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This review of the relativistic theory of gravity describes the developments in this theory during
the last ten years, for example, the necessity of introducing a graviton mass and the

improved statement of the basic propositions of the theory, including the philosophical aspects of
choosing a particular spacetime geometry to describe physical phenomena dictated by the
universal properties of the motion of matter and the fundamental conservation laws. It is shown
that this theory leads to a uniquely defined Lagrangian density and to equations for the
gravitational field. Some physical consequences of the theory are discussed. © 1998 American

Institute of Physics. [S1063-7796(98)00101-6]

INTRODUCTION

Since the relativistic theory of gravity (RTG) is con-
structed on the basis of the special theory of relativity (STR),
we shall discuss the latter in some detail, taking the ap-
proaches of both Poincaré and Einstein. This analysis will
allow a deeper understanding of the differences between
these approaches and allow us to state the main points of the
theory of relativity.

In analyzing Lorentz transformations, Poincaré showed
that these transformations together with all the spatial rota-
tions form a group under which the equations of electrody-
namics are invariant. Feynman noted that it was Poincaré
who proposed the study of what can be done with equations
whose form remains invariant under such transformations,
and who had the idea of studying the symmetry properties of
physical laws. Poincaré did not limit himself to electrody-
namics; he discovered the equations of relativistic mechanics
and extended Lorentz transformations to all the forces of
Nature. The discovery of the group which Poincaré referred
to as the Lorentz group allowed Poincaré to introduce four-
dimensional spacetime with the invariant, later called the
interval:

do?=(dX°)*—(dX")*— (dX*)*—(dX’)%. (a)
From this is it completely obvious that time and spatial
length are relative.

Further advances in this area were made by Minkowski,
who introduced the concepts of timelike and spacelike inter-
vals. Following Poincaré and Minkowski, the basic statement
of the theory of relativity is that all physical phenomena
occur in spacetime whose geometry is pseudo-Euclidean and
determined by the interval (a). Here it is important to stress
the fact that the geometry of spacetime reflects the general
dynamical features of matter, which are what make it uni-
versal. In four-dimensional (Minkowski) space, we can take
an arbitrary coordinate system

X*=f(x"),
effecting a one-to-one correspondence with nonzero Jaco-
bian. Finding the differentials
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and substituting these expressions into (), we obtain
do?=7y,,(x)dx dx”, B
where

T of°

‘)',w(x)':fam el €,=(1,—-1,—-1,—-1).

It is completely obvious that the transformation to an arbi-
trary coordinate system did not take us outside the pseudo-
Euclidean geometry. However, from this it follows that non-
inertial coordinate systems can also be used in the STR. The
inertial forces arising in transforming to an accelerated coor-
dinate system are expressed by the Christoffel symbols of
Minkowski space. The STR representation going back to the
studies of Poincaré and Minkowski was more general and
turned out to be extremely important for constructing the
RTG, since it allowed the introduction of the metric tensor
Yu(x) of Minkowski space in arbitrary coordinates, thereby
making it possible to introduce the gravitational field in a
covariant fashion by separating the inertial forces and the
gravitational forces. Einstein arrived at the theory of relativ-
ity by analyzing simultaneity and the concept of synchroni-
zation of clocks located at different points in space on the
basis of the principle that the speed of light is a constant. ‘“In
a coordinate frame ‘at rest,” every light ray moves with a
certain velocity V, independently of whether this light ray is
emitted by a body which is moving or at rest.”” However,
this statement cannot be viewed as a principle, because it
presupposes a definite choice of coordinates, whereas a
physical principle must be independent of the choice of co-
ordinate frame. In Einstein’s approach it is impossible to
arrive at noninertial coordinate systems, since in such sys-
tems clock synchronization cannot be used and the speed of
light cannot be considered constant.
According to the expressions
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in an accelerated reference frame the proper time d7 is not a
total differential, and so the synchronization of clocks lo-
cated at different points in space depends on the synchroni-
zation path. This implies that this concept is inapplicable to
accelerated coordinate systems. It should be emphasized that
the coordinates in Eq. (B) themselves do not have a metrical
meaning. Physically measurable quantities must be con-
structed using coordinates and the metric components ,,, .
However, for a long time all this was not understood in the
STR, because the Einstein approach rather than that of Poin-
caré and Minkowski was usually followed. Therefore, the
original statements of Einstein were especially limited, al-
though they did perhaps give the illusion of simplicity. This
is why in 1913 Einstein wrote: ‘‘Only linear orthogonal
transformations are allowed in the conventional theory of
relativity.”” And a little later in the same year he wrote: *“In
the original theory of relativity the independence of the
physical equations from a special choice of reference frame
is based on the postulate of the fundamental invariant
dsZ=de,-2 , whereas now we are speaking about the con-
struction of a theory [here he meant the general theory of
relativity—A_.L.] in which the role of the fundamental invari-
ant is played by a linear element of the general form

ds*= 2 gudxidx*.”’
ik

Again, in 1930 Einstein wrote: ‘‘In the special theory of
relativity only those coordinate changes (transformations)
are allowed for which in the new coordinates the quantity
ds? (the fundamental invariant) has the form of the sum of
the squares of the differentials of the new coordinates. Such
transformations are called Lorentz transformations.’’

We thus see that Einstein’s approach did not lead him to
the idea of the pseudo-Euclidean geometry of spacetime.
When the approaches of Poincaré and Einstein to the con-
struction of the STR are compared, it becomes obvious that
the Poincaré approach is deeper and more general, since it is
it which determined the pseudo-Euclidean structure of space-
time. The Einstein approach significantly restricted the scope
of the STR, but since the expositions of the STR in the
literature usually followed Einstein, for a very long time it
was assumed that the STR is valid only in inertial reference
frames. Here Minkowski space was viewed as a useful geo-
metrical interpretation or as a mathematical statement of the
principles of the STR in the Einstein approach. Now let us
turn to gravity. In 1905 Poincaré wrote that ‘‘forces of any
origin, in particular, gravitational forces, behave in transla-
tional motion (or under Lorentz transformations) exactly like
electromagnetic forces.”” This is the path we shall follow.

Einstein, in noting that inertial and gravitational mass
are equal, became convinced that the forces of inertia and
gravity are related, because their action is independent of the
mass of the body. In 1913 he concluded that, if in Eq. (@)
““‘we introduce the new coordinates x,,x;,x3,X4, using an
arbitrary substitution, then in the new coordinate system the
motion of a point will obey the equation

el
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where
ds?=, 8udxtdx”’;
BV

further on, he wrote: ‘“‘In the new coordinate system the mo-
tion of a matter point is determined by the quantities g,,,,
which according to the preceding paragraphs should be un-
derstood as the components of the gravitational field, as soon
as we want to view this new system as being ‘at rest.” ** This
identification of the metric field obtained from (a) by coor-
dinate transformations with the gravitational field has no
physical foundation, because coordinate transformations do
not take us outside the pseudo-Euclidean geometry. From
our point of view, it is incorrect to assume that the metric
field is the gravitational field, because this would contradict
the essential concept of the field as a physical reality. It is
therefore impossible to agree with the following arguments
of Einstein: ‘“The gravitational field ‘exists’ with respect to
the system K’ in the same sense as every other physical
quantity which can be defined in some coordinate system,
despite the fact that it does not exist in the system K. There
is nothing strange about this, and it is easily proved by the
following example borrowed from classical mechanics. No
one doubts the ‘reality’ of kinetic energy, because otherwise
it would be necessary to reject energy altogether. However, it
is clear that the kinetic energy of a body depends on the state
of motion of the coordinate system: by a suitable choice of
the latter, it is obviously possible to arrange to have the
kinetic energy of the translational motion of one body at
some instant of time take an a priori specified positive or
zero value. In the special case where all the masses have
velocities in the same direction and of equal magnitude, by
suitable choice of the coordinate system it is possible to
make the total kinetic energy equal to zero. The analogy is,
in my opinion, complete.’’

We shall see that Einstein rejected the concept of a clas-
sical field of the Faraday—Maxwell type possessing energy—
momentum density as applying to the case of the gravita-
tional field. This led him to the construction of the general
theory of relativity (GTR), to the nonlocalizability of gravi-
tational energy, and to the introduction of the gravitational-
field pseudotensor. If the gravitational field is treated as a
physical field, it, like all physical fields, is characterized by
an energy—momentum tensor t#“”. If the gravitational field
exists in some coordinate system, for example, K', this im-
plies that some (or all) components of the tensor t*” are
nonzero. The tensor ##¥ cannot be brought to zero by a co-
ordinate transformation, i.e., if the gravitational field exists,
it is a physical reality and cannot be made to disappear by
choice of coordinate system. It is incorrect to compare this
gravitational field with kinetic energy, because the latter is
not characterized by a covariant quantity. It should be noted
that this comparison is inadmissible also in the GTR, be-
cause the gravitational field in that theory is characterized by
the Riemann curvature tensor. If the latter is nonzero, the
gravitational field exists, and it cannot be made to vanish by
choice of coordinate system.

Although they have no relation to the essentials of the
GTR, accelerated reference frames played an important heu-
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ristic role in the work of Einstein. In identifying accelerated
reference frames, owing to the equality of inertial and gravi-
tational mass, with the gravitational field, Einstein arrived at
the metric tensor of spacetime as a fundamental characteris-
tic of the gravitational field. However, the metric tensor re-
flects both the intrinsic features of the geometry and the
choice of coordinate system. In this way it becomes possible
to explain the gravitational force kinematically, by reducing
it to an inertial force. However, then the gravitational field
cannot be considered a physical field. In 1918 Einstein
wrote: ‘‘The gravitational field can be specified without in-
troducing energy stresses and density.”’ But this is a huge
loss to which we cannot be reconciled. However, as we shall
see below, this loss can be avoided in constructing the RTG.

Surprisingly, even in 1933 Einstein wrote: ‘‘In the spe-
cial theory of relativity, as shown by Minkowski, this metric
was quasi-Euclidean, i.e., the square of the ‘length’ ds of a
linear element is a definite quadratic function of the coordi-
nate differentials. If other coordinates are introduced using a
nonlinear transformation, then ds? remains a homogeneous
function of the coordinate differentials, but the coefficients
of this function (g,,) will no longer be constants, but some
functions of the coordinates. Mathematically, this implies
that physical (four-dimensional) space possesses a Riemann-
ian metric.”’ This, of course, is incorrect, because it is not
possible to transform a pseudo-Euclidean metric into a Rie-
mannian one by coordinate transformations. However, this is
a side issue; here the main point is that in this way, thanks to
his deep intuition, Einstein arrived at the necessity of intro-
ducing Riemannian space after associating it with gravity.

The identity of the Riemannian metric with gravity is the
main principle of the general theory of relativity. Fock wrote
the following about this principle: ‘It is the essence of the
Einstein theory of gravity.”’ The introduction of Riemannian
space allowed the scalar curvature R to be used as the La-
grangian and the Hilbert—Einstein equations to be obtained
by the principle of least action. The construction of Ein-
stein’s general theory of relativity was then complete. Here,
as particularly stressed by Synge, ‘‘In Einstein’s theory, de-
pending on whether the Riemann tensor is nonzero or zero,
the gravitational field is present or absent. This property is
absolute, and is not at all related to the world line of any
observer.”’

However, in the GTR difficulties arose with the energy—
momentum and angular-momentum conservation laws. Hil-
bert wrote the following about this: “*...I maintain that for the
general theory of relativity, i.e., in the case of general invari-
ance of the Hamiltonian, the energy equations, which ... cor-
respond to the energy equations in orthogonal-invariant theo-
ries, do not exist at all. I even could note this fact as a
characteristic feature of the general theory of relativity.”” All
this is explained by the fact that in Riemannian space there is
no ten-parameter group of motions of spacetime, and so in
principle it is impossible to introduce energy—momentum
and angular-momentum conservation laws like those which
exist in any other physical theory.

Another feature of the GTR compared to other theories
is the presence of second derivatives in the Lagrangian R.
About five or ten years ago, Rosen showed that if the metric
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Yu» of Minkowski space is introduced along with the Rie-
mann metric g, , it is possible to construct a scalar density
of the gravitational-field Lagrangian which contains deriva-
tives of order no higher than the first. In particular, he con-
structed such a Lagrangian density which leads to the
Hilbert—Einstein equations. This gave rise to the two-metric
formalism.

However, this approach complicated the problem of con-
structing a theory of gravity, because it is possible to write
down a large number of scalar densities using the tensors
8uv and 7, and it is not at all clear which scalar density
should be chosen as the Lagrangian density for constructing
the theory of gravity. Although the mathematical formalism
of the GTR allows the introduction of covariant derivatives
of Minkowski space instead of ordinary derivatives, since the
metric y,, does not enter into the Hilbert—Einstein equa-
tions, its use in the GTR has no physical meaning, because
the solutions for the metric g,,,, do not depend on the choice
of y,,.

It should be noted that the replacement of the ordinary
derivatives by covariant ones in Minkowski space leaves the
Hilbert—Einstein equations unchanged. This happens be-
cause replacement of the ordinary derivatives in the Riemann
curvature tensor by covariant ones in Minkowski space does
not change the Riemann tensor. This replacement is nothing
but an identity transformation. That is why this freedom of
notation for the Riemann tensor cannot be used in the GTR,
because the metric tensor of Minkowski space does not enter
into the Hilbert—Einstein equations. This freedom of notation
for the Riemann tensor turns out to be essential in construct-
ing the RTG. However, here the metric of Minkowski space
enters into the gravitational field equations, and the field it-
self is treated as a physical field in Minkowski space.

In the GTR we deal only with the metric of Riemannian
space as a fundamental characteristic of gravity which re-
flects both the intrinsic properties of the geometry and the
choice of coordinate system. When the gravitational interac-
tion is switched off, i.e., when the Riemann curvature tensor
is zero, we arrive at Minkowski space. This is why in the
GTR the problem arises of the feasibility of the correspon-
dence principle, since it is impossible to determine which
coordinate system we end up in when the gravitational field
is switched off.

The relativistic theory of gravity,' which is described in
the present review with some additions and refinements, is
constructed as a field theory of the gravitational field within
the framework of the special theory of relativity. The starting
point is the hypothesis that a universal characteristic of mat-
ter, the energy—momentum tensor, is the source of gravity.
The gravitational field is viewed as a physical field with
spins 2 and 0, the action of which gives rise to an effective
Riemannian space. This allows the determination of the
gauge group and the unique construction of the Lagrangian
density of the gravitational field. The system of equations of
this theory is invariant under the Lorentz group. The ideas of
Poincare, Minkowski, Einstein, Hilbert, Rosen, and Fock on
the theory of relativity and gravity are developed further.
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1. THE GEOMETRY OF SPACETIME

At the beginning of the century, Poincaré wrote as fol-
lows in the book Science and Hypothesis: ‘‘...experiment
plays an indispensable role in the origin of geometry, but it
would be erroneous to conclude that geometry, even par-
tially, is an experimental science. If it were an experimental
science, it would have only a temporary, approximate—and
a very crudely approximate—value.’’ Further on, ‘‘The sub-
ject of geometry includes the study of only a particular
‘group’ of translations, but the general concept of a group
exists beforehand in our mind, at least as a possibility... .
Experiment guides us in this choice, but does not make it
mandatory for us: it shows us not which geometry is most
correct, but which is most convenient... . The experiments
which have led us to accept the fundamental conventions of
geometry as the most convenient pertain to objects which
have nothing in common with the objects studied in geom-
etry; they pertain to the properties of solids, to the rectilinear
propagation of light. These are mechanics and optics experi-
ments; they can in no way be viewed as geometry experi-
ments.”” Later, Poincaré emphasizes the following: ‘Prin-
ciples are conventions and hidden definitions. Nevertheless,
they are extracted from experimental laws. The latter have
been, so to speak, raised to the level of principles to which
our mind attributes an absolute meaning.”’

Somewhat later, in Chap. II entitled ‘‘Space and Time’’
of the book Recent Thoughts, Poincaré wrote: ‘“The principle
of physical relativity can serve as a definition of space. It
gives us, so to speak, a new measuring tool. Let me explain.
How can a solid body be used to measure or, more precisely,
to construct space? The situation is the following: in moving
a solid from one place to another, we notice that it can be
matched first with one shape and then with another, and we
agree to consider these shapes as the same. Geometry was
born from this convention. Geometry is nothing but the study
of the relations between these transformations or, expressed
in mathematical language, the study of the structure of the
group formed by these transformations, i.e., the group of
motions of solids.

““Let us now take a different group, the group of trans-
formations which leave our differential equations invariant.
We obtain a new method of defining the equality of two
shapes. We are no longer saying that two shapes are equal
when one solid can be matched both to itself and to the other.
We are saying that two shapes are equal when the same
mechanical system, far enough away from neighboring sys-
tems that it can be viewed as being isolated, when arranged
first such that its matter points reproduce the first shape and
later such that they reproduce the second shape, behaves in
the second case as in the first. Do these two views differ
significantly from each other? No. '

“‘A solid body is a mechanical system like any other.
The entire difference between our former and our new defi-
nition of space is that the latter is broader, as it allows the
solid to be replaced by any other mechanical system. More-
over, our new arbitrary convention defines not only space,
but also time. It explains to us what are two simultaneous
moments, what are two equal time intervals, or what is a
time interval twice as large as another interval.”’ In this way,
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with his discovery of the group of transformations which do
not change the Maxwell-Lorentz equations, Poincaré intro-
duced the concept of four-dimensional spacetime with
pseudo-Euclidean geometry. This concept of geometry was
later developed by Minkowski.

