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In the present paper on superintegrable potentials on spaces of constant curvature we discuss the
case of the three-dimensional hyperboloid. Whereas in many coordinate systems an explicit
path-integral solution for the corresponding potential is not possible, we list in the soluble cases the
path-integral solutions explicitly in terms of the propagators and the spectral expansions in

the wave functions. We find the analogs of the maximally and minimally superintegrable potentials
of R? on the hyperboloid and many minimally superintegrable potentials which emerge

from the subgroup chains corresponding to SO(3,1). Some special care is taken for the proper
generalization of the harmonic oscillator and the Kepler problem. © 1997 American

Institute of Physics. [S1063-7796(97)00505-6]

1. INTRODUCTION
Motivation and symmetry methods in physics

The present paper is the fourth in a series concerning
superintegrable potentials in spaces of constant curvature. It
continues our studies which started from the investigation in
two- and three-dimensional Euclidean space, i.e., in R? and
R3, on the two- and three-dimensional spheres $® and $®,
and on the two-dimensional hyperboloid A®. Our goal is to
study physical systems in spaces of constant curvature which
have accidental degeneracies, i.e., systems which have, be-
cause of their peculiar features, a so-called hidden symmetry
or dynamical group structure, thus giving rise to degenera-
cies in the energy spectrum, and additional integrals of mo-
tion (respectively, observables).

The best known potential systems of this kind in three-
dimensional flat space are the harmonic oscillator with quan-
tum energy spectrum

(1.1)

and the Kepler—Coulomb problem with the quantum energy
spectrum

Ey=ho(N+3}), Nel,
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Here, N denotes the principal quantum number, and for fixed
N each level Ey for the oscillator is (N+ 1)(N+2)/2-fold
degenerate, and in the Coulomb problem (N+ 1)2-fold de-
generate.

The particular symmetry features have the consequence
that there are additional constants of the motion in classical
mechanics (respectively, observables in quantum mechan-
ics). In comparison, the orbits of a simple integrable system,
e.g., a three-dimensional anharmonic oscillator, are generally
only periodic with respect to each coordinate, but not
globally.l) For a physical system in D dimensions just to be
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integrable, D constants of the motion are required, one of
them being the energy E. In classical mechanics these con-
stants of the motion have vanishing Poisson brackets with
the Hamiltonian and with each other; in quantum mechanics
they are operators which commute with the quantum Hamil-
tonian and with each other. For instance, for a spherical sym-
metric system, the constants of the motion are the energy E,
the square of the total angular momentum L2, and the square
of the (usually chosen) z component of the angular momen-
tum, L?, in classical mechanics as well as in quantum me-
chanics.

In systems like the isotropic harmonic oscillator or the
Kepler—Coulomb problem in three dimensions, there are two
more functionally independent constants of the motion. In
the case of the harmonic oscillator the additional constants of
the motion correspond to conservation of the quadrupole mo-
ment, the so-called Demkov tensor T;;=p;pp+ @w?x;x;,"?
and, in the case of the Kepler—Coulomb problem, conserva-
tion of the square of another component of the angular mo-
mentum and the third component of the Pauli-Lenz—Runge
vector A=(1/2M)(LXP—PXL)—e%x/|x|, and both sys-
tems have five constants of the motion (respectively, observ-
ables).

A more careful investigation shows that the highly
spherical symmetric systems of the isotropic harmonic oscil-
lator and the Kepler—Coulomb problem can be perturbed in
various ways by the incorporation of additional potential
terms: First, this does not spoil the degeneracy of the energy
levels at all, i.e., there are still five observab]es,z) second, one
of the observables is removed, i.e., there are four left; and
third, only the minimum number of three observables for
integrability remains. The first possibility is described by the
notion of a maximally superintegrable system, the second is
described by the notion of a minimally superintegrable sys-
tem, and the third just describes an integrable system.

In this respect, the physical significance of the consider-
ation of separation of variables in several coordinate systems
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is as follows. The free motion in some space is, of course,
the most symmetric one, and the search for the number of
coordinate systems which allow the separation of the Hamil-
tonian is equivalent to the investigation of how many in-
equivalent sets of observables can be found. In particular, the
free motion in various coordinate systems on the hyperboloid
has been studied in Refs. 24, 28, 31, and 38. The incorpora-
tion of potentials usually removes at least some of the sym-
metry properties of the space. Well-known examples are
spherically symmetric systems, and they are most conve-
niently studied in spherical coordinates.

All the superintegrable systems have the particular prop-
erty that all the energy levels of the system are organized in
representations of the noninvariance group which contain
representations of the dynamical subgroup realized in terms
of the wave functions of these energy levels.?’ The additional
integrals of the motion also have the consequence that in the
case of the superintegrable systems in two dimensions and
maximally superintegrable systems in three dimensions all
finite trajectories are found to be periodic; in the case of
minimally superintegrable systems in three dimensions all
finite trajectories are found to be quasiperiodic (Ref. 56).%)
Of course, in the case of the pure Kepler or the isotropic
harmonic oscillator all finite trajectories are periodic.

In general, a physical system in D dimensions is called
minimally superintegrable if it has 2D —2 integrals of the
motion, and maximally superintegrable if it has 2D —1 inte-
grals of the motion (respectively, observables). Therefore,
we are led to the search for more (potential) systems which
have features of degeneracy and the number of observables
similar to those of the radial harmonic oscillator and the
Coulomb problem.

A systematic study to classify separable potentials was
undertaken by Smorodinsky, Winternitz, and
co-workers,”%’?! je., they looked for potentials which are
separable in more than one coordinate system. The separa-
tion of a quantum-mechanical potential problem in more
than one coordinate system has the consequence that there
are additional integrals of the motion and that the spectrum is
degenerate. The choice of a coordinate system then empha-

sizes which observables are considered to be the most appro-
priate for a particular investigation.

Superintegrable systems

The harmonic oscillator in spaces of constant curvature
has been discussed e.g., by Bonatsos et al.® Higgs,®
Lemon,64 Granovsky et al.,22 and in Refs. 34 and 35. The
Coulomb—Kepler problem in spaces of constant curvature
was discussed by Higgs® and Lemon,** and in the general
context of the SO(4,2) dynamical algebra by Barut et al.,’
Granovsky et al.,”® Katayama,> Pogosyan et al.,” Otchik
and Red’kov,”’ Schrbdinger,so Stevenson,® and Vinitsky
et al3®

The notion of ‘‘superintegrability can now be
introduced in spaces of constant curvature.>*3> Whereas the
general form of potentials which are ‘‘superintegrable’’in
some way has not been clear until now, it is known that the
corresponding Higgs oscillator (cf. Bonatsos ef al.,® Gra-
novsky et al.,”? Higgs,* Ikeda and Katayama,* Katayama,”

»» 16,53,92
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Leemon,* Nishino,” and Pogosyan efal.”®) and Kepler
problems (cf. Granovsky eral.® Infeld,*® Infeld and
Schild,*” Kalnins et al.>* Kibler et al.,57 Kurochkin and
Otchik,? Nishino,” Otchik and Red’kov,” Vinitsky
et al., % and Zhedanov®) in spaces of constant curvature
do have additional constants of motion: the analogs of the
flat space. For the Higgs oscillator this is the Demkov
tensor,'>2™ and in the Kepler problem a Pauli—Runge-
Lenz vector on spaces of constant curvature can be defined
(cf. Refs. 23, 43, 62, 64, and 74). Corresponding path-
integral considerations are due to Barut et al..>* Otchik and
Red’kov,”” and Refs. 25 (D-dimensional case) and 34 (su-
perintegrable aspects).

Disturbing the spherical symmetry usually spoils it. The
first step consists of deforming the ring-shaped feature of the
(maximally superintegrable) modified oscillator and Cou-
lomb potential. One gets in the former case a ring-shaped
oscillator, and in the latter case the Hartmann potential,
which are two minimally superintegrable systems. The num-
ber of coordinate systems which allow separation of vari-
ables drops from eight to four (namely, spherical, circular
polar, oblate spheroidal, and prolate spheroidal coordinates
(Kibler et al.>”®), and from four to three, namely, spherical,
parabolic, and prolate spheroidal H coordinates.

Disturbing the system further, one is left with, say, one
coordinate system which still allows separation of variables.
A constant electric field (Stark effect) allows only the sepa-
ration in parabolic coordinates.?® Here it is interesting to note
that in the momentum representation of the hydrogen atom
the bound-state spectrum is described by free motion on the
sphere S. To be more precise, the dynamical group O(4)
describes the discrete spectrum, and the Lorentz group
O(3,1) describes the continuous spectrum.? Now there are six
coordinate systems on S‘® which separate the corresponding
Laplacian. The solution in spherical and cylindrical coordi-
nates corresponds to the spherical and parabolic solution in
the coordinate-space representation. The elliptic cylindrical
system is of special interest because it enables one to set up
a complete classification for the energy levels of the qua-
dratic Zeeman effect (cf. Solov’ev,83 Brown and Solov’ev,9
Herrick,*? and Lakshmann and Hasegawa®®).

Separation in parabolic coordinates is also possible in
the case of a perturbation of the pure Coulomb field with a
potential force xz/r, which allows an exact solution.?”*
The two-center Coulomb problem turns out to be separable
only in spheroidal coordinates (Coulson and Josephson,'”
Coulson and Robinson,“ and Morse72), as was studied first
in connection with the hydrogen-molecule ion by Teller.%

Another possible way to disturb the spherical symmetry
is to remove the invariance with respect to rotations about an
axis, e.g., about a uniform magnetic field. Usually, this in-
variance is used to illustrate the azimuthal quantum number
m of the L, operator. The physical meaning of this quantum
number then is that there exists a preferred axis in space.
This symmetry can be broken if one considers a Hamiltonian
of a nucleus with an electric quadrupole moment Q and spin
J in a spatially varying electric field.**®* Here sphero-conical
coordinates are most convenient, and the projection of the
terminus of the angular-momentum vector traces out a cone
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of elliptic cross section about the z axis.** The problem of
the asymmetric top (Kramers and Ittmann,®' Luka&,% and
Smorodinsky et al 578290) ' the symmetric oblate top,65 or
tensor-like potentials (Lukac and Smorodinsky®®) can also be
treated best in sphero-conical coordinates. Therefore, sphero-
conical coordinates are most suitable for problems which
have spherical symmetry but not sphero-axial symmetry.

A condition for a potential problem to be separated in
ellipsoidal coordinates is that the shape of the potential re-
sembles the shape of an ellipsoid. Of course, the anisotropic
harmonic oscillator belongs to this class. Introduction of
quartic and sextic®’ interaction terms then eventually allows
only separation of variables in ellipsoidal coordinates. An-
other example is the Neumann model,”® which describes a
particle moving on a sphere subject to anisotropic harmonic
forces (Babelon and Talon' and MacFarlane®).

Our first paper’’ dealt with superintegrable potentials in
two- and three-dimensional flat space, where we distin-
guished minimally and maximally superintegrable systems.
In two-dimensional Euclidean space there are four (maxi-
mally) superintegrable systems,'® i.e., the (generalized) har-
monic oscillator V,(x), the Holt potential V,(x), the (gen-
eralized) Coulomb potential V;(x), and a modified Coulomb
potential V 4(x).¥

In three-dimensional Euclidean space we found five
maximally and nine minimally superintegrable systems.
Among the maximally superintegrable systems were the
(generalized) harmonic oscillator V(x), the Holt potential in
RZ, V,(x), and the (generalized) Coulomb potential V;(x);
among the minimally superintegrable systems were a double-
ring-shaped oscillator V4(x), the Hartmann potential V;(x),
a three-dimensional analog of the Holt potential V¢(x), four
potentials V,(x), V3(x), V4(x), Vg(x) which emerged from
the group chain E(3)DE(2) (i.e., they are superintegrable in
R2,) and two potentials V;(x), Vo(x) which emerged from
the group chain E(3)DSO(3) (i.e., they are superintegrable
on the two-dimensional sphere $).

In our second paper’* we continued our study on the
two- and three-dimensional sphere. On S® we found only
two potentials with the required properties, i.e., the (general-
ized) Higgs oscillator V(s) and the (generalized) Coulomb
potential V,(s). We have not been able to find superinte-
grable analogs of the Holt potential and the modified Cou-
lomb potential. On the three-dimensional sphere S we
have found three maximally superintegrable and four mini-
mally superintegrable potentials. Among the maximally su-
perintegrable potentials were the (generalized) Higgs oscilla-
tor V,(s), the Coulomb potential V,(s), and, as a third
potential, V;(s), a pure scattering potential which corre-
sponds to V4(x) in R®. Among the minimally superinte-
grable systems there were analogs of the double-ring-shaped
oscillator V,(s) and the Hartmann potential Vs(s) on S,
and the two remaining potentials V¢(s), V;(s) emerged from
the group chain SO(4)DSO(3).

In Ref. 35 we considered superintegrable potentials on
the two-dimensional hyperboloid A®. We found analogs of
the (generalized) harmonic oscillator V,(u), i.e., the Higgs
oscillator in a space of constant negative curvature, the (gen-
eralized) Coulomb potential V,(u), and the Holt potential
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V;3(u) on A, We also found two more systems V;(u),
V4(u), which are due to the peculiarity of the hyperboloid
that in spaces of constant negative curvature there are gen-
erally more orthogonal coordinate systems which separate
the Schrodinger (respectively, Boltzmann) equation than in
spaces of flat or constant positive curvature. However, we
have not been able to find a superintegrable version of the
modified Coulomb potential, (cf. V,(x) in R?).

Interbasis expansions

An important aspect of group path integration (see be-
low) in quantum mechanics is the so-called interbasis expan-
sion technique for problems which allow the representation
of the wave functions in various coordinate-space represen-
tations. The basic formula is quite simple:

|k>=j dEle,k|p>+§ Cpxlm), (1.3)
where |k) stands for a basis of eigenfunctions of the Hamil-
tonian in the coordinate-space representation Kk, and [dE; is
the spectral expansion with respect to the coordinate-space
representation 1 with coefficients Cp, and C,y, which can
be discrete, continuous, or both. The main difficulty is, when
one has two coordinate-space representations in the quantum
numbers k and p, n, respectively, to find the expansion co-
efficients C,  and C, . There are well-known expansions
which involve Cartesian coordinates and polar coordinates.
In the simple case of free quantum motion in Euclidean
space, this means that exponentials representing plane waves
are expanded in terms of Bessel functions and spherical
waves, in a discrete interbasis expansion, i.e., e® cos ¢
=2VEZeiv¢IV(Z)'

This general method of changing a coordinate basis in
quantum mechanics can now be used in the path integral. We
assume that we can expand the short-time kernel (respec-
tively, the exponential ¢**j-1'%j) in terms of matrix elements
of a group’! by choosing a specific coordinate basis. We can
then change the coordinate basis by means of (1.3). Because
of the unitarity of the expansion coefficients C;;, the short-
time kernel is expanded in the new coordinate basis, and the
orthonormality of the basis allows us to perform explicitly
the path integral, in exactly the same way as in the original
coordinate basis. However, to find the dynamical group and
its corresponding coordinate-space representation in a super-
integrable system—one of the principal problems—is not al-
ways very easy. From the two (or more) different equivalent
coordinate-space representations, formulas and path-integral
identities can be derived, and, at the same time, interbasis
coefficients. These identities actually correspond to integral
and summation identities between special functions. The
case of the expansion from Cartesian coordinates to polar
coordinates has been studied by Peak and Inomata,78 who
obtained the solution of the isotropic harmonic oscillator as
well. The path-integral solution of the isotropic harmonic
oscillator in turn enables one to calculate numerous path-
integral problems related to the radial harmonic oscillator—
actually, problems which are of the so-called Besselian type,
including the Coulomb problem. Furthermore, a (path-
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integral) solution in a particular coordinate-space representa-
tion can serve as a starting point for a perturbative analysis in
cases where a system separates, say, in only one coordinate
system, but is not exactly solvable. Then knowledge of the
wave functions and interbasis coefficients of the correspond-
ing exactly solvable model is of paramount importance (see,
e.g., Refs. 32 and 70).

