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Some problems of accelerator technology and the practical use of high-intensity proton and ion
beams for fundamental and applied research and nuclear power production based on the

use of accelerated particle beams and subcritical reactors are briefly described. All these problems
require detailed study of ion—atom collision physics. The main problems in developing
theoretical methods for calculating the differential and total effective cross sections for processes
occurring in fast ion—atom collisions, where the two colliding particles are multielectron
systems, are discussed. Methods are given for the approximate calculation of the angular and
energy distributions of ions and electrons in the ionization of multielectron ions and

atoms with accuracy sufficient for practical applications. © 1998 American Institute of Physics.
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1. INTRODUCTION

Already for several decades now, the leading nuclear
reactor and accelerator centers around the world have been
planning and carrying out projects which use high-intensity
proton and ion beams to solve fundamental and applied prob-
lems in science and technology. The first high-intensity pro-
ton accelerators were meson factories,'™ in which beams of
protons or negative ions H™ with an intensity of order 1 mA
are accelerated to 600—800 MeV. The idea is that the accel-
erated ions H™ will be stripped for storage and change of the
time structure of the beam.

Reducing the loss of beam intensity to a minimum has
always been a serious problem in accelerator technology, but
for high-intensity accelerators the problem becomes acute. In
ordinary accelerators with relatively low intensity /<1 uA,
an intensity loss of even ten percent in the acceleration and
transport of the beam essentially just lengthens the time for
performing an experiment and makes it necessary to increase
the screening of areas sensitive to radiation. At high-intensity
accelerators with />1mA even much smaller intensity
losses are incompatible with the strict requirements of radia-
tion safety.

Calculations of the beam dynamics and the beam loss
due to collisions with atoms of the residual gas require reli-
able values of the effective cross sections for the ionization,
charge exchange, and scattering of the accelerated particles
in collisions with atoms of the residual gas. This has made it
necessary to perform detailed studies of the interaction pro-
cesses occurring between the ions of the beam and the atoms
of the residual gas and various charge-exchange targets at
various energies of the accelerated protons and ions. It has
also made it necessary to develop sufficiently accurate ap-
proximation methods for calculating the corresponding ef-
fective cross sections, since the experimental data and calcu-
lations of such cross sections at energies E/A
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=10 MeV/nucleon are only fragmentary.s’12 Improvement
of the vacuum in the accelerator channel and the transport of
high-energy ion beams has made the problem of accurately
determining the effective cross sections for ion charge ex-
change and scattering on residual gas atoms less acute, be-
cause these cross sections fall off rapidly with increasing
energy.

However, the effective cross sections for ionization and
electron capture in ion—atom and electron—atom collisions
remain important for the development of modern ion sources
and injectors,”‘16 and also for calculations of various
charge-exchange schemes and for the corresponding targets.
In existing and planned plasma ion sources a powerful beam
of laser or superhigh-frequency radiation effectively ionizes
the atoms of practically any element, but the problem of
extracting a sufficient intensity of highly charged ions from
the plasma cloud is very complicated. During extraction
from the plasma cloud highly charged ions (ions with a high
degree of ionization) capture plasma electrons and effec-
tively decrease their charge. No theoretical model has yet
been constructed for this process.!® Therefore, the use of
charge-exchange targets for increasing the charge of the ac-
celerated ions becomes essential in choosing an optimal de-
sign for a charged-ion accelerator.

Knowledge of the effective charge-exchange cross sec-
tions of negative ions is also required for ion accelerators of
the widely used direct-action, tandem type, where a positive
potential is supplied to a central electrode, while the injector
and beam extraction apparatus are held at zero potential. The
stripping of negative ions to states with positive charge oc-
curs in a charge-exchange target located at the center of the
accelerator.

The choice of charge-exchange target and the determi-
nation of its parameters are very important for designing the
accelerator. The parameters of the gaseous target determine
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the parameters of the vacuum system of the accelerator and
the cost of running it. These considerations are also impor-
tant for another type of accelerator, where the injection as-
sembly contains several charge-exchange targets for the sys-
tematic stripping of ions after they have passed through the
corresponding accelerator sections, producing further accel-
eration of the ions. These goals require the effective charge-
exchange cross sections of a large number of ions on various
targets and in a wide range of energies.

Study of the interactions of H™ ions with various atoms
has allowed the determination of the vacuum required in the
chambers of a future meson factory, the efficiency and life-
time of various charge-exchange targets, and the increased
emittance of the beam in multiple passages through the
charge-exchange target for multiturn injection into the stor-
age ring.'”~ In particular, it has been shown that the life-
time of the charge-exchange target of a meson factory is
determined by the accumulation of radiation damage in the
bombarded part. The possibility of using charge-exchange
electron diagnostics of a high-intensity H™ ion beam has also
been demonstrated.?!

Several institutes are developing projects in which in-
tense proton and ion beams will be used for inertial con-
trolled thermonuclear fusion,*~28 and there are proposals for
the use of hydrostatic compression of deuterium and tritium
targets acted on by powerful ion pulses. The design and con-
struction of accelerators with the required parameters is ex-
tremely complicated and requires important preliminary
studies of many aspects, including the interactions between
the beam ions and the target.

Problems of the interaction of intense electron and 7y
beams with atomic targets which are in some respects similar
to those described above also are important for carrying out
projects on electron and laser variations of inertial thermo-
nuclear fusion.

Ion beams are used to raise the plasma temperature in
tokamaks, where the problem also arises of minimizing the
temperature decrease of the plasma owing to collisions of
electrons with ions knocked out of the front wall.

Another important application of intense proton and
light-ion beams was and still is the problem of creating high-
intensity neutron sources>~* for the electronuclear method
of producing and using up nuclear fuel, for the transmutation
of long-lived nuclear wastes from atomic power plants and
other nuclear reactors, and so on. Several authors®?>* have
studied the possibility of using accelerated ion beams for
this, as the neutron yield per accelerated particle is higher
than for proton beams. A direct outcome of these studies was
the projects carried out at several institutes for using intense
neutron beams, created in collisions of intense proton or ion
beams with the atoms of various targets, for the construction
of subcritical nuclear reactors with preliminary neutron irra-
diation.