According to the viewpoint of Poincaré, it is natural to
base any physical theory on the pseudo-Euclidean geometry
of spacetime, as it is the simplest. We shall see below that
this conclusion is correct, but we shall strengthen it by addi-
tional arguments. :

After many years, in 1921, Einstein also turned to the
problem of the relation between geometry and physics, and
in the article ‘‘Geometry and Experiment’’ wrote: “‘It is
clear that from the system of concepts of axiomatic geometry
it is impossible to obtain any ideas about such actually ex-
isting objects which we refer to in practice as solids. For
such ideas to be possible, we must rid geometry of its formal
nature by associating the empty scheme of concepts of axi-
omatic geometry with the real objects of our experience. For
this it is sufficient to add only the assertion that solids be-
have, in the sense of different possible relative arrangements,
as bodies of Euclidean geometry of three dimensions; there-
fore, the theorems of Euclidean geometry contain statements
which determine the behavior in practice of solids. Geometry
supplemented by such an assertion obviously becomes a
natural science; we can in fact view it as the oldest branch of
physics. Its statements rest to a large degree on deductions
from experiment, and not only on logical conclusions.
Henceforth, we shall refer to geometry supplemented in this
manner as ‘practical geometry,’ in contrast to ‘purely axiom-
atic geometry.” The question of whether practical geometry
is Euclidean or not becomes completely clear; the answer
can only be given by experiment.

‘‘Every measurement of a length in physics, exactly like
geodesic or astronomical measurements, in this sense is a
part of the subject of practical geometry, if here we start
from the experimental law that light propagates in a straight
line, that is, in a straight line in the sense of practical geom-
etry... . If we dispense with the connection between the body
of axiomatic Euclidean geometry and a real solid body, we
easily arrive at the point of view that was taken by a thinker
as original and deep as Henri Poincaré: Euclidean geometry
is distinguished from all possible conceivable axiomatic ge-
ometries by its simplicity. And since axiomatic geometry by
itself contains no statements about actual reality and can con-
tain such statements only together with physical laws, it
would appear possible and reasonable to adhere to Euclidean
geometry, no matter what properties reality has. If we do find
a contradiction between theory and experiment, it will be
easier to consent to a change in the physical laws than to a
change in axiomatic Euclidean geometry.”’ Further on, he
writes: ‘“We feel ourselves forced to adopt the following,
more general idea characteristic of the viewpoint of Poin-
caré. Geometry (') says nothing about the behavior of real
objects; this behavior is described only by geometry together
with a set of physical laws (®). Expressed symbolically, we
can say that only the sum (I') + (®) is the object of experi-
mental verification. Therefore, it is possible to arbitrarily
choose both (I') and individual parts of (®); all these laws

A. A. Logunov 4



are conventions. To avoid contradictions it is necessary to
choose the other parts of (®) such that (I') and the complete
(®) are together verified experimentally. In this picture, axi-
omatic geometry, from the viewpoint of the theory of knowl-
edge, is equal in value to the part of the laws of Nature
elevated to a convention. In my opinion, this picture of Poin-
caré is completely correct from the fundamental point of
view.”’

Although Einstein agreed in principle with Poincaré, he
stated his point of view as follows: - ‘‘However, I am con-
vinced that, given the current state of theoretical physics,
these concepts [by which he meant clocks and a solid
body—A.L.] must be used as independent ones, because we
are still far from an understanding of the theoretical founda-
tions of atomic science which would allow us to construct
theoretically the concepts of solid bodies and clocks from
more elementary ones.”” Further on, Einstein stressed that,
““The question of whether this continuum has a Euclidean, a
Riemannian, or some other structure is a physical question
which must be answered by experiment, rather than a ques-
tion about convention regarding a choice based on simple
expediency.... .

I attach special importance to this understanding of ge-
ometry, because without it I could not have established the
theory of relativity. That is, without it, it would be impos-
sible to state that in a reference frame which is rotating rela-
tive to some inertial frame, the laws governing the arrange-
ment of solids do not correspond to the laws of Euclidean
geometry, owing to Lorentz contraction; therefore, admitting
the equally valid existence of noninertial systems, we must
reject Euclidean geometry. Any decisive step towards gener-
ally covariant equations would also be impossible without
this interpretation.”’ Einstein thus arrived at the Riemannian
geometry of spacetime, which he used as the basis of the
general theory of relativity. However, the concepts of homo-
geneity and isotropy of space are absent in Riemannian
space, and so a theory which is constructed on the basis of
Riemannian geometry also does not contain the usual
energy—momentum and angular-momentum conservation
laws.

From the preceding discussion we see that, following
Poincaré, it is possible to arrive at a pseudo-Euclidean ge-
ometry of spacetime, whereas Einstein later, in the construc-
tion of the GTR, arrived at a Riemannian structure of space-
time, thereby putting aside the usual conservation laws. Both
Poincaré and Einstein took experimental facts as the basis for
choosing a geometry, but with the important difference that
Poincaré, understanding the importance of experimental
facts, still allowed the possibility of choice, whereas Einstein
assumed that the question of geometry is a physical question
which must be answered by experiment. This is true in prin-
ciple. But the question immediately arises: which experi-
ment? There can be many experimental facts. For example,
by studying the motion of light and test bodies, it is possible
in principle to determine uniquely the geometry of space-
time. Is it necessary to base a physical theory on it? At first
sight, this question can be answered in the affirmative. And it
would seem that the subject is closed. However, the situation
is much more complicated. All forms of matter obey the
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energy—momentum and angular-momentum conservation
laws. It is these laws, arising in the generalization of numer-
ous experimental data, which characterize the general dy-
namical properties of all forms of matter, introducing the
universal characteristics which allow the quantitative de-
scription of the transformation of one form of matter into
another. All these are also experimental facts established by
fundamental physical principles. What about them? The
preservation of these principles uniquely determines the
structure of geometry, which, it turns out, can be only
pseudo-Euclidean. It is in precisely this case that the theory
will contain both the law of energy—momentum conservation
and the law of angular-momentum conservation for matter
and the gravitational field together with the other laws.
Minkowski space reflects the dynamical properties common
to all forms of matter, and so it is universal. However, this
implies that everything which is usually ascribed to the ki-
nematics of the theory of relativity is in fact nothing but a
reflection of the general dynamical properties of matter.

Therefore, not every experiment can be taken as an ini-
tial physical proposition when determining the structure of
space. If the structure of space were constructed using ex-
perimental facts about the motion of test bodies and light, we
would arrive, for example, at Riemannian space, but this
would imply that we had lost fundamental principles of the
theory: the conservation laws. The choice of pseudo-
Euclidean structure of the geometry preserves the fundamen-
tal physical principles of the theory, the conservation laws,
but to explain the motion of test bodies and light it will be
necessary to introduce new physical propositions. We shall
discuss this in detail in the next section. According to the
ideas of Poincaré, the choice of pseudo-Euclidean geometry
can be viewed as a convention which is not at all arbitrary, as
it accurately reflects experimental laws elevated to prin-
ciples.

On the basis of the relativistic theory of gravity,' we
have postulated the pseudo-Euclidean geometry of spacetime
as the fundamental Minkowski space for all the physical
fields, including the gravitational field. This proposition is
necessary and sufficient to have integrals of the motion: the
energy—momentum and angular-momentum conservation
laws for matter and the gravitational field in addition to the
other laws. Minkowski space must not be assumed to exist a
priori, because it reflects a property of matter and so is in-
separable from it. However, formally, precisely owing to the
independence of the structure of space from the form of mat-
ter, it is sometimes treated abstractly as separate from matter.
In the Galilean coordinates of an inertial frame of
Minkowski space, the interval characterizing the structure of
the geometry and invariant by construction has the form

do?=(dx")?~ (dx")2— (dx?)*—(dx*)?.

Here dx” are the coordinate differentials.

Although the independence of the interval do, as a geo-
metrical characteristic of spacetime, of the choice of coordi-
nate system is specified by construction, up to now even in
modern courses on theoretical physics (see, for example,
Ref. 2) one can find a ““proof’’ that the interval is identical in
all inertial coordinate systems, although it is an invariant and
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is independent of the choice of coordinate system. Even a
physicist as great as Mandel’shtam has written,> *“The ques-
tions of how accelerated clocks move and why their motion
changes cannot be answered by the special theory of relativ-
ity, because it is not at all concerned with the question of
accelerated reference frames.”’

All this confusion* can be attributed to the fact that
Minkowski space is viewed by many not as the discovery of
the geometry of spacetime, but as a supposedly formal geo-
metrical interpretation of the STR in Einstein’s approach.
Restricted concepts like the constancy of the speed of light,
clock synchronization, and the independence of the speed of
light from the motion of the source have been pushed into
the spotlight. This has greatly restricted the framework of the
STR and hindered understanding of its essential features. Af-
ter all, its essential feature is only that the geometry of
spacetime in which all physical processes occur is pseudo-
Euclidean geometry.

In an arbitrary coordinate system the interval takes the
form

do?= Yu(x)dxtdx?,

where ,,(x) is the metric tensor of Minkowski space. We
note that in a noninertial coordinate system it is impossible
in principle to speak of clock synchronization and constancy
of the speed of light.> The free motion of a test body in an
arbitrary coordinate system occurs along a geodesic of
Minkowski space:

bu” dUV+ v UUP=0

do  do @ YeB o

where U’=dx"/do, and 'y,’;ﬁ(x) are the Christoffel symbols,
given by

1
Yag(X) =5 V"7 (3a¥pat 9pYac™ I5Vap)-

We have taken pseudo-Euclidean geometry as the basis
of the theory of gravity, but this does not imply that the
effective space in the presence of a gravitational field will
also be pseudo-Euclidean. Under the action of a gravitational
field the effective space will be something different. We shall
discuss this point in detail in the following section. The met-
ric of Minkowski space allows the introduction of the con-
cept of a reference length and time interval in the absence of
a gravitational field.

2. THE MATTER ENERGY-MOMENTUM TENSOR AS
THE SOURCE OF THE GRAVITATIONAL FIELD

Owing to the presence in Minkowski space of the ten-
parameter Poincaré group of motions, for any closed physi-
cal system there are ten integrals of the motion, i.e., there are
energy—momentum and angular-momentum conservation
laws. Any physical field in Minkowski space is characterized
completely by the energy—momentum tensor ##”, which is a
universal characteristic common to all forms of matter. It
satisfies both a local and an integral conservation law. In an
arbitrary coordinate system the local conservation law is
written as
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D ,1#7=3,1*" + y, gt “P=0.

Here t*¥ is the total conserved density of the energy-—
momentum tensor of all the matter fields, and D, is the
covariant derivative in Minkowski space.

Here and below, we shall always deal with densities of
scalar and tensor quantities defined by the rule

o=\-vd, '=\-yo*,
Densities have been introduced because in arbitrary coordi-

nates the invariant volume element in Minkowski space is
given by

V= yd*x,

and the invariant volume element in Riemannian space is
given by

V—gd*x, g=det(g,,).

Therefore, the principle of least action is given by

y=det(yu,)-

5s=5f Ld*x=0,

where L is the scalar Lagrangian density of the matter.

In obtaining the Euler equations using the principle of
least action we will automatically be dealing with variations
of the Lagrangian density. According to Hilbert, the density
of the energy—momentum tensor t*” is expressed in terms of
the scalar Lagrangian density L as

thr=-=2 oL , 1)
Yy
where
oL oL [ 6L Yy
Vv Vv “""( «mm)’ o™ oy

Owing to the universality of gravitation, it is natural to as-
sume that the conserved density of the energy—momentum
tensor of all the matter fields t*” is the source of the gravi-
tational field. We shall use the analogy with electrodynam-
ics, in which the source of the electromagnetic field is the
conserved density of the charged vector current j*, and the
field itself has a vector nature and is described by the density

of the vector potential A”:
A'=(4, 4).

In the absence of gravity, the Maxwell equations of electro-
dynamics in arbitrary coordinates take the form

‘yaﬁDaDﬂXv+ll'2XV=47ij,
D, A*=0.

Here for generality we have introduced the photon mass u.

Since we have stated that the source of the gravitational
field is the conserved density of the energy—momentum ten-
sor t#Y, it is natural to assume that the gravitational field is a
tensor field and to describe it by the density of a symmetric

tensor ¢*¥:
B30,
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and in complete analogy with Maxwell electrodynamics the
gravitational field equations can be written as

YoPD \D gV +m? gHV= N1+, @

D, ¢*=0. €)

Here \ is a constant which, because of the principle of cor-
respondence with the Newtonian law of gravity, must be
equal to 167r. Equation (3) excludes spins 1 and 0’, leaving
polarization properties of the field -corresponding only to
spins 2 and 0.

The density of the matter energy—momentum tensor t*”
consists of the density of the energy—momentum tensor of
the gravitational field t;” and the density of the matter
energy—momentum tensor t4;” . By matter we mean all the
matter fields except the gravitational field:

V. sV ny
thP=1"+ 1ty .

The interaction between the gravitational field and matter is
included in the density of the matter energy—momentum ten-
sor thy .

In 1913, Einstein wrote:® “¢...the gravitational field ten-
sor ¥, is the source of field just as much as the tensor of the
matter systems © ,,. A special role of the gravitational field
energy compared to all the other forms of energy would lead
to unacceptable consequences.’’ It is this idea of Einstein
that we have used as the foundation for constructing the rela-
tivistic theory of gravity. When constructing the general
theory of relativity, Einstein did not realize this idea, because
in the GTR a gravitational-field pseudotensor arose instead
of the gravitational-field energy—momentum tensor. This oc-
curred because Einstein did not treat the gravitational field as
a physical field (of the Faraday—Maxwell type) in
Minkowski space. This is why the equations of the GTR do
not contain the metric of Minkowski space. It follows from
(2) that these equations will be nonlinear also for the intrin-
sic gravitational field, because the tensor density t;“' is the
source of the gravitational field. Equations (2) and (3), which
we formally state to be the gravitational equations, by anal-
ogy with electrodynamics, will have to be obtained from the
principle of least action, because only in this case will we
have an explicit expression for the density of the energy—
momentum tensor of the gravitational field and the matter
fields. However, for this it is necessary to construct the La-
grangian density of the matter and the gravitational field. It is
extremely important to perform this construction using gen-
eral axioms. Only then can we speak of a theory of gravity.
The initial scalar Lagrangian density of the matter can be
written as

L=Lg(7yu’$#u)+LM(7p.v 'gﬂv,(ﬁ/&)y

where L, is the Lagrangian density of the gravitational field,
Ly, is the Lagrangian density of the matter fields, and ¢, are
the matter fields.

According to the principle of least action, the equations
for the gravitational field and the matter fields take the form

oL
sH

0, 4
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5Ly
—H =0, 5
504 o

Equation (4) differs from (2) primarily in that the variational
derivative of the Lagrangian density is taken with respect to

the field ¥, whereas (2), according to the definition (1),
involves the variational derivative of the Lagrangian density
with respect to the metric y,,. In order to have Eq. (4)
reduce to (2) for any form of matter, it must be assumed that

the tensor density ¢*” always enters into the Lagrangian
density together with the tensor density y*” through some
common density g*” in the form

Fr=PrEe, gr=\—gg"" ©)

Taking this condition into account, the Lagrangian density L
becomes

L=Lg( ‘yp.v 9g7“')+LM( 7/1,;: ,§1LV,¢A)_

It should be stressed that the condition (6) allows the varia-
tional derivative with respect to ¢*” to be replaced by the
variational derivative with respect to g#”, and the variational
derivative with respect to y,, to be expressed in terms of
that with respect to g, uv and that with respect to vy,,, appear-
ing explicitly in the Lagrangian density L. In fact,

oL oL

— = =0, @)
sm o

SL &L N 5L 9g°P ®
v My BP9V

The derivation of the last expression is given in detail in
Appendix A. The asterisk in Eq. (8) denotes the variational
derivative of the Lagrangian density with respect to the met-
ric y,,, entering explicitly into L. According to (1), Eq. (8)
can be written as

) 8L  6g°P ) S5*L
8% Vuw T Vs

=

Using Eq. (7) in this expression, we find

thr=—-2 L . ()
Yy
Comparing Egs. (9) and (2), we obtain the condition
-2 &*L = _1__[ ap Tuv 2 Tuv
5y~ Tom [V PDDsF P, (10)

which when satisfied ensures that the gravitational field
equations (2) and (3) can be obtained directly from the prin-
ciple of least action. Since the right-hand side of (10) does
not contain matter fields, the variation of the Lagrangian
density of the matter Ly, with respect to the explicitly ap-
pearing metric y,, must be equal to zero. In order that no
additional restrictions arise on the motion of the matter de-
scribed by Egq. (5), it follows directly from this that the tensor
Y. does not enter explicitly into the expression for the mat-
ter Lagrangian density L,, . The condition (10) then takes the
form
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O*L,
B Yy T 16w

[¥%PD ,D s+ +m2 $+]. (11)

Therefore, everything reduces to finding the Lagrangian den-
sity of the intrinsic gravitational field L, which satisfies (11).

Meanwhile, from the above arguments we arrive at the
important conclusion that the matter Lagrangian density L
has the form

L=Ly(Yyy 8" )+ Lu(8"", ba)- (12)

Thus, from the requirement that the density of the matter
energy—momentum tensor be the source of the gravitational
field, it naturally follows that the motion of the matter must
occur in an effective Riemannian space. It is this fact which
will allow us in Sec. 3 below to obtain the gauge group and
then construct the Lagrangian density (55) satisfying, ac-
cording to (B20), the condition (11).