Path-integral approach

In our investigations the path integral turns out to be a
very convenient tool to formulate and solve the superinte-
grable potentials on spaces of constant curvature, in particu-
lar, on the hyperboloid. The subsequent separation of vari-
ables in each problem can be performed in a straightforward
and easy way. We start by considering the classical Lagrang-
ian corresponding to the line element ds?=g,,dg%dq" of the
classical motion in a D-dimensional Riemannian space (e.g.,
Refs. 13, 17, 39, 59, and 81 and the bibliography cited
there):

.. M|ds M 2 b
Zol(e.9)=7 E —V(@)=7 8a(9)4°¢"—V(q).
(1.4)

The quantum Hamiltonian is constructed by means of the
Laplace—Beltrami operator

ﬁ2
H= M Ast+V(q)

— ﬁz ! J ab\/—
="M ot d —5+V(q)

(1.5)

as a definition of the quantum theory on a curved space. Here
g=det(g,), (8°)=(gas) ", and Arp=g~"29,8"¢"%3,.
The scalar product for wave functions on the manifold reads

(f,8)=Jdq\Jgf*(q)g(q), and the momentum operators,
which are Hermitian with respect to this scalar product, are

given by

A0 Lo\
pa_Ygﬁ?’ a—

¢9ln\/§

il (1.6)

In terms of the momentum operators (1.6), we can rewrite H
by using an ordering prescription called product ordering,
where we assume that g, =h,.h, [we do not discuss other
lattice formulations like the important midpoint prescription
(MP), corresponding to Weyl ordering in the Hamiltonian].
We then obtain the following expression, for the Hamil-
tonian (1.5):

hZ
H=—7 Mg+ V(q)

h*ppph®+AV(Q)+V(q), 1.7

2M
and for the path integral,
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"o 9" =q" 5
kaa'iD= [ a0 5@
at')=q

i I” M o *
Xexp‘z f‘, {7 had(@hep(@4°4°—V(9)

ND/2N—1
_AV(q)ldt} = hm( eﬁ) L
;X
X f dqiVe(qx) exp[ _;Zl hbc(q;

X h,o(Q;-1)AqAq}— €V(q;)— GAV(q,-)] ] .

(1.8)

Here AVpr denotes the well-defined quantum potential
'3 2
AVPF(q)_ [gabr [, +2(8°T}),p+8"

+ 2hachbc’ab-— hac’ahbc,b_ hac,bhbc,a].

(1.9)

Here we have used the abbreviations e=(¢"—1t')/N=T/N,
Aq;=q;—q;_,, §;=3(q;+q;_,) for q;=q(t' +je€) (1;=1'
+e¢€j, j=0,...,N), and we interpret the limit N—o as
equivalent to e—0, with T fixed. The lattice representation
can be obtained by exploiting the composition law for the
time-evolution operator U=exp(—iHT/%) (respectively, its
semigroup property), and the discretized path integral
emerges in a natural way. The classical Langrangian is modi-
fied into an effective Lagrangian via Zu=.%c—AV. We
use this path-integral formulation throughout the paper. For
the technique of space-time transformations we refer to Refs.
15, 18, 39, and 59 and the bibliography cited there.

Presentation of results

The contents of this paper is as follows. In the next
section we give an introduction to the formulation and con-
struction of coordinate systems on the three-dimensional hy-
perboloid. This includes an enumeration of the coordinate
systems according to Refs. 31, 50, 52, and 75. The enumera-
tion includes the explicit statement of the quantity u
=(ug,lUy,Uy,u3) in terms of the coordinate variables p
=(p1,P2.P3), the line element ds*>=ds?(p), the momentum
operators P, the Hamiltonian Hy, the form that a potential

V(u) must have for the Schrodinger equation HV = (H,
+V)¥=EV to be separable, and the corresponding inte-
grals of motion (respectively, observables).

In Sec. 3 we present the three maximally superintegrable
potentials on the three-dimensional hyperboloid, including
an analog of a Stark-effect potential which is, however, in
contrast to the case of R*, only minimally superintegrable.
The maximally superintegrable systems have five integrals of
the motion. For instance, in the pure Coulomb problem in R?
they are the energy E, the square of the absolute value of the
angular momentum L2, Lf, an observable corresponding to
the semihyperbolic system, and the third component of the
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Pauli-Lenz—Runge vector A (the whole set E, L?, Lf, Ais
not functionally independent). Actually, the first three of
these constants of the motion are typical for each radial prob-
lem, and the minimum number of three observables is re-
quired for a three-dimensional system to be separable at all
(in Ref. 16 a systematic listing of these constants of the
motion was presented). We treat the first two potentials, i.e.,
the Higgs oscillator and the Coulomb potential on A®, in
some detail. The relevant observables are listed in the tables.

In Sec. 4 we discuss the minimally superintegrable po-
tentials on A®. We find four potentials which have coun-
terparts in three-dimensional Euclidean space. The remaining
potentials emerge from the subgroup structure of SO(3,1),
i.e., we find four potentials corresponding to the chain
SO(3,1)DE(2), two potentials corresponding to the chain
S0O(3,1)DS0(3), one of which is, however, equivalent to a
previous one, and five potentials corresponding to the chain
SO(3,1)DS0(2,1). This yields 15 minimally superintegrable
potentials on A®. We do not explicitly list each solution
again, because this would expand our paper too much; in-
stead, we refer to our previous work concerning the superin-
tegrable potentials in flat space,*® on the sphere,** and on the
two-dimensional hyperboloid.*® In Secs. 3 and 4 we make
frequent use of the path-integral formulations of the Poschl—
Teller, the modified Poschl-Teller, and the Rosen—Morse
potential, whose solutions can be found in Refs. 33—-35 and
in the references cited there (e.g., Bohm and Junker,’ (Refs.
31, 39, and 40, Fischer et al.,'® Inomata et al.,*® and Kleinert
and Mustapic.®

In Sec. 5 we summarize and discuss our results. Here we
also establish a correspondence of maximally and minimally
superintegrable potentials in two and three dimensions in the
three spaces of constant curvature, i.e., Euclidean space, the
sphere, and the hyperboloid. In addition, we suggest analogs
of the Holt potential on the two- and three-dimensional
spheres and on the two- and three-dimensional hyperboloids.
However, these potentials turn out to be only integrable. On
the sphere the corresponding separating coordinate systems
are the k=k'=1/v2 particular case of the rotated elliptic
(respectively, rotated prolate spheroidal) systems. On the hy-
perboloid the separating coordinate systems are the semihy-
perbolic systems. The flat-space limits of these systems are
parabolic coordinates in two and three dimensions.

2. COORDINATE SYSTEMS ON HYPERBOLOIDS

In this section we construct the coordinate systems on
the three-dimensional hyperboloid. However, first we cite
some useful information concerning the construction of co-
ordinate systems on the most important spaces of constant
curvature. These are Euclidean spaces, spheres, and hyper-
boloids.

For the classification of coordinate systems in a homo-
geneous space, and hence for sets of inequivalent observ-
ables, we need second-order differential operators I; (i J; J
is an index set) which are at most quadratic in the deriva-
tives. If they are to characterize a coordinate system which
separates the Hamiltonian, we must require that they com-
mute with the Hamiltonian and with each other, i.e., [H,];]

490 Phys. Part. Nucl. 28 (5), September—October 1997

=[1;,1;]=0. This property characterizes them as observables
(in classical mechanics, as constants of the motion). In two-
dimensional spaces we have one characteristic operator /
which corresponds to the additional observable, and in three-
dimensional spaces there are two characteristic operators I,
and I,, which correspond to the two separation constants that
appear for each coordinate system. The problem of finding
all inequivalent sets of {I} (respectively, {I,,I,}) is equiva-
lent to that of finding all inequivalent sets of observables for
the Hamiltonian of the free motion. Because the operators
I,, commute with the Hamiltonian and with each other, one
can find simultaneously eigenfunctions of H, I (respectively,
H, I,,1,).

Before discussing the coordinate systems on the three-
dimensional hyperboloid in some detail, let us start with
some remarks concerning harmonic analysis on A and cite
some results from Refs. 52 and 90.

The homogeneous Lorentz group SO(3,1) consists of
those proper, real, linear transformations which leave the fol-
lowing hyperboloid (#¢>0) invariant:

w-u=w’=ud— (i +ud+ul)=ul—u?=R2 (2.1)
The Lie algebra is six-dimensional, and is generated by the
spatial-rotation generators

_h dJ d L f J
Li=s\meg, o, L7 \"a,

a L _ﬁ a a
“3 51;: ’ 3—7 “ (9142 “2 z9u1

(note the sign convention, in contrast to the case of the
sphere) and the Lorentz-transformation generators

(2.2)

K"ﬁ a + J K f J
L uoﬁul “1 )’ T u00u2

+ i K h i + i 2.3
uz_u;, 377 Moé,u3 u3¢9u0' (2.3)

The commutation relations are
[Li,Lj]=—ifig;jly,

[Li,Kj]=_'iﬁ8"ijk, [Ki,Kj]ziﬁSiijk. (2.4)

The Hamiltonian on A® can then be written as [V(u) is a
potential on A®]

H=H,+V(u),

ﬁZ
_— - 2_
2MR? Avs 2MR? (K

H,y= L?). (2.5)

The irreducible representations of the identity component of
SO(3,1) are labeled by two numbers (j,,0), where j, is an
integer or half-integer, and o is complex. The eigenvalues of
the Schrodinger operator H, are found to have the form
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2

E +o(ac+2)],

R o)
%jo”  2MR? Lio discrete spectrum:

Actually, the discrete spectrum is not present in our case; for
instance, it must be taken into account for the quantum mo-
tion on the single-sheeted hyperboloid,?! and on the SU(1,1)
(Ref. 7) and O(2,2) group manifolds.}'”! We have the fol-
lowing expression for the energy spectrum of the free quan-
tum motion on A®;

2

E=omrz P

2+1), p>o. 2.7)
In the following enumeration we give in each case the defi-
nition of the coordinate system, the metric, the momentum
operators, the Hamiltonian, and the observables 1,, I,.

In the sequel we consider only orthogonal coordinate
systems on the three-dimensional hyperboloid; ue A® is
expressed as u=u(Q), where 9p=(0,,0,,03) are three-
dimensional coordinates on A, Following Olevskii,” the

line element is found to have the form

1 - -
ds*= éagaadeﬁ=z [(Ql i,z()éle)l ¢) de?
(e2—e@3)(e,—ey) |,
Ple) ¢
(e3—e(e,—e)  ,
Plen %) @9

which must be a positive-definite quantity; hence £,= —1,
with «=1,2,3, and P(@) is the characteristic polynomial
corresponding to the coordinate system. In algebraic form, a
coordinate system on A‘® is described in the following way:

J2=R2 (e1—ay)(@—a)(es—a;) )
0 (ay—a))(az—a))(as—a))’
2 _p2 (@1~ a))(@,—ar)(@3—ay)

e (ay—ay)(as—ajz)(as—ay)’ } (2.9)
2= —R? (@1—a3)(@2—a3)(@3—a3) )
2 (ay—a3)(ay—as)(ay—asz)’
W= R? (@1—a4)(@2—a4)(@3—ay) ,
(a1—as)(az—a4)(az—ay) )
and we have, for the characteristic polynomial,
P(@)=(e—a)(@—ay)(@—a3)(@e—ay). (2.10)

Specification of the numbers «;, with i=1,2,3,4, and of the
range of © specifies a coordinate system. For the metric ten-
sor we have

du; duy

=Gy a—ea'a, (2.11)

8ab
where G, is the metric tensor of the ambient space, which in
the present case has the form G;,=diag(1,—1,—1,—1), and
for the line element ds*=3 ;¢ ,,8.,dq°dq” to be positive
definite, appropriate €,,=*1 must be taken into account.
Actually, e,,=€4,,=—1, V¥, ;. In the following, we state for
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continuous spectrum:

Jjo=0, o=—1+ip,

jo=2n (neN), o=—1 (2.6)

convenience only the explicit form of ds2. In Table I we
summarize the results on the coordinate systems on A
according to Refs. 49, 52, and 75. The coordinate systems on
A® are summarized in Table I. The potentials V..., V4
refer to Secs. 3-5.

3. PATH-INTEGRAL FORMULATION OF THE
MAXIMALLY SUPERINTEGRABLE POTENTIALS ON
A®)

In Table II we list the superintegrable potentials on the
three-dimensional hyperboloid together with the separating
coordinate systems. The cases in which an explicit path in-
tegration is possible are underlined.

3.1. The oscillator

We consider the generalized Higgs oscillator on the hy-
perboloid (k;53>0),

M u%+u§+u§
Vi(u)= = 0’R? ————
1(u) 5 @ u(z)
R e e Lk o
2M \ W} us u; |’ )

which in the 14 separating coordinate systems has the form
Cylindrical (11,>0, ¢ € (0,7/2)):

Vitw =2 ok 1 : )
()= 2 ¢ cosh? 7, cosh? 7,
72 1 (K-35 k-
+ 2MR? \ sinh? 7, \ cos? ¢ + sin? @
4}
+ cosh? 7, sinh? 1,/° (3.2)
Sphero-elliptic (>0, @ (0,K), Be (0,K")):
M A2 ki— %
= — w?R? tanh? 7+ _lv 4.,
2 2MR? sinh? 7 \ sn’a dn?B
M-t KB
2~ 27 2~ 2pf " (3.3)
cnacn“B dn“asn‘B
Equidistant-elliptic (>0, ae (iK' iK' +K),
Be(0,K")):
M 1 1 h?
=— w?R?| 1— -
2 cosh? 7 sn’adn?B] 2MR?

o 1 K-t ki) K-g
cosh? 7\ cn’acn’8 ' dn’asn’B) sinh® 7|
(3.9
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TABLE 1. Coordinate systems on the three-dimensional hyperboloid.

Coordinate system

Observables I, I, Coordinates Separates the potential
I. Cylindrical uy=R cosh 7| cosh 7, v,
T2€R, ¢e[0,2m) u;=R sinh 7 cos ¢
1,=K? u,=R sinh 7 sin ¢
12=L§ u3=R cosh 7, sinh 7,
I1. Horicyclic uo=R[y+ (x3+xD)Iy+ 1/y12 Vs, Vo, Vio
x2€R, y>0 u=Rx,/2y
I,=(K,+L,)* u,=Rx,/2y
I,=(K,~L))? us=R[y+(x]+x3)/y= 1yl
III. Sphero-elliptic uo=R cosh 7 Vi, V,y, Vg
™0, e[ -K,K] u,=R sinh 7sn @ dnf8 Vot v *
Be[—-2K'2K'] u,=R sinh 7cn @cenf
1,=L2 L,=L2+k"2L} u3=R sinhrdn @snB
1V. Equidistant-elliptic uo=R cosh 7sn @ dnf Vi, Vi. Vi
7eR, ae(iK',iK'+2K) u,=iR cosh Tcn acnB Vis
Bel[0,4K") u,=iR cosh 7dn asnf
1,=K3+K2-L? u3=R sinh 7
I,=L2+sinh? fK2
V. Equidistant-hyperbolic uo=—R cosh rcnucnyp Vi,V
7eR, pe (iK' ,iK'+2K) u,=iR cosh Tsnu dnn
nel[0,4K") uy=iR cosh 7dnu sny
1,=K}+K3-L} u3;=R sinh 7
I,=K%—sin? al 2 R
VL. Equidistant-semihyperbolic u0=-‘5 cosh 7(y/(1+ p.i,)( 1+ ud)+p p,+1)12 Vi Vis
7eR, u;,>0 u1=£cosh7( (1+pd) (A +ud) = puy,—1)"2
’ V2
1,=K}+K3-L]} u=R cosh 7, u,
I,={L;K,} u3=R sinh 7
. o ] cosh? a+cos® &
VIL Equidistant-elliptic parabolic uo=R cosh TS coshacosd Vi, Vis, Vi
sinh? g—sin?
r,aeR, de(—7w/2,7/2) u;=R cosh T comh acos D
1,=K3+K5-L} u,=R cosh 7tan ¥ tanh a
I,=(K,—L3)*+K? u3=R sinh 7
) _ ) cosh? b+cos? 3
VIII. Equidistant-hyperbolic-parabolic uy=R cosh TS snhbsnd Vi
sinh? b—sin® &
7eR, b>0, 9 (0,m7) u,=R cosh TS ehben®
I,=K}+K2-L2 1, =R cosh Tcot & coth b
I,=(K,—L3)*-K3 u3=R sinh 7
i (E+7)+4
IX. Equidistant-semicircular-parabolic (e R, £,7>0) uy=R cosh TT Vie, Vir, Vig
2 2
I,=K}+K%-12 #;=R cosh T(—§—+81§—1)7'—'4
8
I={K,K;}—{K,,Ls} u,=R cosh T——
269
u3=R sinh 7
*After a rotation with I5=cos 2 fL2—1/2 sin 2 f{L,,L;}.
tAfter a rotation with I,=cosh 2 fL3— 1/2 sinh 2 f{K,,L3}.
idi - 1 > iK',iK'+ 2_ 1 1 1
e (Ii')qull(c{l;)t.ant hyperbolic  (v>0, e (iK',iK'+K), 1 K- k%— i) k%- L 9
’ ) cosh? 7\ sn’udn?n ~ dn’wsn?y/ sinh® 7|7
M 1 1 h?
=— w?R* 1—- —
2 cosh’? 7 cn’ucn’®y)  2MR? Spherical (>0, ¥ € (0,7/2), ¢ € (0,7/2)):
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TABLE 1. (Continued.)