The use of intense proton and ion beams in nuclear
power reactors operating in the subcritical regime allows the
solution of a number of problems in nuclear safety. Some of
the technical problems of designing atomic power plants
based on subcritical reactors have been worked out, and the
economic competitiveness of such power plants compared to
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ones based on traditional reactors has been estimated.*>~*
According to several authors, the creation of an atomic
power plant producing a power of order | GW using reactors
operating in the subcritical regime requires accelerators with
proton energy of order 1 GeV and intensity of the order of
tens or hundreds of milliamperes, depending on the reactor
features and the degree of subcriticality. Therefore, the in-
tensity of an accelerator used to control a subcritical reactor
at an atomic power plant must be about two orders of mag-
nitude higher than that of one operating at existing meson
factories. This further tightens the requirements on minimiz-
ing the loss of beam intensity during acceleration and trans-
port.

A fundamental technical problem in realizing such
atomic power plants is the creation of economical and reli-
able high-current proton and ion accelerators. Working out
the technical foundations for constructing accelerators with
an energy of about 1 GeV and a current of tens or hundreds
of milliamperes is a complicated problem. Given the effi-
ciency of extracting such intense accelerated beams, it is
preferable to focus on linear accelerators with warm or su-
perconducting structures,** although some authors also
consider the possibility of using ring accelerators. "~ The
creation of such accelerators requires the solution of a num-
ber of problems associated with the interaction of the accel-
erated ions with the residual gas, the accelerator walls, and
various targets.

Along with pursuing the possibilities of existing accel-
erator designs, it is important to continue studying new ac-
celeration techniques which can provide a significantly
higher rate of acceleration. The interaction of high-power
laser radiation and an intense electron beam appears promis-
ing for the development of new accelerator designs. One
possible approach is to use the oscillations arising in a
plasma acted on by radiation from one or two lasers at close
frequencies or a powerful electron beam. The development
of new types of high-power laser with a power of tens of
terawatts has led to studies on the second generation of
plasma accelerators.® The design and construction of such
accelerators require study of the propagation of laser radia-
tion and an electron beam in a plasma.

The development of the technology for the reactors dis-
cussed above requires theoretical and experimental study of
the various mechanisms by which proton and ion beams in-
teract with the materials of the active zone, the effective
nuclear reaction cross sections and the energy lost to ioniza-
tion and excitation of the atoms for various targets, and the
angular, energy, and charge distributions of all the particles
after collisions. This information is required not only for
selecting the energy and intensity of the accelerator beam,
but also for determining the optimal structure of the target,
taking into account the allowed thermal stresses and so on.

Reliable calculations of the energy loss in ion—atom col-
lisions are required for many applied problems. At present
there are accurate approximation methods for calculating the
energy loss in elementary collisions of the simplest ions (hy-
drogen, helium) in rarefied gaseous targets of light atoms. It
is necessary to be able to perform such calculations also for
various ions in gaseous targets of various densities, and in
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solid and monocrystalline targets of various thicknesses, tak-
ing into account the density effect. In dense media, ions ex-
cited in a collision do not manage to deexcite before the next
collision, and the characteristics of such collisions are quite
different.

Tons with weakly bound electrons (for example, H™ ions
or other negatively charged ions) have sizes comparable to or
even larger than the interatomic spacings in dense targets. In
interactions with incident ions, the mechanism for the ion-
ization of weakly bound outer electrons of metallic targets
differs significantly from that for the ionization of tightly
bound atomic electrons.

The energy losses of ions channeled in monocrystals dif-
fer qualitatively from the losses in amorphous media. Study
of the dependence of the probability for a process on the
impact parameter can prove useful in this case.> %2

The values of the ion energy loss in various targets are
needed, in particular, to study radiation damage and the
mechanisms leading to the breakdown of irradiated targets,
for estimating the lifetime of such targets, and for developing
a number of new industrial technologies.®> Low-intensity
proton and ion beams have long been used in medicine for
producing nuclear isotopes and curing malignant
tumors. >+

Only fragmentary experimental data on the problems
listed above can be found in the literature. Systematic studies
must be performed in order to develop reliable theoretical
methods for dealing with these problems.

At ion energies E/A>10 MeV/nucleon, detailed studies
of the ionization processes are of primary importance for
practical applications in accelerator technology. The effec-
tive cross sections for electron capture at these energies are
needed only in solving problems involving ion sources.

Investigations of the structure and composition of mate-
rials can be performed by the inverse scattering method and
by studying the angular, energy, and charge distributions of
ions after scattering at large angles on various amorphous
and monocrystalline targets.%>°

Here we shall present methods for calculating the effec-
tive ionization cross sections in ion—atom collisions and the
angular and energy distributions of ions and electrons after
such collisions, and compare the results with the experimen-
tal data. The results of work on some of the other problems
listed above and related problems will be published in a sub-
sequent study.

2. FEATURES OF METHODS OF CALCULATING THE
EFFECTIVE CROSS SECTIONS FOR CHARGE-
EXCHANGE PROCESSES IN ION—-ATOM COLLISIONS

As mentioned above, the solution of a number of applied
problems requires knowledge of the total and differential ef-
fective cross sections for ionization and electron capture in
collisions of ions of energy E, nuclear charge z,, and ion
charge i, (for a wide range of values of these quantities)
with the atoms of various targets. Only fragmentary data on
these cross sections are available in the literature. There is no
unified theory of such collisions for the entire range of pa-
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rameters, and the construction of such a theory encounters
both fundamental and computational difficulties.

The mathematical techniques useful in the theory of
atomic collisions and a description of the relevant approxi-
mations can be found in Ref. 60. However, the treatment
there is rather awkward and encumbered with mathematical
formalism, and for practical applications it is necessary to
analyze new experimental data and develop computational
methods suited to the purposes described above in the Intro-
duction. Such an analysis is also necessary because the vast
majority of studies in the physics of ion—atom collisions
have been performed at fairly low energies, in the region
where the effective cross sections for these processes are
maximal, i.e., at incident particle velocities close to those of
the atomic electrons. For incident ions this corresponds to an
energy of order 10 keV/nucleon. This is a consequence of the
possibilities offered by existing accelerators, and also the
fact that at low energies these cross sections are maximally
informative about the collision mechanisms, the applicability
of various approximations for describing the wave functions
of multielectron systems, and, more generally, the construc-
tion of theoretical approximations for solving the many-body
problem with long-range potentials in quantum mechanics.