An interesting picture appears: the motion of matter in
Minkowski space with the metric 7,,,, under the action of the
gravitational field ¢#" is identical to the motion of matter in
the effective Riemannian space with metric g, given by Eq.
(6). We refer to this interaction between the gravitational
field and matter as the geometrization principle. The geom-
etrization principle is a consequence of the original assump-
tion that the source of the gravitational field is a universal
characteristic of matter—the density of the energy—
momentum tensor. This structure of the matter Lagrangian
density indicates that a unique possibility is realized: the
gravitational field is coupled directly to the density of the
tensor ¥*” in the matter Lagrangian density. The effective
Riemannian space literally has a field origin owing to the
presence of the gravitational field. Let us explain this funda-
mental property of gravitational forces by comparing them
with electromagnetic forces. As is well known, the motion of
a charged particle in Minkowski space when there is a uni-
form magnetic field is, owing to the Lorentz force, a circle in
the plane perpendicular to the direction of the magnetic field.
However, this motion is far from identical even for charged
particles if their charge-to-mass ratios differ. Moreover, there
are neutral particles, and their trajectories in a magnetic field
are just straight lines. Therefore, since the electromagnetic
forces are nonuniversal, their action cannot lead to the ge-
ometry of spacetime.

Gravity is different. It is universal; any test body moves
along a trajectory, the same trajectory for identical initial
conditions. Owing to the hypothesis that the density of the
matter energy—momentum tensor is the source of the gravi-
tational field, these trajectories can be described by geodesics
in an effective Riemanian spacetime arising from the pres-
ence of the gravitational field in Minkowski space. In regions
of space where the gravitational field is arbitrarily weak, we
have metrical properties of space which to high accuracy
approach the properties of pseudo-Euclidean space observed
directly. When the gravitational fields are strong, the metri-
cal properties of the effective space become Riemmanian.
However, also in this case the pseudo-Euclidean geometry
does not completely vanish: it is observable and is mani-
fested in the fact that the motion of bodies in the effective
Riemannian space is not free from inertia, but occurs with
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acceleration with respect to the pseudo-Euclidean space in
Galilean coordinates. This is why acceleration in the RTG, as
opposed to the GTR, has an absolute meaning. Therefore, the
‘‘Einstein elevator’’ cannot be an inertial coordinate system.
This is revealed in the fact that a charge which is at rest in
the Einstein elevator will emit electromagnetic waves. This
physical phenomenon must also indicate the presence of
Minkowski space.

The matter equation of motion does not involve the met-
ric tensor 7y, of Minkowski space. Minkowski space will
affect the matter motion only through the metric tensor g -
of Riemannian space determined, as we shall see below,
from the gravitational equations, which involve the metric
tensor y,, of Minkowski space. Since the effective Rie-
mannian metric arises on the basis of a physical field which
is specified in Minkowski space, it follows that the effective
Riemannian space has a simple topology and is specified on
a single sheet. If, for example, the matter is concentrated in
an island-like region, then in the Galilean coordinates of the
inertial frame the gravitational field $** cannot fall off more
slowly than 1/r. However, this fact imposes a strong con-
straint on the asymptotic behavior of the metric g, of the
effective Riemannian geometry:

1
g,u.v=77p,v+0(:)’ with 7];1.1/:(17_1,—1,_1)- (13)

If we start simply from the Riemannian metric without
assuming that it appeared owing to the action of a physical
field, such constraints do not arise, because the asymptote of
the metric g,, depends even on the choice of three-
dimensional spatial coordinates. Then, in principle, physical
quantities cannot depend on the choice of three-dimensional
spatial coordinates. In the RTG no restrictions arise on the
choice of coordinate system. The coordinate system can be
anything, as long as it establishes a one-to-one correspon-
dence for all the points of the inertial coordinate system of
Minkowski space and ensures satisfaction of the inequalities

Y00=>0, d12=s,-,‘dx"dxk>0; i,k=1.23,
where

YoiYok
Si=—"7Yut ,
00

needed for the introduction of the concepts of time and spa-
tial length. In our theory of gravity the geometrical charac-
teristics of Riemannian space arise as field quantities in
Minkowski space, and so their transformation properties be-
come tensor ones, even if they were not so earlier. For ex-
ample, the Christoffel symbols, specified as field values in
the Galilean coordinates of Minkowski space, are already
rank-three tensors. Similarly, the ordinary derivatives of ten-
sor quantities in the Cartesian coordinates of Minkowski
space are also tensors.

The following question may arise. Why not introduce
separation of the metric in the form (6) also in the GTR, thus
introducing the concept of gravitational field in Minkowski
space? The Hilbert—Einstein equations involve only g,
and so it is impossible to say uniquely which metric y,,, of
Minkowski space should be used to find the gravitational

A. A. Logunov 8



field from (6). However, this is not the only difficulty; there
is also the problem that the solutions of the Hilbert—Einstein
equations are in general specified not on a single sheet, but
on a set of sheets. Such solutions for g,, describe a Rie-
mannian space with complicated topology, whereas the Ri-
emmanian spaces obtained using the representation of the
gravitational field in Minkowski space are specified on a
single sheet and have a simple topology. It is for these rea-
sons that field representations are not compatible with the
GTR, since they are very rigorous. However, this implies
that in principle there can be no field formulation of the GTR
in Minkowski space, no matter what. The formalism of Rie-
mannian geometry is predisposed to allow the introduction
of covariant derivatives in Minkowski space, which we have
used in the construction of the RTG. However, to accomplish
this it was necessary to introduce the metric of Minkowski
space in the gravitational equations, and it thereby became
possible to establish a functional relation between the metric
of the Riemannian space g, and the metric of Minkowski
space 7,,. We shall discuss this in more detail in the fol-
lowing sections.

3. THE GAUGE GROUP OF TRANSFORMATIONS
Since the matter Lagrangian density has the form

Lm(éj“’"ﬁA)’ (14)

it is easy to find the gauge group of the transformations
under which the matter Lagrangian density changes only by
a divergence. For this we use the invariance of the action

Su= j Ly(8*",¢4)d*x (15)
under an arbitrary infinitesimal change of coordinates
x'¥=x"4+£%(x), (16)

where £7 is an infinitesimal translation four-vector.
Under these coordinate transformations the field func-

tions g*” and ¢, change as
g (x")=g""(x)+ 68" (x) + £%(x)D 08" (x),
Da(x")= Pa(x)+ Sepa(x) + £5(x)D o Pa(x), an

where the expressions
08" (x)= 8" "D o£"(x) + 87D o£#(x) — D o( £78""),
8¢a(x)=—E°(X)D o ps(7) + F4i5p(x)D ,£P(x) (18)

are the Lie variations.
The operators J; satisfy the conditions of a Lie algebra,
i.e., the commutation relation

[8¢,»0¢,1(-)=8¢,(+) (19)
and the Jacobi identity

[9¢,:[ 8¢, 06,11+ [ 8¢, [ 8¢, O, 11+ 8¢, [ ¢, O¢ 11=0,
where

§=ED &~ 8D 1= E10,8, - £50,8]. (20)
For (19) to hold, the following conditions must be satisfied:
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FhsFSis—F? gl @)

where the structure constants f are

FoGia=05858,—8,856p. (22)
It is easily checked that they satisfy the Jacobi identity
fondf destfuerfop st fepsfous=0 (23)

and possess the antisymmetry property
ity 1t

Under a coordinate transformation (16) the variation of
the action is equal to zero:

8.Sy= j Ly (x")d*' — f Ly(x)d*x=0. (24)
Q' )

The first integral in (24) can be written as

L (x")d* '=f JL (x")d*x,
Jn, u(x") a m(x")

0x

In first order in £ the determinant J is
J=1+d,£%x). (25)
Using the expansion
JdL
Liy(x")=Lyy(x)+£°(x) 5,

and also (25), the expression for the variation can be written
as

OSy= fﬂ[ OLp(x) + 3o E%Lpg(x))1d*x=0.

Owing to the arbitrariness of the integration volume (2,
we have the identity

OLy(x)=—3o(£%(x)Ly(x)), (26)
where the Lie variation 8Ly, is
JdL ILu ., JL v
OLy(x)= PR ogh’+ ™) (3,8™")
0L Ly,
‘9¢ 6¢A a(a ¢ ) 6(aa¢A) (27)

From this, in particular, it follows that if the scalar density

depends only on g*” and derivatives of it, then under the
transformation (18) it will also change by only a divergence:

OL(8""(x))=—do(£*(x)L(g""(x))), (26a)
where the Lie variation OL is
SL(g*" oL ogtv+ oL 8o, ,8™"
()= 7 % s (9,8™")
- Suv
+ a(aaaﬁgﬂ") 8(3,3p8""). (27a)
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The Lie variations (18) were established within the con-
text of coordinate transformations (16). However, we can
adopt a different viewpoint, according to which the transfor-
mations (18) can be treated as gauge transformations. In this
case an arbitrary infinitesimal four-vector £*(x) will be a
gauge vector and not a coordinate translation vector. In what
follows, to emphasize the difference between a gauge group
and a group of coordinate transformations, we shall use the
notation €*(x) for the group parameter, and a transformation
of the field functions

8" (x)— g (x) + 6gM"(x),

Da(x)— Pa(x)+ 8da(x) (28)
with the additions

BEM(x)= "D o€ (x) + §D y&*(x) — D (€°F"),

8eda(x)=— €%(x)D s (x) + F3:5d5(x)D ,€P(x) (29)

will be referred to as gauge transformations.

In complete correspondence with Egs. (19) and (20), the
operators satisfy the same Lie algebra, i.e., the commutation
relation

[651,652]( )= 663( ) (30)
and the Jacobi identity

[8c,.[6c,. 0,11+ [8,.[ 8. 6,11+ 8, [ 6. 8¢ 11=0.
@31)
Here, as before, we have

e;=€\'D, e;— 4D e/=€l'd, e, —€)d €.

The gauge group arose from the geometrized structure of
the scalar density of the matter Lagrangian Ly (g*",¢,),
which, owing to the identity (26), is changed by only a di-
vergence under the gauge transformations (29). Therefore,
the geometrization principle, which determined the universal
nature of the interaction between matter and the gravitational
field, has allowed us to formulate the noncommutative,
infinite-dimensional gauge group (29).

A significant difference between gauge and coordinate
transformations is manifested in a crucial place in the theory
when constructing the scalar Lagrangian density of the in-
trinsic gravitational field. The difference arises because un-

der a gauge transformation the metric tensor y,, does not
change, and so, owing to (6), we have

88 (x) = 8.4*"().
On the basis of (19) we obtain the field transformation
Se P (x)= gD 4€¥(x) + V"D y€*(x) ~ D o €*8""),

but it differs significantly from the transformation under a
coordinate shift:

S pHV(x) = BPD (E¥(xX) + ¥°D (£ (x) — D o £2 P*7).

The equations of motion for the matter do not change under
the gauge transformations (29), because under any such
transformations the Lagrangian density of the matter changes
by only a divergence.
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4. THE LAGRANGIAN DENSITY AND EQUATIONS OF
MOTION FOR THE INTRINSIC GRAVITATIONAL
FIELD

As is well known, using only the tensor g ,, it is impos-
sible to construct a Lagrangian density of the intrinsic gravi-
tational field which is a scalar under arbitrary coordinate
transformations in the form of a quadratic form of deriva-
tives of order no higher than the first. This Lagrangian den-
sity will therefore necessarily involve the metric 7, along
with the metric g,,. However, since the metric 7y,,, is not
changed under a gauge transformation (29), for the Lagrang-
ian density of the intrinsic gravitational field to change by
only a divergence under such a transformation, strong con-
straints on its structure must arise. This is where the funda-
mental difference between gauge and coordinate transforma-
tions appears.

Whereas coordinate transformations impose almost no
restrictions on the structure of the scalar Lagrangian density
of the intrinsic gravitational field, gauge transformations al-
low us to find this Lagrangian density. A direct, general
method of constructing the Lagrangian is given in Ref. 1.

Here we shall use a simpler method to construct the
Lagrangian. On the basis of (26a) we conclude that the sim-
plest scalar densities V—g and R= \/-—_gR, where R is the
scalar curvature of the effective Riemannian space, change
as follows under the gauge transformation (29):

V-g—V-g-D,(e"V-¢), (32)
E—»R?'—D,,(e”l’?v). (33)

The scalar density R is expressed in terms of the Christoffel
symbols

1
Th=7 83,800+ 1800 ™ 058 uv) (34)

as

~y A A
== guv(rp,vrgq— rp,o'l-‘g)\) - ‘9V(é-uVFZU'_ ’7“’1_‘;0') *
(35)
Since the Christoffel symbols are not tensor quantities, each
term in (35) is not a scalar density. However, if we introduce
the tensor quantities

1
Guv=5 8" (D 80y + D180~ D o8 v, (36)

the scalar density can be written identically as
R=— TV(G:\WG;\'U_ GZang)_Dv(EWGZa
—g"GY,). (37

In (37) each group of terms behaves separately as a scalar
density under arbitrary coordinate transformations. We shall
see that the formalism of Riemannian geometry is predis-
posed to the introduction of covariant derivatives in
Minkowski space instead of ordinary derivatives, but the
metric tensor 7y,,, used to determine the covariant deriva-
tives, is not fixed at all here.
Taking into account (32) and (33), the expression
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M(R+D,0")+\ ¢ (398)

changes by only a divergence under arbitrary gauge transfor-
mations. Choosing the vector density to be

Qy=§7w67w_ Asz;:a ’
we eliminate from the preceding expression terms with de-
rivatives of order higher than the first and obtain the follow-
ing Lagrangian density:

—N18*(G), G~ GhoGin) + A2V —g. (39

We therefore see that the requirement that the Lagrang-
ian density of the intrinsic gravitational field change by only
a divergence under a gauge transformation (29) uniquely de-
termines the structure of the Lagrangian density (39). How-
ever, it we restrict ourselves to only this density, the gravi-
tational field equations will be gauge-invariant, and the
metric of Minkowski space y,, will not enter into the sys-
tem of equations determined by the Lagrangian density (39).
Since the metric of Minkowski space vanishes in this ap-
proach, there is no possibility of representating the gravita-
tional field as a physical field of the Faraday—Maxwell type
in Minkowski space.

For the Lagrangian density (39) the introduction of the
metric 7y, using Eq. (3) does not save the situation, because
physical quantities—the interval and curvature tensor of Rie-
mannian space, and also the gravitational field tensor
1y ¥—will depend on the choice of gauge, which is physically
inadmissable. For example,

SR, ,=—R,eD, € —R,,D, € — €’D,R,,,

56Rp.vaﬂ= _Ra'vaBD;Le”_ R,u.a‘aﬂD veg_RuvaﬁDaea
_R’“,ao.DBEu_ GUDO-R’“,aﬂ .

In order to preserve the idea of a field in Minkowski space
and eliminate this ambiguity, it is necessary to add to the
Lagrangian density of the gravitational field a term violating
the gauge group. At first glance it might appear that here
there is a great arbitrariness in the choice of Lagrangian den-
sity of the gravitational field, because the gauge group can be
broken in very different ways. However, it turns out that this
is not so, because our physical requirement on the polariza-
tion properties of the gravitational field as a field with spins
2 and 0, imposed by Eq. (3), means that the term violating
the group (29) must be chosen such that Egs. (3) follow from
the system of equations of the gravitational field and the
matter fields, as only then do we not obtain an overdeter-
mined system of differential equations. For this, we intro-
duce into the scalar Lagrangian density of the gravitational
field a term of the form

Yur8™s (40)

which with the conditions (3) changes by a divergence under
the transformations (29), but only on the class of vectors
satisfying the condition

8""D D ,e’(x)=0. (41)
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An almost analogous situation occurs in electrodynamics
with nonzero photon rest mass. Taking into account (38)—
(40), the general scalar Lagrangian density has the form

Lo==Mg"(G},GY,~ G0G) + AV~ g
X378 NV -y (42)

We have introduced the last, constant term in (42) to make
the Lagrangian density vanish in the absence of a gravita-
tional field. The restriction of the class of gauge vectors by
introduction of the term (40) automatically makes Egs. (3) be
consequences of the gravitational field equations. We shall
verify this directly below.

According to the principle of least action, the equations
for the intrinsic gravitational field have the form

oL

1
8§1fv=)‘lRuv+ '2- )\2gp,v+)‘37y.v=0s (43)

where

SLy Ly [ oL
o™ ag" "N\ a(3,8m"))’

with the Ricci tensor written as
R,,=D\G),~D,G\\+G,G ~GG), . (44)
Since in the absence of a gravitational field Egs. (43) must be
satisfied exactly, we find
Ap=—2\;. (45)

Now let us find the density of the energy—momentum tensor
of the gravitational field in Minkowski space:

tg’=—2 :::v =2— 9| y*ay"P- % y*ryP :g%
+ N TAT— 2N 8R T — Ny PP, (46)
where
JH'=D D g(y™ P+ y Pk — yPght — yrrgF) @

(see Appendix B). If in (46) we take into account the dy-
namical equations (43), we obtain the equations for the in-
trinsic gravitational field in the form

)\1]’”_2)\3?‘”")\47”:’:"- (48)

In order that this equation be satisfied identically in the ab-
sence of a gravitational field, we must take

A 4= 2X3 . (49)
Since for the intrinsic gravitational field we always have

D##"=0, (50)
it follows from (48) that

D,g"=0. (51)

Thus, Egs. (3) determining the polarization states of the
field follow directly from (48). Taking into account (51), the
field equations (48) can be written as
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7””DaD auv_ ﬁ Juv= - L P (52)
B A A 8
In Galilean coordinates this equation has the simple form
Ay 1
a ¢’“’— = pFr=—— 1. (53)
l A 1

It is natural to interpret the numerical factor —\ 4/\ ;=m? as
the squared graviton mass, and the value of — 1/\; must be
equal to 167 according to the correspondence principle.
Thus, all the unknown constants entering into the Lagrangian
density are determined:

(54

The constructed scalar Lagrangian density of the intrin-
sic gravitational field will have the form
m? (1

1
Lg_ "Ill'(G G‘{a'_ G[).‘NJ’G(:)\ 1671' 7;4vg

167

—V-g-V-7|. (55)

The corresponding dynamical equations for the intrinsic
gravitational field can be written as

JHY—ml gHv= — 16mt}”, (56)

or

v m2 v a_vp
R* = = (8"~ 8""8""Vap) =0. (57)

These equations significantly restrict the class of gauge
transformations, leaving only the trivial ones satisfying the
Killing conditions in Minkowski space. Such transformations
are a consequence of Lorentz invariance and occur in any
theory. ’

The Lagrangian density constructed above leads to Egs.
(57), from which it follows that (51) are their consequences,
and so outside the matter we will have ten equations for ten
unknown field functions. The equations (51) can be used to
easily express the unknown ficld functions ¢°* in terms of
the field functions ¢'*, where the superscripts i and k take
the values 1, 2 and 3. Therefore, in the Lagrangian density of
the intrinsic gravitational field the structure of the mass term
violating the gauge group is uniquely determined by the po-
larization properties of the gravitational field.