Separates the Limiting
Coordinate system Coordinates potential systems
X. Spherical uo=R cosh 7 Vi, V3, V3 Spherical
>0, 3 e (0,7), p[0,27) u;=R sinh 7sin 9 cos ¢ Vs, Vg, V3
§,=L? u,=R sinh 7sin 9 sin ¢ Viz, Vi3
S,=L2 u3=R sinh 7cos ¥
XI. Equidistant-cylindrical ug=R cosh 7| cosh 7, Vi, V3, V, Circular-polar
112€R, ¢e[0,27) u,=R cosh 7, sinh 7, cos ¢ Vs, Vi, Vis
S, =A€:) u,=R cosh 7, sinh 7, sin ¢
S,=L3 u3=R sinh 7,
XII. Equidistant uo=R cosh 7, cosh 7, cosh 73 Vi,Vis, Vi Cartesian
riz3€R u;=R cosh 7; cosh 7, sinh 73 Vis
sle/L\:;) u,=R cosh 7, sinh 7,
$,=K?2 u3=R sinh 7,
XI1II. Equidistant-horicyclic ug=R cosh 7(y+x*y+1/y)12 Vis, Viz Cartesian
r,xeR, y>0 u,=R sinh 7
Sl:Aﬁl(:) u=Rx cosh 7y
Sy=(K,—L3)? u3=R cosh 7(y+x}y—1/y)/2
XI1V. Horicyclic-cylindrical up=R(y+e*/y+1/y)12 Vs, Vio Circular-polar
y,0>0, ¢ [0,27) u,=RpQ costgly
$i=(K\+ M)+ (K,—M))* u;=Rg sin gly
S,=L2 us;=R(y+0%y—1y)2
XV. Horicyclic-elliptic uo=R[y+ (cosh? u—sin® v)/y+1/y]/2 Vg, Vi * Circular-elliptic
y,u>0, ve(—m,m) u ;=R cosh u cos vly
S, =(K,+My)*+(K,—M,)? u,=R sinh u sin vy
S,=L2+(K,+L,)? u3=R[y+ (cosh? u—sin? v)/y—1/y]/2
XVI. Horicyclic-parabolic uo=R[y(E+ P ¥Uy+ 1yl Vo, Vier V1 Circular-parabolic
y.7>0, éeR u=R(n*—£)/2y
S\=(K+ M) +(K,— M)’ u,=Ré&nly
S;={LsK,+L,} us=R[y+(£+7°)’1y— Uy)/2
XVII. Elliptic-cylindrical 1 uo=Rsna dnf Vi, V3, *V, Prolate-spheroidal
ae (iK',iK' +2K) u,;=iRdn a snp costg Vs, Ve*
Be[0,4K'), pe[0,2m) u,=iRdn asnp sin ¢ Prolate-spheroidal II*
§,=L2 us;=iRcnacnf
S,=Ki+ K3+ kK3~ k'’L}
XVIIL Elliptic-cylindrical 2 up=Rsnadnp Vi, Vi, Vs Oblate-spheroidal
ae (iK',iK'+2K) u,=iRcna cnpf cos ¢
Be[0,4K"), ¢e[0,27) u=iRcna cnpf sin ¢
§,=L2 u3=Rdna sng
S,=K3+ k(K1 +KD+k"2L3
XIX. Elliptic-cylindrical 3 up=Rsna dnpB cosh 7 vV, Circular-elliptic
7eR, ae (iK',iK'+2K), Be[0,4K’) u;=Rsnadnf sinh 7
§,=K? u3=iRdna sng8
S,=K2— LI+ k3K - LH— (1 +kH)K? u,=iRcna cnfB
XX. Hyperbolic-cylindrical 1 uo=—Rcnu cny cosh 7 vV, Cartesian
7eR, pe(iK',iK'+2K) u,=—Rcnucny sinh 7
ne[0,4K") u,=iRdnu snp
S\=K3, $,=K3—M3+k*Ki—M?) uz=iRsnpdny
*After an appropriate rotation.
Mo 2 1 k%‘% k%“% k%“%
=— w°R” tanh” 7+ -——5—75— +
2 2MR” sinh” 7 cosh? 7, sinh® 7, \ cos? ¢ = sin® ¢/  sinh? 7,
L (K-t B-3) By 67
X sin’> 9 \ cos? ¢ M sin® @ + cos? /" (3.6)
Equidistant (7),3>0):
Equidistant-cylindrical (7),>0, ¢ € (0,7/2)):
7 A2 7 1 A2
=7 @RI cosh? 7, cosh? 7, +IMR? 2 ¢ R cosh? 7, cosh? 7, cosh® 73 tIMR?
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TABLE 1. (Continued.)

Coordinate system

Coordinates

Separates
the potential

Limiting
systems

XXI. Hyperbolic-cylindrical 2

pe (iK' iK' +2K)
ne€[0,4K’), ¢ €[0,27)

S,=L%, S;=K +L - k¥L2+L2)

XXII. Semi-hyperbolic
B12>0, 0€[0,27)

§,=L}

S,={Ky,L} +{K,,L}

XXIII. Elliptic-parabolic 1

a,0eR, de(—n/2,7/2)
S,=(K,+Ly)*

$,=2K*+ K3+ K3+ L1—{K,,Lo}~{K,,L,}

XXIV. Hyperbolic-parabolic 1

b>0, g eR, e (0,m)
S1=(K1+L2)2

52=2L%+L%+K§_K§“{K2 Lo} —{K L}

XXV. Elliptic-parabolic 2

aeR, de(—n/2,7/2), ¢€[0,2m)

§,=L%

Sy=L}+ LI+ K}+ K3+ Ki—{K Ly}~ {K,L,}

XXVI. Hyperbolic-parabolic 2
b>0, 9 e(0,m), pe[0,2m)

§,=L%

$,=LI+L3+ K]+ K5~ K3+{K, Lo} +{K,L,}

XXVII. Semicircular-parabolic

eeR, &7>0

S1=(K,+L,)*

S;={Ls.K+Ly}+{K3,K,—L,}

XXVIII Ellipsoidal
0<1<9;<b<P,<a<p,

S1=abK2+aK3+bK?

Sy=(a+Db)K3+(a+1)K2+(b+ 1)K>

—al2-bLi-12

up=—Rcnucny
u,;=iRsnu dn7n cos ¢
u,=1iRdnu sn sin @
u3;=iRsnu dny

R 7 "2
“0=Z(\/(1 )1+ p3)+pp,t+1)

uy=Rypp; cos @
Uy=Rp py sin @

w= (T D17 7 )= s~ 1)
3 ﬂ 1 2 142

cosh?a+cos? 9+ @?
2 cosh a cos 9
uy=Rg/cosh a cos ¥
u,=R tanh q tan 9
cosh? a+cos? 9—p?—2
2 cosh a cos ¥
sinh? b—sin® 9+ 0%+2
2 sinh b sin ¢
u,=R@/sinh b sin ¥
u,=R coth b cot ¥
sinh? b—sin? 9— @2
T 2sinhbsin g
cos? 9+cosh? a
~® 2 coshacos 9
u;=R tanh a tan 9 cos ¢
u,=R tanh g tan 9 sin ¢
sinh? a—sin® 9

Ug=

u;=R

Up=

u3;=R

Uy

us=R 2 cosh a cos 9
cosh? b+cos? &
Up=

2 sinh b sin ¢
u,=R coth b cot ¥ cos ¢
u=R coth b cot ¥ sin ¢

sin? §—sinh? b

=R Snhbsn
(7P— &P +40™+4
uy=R ———————

87
7-§

=R ——

2¢n

Us

e
=R o
(7—8)+40>~4
u;=R _——_8§7;
010203

2_p2
upy=R b

2o @~ D@~ 1) 1)

= CEYCED)

_ (e1—b)(e,—b)(es—b)
Ry
2@ e, —a)es—a)

3 (a—b)(a—1)a

Vi, Vi3, Vs

Va

V§m=0)

V;w=0)

Va

V§w=0)

(0=0)
V9

Vl9 ’ VZO

v

Circular-polar

Parabolic

Circular-polar

Circular-parabolic

Cartesian

Parabolic

Circular-polar

Cartesian

Ellipsoidal
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TABLE 1. (Continued.)

Separates Limiting
Coordinate system Coordinates the potential systems
, (ei—1Xe:—1(es—1) Vi Cartesian
XXIX. H boloidal 2 R
yperboloida ug @ D=1
03<0<1<b<@,<a<g, uf=-—R2Q-ae—;-£2
(e,—b)e,—b)e,—b)
— 2_ y3_372 2__p2 L
S,=abKj—aL3—-bL; 5 (@=b)(o=)b
(e,—a)(@,—a)@s—a)
S,=(a+b)K3—(a+ 1)L~ (b+1)LI+aK2+bK3—L? u§=RZW
. (e,—a)(@e,—a)(es—a) Paraboloidal
XXX. P: iug)2=2R: ———2 =3 7
araboloidal (ul+"‘0) 2R (a——b)(b—l)b
(e,— 1)@~ 1)(es—1)
<0<p,<I< 2_p2=t G2 PR3 )
23 22 @, =R R
a=b*=a+ipB, a,BeR u§=—R2gi§—;&
S,=—la|’L}+ a(K5— L))~ B{K;L,}
S,=—2eLi+(a+1)(Ki-L3)+a(Ki-L2)
+ﬂ({K2 vLs}‘{Ks sz})
XXXI. (g +u, =R 21822
a
0<0,<1<0,<a<p (42— u?)=R? a(@.10:+0,0;+0,03)—(a+1)0,0:0;
2 1 0 vV 2
-1 -1 -1
Sl=(K3+L2)2_a(K2+L3)2+aK§ u%=—R2 —_—(Ql )((il—l))(es )
S,=(a+)K3+K3—L3+a(Li~ K3)+(K,+Ly) B=R? %ﬁ;&__@
+(K3+Ly)
XXXIL (uo+u1)2=—R29@
a
—0,<0<1<0,<a<g, (u2—uP)=R? a(@,0210,0310,03)—(a+1)0,0,03
0 | U 2z
8= — (K3 + L)+ a(Ky+Ly)? +aK? = —Rz(e“—_l)((ﬁ_—ll)lgf—l)
=
S,=(a+ DK = K3+ L2+a(K2—L2) — (Ky+ Ls)? =R (e.—a):e(z—_al))(era)
—(K3+Ly)’
XXXIIL (g uy)2=—R? 218225
a
0,<—1<0<0,<a<p, (2= ) =R> a(€103+012,+0,03)—(a—1)Q,0,03
0 1= 2
(@,—a)@y—a)@;—a)
Sl=aK%—(K2+L3)2+a(K2+L3)2 u%:RZIaZT
Sy=(a— DK -3+ +a(l3- K B=—R? __—‘@'“xffl‘))‘%*‘)
a
~(Ky+Ly)*+H(Ks+Ly)?
XXXIV. (uo—u,)*=—R0,0,0;3
2;<0<p,<1<p, 2u,(u,— ug) =R*(0,0,+ 0205+ 0,0:—010,03)
$1=(Ly—K3)*~K\(Ky~ L3) = (Ko~ LK, Ui+ uy—ug=R*(—010:03+0,0,+ 0205+ 0183~ 01— 02— C5)
Sy=L;—K3—Li—(Ly—K3)*—{L,,L,— K3} “§=R2(Q|_ D(e,—1)(es—1)
2
1 k-4 k- % Mo 1 A2 1
X V) v} W) + + — P . =— w°R 1—- v 3 - 73 3 3
cosh® 7, \ cosh® 7, sinh” 73 sinh” 7, 2 sn“adn“B] 2MR”|dn“asn“B
(3.8) 2 2 2
Ki—3% k% k3— & (3.9)
Prolate  elliptic (ae(iK',iK'+K), Be(0,K'), cos? ¢  sin? ¢/ cn’acn’B| ’
¢ € (0,7/2)):
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TABLE II. Maximally superintegrable potentials on A (.

Potential V(u)

Coordinate systems

Observables

2, 24 .2
B ) 2u,+u2+u3. ]
V()= 7 w'R ug t _2M ) 2 »

1 2 3

2 {21 ;21 .2 1\ Cylindrical
A (K kg k Sphero-elliptic

1,=2MR —— (K2—L?)+V,(u)

Equidistant-elliptic 1 L2+ n

Equidistant-hyperbolic

Spherical

Equidistant-cylindrical
Equidistant

Prolate Elliptic

Oblate Elliptic
Elliptic-cylindrical

-1 _1
oL i 4+ 4
=24 13 707 \ cos? ¢ sinfg
1 1 1
PR 1 24 ( ( 1~ 4+ 3 +k§ 4)
oM sin” 9 \cosZ ¢ ' sin’ ¢/ ' cos’ 9
1

el e M o’R* ﬁz B-3
TIM T 2 cosh® 4, + 3M sinh? 7

1 2 2r2 ? kz_
— ’
Is=gp Witk L)+ Sy sinh? 7\ 5023 dn?g

2_ L 2_ 1
N ky— 7 + ki— 17
cn’acn’B  dn’a sn’B

Hyperbolic-cylindrical 1
Hyperbolic-cylindrical 2

Ellipsoidal
Hyperboloidal

Vy(u)=- % ——W&%ﬁg— 1 ) + % (k?u_f ’I‘_+ kzu_g _) Sphero-elliptic 11=#R2- (K2= L)+ V,(u)

A= 2_1R' (LXK-KXL)- % u=(uy ,uz,u3) Siherical 12=WL§+%;(% fn_zj)
Prolate elliptic II 1;% 24 ’:nz 5 (ckjs_z i fn: i)

Semi-hyperbolic

Elliptic parabolic_II

2 % 8- %
2 12 ~ =+ ~ 2
2MR* sinh® 7 \sn?a dn?8  cn’a cn?B
1 1
72 k-3 . K- z)
2M sinh? 7sin® &

1
L=557 Li+K L)+

1
Is= -
5= 2M cos’ @  sin’¢

Oblate  elliptic (ae(iK',iK'+K), Be(0,K'),
¢ e (0,7/2)):
_M 2R2 1 1 hz
g @ si2adn’B)  2MR?
1 M=% k=% K-
cn’a cn’p (cos2 ® o ® + dn’asn’B|’ (3.10)
Elliptic-cylindrical (ae(iK',iK'+K), Be(0,K'),
7>0):
M 1
2 ap2l 4
7 @R (1 sn’a dn’B cosh? 'r)
ﬁ2 k2_ 1
2MR2 sn’a dn?B sinh? 7
K-i K-
Ry vy -l ey v B (3.11)
dn“asn“B cn“acn*B
Hyperbolic-cylindrical 1 (ue (iK',iK' +K),

ne(0,K"), ™>0):
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— M 2R 1 1 1

2 ¢ cn’y cn®y cosh? 7
72 kKi— 3

+

2MR? \ cn’u cn?7 sinh® 7

k2_ 1 kZ_ 1
27 4
sn’u dn’y  dn’uw sn’zy)”

(3.12)

Hyperbolic-cylindrical 2
ne(0K"), ¢ € (0,m/2)):

(we (iK' iK' +K),

M 207 | 1 #?
2 ¢ cn’ucn’®y/ 2MR?
oL [Koi Koi) K-d 613
sn’udn’y \cos? ¢ * sin? ¢/ ' dn’usn’y :

Ellipsoidal (a;j=a;—a;, a;=0, a,=1, a3=b, as=a):

M
=— o’R2

2

1 1
(01—@3)(02—@3) @3—ay

a14G244 34(
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TABLE II. (Continued.)

