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We investigate how different magnetization distributions interact with an external electromagnetic
field. Strong selectivity to the time dependence of the external electromagnetic field arises

for particular magnetizations and suggests that it can be used for practical applications. We review
the properties of the known charge—current radiationless configurations. The radiation field

of toroidal-like time-dependent current configurations is investigated. Infinitesimal time-dependent
configurations are found outside which the electromagnetic field strengths disappear but the
potentials survive. For a number of time dependences, their finite radiationless counterparts can be
found. In these cases topologically nontrivial (unremovable by a gauge transformation)
electromagnetic potentials exist outside the sources. The well-defined rule obtained for
constructing time-dependent infinitesimal sources suggests the existence of finite nontrivial
radiationless sources with a rather arbitrary time dependence. The latter can be used to

carry out time-dependent Aharonov—Bohm-like experiments. Examples are given of nonstatic
current configurations generating the static electric field and adequately described by the

electric vector potential rather than by the scalar one. © 1998 American Institute of Physics.
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1. INTRODUCTION

It should probably first be explained what is meant by
the words ‘‘remarkable charge—current configurations’’ in
the title of this paper: charge—current distributions with un-
usual (paradoxical) properties. For example, it is well known
that a point charge radiates electromagnetic energy when it
moves with acceleration. However, there are known specific
finite-extension configurations of charges which do not radi-
ate when they exhibit acceleration.'™®

Further, everybody knows that time-dependent currents
emit electromagnetic energy into the surrounding space.
However, there are known time-dependent current configu-
rations which do not radiate electromagnetic energy.®*~'2 Up
to now, only those nonradiating time-dependent configura-
tions of charges and currents were known for which the elec-
tromagnetic field (EMF) strengths E, H as well as the elec-
tromagnetic potentials A, ® have disappeared outside the
finite space region S. It turns out that finite time-dependent
configurations of charges and currents exist outside which
the electromagnetic field strengths E, H vanish but nontrivial
electromagnetic potentials A, ® differ from zero."> By the
term ‘‘nontrivial’’ we mean that the physical situation is de-
scribed adequately by electromagnetic potentials rather than
by electromagnetic field strengths.

Further, it is known that electric and magnetic dipoles
interact with the electric and magnetic field, respectively.
However, there are known finite configurations of magnetic
(electric) dipoles whose interaction with an external EMF is
proportional to a time derivative (of definite order) of the
electric (magnetic) field.'*"

It is the goal of the present considerations to study the
properties of these remarkable charge—current configura-
tions.
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The plan of our exposition is as follows.

In Sec. 2 we study how different configurations of elec-
tric and magnetic dipoles interact with the external EMF. It
turns out that the selectivity of the interaction to the time
dependence of an external EMF can be used for storage and
coding of information.

In the same section the classification of current sources
according to their interaction with the external field is given.

Consider a metallic ring enclosing a cylindrical solenoid.
When the metallic ring becomes superconducting, a super-
current arises on its surface. This in turn leads to the appear-
ance of a magnetic field in the surrounding space. These
quantities are evaluated in Sec. 3.

A review of known radiationless time-dependent sources
is given in Sec. 4. The exposition is illustrated by concrete
examples of accelerated nonradiating charge distributions.

In Sec. 5 we construct a toroidal charge—current con-
figuration having the property that the time-dependent mag-
netic field differs from zero only inside the impenetrable
torus, while the time-dependent magnetic vector potential
(VP) and time-independent electric scalar potential differ
from zero everywhere. In the accessible region (i.e., outside
the impenetrable torus) the static electric field differs from
zero inside the torus hole. Although charged particles may
scatter on this electric field, the latter contributes only to the
static background. It is just the time variation of the magnetic
flux confined to the excluded region that leads to the time
dependence of the interference picture. This may be viewed
as a new channel for information transfer and can be used to
obtain the time-dependent Aharonov—Bohm effect. A classi-
fication of more general radiationless sources is given in the
same section. Examples are given of current configurations
generating a static electric field adequately described by the
electric vector potential rather than by the scalar one.

© 1998 American Institute of Physics
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FIG. 1. Two magnetizations M and M’ corresponding to the same current
density j.

2. INTERACTION OF MAGNETIZATIONS WITH THE
EXTERNAL ELECTROMAGNETIC FIELD

The plan of our exposition is as follows. In Sec. 2.1, we
study how the choice of magnetization inside the sample
affects its interaction with the external EMF. A generaliza-
tion of the Ampere hypothesis is discussed in the same sec-
tion. The physical meaning of the scalar functions entering
into the Debye parametrization of the current density is clari-
fied in Sec. 2.2. It turns out that the selectivity of the inter-
action to the time dependence of an external EMF arises for
a specific choice of these functions. This can probably be
used for storage and coding of information. In the same sec-
tion, we give a classification of pointlike and extended cur-
rent sources according to their interactions with an external
EMF.

2.1. Magnetization, toroidization, and generalization
of the Ampere hypothesis

Consider a circular current in the Z=0 plane (the upper
part of Fig. 1):

1
j=nd8p—d)5z)=7 n¢16(p—d)6( o— ;) @.1)

Since div j=0, the equivalent magnetization can be used in-
stead of j (see, e.g., Ref. 20):

j=curl M, (2.2)

M=1In,6(z)®(d—p)=—1In, 3 O(d-r) 5( 0— g) i

div M#0 (2.3)

[O(x) is the step function]. This relation is a mathematical
expression of the Ampere hypothesis, according to which a
closed circular current is equivalent to a magnetized sheet.
The magnetic field can be evaluated from either (2.1) or
(2.3). For example, the magnetic vector potential is given by

1 1
A=;J' F_—rlnqﬁ(p —d)é(z')dv

1 r-r’
=—ZJ- mXM(I‘ )dV'. 2.4
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FIG. 2. The poloidal current j flowing on the torus surface is equivalent to
the magnetization M, which in tum is equivalent to the toroidization T.

For infinitely small d, the current j in Eq. (2.1) is not well
defined (the vector n loses its meaning at the origin). On the
other hand, the magnetization M in Eq. (2.3) is still well
defined. In the limit d—0, Eqgs. (2.1)-(2.3) mean that the
circular current of an infinitely small radius is equivalent to a
magnetic dipole.

A more complicated case is a poloidal current flowing
on the surface of a torus (p—d)?+z2=R? (see Fig. 2). As
far as we know, the term *‘poloidal’’ is due to Elsasser.”' To
parametrize j, it is convenient to introduce the coordinates
R, ¥ (see Fig. 3):

x=(d+§ cos ¥)cos ¢, y=(d+§ cos ¥)sin ¢,
z=R sin V.
In these coordinates,
d(R—R j
e T @3)
Here ny, is the unit vector tangent to the surface of the torus:
ng=n, cos ¥—n, sin V.

It lies in the plane ¢ = const and defines the direction of j.
The factor R%d in the denominator of j is introduced for
convenience and may be absorbed into j,. The constant jg
may be expressed in terms of either the magnetic flux @
penetrating the solenoid or the number of coils N and the
current / in each of them:

R%dcd NIR?d

TS d— Vi -R?) 27

FIG. 3. Geometrical depiction of the E, ¥ coordinates used in the text.
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Since div j=0, the current j may be expressed in terms of the
magnetization: j=curl M. It turns out that M is enclosed
inside the torus T and has only a ¢ component:
O(R-R) jo

M=-ny —=—— .
d+R cos V¥ R*d

(2.6)

Since div M=0, it can be represented as M=curl T, div
T#0, where T is given by

T=n,j,T/Rd. (2.7)

Here

- VRZ=7?

n——
d+ \/Rz—zi

inside the hole of the torus (0<p<d—R>—z%,—R<z
=R),

(2.8)

p
d+ \/Ri—zi
inside the torus itself (d— v 2—z2<psd+\/R2—— Z,

—R=<2z=<R), and T=0 in other space regions. By analogy
with the magnetization M, the distribution T may be called
the toroidization (as far as we know, this term has been in-
troduced by Miller.?). It follows from Eqs. (2.5)—(2.9) that

j=(curl)?T, div T#0, (2.10)

T=In (2.9)

while the vector potential is given by
A=y +1Vf LGy Ty, @11
= c (l‘) P |r—'_r—,l 1v (l‘) . ( .

The magnetic field strength differs from zero only inside the
torus:
47 jo 1

T
Physically, Egs. (2.5)—(2.11) mean that the poloidal current
J given by Eq. (2.5) is equivalent (i.e., produces the same
magnetic field) to the toroidal tube with the magnetization M
defined by (2.6) and to the toroidization T given by (2.7).
This is illustrated in Fig. 2.

We consider now the case when the torus dimensions d,
R tend to zero. Since R is always less than d, we let R tend to
zero first and d later. In the limit R—0 the current j (see Fig.
2) becomes ill-defined. On the other hand, M and T remain
well-defined:

a
M- =1y — jodp~d)é(z) (div M=0),

T
T——n, 73 jo®(d=p)5(z) (div T#0) for R—0.
(2.12)

After taking the limit R—0 we let d go to zero. Now it is the
turn of the magnetization M to be ill-defined, but the vector
T is still well-defined:

T— —ngj,m?8*(r) (div T#0) for d—0 (2.13)
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FIG. 4. The family of toroidal solenoids, each turn of which is again a
toroidal solenoid (only particular turns are shown).

[8*(r)=8(p)8(z)/2mp]. The VP corresponding to this tor-
oidization is given by'>?

32y x2 3m%jy vz
Amm— o AT
2. 2 2 3
T jo r°—3z 8w’
A=————— — 5 jod(r) (2.14)

We consider now a sequence of toroidal solenoids, each
turn of which is again a toroidal solenoid. The simplest con-
figuration is obtained if we take the usual toroidal solenoid
(upper part of Fig. 2) and install a new toroidal solenoid into
each of its turns. As a result, we arrive at the current con-
figuration shown in Fig. 4. For this case,

47
j~(curl)3T(r), div T#0, A~ — curl T(r).
(2.15)

We see that for this current both the vector potential and the
magnetic field differ from zero only in those space regions
where T+#0. When the space region in which T#0 shrinks
to a point, the vector potential and the magnetic field differ
from zero only at that point.'®!

2.1.1. Currents, magnetic dipoles, and monopoles

We rewrite Eq. (2.14) in a condensed form:

A 1(3 8 5
=3 rjr(mr)—m +—3 méo°(r),
2.
™ Jjo
m,'= - 6iz _C— (2.16)

This equation is an analog of a well-known expression>* for
the magnetic field created by a magnetic dipole m:

13 8w
B= . [72— r(mr)—m] + — mé&3(r). (2.17)

3

Sometimes, in the physics literature another representation of
B is used:?

47

B=r—3 %r(mr)—m] 3 mé>(r). (2.18)

This difference occurs for the following reason.? If we iden-
tify the magnetic dipole with an electric current flowing in an
infinitely small circular current loop, the VP is given by
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FIG. 5. The magnetic fields of the semi-infinite solenoid and the magnetized
filament coincide with the field of a magnetic monopole everywhere except
at the position of the solenoid or filament.

1 1 .
A=C?(me><r), me=§f(rx.])dV. (2.19)

Applying to A the curl operator and using the identity (see,
e.g., Ref. 26)

X; 1 B 3x,-)c
IR L

a

_ 3
ax, 6 j0°(r),

(2.20)

we get (2.17). On the other hand, if we suggest that magnetic
dipoles consist of magnetic monopoles,

m,,= f pmrdV, f PmdV=0, (2.21)
then the magnetic induction is obtained from the scalar mag-
netic potential:

B=-V®,, &,=—%. (2.22)
Again, using the differentiation rule (2.20), we arrive at
(2.18). This means that the different coefficients of the 6°(r)
terms in (2.17) and (2.18) are due to different definitions of
magnetic dipoles.

The expression (2.17) leads to the so-called hyperfine
contact interaction derived by Fermi. It was observed experi-
mentally by measuring the splitting of hydrogen atomic s
levels. Above, we have used the fact that B=H in the ab-
sence of a medium.

Consider a semi-infinite cylindrical solenoid of radius R
formed either by circular currents or magnetic current di-
poles (Fig. 5). The magnetic VP of a particular current j
lying in the z=z, plane is given

1 d¢'
= — — Ny R
¢l r=r|™
where ng=n, cos ¢—n, sin ¢ is the vector defining the cur-

rent direction. The only nonvanishing component of the VP
is

2j p2+R*+(z—2p)>
Aglp.2)= (
¢(P c\/;)_R Qin 2pR
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Here Q,(x) is the Legendre function of the second kind.
Using its asymptotic behavior

0, (x)= VAl (v+1)/2"*'T(v+3/2)x"* !,

X—00,

one obtains, for infinitely small radius R (or large distances),

wRjp

A=Agng, Ag~—=, F=[C+y’+(z

—-z0)21Y2,  div A=0. (2.23)

The nonvanishing components of the magnetic field strength
are

wRj & 1 _mRj & 1
T oxaz T T e dydz r’

7Rj 1 .
H"_T 72 —+4176(x)6(y)5(z zo)|, div H=0.