5. THE EQUATIONS OF MOTION FOR THE
GRAVITATIONAL FIELD AND MATTER

The total Lagrangian density of the matter and the gravi-
tational field is

L=Lg+LM(§;“”¢A)’ (58)

where L, is given by (55).

Using (58) with the principle of least action, we obtain
the complete system of equations for the gravitational and
matter fields:
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oL

@—, =0, (59)
oLy
o 0

Since for an arbitrary infinitesimal change of the coordinates
the variation of the action .S, is zero,

OcSu= 5J Ly(8"*",¢4)d*x=0,

from this we find the identity [see Appendix C, Eq. (C16)]

;1.¢A(x)
(61)

Here TY=—26L,,/ 8g,, is the density of the matter tensor
in Riemannian space, and V, is the covariant derivative in
this space with metric g,, . It follows from (61) that if the
matter equations of motion (60) are satisfied, we have

vV, T*"=0. (62)

. SLu SLu
guVVXT =_D 5¢ ¢B(x) ¢

When there are four matter equations (60), instead of
them we can use the equivalent equations (62). Since hence-
forth this will always be the case, we shall always use the
matter equations in the form (62). The complete set of equa-
tions for the gravitational and matter fields will then have the
form

oL

VxT)‘ V= 0. (64)

The matter will be described by a velocity v, matter density
p, and pressure p. The gravitational field is determined by
the ten components of the tensor ¢*”.

We therefore have 15 unknowns. To determine them we
must add the matter equation of state to the 14 equations
(63)—(64). Taking into account the relations

oL, 1 m?

&~ Tom et 32 BT V) .
oLy 1 1

W 2\/"“" g;wT (66)

the system of equations (63) and (64) can be written as

1 m?
R’“’—Eg’“’R +_2_ grv+ g;wgVB
1 14 " v
— 58”8 | Yap|= = ™, (67)

vV, T"=0. (68)
Owing to the Bianchi identity

1
V”(R‘“’— 7 g’“’R) =0,
from (67) we have
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1
m2\/—_g( ghg" -5 g‘“’g"”) VuYap=167V T

(69)
Using the expression
Vp. Yap= — GZaYoB_ G;p7aa ’ (70)
where G, is given by (36), we find
1
(g““g (b ¥ o S ) VouYap=Ymng" (Dog™
+GE ™), (71)
but since
V=8(D,g™+Ghpg™)=Dyg"’, (72)

Eq. (71) takes the form

1
V-g| 88"~ 5 "8 |V uYap= V8" "D o8-

(73)
Using (73), Eq. (69) can be written as
m*y,\g""D,g"’ =167V ,T+".
This expression can be rewritten as
m?*D g =167y""V T, . (74)
Using this, Eq. (68) can be replaced by the equation
D, g*’=0. (75)

Therefore, the system of equations (67) and (68) reduces to a
system of gravitational equations of the form

v 1 v mz v a_ vB
Rll_.z_gF'R +7 gll-+ g.ug

87w

1
~3 g‘“'g"ﬁ) np] RN ™, (76)

D, g*=0. 77)

These equations are form-invariant under Lorentz transfor-
mations, i.e., phenomena are described by identical equations
in any inertial (Galilean) coordinate system.

A particular inertial Galilean coordinate system is distin-
guished by the actual statement of the physical problem (the
initial and boundary conditions). The description of a given
physical problem is, of course, different in different inertial
(Galilean) coordinate systems, but this does not contradict
the relativity principle. If we introduce the tensor

2
m
NW'=RW——-[gh"—gh?g"Pyopl,  N=N""g,,,

the system of equations (76) and (77) can be written as

1 8
NFY— — gh'N=
2 V-¢

T+, (76a)

D,g**=0. (77a)

It can also be written as
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8 1
N ( T — g‘“'T), (78)
—g 2
D, =0, (79)
or
8w 1
N‘“’=ﬁ TI“'_ 5‘ g#vT . (788)
D ,g*"=0. (79a)

It should be stressed in particular that the metric tensor of
Minkowski space enters into both the system (78) and the
system (79).

Coordinate transformations under which the metric of
Minkowski space is form-invariant relate physically equiva-
lent reference frames. The simplest of these will be inertial
frames. Therefore, allowed gauge transformations satisfying
the Killing conditions

D,e,+D,,=0

do not take us outside the class of physically equivalent ref-
erence frames.

If we imagine the possibility of experimentally measur-
ing the characteristics of Riemannian space and the motion
of matter with arbitrarily good accuracy, then we can use
Eqs. (78a) and (79a) to determine the metric of Minkowski
space and find the Galilean (inertial) coordinate systems.
Therefore, Minkowski space is, in principle, observable.

The existence of Minkowski space is reflected in the
conservation laws, and so the verification of these laws in
physical phenomena is equivalent to verification of the struc-
ture of spacetime.

It should be noted in particular that the metric tensor of
Minkowski space enters into both the system of equations
(76) and the system (77). It is well known that in the GTR
the presence of the cosmological term in the equations is not
required, and this question is still under discussion. In the
RTG the equations must contain the cosmological term.
However, this term arises in (76) in combination with a term
associated with the metric of Minkowski space y,,, , with the
same constant equal to half the squared graviton mass. The
presence of the term in (76) associated with the metric y,,,
significantly changes the nature of the collapse and evolution
of the Universe. According to (76), in the absence of matter
and a gravitational field the metric of space becomes the
Minkowski metric, and it exactly coincides with the metric
chosen earlier in formulating the physical problem. If the
Minkowski metric were not present in the gravitational field
equations, it would be completely unclear which coordinate
system of Minkowski space we ended up in, the absence of
matter and a gravitational field.

The introduction of the graviton mass is of fundamental
importance for this theory, because only with it is it possible
to construct a theory of gravity in Minkowski space. The
graviton mass violates the gauge group or, in other words, it
lifts the degeneracy. It is therefore impossible to exclude the
possibility that the graviton mass tends to zero in the final
results when gravitational effects are studied. However, the
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theory with a massive graviton and the theory with broken
gauge group’ (with the graviton mass later taken to zero) are
in principle different theories. For example, whereas in the
former the Universe is homogeneous and isotropic, in the
latter it is impossible to have this type of Universe.

Let us now discuss the correspondence principle. Any
physical theory must satisfy the correspondence principle.
Gravitational interactions change the matter equations of mo-
tion. The correspondence principle reduces to the require-
ment that when the gravitational interaction is switched off,
i.e., when the Riemann curvature tensor vanishes, these
equations of motion become the usual equations of motion of
the STR in the selected coordinate system.

In formulating the physical problem in the RTG we
choose a coordinate system with the metric tensor of
Minkowski space y,,(x). In the RTG the equation of mo-
tion of the matter in the effective Riemannian space with
metric tensor g,,,(x) determined from the gravitational field
equations (76) and (77) has the form

V. T#(x)=0. (o)

As an example, let us take dust-like matter with energy—
momentum tensor 7#” equal to

14
Y x)=pUrU?, U’=—o,
T*Y(x)=pU s
where ds is the interval in Riemannian space.
On the basis of (o) and using the expression for T#”, we
find the equation for a geodesic in Riemannian space:

v’ v ariB—

—dT+F"ﬁ(x)U Ur=0.

When the gravitational interaction is switched off, i.e., when
the Riemann curvature tensor vanishes, it follows from the
gravitational field equations (76) and (77) that the Riemann
metric g,,(x) becomes the Minkowski metric y,,(x) cho-
sen earlier. The matter equation of motion (o) then takes the
form

D ,t*¥(x)=0. \)

Here the energy—momentum tensor t#¥(x) is

dx’

t"Y(x)=putu®, u’=——,
(x)=p do

where do is the interval in Minkowski space.
On the basis of (\), using the expression for t*” we find
the geodesic equations in Minkowski space:

du’
do

i.e., we obtain the usual equations for the free motion of
particles in the STR with the coordinate system chosen ear-
lier with metric tensor y,,,(x). Therefore, when the gravita-
tional interaction is switched off, i.e., when the Riemann
curvature tensor vanishes, the equation of motion of matter
in a gravitational field in the selected coordinate system au-
tomatically becomes the equation of motion of matter in
Minkowski space in the same coordinate system with metric
tensor y,,,(x), i.e., the correspondence principle is satisfied.

+ 'yl’;pu“uﬁ=0,
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This is a general statement in the RTG, because when the
Riemann tensor vanishes the Lagrangian density of matter in
a gravitational field L, (g*”,®,) becomes the usual La-
grangian density L, (y*”,®,) of the STR in the chosen co-
ordinate system.

In the GTR the matter equation of motion also has the
form (o). However, since the Hilbert—Einstein equations do
not involve the metric tensor of Minkowski space, when the
gravitational interaction is switched off, i.e., when the Rie-
mann curvature tensor vanishes, it is impossible to say which
coordinate system (inertial or accelerated) of Minkowski
space we will end up in, and so it is impossible to determine
which matter equation of motion in Minkowski space we
obtain when the gravitational interaction is switched off.
This is why it is impossible to satisfy the correspondence
principle in the GTR while remaining within this theory.

We conclude by noting that in the RTG all the concepts
of classical Newtonian mechanics and the special theory of
relativity (inertial reference frames, the law of inertia, accel-
eration relative to space, the energy—momentum and
angular-momentum conservation laws) remain valid,
whereas Einstein was forced to reject them in constructing
the general theory of relativity. Inertial and gravitational
forces cannot even be locally identical, because they have
completely different origins. Whereas the former can be
eliminated by a choice of coordinate system, the latter cannot
be eliminated by any choice of coordinate system.

6. THE CAUSALITY PRINCIPLE IN THE RTG

The RTG was constructed within the framework of the
STR just like the theories of other physical fields. According
to the STR, any motion of any point test body always occurs
inside the light cone of causality in Minkowski space. There-
fore, noninertial reference frames realized by test bodies also
must be located inside the causality cone of pseudo-
Euclidean spacetime. The entire class of allowed noninertial
reference frames is thereby determined. The three-
dimensional inertial force and gravity acting on a matter
point will be equal locally if the light cone of the effective
Riemannian space does not leave the confines of the light
cone of causality in Minkowski space. Only in this case can
the three-dimensional force of the gravitational field acting
on the test body be locally canceled, leading to an allowed
noninertial reference frame associated with this body.

If the light cone of the effective Riemannian space left
the confines of the causality light cone in Minkowski space,
this would imply that for such a ‘“gravitational field’’ there is
no allowed noninertial reference frame in which this ‘‘force
field”’ acting on a matter point could be canceled. In other
words, local cancellation of the gravitational 3-force by an
inertial force is possible only when the gravitational field as
a physical field acting on particles does not take the particle
world lines outside the confines of the causality cone of
pseudo-Euclidean spacetime. This condition should be
viewed as the causality principle allowing the selection of
solutions of the system of equations (76) and (77) which
have a physical meaning and correspond to gravitational
fields.
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The causality principle is not satisfied automatically.
This is because the gravitational interaction enters into the
coefficients of the second derivatives in the field equations,
i.e., it changes the original geometry of spacetime. Only the
gravitational field possesses this property. The interactions of
all the other known physical fields usually do not affect the
second derivatives of the field equations, and so do not
change the original pseudo-Euclidean geometry of space-
time.

Let us now give an analytic formulation of the causality
principle in the RTG. Since in the RTG the motion of matter
under the influence of a gravitational field in pseudo-
Euclidean spacetime is equivalent to the motion of matter in
the corresponding effective Riemannian spacetime, for caus-
ally connected events (world lines of particles and light) we
must have, on the one hand, the condition

ds*=g, dx" dx"=0, (80)
and, on the other, satisfaction of the inequality
do’=1y,,dx"dx"=0. 81)

The selected reference frame realized by physical bodies sat-
isfies the condition

Yoo>0. (82)
In Eq. (81) we separate the timelike and spacelike parts:

dx’\’ .
do?= ( VYoodt + L) —sidxidx*, (83)

V 700

where the Latin indices i and k take the values 1, 2, 3, and

YoiYok
Sik=—Yut 7_0 (84)

00

is the metric tensor of three-dimensional space in four-
dimensional pseudo-Euclidean spacetime. The squared spa-
tial distance is given by

dI?=s,dx'dx*. (85)

We write the velocity v'=dx'/dt as v'=ve', where v is
the magnitude of the velocity and ¢’ is an arbitrary unit vec-
tor in three-dimensional space:

sikeiek= 1. (86)

In the absence of a gravitational field, the speed of light in
the selected reference frame is easily found by setting (83)
equal to zero:

A 2
Voidx' )
VYoodt+ —| =sudx‘dx*.

From this we find

_ \/——' Yoi€ ‘
UV=VY00 1- .

V 700
Therefore, an arbitrary four-dimensional isotropic vector u”

in Minkowski space is

u’=(1, ve'). (88)

@87
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To satisfy simultaneously the conditions (80) and (81) it
is necessary and sufficient that for any isotropic vector

Yttt u?=0 (89)
the causality condition is satisfied,
gt u’<0, (90)

which also implies that the light cone of effective Riemann-
ian space does not go outside the causality light cone of
pseudo-Euclidean spacetime. The causality conditions can be
written as

(89a)
(90a)

In the GTR, the solutions of the Hilbert—Einstein equa-
tions which have physical meaning are those satisfying the
inequality

g v”=0,

Yur0¥v”=0.

g<o0

at each point in spacetime, and also a requirement referred to
as the energy-dominance condition and stated as follows.
Any timelike vector K, must satisfy the inequality

T*K K ,>0,

and the quantity 7#*K, for the vector X, must be a non-
spacelike vector.

In our theory only those solutions of Egs. (78a) and
(79a) which, along with these requirements, also satisfy the
causality condition (89a) and (90a) have a physical meaning.
Using (78a), the latter condition can be written as

” 8T 1 ’
R, K'K'< T,“,—Eg,“,T K*K

—8
m2 v
+—2-g”,,K”K . 91)

If the density of the matter energy—momentum tensor is writ-
ten as

Tuvz V —g[(P+P)U,,,U.,—pg,,,,],

then on the basis of (78a) it is possible to establish the fol-
lowing relation between the interval of Minkowski space do
and the interval of effective Riemannian space ds:

2 2
D do?=ds?| an(p+3p)+ ——R, ULU”
2 o"=as ’”(p p 2 1’24 k4

where U#=dx"/ds.
Owing to the causality principle, we have the inequality

2
m
R’“,U”'U"<47r(p+3p)+ -

which is a special case of the inequality (91) or

V—gR, v* v <87T, v (91a)

In 1918 Einstein stated the equivalence principle as fol-
lows: ‘‘Inertia and gravity are identical: from this statement
and the results of the special theory of relativity it unavoid-
ably follows that the symmetric ((fundamental tensor)) g,
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determines the metrical properties of space, the motion of
bodies owing to inertia in this space, and also the effect of
gravity.”” The GTR identification of the gravitational field
with the metric tensor g,,, of Riemannian space allows the
coordinate system to be chosen such that all the components
of the Christoffel symbol are equal to zero at all the points of
an arbitrary line. However, also in the GTR the gravitational
field cannot be eliminated by a choice of coordinate system,
since the motion of two closely spaced matter points will not
be free, owing to the presence of the curvature tensor, which
because of the tensor properties cannot be made to vanish by
a choice of coordinate system.

In the RTG the gravitational field is a physical field in
the Faraday—Maxwell sense, and so the gravitational force is
described by a four-vector. Therefore, inertial forces can be
made to balance the three-dimensional part of the gravita-
tional force by a choice of coordinate system only when the
conditions (89) and (90) are satisfied. The motion of a matter
point in a gravitational field, independently of the coordinate
system, can never be free. This is especially obvious when
we write the geodesic equation in the form®

DUY o rrayiBy s ,
do =—GapU U (6p—U Up).
Here
do*=1y,,dx"dx” U"=dxv .
ry ’ do

Free motion in Minkowski space is described by the equation
DU” dU¥
do do

+7‘Z,\U"U"=0,

where 'y:'n\ are the Christoffel symbols of Minkowski space.
We see that motion along a geodesic of Riemannian
space is motion of a test body under the action of the force

F'=—GhgUUP(8,-U"U,),

which is a four-vector. If the test body were charged, it
would emit electromagnetic waves because it is accelerated.
This situation is exactly the same as that for the other known
physical forces.