Potential V(u) Coordinate systems Observables

ﬁz[ -5 B-§ 1

Spherical [==——=3 (K2—L»)+V5(u)
Vi(u)= — + } ophenical ToMR? 3
Sw) 2M ug ul N
2_ 1 2_ 1
y ki— g N ky— 3
\/u%+u§+ul \/;f+u§—u,
1 1
1 w (K- g 3
Equidistant-cylindrical 12=2—A7L§ M |2; ’éz 4
cos’>  sin’ 3
Prolate ellipti PRI k%_%+k§_% 61
rolate elliptic = —
P oM M | asin®d| Lo ,o| cos’d
cos’= sin’—~
2 2
1 1
1 2 k-3 K=
Oblate ellipti e (R+E—L2)+ N
ate elliptic Iy 2M(K' K5—L3) 8Msinh2'rz( AN
cos’z  sin’ 3
Va2 2, 72
Hyperbolic-cylindrical 2 Is=3 M, (K +L3—(Li+Ly)]
w[ 1 kAW
2M | 4sn’u dn’y ,e L] di'u sn?v
cos’= sin’~
2 2
Minimally superintegrable potential on A‘® (with maximally superintegrable analog in R*)
1 2 1
ﬁ2 kzl— 3 k2_ ry e . L. 1 ___(KZ_LZ)+V ( )
Vy(u)= + +k.u. Equidistant-elliptic 1= 5MR? au
T M T\t gt Ndrid—w/
1 1
- . . 1 A2 k-3 K3
Equidistant-semihyperbolic 12=2—A7(Kf+K§—L§)+ M sy | 2<p+ -
s 5’ CoSs 5

1 1
# (-3 B-3
+

1
Equidistant-elliptic-parabolic l3=—27”— L2+ 0

sinzg coszg
\distant-cylindrical 1 .2 %% cosh?®acos? 9 kf“% kg*%
Equidistant-cylindrica ’FW [(Ky =L+ KiJ+ 2M cosh? a—cos? 9 \sin® & t S a
*After an appropriate rotation, sin” f=k%.
+ ! ! + L [a a,a ———k%_%
(€1~ @2)(e5€2) 2724 (ex2—e(es—ey) 324 9, —a,
+ : : )—1] k-3 k3— %
(e,—e)(es—e)) e1—ay tapanay ——tapapag ——| (. (3.14
e,—a, €1—a3
i ! ik Hyperboloidal ( 0 b
+ a3189104 ——— yperboloidal (a;;=a;—a;, a;=0, a,=1, a3=b,
2MR? ((e,-e3)(@,—ea) [ e5—ay a4=a) v ? ’
k=3 k-3
tapandn ———tapapayg - M o ( ! 1
@3—a, 03—as =— w*R*| a4a,4a
2 14724534 (01— 03)(02— 03) €3~ a4
N 1 [ K4 1 1
— _ a3 1421041~ — +
(e1—ex)(e3—e2) @2—a (0,—02)(03—07) 02—aq
. K= % R K% N 1 1 ) }
A1anay ———ta30x03 —— -
12552542 0, —ay TP 0, a4 (e2—e)(es—e1) e1—ay
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72 { 1 [ B4
asa,a
C2MR? | (@, e3)(e,—05) | M 9 =g,
N k-3 %—%}
apasa —a3a.3a
128320 37 —a, ¢19n4s 01—a;
1 [ K-t
- as1ad-ra S —
(e1—e))(e3—@y) | 7474 0,—a,
N K- k§~%]
apaa — 43030
12832047 0, 133238 43 0,—a;
1 [ K- L
- as1a,a4 ——
(e2—e)(es—ey | 2474 @:—a
G- 51
+a,az,a —a13a530843 —| (. 3.15
1285084 5~ 4138 0.4 (3.15)

In the following we do not display all path-integral represen-
tations for all potentials in all separable coordinate systems.
To save space, we display explicitly only those path-integral
representations for which an analytic solution is available.
Cylindrical Coordinates. For the oscillator on A we
obtain the following path-integral representation (A ,=2m

FkiFhyt 1, \=2lFks— v+ 1, ¥2=M20’RY/ 1%+ 1/4):
KYOu" u';T)
i M
=R3 =4 p2,2
R™7 exp 7 T(ZMR2+ 2] R'w )J

XJTI(' . T'.@’rl(t)smh T, cosh Tlf ("= TZ.,@ 5 (1)
T

T (¢')= 7'l (4 )f'rz

(P( II
“J

o(t')=

X ( 72+ cosh? 7, 72+ sinh? 7,2

IIM
2
2R

@wna4'f'

+ ? h? 1
cosh? 7, cosh? 7,/ 2MR? \ sinh® 7,

y K1 .\ B-1

cos? ¢ ' sin’ ¢ 4
UL ok A
cosh? 7, \ sinh? T 4 !

2 _’ENTM\I’(VI)(TI, ,2”(p” R)

nlm

(3.16)

xqf(""(ri,fg,@';R)+f dpe™ BT (V)
0

nlm plm

plm

X (7,7, @" R)PV*( 7! ,T£,¢’;R)+f dk
0
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XJ dpe”
0

‘I’Lk:n)*(ﬁ 759" ;R).

iE T/hq,(‘li])( 7 121 ‘P" R)
P m 7 b

(3.17)

The bound-state wave functions are given by the following
expression, with m=0,...,.N,,=[1/2(2IFk,~v)], [=0,...,.N,
=[(vFk3—1)/2], N=0,..-Npux =[12(v Tk, Tk, T k3)]:

‘I’f,h:l)(rl,n,(p;R):(sinh 7, cosh Tl)_'/ZSL)‘")‘Z)
*k
X(Tl,R)l//( 3 V( 72)

X g2 (g), (3.18)

where
AOA
Sy (13R)

1
T(1+X))
2(Ny— A —2n—1)T(n+1+\ )T (N,—n) ]2
RC(\y—\,—n)n!

X(Sil’lh T1)|/2+M(COSh Tl)2n+l/2—)\22

xFl(—n,)\z_n;l‘i‘Al;taﬂhz 7'1), (319)

1

(xk3,v) -
b ()= =5

o 2(wF k3= 21— 1)I(I+ 1+ ky)[(v—1)] 12
T'(vFhks— )1

X (s1nh 7.2) l/21k3(cosh 7_2)21+ 12— v2

XF (=1, v—1;1*ky;tanh? 7,), (3.20)

b 2 (@)= | 2(1+2m 2 ky 2 ky)

m!\T(m*k,*k,+1) ]2

X (sin (P) 1/2_k2(coS QD) 12%k;

Xan:kz’tk‘)(cos 2¢). (3.21)

The bound-state energy spectrum is given by (N=m+[+n
+3 is the principal quantum number)

ﬁZ
~ e LNkt x ks~ v)2—1]

M

+o »’R2. (3.22)

In the limit R— o we obtain

Ey=ho(2N+k,*k,*k;), NeN,, (3.23)

which gives the correct spectrum for the corresponding su-
perintegrable flat-space oscillator, i.e., the generalized oscil-
lator in R® (Ref. 33).
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For the first set of continuum states we find
W71, 73,@3R) = (sinh 7, cosh 7,)” V25t 1AD)

plm
(*ks, *ky,*k
X(T 3R (1)) U2 (),

(3.29)

where

S, P(r1:R)

B 1 /p sinh wpr N—AN+1-ip
TT(1+X) 27?R3 2

)\1_)\2+1_1p
(2T

)(tanh )2t M(cosh )P

X
2F] 2 ’ 2 s

X 14\, ;tanh? r,), (3.25)

with the """ (,) and ¢ **2**(p) as in (3.20) and
(3.21), and the continuous spectrum has the form

E =—2(p2+1)+£w2R2 (3.26)
P 2MR? 2 ' '
In the limiting case w—0 we obtain
ﬁ2
= 2
E, SMRE (p°+1), (3.27)

which corresponds to the case where only a radial part is
present and has the same feature as the spectrum of the free
motion on A ie., there is no discrete spectrum in this
case.

For the second set of continuum states we find

‘I’L‘;,ln)(ﬂ,fz,rp;R)=(sinh 7, cosh 7-1)_1/2S;)\1,ik)

X(713R) Y3 (1)

X g ke tk)(g) (3.28)

where

. 1 sinh
ONGIR), oy 4 p
S R = ey V2w

ik—N+1-—1i AN —ik+1-1i
XF( 12 P)F( 1 ; P)

X(tanh Tl)l/2+)\l(COSh Tl)iszl

o ik+N,+1—ip 1+N,—ik—ip
2 ’ 2 ’
1+\,;tanh? Tl), (3.29)
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b )= v Eg N

2 2

X(tanh 7,)"2*%3(cosh 7,)*,F,

2 ’ 2 ’

1 = ky;tanh? Tz), (3.30)

with the gbf"ik‘ ’1k2)(cp) as in (3.21).

Spherical and sphero-elliptic coordinates. In spherical
coordinates we have the path-integral representation (X,
=2mFk Fhy+1, Ny=2lFk;+ N\, +1, v =M?0’RYH?
+1/4)

—; 2
e~ ihTI2MR fm,,)=r,,

K(Vl)(u",u’;T)=
R’ ')=1'

7(t)sinh? 7

0(111)=1’" . ('u)= ”
X J DI(t)sin & f 7 ()
d(t")=9' e(t')=¢'

i "M
Xexp gf’
t

- R¥(#+sinh? 7(

+sin? §¢?)— w? tanh? 7)

A2 1 ( 1 (kf—%

~ 2MRZ sinh? 7 \ sin2 9 | cos e
K-t 1) -1 1
sinqu_z +c052 9 4 dt

(3.31)

o 0 N"
— —iENT/IRa (V1)

% (T”,l?”,(p";R)‘If(Vl)( Tl,ﬂl’¢l;R)

nlm

+ f dpe—iEpTlﬁ\I,;‘l":,)( 7",1?",(p";R)
0

x\p;‘,’,;’*(f',ﬂ',gp';k)]. (3.32)

The bound-state wave functions are given by the following
expression, with N=0,...N ... =[1/2(vFk,Fk,¥k3)]:

‘I’(V1)(T,19,(p;R)=(sinh2 7 sin ,ﬂ)—l/zsi)\z,u)

nlm
X(7;R) MR §) gl R TR ()
(3.33)

where

Grosche et al. 499



)

NT(I+N xky+1) ]2
F(1+1xky)[(1+1+N))

=|2(1+21%k;+N\))

X (sin 9)2+M(cos §) "2k pM4)(cos 29),

(3.34)
in which [n=0,..,.N,<(v—\,—1)/2]
s 7 R)
_ 1
T(1+Ny)
2(v—Ny—2n— )T (n+ 1+ X)) (v—n) |2
R’T(v—\,—n)n!
X (sinh 7)** ¥2(cosh 7212V, F |
X(—n,v—n;1+\,;tanh? 7). (3.35)

The scattering states are
(7, 9,0:R)=(sinh? 7 sin 9)~ 252"

X(mR) ¢ (9) g (o),

(3.36)
where
s (rR)
p
1 /p sinh ﬂpF v—A,+1—1ip
TT(1+\,) 272R? 2
A—v+1-—
(—2——7———) (tanh 7)*2*"(cosh 7)P,F,
v+A,+1—ip Ay—v+1-—ip
2 ’ 2 ’

1+ \,;tanh? 7'). (3.37)
Here gbfnikz’ik‘)(cp) denote the same wave functions as in
(3.21). The discrete and continuous energy spectra E, and
E, are, of course, the same as in (3.22) and (3.26), respec-
tively.

The path-integral solution in terms of sphero-elliptic co-
ordinates is very similar to that for spherical coordinates, and
the bound-state wave functions for the sphero-elliptic coor-
dinates are given by

v
;1;:)(7"“ B:R)

= (sinh? Tsna@cnadnasnBenBdnB) 12

xSer(rRE @R, (3.38)

with the same energy spectrum as in the previous case. The
wave functions Eﬁh kixka.2k3) & B) were determined in
Ref. 34; they correspond to the free wave function on the

six-dimensional sphere in a cylindrical-elliptic coordinate
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system. They are not yet explicitly known, and therefore the
above solution in sphero-elliptic coordinates remains on a
somewhat formal level. We nevertheless present it for com-
pleteness. The continuous spectrum has the form

(7, @ BiR)

= (sinh? Tsn&cnadnasnﬁcnﬁdnﬁ) e 2SL)‘2 ’V)( 7;R)
(k) ky, Tk3), ~ 7

x B krhe ) (g By,

and E,, is the same as in the previous case.
Equidistant-cylindrical coordinates. In equidistant-
cylindrical coordinates we obtain the path-integral solution

(3.39)

N =2mTFk;Fhky+t1, Ny=2l+N,—v+1, v*=M2w?RY
f2+1/4)
i M
V(" u'- —p-3 _ o p2,2
KYV(u",u';T)=R™" exp| ﬁT(ZMR2+2R )
X ffl("l) 197' (t)cosh? 7 frz(x”)=r’2’
T (t") Tl 7'2(1')=r£

")
X Fry(1)sinh 7, f w2 e(t)
o(t")=¢'

"

M
5 Rz( 7'-%+cosh2 11(7"%

i

Xexpl Z

+sinh? 7,¢%)+

t

g

P
cosh? 7, cosh® 1,

A 1 1 (k-3
" 2MR? \ cosh? 7, \ sinh? 7, \ cos® ¢

|

(3.40)

K-% 1) 1| KB-i
+ —_— —_— ————
e 4)77) st o,

N,

2 —tﬁENT/h\I, vy

nlm

1l

=2{2

X (7], 75, ¢ R (7] 73 .0 iR)

nilm

+f0 dpe—lE T/ﬁ\I,(Vl)( ,1,’7,2”(10”;R)

plm

14
XU (11,73,0"3R)

* * —iE,T/h vy
+ fo dkj0 dpe™! \I’pk:n

X(7y,75,9"; R)‘I'ﬁ,i},,)*(fi,‘réw’;R)].
(3.41)
We obtain one set of bound-state wave functions and two
sets of scattering wave functions. The bound-state wave
functions are [[+m=0.,., N;=12[(v¥k,*k,—2)], N
=0,..., Npax=12(vF k| F ky 7 k3)]
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v

nim ("'1,’f2,<P;R)=(cosh2 7, sinh Tz)—l/ZSitlg,)\z)
. +ky, 2k
X(7y ;R)(IJE)“ V)(TZ)‘ISE,, 2 1)((p)’
(3.42)

and E is the same as in (3.22). The two sets of continuum
states are

‘I’;k,‘n)( 71,T2,9;R)=(cosh? 7, sinh 1'2)"/255)“3')‘2)

X(r;R) P (7)) =)
X(¢), (3.43)
V) R) = 2 inh 72)~ V25(*k3:ik)
‘I’p,,,,(Tl,Tz,<p,R) (cosh® 7, sinh 7°) Sp

A *ky,xk
X(ra R (r) g Y

X(e)- (3.44)
The continuous spectrum has the form
’ 2 M
Ep=m(p +l)+—2~wR . (3.45)

Our notation here is as follows:

» The wave functions ¢fntk2'ik‘)(¢p) are the same as in
(3.21);

» the wave functions (//( )
(3.20) and (3.30) with +k3-—>)\1 ;

« the wave functions Sf,ih’)‘z)(rl ;R) are the same as in
(3.19) and (3.25) with \;— * k5, respectively.

Equidistant coordinates. As the last system for which
an explicit solution is possible, we consider the equidistant
system and obtain the path-integral solution (A\;=2m ¥k,
—v+1, \y=2IFky— N+ 1, ¥ =M?0’RY %2+ 1/4)

KYD",u';T)
: 2
R expl — L7 P M 22
R exp{ ﬁT(ZMR2+2R

f O (1)
(1")=m)

m(t')=1,

(1) are the same as in

X f"(' )= 71@7 ((t)cosh? 7

'rl(t )= Tl

X cosh T, f ()= 3@73(t)exp[
'r3(t )—'r3 fi

Xft"M
2

+ T
cosh? 7, cosh? 7, cosh? 75

R2( 71+ cosh? 7,(75+ cosh? 7,73)

w? #?
)_ 2MR?

y K% L] 1 KB-% 1
sinh? 7, ' cosh? 7, \ cosh? 7, \ sinh? 73 *3
(3.46)

N"
E e~ iENT/hagp (V1)

nlm
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X(H 4 AR 75, 73R+ [ dpe e
0

nim

XU ROV (r) 7 7 R)

+ jo dkjo dpe_iEpT/ﬁ‘P;Z:)t)(Tl ,Ty,733R)

pkm

+f dgf dkj dpe ‘EpT/A
0 0 0

XU T R ¥ (7 7 SR).

X‘P(V‘)*('ri Ty Ty ;R)}

(3.47)
We obtain one set of bound-state wave functions and three

sets of scattering wave functions. The bound-state wave
functions are [m=0,....N,<(v¥+k,—1)/2, [=0,..N;<(\,
:kz_ 1)/2, n=0,...,N,,<()\2$k3— 1)/2]

WV(7),7),73;R)=(cosh? 7, cosh,) ™ 12s{*Fs M)

X(r RN ()

X gk (4, (3.48)

and E is the same as in (3.22). The three sets of continuum
states are

‘I’;,;’(Tl,'rz,n ;R)=(cosh? 7, cosh 'rg)_”zS’(,rh')‘z)

X(713R) 92N (1)

X gk (), (3.49)

‘I’( ) (71,72,7'3 ;R)=(cosh? 7| cosh 7,)~ ”2S;ik3’ik)

X(r ;RPN (1)

X g1y, (3.50)

2 172 o( £ k3,ik)
ekp(71,72,7'3,R) (cosh® 7y cosh 7,)™ "4 ™3

X(7y3R) 92O (1)

(xky,v)
xl/’e ! l’(’7-3)9

and E), is the same as in (3.45). Here we use the following
notation:

» The wave functions ¢f:k"”)(73) are the same as in
(3.20) with 7,— 73, [—m, and +k3—>tk1;

» The wave functions ¢( kv ( 74) are the same as in
(3.30) with 7,— 73, k—p, and *thky—tky;

e The wave functions ¢§ik2 )")( 7,) are the same as in
(3.19) with 7,—7,, n—1I, (A\,A\3)—(*ky,N\;), and R
=1;

» The wave functions 1ﬁ§‘ik2’)‘1)(7'2) are the same as in
(3.25) with 7,—7,, p—k, (A,A\2)—(Zxky,\;), and R
=1;

(3.51)
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« The wave functions t,b( =ky, lQ)('rz) are the same as in
(3.29) with 7> 7, (p,k)—(k,0), \;—*k,, and R=1;

» The wave functions S( pk3 )‘2)(7' ;R) and S; k3.
X (7;;R) are the same as in (3 19), (3.25), and (3.29) with
A — *k;, respectively.