(2.24)

The magnetic field of the semi-infinite solenoid is obtained
by integrating H from zo= —% to zo=0. This results in

mRj
H=—— 2

—§+4'rrn 8(x)6(y)O(— z)} div H=0.
(2.25)

Thus, an infinitely thin semi-infinite magnetized filament
generates the field of a magnetic monopole everywhere ex-
cept at the position of the filament itself. The equalities

div B=0, ff

guarantee the absence of free magnetic charges. Owing to the
presence of the &function term in (2.25), the monopoles are
not true ones.

Earlier, these results were obtained in a qualitative man-
ner in Ref. 22.

B,dS=0

2.1.2. Interaction with the external electromagnetic
field

Now we explain how the current distributions just ob-
tained interact with an external electromagnetic field
(Eext»Hexy) . In the absence of a medium E,,, and H,,, satisfy
the Maxwell equations

div B,,,=0, div Doy =47 pex,

1 4B,
curl E,,,=— = atm

’

1 0Dy, 47
3tx e dexs

curl H,,,=— D=E, B=H.

Let j be of the form
j~(cur)"T(r), div T#0, (2.26)

where T is either confined to a finite region of space or
decreases sufficiently fast at infinity. Then the interaction
energy of this configuration with an external electromagnetic
field is given by
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1
U=-— E f jAextN f T(curl)"_ lHex!dV' (2'27)

The final answer is different for even and odd n. If n=2k
+ 1, then

1 g 2k
U~(—1)* f T(ZE) H,dV. (2.28)
For n=2k+2 we have
2k+1
U~(—1)k j T(;—a—;) E.dV. (2.29)

For distances large compared with the dimensions of the
particular current configuration, the interaction energy has
the form

and U~tHZY

ext 2

U~ tR2k+1)

ext

(2.30)

where the superscripts denote the corresponding time deriva-
tives and t= [ T(r)dV is a vector depending on the geometri-
cal dimensions of the treated current, magnetized, or tor-
oidized configuration. The explicit form of t for a particular
toroidal current configuration may be found in Ref. 27. In
particular, for the toroidization given by (2.12), t=
—27? Jon; .

The current configuration corresponding to k=0 in
(2.29) (poloidal current on the torus surface) was considered
by Zeldovich,14 who referred to it as an anapole. In the mod-
ern physics literature, anapoles are associated with radiation-
less charge—current sources (see, e.g., Refs. 15, 28, and 29),
while the charge—current configurations corresponding to
Egs. (2.15) and (2.16) are referred to as toroidal moments
(Refs. 4, 30, and 31). The next terms [k=1 in Egs. (2.28)
and (2.29)] in the development of the interaction energy
were written out in Ref. 19. The general form of the interac-
tions (2.28) and (2.29) was given in Ref. 18.

Thus, we obtain a sequence of current configurations (or
magnetizations corresponding to them) which interact with
the time-dependent magnetic or electric field. For example,
the usual current loop interacts with an external magnetic
field in the same way as the magnetic dipole orthogonal to it.
The poloidal current shown in the upper part of Fig. 2, the
magnetized ring in its middle part, and the toroidal distribu-
tion in its lower part all interact with the first derivative of
the electric field.

We turn now to Fig. 4. The current distribution J shown
in it is obtained if, instead of each turn of the TS shown in
the upper part of Fig. 2, we insert a new TS. The current
configuration j, div j=0, of Fig. 4, the magnetization T,
div T, =0, distributed over the surface of the torus (in the
same way as the current j in Fig. 2), the toroidization T,,
div T, =0, confined to the interior of the torus (like the mag-
netization M shown in Fig. 2), and the toroidization T;,
div T;#0, all interact with the second derivative of the mag-
netic field. The words “‘interact with the time derivative...”’
mean that the interaction energy has the form (2.30), i.e., it is
proportional to the time derivative (of definite order) of the
electric or magnetic field.
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Obviously, the equivalence between the current distribu-
tions and magnetizations (toroidizations) established in this
section is a straightforward generalization of the original
Ampere hypothesis.

One may ask why Egs. (2.28)—(2.30) do not contain the
even time derivatives of the electric field and the odd deriva-
tives of the magnetic one. It turns out'>'%!%32 that the miss-
ing terms describe the interaction of closed configurations
composed of electric dipoles. To see this, consider electric
dipoles distributed inside the space region S with the vector
density d(r). Their interaction with an external EMF is given
by

U~f d(r)E(r)dV. (2.31)
Let d(r) be distributed over the surface of the torus in the
same way as the magnetization M shown in the middle part
of Fig. 2. As in the studied case, divd=0, the vector func-
tion can be represented in the form d=curl T, div T#0,
where T~n_T, and T is defined by Egs. (2.8) and (2.9) and
is shown at the bottom of Fig. 2. Substituting d into (2.31)
and integrating by parts, we obtain, for distances large com-
pared with the dimensions of the torus,

U~ aHext(rO) t

ot , (2.32)

where t= [TdV and r, is some point inside the torus.

Further, let the electric dipoles be distributed over the
torus surface like the current J in the upper part of Fig. 2.
Then

d=(curl)®T(r), div T#0, (2.33)

where T is the same as before [Egs. (2.8) and (2.9)]. Substi-
tuting this d into (2.18), one easily obtains
F*E (T
U~ ;f'z(") t. (2.34)
The continuation of this procedure shows that the interaction
of electric dipoles with the external EMF is indeed the miss-
ing link in Eqs. (2.28)—(2.30). In particular, the term
t(dH/ dt) describes the interaction of the closed electric di-
pole ring (see the middle part of Fig. 2, where the distribu-
tion M of magnetic dipoles should be replaced by a distribu-
tion of electric ones) with the time derivative of an external
magnetic field. Corresponding experiments were performed
by Tolstoy and Spartakov,'® and their interpretation was
given in Ref. 17.

2.2. Magnetizations and the Debye potential
representation

According to the Helmholtz—Neumann theorem (see,
e.g., Ref. 33) an arbitrary vector function and, in particular,
the current density can be represented as the sum of longitu-
dinal and transverse parts:

j=irth, curl =0, div j=0.
The terms j; and j, can be represented in the form

i=VY,, j=curl(r¥,)+(curl)}(r¥;).
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As a result, we obtain
=V, +curl(r¥,) + (curl)(r¥;). (2.35)

The functions ¥, ¥,, and ¥ are known as the Debye
potentials. They were introduced by Debye** in evaluating
the light pressure on a sphere of arbitrary material. Various
other authors (Thomson, Mie Whittaker, Bromwich, and
Sommerfeld) applied these potentials to electromagnetic
problems. Earlier, Lamb used the representation (2.35) in
studying fluid-mechanics and electromagnetic problems.>>=%’
Comparing (2.35) with (2.1) and (2.2), we obtain

1 T

The corresponding magnetization is given by

T
M’ =n,5(r—d)®(5 - 0). (2.37)
This magnetization covers the upper hemisphere of radius d
and is directed along its radius (see Fig. 1). It is certainly
different from the magnetization (2.3). The magnetizations
M and M’ are connected by the gradient transformation

M'=M+Vy, X=—®(d—z)®(; - 0),

i.e., the function y differs from zero inside the upper hemi-
sphere. This equation means that the magnetizations M and
M’, despite their different functional forms, lead to the same
observable effects. The reason for the appearance of different
magnetizations is that the equation curl M=]J does not fix M
uniquely. We note that the magnetic field strength H satisfies
almost the same equation curl H=J but with the auxiliary
condition div H=0. These two equations are sufficient for
fixing H. In general, the condition div M=0 is not imposed
on M. It turns out that the requirement for M to disappear in
the nearest vicinity of J does not fix M unambiguously. On
the other hand, if both curl M= j and div M are known, then
(see, e.g., Ref. 33)

dv’ div M(r')
47M= curlf curl M(r') ——7 — W

[r—r|
(2.38)

Obviously, curl M and div M define M up to a constant vec-
tor, which is chosen to be zero in Eq. (2.38).

2.2.1. On the inversion of the Debye parametrization

An interesting question is the inversion of the Debye
parametrization (2.35), i.e., the expression of ¥',, ¥,, and
W, in terms of the current density j. Rearranging the terms in
(2.35), we have

=V (eX V)W, + 1) (2.39)

This parametrization is used on the same footing as (2.35)
(see, e.g., Refs. 38 and 39). To find ¥; one applies to j the
div and curl operators:

dv,
o 2aTr !
(r-j)=r ar +rov,,

G. N. Afanasiev and V. M. Dubovik 371

d
r? div j=(rxV)2¥|+ 5, [ dl,

r-curl j=(rxV)2W¥,, r-curl curl j=—(rxV)>¥;.

As a result, the following equations are obtained for ¢ :
21— 02 div i d .
(rXV)*¥ =r"div j— 7 [r(r-j)],

(rX V)2 W =r-curl j, (rxV)*¥i=—r-curl curl j.
(2.40)
Consider the equation
(X V) W=7,

Its Green function

(2.41)

1 :
Gan')==2 oy YY" (), n=(6,¢),

I,m
=1,

satisfies the equation
(rxV)2G= L 5(0—0")(p— ') — —l—.
sin 6 4qr
Thus,

‘I'=f G(n,n')f(r')dQ)'. (2.42)
The functions ¥, are obtained if one substitutes the right-
hand sides of (2.40) instead of f. We still need the relations
between ¥; and ¥ . They are

AV;=V;, V¥,=—V), ¥ =¥ +(1+rV)¥].
(2.43)
These equations are easily solved:
1 1
Vy=-— pp j W ¥i(r')dv’,
1 1
T = yp= (1 +rV)f =] Vi(r')dV'. (2.44)

Equations similar to (2.42)—(2.44) were proved with differ-
ent degrees of rigor many times (see, e.g., Refs. 40-45).

2.2.2. Physical meaning of the ¥ functions

Now we are able to clarify the physical meaning of the
functions W; defining the current density j. For this purpose,
we consider the interaction of the pure current density j
(which corresponds to ¥ =0) with an external electromag-
netic field defined by the vector potential A, :

1
U=-- f jAexdV. (2.45)

Substituting here j, integrating by parts, and assuming that j

does not overlap with the space region S where J,,,#0, we
get

1
U=Ud+U,, Udz_zfl'H\II2dV,
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U,=—cl—2 f rEV,4v. (2.46)
Here H and E are the electromagnetic field strengths of the
external field. A dot above a letter denotes the time deriva-
tive. Let the dimensions of S be small compared with the
distance from the sources of the external field. Then external
fields varying rather slowly over S can be approximated by
their values taken at some point r, inside S:

1) 1
UP=~—H(0) | r¥av,

u=— % E(0) f r¥,dV. (2.47)
Here H(0)=H(ry) and E(0)=E(ry). It then follows that
= Jr¥,dV and p,= [TV ;dV are the magnetic dipole and
toroidal moments (as they interact with the external magnetic
field and with the time derivative of the external electric
field, respectively) The next terms in the development of U,
are

1 6H«(0)
U£12)=_; o Mik» Mik:fqg)‘l'zdv’
1
qz(l%)=(xixk_ 3 ‘Sikrz)’
2 2
yo_ L PHi0) 1 0"H(0) ,

4 2¢ oxox; Rijk ™ 10¢3 g2 M
u§2)=f rrW,dv,
#ijk=JqS;2‘P2dV,

1
qgk)= X,'ijk_g(ﬁijxk'i' 6,-kx]-+6jkx,-)r2 . (248)

Obviously, u;; and u;j; are the quadrupole and octupole
magnetic moments, respectively. Thus, the function ¥, de-
scribes a set of magnetic moments of different multipolari-
ties. Similarly, one obtains the next terms in the expansion of
U,:

1 9E;(0)
U§2)=_c_2'_0lx—k—tik’ tikzj a4 P¥,dv,
1 &E;0) 1 [4d)\3
___- =" | (2)
Ui 2¢% 9xox; fiik™ 10 | cor B0,

u§2) = f rrW¥,dv,

tin= f q RNV 3dV. (2.49)
This means that the function W5 describes the toroidal mo-
ments of higher multipolan'_ties.15 Their physical realization
via toroidal solenoids embedded into each other has been
given in Ref. 46.

Let ¥, be of the form

G. N. Afanasiev and V. M. Dubovik

V=AW (2.50)
Then
2
Uy=— 1 9HO) Py 2.5
=T 3 ¥, dv. (2.51)

It follows from this that such a current configuration interacts
neither with a stationary nor with a linearly growing (with
time) external magnetic field. It interacts with a magnetic
field with polynomial growth not slower than 2. Further, if
V¥, is represented in the form

P,=(A)"P"M, n=1,
then

(2.52)

2n
H(0) f rviav. (2.53)

Uy=—-|—
B c(c&t

Such a current distribution interacts with a magnetic field
with polynomial growth not slower than 2", If the external
magnetic field grows as * (where « is not integer), then the
interaction energy decreases as a function of time for
a<<2n and increases for a>2n.