In the STR there is a fundamental difference between
inertial forces and physical forces (electromagnetic, nuclear,
and so on). Inertial forces can always be made to vanish by a
simple choice of reference frame, whereas physical forces in
principle cannot be made to vanish by any choice of refer-
ence frame, because they have a vector nature in Minkowski
space. Since in the RTG all forces, including gravitational
ones, have a vector nature, this implies that they cannot be
made to vanish by a choice of coordinate system. It is only
possible to cancel a three-dimensional force of any origin,
including gravitational, by an inertial force by a choice of the
coordinate system. In the GTR, as noted by Synge,” “‘the
concept of gravitational force is absent, because gravitational
properties are inherent in the structure of spacetime and are
manifested in the curvature of spacetime, i.e., in the fact that
the Riemann tensor R;j, is nonzero.” In the same book,
Synge wrote, ‘‘According to a well known legend, Newton
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was inspired to create his theory of gravity one day in ob-
serving the fall of an apple from the branch of a tree, and
students of Newtonian physics even now claim that the ac-
celeration (980 cm/sec?) of a falling apple is due to the
gravitational field. According to the theory of relativity [here
he means the general theory of relativity—A.L.], this view-
point is completely incorrect. We shall undertake a careful
study of this problem and show that, in fact, the gravitational
field (i.e., the Riemann tensor) plays an extremely small role
in the phenomenon of free fall, and the acceleration -of
980 cmy/sec? is actually due to the curvature of the world line
of the tree branch.”’

According to the RTG, the gravitational field is a physi-
cal field, and so, in contrast to the GTR, it fully preserves the
concept of gravitational force. Owing to the gravitational
force, the free fall of a body occurs, and in fact everything
occurs, just as in Newtonian physics. Moreover, all the
gravitational effects in the solar system (the perihelion shift
of Mercury, bending of light by the Sun, time delay of a
radio signal, gyroscope precession) are just due to the action
of the gravitational force, and not to the curvature tensor of
spacetime, which is quite small in the solar system.

Einstein saw the local identification of inertia with grav-
ity as the main reason for the equality of inertial and gravi-
tational mass. However, in our opinion, the reason for this
equality, as seen from Eq. (2), is that the source of the gravi-
tational field is the conserved total density of the matter and
gravitational field tensor. It is for this reason that the equality
of inertial and gravitational mass does not require local iden-
tification of the gravitational force with inertial forces.

7. MACH’S PRINCIPLE

In formulating the laws of mechanics, Newton intro-
duced the concept of absolute space, which always remains
unchanged and stationary. It is with respect to this space that
he defined the acceleration of a body. This acceleration was
absolute in nature. The introduction of the abstraction of ab-
solute space proved to be extremely fruitful. In particular, it
gave rise to the concepts of inertial reference frames
throughout space and the relativity principle for mechanical
processes, and it led to the idea of physically distinguished
states of motion. In 1923 Einstein wrote as follows on this
topic: ‘“The coordinate systems found in such states of mo-
tion are distinguished by the fact that the laws of nature
formulated in these coordinates take the simplest form.”’
Further on, ‘‘...according to classical mechanics, there exists
a relativity of velocity, but not a relativity of acceleration.”’
The theory therefore used a representation of inertial refer-
ence frames in which matter points not subjected to forces do
not undergo acceleration, but remain in their state of rest or
uniform rectilinear motion. However, the absolute space of
Newton or inertial reference frames were actually introduced
a priori, separately from the nature of the matter distribution
in the Universe.

Mach was rather bold in seriously criticizing the main
tenets of Newtonian mechanics. As he himself later wrote, he
was able to publish his ideas only with great difficulty. Al-
though Mach also did not construct a physical theory free
from the defects he had pointed out, he had an enormous
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influence on the development of physical theory. He drew
the attention of scientists to the analysis of fundamental
physical concepts.

Let us quote some of Mach’s statements,lo which have
become known as Mach’s principle in the literature. ‘“No
one can say anything about absolute space and absolute mo-
tion; this is something only imaginary, and not experimen-
tally observable.”” Further on: “‘Instead of referring a mov-
ing body to space (to some coordinate system), we shall
directly study its relation to the bodies of the universe, in
terms of which the only determination of reference frame is
possible. ...Even in the simplest case, when we would study
the interaction of only two masses, it is impossible to isolate
our system from the rest of the world... . If a body is rotating
relative to the fixed stars, there are centrifugal forces, and if
it is rotating relative to another body and not relative to the
fixed stars, there are no centrifugal forces. I have nothing
against calling the first type of rotation absolute, as long as it
is remembered that this means nothing but rotation relative
to the fixed stars.”’

Then Mach wrote: ‘“...there is no need to relate the law
of inertia to any special absolute space. The most natural
approach of a modern natural scientist is the following: first
to study the law of inertia as an approximation, to relate it
spatially to the fixed stars, ... and then to expect corrections
to or evolution of our knowledge on the basis of a future
experiment. Lange has recently published a critical article in
which he explains how it would be possible, following his
principles, to introduce a new system of coordinates if the
usual crude association with the fixed stars turned out to be
no longer applicable, owing to more accurate astronomical
observations. Lange and I are of the same opinion regarding
the theoretical, formal value of Lange’s conclusions, namely,
that at present the fixed stars are the only reference frame
applicable in practice, and also regarding the method of de-
fining a new reference frame by making successive correc-
tions.”’ Later Mach quotes S. Neumann: ‘‘Since all motions
must be referred to an alpha frame (an inertial frame), this
frame obviously represents an indirect link between all the
processes occurring in the Universe and, therefore, it can be
said to contain as many mysteries as a complex universal
law.”” Regarding this, Mach notes: ‘‘I think that everyone
agrees with this.”’

It is obvious from these statements of Mach that, since
he is speaking of the law of inertia, according to which, as
Newton says, ‘‘Every body will continue in its state of rest
or of uniform motion in a straight line except insofar as it is
compelled to change that state by impressed force,’” the
question naturally arises of inertial reference frames and their
relation to the distribution of matter. Mach and his contem-
poraries clearly understood that such a relation must exist in
nature. In what follows we shall include this idea in the
concept of Mach’s principle.

Mach wrote: ‘‘Although I also think that astronomical
observations will at first make only very insignificant correc-
tions necessary, I still suppose that the law of inertia in the
simple form stated by Newton has for us humans only a
limited and transient value.”” As we shall see below, here
Mach was wrong. Mach did not give his ideas a mathemati-
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cal form, and so very often different authors have superim-
posed their own ideas on Mach’s principle. Here we shall try
to preserve the meaning that Mach himself had in mind.

Poincaré and later Einstein generalized the principle of
relativity to all physical phenomena. In his formulation,'!
Poincareé refers to ““...the principle of relativity, according to
which the laws of physical phenomena must be identical for
a stationary observer and for an observer in uniform transla-
tional motion, so that we do not have and cannot have any
means of determining whether we are in such a state of mo-
tion or not.”” The application of this principle to electromag-
netic phenomena led Poincaré, and later Minkowski, to the
discovery of the pseudo-Euclidean geometry of spacetime
and thereby to an even greater degree strengthened the hy-
pothesis of the existence of inertial reference frames in all
space. Such reference frames are physically distinguishable,
and so acceleration relative to them has an absolute meaning.

In the general theory of relativity there are no inertial
reference frames in all space. Einstein wrote the following
about this in 1929: ‘“The starting point of the theory is the
statement that a physically distinguished state of motion does
not exist, i.e., not only velocity but also acceleration has no
absolute meaning.’’

The Mach principle as stated in the GTR turned out to be
uncalled for. However, it should be noted that ideas about
inertial reference frames in all space have a solid experimen-
tal foundation, since, for example, in going from a reference
frame attached to the Earth to one attached to the Sun, and
then to one attached to the metagalaxy we more and more
accurately approach an inertial reference frame. There is
therefore no serious justification for rejecting such an impor-
tant concept as that of an inertial reference frame. On the
other hand, the presence of the fundamental energy—
momentum and angular-momentum conservation laws also
necessarily leads to the existence of inertial reference frames
in all space. The pseudo-Euclidean geometry of spacetime
reflects the general dynamical properties of matter and at the
same time introduces inertial reference frames. Although the
pseudo-Euclidean geometry of spacetime arose in studying
matter and therefore is inseparable from it, it is still possible
to speak formally of Minkowski space in the absence of mat-
ter. However, just as earlier in Newtonian mechanics, in the
special theory of relativity there is no answer to the question
of how inertial reference frames are related to the distribu-
tion of matter in the Universe.

The discovery of the pseudo-Euclidean geometry of
space and time made it possible to study not only inertial but
also accelerated reference frames from a unified viewpoint.
A large difference appeared between inertial forces and
forces generated by physical fields. This was that inertial
forces can always be made to vanish by choice of an appro-
priate reference frame, whereas forces generated by physical
fields in principle cannot be made to vanish by choice of
reference frame, because they have a vector nature in four-
dimensional spacetime. Since in the RTG the gravitational
field is a physical field in the spirit of the Faraday—Maxwell
field, the forces generated by this field cannot be made to
vanish by choice of reference frame.

A different situation occurs in the general theory of rela-
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tivity. There, gravitational forces are not vectors in four-
dimensional spacetime, and so they can be made to vanish
locally by choice of reference frame. Owing to the fact that
the gravitational field has a rest mass, the main equations of
the RTG, (76) and (77), contain, along with the Riemann

metric, the metric tensor of Minkowski space. However, this

implies that in principle the metric of this space can be ex-
pressed in terms of the geometrical characteristics of the ef-
fective Riemannian space, and also in terms of quantities
characterizing the matter distribution in the Universe. This is
easily accomplished by changing from contravariant to cova-
riant quantities in (76). In this manner we obtain

m? 87 2

1
57 v(x)=—(T v— 5 8 vT)_R vt 8u-
2 [ H g 2 SH M 2 °H
92)

From this we see that the right-hand sides of the equations
contain only the geometrical characteristics of the effective
.Riemannian space and quantities determining the matter dis-
tribution in this space.

By experimentally studying the motion of particles and
light in Riemannian space, it is possible in principle to find
the metric tensor of Minkowski space and, therefore, to con-
struct an inertial reference frame. The RTG constructed on
the basis of the special theory of relativity thus permits a
mathematical statement of Mach’s principle. We shall see
that a special principle of relativity has a universal value
independently of the form of matter.

The requirements on the gravitational field are expressed
as the condition that Eqs. (76) and (77) be form-invariant
under the Lorentz group. The Lorentz-invariance of physical
equations is the most important physical principle in the con-
struction of the theory, because it is this principle which
makes it possible to introduce universal characteristics for all
forms of matter.

In 1950 Einstein wrote: ““...is it not necessary in the end
to test whether the concept of inertial frame is preserved,
after abandoning all attempts to explain the fundamental fea-
ture of gravitational phenomena which is manifested in the
Newtonian system as the equivalence of inertial and gravita-
tional mass?’’ In the RTG the concept of inertial frame is
preserved, and at the same time it is shown that the equiva-
lence of inertial and gravitational mass is a direct conse-
quence of the hypothesis that the conserved density of the
matter energy—momentum tensor is the source of the gravi-
tational field. Therefore, the equality of inertial and gravita-
tional mass does not at all contradict the existence of an
inertial reference frame. Moreover, these ideas intrinsically
supplement each other and form the basis of the RTG.

In contrast to our view, Einstein answered the question
he posed as follows. ‘‘One who believes in the comprehen-
sibility of nature must answer no.’’ The existence of inertial
reference frames eliminates the Mach paradox, because in
this case is it possible to speak of acceleration relative to
space. Fock wrote: ‘‘As far as the Mach paradox is con-
cerned, it is based, as is well known, on the study of a rotat-
ing fluid body having the shape of an ellipsoid and a nonro-
tating body having the shape of a sphere. A paradox arises
here only if the concept of ‘rotation relative to space’ is
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considered devoid of meaning; then both bodies (rotating
and nonrotating) actually are equally justified, and it be-
comes unclear why one is like a sphere while the other is not.
However, the paradox disappears as soon as we adopt the
idea of ‘acceleration relative to space.’ >’

Mach’s ideas deeply influenced Einstein’s views on
gravity in the construction of the general theory of relativity.
In one of his papers, Einstein writes, “Mach’s principle: the
G field is completely determined by the masses of bodies.”’
However, it turns out that even this is not true in the GTR,
because there are solutions even when matter is absent. An
attempt to eliminate this problem by the introduction of a A
term did not give the desired result. It turned out that the
equations with the X term also have nonzero solutions in the
absence of matter. We shall see that Einstein understood
something completely different by ‘“Mach’s principle.’’
However, even his understanding of Mach’s principle did not
fit into the GTR.

Does the Einstein formulation of Mach’s principle have
any place in the RTG? In contrast to the GTR, in the RTG
there are spacelike surfaces in all space (global Cauchy sur-
faces), owing to the principle of causality. And if matter is
absent on one of these surfaces, it will be absent everywhere,
owing to the requirement of energy dominance imposed on
the matter tensor.'? Since matter exists in nature, it follows
that a system of gravitational equations homogeneous
throughout space has no solutions realized in nature. In other
words, all the solutions of this system are devoid of physical
meaning in the present stage of development of the Universe.
This discarding of solutions of the system of homogeneous
gravitational equations became possible not only because of
the equations themselves, but primarily because of the nature
of the real Universe.

In principle, the equations of the theory do not reject
universes constructed from the gravitational field without
matter. They are rejected by the actual evolution of the mat-
ter. The fact that our universe turns out to contain matter
does not yet have any theoretical explanation. Only solutions
of the system of inhomogeneous gravitational equations for
which there is matter in a part or all of space have a physical
meaning. This implies that the gravitational field and the
effective Riemannian space in the real Universe could not
have arisen without the matter generating them. We shall see
that the Einstein formulation of Mach’s principle is realized
in the relativistic theory of gravity.

However, there is a significant difference in the concept
of the G field in our theory and in the GTR. Einstein under-
stood the G field to be the Riemannian metric, while in our
approach the gravitational field is a physical field. This field
enters into the Riemannian metric along with the flat-space
metric, and so the metric does not vanish in the absence of
matter and the gravitational field, but remains the metric of
Minkowski space.

In the literature there are also other statements of Mach’s
principle which differ in meaning from the ideas of both
Mach and Einstein. However, since in our opinion they have
not been stated very precisely, we have not considered them.
Because the gravitational forces in the RTG arise from a
physical field of the Faraday—Maxwell type, there cannot in
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principle be anything in common between inertial and gravi-
tational forces.

Sometimes Mach’s principle is viewed as if it says that
inertial forces are determined by interaction with the matter
of the Universe. From the field point of view this cannot
occur in nature. The point is that although inertial reference
frames, as we saw above, are associated with the distribution
of matter in the Universe, inertial forces are not a result of
interaction with the matter of the Universe, because any ef-
fect of the matter is possible only via physical fields. How-
ever, this implies that the forces due to these fields cannot be
made to vanish by choice of reference frame, owing to their
vectorial nature. Therefore, inertial forces are directly deter-
mined not by physical fields, but by the strictly defined struc-
ture of the geometry and the choice of reference frame.

The pseudo-Euclidean geometry of spacetime reflecting
the dynamical properties common to all forms of matter on
the one hand confirmed the hypothesis of the existence of
inertial reference frames and, on the other, showed that the
inertial forces arising for suitable choice of reference frame
are expressed in terms of the Christoffel symbols of
Minkowski space. They are therefore independent of the na-
ture of the body. This all became clear when it was shown
that the special theory of relativity is applicable not only in
inertial reference frames, but also in noninertial (accelerated)
ones.

This allowed us to give a more general statement of the
relativity principle in Ref. 5: ‘“Whatever physical reference
frame (inertial or noninertial) we choose, it can always be
shown that there is an infinite set of other reference frames in
which all physical phenomena occur in exactly the same way
as in the original reference frame, and so we do not have and
cannot have any experimental way of distinguishing in pre-
cisely which reference frame of this infinite set we find our-
selves.”” This is expressed mathematically as follows. Let the
interval in some coordinate system of Minkowski space be

do’= Yur(x)dxtdx?.

Then there exists another coordinate system x’,
x"=f*(x),

in which the interval takes the form
do?= Yur(x")dx'#dx"?,

where the metric components 7y, have the same functional
form as in the original coordinate system.

In this case it is said that the metric is form-invariant
under such transformations, and that all the physical equa-
tions are also form-invariant, i.e., they have the same form
in both the primed and unprimed coordinate systems. The
coordinate transformations leaving the metric form-invariant
form a group. In the case of Galilean coordinates these are
the usual Lorentz transformations in an inertial frame.

In the RTG, inertial and gravitational forces differ sig-
nificantly in that the gravitational field becomes weaker with
increasing distance from a body, while inertial forces can be
arbitrarily large, depending on the choice of reference frame.
They are equal to zero only in an inertial frame. It is there-
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fore incorrect to assume that inertial forces cannot be distin-
guished from gravitational forces. In everyday life the differ-
ence between them is almost obvious.

The construction of the RTG allowed a connection to be
established between an inertial reference frame and the dis-
tribution of matter in the Universe, and thereby led to a
deeper understanding of the nature of inertial forces and how
they differ from matter forces. In our theory, inertial forces
are assigned the same role as in any other field theory.

8. THE POST-NEWTONIAN APPROXIMATION

The post-Newtonian approximation is completely ad-
equate for studying gravitational effects in the solar system.
In this section we shall construct this approximation. Many
of the technical details of this construction are borrowed
from Fock."