We note that the wave functions have been normalized
in the domain ¢ € (0,7/2), 9 (0,7/2), and 7>0 in the
spherical system and in the domain 7,,3>0 in the equidis-
tant system. The positive sign for the k; must be used when-
ever k;=1/2 (i=1,2,3); i.e., the potential term is repulsive at
the origin, and the motion takes place only in the indicated
domains. If 0<|k;|<1/2, i.e., if the potential term is attrac-
tive at the origin, then both the positive and the negative sign
must be taken into account in the solution. This is indicated
by the notation *k; in the formulas. This also has the con-
sequence that for each k; the motion can take place in the
entire domains of the variables on A, In the present case
this means that we must, e.g., in the equidistant system, dis-
tinguish eight cases: i) 7,,3>0; ii) 7,,>0, 7, eR; ii) 7,
eR, 73,>0; iv) 7, eR, 7,3>0; v) 7 ,eR, 7,>0; vi) 7,
>0, m3eR; vii) 7,>0, 73eR; viii) 7,,3eR. In polar
coordinates the same feature is recovered by the observation
that the Pschl-Teller barriers are absent for |k;|<1/2.

In elliptic coordinates this feature is taken into account
in the following way. Because a € (iK’,iK’'+K), we have
sn(a,k),i cn(a,k)>k'/k, i dn(a,k)=0, and we see that for
ae (iK',iK'+K) and Be(K',4K") we find uy=0, and the
variables u,,u,,u; change sign in the eight domains; i.e.,

Be(0K'), PBe(K'2K'), Be(2K'3K'), and g

€ (3K’ ,4K"). We then have, for a#0,
sn(0,k')=sn(2K',k')=sn(4K' ,k')=0,
en(K'k')=cn(3K' ,k')=0, (3.52)

and dn(B,k’')>0, Be[0,4K'). For convenience, we have
made the choice Be (0,K'), and the same is true in all the
following systems. The situation is similar in the hyperbolic
system, where we choose u € (iK',iK’'+K), 7€ (0,K’). In
the sphero-elliptic system we must choose, for the same rea-
sons, @e (0,K) and Be (0,K').

3.2. The Coulomb potential

We consider the Coulomb potential on the three-
dimensional hyperboloid (k,,>0),

a

Ug
Vo(u)=— = | ——=———=—1
2(w) R (\/u%+u27+u§ )

2 (K- k-1
Yo\t
2M ul u2
which in the five separating coordinate systems has the fol-

lowing form: _
Sphero-elliptic (1>0, a'e (0,K), B (0,K')):

(3.53)

V()= — = (coth 7— 1)+ A2
u)=——(co T e ———
2 R 2MR? sinh? 7
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2L 2 L
X|—2t 4+ 2 * | (3.54)
sn’? @dn* B8 cn® & cn® B

Spherical (>0, 8 € (0,7), ¢ < (0,71/2)):
a 72
~ g (ot T ) R sk 7 s 9
2_1 2_1
x( :olsz ;+ :Tfp—;) (3.55)
Prolate elliptic I (ae(iK',iK'+K), Be(0K'),
¢ e (0,7/2)):
@ [k*snacn B—k' cn B dn B
=_E( k> cn® a+k'? cn’ B 1)
? Ki—% k-5
2MR2 dn* a sn’ B (cos ¢ sin’ (p)' (3.56)
Semihyperbolic (u),>0, ¢ € (0,7/2)):
1+ 2 +1+p
"R ( Myt po )
%2 k2— L g2 1
2MR2,u,1,u2 cos? :p+ siil2 q:) (3.57)

Elliptic-parabolic 2 (a>0, & e (0,7), ¢ € (0,7/2)):
a [cosh? a+cos? 9
R \ cosh? a—cos® &

PPN B T e S k|
+ m—i coth” a cot” I —7—‘p+ SI_ni_go- (3.58)
Here A; denotes the third component of the Pauli—Lenz—
Runge vector on the hyperboloid,”” i.e.,

au

1
A= o (LXK—KXL) ~ -y,
\/u71+u22+u37
u=(u19u2vu3)' (3'59)

The path integral for the Coulomb potential on A can be
evaluated explicitly in three coordinate systems; we will dis-
cuss this point below. In the prolate-elliptic II and the semi-
hyperbolic system no explicit solution is known.

3.2.1. Spherical and sphero-elliptic coordinates

The separation of the Coulomb problem in spherical co-
ordinates is similar to the sphero-elliptic one, and we have

K(Vz)(T”,T',19",'!9’,§D",(,D’;T)

T(,")=TI'
J' D1(1)
T(',)z’rl

e- i A2 W
=R7 exp — 5 2MR® "R

X (t”)—
X sinh? 'rf

I')=9

v ift”M
expg o 2

Qﬂ(t)s ﬁf (= “’.@ o(t)

R%(#*+sinh? 7(9%+sin? 9¢?))
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a h? 1
+ — coth 7— T 3 .
R 2MR?* sinh” 7 \ sin® ¥

d t] (3.60)

Nmax

= Eo 12‘6 lNEO e_iENT/ﬁ\PEV‘;fn)( 7,9",¢";R)
m=0 I= =

o
\Z —i 12
\I,}vlfn)*( 9,0 ;R)+ Jo dpe lEpT/ﬁ\I,Ll;l)

(3.61)

X (7, 8",0"sRYWO2D*(1 9" o' ;R)j :
The bound-state and continuum wave functions are given by

. “1aV
\pgvvlfn)(”’ﬂ,(P;R)=(smh 7) lsgv D(1;R)

F(l+)\ +1)

\/(z+)\, —

P (cos 9) ¢ (p),
(3.62)

‘I’L‘I"i)( T,’l?,(P;R):(sinh T)_IS;VZ)(T;R)
TN+ 1)
X \/(1+)\,+ B

P, (cos 9) 2V ),
(3.63)

with N\ =2m ¥k, Fhky+ 1, Ny=1+N\,+1/2, N=n+I1+2m
Fk;¥k,+2, and the wave functions (3.64) and (3.66), with
the same wave functions ¢f:k2‘:k‘)(<p) as in (3.21). The
bound-state spherical wave functions and the energy spec-
trum are given by '

V2.
Sy 2(7;R)

oAy +172

- Fi 2\, + %i
02~ T(F+n+ 1) T (oy+2,+ )
RN [(N—XA)T(oy—X\y)

172
X

1
X (sinh 'r)"ZH/ze_’("N_")zFl( —n,\,+ 5 +oy;

Iyt 1; ——— |, 3.64
2 1+coth 7 ( )

Ey=— ﬁZﬁLl M’ (3.65)

MR U 2MR? 2m2N? '
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Here we have abbreviated a=#A%/Ma (the Bohr radius),
oy=aR/N, N=N¥k,¥k,+2, N=n+Il+2m, N
=0,1,2,....Nyx<VR/a. The continuous spectrum has the
form

S(Vz)('T'R)= 2(12)(p—p)+rp+ 112 b sinh 7p rly _|_l
p al(2N,+1) N"283 272

1
(M+-——(p+p))

i
t5(=—p)|T
i
X(sinh 7)*2+ 12 exp[ T(E (F+p)—\,
1 1 1
3 X F )\2"‘2"'5(19 P))\2+"

) , (3.66)

i 2
— (- . +1: —
2 (PHp)20a+ 1, 1+coth 7

p=\2MR*(E,— ah*/R)/%, and E, is the same as in (3.27).

In the case of the pure Coulomb problem the angular
wave functions are just the spherical harmonics Y7* on RS
i.e., we obtain for the wave functions in this case

2 (7,9,0;R) = (sinh 7) 'Sy P(nR)YT (D, 0),
(3.67)

“’2’(7 9,0:R)=(sinh 7)~ IS(VZ)(T R)Y™(3,0),
(3.68)

together with the principal quantum number N=n+/[+1
=0,...N s <VR/@a—\;—1/2. In Ref. 25 it was shown that
S(V2)(7 R) and S(VZ)(T R) yield the correct radial wave
functions in R? as R—so.

The complete wave functions of the generalized Cou-
lomb problem on the three-dimensional pseudosphere in
sphero-elliptic coordinates are given by

\Iff,‘ll,f)( r,@,B;R)=(sinh? 7'snEfcnéfdnEv"snﬁcnﬁdn[?)_”2
xSy AmRE == (& B,
(3.69)

;‘;}‘)(T &,B;R)=(sinh? rsnacnadnasnBenBdnB) >

(3.70)

We note that in the pure Coulomb case the path-integral
evaluation is almost the same, with only minor differences.
The wave functions z:'.( b Ehy 1) are replaced by the
wave functions of the free motion on the sphere $P e,
together with the notation k,q==*1, h+h= I(1+1),

Eﬁ,:kl'tkz 1/2)( B)—’A (&)Alhq(’B) (3.71)

The quantum number A\, yields the usual angular-momentum
number / € N,. The discrete spectrum has the same form as

in (3.65), but with the principal quantum number N now
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given by N=n++[+1, thus giving degeneracies with respect
to the quantum number m. Everything else remains the
same.

3.2.2. Elliptic-parabolic 2 coordinates

In order to evaluate the path integral in elliptic-parabolic
2 coordinates, one first separates the ¢ path integration and

then performs a time transformation. This gives (A|=2m
Tk Fkyt+1)

KY)(a",a', 9", 9" ,¢",¢";T)
i - k2 N a
f 2MR R

B =9"
Xf 99(t)tanh a tan 9
(' y=9'

=R73 exp

fa(t )=a .@a(t)

a(t')=a’
cosh? a—cos? &
cosh? a cos? 9

—R?

(p(t”) ‘P o M
X Dep(t)ex f
J:p(t =g’ o(t) P[ % 12

(cosh2 a—cos? 9)(a -H‘)z)+s1nh2 a sin? 9¢?
cosh? a cos?® ¥

a cosh? a+cos® 9 N h2
R cosh? a—cos? &  2MR

9 k2_ % kz_ %
+
cosZ @ sin? ¢

5 coth? a cot?

N 2 cosh? a+cos? 9—1
8MR?  sinh? g sin® 9

d t} 3.72)

: 2
elflT/2MR

= —%7— (coth @’ coth a” cot §" cot 9”12

*ky,xk (£ky,*k
X 2 ¢ (g g, Y

19(1")=1?"
9" )=9'

a(,")za”
xX(e") Da(t)

a(t')=a’

NP cosh? a—cos? 9 i
t ——————————————————— —
() cosh? a cos? O exp fi
y f | M cosh?a —cos? ¥

¢ |2R?*  cosh? a cos? 9
(P4 a cosh? a+cos* 9

(a ) R cosh? a—cos? 9

%

2MR2 coth? a cot? ¥

#2  cosh? a+cos? 9—1
t (3.73)

+
8MR? cosh®? a—cos? 9

e—ihT/ZMR2

=—F (coth a’ coth a” cot &' cot 9")!2
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. E ¢’("+k2 k) ,,)¢(+k2 k)
—iET/% § a(s")=a"
(¢ )j 777 © f f Da(s)
a(0)=a’
8" =9" i "\ M .
xJ “O7 Grd(s)exp —Js = (@42
8(0)=9" fiJo[2

LN E Tk ik AR i Gt A |
2M \sin? 9  cos? &  sinh’a cosh? a K
(3.74)

where B2=1/4—2MER*#%?, and v?=1/4+2MR?*(2a/R
—E)/h?. The analysis of this path integral is rather involved
and requires the same Green’s function analysis as in the
corresponding two-dimensional case,*'* which will not be
repeated here in detail.

Let us note first that in the case of the pure Coulomb
problem we must set \,=|j|, jeZ, and the wave functions
in ¢ are circular waves, i.., ¢;(¢)=e"?/ 27, ¢e[0,2m).
Everything else remains the same.

To analyze the general case we proceed in exactly the
same way as in Ref. 35. For the discrete spectrum we expand
the % path integration in Poschl-Teller wave functions

(D;tl’ﬁ)(ﬂ), and the a path integration in the bound-state

contribution of the modified Poschl-Teller wave functions
l//();l l')(a) of (B.6). The resulting Green’s function represen-

tation G 2(E) of K\Y?(T) has poles determined by the

. disc disc
equation

2n;+N+B+1)=—(2n+ N, —v+1). (3.75)

Solving this equation for E, n,» We obtain exactly the energy

spectrum (3.65), with the principal quantum number N=n,
+n,+N+1=1,...,Ny., as before. The residue gives the
bound-state wave functions, which are therefore given by

e oy —N?
2 12
mn - (a,¥,¢;R)=(coth a cot I) RN

A, Ao *ky,xk
<yt (@) P (D), ),

(3.76)
where [¢fnik2'tk‘)(cp) is the same as in (3.21)]
vt (a) (3.77)

1
F'(1+X\))

X 2(v_)\1_2n1_I)F(nl+1+AI)F(V_nl) 12
nl!F(VIkz—nl)

X (Slnh a)l/2+)\1(cosh a)2nl+1/2—v2

XFy(—n,,v—n,;1+\,;tanh? a), (3.78)

o (D) =[2(B+ N +2ny+1)

Grosche et al. 504



Tt n t DL+ B+ 1)

1/2( sin 19) 124X\

X (cos 1‘))’3+'/2P£‘2‘ B)(cos 29). (3.79)
For the analysis of the continuous spectrum we must
insert the entire Green’s functions of the Poschl-Teller po-
tential (A.5) and the modified Poschl-Teller potential
(B.11). We then find the Green’s function GV2(E) in
elliptic-parabolic coordinates by considering the ds” integra-
tion in (3.74) with the solutions of the Poschl-Teller and
modified Poschl-Teller potentials, respectively. The result
can be put in the following form (cf. also Ref. 31 for more
details concerning the proper Green’s function analysis):

G(V2)(a”,a’,1?”,1?',(p",(p’;E)

=(R? tanh a’ tanh a” tan 9’ tan 9"”) " 12

(xky,*ky) (£ky,*ky)
X Y, girkeEk)(gny g ke =kl gy
m=0
1
(\1,7¥) (Ap.¥) (A .B)
><{5 2 U@t (@) Gy
np

X('ﬂ",ﬂ’;E')

E'=h2(2n,+\ +B+1)22MR?

1 )
T L kg™ (@ M IR (a1 GO

X(ﬂ",'ﬂ';E')

E'=-#2k2/2MR?

+[appropriate term with a and 9 interchanged]},

(3.80)

in the notation of (A.1), (A.5), (B.6), and (B.11), respec-
tively. Equation (3.80) also represents the Green’s function,
which corresponds to the path integral (3.72). Analysis of the
cuts gives the continuum states, which have the form (P2
=1-2MR*(2a/R—E)/#?)

\I’(V2)(a,1?,<p;R)=(R3 tanh a tan §)~ /2 (A1)

pkm k

X (@) P(9) g TR (), (3.81)

where
A,
¥ a)

~ F[%(1+)\1+iif+ik)]l“[% (1+)\1+ip~—ik)]
h T(1+\,)

k sinh 7k i
X —2—172— (tanh a)*!
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1+\ +ipHik 1+ —ip+ik
2 ’ 2 )

X (cosh a)*,F,

I—H\l;tanh2 a), (3.82)

¢ V(D)

F[%(1+)\1+ip+ik)]I‘[%(1+)\1+ip—ik)]
B T(1+X\))

/k sinh 7wk .
X T— (tan 0))\1—1/2((:03 0)1p+1+}\12F1

(1+)\1+ip+ik 1+N\,—ip+ik
2 ’ 2 ’

1+X\,;—sin? 19). (3.83)

The energy spectra are the same as in (3.65) and (3.27),
respectively. Combining the two results, we obtain the path-
integral solution of the Coulomb problem on A® in elliptic
parabolic 2 coordinates

K(VZ)(a”,a',1?”,1?’,@",<p’;T)

— 2 [ 2 e‘iENT/ﬁ\II(VZ) 2(a",19”,<p";R)1I’(V2)
m=0

mn.n mn.n
niny 1 112

X(a',®".@";R)+ fo dkfo dpe ™ Er Ay (72)

pkm

x(a",a",w";k)\l'(”’*(a',a',cp';R)]. (3:84)

3.3. A radial scattering potential

We consider the potential in its five separating coordi-
nate systems (k, ;3>0):

ﬁ2
2MR?