Now we turn to the toroidal moments. Taking into ac-
count the Maxwell equations and the fact that at large dis-
tances j.,, does not overlap with S, we rewrite U, as

1 . 1.

Now let ¥ be of the form

Vy=(A)" M, n=1. (2.55)
Then
1 2n+1
= — | —_— (")
U=—~ (cat) E(O)j rv{Mav. (2.56)

This means that this current configuration interacts with a
polynomial electric field which grows not slower than 12"+ 1,

It then follows that a magnetized sample consisting of
magnetic dipoles, all of which are combined into ring-like
structures (thus realizing toroidal magnetic moments), does
not interact with a spatially uniform magnetic field Hy, (al-
though each of the magnetic dipoles does interact with Hy).
This sample interacts with curl Hy, (or, equivalently, with the
time derivative of the electric field). A magnetized sample,
all the magnetic moments of which are organized into toroi-
dal moments of higher multipolarities, interacts with higher
derivatives of the electric and magnetic fields. Thus, we ob-
tain a one-to-one correspondence between the hierarchy of
magnetic structures and the electromagnetic fields interacting
with them. This selectivity of the interaction can probably be
used for storage and coding of information. There have been
some first practical attempts in this direction (see, e.g., Ref.
47).

When representing ¥, or ¥, in the form (2.52) or
(2.55), we have implicitly assumed that ¥$ or ¥{" are
confined to a finite space region or that they decrease suffi-
ciently fast at large distances. This is required for the disap-
pearance of the surface integrals arising when the transition
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from (2.50) to (2.51), or from (2.55) to (2.56), is performed.
In fact, every function ¥ can be represented in the form

1
V=Af, where f=—ﬂ J r—r'|" ¥ (r")dV’,

but there is no guarantee that f decreases sufficiently fast
(which is needed for its physical meaning). As a result, Egs.
(2.51), (2.53), (2.54), and (2.56) are valid for very specific
current configurations.

We elucidate now what magnetic field corresponds to
the choice of functions in the form (2.50) and (2.55). A con-
venient parametrization of the VP corresponding to the sta-
tionary current density has been found in Ref. 45 [see Egs.
(2.10) and (2.14) therein]. Substituting the current parametri-
zation (2.35) into it, we get, outside the space region S to
which the current density is confined,

47 1
Az_c"2 21+1

r“"l(rXV)Y;"f rlY ™ w,dv

4 )
t V2

poi-tym f rlymwLdv.

(2.57)
The magnetic field H disappears if

f rly™* W ,dv=0. (2.58)
This relation is automatically satisfied if ¥, has the form
(2.52). The condition for the vector potential to vanish is
(2.58) and

J rlYymw,dv=0. (2.59)
Obviously, it is satisfied if W5 has the form (2.55). Thus, the
simultaneous fulfillment of Egs. (2.52) and (2.55) leads to
the disappearance of both the VP and the magnetic field out-
side the space region S to which the current configuration J
is confined.

The representation (2.57) of the VP, valid only outside S,
disappears for specific current distributions defined by Eqgs.
(2.52) and (2.55). This does not mean that the VP vanishes
everywhere. Inside S one should use either the general for-
mula

1 1
A= — JE——T !
e f Ir__l,:l i(r")av

(as was done in Sec. 3.1) or its expansion in vector spherical
harmonics. The latter certainly differs from (2.16) inside S. It
follows from this that no experiments performed outside S
(including Aharonov—Bohm-like experiments) can give in-
formation on the studied current distribution inside S.

Obviously, Egs. (2.53) and (2.56) generalize Egs. (2.28)
and (2.29) obtained earlier. In fact, Eqgs. (2.53) and (2.56)
contain two arbitrary functions ¥, and W3, while only one
function T enters into (2.28) and (2.29).

Inspection of Egs. (2.46)—(2.56) shows that there are
two degrees of freedom. The first of them is due to the ap-
pearance of definite multipoles in the expansions of E and H
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[see Egs. (2.47)—(2.49)]. Let ¥, (or ¥3) transform accord-
ing to a particular representation of the rotation group with a
fixed value I, (I3) of the angular momentum. Then only
terms with these angular momenta survive in the expansion
of U (or U,). In particular, for [,=1;=1 we have

1
- ﬁ(O)f £, dV — ~——s H(0)
10¢3 : 280¢3
Xf l'r4‘I’2dV_...,

1 . 1
Ull3=1)=~ — E(0) j r¥3dV— o7 E®)(0)

1
Xf rr2W,dV— 3308 E®)(0)

Xj. rr4‘I’3dV—... .
Let 12=l3:2. Then
0 (1=3)= 1 dH(0)
d(1=2)= ¢ axg Mik
1 9H,0)
423 Ixy Jq,(,%)rz\Pde,
1 9E«(0)
UI=2)== 75— I
1 0E™(0) ,
- Iz'zz T f qﬁk)rZ\I@dV.

The second degree of freedom is due to the fact that for a
given multipole it is possible to change the interaction with
an external electromagnetic field by choosing ¥, and ¥; in

the form (2.52) and (2.55), respectively.
Thus, we have a wonderful electromagnetic object with

a number of interesting properties. It does not act on a test
charge or on a magnetic needle. On the other hand, it inter-
acts with a time-dependent external electromagnetic field.
The difficult question of the equality of action and reaction is
beyond the scope of the present considerations. The question
arises of practical realizations of this object. One of them is
the family of toroidal solenoids considered in Sec. 2.1 (when
each turn of a solenoid is replaced by a toroidal solenoid).
The ambiguity in the magnetization implies that this realiza-
tion is not unique.

2.2.3. Transition to point-like sources

For a point-like current source carrying a magnetic mo-
ment of multipolarity /, and a toroidal moment of multipo-
larity /; we have'>!®

k)= g () AR(QUIV) 5%(r),

W= £(1)AB(QIV) 5(r). (2.60)
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Here f,(¢) and f5(t) are functions of the time only,
(@PV)=01), \ViV,,...V,,

Lyly ...y

(a summation over repeated indices is understood), and
V;=0/9x;. Further, Q'(fz'z--iz("k) is a traceless symmetric
form of order / in the unit vectors n;, i=1,...,3, deﬁning the
orlentatlon of the current configuration [e.g., Q =n;, szj)
8;j/3 (i=1,..,3), etc.]. Then the point-like analogs
of the interaction energies defined by (2.46) are given by

Ug=(= 12" fo(r)e™ 27 Hy(v, HEZRD),
U=(- 1)l3+1f3(t)6‘_2k3_113("1 E(2k3+ D),

Here v 1s a vector with Cartesian components (v;);
Q,(,I; i.Vip i- Superscripts on E and H denote time de-
rivatives. We shall write out a few particular terms.
The choices I,=1, k;=0 and I35=1, k3=0 correspond
to dipole magnetic and toroidal moments, respectively. Their
interaction with the external EMF is given by

UP=f,(nH)/c and U'"=f(nE)/c
The quadrupole magnetic and toroidal moments correspond
to l,=2, k,=0 and I3=2, k3=0, respectively. The interac-
tion energies are

UiO=- %fz(nV)(nH), U= —fs<nV>(ﬂE>

Further, for [,=1, k,=1 and I3=1, k3=1 one gets

1 . 1
U= fo(nH), U"==5 f3(nED).

Again, we see that the indices / and k describe different
degrees of freedom. The index ! defines the particular multi-
pole, while k& shows how much the magnetic distribution is
“‘toroidized.”’

2.2.4. Interaction of charge densities with an external
field

The reader may wonder why we have confined ourselves
to the consideration of pure current configurations imbedded
in the external electromagnetic field. The obvious generali-
zation including charge density is (see, e.g., Refs. 24 and 28)

1
= J' PPexdV — Z f JA,AV. (2.61)
We rewrite this equation as
U=U,+U,;+U,. (2.62)

Here U, and U, were defined earlier [see (2.46)], and
1
quj pd’extdv_ E fleexth- (263)

Here j; is the longitudinal part of j (jy=VW¥,, divj=—p).

Expanding U, , we get'®”!
L P¢e(0)
Uy=ebel 0+ (V) $on(0)+ 5 g 50—
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1. I(Aex)i(0)
. dA(0)— 2c ik ™

1
) mH,(0)+..., (2.64)
where d=[prdV, gq,;=[xxpdV, and p=(1/2c)f(r
X j1)dV are the electric dipole, electric quadrupole, and lon-
gitudinal magnetic dipole moments, respectively.

Suppose that the function ¥, entering into the Debye
parametrization (2.35) of j; (j;= VW) decreases sufficiently
fast outside the region S to which the current j is confined.
Then g, disappears. If, in addition, the external field is a pure
induction (i.e., it is generated by a pure current density), then

1
¢ext 0, A= J'R Jext(r t—R/c)dV’,

Eext= - Aext/cs
H. =curl A, R=[r—r'|.
It follows from this that

1. 1 0A;

Uq:_EdAext 2 ax q:k

(2.65)

On the other hand, for a charge configuration carrying an
electric dipole moment d and a quadrupole moment ¢, the
appearance of the interaction term

1 a(Eext)i

_dEext_ 5 W ik

(2.66)
is intuitively expected. But these terms are absent in (2.65).
According to Kobe and Yang (see, e.g., Ref. 49 and refer-
ences therein), this is due to the gauge noninvariance of the
interaction energy:

¢ext'_> ¢ext ¢ext ).(/C’ Aext—_)A

=ActVyx,

ext

It follows from this that the interaction energy is a gauge-
invariant quantity for a pure current density (p=0). There is
no ambiguity like the one mentioned above.

We note also that the transformed interaction energy dif-
fers from the original one by a total time derivative. This
means that both of them should lead to the same equations of
motion. In particular, after the insertion of (2.65) into the
Lagrangian and subsequent variation relative to d,- and q;;
we obtain the usual expression for the Lorentz force acting
on the dipole and quadrupole moments.

3. ON THE SUPERCURRENT ARISING IN A
SUPERCONDUCTING RING

Consider a closed circular metallic ring C encircling an

infinite cylindrical solenoid with a constant flux Dy in it

(Fig. 6). Suppose that initially there is no current in C. Let
the ring C be cooled. At some temperature T, its transition to
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D

FIG. 6. The cylindrical solenoid with magnetic flux ®, is encircled by the
metallic ring C. When C becomes superconducting, the supercurrent I
arises on its surface (although C is in the region where the electromagnetic
field strengths are zero).

the superconducting state occurs. The following two proper-
ties were observed experimentallyso_52 and explained
theoretica]ly:sg’"55

1) The magnetic field H vanishes inside C (it is therefore
assumed that the penetration depth is zero).

2) The total magnetic flux trapped by C is an integer (in
units of hc/2e).

The appearance of the supercurrent flowing on the sur-
face of C (despite its location in a field-free region where
E=H=0) for T<T, was predicted in Refs. 56 and 57. In-
deed, as the flux inside the cylindrical solenoid is not in
general an integer, the supercurrent in C arises, making the
total flux an integer.

This supercurrent was, in fact, observed in Tonomura’s
experiments (see Refs. 59 and 62, where this fact was clearly
stated). It is our aim to evaluate explicitly the distribution of
supercurrent on the surface of C and the resulting magnetic
field.

The density of the current J, flowing on the surface of
C and providing H=0 inside C was obtained in Ref. 58. Let
the surface of C be given by

(p—d)*+7>=R>
It is convenient to introduce toroidal coordinates

sinh u sin 6

P=4 osh p—cos 6’ &=

b=¢.

3.1)
For a given value of u the points p, z, ¢ [where p, z, ¢ are
defined in (3.1)] fill the surface of the torus with the param-
eters d=a coth u, R=a/sinh u (a= JAZ—R?) (see Fig. 7).
Let u= pq correspond to the surface of C. Then the surface
current providing the vanishing of H inside C is given by>®

a—————,
cosh uw—cos 6

Z

Js=5(,u—,u,o)j(0)n¢,
- d— T
I R
\ 0=n p:ﬁ);o
B=- >
NG
R=Hy

FIG. 7. Geometrical depiction of toroidal coordinates.
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Co (cosh pg—cos 8)°?
2v27la?

j(0)=- sinh g

cos nf
XE 1+ 0., [Pi—l/z(COSh 779)

This current gives the VP

cosh u—cos 6

sinh u

Ag=C
inside C (x> ) and

= V2 12
Ay=Cy - (cosh pw—cos 6)

xS cosnd 1 QL (cosh uo)
14 8,0 n*— 1/4 Prl;—l/z(COSh Ho)

x Prll— 12(cosh )

outside C (u<pug). In particular, on the circle z=0, p=d
—R (that is, for u=py, 6= ) we have

1+cosh ug

A6=Co ~Goh o

The integral
§ Agdl=2mCpa

taken along the same circle is equal to the flux ®; of the
magnetic field produced by the supercurrent J,. The total
magnetic flux trapped by the superconducting ring is the sum
of the flux @, in the cylindrical solenoid and the supercur-
rent flux @, :

hcn
27rC0a+(D0=$,

where n is the integer nearest to 2¢®,/hc. From this we
find C,:
hen

C0= _(q)o_‘ ?)/2’”0.