We write the basic equations of the theory as (see Ap-
pendix D)

F*PD D g®* +m2\— y®* = — 16mg(Tiy + 15,
(93)

D, ®*=0, (94)

where T%) is the matter energy—momentum tensor and T;)‘ is
the energy—momentum tensor of the gravitational field.

The expression for the energy—momentum tensor of the
gravitational field can be written as

—167rg'r;)‘
1 ('"m")\ﬂ 1 sensuB|| 5 o 1 -
‘_‘5 88 —'2_8 8 gva'g'rp._igm'gvp.

X D ,®™D s®+°+ g*fg. D , D s
- ﬁeﬁg’roD tx(’B)‘o’DB;ﬁaT— g‘)\ng’roDagBa

~ 1 ~ - -
XD g @7+ N &8 7eD o ®7PD g™+ D , D

XDBEIB""——&)“BD,,Dﬁfi‘)‘—mZ( \/_—ggex

~ 1
N7 ‘yq)E)\+§ET§)\ﬁ7aﬂ_ 5 8 )\gaﬂYaﬂ) . (95)

This is written in an arbitrary coordinate system in
Minkowski space. All the calculations that follow will be
performed in the Galilean coordinates of the inertial frame

7;1,11:(19_ 1’—1’_1)- (96)

In constructing the perturbation series, it is natural to use a
small parameter € such that

2

v~e, U~e?, TI~€%, p~e. 97)

Here U is the Newtonian gravitational-field potential, IT is
the specific internal energy of the body, and p is the specific
pressure.

For the solar system the parameter € is of order
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€~1075. (98)
We shall start from the expansions of the components of the
tensor density:
2 @

=1+ 0%+ PP, (99)
R
=%+ @%+ .., (100)
e @
gr=y*+ o+ oik+ . (101)

As the matter model we take an ideal fluid with energy—
momentum tensor

T*=[p+p(1+I)]uu™—pg, (102)

where p is the invariant density of the ideal fluid, p is the
specific isotropic pressure, and ™ is the velocity four-vector.

Now we write down the expansion in the small param-
eter € for the matter energy—momentum tensor:

o (@2

TR=T%+T%+. .., (103)
om0

Th=T%+ 7%+ .., (104)
@ @

Tk=T*4 T+ | (105)

In the Newtonian approximation, i.e., when we neglect
gravitational forces, for the velocity four-vector we have

wO=1+0(€?), u'=vi(1+0(€?)). (106)
Using these expressions in (102), we find

(0) (1) (0)

T®=p, T%=pyi, T¥*=0. (107)
In this approximation we have

dop+3;(pv’)=0. (108)

From this we see that in the Newtonian approximation the
total inertial mass of a body is conserved:

M= f pd’x. (109)

In the Newtonian approximation, from Egs. (93) we have
(2)

ADP=— 167p, (110)
3)

A®%=—167pv, (111)
@)

ADit=0. (112)

Since it is small, the graviton mass does not play any role in
the inertial coordinate system for effects in the solar system,
and so we have neglected it in deriving Egs. (110)—(112). In
the general case of a noninertial reference frame or for strong
gravitational fields, the term involving the graviton mass m
cannot be neglected. For example, even for a static body in
the region close to the Schwarzschild sphere, the effect of the
graviton mass is very large, and so it cannot be ignored.
The solution of Eqs. (110)—(112) has the form
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(2)

=4y, U=j —P iy, (113)
|lx—x'|
3) i
QV=—avi, vi=— [ 2y, (114)
lx—x'|

@

k=0, (115)
On the basis of (94) we have

@ S

3PP+ 3, ®%=0. (116)
Substituting (113) and (114) into this equation, we find

AU —3;V'=0. (117)

From this it is obvious that the order of smallness in € is
increased when the potential U is differentiated with respect
to time. We shall use this fact in what follows for calculating
the energy—momentum tensor of the gravitational field 'r;".
We note that Eq. (117) is satisfied identically, owing to
(108).

It follows from (114) and (115) that of all the con(lgo-
nents of the tensor density ®<*, only the one component G
given by (113) remains in the second approximation. It is
this fact which significantly simplifies the method of finding
the post-Newtonian approximation, where at each stage of
the construction we use the densities of tensor quantities.

From (113)—(115) through second order we obtain

N N e )

(118)
From this we find
—g=1+4U. (118a)
and therefore
800=1-2U, g=gn=8un=—(1+2U). (119)

We see from (118) that in the Newtonian approximation,
where we restrict ourselves to only one component of the
matter tensor density 7%, the gravitational field is described
by only the component %, while, according to (119), the
metric tensor g, has several components, as expected. The
use of the field components & rather than the metric tensor
8 v significantly simplifies the entire process of constructing
the post-Newtonian approximation. This is why the introduc-
tion of the tensor density of the gravitational field $*” has
not only a general theoretical but also a practical value. The
metric tensor of the effective Riemannian space is then

8o0=1-2U, goi=4vuV% gu=7va(1+2U). (120)

It follows from Eq. (113) for U that the inertial mass (109) is
equal to the active gravitational mass. As we have seen, in
the RTG this equation arose because the source of the gravi-
tational field is the energy—momentum tensor.

Let us now turn to the construction of the next approxi-
mation for the component of the metric tensor gq,. For this
we shall find the contribution from the energy—momentum
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(2)
tensor of the gravitational field. Since in (95) only ®% is
involved in the derivative, the first term of (95) gives a con-
tribution

2(grad U)?, (121)
and the second gives
—16(grad U)2. (122)

The contribution from all the other terms in this approxima-
tion will be zero. We have also discarded terms involving
time derivatives of the potential U, since, owing to (117),
they are also of higher order in the small parameter €. From

(121) and (122) we find
— 16mg79°=—14(grad U)2. (123)

Taking into account (123), Eq. (93) in this approximation for
the component ®® takes the form

ADP=167g T+ 14(grad U)%+432U (124)
Since from (120) in second order in € the interval is
1 .
ds=dt(1—U+Ev,-v'), (125)
we find
0L vyt (126)
/3 _dS = ) V;U".
Substituting this expression into (102), we find
@ _
=p[2U+IT—-v']. 127)

On the basis of (118a) and (127), from Eq. (124) we obtain

(4)
A ®®=—967pU+ 167pv;v'+ 14(grad U)?— 16mrpll

+43U. (128)
We use the obvious identity
1
(grad U)2—— AU?-UAU. (129)
However, since
AU=—4mp, (130)
Eq. (128), after using (129) and (130), takes the form
(4)
A(D®-7U?)=16mpv v’ — 40mpU — 16mpll +46(2)U.
(131)
From this we obtain
@
<I>°°=7U2+4<I>l+ 100, + 4,
3 '
f IX d (132)
where
U,'Ui
¢1 =—- p 7 d3x’ ’
|x—x']
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d3 . (133)

Therefore, in the post-Newtonian approximation we have

g0=1+4U+702+4®,+100,+ 4,

lf’zf U
m %) |x—x'|

Now we need to find the value of the determinant g in the
post-Newtonian approximation. For this we write g% as
(4)
g*= 7+ Bk,
It should be especially stressed that the calculation of the

determinant g is simplest if we use the tensor density g*”
and take into account the fact that

d3x’. (134)

(135)

g=det(g"”)=det(g,,)- (136)

From (134) and (135) we find
3 1
\/—g=l+2U+§ U242®,+50,+2d,— 3 d
1 U
_ﬁa%f E_-—le‘dsx'. (137)
Here
@ @ ®
O=0!"+ P2+ 3, (138)

Since in this approximation gy,g®=1, from Egs. (134) and
(137) we find

5 1
goo=1-2U+3 U?=2@,—50,—2d,— 5@

PR j U & 139
27 %) |x—x'| - (139)
To determine gy, we need to calculate ®. Since P is ob-
tained by summation, we can use Eq. (93) and then obtain
the equations for @ directly by summation.
From (95) by summation we obtain the following ex-
pression from the first term:

—167rg7'§;=—-2(grad U)2. (140)

All the other terms entering into (95) do not contribute in this
approximation. Using Eq. (102) for the matter energy-—
momentum tensor, we find

2

—16mg Tii=—16mpv v’ + 48mp. (141)

Taking into account (140) and (141), we write the equation
for ® as

A®=16mpvv'—487p+2(grad U)2. (142)
Using the identity (129) and Eq. (130), we find
A(®—-U?)=16mpv;v'+8mplU —487p. (143)
From this we obtain
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P=U+40,—20,+120,, <1>4=J lx—’;x’ldsx"
(149
Substituting (144) into (139), we have
800=1—2U+2U*— 4P ,—4P,—2P;— 6P,

+152f v d*x’ 145
27 0) |x—x'| X (145)

Using the identity

1 f U d3 r_ f ’ d3 ’
27 ) |x—x'| = plx—x'ld’s",
we write (145) as

goo=1—2U+2U%—4®,—4®,—2d,— 6P,

—&%f plx—x'|dx". (146)

If we make the transformation

x"0=x%4+9%x), x"'=x, (147)

the metric coefficients change as

800=800—230m°, g0i=80i—9in°, gh=gur- (148)

The transformation (147) does not take us outside the inertial
reference frame, because this transformation is nothing but a
different choice of clocks. All physically measurable quanti-
ties are independent of this choice.

Taking the function 7° to be

1
7,°=—500 prx-—x’|d3x’ (149)
and taking into account the identity
o1 k
din =75 (YuV* =Ny,
k ’ !
pv (e —x ) (xi—x{) .,
N= [ B e, (150)

after substitution of (120) for g,; and g;; and also (146) for
goo into (148), using (149) and (150) we find the metric
components of the effective Riemannian space in the so-
called canonical form:

8o=1—2U+2U?—4®,—4D,—20,— 6D,

7 . 1
80i=75 YVt EN.',

gix= Yiu(1+2U). (151)

On the basis of (151), the post-Newtonian Nordtvedt—Will
parameters in the RTG are

=1, B=1, aj=ay=az=§&,=§£,=&=E6,=&y
=0.

We have calculated the metric components (151) in an iner-
tial reference frame in the RTG. Let us now give the expres-
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sions for the components of the matter energy—momentum
tensor, in comparison with (107), in the next approximation.
Using Eq. (126) for #°, and also

i 1+ L
u —‘E—U U—Evkv s (152)
from Eq. (102) we find
(3) . . .
T%=pv'(2U+M~vwh)+pv’, (153)
(2). . .
T *= pviv*—py*. (154)

(2)
The component T % is given by Eq. (127). From Eq. (151),
using the geodesic equations we can calculate all the effects
in the solar system.

Let us conclude by giving a somewhat more detailed
comparison of the RTG and the GTR in analyzing effects in
a weak gravitational field. The system of equations (93) and
(94) together with the equation of state determines all the
physical quantities of a particular gravitational problem. All
the above calculations of the post-Newtonian approximation
were carried out in an inertial reference frame. In the GTR
there is no inertial frame in principle. Einstein wrote: ‘‘The
starting point of the theory is the statement that a physically
distinguished state of motion does not exist, i.c., not only
velocity but also acceleration has no absolute meaning.’’
However, if there is no inertial reference frame, to what ref-
erence frame should the calculations performed in the GTR
be referred?

Fock used harmonic conditions in Cartesian coordinates
in calculating gravitational effects. He referred to these as
coordinate conditions. In 1939 he wrote:"* “‘In solving the
Einstein equations we have used a coordinate system which
we term harmonic, but which deserves to be referred to as
inertial.”” Later in the same article he noted: ‘‘It seems to us
that the possibility of introducing a particular inertial coor-
dinate system into the general theory of relativity in a unique
way is worthy of note.”’” Finally, in Ref. 14 he wrote: ‘“The
principle of relativity expressed by Lorentz transformations
is also possible in an inhomogeneous space; but a general
principle of relativity is impossible.’’

Fock made all these statements in an attempt to inject
clarity into the physical meaning of the GTR, after freeing it
from the physically meaningless concept of general relativ-
ity. However, here Fock actually went beyond the frame-
work of the GTR. It is for this reason that he arrived at the
surprising statement that the principle of relativity is valid in
inhomogeneous space. However, in order to achieve this it is
necessary to introduce ideas about the gravitational field in
Minkowski space. Where did Fock go beyond the GTR?
When using the harmonic conditions he introduced the Car-
tesian coordinates

g

W—=O, (155)

where x# are the Cartesian coordinates.
In these coordinates y(x)=det y,,=—1.
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Therefore, according to the tensor transformation law we
have

axt ox”  g*(y)

F(x)= =g - = - ———. 156
¢ =57 %P V-7() (156)
We write Eq. (155) as

PPN (157)

w8 ok Ty

For the rest of the calculations we use the expressions

P ( 1 ) 1 2
. - v
Iy \ V=) V=7
y ?x%  dy”
7aB_W' x’

After substituting (156) into (157) and using (158), we find

(158)

1 ox¥

5 g7 0§““+ 1 ~ap x?
r8 (x)_\/_—yayo" ay®

=0,
[— y J dy®ayP

(159)

We write the factor in the second term as
Px¥ ox” oy’  PxT  ox¥
R B e T
Substituting this expression into the preceding one, we find

axll a“ﬂ(f
(%ﬂLYZp&?"ﬁ) =0,

1
b lald -
a,ug (x) \/:_‘Y aytr

i.e., we have

xl‘

(9"7“’x=—._
u8 () ‘/'_—; ayo'

D, g"=0. (160)

We have thus shown that the tensor density g#%(y) in arbi-
trary coordinates automatically satisfies the generally covari-
ant expression

D)\g"‘r:()

if the original harmonicity condition (155) is written in Car-
tesian coordinates. However, this implies that the harmonic-
ity condition is not a coordinate condition, but a field equa-
tion in Minkowski space. Therefore, the use of the harmonic
condition in Cartesian coordinates is not an innocent opera-
tion, but involves going beyond the confines of the GTR by
introducing Minkowski space.

Did Fock attempt to study the gravitational field in
Minkowski space? No, he was far from thinking of this, and
wrote:'3 ““We mention it here only in connection with the
sometimes observed striving (which we do not at all take
part in) to build a theory of gravity within the framework of
Euclidean space.”’ As we have seen, the use of the harmonic
conditions in Cartesian coordinates takes us outside the
GTR. However, this implies that the system of gravitational
equations studied by Fock differs from the system of GTR
equations, i.e., that the Fock theory of gravity based on the
harmonic conditions in Cartesian coordinates and the Ein-
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‘'stein general theory of relativity are different theories. The

Fock approach proved to be closer to the RTG ideas. Every-
thing that Fock tried to introduce into the theory of gravity
(inertial frames, acceleration relative to space) is fully con-
tained in the RTG, but in the latter this is achieved by treat-
ing the gravitational field like all the other physical fields in
Minkowski space. All the geometrical characteristics of Rie-
mannian space are already field quantities in Minkowski
space.

In analyzing gravitational effects in the solar system,
Fock actually used Minkowski space, since he referred all
the calculated gravitational effects to an inertial reference
frame. It is this fact which allowed him to obtain the correct
expressions for these effects. For example, he wrote: !4
‘‘How should a straight line be defined: as a light ray or as a
line in the Euclidean space in which the harmonic coordi-
nates x,,X;,x3; serve as the Cartesian coordinates? It seems
to us that only the second definition is correct. We have in
fact used it when we stated that a light ray near the Sun has
the form of a hyperbola,”” and later on, ‘‘the idea that a
straight line is more directly observable as a light ray has no
value; the decisive factor in definitions is not direct observ-
ability, but correspondence to nature, even if this correspon-
dence is established by indirect conclusions.”

When calculating gravitational effects (for example, the
deflection of a light ray or the time delay of a radio signal) in
the GTR, it is necessary to compare the motion of light and
a radio signal along a geodesic in Riemannian space with
their motion in the absence of a gravitational field. This is
how a gravitational effect must be determined. However,
since in the GTR it is impossible to say which coordinate
system (inertial or noninertial) we are in when the gravita-
tional field is switched off, such a comparison is in principle
ambiguous.'®> Fock overcame this difficulty by using the har-
monic conditions in Cartesian coordinates. However, this led
him outside the GTR.

Gravitational effects are determined unambiguously in
the RTG, because according to Egs. (93) and (94) written in
the Galilean coordinates of an inertial frame, the motion of
light or of a test body when the gravitational field is switched
off does actually occur along a straight line, a geodesic in
Minkowski space. It is quite obvious that in a noninertial
coordinate system a geodesic in Minkowski space will no
longer be a straight line. However, this implies that in the
RTG, in order to find a gravitational effect in a noninertial
coordinate system, the motion in the effective Riemannian
space must be compared with precisely this motion.

In calculating the effects of gravity in the solar system,
where the effect of the graviton mass can be neglected, the
system of equations (93) and (94) of the RTG in Galilean
coordinates coincides with the system of equations solved by
Fock. Therefore, the post-Newtonian approximation (151) in
the RTG coincides with the analogous approximation in the
Fock theory of gravity. As we noted earlier, the harmonic
conditions in Cartesian coordinates used successfully by
Fock took him outside the framework of the Einstein GTR.
This was noticed by Infeld, who in 1957 wrote, ‘‘Thereby,
for Fock the choice of harmonic coordinate condition be-
comes a sort of fundamental law of nature, changing the very
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nature of the Einstein general theory of relativity and trans-
forming it into a theory of the gravitational field valid only in
inertial reference frames.”” However, even when the har-
monic conditions in Cartesian coordinates are not used in the
GTR, we still obtain similar expressions for the post-
Newtonian approximation. What is going on? The reason for
this is that again we have introduced Minkowski space in
Galilean coordinates and have actually treated the gravita-
tional field as a physical field in this space.