2 2
0_%_*_ 1 ki— %
- 2
uy i \ Ui+ uitu,

g-t | K-
+ = +—].
\/u1+u2—-u1 U

Spherical [7>0, ¥ e (0,7/2), ¢ (0,m)]:

Vi(u)=

(3.85)

ﬁ2
T 2MR?

ki L] 1 K- %
cosh? 7 sinh? 7 \ 4sin® & \ cos®(@/2)
)

cos? 9

k= %
et (3.86)

Equidistant-cylindrical [1,>0, ¢ € (0,m)]:

N Lk ko~ i
" 2MR? \sinh? 7, cosh? T,

cosh? 7,

g4
" sin2(<p/2)) ) ) (387)
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1 K-
+
4 sinh? 7, \ cos?(@/2)




Prolate elliptic [ae(iK',iK'+K), Be(0K’),
pe(0,m)]
A2 ki %
" 2MR?\  sn’ a dn? B
! -1 KB4
+ 4dn® @ sn? B \ cos?(¢/2) + sin?( ¢/2)
K-
4
to el B 58
Oblate  elliptic [ae(iK',iK'+K), Be(0K’),
pe(0,m]
h? ko= %
" 2MR*\ s’ adn’ B
1 ( K-% B4
Yol a ol B \ cos?(¢/2) + sin?( /2)
P (3.89)
dn? a sn® B/° )

Hyperbolic-cylindrical 2[ we (iK',iK'+K), 7
€(0K"), e (0,m]:

72 ( K2— %

" 2MR*\  cn? M cn’ v
1 K-% k-4
e u dn? v \ cos?(@/2) + sin?(¢/2)

K-
+ . .
dn? p sn? v (3.90)
An explicit solution is possible only in the first two coordi-
nate systems.

Spherical coordinates. In the first separating coordinate
system we have the following path-integral representation,
together with its solution [N ;=m+1/2(1Fk,F k), Ay=2I
Fhky+N;+1]

K(V3)(ull’ul;T)
_i 2
e ikT/2MR II) 7 2 0('")=1?n
=—— Dr(t)sinh* 7 29(1)
R t')=1' 81" )=’
. e(")=¢" i 2
X sin O @(p(t)exp R¥(#
e(t')=¢' 1!
) 2
+sinh? 7(9%+sin? 9¢?))— TR

X(— kz—%+ ! ! ki
cosh? 7 sinh® 7 \ 4sin®> 9 \ cos?(p/2)

k5= % B-i 1
+sin2(<p/2) VWt s )] |% (3.91)
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plm

uM 8

% (T”,ﬂ”,(P”;R)\I’(V"')*(t’,19’,§0';R).

plm

f de iE /ﬁ:\P(Vs)

(3.92)

The path-integral evaluation is performed by applying the
path-integral solution of the Poschl-Teller potential in ¢ and
9, and for the 1/sinh? r potential in 7. The spectrum is purely
continuous, the wave functions have the form

Y, (r,9,0:R) =S, " (r;R) ¢ (D)

plm
(xky,xk))| P
x¢ 2 1 (_)’

and E,, is the same as in (3.27). Here the wave functions
S*2%0) are the usual continuous modified Poschl—Teller
wave functions analogous to (3.25) with the parameters
(N\7,kp), the ¢§)‘1 ’ik3)(19) are the same as in (3.34), and the
wave functions ¢fn:k2’:k1)(<p/2) are the same as in (3.21)
with ¢— ¢/2 and an additional factor 1/v2.
Equidistant-cylindrical coordinates. The solution in

second coordinate system has the form (A\;=2m¥k,;¥k,
+1)

(3.93)

K(V3)(un ul, T)

e~ iRTI2MR? "= "=
—R3—'— ! 1@7’ (t)cosh2 fz 2

(t")= 1'1 1'2(1')=-r£

e(I")=¢ i ("M 2
X D1,(t)sinh T, @cp(t)exp - —R

o) =o' h 2
ﬁ2
X 1'-%+cosh2 1',(7"%+sinh2 T2¢2)—W
o B S L
sinh? 7, = cosh? 7, cosh? 7, 4sinh? 7,
K-% KB-%
X[ —24+ 22 1] +1 dt (3.94)
COSZE' smzf
2 2
= mkomd e iEp /g V3)
m§=:0 0 0 P pkm
X(7],73,0"; R)‘I’ﬁ,kf,,)*(ri,fé,cp’;R)-
(3.95)

The path-integral evaluation is performed by means of the
path-integral solution for the Poschl-Teller potential in ¢,
for the 1/sinh? r potential in 7, and for the modified Poschl—
Teller potential in 7;. The continuum wave functions have
the form (\; is the same as before)

ks, ik NpL.xk
‘I'(pk?,,)(Tl,Tz ¢;R)= S( 3')( 1R)¢( 1:%ko)
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xwﬁﬁﬁ”“%g) (3.96)

with ¢( k2250 512) as before, S( k3 (7 R) the same as

in (3.44), and 1//()‘1 *0) the same as in (3.93) with A y— X\,
7— 7Ty, and R= 1

3.4. A Stark-effect potential
We consider the potential (k,,>0)

2 k2_ L
V()=
4 4M\/uf+u§ \/u%+u%+u1

B-4
\/uzl + uz— uy
In its four separating coordinate systems it has the following
form:

Equidistant-elliptic Il [a e (iK',iK'+K), Be(0K'),
0]

+ (3.97)

R ki+k— %
Va(w)= cosh? 7 4MR? | k? cn? a+k'% cn’ B
o k12 1 k2
dia s’ B o

-5) &

k' k? sn @ cu a+k’ cn B dn B]

k? cn? a+k'? cn? B
+k3R sinh T. (3.98)

Equidistant-semihyperbolic (te R, p,,>0):

1\/ 1 1
di-g) 2+
(l 22 My Mo

Vi+u;
Mo

ﬁl
T 4MRZ cosh® 7 p,+ 1y

(\/1+Mf_
123

+(k}— k)

+k3R sinh 7.

(3.99)

Egquidistant-elliptic-parabolic ~ [reR, a>0, O

€ (0,7/2)]:

= ; + =
2MR? cosh? 7 cosh? a—cos®> & \sin> & = sinh? a

+ k3R sinh 7. (3.100)

#? cosh? a cos? 9 ( K- k- %)

Egquidistant-cylindrical [T, e R, 7,>0, ¢ € (0,7)]:
~ 72 Ki-i ki
8 MR? cosh? 7, sinh? 7, \sin®(@/2) = cos*(¢/2)
+ k3R sinh 7. (3.101)

Because there are only four observables, the potential V4 is
only minimally and not maximally superintegrable on the
hyperboloid. However, its flat-space analog Vs5(x) is maxi-
mally superintegrable, and we have nevertheless included V,
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in this section. Unfortunately, the path integrals in all coor-
dinate systems are not solvable, and we give no further de-
tails.

4. PATH-INTEGRAL FORMULATION OF THE
MINIMALLY SUPERINTEGRABLE POTENTIALS ON
A®

In this section we list our findings for the minimally
superintegrable potentials on A®). They include the follow-
ing:

1. The class of potentials which are the analogs of the
minimally superintegrable potentials in R? (Refs. 16 and 33).
For instance, the potentials V5 and V¢ correspond to the
double-ring-shaped oscillator and the Hartmann potential in
R?, respectively. The four potentials that have been found
are discussed in some detail.

2. The class of potentials which correspond to the group
reduction SO(3,1) D E(2), i.e., which are superintegrable in
R? (Ref. 33). Here the results of Ref. 33 will be used, and the
problem of self-adjoint extensions for Hamiltonians un-
bounded from below is briefly mentioned.

3. The class of potentials which correspond to the group
reduction SO(3,1)DS0O(3), i.e., which are superintegrable on
5@ (Ref. 34). In our list we have chosen for convenience a
dependence according to llu(z,, but any function F=F(ug)
admits separation of variables.

4. The class of potentials which correspond to the group
reduction SO(3,1)DS0(2,1), i.e., which are superintegrable
on A® (Ref. 35). In our list we have chosen for convenience
a dependence according to l/ug, but any function F
=F(u3) admits separation of variables. Because the features
are repeating themselves, all those potentials can be treated
simultaneously.

4.1. Analogs of the minimally superintegrable
potentials in R3
4.1.1. Double-ring-shaped oscillator

We consider the minimally superintegrable double-ring-
shaped potential Vs on A® (k;>0),
ui+ud+ui A2

\%4 (u)=£ w?R? + —
¥ 2 ug 2M

K—5% F(uylu
X( 3 2 r (uy/uy) ’ “.1)
u3 +u;

which in the five separating coordinate systems has the fol-
lowing form (¢ with the appropriate range):

Spherical [7>0, &€ (0,7/2)]:
ﬁ2

Vs(u)= M ®?R? tanh® 7+ —————
B 2 2MR? sinh? 7

kg— i F(tan @)
X +— 4.2
(cos2 & sin’ & (42)
Equidistant-cylindrical (1,,>0):
ﬁ2
=— - +
(1 cosh? 7, cosh? 'rz) 2MR?
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K—% F(tan ¢)
X . 4.
(sinh2 T *+ cosn? 7, sinh? 7, (43)
Prolate elliptic [a e (iK' ,iK' +K), Be(0,K")]:
M 222 1 h?
2 ¢ " sn’adn’B/ 2MR?
k5—%  F(tan
23 42 + (2 42]) . (4.4)
cn“acn“f  dn“asn‘B
Oblate elliptic [a e (iK',iK'+K), Be (0.K")]:
M 1 #?
Ty I _
7 oR (1 sn’a dnzﬁ) 2MR?
k3— %  F(tan @) @5
dn’asn’B  cn’acn’B)’ 3)
Hyperbolic-cylindrical 2 [ e (iK' iK' +K),
7ne(0.K")]
M fi2
_Y apa| g _
7 ok (l K*cn’u cnzv) 2MR?
kK5—3  F(tan @) "
dn’usn’y | sn’udn®y)’ (4.6)

An explicit solution is available in two coordinate systems,
and we have the following path-integral representations, to-
gether with their solutions:

Spherical coordinates. In spherical coordinates the so-
lution is not very different from the solution of the general-
ized oscillator on A®, the only difference being the ¢ de-
pendence. Hence we obtain [A,=2/*k;+Ap+1, v?
=M?w?’RY%2+1/4, n=0,...N,<(v—\,—1)/2]

K(V5)(u",u’ ,T)

. 2
e iRTI2MR J (") =7" I(")=3"

i o Dr(t)sinh? 'rf o D9(1)
Wt')=7 #1')=9
. (l" — l ” M X
Xsin 9 | = De(t)exp) = f’ — R¥(#
o(I)=¢' fiJir|2

+sinh? 7( 92+ sin® 9¢%)— »? tanh? 7)

. w K—i Flang)—3 1))
IMR? sinh? 7 \ cos? 9 sin®> 9 4
4.7)

[}

N’l
—i \4 4 ” Vs)
— J dE)\l=20 l ZO e IENT/h\I,;I:)(T; ,19",(P ,R)\I’;IZ
. ” —iE, Ty (Vs)
X(T’r0,9¢’7R)+f0 dpe Ep \I,pl)\

X(7'/,,1?”,(,0’;R)\I,;‘l/i)*('r’,’l?’,(P’;R)

4.8
The bound-state wave functions and energy spectrum( arg
given by (N=1+n)
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W) (7, 9,0;:R)=(sinh’ 7 sin 9)” V252"

ANin
X(1;R) oM () o (@), (4.9)
2
Ey=- TR [(2(N+1)*ky+Np—v)?—1]
M
+o w’R?. (4.10)

The scattering states and continuous spectrum are
Y9 (7,9,0:R)=(sinh? 7 sin §)~ 250"

pIN
X(1;R) M= (9) (P (), (4.11)
2

E = (p2+1)+ﬁw2R2 (4.12)
PT2MR? 2 ) ’

Here the wave functions gbiF )(¢) are the eigenfunctions cor-
responding to the potential term F(tan ¢) with eigenvalues
E\=h2\Y2M, the ¢F'**(9) are the same as in (3.34)
with A\;—Ap, and the wave functions Sfl)‘z’")(T;R) and
S;)‘z’v)(T;R) are the same as in (3.35) and (3.37), respec-
tively.

Equidistant-cylindrical coordinates. Here (A =2/
+Ap—v+1, vV =M*0’RYA*+1/4)

K(VS)(un’ul ,T)

i K2 M (" =1"
=R73 ex [——T(———-+—R2w2)}f ! 1
P75 "\2MRZ™ 2 =7,

(")="1

X D7(t)cosh? 'rlf 2 Dry(1)sinh 7,

7o(t =7,

"M=o" 1 " M
xf“’( ’ "’_@q;(z)exp[—J' M 2
o) =¢’ koo

3 2+ cosh? 7,
w? ) h?

><(7'-§+sinh2 ¢ + ~ SR

cosh? 7, cosh? 7,

K4
g ) L

(4.13)

y 1 F(tan @)— -;-+ 1
cosh? 7, \ sinh® 7, 4

N

Nl n
—RENTIBAY(VS) 0 1 . (Vs)
<, © RENTIRp (T Ty 0 s RYY

=de*[Zﬁ

X (7] ,T§,¢’;R)+JO dpe™ E TR U7 1 ¢" R)

Nn

n

XWV* (2 1t o'R)

® * —iE, T/ (Vs)
pix +jo dkfo aper e \I,pki

X (7,75, ¢ s R)W D* (o] 75 ,<P’;R)] :
(4.14)

Again, we have similar features as for the general oscillator,
and therefore we have one set of bound-state wave functions
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TABLE III. Minimally superintegrable potentials on A®): analogs of three-dimensional flat space.

Potential V(u)

Coordinate systems

Observables

W+ u§+ u;  h? Spherical

1
M K= 3 F(uyluy)
_ ap2
Vs(w) 2 ek u(z, +2M( u% M uf+u%

Equidistant-cylindrical

hmgors (KL +Vs(), Ly=537 L3+ F(tan ¢)

Prolate elliptic
Oblate elliptic

Hyperbolic-cylindrical 2

Spherical

a uo
Viu)=— = | ==—"1
o R(\/uf+uz+us2 )

72 U u
+ — |75 A 8 2+F(—2)
2M(uy+15) \ Jud+ i+ U

Prolate elliptic II

1L2 A2 (k2 i F(tamP))

& =7A7 2M \ cos? 19 L)
o? #2 F(tan @)
2 2 i
l=om (K +Ky- Ly~ 2 cosh®r,  2M 7, sinh® 7,

1 1
]1=W(K2—L2)+V6(u), ll—mL +F(tan @)

1 2, B #? F(tan @)+ Bcos &
——
2M sin® 4

1 1
sinh? f=k'Yi2 Semihyperbolic I=5 i(cosh 21— 5 sinh 2 f ({K».Li}—{K, ,Lz})]
k*sna cna—k’cnB dnp
@ en?a+ k' Zen’B
N h? F(tan(@)+1 k'? 1
M \ Benla+ k' 2cn?B \dn’a  sn’B
k' k*sna cna+k’cnBdnB
&~ Kenla+klcen’B
1
Vo (u)=F(ul+ui+u3) Sphero-elliptic ll=m( 2—L2)+V,(u)
+ﬁ2 kg__+k%_%+k%ﬁl+k§—l Spherical 1 ! L2+ i k%_% ké_%
— - eri = — | —t——
2M ug u us ul =2 272M 73" 2M \cos? ¢ ' sin’ @
L=-—L2+ A (—2—-—1 —T—k2—4+—rk§—l +—;—-k§—%
oM 2M \sin® 9 \cos* ¢ = sin’ @/ cos®
1 #?
=— (LM+KL))- — — | | k]—— —
Cam 2 aMRen?a+k'2en?B) \\ | 4/ \ @
k2
- dn25
k2 k_lz_ K k2_1. k_lz .
4)\co’a dn?B "4\ a2z B
w k-3 Horicycli = (R L) 4 Vy(u), L= 5= P2 +2Mwixi—Ax
Va(W)= ot —— —onicycle T2MR s\ LT ’ri—Ax,
u
24 424 2 1
+£ @ 2+w2R +4u,+‘:42 Auy S » ' 1, M \a B2 k%——
2 \(ug—us) (ug—u3) (uo— u3) Semicircular-parabolic ;= M Py, 2 wxy+ 2MT
h 9
P15 i=12 1= M ({L3,K+ Lo} +{K3,K;—L4})
1
§2n22a(§2+7}2)+>~(§“ 7%)+ Mo’ (£+7°)
2 £+

and two sets of scattering states. They are given by [n
=0,..N,<(\y—k3—1)/2, 1=0,.N;<(v—Ap—1)/2]

\I’;‘;:)(Tl,T2,(P;R)=(COSh2 Ty sinh 72)_1/2S£ik3 A2)

X(r R () d P (@), (4.15)
pk)\('rl,rz,q),R) (cosh2 7, sinh 7))~ 1/2S21k3’)‘2)
Afs
X(r RPN () dP(9),  (4.16)
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‘P;nf (71,72,9;R)=(cosh? 7, sinh 7,)~ 1/2S(+k3 k)

X (RPN (1) (). (417)

The wave functions «//( FoY)