At ion velocities low compared to the velocities of
atomic electrons, the basic theoretical method is the quasi-
molecule method.%! A full description of this method lies
outside the scope of the present study. We only note that it
gives correct results, and that it describes electron transitions
using the laws of quantum mechanics, which requires quite
lengthy and tedious calculations.

The physics of fast ion—atom collisions possesses spe-
cial features which make it relatively easy to develop ap-
proximation methods for calculating the cross sections for
effective ionization and other processes.

Let us point out some of the characteristic features of
ion—atom collisions at high and intermediate energies which
are important for choosing theoretical approximations and
which are determined by the energy and momentum conser-
vation laws and the purely Coulomb interaction of all the
particles involved in the collision (atomic nuclei and all the
electrons of the incident ion and target atom).

As arule, in processes associated with the rearrangement
of electron shells and electron loss or capture the fast inci-
dent ion loses only an insignificant part of its energy E and
momentum p (AE<E and Ap<p). The transferred energy
AE is usually comparable in order of magnitude with the
ionization potential of the corresponding shell of the atom or
ion, amounting to tens or hundreds of eV for outer shells.
Large losses AE are therefore unlikely, as are large Ap.
Therefore, in such collisions ions are scattered at small
angles 6~Ap/p. Large scattering angles 6 correspond to
processes associated with the rearrangement of the inner
shells of heavy atoms. Large-angle scattering of the ions oc-
curs only in scattering on nuclei of the target in collisions
with small impact parameters.

Meanwhile, owing to the slow falloff of the Coulomb
potential with distance, in any collision there is a significant
probability for the states of several electrons to change in a
single collision.
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Even in distant collisions, when the state of only a single
weakly bound electron is changed, this transition occurs as a
result of the interaction of all the Coulomb centers, i.c., the
two nuclei and all the electrons. This means that the calcu-
lation of the effective cross sections of ion—atom processes
always requires the solution of the quantum-mechanical
many-body problem. At present it is possible to develop ap-
proximation methods for solving this problem only by using
special models and approximations which are applicable in
only a limited range of parameters (energy, charge, degree of
ionization, and so on), and so it is very difficult to estimate
the accuracy of such calculations. The existing approxima-
tion methods developed for potentials which fall off rapidly
with distance and which allow the solution of a number of
problems in nuclear physics are inapplicable here, owing to
slow falloff of the potential.

An important feature of the effective cross sections of
ion—atom collisions is the presence of a sizable energy range
in which the energy dependence of the cross sections can be
described by asymptotic expressions. At ion velocities v ex-
ceeding the orbital velocity of the ejected electron, the effec-
tive ionization cross sections asymptotically approach the de-
pendence v~ 2, while the energy dependence of the electron
capture cross sections is considerably stronger.

The spin functions and identical nature of the electrons
are taken into account in the correct treatment of the sym-
metry properties of the initial- and final-state wave functions
of the ions and atoms. Polarization effects are not important
in these problems, and nuclear forces do not participate in
the interaction at distances of order (10"8-~10"7) cm, which
give the dominant contribution to the cross sections.

Owing to these features of fast ion—atom collisions, the
physically correct methods of calculating the effective ion-
ization cross sections are based on the use of various ver-
sions of perturbation theory. The solution of problems in-
volving many particles with spin and coupled by a weakly
decreasing interaction potential, as in our case here, requires
the introduction of several approximations based on the
physical understanding of the problem.

A system of an ion plus an atom is described by a wave
function ¥ which is a solution of the Schrodinger equation

i Oy v 2.1

it o =HWV¥. 2.1)
In perturbation theory the Hamiltonian H is split into two
parts

H=H0+U, (2.2)

where H, describes the free ion and atom (their motion and
structure), and the interaction operator

Ny 2

Z
_ Za2g€’ N,e? Zge

IR~ [R-r| &1 [R+r)

Zg Ny e?

R E— (2.3)
j=11=1 |R+l'l_rjl

describes the interaction of the two nuclei and all the elec-
trons with an “‘external’’ nucleus. Here and below, r; and r;
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are the radius vectors of the target and ion electrons (relative
to their nuclei), respectively, and N,=z,—i, is the number
of electrons of the ion.

The main complexity of the problem is the lack of an
exact solution of the equation

HyV=EV¥ (2.4)

and the fundamental difficulties of finding one by approxi-
mation methods. An exact solution of the Schrodinger equa-
tion for the wave functions ¥, and ¥ of free ions and
atoms exists only for the H atom and hydrogen-like ions. For
atoms and ions with the number of electrons N>1 there
exist only approximate wave functions ¥, and ¥, con-
structed in various bases, which can include tens or hundreds
of basis functions. The need for such complicated functions
arises in the detailed inclusion of electron correlations and
configuration mixing in calculations of tiny effects in elec-
tron transitions (the optical-line widths, the structure of me-
sonic atoms, and so on). Of course, such calculations are
very awkward.

For our purposes the initial and final states of the inci-
dent ion are important, while the electron states of the target
atom can be summed over. In general, the effective cross
section for the inelastic scattering of an incident ion is given
by the expression from the general theory of inelastic
scattering: %

_ M,prf 2
da—m |<q)f|Tl(I),~>l dQ.

(2.5)
Here M; and M ; are the masses of the ion scattered into solid
angle d() before and after the collision, respectively, p; and
py are the corresponding momenta, and ®; and @ are the
wave functions of the initial and final states of the system. In
calculations of the effective ionization cross sections, d{) in
(2.5) must be replaced by dQdedw, because in the final
state along with undergoing scattering in solid angle d{}, an
electron of energy ¢ is ejected into a solid angle dw by the
ion.

Equation (2.5) is exact. The fundamental information
about the process is contained in the matrix elements of the T’
matrix, and it is in calculating them that the approximations
mentioned above are made (structure formulas are used to
expand the T matrix in a series, but convergence of the series
is not guaranteed). For a system of an ion plus an atom even
the construction of the initial and final wave functions ®;
and @ is possible only by using an approximation with lim-
ited accuracy.

All the intermediate calculations are most conveniently
carried out in the center-of-mass frame, assuming M;=M
and neglecting the electron mass m compared to the masses
of the ion and the atom.