The metric of Minkowski space in Galilean coordinates
is taken as the zeroth-order approximation for the Riemann
metric. To it are added various potentials with arbitrary post-
Newtonian parameters, each of which falls off as 0(1/r). It is
here that gravity is treated as a physical field in Minkowski
space whose behavior is described by the gravitational po-
tentials introduced. This requirement on the nature of the
behavior of the metric of Riemannian space does not follow
from the GTR, since in general the asymptote of the metric is
very arbitrary and even depends on the choice of three-
dimensional spatial coordinates.

By substituting the Riemann metric g,,, in this form into
the Hilbert-Einstein equations, we can determine the values
of the post-Newtonian parameters and again arrive at the
same post-Newtonian approximation. It should be noted that
the Hilbert—Einstein equations themselves do not determine
the post-Newtonian approximation as the unique solution of
these equations.

The reason for the nonuniqueness of the solution in the
GTR lies in the form-invariance of the Hilbert—Einstein
equations under coordinate transformations. Because of it, an
unbounded number of solutions exists in a single coordinate
system for Riemann metric of the space g,,. In 1914 Ein-
stein wrote as follows about this set of solutions: ‘“We shall
consider a finite part 3, of the space in which matter pro-
cesses do not occur. Then the physical events in the region X,
are completely determined if the quantities g,,, as functions
of the coordinates x, are specified with respect to the coor-
dinate system K used for the description. The set of these
functions will be denoted symbolically by G(x).

““Let us introduce a new coordinate system K’ coincid-
ing with K outside the region 3, but differing from K inside
3 such that the quantities g, in the system K", like the g,
(together with their derivatives), are everywhere continuous.
We denote the set g,,, symbolically by G'(x'). The quanti-
ties G'(x') and G(x) describe the gravitational field itself.
Let us express the coordinates x, entering into g,,, in terms
of the coordinates x,,, i.e., we form G'(x), which will then
give a different description of the gravitational field in the
system K, which, however, is not the same as the existing (or
specified) gravitational field.

‘““Now we assume that the differential equations of the
gravitational field are generally covariant; then their solution
will be the set G'(x") (in the system K') if in the system K
the solution set is G(x). The functions G’ (x) will now also
satisfy these equations in the system K. Therefore, relative to
the system K there exist solutions G(x) and G’(x) differing
from each other, despite the fact that at the boundary of the
region both sets of solutions coincide, i.e., for generally co-
variant differential equations of the gravitational field the
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sequence of events can be nonunique. If we require that the
evolution of events in a gravitational field be completely
determined by established laws, then it is necessary to re-
strict the set of coordinate systems in such a way that it is
impossible to introduce a new coordinate system K’ of the
form described above without violating this restriction. The
extension of the coordinate system inside a region 3 cannot
be arbitrary.”

In order to understand the conclusion reached by Ein-
stein at the end of this quotation, let us turn to electrodynam-
ics. In some inertial frame (Galilean coordinates) let the so-
lution of the equations have the form F,,(x) for the current
J¥(x). If we go to an arbitrary coordinate system, owing to
general covariance the solution F l'w(x’) of the Maxwell
equations in the new coordinates will correspond to the cur-
rent j'#(x"). We note that F,,,(x) will not satisfy the Max-
well equations in the old coordinates for the current j'#(x),
because the Maxwell equations are not form-invariant under
arbitrary coordinate transformations. The Maxwell equations
are form-invariant under Lorentz transformations, and so in
the new Lorentz coordinates x’ the solution F /'“,(x’) corre-
sponds to the current j'#(x'), and therefore in the old coor-
dinates the solution F,,(x") corresponds to the current
J'*(x). We see that in electrodynamics the field F u(X) is a
solution of the Maxwell equations in the old coordinates x,
but for the current j'#(x) instead of the current j*(x). In the
GTR, owing to the form-invariance of the Hilbert—Einstein
equations under arbitrary coordinate transformations, G(x)
and G'(x) are solutions for the same matter tensor T, (x).
In arriving at his conclusion, Einstein apparently intuitively
represented gravity as a field in Minkowski space. However,
since he retained only Riemannian space, this idea was not
developed in his studies.

In the GTR the gravitational field is the Riemann tensor.
The geometry of Riemannian space is described by the solu-
tion of the Hilbert—Einstein equations in arbitrary coordi-
nates. When the gravitational field is switched off, the Rie-
mann tensor vanishes, and the geometry of spacetime
becomes pseudo-Euclidean, but it is impossible to say what
coordinate system we are in (inertial or accelerated). How
then can the correspondence principle be satisfied? In the
RTG the gravitational equations (76) and (77) are generally
covariant but not form-invariant under arbitrary transforma-
tions. They are form-invariant under Lorentz transforma-
tions. However, this implies that in Lorentz coordinates, if
there is a solution G(x) for the matter tensor T',,,(x), then in
the new Lorentz coordinates x’ there is a solution G'(x") for
the matter tensor T/'“,(x’), and therefore in the coordinates x
the solution G'(x) is possible only for the matter tensor
TI'“,(x).

Everything that Einstein wrote about is thus realized in
the RTG, and it is not necessary to abandon the general
covariance of the theory. However, this was all obtained
starting from the representation of the gravitational field as a
physical field of spins 2 and 0 in Minkowski space. Rie-
mannian space arises as an effective space due to the pres-
ence of the gravitational field. In the RTG there is a one-to-
one correspondence between the Riemann metric and the
Minkowski metric, which in calculations of gravitational ef-
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fects allows the comparison of motion in the presence and
absence of a gravitational field. In the RTG, when the gravi-
tational field is switched off the Riemann tensor vanishes,
and at the same time there is a transition from the Riemann
metric to the Minkowski metric chosen earlier for stating the
physical problem. This ensures that the correspondence prin-
ciple is satisfied in the RTG.

To calculate the effect of gravity it is necessary to com-
pare motion in Riemannian space with motion in the absence
of a gravitational field. This is how the effect of gravity is
determined. If the set of solutions for g,, is related to a
particular inertial frame, it is completely obvious that we
obtain a set of different values for the gravitational effect.
How do we choose between them? Since the Minkowski
metric is absent in the Hilbert—Einstein equations, it is im-
possible to observe the correspondence principle, because it
is impossible to determine whether we are in an inertial or
noninertial reference frame when the gravitational field is
switched off. Therefore, in the GTR it is impossible to de-
termine uniquely the post-Newtonian approximation, and,
accordingly, impossible to describe the known gravitational
effects in the solar system. This is achieved in the GTR only
by additional assumptions which take us outside this theory.

As an illustration of the nonuniqueness of the GTR pre-
dictions, let us consider the problem of determining the delay
time of a radio signal under the action of the Sun as the
signal travels from the Earth to Mercury and back. For a
spherically symmetric static body in a particular coordinate
system, the Hilbert—Einstein equations have a set of solu-
tions which includes the Schwarzschild solution

2M am\ ™!
dsf=(1—7)dt2—(1——r—) dr’—r%dQ? (161)

and the harmonic solution

FM e M )02
r+M r—-mM r=(r ) )

dsy= (162)
Let r, and r, be the distances from the emission and reflec-
tion points of the radio signal to the center of the source of
gravitational field (the Sun) and R be the distance between
the points e and p. To determine the effect of gravity it is
necessary to compare the motion in Riemannian space with
that along a straight line in an inertial frame. We thereby
obtain the delay time of a radio signal for the Schwarzschild
solution

retr,tR
At;=2GM In ——— —2GM

re+rp—R (163)

and for the harmonic solution
At,=2GM 1n 2R 164
b= nre+rp—R' (164)

They differ by an amount 2GM, equal to tens of microsec-
onds in the case of the Sun. Which expression, (163) or
(164), should be used to find the delay time of a radio signal
traveling from the Earth to Mercury and back? In principle,
the GTR does not answer this question, because the metric of
Minkowski space does not enter into the Hilbert—Einstein
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equations. In the GTR the gravitational field is characterized
not by a single metric tensor, but by a class of equivalent
diffeomorphic metrics G(x),G'(x), ..., obtained using co-
ordinate transformations. From this point of view, in
Minkowski space the metrics obtained by coordinate trans-
formation from Eq. (@) in the Introduction also form an
equivalence class, but physically they are different, because
some correspond to inertial reference frames and others to
accelerated ones. In the GTR it is impossible to determine

-which metric of Minkowski space the Riemann metric from

the equivalence class should be referred to in order to deter-
mine the gravitational effect. It is therefore impossible to
observe an obvious principle: the correspondence principle.

According to the RTG, the delay time of a radio signal is
determined uniquely as Eq. (164) if Galilean coordinates are
used in the inertial frame. In the RTG it would also be pos-
sible to take the Schwarzschild solution, but in this case,
according to Eqgs. (76) and (77) of the RTG, the metric of
Minkowski space would be slightly different. Because of this
change of the Minkowski metric, the Schwarzschild solution
(161) also leads to the delay of a radio signal due to the Sun
given by (164), i.e., it gives the same result.

We conclude this section by noting that the post-
Newtonian approximation (151) satisfies the causality prin-
ciple (90).

9. SOME PHYSICAL CONCLUSIONS OF THE RTG

It follows from the results obtained in the preceding sec-
tion that the RTG explains all the known gravitational ex-
periments in the solar system. All the effects in the solar
system are calculated in the inertial reference frame to which
all the observational data pertain. Since the source of the
gravitational field is the conserved total density of the matter
and gravitational-field tensor, it follows that the inertial mass
of a static body is exactly equal to its active gravitational
mass. This equality does not presuppose even local identity
of inertial and gravitational forces.

An important physical conclusion can also be drawn re-
garding the evolution of a homogeneous and isotropic uni-
verse. Using equations (76) and (77) for such a universe, we
obtain the expressions

1 dR\> 8w 121 3+1
R ar) ~3 PO\ 1Tkt ogs)
(165)
1 d’R 4 1, 1
R P—=—Tp(r)—47rp('r)—-gm I—Eg .
(166)
The interval of the effective Riemannian space has the form
ds’=d7*—a*R*(7)(dr*+r2dQ?), (167)

where a is the constant from integrating (77). Owing to the
causality condition (90), we have

R(7)<a. (168)
The constant is a>1. It is easy to establish the following
inequality:

A. A. Logunov 25



3 1 | P |
1_W+W >F(R -1) R+5. (169)
Taking into account (169), it can be shown on the basis of
(165) that a homogeneous and isotropic universe evolves cy-
clically from some minimum nonzero value R;, to some
maximum value R, , and so on. To satisfy the causality
condition (168) it is necessary to take

a=R - (170)
We introduce the function

H(7)= L 4R 171

(N=g 7. (71)

Then for the present time 7,,, by reconstructing explicitly the
dependence on the Newtonian gravitational constant G and
the speed of light ¢, on the basis of (165) we obtain

p(7,)=pctp,, (172)

where the critical density p. is determined by the Hubble
constant H(7,) and has the value
3H?
Pe=8aG"

173)

and the constant p, determined by the graviton mass is

1 [mc?\?
Pe"T6nG \# | - (174)
The homogeneous and isotropic universe is infinite, its three-
dimensional geometry is Euclidean, and it evolves cyclically
from some maximum density pg,. to the minimum p;,,
equal to

Pmin= Pg > (175)

and so on.
The cosmological constant A is expressed in terms of the
graviton mass:

A= (176)

It is obvious from Egs. (172) and (174) that if, for example,
the graviton mass is less than or equal to 1075 g, which
corresponds to the cosmological constant
A<4.5%X107°® cm™2, the matter density in the Universe at
the present time must be close to the critical density p.. If
the graviton mass is equal to 10755 g, which corresponds to
the cosmological constant A =4.5X 10736 cm™2, the density
P gives a significant contribution to the matter density of the
universe p, equal to

pe=2.8-10"% glem’. (177)
In any case, we have the inequality
pP=p.. (178)

Since the observed matter density in the Universe is con-
siderably smaller than the critical density p., the RTG pre-
dicts the existence of a large ‘‘hidden’’ mass in the Universe.
According to the RTG, the deceleration parameter is
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_1 Pe

q(7,)= 3 [1+3-;C- .

From this we see that p, and, consequently, the graviton
mass m can be expressed in terms of measurable quantities:
the deceleration parameter g and the Hubble constant H. If
the deceleration parameter turns out to be larger than 1/2, the
graviton mass will be nonzero, according to the theory. Then
the Universe will not be closed, as occurs in the GTR, but
will be flat. _

It should be particularly noted that, in contrast to the
GTR, the Friedmann model of the Universe discussed above
does not contain any of the well known problems such as
singularities, causality, Euclidicity, flatness, and entropy.
The form of the Friedmann universe is independent of the
ratio of the current matter density and the critical density
determined by the Hubble constant.

For isotropic or timelike vectors U” we have

8 UPU”=0,

and for the metric of a homogeneous and isotropic universe
from (92) we find

R, U*U<0 for R=R,
and
R, UFU>0 for R=R -

From this we see that the conditions of the Penrose—
Hawking theorems regarding the singularity problem are not
satisfied in our theory.

Therefore, in contrast to the GTR, in the RTG a homo-
geneous and isotropic universe can only be flat and cannot
have singularities. Another important consequence of the
RTG is a significant change in the nature of the collapse. It
turns out that in the collapse of a spherically symmetric body
of arbitrarily large mass, the process of contraction into a
region near the size of the Schwarzschild sphere stops and is
replaced by subsequent expansion. This stopping of the con-
traction occurs owing to the presence of the mass term with
the Minkowski metric tensor in Eq. (76). It is this term which
also stops the contraction process in a homogeneous, isotro-
pic universe. Therefore, according to the RTG the existence
of black holes (objects without matter boundaries which are
cut off from the external world) is completely excluded. It
was shown in Ref. 16 that for a spherically symmetric, static
body the metric components of Riemannian space have the
following form in the vicinity of the Schwarzschild sphere:

ds*=U(Z)d*—V(Z)dZ*— Z%dO?,
Z-Z
Z

8

V(Z)= , U(Z)=(1+2mM)

Z-Z,
+gm*M?, ¢>0. (179)
A singularity in the function V arises at the point Z, equal to

1
Z,=2M+vm*M* In —

>0.
mM’VO

(180)

The sphere of radius Z, is singular, and this singularity can-
not be eliminated by a choice of coordinate system. We see
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from Egs. (179) and (180) that in the region close to the
Schwarzschild sphere the effect of the graviton mass m is
large and fundamentally changes the nature of the solution in
this region. It therefore cannot be neglected. If we transform
to a synchronous system of freely falling test particles having
zero velocity at infinity, using the transformations

U

v 12
R=t+J’ dz[—U(TU_)} )

we obtain the following expression for the interval:

T=t+f dZ

V(l—U)]”z

ds*=dr*—(1-U)dR*—Z*(d®*+sin> O@dd?).

The radial velocity of a particle falling along a radial line is

dz 1-u
dr uv -

From (179), in the vicinity of the Schwarzschild sphere we
have

dZ_ 1
dr JgmM

From this it is obvious that the point Z=Z, is a turning point
for the radial motion of the particles. Therefore, the presence
of a graviton mass m, independently of its value, leads to the
repulsion of matter particles'” from a sphere close to the
Schwartzschild sphere. Since the solution inside the body
cannot be matched to the exterior solution, a sphere with
radius Z=Z, cannot be located outside matter.

At large distances r from the body the metric compo-
nents have the form

Z-2,
>

2M 2M
U(r)=1— ' e ™, V(r)=1+ 5 e ™

[+
Z(r)=r|1+—e ™ |.
r

Let us discuss the problem of studying weak gravitational
waves when there is a graviton mass. It has long been known
that in linear tensor theory the introduction of a graviton
mass is always accompanied by ‘‘ghosts.”” However, it was
shown in Ref. 18 that the intensity of the gravitational emis-
sion of massive gravitons in the nonlinear theory is a
positive-definite quantity, equal to

== f dwwzq‘ |3+ 7 1T =T3P+ — (T3

@min

3m*

2 3
+|T51)+ Yo |T31%, (181)
where ¢g=(1—m?/ w?)"2.

In the RTG, as in the GTR, outside matter the density of
the energy—momentum tensor of the gravitational field in
Riemannian space is equal to zero:
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oL
T#=—2—£ =0, (182)

08y

However, this implies that the energy flux of the gravita-
tional field is not determined by the components of the tensor
density Tgi calculated for solutions of (182), because they
are equal to zero. The problem of determining the energy
flux in the theory of gravity, in contrast to other theories,
requires a different approach. The author of Ref. 18 sought a
solution in the form

DHY = BV Y, (183)
where the quantities y*” and ¢*” are of the same order in
the small parameter, and ¢*” describes outgoing waves,
while y*” characterizes the background. Energy is trans-
ferred only by the outgoing waves. The author of Ref. 18
showed that in fact the flux of gravitational energy is deter-
mined by the quantity Tgi(l/I) calculated not using the solu-
tions of (182), but using only the part of the solutions de-
scribing outgoing waves y*”. He takes into account the fact
that gravitons propagate not in Minkowski space, as always
occurs in the linear theory, but in an effective Riemannian
space. Therefore, the following equation holds in the linear
approximation:

dx* dx? do?—ds? 1 v
Yo gy ds Vg g tw?
dx® dxP
' Lald

do  do TreVve:

It is the systematic inclusion of this fact in the process of
finding the intensity that leads the author of Ref. 18 to the
positive-definite energy flux given by Eq. (181). The result
of Ref. 18 is of fundamental importance because it changes
the accepted ideas. It must therefore be analyzed further.