(7,) are the same as in (3.20) and
(3.30) with =k, —\r and m—1, respectively. The energy

spectra Ey and E, are the same as in the previous paragraph.
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4.1.2. Hartmann potential

The next potential represents the analog of the Hartmann
potential Vg in R3 (Ref. 33). We consider

Ve(u)=— 2 ( "

1
R \/u71+u22,+u§ )

h? u u
+ — ZB; 2+F(—2),
2M (uytu3) \ ul+ui+u? uy
(4.18)

which in the two separating coordinate systems has the fol-
lowing form (¢ with the appropriate range):
Spherical [7>0, 3 (0,7/2)]:

a
Ve(u)=— R (coth 7—1)

+ A2 F(tan @)+ B cos &
2MR? sinh? 7 sin® 9
Prolate elliptic Il (ae[iK',iK'+K), Be(0,K")]:

(4.19)

@ [ k*sna cna—k'cnBdnB
R\ Klcnlat+k'%cn’B
S X F(tan @)+1 k'? 1
LYY YA ey 777 T Ig
4AMR* \k“cn"a+k'“cn’B \dn“a sn’B
k' kK*snacna+k’cnB dnB
k  kcn’a+k'%cn’B

(4.20)

We treat only the spherical case with F(tan ¢)=17. Then we
obtain the following expression, together with y=|g|, A%
=n’+yxB, Ny=m+ (A, +\_+1)/2, pe[0.27):

K(V6)(TII,TI’,ﬂ",ﬁl,‘P",(Pl ;T)

=R™3 €xp

i #? @ (")=7"

- - _ s 12

7 T(W+ R) JT(’,)=T, =@7’(!)8111}'1
¥ n)=0" . II)= ” l
X7 f 7% 29(1)sin © f 2 re(t)exp] -
et )=¢’ #i

¥')=9'

I M
X
t,

= RA(#+sinh? (97 +sin”> 9¢2))

N a " A2 y+B— %
R "7 SMRZ sinh? 7 \ sink(972)
y—B-% 1
+ m— Z) dt] (4.21)

nlm

o ] Nn
= 2 2 [ E e_iENT/ﬁ\II(V6)( 7,9, ¢":R)
m=0 [=0 | n=0

X‘I’(Vé)*(T’,ﬂ',gD’;R)'f‘f dpe_iEPT/ﬁ‘I’(V6)
0

nlm plm

plm

X(7"','8”,<p";R)‘I’(V6)*(T’,ﬂ’,<p’;R)]. (4.22)
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The path integration in & is of the Poschl-Teller type,
whereas the path integration in 7 is essentially the same as
for the Coulomb potential. Therefore, the wave functions for
the bound-state and continuous spectra are given by (n
=0,..., N,<\R/a=\,—1/2; a=h%Ma is the Bohr radius)

‘I’(V°)(T,19,¢;R)=(sinh2 7 sin 9) " V28,(7;R)

nlm
e ) eim(p
X " U(D) =, (4.23)
¢ ( V2
‘I’;‘;,f,)(’r,i?,(p;R)=(sinh2 T Sin 19)—1/2511(7_;1?)
ime
X g (9) (4.24)

e

M MDY =[ (204N, A

NC+N,+N_+1) vz
1) (1N, ]

TU+N, +DL(U+A_+1)

12+ 1/24+N _
“’) *( Y phe A0

X !

sin — cos —

2 2

X(cos ), (4.25)

with the Coulomb wave functions Sy(7;R), S,(T3R) as in
(3.64) and (3.66) and the energy spectra (3.65) and (3.27),
respectively. In the limit R—o the flat-space limit is
recovered.>%%%7

4.1.3. Generalized radial potential
We consider the potential (kg ,3>0)

V7(u)=F(ul+u2+u3)+2—A—j —7-" u%
k2_ 1 kZ_ 1
R (4.26)
2 2 >
Uy ujz

which in the two separating coordinate systems has the form
Spherical (>0, 9 e (0,7/2), ¢ e (0,7/2)):

2
V,(u)=F(sinh? 7)+

o1 1 (K-3
sinh? 7 \ sin’ 9 \ cos? ¢

2MR?
k) K-4) K-d
+ sin? ¢ + cos2 9/ cosh? 7|’ (4.27)
Sphero-elliptic (>0, @e (0,K), Be (0,K")):
2 1 ki1
= F(sinh?7) + . .
2MR? \ sinh? 7 sn’adn’B
G-t K-t B
et | - —— |- (4.28)
cn’acn’  dn’asn’B] cosh? T

This potential is the analog of the minimally superintegrable
potential V,(x) in R? (Ref. 33). We have the following two
path-integral representations for KV~ (u”,u’;T):
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Sphero-elliptic [\,=2(m+1)*ks+\,+2 (I,h as in
Sec. 3.1.2)]:

: 2
_ iR TI2MR f A=
R3 w')y=7

II)

97(t)sinh? L . Fa(t)

f‘" = ”@ﬁ(t)(kz -
A=

"

= i
+k'2 cnzﬂ)exp{ﬁ f — R*(#*+sinh? 7(k? cn’a
'l

. 2 ki— <

12 22N 20 A2Vy_ _ __o 4

+k'" en"B)(a "+ B7))—F(7) 2MR2( coshZ 7
k-4 K- K-

=+ =|]|dt
* Sinh? (sn @ dn’p ? Za sn’p

= +
cnacn’B ' dn

=(R? sinh? 7' sinh? 7’ sn@ cn@’ dn@ snf' cnf’

XdnB' sn@’ cn@’ dn@’ snB’ cnfB’ dng’)~ 2 (4.29)
X 2 l—l(+k1 *ky, k3)( &",B )Ef':kl yEky, Fky) %
X(E,E’)Kﬁ,‘;”(f’,r';r). (4.30)

Spherical (N =2m~¥k;Fky+1,\,=21Fk;+ X\, +1):

e iRTI2MR? )= "=
= f r(t)sinh? Tf 29(1)
R H')=7' 9')=0'
. (")=¢"
X sin ﬂJ‘P ) ¢ .@(p(t)exp[ Z f R*(#
o) =9’ 1’

+sinh?r(9%+sin? 9¢%))— F(7)

52 ( 1 ( 1 {kf—-z- k%—% 1)

" 2MR? \ sinh? 7 | sin? 1‘}\ cos’ ¢ sin® ¢ 4
k=% 1) ko*Z”d
+ cos2 9 4] cosh® 7/ |# (4.31)
e~ iRT2MR?
== (sinh? 7' sinh? 7 sin &' sin 9") " V2
X 2 R OV e O ')2 gtk
X(9") g =R (@)K (7,7 ), (432)
with the remaining path integral K 5;7)(T),
M= " M
Ko7', T)= J ~ %(t)exp[ f’ 5 B*7
t
B2 (M=
~F(D - SR (sinh2 T
44
- m dt|. (4.33)
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The wave functions ¢( k2.4 4) and ¢(x' =43 9) are the
same as in (3.21) and (3 34), respectively. This path integral
cannot be further specified until F(7)=F (sinh? 7) is known.
The special case F=0 is trivial.

4.1.4. Analog of the Holt potential

The potential Vg can be considered as an analog of the
minimally superintegrable Holt potential V¢(x) in R? (Refs.
33 and 34) (a,\,w>0):

A2 k3~ % « M , R2+4ul+uj
Va(w= 2M i} +(u0—u3)2 2 ug—uy)®
il (4.34)

(uo—u3)*’ )

In the two separating coordinate systems it has the form
Horicyclic (x,,y>0, x, € R):
2 .
M
Vg(u)= %2- at— 0*(4x3+x2+y?)—\x,

ﬁ2 k2_l
+y2 2 (4.35)
Y IMRT T '

Semicircular-parabolic (¢,7,0>0):

A M
g a(&+ 9 - 5 (' =€+ = 0™+ 7%)

= RZ §2+1]2
M A2 k5— L
+ ? w Q2+m Q (436)

The effect of the x, and @ path integration in both cases
(x2,0>0) is that in separating the corresponding variable
the quantity a is shifted by the additional quantum numbers.
The resulting path integrals in the variables (y,x,) and (&%)
separate, but only the former can be evaluated. Indeed, we
have already solved almost the same path-integral problem
in Ref. 35. The solution in horicyclic coordinates then has
the following structure (z=x, — \/4M w?):

K(Vs)(u”’ur;T)

lfy(t”)=y" Dy(t)
——

R’ y)=y" Y

i (M x2+y? y? M
XeXp["'ft [—RZ—X——y— at = o?
ll

(")=x"
N 0)

x(t")=x'

fi 2 y2 R? 2

== dt] (4.37)

_2Mow I

@ 2 my | (k)
~ 55 (x3°+x7 ))Ll 2
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Mo Mo 2Mw\?
T (k)T m2
X( Rt )L" ( A )‘Z)ENO( wﬁ)

1 " 2Mw , 2Mw "
Xgmmt A\ N3~ 2 [Hnl V572

_ ﬂ (Z/2+ZIIZ)}JY(’")=Y” @y(t)
ﬁ y

Xexp, =y’ y
X exp 121: f'”(R2 x2:y2_%27
X(Ea'w,)\+w2y2))dt], (4.38)
where E, ,, , is given by
Egor=atho(2m+2l*k,+2)— g]l% (4.39)

A path integral like this was calculated in Ref. 26; here we
must distinguish two cases, first, where E, >0 and, sec-
ond, where E, ,<O. In the first case only a continuous
spectrum occurs, whereas in the second case bound states
can exist, with the number of levels given by n=0,1,..., N,,
=[E 4 o2/2hw—1/2]. According to Ref. 35, we therefore
obtain the following path-integral solution for Vg(u) in hori-

cyclic coordinates (v= —i\2MR?E/R*—1/4):
K9 (" u';T)

%

1 0
== 2 Ua(x)Ua(53) 2 Y6 (]
0 m=0

L
f d_E e—iET/ﬁF[ 2 (1+V+E”"‘””‘/ﬁw)]
R 27i Vy'y"hel (1+v)

Mo ,
XXW_g, 2o 77 V> M-k, , 0000

(4.40)

® N"
(Vg) ’. (Vg)
-2 [2 W, (X155, RV

I,m=0 | n=0

plm

X (x] % ,y’;R)e"'E"T”'+J dpwre
0

X (x7 x5 ,y"; R)‘PL‘I/:I)*(xi X ,y';R)e'iEpT/ﬂ]. (4.41)

The bound-state wave functions have the form

PV, x0,3R) = Y (33 R) (1) P1(32),
where
_\/2n!(|Emw,>‘|/ﬁw—2n—1)y
Ynly:R)= RT(|Eqonl/fiw—n)

Mo |Ea’w'>\|/2ﬁw—n~ 12
2
A ) )

(4.42)

X
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Mo .
X exp —ﬁyz)L(lE"v“’v*"ﬁ“’ 2n—1)
Mo
X(——ﬁ 2), (4.43)

'pm(xl):

wo | ([
wh22"(m!)? Hy f
A Mo A2
X|xi= gz Jexp| == | xi—go7) |- (4.44)

\/ZMw ! Mo , ka2
W)= N F(l+k2+1) 2\ 72

Mo Mw
(k) 2
ETa xz)L ( % x2) , (4.45)

with the discrete energy spectrum

ﬁz ﬁ2 |Ea,w,)\| 2 “
SMR? 2MR’\ ho n=1/.

Xexp| —

E,= (4.46)

The continuum wave functions and the energy spectrum
have the form

plm (-xla-xZ »Ys R) ¢p()’ R)¢m(xl)¢l(x2) (4'47)
R)= fi psinh'rrprl -
UR=Nyre 722k |2\
Etz,w,)\ Mow
+ ho W_k, oa2hoip| 7 7 y?
(4.48)
E, = w 2+1 4.49
r~2MRZ\P T a) (4.49)

and the ,,(x,),¥,(x,) are the same as in (4.44) and (4.45).

4.2. Minimally superintegrable potentials from the
group chains SO(3,1)D E(2), SO(3,1)280(3),
and SO(3,1)DS0(2,1)

While in the previous section we presented the mini-
mally superintegrable potentials which are the analogs of the
R3 case, there are several potentials which emerge from the
group structure of the three-dimensional hyperboloid. They
are as follows:

1. There are four potentials which emerge from
SO(3,1)DE(2), i.e., the four maximally superintegrable po-
tentials in R? are contained as minimally superintegrable po-
tentials on A®. The four potentials in R? are the oscillator,
the Holt potential, the Coulomb potential, and a modified
Coulomb potential.

2. There are two potentials which emerge from the group
chain SO(3,1)DS0(3), i.e., the Higgs oscillator and the Cou-
lomb potential on the two-dimensional sphere. However, the
case of the Higgs oscillator is already contained in the po-
tential V;, i.e., a generalized radial potential.

3. There are five potentials which emerge from the group
chain SO(3,1)DS0(2,1), and all superintegrable potentials
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TABLE IV. Minimally superintegrable potentials on A® from the group chain SO(3,1)DE(2).

Potential V(u) Coordinate systems Observables
M u?+u? 1
=F(uy— — Horicyclic I=——= (K>~ L})+V
Vo(u)=F(ug—u3)+ i m Horicyclic 1 ZMRZ( )+ Vo(u)
L8 (85 B3 L Mo, W RS
tom —2— _—2”‘ Horicyclic-cylindrical L= 2MP 2 wx'+2M_x%—
ho 1,2 Horicyclic-elliptic I d P2+ 2+ Bk q
I S N i - L -
Py, i ox,’ =1, Y P! oM = 2 Y X2 oM xzi
1 1
LS kK- k3
4—2M 2M cosi sin7<p
M 4u2,+u§
= - — w? Horicycli = L)+
Vidw)=F(up=u3)+ 5 w (io—12)? Horicyclic h=5ge (K°—L9 Vo(w)
1
kyuy +_ﬁ_2__k§—2 I,= M P2 +2M w’x]+kyx,
(ug—us)®  2M u%
1
Ao 1 M w2 B3
. _— . 2 M,
=— =1, . _
P = prlll 12 Horicyclic-parabolic L=s Pt > Wi+ W
1
I= 4M{L3J(1+L2}
| MO of 2k 7+ §)(et+ untm
2(8+7)
V() =F( P ! Horicyclic-cylindrical Iy=m—s (K2 L)+ V(1)
w)=F(ug—us)— oricyclic-cylindrica = 1
1 0T U3 muo’ua Horicyclic-cylindrical IMR
Pl lic-elliptic 1T e amk ki‘%)
Horicyclic-ellipti
AM (ug—us)? \/u§1+u22 oricyclic-elliptic L=2m 13" 31 \ cos’terd) T siner2)
k-3 K- 3 Horicstiic oambal 1 , 3 (k’— K )
+ oricyclic-parabolic Li=—[(K,+L;)*+(K; + =
e U s S Horieyelte-pansbolic 3= (Kt H KoL 1= 5+ gy ooty + sl
1 1 L2\ 7 2
14—W{L3J’z}+"§'— —0(5—7))+(2 2k1)g+(2k2
)4
a 1

Vig(w)=F(uo—us3)—

Horicyclic-mutually parabolic I,=

Vui+uj ko= 43
ﬂl\[\/uzﬁ- u27+u,+32‘/\/uzl+u27 u,

2(up—us) ’2\/14,+u2

s (KP— L) +V (u)

1
2
Iy=527 Py+F(RIy)
a(A—p)+B,uN— B
Atu

a(é—n)+(By+ By) nVER2— (B + Bo) ENn/2
£+

1
13=m {L;,P}—

14=m{’~3- 23—

on A® are minimally superintegrable on A®; these include
the Higgs oscillator and the Coulomb potential.

In all cases the (path-integral) solution is very easy.
First, one can separate the underlying, two-dimensional, su-
perintegrable, potential term. In the first case, the remaining
path integral is a path integral in the horicyclic variable y in
the Poincaré upper half-plane .%, say, and in the second and
third cases one is left, for instance, with a modified Poschl—
Teller or Rosen—Morse path integral. The specific form de-
pends, of course, on the remaining ‘‘hyperbolic radial’’ po-
tential, which can be chosen arbitrarily. It must be noted that
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in the cases of the Coulomb potential on S® and A the
problem of self-adjoint continuation arises from the negative
bound states; this problem will be discussed in detail else-
where.

The following tables summarize our determination of the
minimally superintegrable potentials on A due to the
group structure of SO(3,1). We omit any details concerning
the solution, and the interested reader is invited to consult
Refs. 33-35 to check the solutions of the corresponding two-
dimensional systems, in order to obtain the solution on A,
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TABLE V. Minimally superintegrable potentials on A’ from the group chain SO(3,1)2SO(3).