The main working approximation in calculations of the
ionization cross sections in fast ion—atom collisions is the
plane-wave Born approximation (PWBA), in which the wave
functions ¥; and W, of the initial and final states of the
system have the form

V=W, Vg exp(ip,R/#),

lI’fz‘I’Af‘I,Bf exp(ipr/ﬁ), (2.6)
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where ¥, and W5 are the wave functions of the free states
of the ion and atom, respectively, and R is the separation
between the nuclei of the ion and the atom.

For practical calculations of the effective ionization
cross sections in fast ion—atom collisions it is desirable to
construct functions ¥4 and ¥z which allow approximate
values of the ionization cross sections to be obtained rela-
tively simply and with accuracy sufficient for practical appli-
cations (of course, these functions will not be useful for cal-
culating the tiny effects mentioned above). For this, the
optimal functions are ¥, and ¥y in the form of linear

combinations®
Ny

¥ ,(r, ,rz,...rNA)=Z a,jI=Il Vi(zj,r)x(mg)  (27)

of one-electron Coulomb wave functions
‘\F_i(z;"= :r')=Rnl(Z}k vrj)Ylm( oj,‘Pj)

and spin functions x;(m,;).

The coefficients a, are chosen such that ¥, and ¥,
correspond to the ground-state quantum numbers of the ion
and atom, respectively: the total angular momentum J, the
orbital angular momentum L, and the spin S, and the re-
quired symmetry properties and satisfaction of the Pauli
principle are ensured.* The coefficients a, consist of com-
binations of the corresponding coefficients of the vector ad-
dition of the angular momenta; for brevity, we shall not write
them out here.

The functions (2.8) are mutually orthogonal, owing to
the orthogonality of the spherical harmonics Y,,(6;,¢;).
The exception is the ns states, which require additional or-
thogonalization. The radial functions R ,;(z}%,r) for different
shells are not orthogonal, as they differ by the values of the
effective charges z)%.

In this approximation the operator (2.3) is a single-
particle operator with respect to the electrons of the ionized
ion A, and so in a first approximation only the state of a
single electron can change (this includes ejection into the
continuum). The effective cross section for multiple ioniza-
tion is zero in this approximation. It can be described only by
more complicated higher-order expressions.

(2.8)

3. CALCULATION OF EFFECTIVE IONIZATION
CROSS SECTIONS IN ION-ATOM COLLISIONS

3.1. Calculation of the ion angular distributions after
ionization in ion—atom collisions

The effective ionization cross section do,/d{) of an
incident ion A in a collision with an atom B, differential in
the scattering angle 6 (i.e., after ejection of an electron from
the initial state |[nlm)|3m,) of the ion into the continuum),
has the following form in the approximation that we have
described:53

do, dof do¥f

=, (3.1
dQ)y dQ  dQ
dofl _daotpM? ([ Ng 1% 0’ Tun(g.k)dk
TR D] T

(3.2
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doll 4agNyM* v’ Doim(q.k)dk
a0 oFm? fSB(Q) T (3.3)

Summation of Egs. (3.1)-(3.3) over the initial states of the
N, electrons gives the angular distribution of the ions A after
ionization (loss of any of the N4 electrons of the ion A), and
integration of this sum over the momentum k and angle ()
gives the total cross section ¢ for ionization of the ion in a
collision with the atom B. Here and below, we use the no-
tation dQ) =27 sin 8d6, M is the reduced mass of the col-
liding ion A and the atom B, v and v’ are their relative
velocities before and after the collision, g is the change of
momentum of the incident ion, & is the electron momentum
in the coordinate frame attached to the ion A, 7,,(g,k) is
the squared modulus of the matrix element € ,,,,(¢,k) for the
electron transition from the state |n/m) to the continuum,
integrated over the emission angle x of the ejected electron,
m is the electron mass, ag=>5.29X 10"° cm is the Bohr ra-
dius, z¥ is the effective charge of the ionized shell of the ion
A, and the quantities ¢ and k are given in units of z{Aag .

The relation between the scattering angle 6 and the
quantities ¢ and k is determined by the conservation laws.
We shall discuss this in more detail below.

The form factors F(g) and Sp(g) are determined® by
only the electronic structure of the atom (or ion) B, de-

scribed by its initial function W p;(ry,rz, ... Fy,):
Np
Fz(q)=Nj; ‘;‘,} |¥ 5|2 exp(iqr;/#)dr, (3.4)
Ng
SB(‘I)_NEI[% | 5|2 exp(iq(r;—r,)/f)dr
"INBFB(‘I)|2]- (3.5)

The integration in (3.4)—(3.5) runs over all the radius vectors
r; of all Np electrons of the atom B.

For many atoms and some ions there are tables in the
literature®s-% which give the form factors Fp(q) and Sg(q)
calculated using various wave functions. However, it is more
convenient to use analytic expressions for Fg(g) and Sg(q).
These are given and discussed in Ref. 59 for atoms with
zp<7 and ions with Ny=<7. The expressions for Fz(q) and
Sz(q) calculated using the wave functions (2.7) and (2.8) for
atoms with zz=<10 and ions with Nz=< 10 have the form”

F(q)=N"'[N,L(1s,15)+N,,L(2s,2s)
+N2p L(2p0.2p0) +N2p L(2p1.2p1)],

S(q)=N"'[N-a,L*(1s5,15)—a,L*(2s,2s)
—a3L*(15,25)~ a4L*(2po.2po)
—asLi(2p1.2p,) —aeL*(15.2po)

- —aq7L*(2s,2p) —asL(2pg,2p0)L(2p1,2P1)]-
3.7

(3.6)

The values of the one-particle matrix elements



206 Phys. Part. Nucl. 29 (2), March-April 1998

A. K. Kaminskii and A. A. Vasil'ev

TABLE 1. Values of the coefficients a; in Eq. (3.7) for the inelastic form factor S(q) for an ion or atom with N<10.

N Term a, a as as as ag ay asg
1 281 1
2 S0 2
3 281 2 1 2
4 18, 2 2 4
5 P 2 2 4 1/9 49 23 23 49
6 3P, 2 2 4 49 10/9 43 43 49
7 4S8y, 2 2 4 1 2 2 2
8 3p, 2 2 4 10/9 22/9 8/3 8/3 49
9 3Py 2 2 4 13/9 28/9 10/3 10/3 49
10 1So 2 2 4 2 4 4 4
iqr/h agMz
Pyl Y — *
L(nim,n'l'm )—j a0, i(r)de (3.8) q2=W(v2+v'2—2vv' cos 0). (3.11)
; j

are given in Ref. 70 and in the Appendix.