The system of gravitational equations (76) and (77) is
hyperbolic, and the principle of causality ensures that there
exists in all space a spacelike surface which every non-
spacelike curve in Riemannian space intersects only once. In
other words, there exists a global Cauchy surface on which
the initial physical conditions are specified for a particular
problem. Penrose and Hawking'? proved theorems about the
existence of singularities in the GTR under certain general
conditions. On the basis of (78a), outside matter the isotropic
vectors of Riemannian space satisfy the following inequality,
owing to the causality conditions (91a):

R, 0"07 <0, (184)

Because of (184), the conditions for those theorems are not
satisfied in the RTG, and so they cannot be used.

In the RTG, spacelike events in the absence of a gravi-
tational field can never become timelike under the action of a
gravitational field. On the basis of the causality principle, the
effective Riemannian space in the RTG will possess isotro-
pic and timelike geodesic completeness. According to the
RTG, an inertial reference frame is determined from the dis-
tribution of matter and gravitational field in the Universe
(Mach’s principle).
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In the GTR, inertial and gravitational fields are indistin-
guishable. Einstein wrote: ““...there is no real difference be-
tween inertia and gravity, because the answer to the question
of whether a body at a particular moment is acted on exclu-
sively by inertia or by a combination of inertia and gravity
depends on the coordinate system, i.e., on the method of
observation.”” Inertial fields satisfy the Hilbert—Einstein
equations. In the RTG, the gravitational field and inertial
fields determined by the metric tensor of Minkowski space
are distinguishable; they have nothing in common. They
have different origins. Inertial fields are not solutions of the
RTG equations (76) and (77). In the RTG, inertial fields are
specified by the metric tensor 7,,, , and the gravitational field
&*” is determined from the gravitational equations (76) and
an.

On the basis of the RTG we can draw the following
general conclusion:

The universal integral laws of energy—momentum con-
servation and universal properties of matter such as gravita-
tional interactions are reflected in the metrical properties of
spacetime. Whereas the former are embodied in the pseudo-
Euclidean geometry of spacetime, the latter are reflected in
the effective Riemannian geometry of spacetime arising ow-
ing to the presence of a gravitational field in Minkowski
space. The structure of the effective geometry can give rise
to everything which is common to all matter. However,
Minkowski space must necessarily be present here, which
leads to integral energy—momentum and angular-momentum
conservation laws, and also ensures that the correspondence
principle holds when the gravitational field is switched off.
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APPENDIX A

Let us prove the relation

oL _ 0L dgap 6*L, A1)
Yur 8ap Vur Yy

where
6L AL oL
Yy My "(07”.0)’ (4%
8L oL oL
58,w= 08ap - a( 38a/3,a)’ (A3)

and the asterisk in the first expression denotes the variational
derivative of the Lagrangian density with respect to the met-
ric y,, entering explicitly into L. After differentiation we
obtain

JL I*L JL a aL
— . 8ap,o g af ( A 4)
‘97#» ‘97;“1 agaﬂ,o‘ ‘7‘)';411 agaﬂ ‘97;“:
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JL d*L oL 7]
= + el 3 (AS)
ayﬂ.v,u’ a‘yll,v,a ‘7gnﬁ,'r 37;41',0'
Let us substitute these expressions into Eq. (A2):
JL ( JL )_ 6*L N JL 98ap.o
a')'p,v i 57/”,0 ‘57;1.1' ¢98116,0' ‘37;1.11
JdL 7} JdL
% gaﬂ _0,,(
6g ap dy;w ‘78 ap,r
ag,,ﬂ,,) _ Ot N JL
ava,a 67;411 ‘93 af
7] oL a
x 8ap 0( ) x 8ap, T
‘97;1.11 ‘98113,1' a‘)’pv,a
oL (08ap,o
agaﬁ,o’ aY[l.V
Jg
—a,,(——a "B"’) : (A6)
Yp,v,p
We consider the expression
a a
gaﬁ,o‘ ap( gaﬂ.a’) ) (A7)
ava ay,u.v,p
We write the derivative g,g , as
agaﬁ
gaﬂ,ﬂ'=¢9,y)\w ‘967)\w+ ad) ‘90'(1))\0) ’ (A8)
from which we easily find
a g
gaﬁ,o= 8 ﬁ.aﬁ. (A9)
Yuvp Vur
Differentiating this expression, we find
agaﬂ a') azgaﬁ azgaﬂ
a —|= 0Vt ——— 9,P
p( a‘y;l.v,p 3’}’#,,(9’}’)\,,, o¥x ‘97;4,1'&(1))\0) 7N
(A10)

On the other hand, differentiating (A8) with respect to v, ,
we find

0gaﬂ,a a2garB azgaﬂ
= oMo 3 2 ao'q))\w .
37/1,11 ayp.va')')\w d pvaq))\w
(A11)
Comparing (A10) and (A11), we obtain

7] a

Sepe ,,( d """") ~o. (A12)
Vv Yuv,p

Using this expression in (A6), we find

oL 'L L  dgap _ ( oL ) 98ap,r
57;1.1; 57;4,11 ‘9gaﬂ ‘97/1.1: 98ap,r ‘97/41/ o
(A13)
Substituting (A9) into (A13), we obtain
L S*L +[ oL 5 ( oL )} 08ap (AL4)
67/41: 57;1,11 agaﬁ 7 agaB,a 07/.1.1:’

that is,
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L _ &L L dg,
= 8ap (A15)
67/11: 67;4,1: 6g ap ‘97;:.11
In a similar way we can calculate
8L SL ag'
= . . (A16)
88ap 027 08ap
Using (A16), Eq. (A15) can be written as
sL oL oL agr? (A17)
Vv uy 08 Yy
APPENDIX B

The Lagrangian density of the intrinsic gravitational
field has the form

Ly=Lgo+Lgm (B1)
1

Lyo=1¢- 8(GGrp GrgGh), (B2)

m2
Lgm= - 1_6'_ yaﬁg g™h— VT8V (B3)
The rank-three tensor G is

1

GT;;—Z g™ (D a8pr+Dp8ar—D1r8ap)- (B4)

It is expressed in terms of the Christoffel symbols of Rie-
mannian space and Minkowski space:

G;ﬂz FZB_ 'VZB- (BS)

Let us calculate the variational derivative of L, with
respect to the Minkowski metric ¥, appearing explicitly:

6*L oL JL
O*Lgo _ 3Ly _ ,;a(__so_). (B6)
Vv Vur Y pv,o
For this we perform some preliminary calculations:
Fle vhg 1
———B- = — _aﬁi = — 194 14
My  Vur 2 (P Vap™ Y Yap): ®7)
an\x)\ ‘972)\ 1 y)\ﬂ v + ’y)\l, m
a‘yﬂv - 07#1’ - 2 ( y)\a ‘YGX)9
Cop __ Man _ L syape oo
ava,U aY[LV o 4 7 «"p «p
+ PS5+ 030%) — ¥ (8505t 8,8p)],

IGor _ Yar _ ]

=— =— =y, (BY)
Wpvw Murg 2

Differentiating, we obtain

T A
aLgO =__1_ ~uf a\ G)‘ + T 78
Y 167 Vuw P MYy,
_aG;,; - G\
19’)' [N af ‘9')’;“;

Using Eq. (B7) in this expression, we find
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Ly 1
Yy 16w

g‘uﬂ G:alyx”‘YZﬂ-'-G;a’yxy’yl‘:ﬁ
N T 1 N TV
- 5 GaY Yaﬂ 2 GnY Yap

1
aﬁ'y)\ ’yﬂ'}\ 32,” B~
(B9)
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Using the derivatives (B8), we obtain
0Ly 1 AT, ATV = (G P+ G
Yuv,o 27
—Gh&™)+ YTV(GgpguB+G¢ﬁ_ gk
- G);xév ")+ YW(Gixgn = Gfrbpgv A
~GrgdP) — 7 G g™ (B10)

where the tensor density A%#” is symmetric in the indices p
and v. The ordinary derivative of the tensor density can be
written as

aaAU;LV=DaA0';LV_ ,y[alpAUpv_ ,y;PAo’/l.p.
Substituting (B9) and (B10) into (B6), we find
Ly 1

= —_— BI“”-—

Yy 32w

1
opv
327 ﬁ”A

3277 VoA (B11)

We write the tensor density A“P¥ as
A= (Glgy g = Glgy §P) + (G gy &P
— GlpY g~ (G Y ~ Gy E™)
+ Gy g+ Ghgy " ETP - G YR
_GZprvgu d s

where the expressions in the parentheses are antisymmetric
in the indices o and p. This notation makes it easier to find
the expression for yf,A°"”, because the terms antisymmetric
in o and p automatically disappear:

yﬁpAﬂpv=2Ggﬂ7’;p7W§pﬂ_G:\')\ ap,y'rvg!rp

- GZB ’y,a'l'p ,yvpguﬂ

Similarly, for A7#? we have

(B12)

ATHP= (G" Tpguﬂ GP fv"uﬁ)+(Gﬂ g SUB
— Gy PP + (G Y g — Gy PE™)
+ Gy PP+ Glgy ™ 8P Gy g
—Gzﬂ'y‘“’g""”

where the parentheses again contain terms antisymmetric in

the indices o and p. From this we obtain
Yo AP=2G Y, Y 8P~ G V5 Y8
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—GogVy, Ve, (B13)
Adding (B12) and (B13), we easily prove the equation

Vo ATP + v, ATHP=—BFY, (B14)
Taking this into account, Eq. (B11) can be written as

oL 1

80 _ oy

OYuy KL DqA (B15)

Using the equations
1

Gr 28 D‘rg)\p9 D NTETVT G'r)\’
we find

Grg8™ + G~ G g™’ =—D.g""

GIag"P+Gleg™ - Gl g"F=—D g%,

Grp8"P+ Gl — Gy gh”=—D ,g"". (B16)

Substituting these expressions into (B10), we obtain
A%HY= ,ym'DTg‘uv_'_ 7,“’D‘r§‘m-_ 'yT,LDTg‘WT_ ‘yTVDTg‘,“r-
Using this expression in (B15), we find

5*Lgo _ 1 Juv B17
Y, 32w (B17)
where

JHY= _D(I‘DT( ,ym'é"p.v+ ,y;l.vé"-ro_ ,y'rp,é“va__ ,y'rvé"pcr).
From (B3) we have
O* Ly m? s m? _
Z Zam_ Z V)=— —— PH,

Yy YT 27 (B18)

Therefore, taking into account (B1) and using (B17) and
(B18), we find

5*L v 2 v
5y 32 (JA—m o+ ), (B19)
nv
and, accordingly,
*L, 1 2y
-2 5y =1ém (—J*+ m PrY). (B20)
nv
APPENDIX C

For any given Lagrangian density L, the variation of the
action

= f Ld*x

under an infinitesimal change of coordinates will vanish. We
shall calculate the variation of the action from the matter
Lagrangian density L,,, ’

SM=ILM(§1LV’¢A)d4x,

and establish a strong identity. Under the coordinate trans-
formation

x'#=xk+ E(x), (C1)
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where £*(x) is an infinitesimal four-vector shift, the varia-
tion of the action under a coordinate transformation will be

8.8 =fd4 OLu 5.8 +5L
M 6'71,1; L. 5(1)

6, ®,+ le) =0,
(C2)

where div denotes the divergence terms, which are not im-
portant for us.

The Euler variation is defined in the usual manner:

oL oL SO L

8P 9 ka(a,®) "*9(d,9,P)"

The Lie variations 8, g*” and 8, ® , resulting from a change
of coordinates are easily calculated by using the transforma-
tion law for g#” and @4 :
5L§W=?“Dva+§)‘va§“_D)\(§>‘§ﬂv),
5L®A= - f)\D)‘(DA'FFﬁ;L\.q)BD)\go, (C3)

where D, are the covariant derivatives in Minkowski space.
Substituting these expressions into (C2) and integrating by
parts, we obtain

OLy oL
o o<l s
+D ( Y pB: {@B)

43w g
5(I>A ATA

+ div] =0. (c4

Because the vector & is arbitrary, from this equation we find
a strong identity valid independently of whether or not the
equations of motion for the fields are satisfied. It has the

form
6Ly
b.[258 5 ) )
6LM Bic 6Ly
-D, 5(1) Fy CIJB 5D, ——D,d,. (C5)
We introduce the notation
6Ly, OL
=L = — e ﬁ
T,,=2 Sgh?’ ™ 2 5g'uv ghg” T
T=T""g,,,
- 0Ly ~ 6Ly, _
Tp,v= 2 6_g-74_"" == 2 6?/1.1’ =§ua§vﬂTﬂ'ﬁ ’
T=Tg,p. (C6)

With this notation, the left-hand side of the identity (C5)
can be written as

_ 1 .
Da(T}\vguv)_EgaﬁD)\TaB
~ 1—~uﬂ -~
=d(T,8 )—58 NTap-
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The right-hand side of this equation is easily brought to the
form

g'"'f) )
(cn

Here V, is the covariant derivative in Riemannian space.
Now we write the expression inside the derivative in terms

of the tensor density T*”, using Eq. (A16):

[ ST

. 1 I
aa(T)\vgav)—_Z-Eupa)\Taﬂ=g)\vva(Tm,_

8Ly 6Ly dg"P
Mo ()
O8uy 08" O98uv
where
agP og°P 1 d
S g _ e g®t. (C9)
ag;w agp.v 2V—g agp,v
Using the relations
8 aﬁg Bo— 5‘;' ’
we find
3gaﬂ=_ l( ap,vB 4 ,av Mﬁ) (C10)
ag“v 2 g g g g .
From the rule for differentiating a determinant we find
dg=gg""dg v, (C11)
from which we have
= =gg"” (C12)
08 v |
Substituting Egs. (C10) and (C12) into (C9), we obtain
g 1
=— > V-glg™gP +g*"gP—g*"g"]. (C13)
8 v 2
Using this expression in (C8), we find
SLy 8Ly, 1 6Ly
= ap,Byv__ _ af ,pv
3% 0 v g\ ogep 88 Ty R 88| (C14)

With the notation (C6) this expression can be written as

-1
V=T =T~ = g"T. (C15)

On the basis of this equation, the strong identity (C5) taking
into account (C7) takes the form

av Ly 0 oLy
e VaT*= _D"(E; FﬁZ)\(DB) 50, Dy®,,
or
o (SLM i 5LM
VaT)\=—D,,(—5¢TA Fﬁ;gq’s) _Equ’m (C16)
APPENDIX D

The rank-two curvature tensor R ,, can be written as

1 1 _
Ry.v=§ [gaﬁ(gpxgvp_igpvgxp)DmDﬂgxp
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—EVPDKD,‘?”—E,MD»D,,E’“’]

1

+§'£vw§'pr;4§kaK§mT

|
+EgumgprDv§KpDK§wT

1 _ _ 1({_ _
_EgpwguprngDx“pT_Z(gmpgm

1 _ _ 1 N
_igw'rgxp)Dp.g*pDvng—Eguﬁgp‘r(gp.xng

1

- E g‘;“,g'm‘,)Daé*prng. (Dl)

Raising the indices by multiplying by g“g¥ and using the
equation

D, g""=0, (D2)
we obtain

[2N 1 sup SEN 1 SEAs suf SKp
—gR=58""DaDp8™ ~ 7 8 8xp8 D ,Dgg
1 ~ ~Eu ~xpB b N
+5 8,87 D,u8""D 8

1 _ 1
+igprg)\vaﬁ(pDKgET—'iDrﬁsKDK?T

| P
_Z (gmpgm'

1 _
—ng'rgxp)g.eug)‘vagkaung

1 _
_Egp.fgaﬁDaﬁepDﬁg)\T

1 prong a pouy 2 3
+ 7 8p8" 8wl D o8 D p8™" (D3)

From this we find
— 1 suf SEXN cufl ~Kp
_gR_Ege)\g DaDﬂg —8«p8 DaDﬂg

1 1
+§gpry§xpDKmT+§gprDe§kaK§"

1 ~EK AT 1 ~ o~
—EgexDTg D 8"~ 7| 8wp8xr

1 )\ —
—Egm'rgxp) —gg’wD”ngDyng

1 _
—EgprguﬁgexDaEEBDﬂ?T

+ gpfg ngu BD a g“*D Bgm i (D4)
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Using Egs. (D3) and (D4), we obtain
—g Re)\ _ l ge)\ R
2

L1 s o 1 > o stasA\B SUT SVK
==515 | 8ve8rc— 5 w818 8 Dag Dﬁg
2 2

N

- - L _ _
gﬂguﬂ(gva'gTK-—EgVKngr)Dag‘mDﬁg_yK

4
+§aﬁ~0'an~ETDﬂ§)\0_§EB§TUDa§)\aDﬁ§aT

B l o~
-?agraDagﬁaDﬁgeT+—2-gi)\gﬂrDanﬁo’DﬂguT

+D ,g*PD gg"*— *"ﬁDaD,,gﬂ]. (D5)

It should be specially stressed that we have used Eq. (D2) in
finding Eq. (DS). Substituting (D5) into Eq. (76) and writing
the resulting equation in the form (93), we find the expres-
sion for — 167rg 'r;" :

1 1 N
—'16’7787';)\:'2'(gtag)\ﬁ_'z-ge)‘gup)(gvagru

1 _ _ ~ ~
- —2- 8708 V/l.) D aq)m'qu)y.v
+§%Pg 14D o@D g7
- gsﬂgraD aq))\UDﬁd)aT

- g)\agg‘ra*D aa)ﬂUDﬁa)ET

1 ~ — ~ ~
+ - g )‘év'raDaq)u-ﬁDﬂq)aT-"-Daq)EﬂDﬂ(D)\a

N

_&)aﬂDaDﬂ&)e)\_m2( [___gge)\_ '_g(ie)\

1

+§E“—§“ﬂm—5§“§uﬁyap). (06)
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