to
the massive case require the introduction of auxiliary vectors
unrelated to the kinematics of the problem, which are there-
fore inconvenient to work with. Nevertheless, this method
contains the attractive idea of constructing the photon polar-
ization vectors in terms of the 4-momenta of the particles
participating in the reaction. This allows a decrease in the
number of independent scalar products in the final expres-
sions for the amplitudes and thereby simplifies the calcula-
tions. Therefore, giving up on the generality of the treatment
makes the solution of the problem more efficient. This is
even more true with regard to the method developed for cal-
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culating diagonal amplitudes, because the construction of the
mathematical formalism for them involves only the 4-
momenta of the particles participating in the reaction. In the
DSB this is sufficient, thanks to the use of the ideas of the
covariant Bogush—Fedorov approach.

Let us briefly list the main results of our calculations of
several specific QED processes using the method developed
for calculating matrix elements in the DSB.

We have shown that in the ultrarelativistic (massless)
limit, the differential cross sections for Mdller and Bhabha
bremsstrahlung (e*e~—e™ ¢~ y) in the case where not only
the initial e* and e, but also the photon are helically po-
larized can be represented as the product of two factors, one
of which is universal and coincides with that obtained earlier
by the CALCUL group when polarization is absent.

The helicity amplitudes of the three-photon annihilation
of a free pair et e~ — 3y have been calculated along with the
orthopositronium annihilation amplitudes corresponding to
total spin projections 0, = 1. The differential cross sections
taking into account the polarizations of the various particles
were obtained. The annihilation probability was calculated in
the case where one v is linearly polarized and the other two
are unpolarized. The expression obtained for the degree of
photon linear polarization coincides with the results of other
authors.

A compact expression was obtained for the differential
cross section of the Bethe—Heitler emission of a linearly po-
larized photon by an electron, taking into account the proton
recoil and form factors, thanks to the factorization of the
squared electric and magnetic form factors of the proton. In
the limit where the proton is a point particle of infinite mass,
this expression becomes the usual one.

We have studied the reaction ep—epy, taking into ac-
count the proton polarizability in the kinematics correspond-
ing to electron scattering at small angles and photon scatter-
ing at fairly large angles, where proton bremsstrahlung
dominates. The results of the numerical calculations per-
formed in the rest frame of the initial proton at electron beam
energy E,=200 MeV in the chosen kinematics show that the
conditions needed to isolate the subprocess yp— yp from
the reaction ep—epy are satisfied, because the relative con-
tribution of the Bethe—Heitler and interference terms to the
reaction cross section is less than 10%, and the cross section
for the reaction ep—epy is quite sensitive to the proton
polarizability.

A covariant expression has been constructed for the lep-
ton tensor in which the contribution of states with transverse
and longitudinal polarization of the virtual photon is isolated.
It has been shown that inclusion of the lepton mass tends to
increase the degree of linear polarization of the virtual pho-
ton.

We have studied nonlinear effects in the Compton back-
scattering of photons by an intense circularly polarized laser
wave focused on a beam of longitudinally polarized ul-
trarelativistic electrons (e+ny,—e+vy). We have found
that at high intensities the emission of a hard photon is es-
sentially nonlinear, and the effect of the polarizations is
markedly diminished.

We have shown that the broadening of the spectrum in
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Compton back-scattering owing to nonlinear effects tends to
lower the e* e~ -pair production threshold and increase the
number of pairs in collisions of a hard Compton photon with
several laser photons simultaneously (y+ny,—e* +e™).

Thus, the absence of difficulties associated with inclu-
sion of mass and calculation of amplitudes with spin flip, and
also the elegance of the results obtained, demonstrate the
clear superiority of this method of calculating matrix ele-
ments.
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The indices have been chosen in accordance with future application of the
results to the reaction 1+2—3+4.

The geometrical image of the difference of two vectors is the diagonal of
a parallelogram, hence the name ‘‘diagonal spin basis’’ given by Fedorov.
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