The coefficients N; and N,, are the numbers of elec-
trons in the 1s and 2s shells of the ions or atoms, respec-
tively. The coefficients Nap, and NZP: are

(3.9

In obtaining (3.9) we have used the fact that the matrix ele-
ments (3.8) with m=+1 and m=—1 are equal, and only
transitions with different values of m are forbidden.

The coefficients a; in (3.7) are given for various ions in
Table I, where the blank spots correspond to coefficients
equal to zero.

In Fig. 1 we show the form factors Fgz(q) and Sz(g) of
the oxygen atom O and the 02, 0™3, and O*S jons, calcu-
lated in various approximations. The form factors for light
atoms tabulated in Ref. 69 agree better with those calculated
using the analytic expressions from Ref. 70 with the varia-
tional values of z}; from Ref. 71 than with those obtained
from the binding energy in Refs. 72 and 73.

In analyzing the effect of the elastic form facter Fz(q)
on the cross sections it is more convenient to consider, rather
than Fp(q), the quantity appearing in (3.2):

Ulq)=[1—N:/z)Fi(q)]* (3.10)

Let us discuss some of the properties of U;(q) and S;(q)
for atoms and ions.

For any ionizing atom or ion, U;(¢)—1 at large g, ow-
.ing to the small screening of the ionizing nucleus by its
electrops at large scattering angles.

In distant collisions with small g the screening of the
nucleus B depends on the degree of ionization (zz3—Njg). In
atom—atom collisions the screening of the nuclei at small g
is complete, and for g—0 we have U;(q)~ ag*. If the ion-
izing ion is an ion of charge (z;—N;), then at small g the
quantity U;(g) tends not to zero, as for an atom, but to (z;
—N;)%/z}. Therefore, in distant collisions do/d{} corre-
sponds to ionization by a nucleus of charge (z;—N;).

The shell structure of the ionizing atom or ion is mani-
fested in the curves U;(q) and S;(q) as characteristic bends
at intermediate values of ¢. The quantity S;(q) is more sen-
sitive to the choice of wave functions than is U;(q) or F;(q).

The momentum transfer g is given by

Np,=(N—4)/3, Ny, =2(N—4)/3.

Here v’ is defined by the law for energy conservation:
vi-v'2=2AEM™". (3.12)

The change of the energy AE in the collision is given by
AE=1,+Kk*z%*4%2ma? (3.13)

in calculations of the quasielastic part of the cross section
(3.2), and is equal to

AE=1,+I3+k*z¥*h%2ma? (3.14)
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FIG. 1. Values of NZ~!'F(q) (a) and NZ~'S(q) (b) for the oxygen atom
and its ions. The solid curves show calculations with z}}; from the subshell
binding energies,”>”* and the dashed curve is calculated with variational z%
(Ref. 71). The dotted curves show the data of Ref. 69, and the dot—dash
curve shows the data of Ref. 71a. The ion charges are indicated near the
curves.
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for the quasi-inelastic part (3.3). Here I, denotes the binding
energy of the electron ejected from the ion A, and 7z denotes
the average excitation energy of the atom B.

In contrast to the binding energies I, and I of an elec-

tron in the ion and atom, respectively, Iz is not a strictly
defined quantity. The ionization differential cross section
dol/ded) and total cross section o calculated from the

above expressions depend weakly on the choice of I, and
the average ionization potentials from Ref. 74 can be used in
the calculations. Meanwhile, in calculating the electron spec-
tra d?c/dedw, which are studied below, use of the sum
rule®® gives satisfactory agreement with the calculations us-

ing direct summation over states of the ionizing atom with I
chosen as”
Ip=Ig+k*z%*h22ma} . (3.15)
Equations (3.11)—(3.14) are given in the nonrelativistic
approximation. Expressions for the ionization differential
cross sections at moderately relativistic energies of the col-
liding ions, E/A<1 GeV/nucleon, are given in Ref. 22.
Analytic expressions for 7,,,(q,k) for K, L, and M
electrons can be found in Refs. 76—78. These quantities com-

pletely determine the effective ionization cross section of a
charged particle [for Fz(g)=Sg(g)=0], and are related as

dF(q,AF) AE =
W_ 70— (an) 77nlm(q’k) (316)
to the density of the generalized oscillator strengths
dF(q,AE)/d(AE). The latter has been studied in sufficient
detail both theoretically and experimentally79 for K -electron
ejection. The density of the generalized oscillator strengths is
usually depicted as the Bethe surface F(x,y) in three-
dimensional space (with AE/I, plotted on the x axis and
In[(gay)?] on the y axis).

Let us mention two qualitative features of the Bethe sur-
face which are illustrated in detail in Ref. 79.

The surface has a clearly expressed maximum at small x
and y and decreases rapidly with increasing x and y. This
maximum corresponds to scattering at small angles 6 and can
be studied experimentally in photoionization. The shape of
the theoretically calculated maximum depends on the accu-
racy of the wave functions used to describe the initial and
final states of the ejected electron.

A second feature of the Bethe surface is the presence of
a ridge at values of k which are not too small [for (ga,)?
=AE/l,)]. This corresponds to near collisions of the ioniz-
ing particle with the ejected electron, referred to as binary
collisions. The accuracy of describing such collisions de-
pends relatively weakly on the wave functions used.

The characteristic features of the ion angular distribu-
tions da/d() after ionization in ion—atom collisions are seen
from the results, presented in Fig. 2 from Ref. 63, of calcu-
lating do/d() for hydrogen atoms and protons of energy E
=2 MeV after collisions with C and H atoms. For compari-
son, we give the cross sections d(ry/ d() for the elastic scat-
tering of hydrogen atoms and protons on ions and carbon
atoms and the cross section doy/d{) for scattering on a
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FIG. 2. Angular distributions do4/d() of hydrogen atoms and protons with
energy E=2 MeV after collisions with target atoms of carbon (a) and hy-
drogen (b). Curves / and 2 show do/d{} for ionization of a hydrogen atom
in a collision with a target atom and nucleus, respectively, curve 3 shows
dog,/dQ), curve 4 shows doy/d(), and curve 5 shows dag/d().

model potential. The cross section do,/d() describes the
elastic scattering of the incident atom with summation over
the final states of the scattering atom:

dO'y_do'R 4
E—E[UA(Q)UB@)*‘(CI/Q ) UA(q)(Ng

Xz5")S5(q")]- (.17)

Here dog/d() is the Rutherford cross section for the scat-
tering of the nucleus of A on the nucleus of B, U,(g) and
Ug(q) are given by (3.10) for the incident ion or atom A and
the ionizing atom (or ion) B, and ¢ and g’ are given by Egs.
(3.11)—(3.15) for I,=0 and k=0.