The corresponding magnetic field is given by
_ (cosh pu—cos 0)? 9 sinh A 4
ko a sinh u 00 ’

cosh u—cos 6

0=

(cosh w—cos 6)% 9 sinh pA 4

a sinh Jp \cosh p—cos 8)°
At large distances the VP and the field strengths fall off like
r~2 and r~3, respectively:

A 2a” 6
~ — Sin 0 - const.
¢ ar? s >

1 Qn—in(cosh ug)
1+ 8,0 Py—yya(cosh po)’
a? 2%
H, ~ 3 cos O;-const, H gy~ 3 sin ;- const.

const=C 02
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FIG. 8. The lines with arrows denote the poloidal current flowing on the
torus surface.

Here r and 6, are usual spherical coordinates.

It turns out that cooling of the ring C below the critical
temperature T, inevitably leads to the appearance of a mag-
netic field in the space surrounding C. Obviously, the appear-
ance of a supercurrent in C is a pure quantum effect, as the
ring C is located in a region where E=H=0. But for the
creation of a supercurrent in C, energy is needed. Where
does it come from? Theory says® that for 7> T, the elec-
trons in C are in chaotic motion and the average current is
zero. For T<T, the external vector potential correlates the
phases of the electron wave functions. As a result, a macro-
scopic flow of electrons arises in C.

It would be interesting to observe this supercurrent ex-
perimentally. This is not an easy task, as the quantity @,
—hcn/2e entering into the definition of the vector potential
and field strengths is rather small (it is of order hc/2e).

Theoretically, in Tonomura experiments the reason for
the quantization of the total magnetic flux penetrated by the
toroidal solenoid is the appearance (for T<T,) of the poloi-
dal supercurrent on the torus surface. But the poloidal super-
current (Fig. 8) produces no magnetic field outside the toroi-
dal solenoid. Thus, the magnetic flux quantization observed
in Tonomura experiments is only indirect evidence for the
supercurrent. On the other hand, the supercurrent arising in a
circular turn embracing either cylindrical or toroidal sole-
noids may be observed by the detection of the magnetic field
created by this supercurrent. There have been many experi-
ments in which the dependence of the physical parameters
(e.g., resistivity) of a multi-connected sample embracing the
magnetic flux (but lying outside the region where H=0) was
studied as a function of the magnetic flux (see, e.g., Ref. 60).
As in Tonomura experiments, the supercurrent is not mea-
sured directly, but its existence is needed for the explanation
of the experimental data.

4. RADIATIONLESS TIME-DEPENDENT
CHARGE-CURRENT SOURCES

It is usually believed that a charged body radiates when
it accelerates. We shall demonstrate now that this intuition is
not always correct. We follow closely Ref. 5.

First, we clarify under what conditions the accelerated
configuration of charge p(r,#) and current j(r,t) densities
does not radiate. The corresponding VP is given by
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A_lfllllal Rdldl
= R_](l',t) t—t+; v'dt'.

Here R=|r—r’'|. Obviously, only terms of order not higher
than r~' contribute to the radiation field. Expanding the VP
in powers of r'/r and neglecting terms of order r'%/r? and
higher, we get

1 ro1
_ — 2 ! ’ r__ —_— ’ ’ ’
A - fj(l‘ ,t )5(t t+c o )dV dt'. (4.1)
Here n,=r/r. Now, making a Fourier transformation of j,
j(r,n)= f j(k,)e'® P rd e,

and inserting this into (4.1), we obtain

217)3 @ ;
A= ( J‘j(nr _,w)eﬂw(t—r/c)dw.
cr c

Obviously, A vanishes if

( ®
im0 =0.

Now, let j(r,t) be a periodic function of time with period 7.
This can be achieved most easily if we choose

4.2)

ik,0)=2 j,(k) 80— w,),

1
plkw)=2 — (kj,(k)§(w=w,),

w,=wn, w;=2mu/T.

Then

=3 f Phe= o, (k).

From this we find j, (k):

: 1 1 s —i(kr—w,?) 43
J"(k)sz fj(l‘,t)e ! “nd’xdt.

It turns out that the condition (4.2) reduces to
. (O]
Jin, Ly =0.

Let p(r,t) be centered around the time-dependent position
a(t), which is a periodic function of time. That is, we sup-
pose that p(r,t) and j(r,?) are of the form

p(rt)=ef(r—a(r)), j(r,t)=eaf(r—a(r)).

The Fourier components are given by

(4.3)

(4.9

. k — 1 . —ikr 43
(k)= 553 [ e as

1
— 5 ika(r) —ikz 3
s ehe ff(z)e 4z

Here z=r—a(t). Let f(z) be spherically symmetric: f(z)
=f(|z])=f(z). Then
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sin kz
kz

I(k)=ff(Z)e_ik’d3z=ff(Z)zzdz

Obviously, this expression should vanish for k=w,/c.
Consider particular choices of f(z). Let

f(z)=z-:_r7 6(z—R). (4.5)
Then
c w,R
I.=w,)= m sin —
It can be seen that I,, vanishes if
oR=Imc (lis an integer). (4.6)

This means that the charge—current distributions (4.4) and
(4.5), where a,(¢) is an arbitrary vector periodic function of
time, do not radiate if the condition (4.6) is fulfilled.

The charge—current configuration (4.5) corresponds to a
surface distribution. Nonradiating volume distributions are
also easily found. Let

p(y»)=AB(b—y)z™! cos wny. (4.7)

Here A is a constant, @ (x) is the step function, and m is an
integer. Then
b

I,,,m=47rAJ. dy sin w,y cos o,y
0

1 —cos(w,— w,,)?'¢

=277Ac[

W,~ W,

1—cos(w,+ w,,)?°
w,tw,

Clearly, I, ,, vanishes and, correspondingly, the accelerated

volume distribution (4.7) does not radiate if the condition

wb=21c is satisfied.

In the same way, the spherically symmetric configura-
tion

p(y)=§ An®(b—y)y~! cos wpy

does not radiate if w,b=2mc.

Examples of nonradiating spherically nonsymmetric dis-
tributions can also be presented. Let

p(z)le,m(Z)Ylm( 01 ,¢z), (4'8)

where R, ,(2)=A;,0(b—z2), A}, =const. Then the condi-
tion for the absence of radiation is

b ,Z
Iin(©@4)= A fo dzzz,-,( " )=0

[j,(x) is the spherical Bessel function]. For /=1 we have

w,,b) w,b w,,b] c?

sin -3 .

Il,,,(w,,)~Alm[2( 1—cos
c w;,

It is easy to see that /,,,=0 if wb=2mc.
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Another example’ of a nonradiating charge distribution
is the uniformly charged sphere

p=ad(r—R), o=el4mR?,

which oscillates around a fixed axis with angular velocity
Q=U(w)cos wtn,,.

Here n,, is a constant unit vector. The current is given by
j=06(r—R)(L2(t) Xr)cos wt.

The corresponding VP is

ekR ‘
Ay=—r (Q(t)Xr)j (kr<)hy(krs)cos wt,

where r . =min(r,R), r~ =max(7,R); j,(x) and k,(x) are the
spherical Bessel and Hankel functions of the first order.
Thus, outside the charged sphere we have

ekR
Aw=—E-r— (Q(t)Xr)j,(kR)h (kr)cos wt.

We observe that the considered oscillating charge distribu-
tion does not radiate when x=kR coincides with the zero of
J1(x), i.e., when x satisfies the equation tan x=x.

We summarize: There are charge distributions of finite
extension which do not radiate when they exhibit arbitrary
periodic accelerated motion described by a time-dependent
vector a(t).

As we have seen, the condition for nonradiation of the
studied charge—current configuration is

(K, @) 5= wc=0.

Now we apply this condition to a uniformly moving charge.
In this case j(r,t)=vp(r—vt) and

j(k,w)=27vé(w—kv)p(k).
Consider first motion in a vacuum. For w=ck we have
N w—kv)=w '8(1—B cos 0), B=vlc.

Since in a vacuum B< 1, the argument of the & function is
always greater than 1 and the nonradiation condition is sat-
isfied.

Let the charged particle move uniformly in a medium.
Then the conditions for the absence of radiation are
w=kc,, c,=c/n (c, is the light velocity in the medium, and
n is the refraction index), and

j(k,kc,)=2mvp(k)d(1— B, cos 6)=0.

It can be seen that the nonradiation condition is satisfied
everywhere except at the angle cos 6,=1/8,,. For arbitrary
density the quantity

P(K)|w=ke, cos 6=11,

differs from zero, and this is just the reason for the appear-
ance of the Cherenkov radiation. This takes place, e.g., for a
point-like charge and for an arbitrary spherically symmetric
charge distribution confined to a finite region of space. Now
we prove the existence of nonradiating finite charge distribu-
tions moving with superluminal velocity in a medium. We
choose p in the form
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p(r)=p(r)P(cos 6,,),
where 6,, is the angle between the charge velocity v and the

radius vector r, and P, is the Legendre polynomial. The Fou-
rier transform of this density is

1
p(0= 5 2 (—)'Pi(cos 0,,) [ iknIp(rrar

Since the Cherenkov radiation differs from zero only at the
definite angle cos 6,=1/B,,, the nonradiation condition is

P,(1/B8,)=0.

Let [=2. The function P,(x) has a zero at x=1//3, which
corresponds to 3,=v3. This means that the charge distribu-
tion p,(r)=p(r)P,(cos 6,,) does not radiate if it moves with
velocity B,=v3. Similarly, the charge distribution
p(r)P;(cos,,) does not radiate when its velocity in a me-
dium is equal to B,= \/BE Further, there are two velocities
for which the charge distribution p(r)P4(cos 6,,) does not
radiate. These interesting results were obtained in Ref. 7.
Consider the current j flowing on the cylinder surface:

J=n4jé(p—R).
Let j be a periodic function of time: j= j, cos wt. Then, out-
side the cylinder the VP and the field strengths vanish for a
discrete set of frequencies satisfying the equation®®!

(/, is the Bessel function). The same is true for the sphere.
Suppose that on its surface (of radius R) there flows the
current

j=ngjP|(cos 6)8(p—R),

which is a periodic function of time (j= j, cos wt). Then the
VP and the field strengths vanish outside the sphere for the
infinite set of frequencies satisfying the equation

J1(kR)=0,  j(x)=(/2x) "] 1 1p(%).

In Ref. 22 a point-like electric solenoid was considered
by using the following nonstatic point charge and current
densities:

p=D exp(—iwt)A&(r),
(4.9)

Here D is a constant. By the electric solenoid we mean a
charge—current configuration generating a magnetic field
equal to zero everywhere, with an electric field confined to a
finite region of space. The corresponding electromagnetic
potentials are

j=ioD exp(—iwt)V & (r).

k2
®=—exp(—iwt)D| 476 (r)+ — exp(ikr) |,

exp(ikr)
A=ikD exp(—iwt)V ———. (4.10)
Only the electric field is nonzero:
1 JA
E=—V®———=47D exp(—iwt)V&(r). (4.11)

c ot
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These relations are easily generalized to the case of charge
and current distributions of finite size.'?*? We choose p and
j in the form

p=exp(—iwt)Af, j=iw exp(—iwt)Vf. (4.12)

The following potentials and field strengths correspond to
these sources:

b= —exp(—iwt)[4frrf+k2f G(r,r’)de’],

A=ik exp(— iwt)VJ Gfdv',

exp(ik|r—r’'|
E=47 exp(—iwt)Vf, H=0, G=——'W

(4.13)
The factor exp(—iwt) will be omitted below when it is
obvious.

Equations (4.9)—(4.11) are obtained for the choice
f=D&%(r). It follows from (4.13) that if the function fis
nonzero inside some region of space, H=0 everywhere,
while E#0 only in the region where f#0. On the other
hand, the electromagnetic potentials differ from zero every-
where. Thus, Eqgs. (4.12) and (4.13) realize a nonstatic elec-
tric solenoid. In particular, f can be chosen to be nonzero
inside the torus (p—d)?+ z2=R?. For this it is sufficient to
take f=DO(R— \(p—d)?+7%), where D is a constant. As
an example, consider a spherical capacitor, which is obtained
for a special choice of the function f. We have

b=z [8(r=r))= 8(r—ry)],

iwe
i= prp—" rO(r—r)0O(ry—r), ri<r,.

(4.14)

This spherical capacitor consists of two oppositely charged
spheres and a radial current between them. Using the general
expressions

1
<I>=pr(r’)dV’, A=—ij(r’)dV’,

Cc

we easily find the scalar and vector potentials (only the radial
component of the vector potential is nonzero):

®=ikeh("(kr)[jo(1)=jo(2)],
A,=—keh\V(kr)[jo(1)—jo(2)] for r>r,,
@ =ike jo(kr)[ G (1)~ h{D(2)],

A,=—kej (kr)[hGD(1)=h§"(2)] for r<r,
and

D =ike[h("(kr)jo(1)— jo(kr)h§"(2)],
ie
A, =ek[j,(kr)h{V(2)— BV (kr)jo(1)]— 7 for ri<r<r,.