Three characteristic ranges of the angle 6 can be
distinguished®® for the effective ionization cross sections
da/dQ). At small 6 the ionization cross section do/d{) ex-
ceeds the cross section do, /d{} for the elastic scattering of
the ion A on the atom B, and the larger do/d(), the larger
the degree of ionization of the target.

For 6>6,, where 8,=muvyz*(Mv)~!, the values of
dal/d() are close to the Rutherford values. Beginning at
some value 6,, the calculated do/d(} fall off more strongly
with increasing 6 than do the Rutherford cross sections
dog/dQ). However, the method described above becomes
inapplicable at such large angles, because in such near colli-
sions the relative motion of the nuclei of A and B cannot be
described by the plane waves in (2.6). There are methods of
taking this effect into account (distortions of plane waves or
deviation of the incident ion trajectory from a straight line in
terms of the classical description). However, for the class of
problems considered here this effect is not important, be-
cause at such large scattering angles the cross section
do/d() is many orders of magnitude smaller than at small 6.

Comparison of the cross sections da/d{) for the ioniza-
tion of hydrogen atoms with energy 2 MeV on H and C
atoms®> with the analogous calculations®® at E=300 keV
shows that the range 6, <6< @, grows with increasing col-
lision velocity.

For v<z}Xv,, 0, tends to 6, and the Rutherford seg-
ment in do/d() disappears. At large collision velocities



208 Phys. Part. Nucl. 29 (2), March-April 1998

v>2z)v, the angular distributions of elastically scattered
ions are considerably broader than the distributions da/d{}
for ionization of the outer shell.

Integration of Egs. (3.1)—(3.3) over the angle ) and
summation over shells |nlm) gives the total cross section o
in ion—atom collisions. The satisfactory agreement between
the values of o calculated in the first Born approximation for
collisions of protons and nuclei with target atoms and the
experimental data at energies E/A>1 MeV/nucleon was
known earlier,” and it served as an additional stimulus for
developing the method described above for calculating the
ionization differential cross sections in fast ion—atom colli-
sions.

3.2. Calculations of the spectra of electrons ejected
in ion—atom collisions

The approximation described above has been used in a
number of studies cited in Ref. 63 to calculate the cross
sections doubly differential in the energy & and emission
angle dw=sin ydxd¢ of an electron in ion—atom collisions.

Calculations of d?0/dedw, do/de, and do/dw in ion—
atom collisions must include the indistinguishability of the
electrons ejected from the two ions or atoms A and B, each
of which possesses its own electrons. In general, the fact that
the electrons are identical significantly complicates the cal-
culation of the electron spectra.

However, in fast ion—atom collisions it is possible to
construct an approximation for calculating the electron spec-
tra by using the available information about the structure of
the doubly differential cross sections for the ionization of
atoms by charged particles (electrons, protons, nuclei). We
have noted above that the structure of d>¢/dedw in the ion-
ization of atoms by fast charged particles is mainly deter-
mined by the structure of the squared modulus of the matrix
element &,;,,(q,Kk) or the density of the generalized oscillator
strengths (3.16). This structure is characterized by the pres-
ence of a clearly expressed maximum as e—0 and a less
intense ridge at velocities of the ejected electrons v, close to
v.=2v cos x, where v is the velocity of the ionizing par-
ticle.

The target atom is usually at rest, and the coordinate
system attached to the nucleus of the ionizing atom coincides
with the lab frame, i.e., e=¢;. In ion—atom collisions this
statement is valid for electrons ejected from the target atom,
while electrons ejected from the incident ion experience a
significant velocity transfer. Therefore, a significant fraction
of the electrons ejected from the target atom will have labo-
ratory velocity differing considerably from that of electrons
ejected from the incident ion. We shall analyze this velocity
distinction of the electrons in more detail below when we
discuss the specific results.

This velocity distintinction of the electrons has led to the
following model for calculating the electron spectra in fast
ion—atom collisions.?>¢8!82

The doubly differential cross section for the ionization of
a target atom B by an incident ion A is calculated from

d’oy : dzof,l d*ol}

dedw dedw + dedw’ (3.18)
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d*c? _2a%z§vg J'q.mx

dedw  Ioz¥*%? J,
Na Lo [P

_ZFA(‘I) kq dqjo snlm(q,k)d(P; (3-19)

dz"'g' zaczyNAU(z) 9max 27
dedo 1023‘402 f SA(‘I)kq_3dqfo e2(q.k)de.
(3.20)

Here I=13.6 eV, v,=2.19X 10® cn/sec, and ¢ denotes the
azimuthal scattering angle of the incident ion relative to the
(k-v) plane.

An important difference between Egs. (3.18)—(3.20) and
Egs. (3.1)—(3.3) is the fact that in (3.2) and (3.3) it is pos-
sible to use the expressions 7,,,,(g,k) integrated over elec-
tron emission angles, while in (3.19) and (3.20) it is neces-
sary to use the matrix elements &,,,(q,k), which are not
integrated over electron emission angles. In Egs. (3.19) and
(3.20) the relations (3.11)—(3.13) are real; only Eq. (3.13) for
AE is replaced by (3.14), as noted above.