Here we put
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. m Wy — [
]l(x)= E;JHM(X)’ h[ (x)= E;HH-]Q(X),

J)=jilkry), et

The magnetic field is zero everywhere, while the electric
field E=er/r’ differs from zero only inside the spherical
capacitor (i.e., for r | <r<r,).

It can be seen that waves of electromagnetic potentials
appear outside a nonstatic electric solenoid. The question
arises of the physical meaning of such waves and the possi-
bility of detecting them experimentally. Let the region S in
which E and H are nonzero be inaccessible to observation.
Can an observer located outside S verify the existence of
electromagnetic potential waves?

Since E=H=0 in these waves, they do not carry en-
ergy. Therefore, they can be detected only at the quantum
level. This is the case because the Schrodinger equation

'ﬁa‘lf v 3 fi v ieA2
ih o =HY, H==70\V" %

describing the scattering of charged particles on the waves of
electromagnetic potentials involves the potentials ® and A
rather than the fields E and H. The gauge transformation

V—¥'=V¥ exp(—iex/hc),

X=ik exp(—iwt)J' Gfdv' (4.15)
eliminates the electromagnetic potentials outside S. If x is a
single-valued function outside S, Eq. (4.15) is a unitary
transformation between the single-valued wave functions in
the presence and absence of electromagnetic potentials out-
side S. In this case the presence of electromagnetic potential
waves outside S does not lead to observable consequences.
On the other hand, if y is discontinuous outside S (which, in
turn, depends on the choice of the source function f), the
possibility in principle arises of observing electromagnetic
potential waves, e.g., by observing a phase difference ac-
quired by the wave function of a charged particle as the
particle travels around a closed contour. A necessary condi-
tion is that the region of space accessible to charged test
particles be multiply connected (as nontrivial electromag-
netic potentials corresponding to E=H=0 are allowed only
in non-simply connected spaces).

Up to now we have considered only nonradiating
charge—current sources outside which the electromagnetic
field strengths E, H disappeared. No attention was paid to
the existence of electromagnetic potentials in the surround-
ing space. In the next section we will be interested in study-
ing charge—current distributions outside which E=H=0 but
A,® #0. To be observable the nonvanishing electromagnetic
potentials must be nontrivial, i.e., unremovable by a gauge
transformation. The static analog of such distributions is a
TS with a constant current in its winding. Outside such a TS,
E=H=®=0, but A#0. This static VP was observed in
Tonomura experiments.62 The existence of nontrivial, non-
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static - electromagnetic potentials with the properties men-
tioned above makes the observation of the time-dependent
Aharonov—-Bohm effect possible.

5. ELEMENTARY TIME-DEPENDENT TOROIDAL
SOURCES

Interest in time-dependent currents flowing in toroidal
coils is due to the following remark made by James Clerk
Maxwell in his memoir ‘On physical lines of force’”:®*

““Let B, Fig. 3, be a circular ring of uniform section,
lapped uniformly with covered wire. It may be shewn that if
an electric current is passed through this wire, a magnet
placed within the coil of wire will be strongly affected, but
no magnetic effect will be produced on any external point.
The effect will be that of a magnet bent round till its two
poles are in contact.”’

“If the coil is properly made, no effect on a magnet
placed outside it can be discovered, whether the current is
kept constant or made to vary in strength; but if a conducting
wire C be made to embrace the ring any number of times, an
electromotive force will act on this wire whenever the cur-
rent in the coil is made to vary; and if the circuit be closed,
there will be an actual current in the wire C.”’

Figure 3 mentioned in this passage shows the torus with
a poloidal winding on its surface (see our Fig. 7). At the
present time, it is known that in general this Maxwell asser-
tion is not correct. It turns out that for a time-dependent
current in the toroidal coil the electromagnetic field strengths
appear outside it. Qualitatively, this was shown by
Mitkevich® and Page.®® The corresponding experiments
were performed by Mitkevich,®* Ryazanov,% Bartlett and
Ward,?” and many others. Quantitative results were obtained
in Ref. 58, where the electromagnetic fields were evaluated
for a number of time dependences of the current flowing in
the toroidal coil. After all, experimentalists widely use toroi-
dal transformers for their own purposes without philosophiz-
ing on this subject. The sole exception for which Maxwell’s
claim holds is when a current rising linearly in time flows in
the toroidal coil. In this case H=0 and E is independent of
time outside the torus (see, e.g., Miller’>®). The question of
the energy transfer into the wire C embracing the torus was
considered by Heald® (the difficulty is that the Poynting
vector is zero for a linearly growing current).

In Sec. 3, we studied the electromagnetic field of static
toroidal-like configurations, their interactions with an exter-
nal electromagnetic field, and possible physical applications.
It is our next goal to study nonstatic current configurations.
Perhaps it would be appropriate to explain the meaning of
the words ‘‘elementary toroidal sources’’ in the title of this
section. The words *‘toroidal source’’ mean the poloidal cur-
rent flowing in the winding of the toroidal solenoid (TS),
which in turn may be an element of a more complex con-
figuration. When the dimensions of this configuration tend to
zero, we obtain an ‘‘elementary toroidal source.’”” The reason
for the treatment of an elementary toroidal source is the con-
siderable simplification of the theoretical considerations. A
TS with finite dimensions has a number of nontrivial topo-
logical properties (see, e.g., the reviews of Refs. 12, 61, and
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70). Suppose that these properties survive when the TS di-
mensions tend to zero. Thus, if we find some interesting
property for an elementary toroidal source, there is a chance
that it will survive for a finite toroidal configuration. This is
confirmed for the simplest toroidal configurations for which
analytical solutions can be found. As an example, we men-
tion the configuration consisting of a TS with a linearly
growing current flowing in its winding and a double charged
layer at the hole of the TS (see Sec. 5.3). Outside this con-
figuration, there is a time-dependent vector potential. The
electromagnetic field strengths vanish everywhere, except for
a static electric field filling the torus hole. Thus, it becomes
possible to perform a time-dependent Aharonov—Bohm-like
experiment. However, the linear time dependence of the cur-
rent is unrealistic. It is the aim of this study to find elemen-
tary charge—current configurations possessing the radiation-
less properties mentioned above but with a rather arbitrary
time dependence.

The plan of our exposition is as follows. The radiation of
elementary time-dependent toroidal-like configurations, in
the winding of which a time-dependent current flows, is
studied in Sec. S5.1. It turns out that two different types of
these configurations generate essentially different electro-
magnetic fields. On the other hand, the current sources of the
same type generate the same electromagnetic field if their
time dependences are properly adjusted. In Secs. 5.2 and 5.3
we give examples of an elementary radiationless charge—
current source having the property that the electromagnetic
field strengths vanish outside it, but the time-dependent po-
tentials survive there. In Sec. 5.4 examples are given of cur-
rent configurations generating a static electric field ad-
equately described by an electric vector potential rather than
by a scalar one. In Sec. 5.5 these results are used to study the
time-dependent Aharonov—Bohm effect. Extended toroidal-
like current sources are considered in Sec. 5.6. By using the
Neumann—Helmholtz parametrization for the current den-
sity, convenient formulas for the time-dependent electromag-
netic fields are obtained. On the basis of them, more general
elementary radiationless charge—current sources of different
multipolarities are constructed in Sec. 5.7. These elementary
configurations have their finite counterparts. Those which
can be treated analytically are radiationless and have non-
trivial electromagnetic potentials outside them. Although the
electromagnetic field of more complicated finite configura-
tions cannot be obtained in a closed form, the electromag-
netic field of their infinitesimal analogs can. The well pre-
scribed rule for the construction of elementary radiationless
configurations found in Sec. 5.7 suggests that their finite ra-
diationless counterparts will also possess nontrivial electro-
magnetic potentials. A brief discussion of the results and a
summary are given in Sec. 5.8.

5.1. The radiation of elementary toroidal sources

5.1.1. A pedagogical example: time-dependent circular
current

According to the Ampere hypothesis, a distribution of
magnetic dipoles M(r) is equivalent to a current distribution
J(r)=curl M(r). For example, a circular current flowing in
the Z=0 plane (the upper part of Fig. 1),

G. N. Afanasiev and V. M. Dubovik

J=Ingd(p—d)é(2), (5.1)
is equivalent to the magnetization
M=1n®(d-p)d(z), (5.2)

which is different from zero in the same plane and directed
along its normal n [®(x) is the step function]. When the
radius d of the circumference along which the current flows
tends to zero, the current J becomes ill-defined (it is not clear
what the vector ng means at the origin). On the other hand,
the vector M is still well-defined. In this limit the elementary
current (5.1) turns out to be equivalent to a magnetic dipole
oriented normally to the plane of this current. It is convenient
to introduce I/ wd? instead of I in Egs. (5.1) and (5.2). Then
in the limit d—0 we have

M=In&*(r) [83(r)=8(p)d(z)/2mp] (5.3)

and

J=I curl(né’(r)). (5.4)

Equations (5.3) and (5.4) define the magnetization and cur-
rent density corresponding to the elementary magnetic di-
pole. These questions were considered in detail in Sec. 3.
Now suppose that the intensity of the elementary current
changes with time:

Jo=rfo(t)curl(né*(r)) (5.5)
(the factor I is absorbed into f,;). The VP corresponding to
this current is easily obtained:

DO . C
A():_‘CTrT(an), DOZD(f0)=f0+ ‘;fo. (5.6)

From now on, a time derivative will be denoted either by a
dot above the letter or (especially for higher derivatives) by a
superscript. For example, f(¥= f =d?*f/dt*. The argument of
the f functions, if not indicated, will be ¢t—r/c throughout
this section. The electromagnetic field strengths are

1 . rn 1
E0=Z372-(r><n)D0, H0=Z'-373- rFO_'cT;nG(), (5.7)

where for brevity we put

. c . c?
F0=F(fo)=f0+37fo+3;if0,

2
Go=G(f) =1+ = ot =2 fo.

The flux of electromagnetic energy through a sphere of ra-
dius r is

2 . c
§= f P,r?dQ= 35 DoGo,  P= 71— (EgXHy).
(5.8)

This flux is positive at large distances and is determined by
the second derivative of fo: So=(2/3¢®)|fi|2. These results
are well known and can be found in many textbooks (see,
e.g., Stratton’s book’").

In the subsequent discussion the following notation will
be used:
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2

Di=DUf)=fi+ = fir FamF(R)=Fit3= fit357 fuo

c. c?

Gi=G(f)=f+ fit 2 fi-

From classical electrodynamics it is known?**® that there
are two types of multipole radiation. For multipole radiation
of magnetic type rE=0, rH+# 0, while for radiation of elec-
tric type rH=0, rE#0 (it is therefore assumed that the ori-
gin lies within the region where p,j#0). It follows from
(5.7) that rEy=0, rHy#0. Thus, the radiation field of a time-
dependent current flowing in a circular loop is of magnetic

type.

5.1.2. The elementary radiating toroidal solenoid

The case next in complexity is the radiation of a current
flowing in the winding of an elementary (i.e., infinitely
small) toroidal solenoid. As stated in Sec. 3 (see the upper
part of Fig. 2), this elementary current is given by

i=f1(t)curl@(ns¥(r)),

where curl®®=curl curl and n denotes the normal to the
equatorial plane of the TS. The electromagnetic potentials
and field strengths are

(5.9

1 1
¢1—0, Al—-‘nEGl+c3—r3-r(rn)F1,

1 .
-_—cj;j D (rXn).
(5.10)

In this and the following equations of this section we omit
the &function terms giving the field values at the origin (to
which the current is confined). Thus, Egs. (5.10) are valid
everywhere except at the origin. Since rH, =0, rE;#0, the
electromagnetic field radiated by a time-dependent current
flowing in the winding of a TS is of electric type.

1 . 1 .
E1=nEGl—E3-r(rn)Fl, Hl

5.1.3. More complicated elementary toroidal sources

We consider now a hierarchy of TSs, each turn of which
is again a TS. The simplest example is the usual TS [which is
obtained by installing an infinitely thin TS in a single turn
with the current (5.5) in it]. We denote this TS by 7', [the
initial current source (5.5) will be denoted by T,]. The case
next in complexity is obtained when each turn of T is re-
placed by an infinitely thin TS with alternating current in its
winding. This current configuration is denoted by T, (Fig. 4).
When its dimensions tend to zero, we get (see Sec. 2)

Jo=fo()cur®né(r). (5.11)
The corresponding VP and field strengths are given by

A2=—1— DP(rxn), E ——LD( J(rxn),
C4r2 2 ’ 2 C

1 1
Hy=n = G(z) =53 r(rn)F(z)

e (5.12)
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By comparing Egs. (5.6) and (5.7) with (5.12) we conclude
that the electromagnetic fields coincide for the current con-
figurations 7y and T, everywhere except at the origin if the
following relation between the time-dependent intensities is
fulfilled: f(22)= —fo/c?. This means, in particular, that the
electromagnetic field of a static magnetic dipole (fy
= const) coincides with that of the current configuration T, if
the current in it varies quadratically with time (f,=
— foc?t?2). 1t follows from this that the magnetic field of
the usual magnetic dipole can be compensated everywhere
(except at the origin) by a time-dependent current flowing in
T,.