The matrix element ¢ ,;,,(¢,k) calculated using Coulomb
wave functions depends on the variables ¢, k, and the angle
v between the vectors q and k, given by

9min

(3.21)

where 6, is the angle between the vectors v and q, and

cos y=cos 0, cos x+sin 6, sin y cos ¢,

_ 23uol MAE(Loz3%) ™' +q%m]
q— -

cos 6 (3.22)

2mugq

The above procedure was used to calculate the doubly
differential cross section d?0,/dedw in the coordinate
frame attached to the incident ion A. For this only the loca-
tions of the indices A and B in Eqgs. (3.19) and (3.20) are
changed, and the corresponding constants, form factors, and
matrix elements are substituted in the calculations. The re-
sulting expression for d?c,/dedw is transformed into
d?’0,/de;dw; in a moving reference frame by using the
equation®

d*o,

dejdop - v, dedw’

1253 d20'A

(3.23)

If Egs. (3.19) and (3.20) indicate a significant separation
of the electrons from A and B in the energies ¢; , the total
electron spectrum can be taken to be

d*c d*o, d’op

dejdw, de,dw,  dedoy’

(3.24)

This method has been used to calculate d*c/dedw for
collisions of a number of light atoms and ions at various
energies,?>637580-82 34 to study the dependence of the cross
sections on the initial state |nlm) of the ejected electron, on
the energy and structure of the ionizing ion, and also the
correctness of the sum rule. Comparison of the values of
d*g/dedw calculated in Ref. 81 for the ionization of nitro-
gen atoms by protons of energy E=1.7 MeV with the ex-
perimental data from Ref. 84 has shown that these approxi-
mations are valid for the quantitative description of the
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FIG. 3. Cross sections d?04/dedw; and d*op/de;dw as functions of the
energy for collisions of the ion O** with energy E/M =10 MeV/nucleon
with a target carbon atom. The electron is emitted at 1° (a) and 30° (b). The
solid curves show the cross section d2o 5/ de; dw,, for ejection of an electron
from the initial state 2p, of the carbon atom, the dotted curve is from the
state 2p,, the dashed curve is from the state 2s, and the dot—dash curve is
from the state 1s. The letter O marks the corresponding curves for the cross
sections d%a,/dedw,, for knockout of electrons from the ion O*4,

doubly differential cross sections for the ionization of atoms
by charged particles even at such low energies. The validity
of the approximation of summing the electron spectra from
the incident ion A and the target atom B using Egs. (3.22)
and (3.23) has been demonstrated by the agreement (to
within a factor of 2) of the values of d’o/de dw
calculated?? and measured® in a wide range of energies €,
and angles y; .

Let us discuss some of the characteristic features of the
spectra of electrons ejected in fast ion—atom collisions, illus-
trated in Fig. 3 from Ref. 86 by the curves of d?0/de dw,,
for collisions of O** ions with E/A=10 MeV/nucleon with
C atoms.

The electron spectra in all ion—atom collisions have nar-
row maxima at low energies £; —0 of the ejected electrons.
These maxima are formed from the electrons ejected from
the stationary target atoms in distant collisions with small
energy transfer. Analogous maxima are observed in the ion-
ization of atoms by nuclei.

The electron distribution at these maxima is practically
isotropic in the electron emission angle x; , and the height of
the maximum grows with increasing ion charge (z4,—N,).

The second characteristic feature of the electron spectra
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is the presence of a second sharp maximum at velocity v;, of
the ejected electrons equal to the velocity v of the incident
ion. This maximum is formed from electrons ejected from
the incident ion and is characterized by a clearly expressed
anisotropy, with the number of electrons falling rapidly with
increasing angle y; . There is no such maximum in the spec-
tra of electrons ejected in the jonization of atoms by nuclei.

The sharp distinction between these two maxima allows
the electrons ejected from the different partners in the colli-
sion to be completely distinguished, and indicates that Eq.
(3.24) is acccurate for such electrons. Moreover, the separa-
tion of these two maxima becomes even better as the veloc-
ity v of the incident ion increases.

Another feature of the electron spectra is the presence of
two characteristic ridges. The first is located at v,
=2v cos x;, and corresponds to electrons ejected from outer
shells of the target atom in near (binary) collisions with the
nucleus of the incident ion. The second ridge is located at
v.=v cos x; and is formed by electrons ejected from the
outer shells of the target atom in near collisions with the
electrons of the incident ion.

As the incident ion energy E increases the inverted
peaks between the different maxima increase and the sepa-
ration of these groups of electrons improves. As the binding
energy of the removed electron increases (in going to inner
shells) the distinguishability of these maxima worsens and
the structure of the spectra becomes less expressed. The ejec-
tion of electrons from the [210) (or 2p,) state gives rise to
characteristic inverted peaks at the binary maxima (ridges) at
v, =2v cos x;,, owing to the negative parity of the state. The
depth of these inverted peaks decreases with increasing angle
AL-

It therefore follows that only for v;~v and x,—0 do
the electrons from the binary maximum at v;=v cos x;
from the target atom B lie in the same region of €; and y; as
the electrons ejected from the incident ion A. However, this
is an extremely small fraction of the electrons ejected from
the atom B, and so Eq. (3.23) is applicable for the vast
majority of electrons.

The successful studies of the ionization differential cross
sections has stimulated studies® 3° of the triply differential
effective cross sections d>o/dedwd().

3.3. The effective cross sections for multiple
ionization in ion—-atom collisions

The systematic study of multiple ionization processes in
a single collision has just begun.’*® The above method of
calculating the cross sections for single ionization is not di-
rectly applicable to multiple ionization, because the interac-
tion operator (2.3) is a single-particle operator with respect to
the ejected electron. Moreover, the use of the second Born
approximation leads to very complex computational prob-
lems. Therefore, two schemes have been suggested for the
semiquantitative calculation of the cross sections for double
ionization in a single collision.

The first method is to transform’' Egs. (3.2)—(3.3) for
the differential cross section do/d{) for single ionization
into a semiclassical ionization probability W(x) depending
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on the impact parameter x, after which the probability for
double ionization W(x) is taken to be the product

WO (x)=W (x)Wy(x). (3.25)

In this approximation the effective cross section for
double ionization o, is calculated by integrating (3.25) over
x:

o,= 2#[ W (x)xdx (3.26)
and summing over sets of electron pairs. Comparison®® of the
cross sections o, for double ionization of He atoms by pro-
tons calculated in this manner has shown that there is quali-
tative agreement with the experimental data® at proton en-
ergies E=10keV. Both the calculations and the
experimental data indicate that o, falls off more rapidly with
increasing energy E of the ionizing particle than the E~!
behavior characteristic of o for single ionization.