We now compare the periodic currents flowing in Ty and
Ty: fo=foo cos wt and f,= fy, cos wt. It turns out that the
electromagnetic fields of T, and T, coincide if fy
= fooc2/ w?. Obviously, the radiation emitted by T, is of
magnetic type.

Now we are able to write out the electromagnetic field
for a point-like toroidal configuration of arbitrary order. Let

jm=Fm(Dcurl™+ D(ns(r)). (5.13)

Then for even m (m=2k, k=0) we have

1
Ag=(=1)"*! =y DEY(rxm),

1
Ey=(-) P 2 D@ D(rxn),

Hy=(—1)* 2:+3 = r(r)F5P—n - GHP|. (5.14)
From the facts that (i) A transforms like a vector under space
rotations, (ii) the VP changes sign under space reflections,
and (iii) rEy;=0, rH,;#0 it follows?**® that a toroidal con-
figuration of even order emits radiation of magnetic type.

The flux of electromagnetic energy through a sphere of
radius r is

2
— 2k
§= 3 akFs GEPDEY.

On the other hand, for odd m (m=2k+ 1, k=0) we have

1 1
Agps1=(=1)F W‘[ r(rn)F(ﬁ’? G(zill)l ’

1 1
Egps1=(— 1! P [;5 r(rn) F5AHY

1
2h+1
-—n-— G(2k+l )

)

1
Hyps 1 =(—1)F pRLET ) D2k+12)(l'>< n),

2
S= 35T Gzzklfi,“Lll)D(ziﬁ_ﬁz) . (5.15)

From the facts that (i) the VP A in (5.15) transforms like a
vector under rotations, (ii) the VP does not change sign un-
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der space reflections, and (iii) rH,;=0, rE,;#0 it follows
that the electromagnetic field (5.15) is of electric type.

We see that there are two types of toroidal point-like
currents generating essentially different electromagnetic
fields. A representative of the first type is the usual magnetic
dipole. The electromagnetic field of the kth member of this
family reduces to that of a circular current if the time depen-
dences of these currents are properly adjusted:

fE0= (Do)

We recall that the lower index of the f functions selects a
particular member of the first type, while the upper on= de-
notes the time derivative.

A representative of the second type is the elementary TS.
Again, the electromagnetic fields of this family are the same
if the time dependences of the currents are properly adjusted:

0 =(= ¥ (1) e (k=0). (5.17)

From the equations defining the energy flux it follows that,
for high frequencies, toroidal emitters of higher order are
more effective (as the time derivatives of higher orders con-
tribute to the energy flux).

Earlier, the electromagnetic fields of the Ty, T, and T,
current configurations were considered by Nevessky.!! Fur-
ther, the radiation field originating from the instantaneous
change of dipole moments (i.e., the radiation emitted by the
current configuration T, for the very particular choice of f;)
was given by Dubovik and Shabanov.”

(k=0). (5.16)

5.1.4. Toroidal solenoids of higher multipolarities

So far, we have used the usual TS as a cornerstone for
constructing more complicated current configurations. By the
term ‘‘usual’’ we mean the torus (p—d)2+z%>=R? with the
poloidal current flowing on its surface. The VP correspond-
ing to this current falls off as r > at large distances:

3r(rn) —nr?
S E— for

r—oo, (5.18)
Here n is the unit vector normal to the TS equatorial plane.
This VP can be represented in a slightly different form:

A~rT5Y Qulx)ng,

where Q;;(x)=x;x;— 8;r?/3 is the symmetric traceless ten-
sor of the second rank.

It was shown in Ref. 46 that it is possible to distribute
the currents inside the torus in such a way (for the same
magnetic flux) as to cancel the leading term (~r73) in the
expansion of the VP. It turns out that the first nonvanishing

term in the expansion of the VP has the form

A~rT0 ningni Qi (%), (5.19)

where Q,‘;,?,(x) is the symmetric traceless tensor of the fourth
rank:
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1
4 __
Q?,-;?z(x) XXX T (6 jxxx+ Opex jx + 6yx Xy

1

+ Opxixt Opxixgt 5k,x,-xj)r2+ 15 (6:0u

+ 88+ 80,01
This VP falls off like r~> for r— and carries the same
magnetic flux as the initial solenoid with asymptotic behav-
jor r =2 of the VP. With this TS taken as a cornerstone, and
using the procedure described above, we can construct a new
hierarchy of TSs. This game may be continued further. More
complicated current configurations may be found inside the
torus for which the VP falls off like r~7 (Ref. 46). This
current configuration may in turn be used as a cornerstone
for the construction of TSs installed in each other. These
cornerstone current configurations correspond to higher-
order toroidal multipoles.” At large distances these VPs
have the following asymptotic behavior:

AEI)"’V_ZI_ 12 QI

i) i

il(x)n,-lniz...n,-l . (5.20)

Here Qf ;.
Correspondingly, the VP AD falls off as r=!7! for r—o,
Only even values of / correspond to the finite configurations
of poloidal currents found in Ref. 46. As the asymptotic form
(5.20) satisfies the conditions div A=0, curl A=0 for any /,
the question arises of the possible existence of finite current
toroidal-like configurations (i.e., ones outside of which
E=H=0) corresponding to odd I. So far, we have not iden-

tified them.

5.2. On radiationless topologically nontrivial sources
of electromagnetic fields

is the symmetric traceless form of order I.

Consider an electric dipole oriented in the n direction. Its
charge density is
ps=e[ &(r+an)— &*(r—an)].
For small separation a this reduces to
pa=2ea(nV)&(r).
Suppose that the strength of this dipole changes with time:
pa=F(t)(nV)&(r)

(the factor 2ea is absorbed into f,;). The corresponding cur-
rent density is given by

ji=—fdr)n&(r).
These densities generate the following potentials and field
strengths (see, e.g., Ref. 73):

1 .
¢d=-‘c—rf(nl')Dd, Ad=—nfd/rc,

1 . 1 1
Hd=-C27 (rXm)Dy, Ed=c—4r- nG,— 3 (nr)rfF,.
(5.21)
Evidently, the radiation emitted by the oscillating electric
dipole is of electric type.
From a comparison of Egs. (5.10) and (5.21) we con-
clude that the field strengths of a time-dependent current
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flowing in the winding of an infinitely small TS can be com-
pensated by that of an electric dipole if their time depen-
dences are properly adjusted: f;=—f,/ c2. Then the total
charge—current densities are

1 .
p=- Ezfr(nV)53(r),

1 .
j=fi(t)curl@ns(r)+ = find(r). (5.22)
In the surrounding space E=H=0, but the potentials differ
from zero:

1 . 1 1
= = — > 0D, + = r(m)F,.
¢ 3r (nl‘)Dl, A 2r 1 P r(l'n) 1
(5.23)

Thus, outside this composite object (electric dipole and TS
placed at the same point) there are nonvanishing time-
dependent electric and vector potentials, despite the vanish-
ing of the field strengths. The simplest example corresponds
to f,=const. Then

¢=0, A=f,[3r(rn)—nr?]/cr’,

which coincides with the VP of an elementary (i.e., infinitely
small) static TS. The case next in complexity is the compos-
ite object consisting of a static electric dipole (f,=f
=const) and a current which changes linearly with time in
the winding of a TS:

p=f(nV)&(r), j=—c*ft cull®né’(r),
E=H=0, ¢=—f(nr)/r3

A=—ctf[3r(nr)—nr?)/r3. (5.24)

A counterpart of (5.24) with finite dimensions is a linearly
rising (with time) current flowing in the winding of a TS and
a double charged layer filling the hole of the same TS. Out-
side this configuration the electromagnetic field strengths
vanish, but a nontrivial (that is, unremovable by a gauge
transformation) VP exists.

Another interesting case is the compensation of the elec-
tromagnetic field generated by an oscillating electric dipole
by that of a periodic current flowing in the winding of a TS:

p=pa=f cos w(nV)8X(r),

. . 3 c? 2), 3
j=jatii=fo sin ot né(r)— i curl@né(r) |,

e _f . 4

E=H=0, ¢—? (nr)(w sin {) ;cos Q),

Q=w(t—r/c),

A=’ Q-+ sin wr |+ in Q
—p-n cos o sin wt po (rn)r| sin

3 - Q 3—2—2-02 i
—3—cos (- sin wt |.
wr 22 e
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It turns out that the field strengths are compensated if the
phase of the charge density of the electric dipole is shifted by
7/2 relative to the phase of the current flowing in the wind-
ing of a toroidal solenoid.

In the wave zone the equivalence of the EMF radiated by
an oscillating electric dipole to that produced by a periodic
current flowing in the winding of a TS was established ear-
lier in Ref. 30. There is no equivalence in the whole space if
the finite-dimensional counterparts of the aforementioned
charge—current configurations are nontrivial. In this case
there is no global gauge transformation between the corre-
sponding potentials, and this could in principle be observ-
able. The following sections illustrate this. There are refer-
ences (Refs. 6, 10, 12, 22, 32, 45, 74, and 75) in which
nonradiating sources were treated. Outside these sources
both the electromagnetic field strengths and potentials were
zero, and, thus, they are of no interest to us. Hitherto, it was
not known whether nontrivial nonradiating time-dependent
sources can exist in principle. As far as we know, the first
such example was given in Ref. 13. Nontrivial time-
dependent electromagnetic potentials can be used as a new
channel for information transfer (by modulating the phase of
the charged-particle wave function) and for the performance
of time-dependent Aharonov—Bohm-like experiments.

5.3. On current configurations generating a static
electric field

Consider a poloidal current (Fig. 8) on the surface of a
torus [(p—d)2+22=R2] which increases linearly with time:
j=Jot. To parametrize j, it is convenient to introduce the
coordinates R, ¥ (Fig. 3):

x=(d+§ cos ¥)cos ¢, y=(d+§ cos ¥)sin ¢,

z=R sin V.
In these coordinates,

. Jot S&R-R)

=M RT ITR cos W
Here n is the unit vector tangential to the surface of the
torus: n,=mn, cos Y—n, sin ¢. It lies in the plane ¢=const
on the surface of the torus (R=R) and defines the direction
of j. It turns out*®5? that for this current only the electric field

strength E differs from zero outside the torus. For simplicity
we consider an infinitely thin torus (R<<d). The following

representation for the VP is valid:"%7
_(Dot 192a (bot &Za
*“4m oxdz> V7 4w dydz’
q)ot 02(1 " 020 v A
ST\ gy AT
Here
4mtj, dx'dy’
b,=— = - .
0 cd a f J' Il'_l"| (5 25)

The integration in « is performed over the circle z=0,
p=d coinciding with the hole of the infinitely thin torus
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O 777D,
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FIG. 9. The poloidal current j growing linearly with time is equivalent to the
doubly charged layer (the upper part of the figure). The lower part of this

figure illustrates that the electric field of the current may be compensated by
that of the doubly charged layer.

(R<d). It was shown in Ref. 77 that the VP has no singu-
larities, except for the line z=0, p=d into which the torus T
degenerates. The electromagnetic field strengths are

H,=H,=0, H;=®,td(z)6(d—p),
¢0 (92a
 4mc dydz’

et E
4arc Ixdz Y
®, (Pa N Pa
& 4arc \ ox? ayt|”
On the other hand, the electric field produced by two oppo-

sitely charged layers (p<d, z=*¢) filling the hole of the
torus is given by

E.=

(5.26)

d 2¢e Fa d lee da
- _—’ E :-—7_—,
*~ rd? 9xoz Y ard* dydz

. 2ee aza_2ee &2a+z92a 666 o(d
B = 32 = wd \ a2 T 5y2) ~ ar Xeld—p).
(5.27)

We see that E‘Z has a singularity on the circle z=0, p<d. It
follows from Egs. (5.26) and (5.27) that if

Py  2ee
dmc  wd?’

then the electric field of a linearly growing poloidal current
is compensated by that of a double layer everywhere except
at the position of the layer itself (see Fig. 9). The electro-
magnetic potentials and field strengths of this combined con-
figuration are given by

q)o Ja _(Dot (92&

¢= 4me 3z T aw oxaz’
byt I 4 Y, d2a+¢92a)
Y 4w gyoz” Ut 4w \axZ | ay?)’

1
E,=E,=0, E,=- = D,5(z2)O(d—p),

H,=H,=0, Hz=bod(z)5(d—p). (5.28)

We observe that the time-independent electric field E differs
from zero only inside the hole of the torus (p=d, z=0),
with a magnetic field H#0 only on the filament p=d,
z=0 coinciding with an infinitely thin torus.

G. N. Afanasiev and V. M. Dubovik

The situation remains essentially the same for a TS with
a finite value of R. Suppose that a linearly rising current
flows in its winding. The corresponding VP is Arg=tA,,
where A, is independent of time and, apart from an inessen-
tial constant, coincides with the VP of a static TS. The cor-
responding electric field strength is Erg=—Ag/c. It is
known®®"” that Ay is an everywhere continuous function of
the coordinates. Further, outside the solenoid A, can be writ-
ten as a gradient of some function y: A= grad . This rep-
resentation is valid everywhere except in the circle p<d
—R, z=0 filling the TS hole. The function y suffers a finite
jump from the value y=®, on the lower side (z=07) of
this circle to the value y=—®, on its upper side (z=07).
Here ®,=d®/dt is the magnetic flux change per unit time.
Obviously, it does not depend on the time. Now we identify
— x/c with the scalar potential of some electric field. The
corresponding electric field strength is

1 1 1
Edz—grad(—X/C)=.g grad X—__—C-AO_Z_' @(d

—p)8(2)Pon, .

The associated charge density
pq=(1/4m)div E;= — (1/41c)O(d— p) 5(z) D,

describes the electric dipole layer filling the TS hole. The
total electric field is

1
E=ET5+ Ed= - ; @(d—p)&(z)q)onz .

This means that the EMF of a TS with a linearly rising
current can be compensated by the EMF of a static electric
dipole layer filling the TS hole everywhere, except for the TS
hole itself.

5.3.1. On the current electrostatics

Although a toroidal solenoid with a linearly growing
current and a double charged layer produce the same electric
field in the space surrounding them, they in fact represent
quite different systems. The following example illustrates
this. Consider an arbitrary closed curve C, at each point of
which we install (perpendicular to this curve) an infinitely
thin toroidal solenoid with a current that grows linearly with
time. The whole set of these solenoids forms a toroidal-like
surface S. The magnetic field strength is everywhere zero
except on the surface S. The electric field strength and the
time-dependent magnetic VP will be different from zero only
inside the tube T surrounded by the surface S. It seems at first
that this contradicts the vanishing of the VP outside S (the
VP should be everywhere continuous). The reason is the
same as the discontinuity of the usual electric scalar potential
on the surface of a double charged layer: it turns out that the
surface S is an example of a double current layer. This con-
struction (Fig. 10) realizes a pure current capacitor (the static
electric field produced by the time-dependent current is con-
fined to the interior of the tube 7). If the set of charged
layers (instead of TS) were installed on the same curve C, the
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FIG. 10. The torus T is densely covered by infinitely thin toroidal solenoids
t (only a few of them are shown), in the windings of which there is a current
rising linearly with time. The magnetic field H differs from zero only inside
t (that is, at the surface of T in the limit of infinitely thin 7), while the
time-independent electric field E differs from zero inside T. The scalar elec-
tric potential is zero everywhere. The vector magnetic potential is zero out-
side T and 7. Although the electromagnetic potentials and field strengths are
zero outside T and 7, there is a nonzero electric vector potential (E
=curl @) there. The Stokes theorem (see the text) ensures that @ cannot be
eliminated by a gauge transformation.

electric field strength would vanish inside the tube 7. How-
ever, the nontrivial electric induction will be different from
zero there.?

Consider a semi-infinite cylinder C densely covered by
infinitely thin toroidal solenoids (Fig. 11). For simplicity,
consider the case when the radius of C tends to zero. In the
limit, one obtains a semi-infinite filament composed of tor-
oidal moments u,. The VP of a particular toroidal moment
lying at z=z is

»# 1 1

Ax= m 7 Ay= @ 7

2

1

F=Vx2+y?+(z—z0)%, div A=0.

To obtain the VP of a semi-infinite filament composed of

toroidal moments, we integrate these equations from
Zp=—%% to z0=0:

- -

E E

=

[ [

o b
FIG. 11. A semi-infinite set of infinitely thin TSs with linearly rising cur-
rents in their windings (left part of the figure) and linearly rising currents
flowing along the semi-infinite parallel cylindrical surfaces (right part) gen-
erate the field of an electric charge everywhere, except at the position of the
cylinder.
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X y
A=y ;T’ Ay:lul -r_j’

Z
A =pu, F+47r(5(x)5(y)®(—z) , div A=0.

Suppose that in the windings of toroidal solenoids covering
the surface of C there is a current that rises linearly with
time. The VP of a particular infinitely small solenoid located
at z=z, was obtained in Ref. 58. It is given by

d* 1 P 1

A.x:t#'t Ixdz ;'-—, Ay:t#l—ﬁ.y-TZ-;‘:’
[2% 1 .
A =tp, Ez—rs+47r6(x)6(x)6(z—zo) , div A=0.

Here i, is the constant characterizing the rate of change of
the current. The total VP of a semi-infinite filament densely
covered by infinitely small toroidal solenoids with time-
dependent currents in their windings is obtained by integrat-
ing these equations from zo=— to z,=0:

A=t

7Z§+47T5(x)5(y)®(—z)}, div A=0.

This semi-infinite filament corresponds to the static electric
field

D=E, E,=—u ud E o
=5, x= 'u'(:r3’ y= /Ltcr3,

My

E—=— div E=0,

;Zs+4775(x)5()’)®(—z)},

and a singular magnetic field confined to the negative z semi-
axis:

. d ap)
B=H=H,n,, H¢=—41TI/L,E'27;, div H=0.

The resulting EMF coincides with that of a point electric
charge e=—pu,/c everywhere except on the semi-infinite
filament (the left part of Fig. 11).

Above, we have used the fact that D=E, B=H in the
absence of a medium.

The same electric field may also be realized via two
linearly rising currents flowing in opposite directions along
cylindrical surfaces parallel to the z axis (the right part of
Fig. 11). The equalities

div D=0, f D,dQ=0

guarantee the absence of free charges. Obviously, the result-
ing electric charges are not true ones (owing to the presence
of the &function term).

In a qualitative manner these results were obtained ear-
lier by Miller,%® who pointed out the possibility of simulating
charge distributions by time-dependent currents. He referred
to it as to ‘‘current electrostatics.”” The present investigation
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may be viewed as a concrete realization of these ideas. Ex-
cellent measurements of the static electric fields produced by
time-dependent currents have been reported in Ref. 66.

There have been attempts (see, e.g., Ref. 78 and refer-
ences therein) to measure the electric field arising from sta-
tionary currents. Maxwell’s theory negates the existence of
this field. On the other hand, we have seen that there exist
nonstatic current configurations generating a static electric
field.

5.4. On the electric vector potentials

As we have learned from the previous section, it is pos-
sible to find current configurations producing a static electric
field E inside a tube T. As E is due to the currents, so
divE=0, and it can be represented in the form
E=curl A,. The possibility of such a representation for a
free electromagnetic field was pointed out earlier by
Stratton.”! The integral fEdS taken over the tube cross sec-
tion differs from zero. Then the Stokes theorem [EdS
=§ A, dl (the line integral is taken along a contour embracing
the tube T but lying outside it) tells us that A, differs from
zero outside 7. In other words, there is a nontrivial electric
VP outside T (Fig. 10). The same is valid for a closed chain
of electric dipoles.”” A drawback of the present consider-
ations is that we have not taken into account singular fields
in the infinitely thin layer on the surface of T (where the
currents flow). It may happen that they exactly compensate
the flux of E inside 7. Then the total flux of the electric field
strength will be zero, and there will be no need to introduce
the electric vector potential. To clarify this point, we turn
again to the closed chain of the TS, installed along the closed
curve C perpendicular to it. The total VP and electric field
strength are given by

A(r)=f Aqs(r,ro(s))ds, E=—A/c. (5.29)
Here Ars is the VP of the particular infinitely thin TS with its
center at the point ry(s). The integration in (5.29) is per-
formed along the curve C defined as r=ry(s). For the stud-
ied case the time-dependent VP is given by’® Aqg(r)
=AY, where A is the VP of a TS with a static current.
However, we are unable to evaluate the integral (5.29) along
an arbitrary closed curve. Instead, we integrate along the
infinite straight line parallel to the TS symmetry axis. In the
special gauge the VP of a TS with its axis parallel to the Z
axis is"®”7 Adg= —gn,T, where T is given by Egs. (2.8) and
(2.9) with z—z, instead of z (zq is the position of the TS
center); g=®o[27(d— Jd>—R%)]™!; ®, is the magnetic
flux inside the TS, and d and R are its geometrical param-
eters. Now we integrate this VP along the Z axis:

A= J (A%).dz,.

It turns out that

A,=®y for p<d—R,

3
A =Py—2g¢In p+2gf dz In(d
0
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FIG. 12. The torus T is densely covered by magnetized rings (only a few of
them are shown). The magnetic field strength H differs from zero at the
surface of T, while the magnetic vector potential A differs from zero only
inside 7" and at its surface. Qutside T there is nontrivial (that is, unremovable
by the gauge transformation) vector @ whose curl is the vector potential A.

—VR?-z%) for d—R<p<d,
¢=VR™=(p—d)’.

£
A,=—2g¢np+ 2gf dz In(d+ VR*-2?)

0

X for d<p<d+R,

and A,=0 for p>d+R. The flux of the VP A is obtained by
integration over the cross section of the cylinder C:

j Apdpdp=mrgdR?.

In the limit R—O0 this expression becomes 7d?®,, which
coincides with the integral of the VP taken over the
interior of the cylindrical tube without taking into account
the singular magnetic field concentrated on the surface of the
cylinder. This means that the surface magnetic field contrib-
utes nothing in the limit R—O0.

Thus, we have proved that for the studied current con-
figuration (a TS continuously distributed over the surface of
the cylinder C) the VP is equal to zero outside C, but its flux
over the cross section of C differs from zero. As div A=0,
we may put A=curl a. Using the Stokes theorem, we see
that there is a nontrivial vector function e outside C, al-
though A=0 there. The main problem is that & does not
enter into the Schrodinger or the Dirac equation. Neverthe-
less, such a current configuration interacts with an external
electromagnetic field (see Sec. 2.2) and, in particular, with
that of an incoming charged particle.

The existence of a nontrivial (that is, unremovable by a
gauge transformation) vector @ whose curl is the VP may be
proved without recourse to such rather complicated nonstatic
current configurations. Consider a set of closed magnetized
filaments uniformly distributed over the surface of a torus T
(see Fig. 12, where the lines on the torus surface indicate the
magnetized filaments). This configuration can be assembled
from the ferromagnetic rings used in Tonomura
experiments®? testing the existence of the Aharonov—Bohm
effect. The VP differs from zero only inside the torus T,
although the magnetic field strength H vanishes there (it dif-
fers from zero on the surface of 7). Then arguments similar
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to the previous ones prove the existence of a vector a in the
space external to 7. It appears that e cannot be eliminated by
a gauge transformation.

5.5. Time-dependent Aharonov—-Bohm effect

Consider the scattering of charged particles by the
charge—current configuration shown in the lower part of Fig.
9. It consists of an impenetrable toroidal solenoid with a
layer of electric dipoles filling the hole of a torus. The cor-
responding Schrodinger equation is

(5.30)

To prevent particle penetration into the interior of the torus,
it can be made impenetrable. Outside it, the magnetic field is
H=0 everywhere, and the electric field is also everywhere
zero, except in the hole of the torus, where it has a &type
singularity. The static scalar potential and linearly growing
(with time) vector potential differ from zero everywhere. The
integral $A,d! taken along a closed path passing through the
hole of the torus also grows linearly with time. The question
arises of the extent to which the electromagnetic potentials
can be removed from the Schrodinger equation (5.30).

But first we recall the situation for the usual infinitely
thin static magnetic toroidal solenoid without a double
charged layc:r.m77 In this case

d=0 (I)O (92(1 q)o 192(1
T T 4moaxdz 7Y 4w dyoz’
@, (Pa Ia
=T am a2 T o)

E=0, H=n,®,8(p—d)(z)

[®, is the magnetic flux inside the TS, and « is defined in
Eq. (5.25)]. The gauge transformation

A—A'=A-Vy, ¢y—y' =y exp(iex/hc),
_ 1 da
X= 47" 0 a—z
leads to a VP filling the hole of the torus:
AJ"=A;=0, A;=D,6(2)O(d—p),

N 1 S (S
= am |Vt T Ve g odd)
2
X ®(d—p) }«Iﬂ. (531)

The VP cannot be eliminated from this equation by a gauge
transformation, and this leads to a shift of the interference
pattern on a screen installed behind the TS. Corresponding
experiments have been performed by Tonomura,® and their
theoretical description is given in Ref. 79.

For the studied time-dependent case the gauge transfor-
mation which partially eliminates the electromagnetic poten-
tials is

A—A'=A-Vyx, ¢—¢'=¢+xlc,
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T
—  f0) .

screen

FIG. 13. The magnetic time-dependent AB effect. For the charge—current
configuration discussed in the text, the time-dependent magnetic flux differs
from zero only inside the impenetrable torus 7. Outside 7 the time-
independent electric field strength E differs from zero only inside the torus
hole. It is the time-dependent magnetic flux inside T that leads to the time
variation of the intensity of scattered charged particles.