The second method of calculating the cross sections for
double ionization assumes ejection into the continuum of an
electron from an inner shell (while preserving the electrons
in the outer shells) followed by transfer of excitation energy
to one (or even two) electrons in the outer shells, which leads
to ejection of an outer electron into the continuum. Here the
probability for double ionization will be equal to the prob-
ability for single ionization of an inner shell of the atom
times the probability for a transition from the resulting ex-
cited state followed by emission of a second electron. In this
case the dependence of the cross section o, on the energy E
of the ionizing particle will be weaker and close to E~!. It is
also obvious that the maximum of the cross section g, in this
process will be shifted to higher energies E, as is character-
istic of the ejection of electrons from deep inner shells with
large binding energy.

It follows from the analysis of the cross sections for
single ionization that the role of the second mechanism will
decrease with increasing degree of ionization (z—N) of the
ionized particle. Physically, both processes are possible.
They have not yet been studied in detail, either theoretically
or experimentally.

The cross sections for multiple ionization do not play an
important role in the acceleration and transport of beams in
ion accelerators, because at energies E/A
>10 MeV/nucleon these cross sections are much smaller
than those for single ionization (o, <<0).

4. CONCLUSION

In Sec. 1 we explained why it is necessary to carry out
detailed studies of the physics of ion—atom collisions in or-
der to obtain the charge, angular, and energy distributions of
all the particles, the ion energy loss as a function of the
scattering angle in various targets, and so on, for various
colliding ions and atoms in a wide range of energies. Experi-
mental data on all these quantities is either completely lack-
ing, or only fragmentary for particular colliding pairs at the
edge of the energy range. The development of theoretical
approximation methods for calculating these quantities en-
counters fundamental difficulties, as described in Sec. 2.
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We have described a method of calculating the effective
ionization differential cross sections in fast ion—atom colli-
sions based on the first Born approximation, the sum rule,
and a realistic choice of ion and atom wave functions [Egs.
(2.7)—(2.8)]. The assumption that the electrons ejected from
different colliding particles can be distingished according to
their energy?>®*#!82 has turned out to be fruitful, as it makes
it much easier to take into account the fact that the electrons
are identical particles. In Sec. 3 we have presented a closed
set of expressions and shown what results can be obtained
from them.

Let us make a few comments about the accuracy of the
method.

We have noted that it is difficult to obtain a rigorous
quantitative estimate of the accuracy of the calculations for
the entire parameter region using the general criteria of per-
turbation theory. Therefore, an important criterion for evalu-
ating the accuracy in various parameter regions is compari-
son with the available experimental data. Such a comparison
is particularly informative for the differential cross sections,
as the results for a large family of curves are compared,
rather than the single point for the total cross section. The
comparison of the theoretical calculations of the doubly dif-
ferential cross sections with the experimental data in Sec. 3
showed that this method gives results which agree with ex-
periment to within a few tens of percent in a wide energy
range of the ejected electrons, even for very moderate inci-
dent ion velocities. This agreement is observed right beyond
the maximum of the total cross section, which came as a
welcome surprise.

The effect of the electrons of the ionizing ion on the
cross section for electron ejection from the ionizing atom (or
ion) is automatically taken into account. This effect has been
widely discussed in the literature,”® and in qualitative analy-
ses the term ‘‘screening effect’’ is used to refer to the de-
crease of the cross section for ionization by an ion compared
to the cross section for ionization by a nucleus. The role of
ionization of a target atom by electrons of the ionizing ion is
referred to as ‘‘antiscreening.”’ However, the correct quanti-
tative inclusion of these effects is possible only when using
the method described above.

We have given analytic expressions for the form factors
F(q) and S(q) for ions and atoms with number of electrons
N=10, but the use of the wave functions in Egs. (2.7) and
(2.8) also allows such expressions to be obtained for large N.

Expressions for the matrix elements of the ionization of
various shells using hydrogen-like wave functions are given
in Ref. 61. They are very complicated.

The use of the first Born approximation does not intro-
duce any inaccuracies into the effective cross sections at
large incident ion energies. The inclusion of plane-wave dis-
tortions (or curvature of the incident ion trajectories near a
target atom) does noticeably affect the cross sections, as in
collisions of incident electrons with atoms, owing to the
large mass and energy of the ion. In the method described
here we have neglected the final-state interaction of the
ejected electron with the ionizing ion. Methods are known
for including this effect in the form of corrections to the
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Born approximation, but its role is important only at rela-
tively low energies E<1 MeV/nucleon.

The accuracy of the calculation is mainly determined by
the use of the Coulomb wave functions (2.7) and (2.8) and
the sum rule (3.1)-(3.3) and (3.18)-(3.20). The Coulomb
wave functions (2.7) and (2.8) made it possible to obtain
analytic expressions for the ionization matrix elements and
the form factors. These calculations must be repeated when
other wave functions are used. Study of the sum rule in the
simplest case, that of ionization of the H atom in collisions
with H atoms, has shown that modification of the sum rule
leads to a significant difference in the value of the total ion-
ization cross section only at energies E <200 keV/nucleon.

In conclusion, the authors would like to thank A. M.
Baldin and E. D. Donets for useful remarks and discussions.

APPENDIX

The values of the matrix elements L(nlm, n'l'm') are
as follows:

L(1s, 15)= g (A1)
S, 15 (1+ ) al 2le s
1 3(12+2(714 z*
L(2s, 25)= —22—-—2 az:q_ ’ (A2)
(1+ ) <25
200 Dpg)m az* A3

L =—

( Pos pO) (1+a ) ’ aj Z2p > ( )

L(2py, 2py)= (1+a )3 s

c 1+ a%(z45+ 22)(215— 225) ™
L(ls, 2S)= 4( 1s 23)2( 3ls 23)
\/1—(:7 (1+ay)
: (Ad)
(1+a?)?
\/823 2 (z15— 225) z*¥
C= 15%<2s5 l 1s 42s i = q 1 i (AS)
(le+722s) (le+—2'22s)
\/2521 Zg s qZ*

L(ls, 2pg)=——— 22— gg=——
(z15+722p) (1 +@5) (z15+222p)
ag\23 5, 2225(2§ = 2) + 255(1+ )]

L(2s, 2pg)= (2ps + 3 NG s

225+ 22p) (1 + )
(A6)
2qz*
g (A7)

ag=—"""—.
6 (225+22p)
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