1 o

Yy— ' = expliex/hc), x= yp Dt P

After this transformation,

¢'=A,=A)=E,=E,=0, A!=dt5(z)0(d=p),

1
E'=E,=

2 z c

P,0(z2)O(d—p),

H;,=H¢=(D0t5(2)5(d_p),

5 h? viiviely i
i Pt om ‘\.+Vy+ Z—Ed)()t&(z)

2
X@(d—p)) }\I”. (5.32)

Equations (5.31) and (5.32) have essentially the same form.
Likewise, the static VP cannot be removed from Eq. (5.31),
and the time-dependent VP cannot be removed from Eq.
(5.32). This means that a changing (with time) interference
pattern inevitably arises on a screen installed behind the im-
penetrable toroidal solenoid (Fig. 13). The static electric field
E filling the hole of the torus certainly deflects incoming
charged particles (via the Lorentz force). The charged-
particle scattering cross section evaluated according to the
laws of classical mechanics does not depend on the time. The
time dependence of the interference pattern is a pure quan-
tum effect. It is due to the time-dependent magnetic flux
enclosed in the impenetrable torus. We observe that effects
of excluded fields (a time-dependent magnetic field confined
to the impenetrable torus) are observed against a background
of accessible ones (i.e., the static electric field filling the hole
of the torus). This agrees with the standard definition of the
Aharonov-Bohm effect as the observable effects of enclosed
(or inaccessible) fields (see, e.g., Ref. 62). For cylindrical
geometry, the magnetic time-dependent AB effect was con-
sidered recently in Refs. 80 and 81.
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5.6. Finite toroidal-like configurations

5.6.1. The Debye parametrization for the
electromagnetic potentials and field strengths

Consider now a time-dependent current distribution con-
fined to a finite region of space:

J(r,0)=£(1)j(r).

An arbitrary vector function and, in particular, the current
distribution can be represented in the form (Debye param-
etrization)

J(O) =V, +curl(r¥,) +curl®(r¥;).

(5.33)

(5.34)

It turns out that the VP corresponding to the current density
(5.33) in the Lorentz gauge (div A+®/c=0) is given by

(5.35)

Clearly, Eq. (5.35) is the Debye parametrization of the VP.
The functions entering into it are

A=Va,+curl(ra,)+ curl®(ra;).

1
ak=1k/c, Ik:f Ef(t_R/C)\I'k(l")dV,. (536)

Here R=|r—r’|. For completeness, we write out the corre-
sponding scalar electric potential:

b=—1,/c+ATF ()W (1) + by (5:37)

Here a dot above I, denotes the time derivative, F(t)
= ['f(t)dt, and ¢y is the scalar potential arising from the
time-independent part of the charge density (if it exists):
b= R ' pyu(r')dV’. It is convenient to represent the
field strengths in the same form as j and A:

E=Ve,+curl(re,)+curl?(re;),

H=Vh,+curl(rh,)+ curl®(rh;). (5.38)

It turns out that

e1=— Qgu— 47F(1)¥ (1), ez=—i2/cz, e3=—i3/c2,
k=0, hy=—L/>+4mf(t)¥5(r)ic, hy=I,/c.

(5.39)

These representations are convenient because the potentials
and field strengths are obtained from relatively simple inte-
grals, and their time and space derivatives.

We know from Sec. 3 that the functions ¥, and ¥,
carry information about the magnetic and toroidal (electric)
moments, respectively. Thus, putting W, (r)
= ‘/’2(r)Y1m(0’¢) and \1,3(1'): ‘//3(r)ylm(09¢)7 we obtain
formulas describing the radiation of particular magnetic and
toroidal (electric) multipoles. The functions i, and i define
the radial distribution of the current sources. Expanding the
function g=f(t—R/c)/R in spherical harmonics,

1
g=4m2 ST 8ir.r DY (0.9)Y 5 (6'.6"),
(5.40)

we obtain, for the particular /m multipole,
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47 1
Ilm:_c—2_l+—1 Yl"1(0,¢)j gl(r7rlat)‘//k(r,)r,2dr’

(5.41)

(with no sum over /,m here).

5.6.2. Transition to the point-like limit

Equation (5.41) defines the integrals for a finite spatial
current distribution. To obtain the point current limit we fol-
low the method used by Rowe®? for the evaluation of the
integral /, entering into the definition of ¢ [see Eq. (5.37)].
One simply puts

W(r)~Y (= V) 8(r). (5.42)

We shall clarify the meaning of Y,,,(— V) on the right-hand
side of this equation. We write

Y in(0)=1"Y 1(6,0), (5.43)
where Y;,,(0,¢) is the usual spherical harmonic. Clearly,

Y ;n(x) is a homogeneous function (of order /) in the Carte-
sian variables x,y,z. For example,

Y po(x)~272—x2—y2. (5.44)

To obtain Y,,,(— V) we replace x; by —3/dx; in Eq. (5.43).
In particular,

L L

Yzo(—V)NQ, a—zz— 57— W (545)
Many of the properties of the functions Y, (x) and their
physical applications are collected in Ref. 83. Now we sub-

stitute (5.42) into (5.36) and integrate by parts:
Ik~Y1,,,(V)f(t—r/c)/r. (5.46)

Inserting this expression into Eqgs. (5.35) and (5.38), we ob-
tain the electromagnetic potentials and field strengths de-
scribing the elementary source.

5.7. More general radiationless sources

Having obtained explicit expressions for extended and
point-like sources, we now try to construct radiationless
sources of higher multipolarities. Consider the charge and
current densities corresponding to an oscillating quadrupole
moment:

pq=fq(t) 53("),

1
(nV)2— 3 A

ig=—f, 8(r). (5.47)

1
n(nV)—gV

On the other hand, consider the pure current density (5.34)
with

\I’l=\I’2=0, ‘I’3=

(nV)z—%A}rﬂr),

jc=fd(f)curl(r¥s). (5.48)

It turns out that the oscillating quadrupole charge—current
configuration (5.47) and the pure current configuration (5.48)
placed at the same point generate total field strengths equal
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to zero everywhere, except at the origin, if the following

relation is fulfilled: f,=2 fc/ c?. The total charge—current
densities are

2 .
P=c7fc(t)

(nV)zf % A}53(r),

2 .
J=fDeurl(x¥) ~ = f,

1
n(nV)— N v} SB(r). (5.49)
Nevertheless, the electromagnetic potentials are not zero:

d=¢,="73

(nr)2- % r ]F ,

4 2
A=A +A=- p (nr)n— = r|F + AT (nr)?

3

1 c c? . el
—— 2 Ny 2
3r](f£ +6- £ +15;7fc+15;§fc),

2
[FC=F(fc)=fc+3§fc+3%fc}. (5.50)

For f.=const, f,=0 we get the following static configura-
tion:

i=f(Dcurl’(r¥s),
2 .

1
(nr)n— 3T

1
(nr)z— 3 r

N 30
Ejfcl'

A 12
- CrS fc
(5.51)

This VP, falling off at large distances as r~*, corresponds to
[=3 in Eq. (5.20). As we mentioned at the end of Sec. 6.1.3,
we did not succeed in identifying the finite static current
configuration whose infinitesimal limit coincides with (5.51)
and corresponds to odd / in (5.20).

The case next in complexity corresponds to octupole os-
cillations of the charge density:

-4

3
pq=fq<r)(nV>[<nV>2— : A] (),

il 9= % oo (5.52)

The elementary toroidal current distribution giving the same
field strengths corresponds to

V,=¥,=0, ¥;=£()(nV)

(av)- A]a3<r>,

fq=—3f.lc% (5.53)

The finite poloidal current distribution whose infinitesimal
limit coincides with Eq. (5.53) was obtained in Ref. 46. The
asymptotic behavior of the corresponding VP is determined
by Eq. (5.19).

Now we are able to writc out more general radiationless
charge—current configurations. The extension of Egs. (5.47)
and (5.52) to an arbitrary multipolarity / is given by

p = (NVV)E(T), j,=—F,()ve(x). (5.54)
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Here V,;= 4/ dx;, while v is the vector whose Cartesian com-
ponents are

)
IZ Ql iy, ilvi2"'vilv
2---h
where Q) . is the symmetric traceless tensor (see Sec.
109,50

3.2.2) of rank [ in the variables n,, n,, n, defining the
direction of the fixed 3-vector (this vector can be identified
with the direction of the TS axis). The electromagnetic po-
tentials and field strengths corresponding to these densities
are

f, 1/
¢q=(vv) Tq7 Aq=_vz:Tq7
fq f‘q _ 1 f‘l
——V(VV) V‘r—, Hq‘_;(VXV)T
(5.55)

(we recall that the argument of the f functions, if not indi-
cated, is t—r/c).

On the other hand, a pure current configuration general-
izing Eqgs. (5.48) and (5.53) is given by

pc=0’ jczfc(t)curl(Z)(rq,3)’ \I'3=(VV)63(I').
(5.56)

The corresponding electromagnetic potentials and field
strengths are

=0,
A =——V( V)£+i3v&+—fc(t)r(vv)63(r),
. 1 fi Axw
—zV(vV)JL ——n{ - F(OX(vV)&(r),

fc 47l
H.= (V>< )———fc(t)(l'XV)(VV)53(r)-

(5.57)

Now we place the charge—current densities (5.54) and (5.56)
at the same point. It turns out that if f,= fc/c then the total
electromagnetic field strengths are everywhere zero, except
at the origin:

47l .
E= —crfc(t)vﬁz(r).
(5.58)

Nevertheless, the electromagnetic potentials differ from zero
in the whole space:

447l
H=— —C—fc(t)(VXV)53(r),

. 47l
d=—xlc, A=Vy-— ——c—fc(t)v63(r),

l [
X=-72 (vV) f; (5.59)

Evidently, these equations generalize the particular cases
considered earlier.
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5.8. Concluding remarks on toroidal radiationless
sources

In a previous section we found elementary charge—
current configurations with the property that the electromag-
netic field strengths, not the potentials, vanish outside them.
Turning to Eq. (5.59), we observe that outside the source
A=Vy and ¢=—x/c, that is, the electromagnetic potential
can be represented there as a 4-gradient of a singular func-
tion y. Does this mean that the electromagnetic potentials
can be eliminated by a gauge transformation? One cannot
comment on the topological nontriviality of the electromag-
netic potentials without going beyond the framework of the
elementary source. This is due to the fact that it is not clear
what is a topologically nontrivial point-like source. As an
illustration, consider the vector potential (5.18) of the usual
static elementary toroidal solenoid. It turns out that outside
the origin (where the TS is placed) the VP can be represented
as the gradient of the singular function y=— f,(nr)/r>. On
the other hand, outside a finite TS [whose infinitesimal coun-
terpart is the elementary source (5.18)] the VP cannot be
eliminated by a gauge transformation (despite the fact that
E=H=0 there). This leads to numerous experimental con-
sequences and, in particular, to the static magnetic
Aharonov-Bohm effect. Experiments in which electrons
were scattered on an impenetrable magnetized ring were per-
formed by Tonomura et al.®*

Now we turn again to Egs. (5.54) and (5.56). We know*
how to find finite counterparts of the elementary sources
(5.52). For time dependences for which the VP can be found
in a closed form, the rules (6.50) and (5.57) lead to topologi-
cally nontrivial electromagnetic potentials outside radiation-
less sources. The uniformity of these prescriptions suggests
that nontrivial potentials should exist for an arbitrary time
dependence. To the best of our knowledge, the nontrivial
radiationless sources considered in Ref. 13 are their first con-
crete realizations.

Further, it turns out that the field strengths vanish in the
space surrounding radiationless sources. Since the electro-
magnetic field strengths generated by oscillating charge den-
sities and elementary toroidal sources are the same (if their
time dependences are properly adjusted), particular terms of
the multipole expansions defining these strengths coincide
and have the double names known in the physics literature as
electric (see, e.g., Refs. 24 and 48) or toroidal>3%3! multi-
poles. Despite the coincidence of the electromagnetic field
strengths, the corresponding potentials may be physically
different. In those cases the multipole expansion of the field
strengths does not describe the whole physical situation
(since the same multipole expansion of the field strengths
corresponds to physically different electromagnetic poten-
tials which can be distinguished experimentally).

We briefly summarize the main results obtained in this
section:

1. The radiation fields of toroidal-like current configura-
tions have been investigated. There are two different repre-
sentatives which generate essentially different electromag-
netic fields. These representatives are a circular turn and a
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toroidal solenoid with time-dependent currents flowing in
them.

2. There are elementary time-dependent charge—current
configurations outside which the electromagnetic field
strengths vanish but the potentials survive. In the solvable
cases their finite-dimensional counterparts have nontrivial
(i.e., unremovable by a gauge transformation) electromag-
netic potentials outside them. This can be used for perform-
ing time-dependent Aharonov—Bohm-like experiments and
for information transfer (modulating the phase of the
charged-particle wave function).

3. Using the Debye parametrization of the current den-
sity, we represent the electromagnetic field of an arbitrary
time-dependent charge—current density in a form convenient
for applications. The contributions of different multipoles in
it are explicitly separated.

The authors are grateful to Prof. V. L. Lyuboshitz for a
careful reading of the manuscript. His precise remarks made
this paper a better one.
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