Potential V(u)

Coordinate systems

Observables

1 2_ 1 1
M uitu) wz 7 [Ki—7 k5~ 4)  Sphero-clliptic 1,= K2—LY)+V
'(u) = t——_—— P! =555z ( ) 7(“)
Vi(w)=F(uo) 2 2—}—1,424-u3 ul 2M u? + u? 2MR
A? IMZ‘”IR‘HLI Spherical b= L2+ w1 K3 Bod) B
= - erical = — | = + +
2 4 2PRenes oM 2M \sin®> dcos’ ¢ sin’ @/ cos’
1 1
N i k3
¥ oM 2 \cos’ @ sin’ @
1 #? 1 1
I,=— (L4 KLY - — || £2- =
Com ! ? 2M(Ken?a+ k' 2cn’B) Y4\’
k? 1\ [ k% k? 1\ k2
——=|+| K-~ —— —— || \2= =
dn’g 4/\cn’@ dn’g 4]\ dn’a
1
snzﬁ
1
— _ellintic* —_— 2_7y2
Vis(w)=F(uo)— 2+M L m Sphero-elliptic I, 2MR2(K L%)+V 5(u)
e K- g K- 3 S s B-3 K- )
pherical Lh=—= L3t o= \=>5—x+ —2—
4M\/ul+u2 \[ul+u2+ul Vul+ui—u, P 2M 7 8M \sin¥(¢/2) * cos(@l2)
PRIV N .k Bk
3Tom T YT Barsin® O \sin(g2) | cosi(@/2)
1 (1
Li=537 (— sin 2 f{L,,L3}—cos 2fL§)

kzk’sn @ snBdnB— (k2+k'2 cn?B)ksn @ dna
k% cn’a+k'%cn? B

h2
+ — =
2M (k*cn®@+ k' *cn?B)
5 ( (©+8- ) k23— Kk sn dn

cn’a
2 2
(k,+k2—
+

%) K+ (K2 —k2)k snB dnf
B

*After an appropriate rotation, sin® f=k>

5. SUMMARY AND DISCUSSION

The purpose of this paper has been to present a compre-
hensive discussion of superintegrable potentials on the three-
dimensional hyperboloid A®. It has included an enumera-
tion of the coordinate systems on A as known from the
literature, a systematic search for maximally and minimally
superintegrable potentials by appropriate generalizations
from Euclidean space, a statement of the constants of the
motion (respectively, operators), and in the soluble cases an
evaluation of the corresponding path-integral representation
in order to find the quantum-mechanical propagators, the
Green’s functions, the discrete and continuum wave func-
tions, and the energy spectra.

In the enumeration of the 34 coordinate systems in Sec.
2 we have followed Refs. 52 and 75, supplemented by the
corresponding Hamiltonian and the form of the correspond-
ing separable potential, and several rotated coordinate sys-
tems, i.e., the sphero-elliptic rotated, the equidistant-elliptic
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rotated, and the prolate-elliptic rotated. These rotated sys-
tems correspond in their respective flat-space limits to
sphero-conical II, cylindrical-elliptic II, and prolate-
spheroidal II coordinate systems, which in turn contain as
additional degenerate systems the respective parabolic sys-
tems. However, for the complicated two-parameter systems
XXIX-XXIV hardly any statement and usage could have
been made.

In Sec. 3 we presented our results concerning the maxi-
mally superintegrable potentials on A®. These are the (gen-
eralized) Higgs oscillator V(u), the (generalized) Coulomb
potential V,(u), and a specific scattering potential V;(u).
The potential V,4(u), which is only minimally superinte-
grable on A®, has been included in this section because its
flat-space analog in R® is maximally superintegrable.

The Higgs oscillator and the Coulomb potential have
been discussed in some detail, first for the pure oscillator and
Coulomb case, and second with additional centrifugal terms
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TABLE VI. Minimally superintegrable potentials on A® from the group chain SO(3,1)DS0(2,1).

Potential V(u) Coordinate systems Observables
M w? uf+u§ . 3. A 1
Vi (w)=F(u)+ — Equidistant-elliptic _ 2_12y4 =K 4+ K2— 12
1o (#3) 2 ug—uj—uz ug Equidistant-hyperbolic I 2MR? (K-LO+Viw),  L=Ki+ K3~ 1,
N i % 4 Equidistant-cylindrical I L3t 5 (kz_— k;_:—‘)
wm\ Tt T quidistant-ylindrica 21 20 oty ST e
1 M R fzz K3
uidistant K2—
Equidistant L= M k- 2 cosh? T 2M sinh? 7
— = a 4o . . 2_ 2 x2_g2
V'S(u)_F(u3)__uf,—uf—u§ Npr: 1| Equidistant-elliptic* h=5 (K~ L)+Vs(w), L=K}+K;—L2
1
L K- 3
4M\/uf+u% \/uf+u%+u,
k-4
o
\/uz,+u2§—ul
= 124 il k. + ik
Equidistant-semihyperbolic 3—m' 3T M W W
2
Equidistant-elliptic-parabolic I= {Kl Li}—aR It vl ta, ﬁ_ !
Equidistant-cylindrical am Myt pn AM py+p,
1 vi+ Vi+
B+ ie— —)(ﬂ+—)+(k2 k’)( “‘———-—ﬁ)
2/\pm2 ® 7%}
1
Vie(u)=F(u3)+ _)2- Equidistant-semicircular-parabolic lFm(Kz—Lz)*‘Vns(“), L=K{+K3—L3
M ud—ul+3ul Uy
+ — 0)2 2 3
2 (uo—uy) (uo—u,)
1
Equidistant-horicyclic L=5p7 (Ki—Ly) 2+ a+2M '’ — Ax.
1= 4M({(K‘ K2)—{K3,Ls})
§2 2 M
a(@+p)+ 5 (§2 1)+ = &+ 1)
§7 7 2
M o h2 K~ %  Equidistant-elliptic-parabolic e (K= L)+ Vo), =K+ K2 L2
Vi(W=Fu)+ 5 oe—psr+ a2 Equidistant-hyperbolic-parabolic ' 2MR’ H, fa S TR
Equidi 1 bol L3 ;2—%
idistant-semici - i —_—
Equi semicircular-parabolic  /,= 2M =— (K,—L;)*+ M 2
Equidistant L= K2+ ﬂ 27,
Equidistant-horicyclic o Kt g e
a u . - . 1
VIS(“):F(“J)"'mm Equidistant-semicircular-parabolic 1,=W(K2—LZ)+Vls(u), L=K}+K3—L}
7 (1 1
I,= ({Kl Ko} —{K,.L 3})+‘1R?_ 27
Equidistant 1= K 2

*After an appropriate rotation, sin® f=k>

which do not spoil the property of maxima superintegrabil-
ity, as in the corresponding cases in R* and on $®. The
energy spectrum and degeneracy of the levels was also dis-
cussed.

In Sec. 4 we discussed the minimally superintegrable
potentials on A®. We have found the four analogs of the
flat-space case, in particular, the ring-shaped oscillator, the
Hartmann potential, a radial potential, and the Holt potential.
The remaining minimally superintegrable potentials emerged
from the subgroup structure of SO(3,1), i.e., we had to take
into account the group chains SO(3,1)DE(2),
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S0(3,1)DS0(3), SO(3,1)DS0(2,1), which gave rise to four,
one, and five new minimally superintegrable potentials, re-
spectively. In total, we have found 15 minimally superinte-
grable potentials on A®. Whereas we have treated the ring-
shaped oscillator and the Hartmann-potential in some detail,
the discussion for the other potentials has been mostly rather
sketchy because the underlying, superintegrable, two-
dimensional systems have already been solved in previous
publications.

We have therefore continued the study of superinte-
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TABLE VII. Correspondence of the maximally superintegrable potentials in
three dimensions.

V() # Systems  Vps(x) # Systems Vgoy(s)  # Ssytems
V() 14(8) Vi(x) 8 Vi(s) 6(8)
Va(w) 5(4) Vi(x) 4 Va(s) 3(4)
Vi(u) 5(4) Va(x) 4 Vi)  202) [3(4)]
V4(u) 44 Vs(x) 4 1(1)
Vis(u) 1(2) V,(x) 4 1(1)

grable systems in spaces of constant curvature. Furthermore,
we would like to draw attention to the following observa-
tions:

1. Let us consider the potential V¢ in semihyperbolic
coordinates:

Vi) = o2 205 2 2] g
19 “)—2 w R u,Tu 3UoU3

B2 (K- K
2 2

b | —+
2M u) u;
R? [M
= | 7 MR ) 2-u2>]
it | 2 IR AT )
L W Tk SN 513
2MR? pyp, \cos? ¢ sin® @)’ (5.

and the potential is separable in this system. It has two flat-
space limits in its full range of parameters, i.e., without the
restrictions we made in Sec. 2, namely, circular polar and
parabolic coordinates. While it was possible to simply state
the potential V4(u), no explicit solution could have been
found. This Stark-effect-like potential could be of some in-
terest, in particular, in comparison with the potential V o(u).
The potential in this limit corresponds to the second maxi-
mally superintegrable potential V,(x) of Ref. 33, and the
limiting case separates in these two coordinate systems, and
also in the Cartesian and circular-elliptic system.

2. Let us consider the potential V,, in semihyperbolic
coordinates:

ﬁ2 F(uzlul)

4u(2)u§
2M  ui+ul

M
V2o(u)=?w2(———+uf+u§ +
R M ., &

F(tan ¢)
Mytpy 2

Mo
(5.2)

and the potential is separable in this system. The potential in
the flat-space limit corresponds to the sixth minimally super-
integrable potential V¢(x) of Ref. 33, and the limiting case
separates in circular-polar and parabolic coordinates.

3. The previous observations allow the following state-
ment: We have found all five analogs of the maximally su-
perintegrable potentials in R*, where we have the identifica-
tion given in Table VII (the enumeration of the potentials in
R3 is given according to Ref. 33, and the enumeration of the
potentials on S according to Ref. 34). In parentheses we
have indicated the number of limiting coordinate systems as
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R—o. Note that for V;(s) we have two separating coordi-
nate systems. For V3(s) we have also indicated the additional
coordinate system, which emerges and causes an additional
observable if k§~ 1/4=0. From the rotated sphero-elliptic
system on S two coordinate systems on R* can be obtained
by means of contraction as R—o: the cylindrical-elliptic II
and the cylindrical-parabolic systems. Note also that V,(u)
is only minimally superintegrable, but not maximally super-
integrable. Furthermore, in Ref. 34 several potential systems
were overlooked. However, the additional systems turn out
to be only integrable but not superintegrable.

4. The linear potential on the hyperboloid seems to have
a structure according to uyu;, which turns out to be sepa-
rable in an appropriately chosen parabolic coordinate system.
However, on spaces of constant (nonvanishing) curvature,
there seems to be no analog of a Cartesian coordinate system
which separates these kinds of potentials as well.

5. The coordinate systems XXX—XXXIII separate a ra-
dial potential according to V(u,,us;)xal u§+ B/u%, and
XXXIV separate a potential according to V(u3)x g/ u%, but
these are trivial and not very interesting.

6. Let us finally note another application of the prolate
elliptic coordinate system. It has the property that it separates
the two-center Coulomb problem on the hyperboloid, just as
the prolate elliptic system on the sphere separates the two-
center Coulomb problem on S (Refs. 6 and 76). Let us
consider two point charges located at u, ,=(1,0,0,=k')/k on
the hyperboloid. Then it is not difficult to show by means of
the prolate elliptic coordinate system that one has in alge-
braic form (Z.=Z,*Z,)

V(ul sUp vu)

u,-u

_Z —_
N PR SN pre

Zy V(e\—ay)(e,—as3)—Z_(e,—a,)(e,—as3)
0,=02 )

Uy u

(5.3)

A detailed investigation of this problem will be presented
elsewhere.*

We cannot say with certainty whether we have really
found all possible superintegrable potentials on the hyperbo-
loid. For a systematic search one must solve differential
equations which emerge from the general form of a potential
separable in a particular coordinate system, changing the
variables. Because there are 34 coordinate systems on the
hyperboloid which separate the Schrodinger equation, there
are 33!=8.7X10% such differential equations. This is not
tractable, and one must seek alternative procedures, in par-
ticular, physical arguments. In this respect, we have found
the relevant potentials which matter from a physical point of
view, and which are the analogs of the flat-space limit in R3,
including the corresponding coordinate systems.

In summary, we have enumerated and classified super-
integrable systems in spaces of constant (positive, zero, or
negative) curvature. Further studies along these lines could
include the investigation of the corresponding interbasis ex-
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TABLE VIII. Correspondence of the minimally superintegrable potentials in three dimensions.

Vaoy(u) # Systems Vr3(x) # Systems Vsi)(S) # Systems
Analogs of flat space
Vs(u) 5(3) Vs(x) 4 Va(s) 4(4)
Ve(w) 3(4) Va(x) 3 Vs(s) 2(3)
Va(w) 2(2) Vi(x) 2 Ve(s) 2(2)
Vg(w) 2(1) Vi(x) 2 - 1(1)
Vao(u) 1(2) Ve(X) 2 - 12)
Potentials emerging from SO(3,1)DE(2)
Vy(u) 3(3) V2(x) 3 - -
V9 7(3) kz_ k%_ 1 3 -
)
Vio(w 2(2) Vi(x) 2 - -
Vi(w) 33) Va(x) 3 - -
Via(u) 2(2) V(%) 2 -
Potentials emerging from SO(3,1)DS0O(3)
Vi(a) 2(2) Vi(x) 2 Ve(S) 2(2)
Via(u) 2(2) Vo(%) 2 Va(s) 2(2)
Potentials emerging from SO(3,1)DS0(2,1)
Viiu) 4(3) Va(x) 3 - -
Vis(w 43) Vi(x) 3 - -
Vie(w) 2(1) Vi(x) 2 - .
Viz(w) 5(2) w2 2 - ;
T L
Vi5(u) 2(1) ax+F(z) 2 - -
pansions, the contraction of the wave functions in the curved ﬁz_ 1
spaces with respect to their Euclidean flat-space limit, their + TA dti = 2 e iEaT/h
pseudo-Euclidean flat-space limit, and the solutions of the £0S =% nel
v.anous superlnt.egrable Potentlals in §}71e generic (respec- X ¢sla,ﬂ)( x') ¢$.a'ﬂ)( x") (A1)
tively, parametric) coordinate systems.”’ Among the latter,
the most important cases are the Coulomb problems, for in-
stance, the Coulomb problem in A® or A® in semihyper- J e e ETRG@B) (x" x':E). (A2)
Tri

bolic coordinates, and the investigation of the Stark effect in
spaces of constant curvature, which includes the solution of
the corresponding Schrodinger equations. We hope to return
to these issues in the future.
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APPENDIX A. PATH-INTEGRAL IDENTITY FOR THE
POSCHL-TELLER POTENTIAL

As we shall see, we encounter, particularly in the case of
the Higgs oscillator, the Poschl-Teller and the modified
Poschl-Teller potential in our path-integral problems. The
path-integral solution of the Poschl-Teller potential reads as
follows (Bohm and Junker,7 Duru,”’ Refs. 31, 39, and 40,
Fischer et al.,18 Inomata et al.,48 and Kleinert and Mustapic(’0
for 0<x<m/2):

Jx(lu)=x”=@ i Jtn M a2 ﬁz a2_l
x(t')=x' x()exp iy 2 ¥ Tom \sin? x
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The bound-state wave functions and the energy spectrum are
given by

n'l(a+B+n+1) ¥

S =| Aak B+ 20+ 1) [ BT D)
X (sin x)**12(cos x)P+t12p (@) (cos 2x), (A3)
2
En=m(2n+a+,8+l)2. (A4)

The Pf,“’p) are Jacobi polynomials. The Poschl-Teller wave
functions ¢(*#)(x) are normalized to unity with respect to
the scalar product [ ${*P(x)|?dx=1. The Green’s func-
tion GS2P(E) is

(a,B)( 1 1. zﬁ T i W
Gpr”'(x",x";E) 5 vsin x’ sin x
2%
I'(m,+m,+1D)I'(my—m,+1)

1—cos2x’ 1—cos2x"\(m—m)2
2 ' 2
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1+cos2x’ 1+cos Zx”) (my+my)/2
2 ' 2

XZFI —LE+m1,LE+ml+1;m1—m2

+1 ~Lg+m,,Lg

1—cost<)
S —_— 1
2 2

1+ cos 2x>)

+m1+1,m1+m2+1; )
(A5)

where m ,= B+ a), Lp=—3+3J2ME/#, ,F (a,b;c;z)
is the hypergeometric function, and x-. ,x denote the larger
(respectively, smaller) of x',x".

APPENDIX B, PATH-INTEGRAL IDENTITY FOR THE
MODIFIED POSCHL-TELLER POTENTIAL

The case of the modified Poschl-Teller potential was
considered in Refs. 7, 19, 31, 39, 40, 48, and 60:

Jr(ln)=rr!@ i J‘l” M ” ﬁZ KZ_%
iy TRV F | 27T 207 \ Simn? r

AL Nmax
— 37 dt =nzo e_lE"T/ﬁlllszK,)\)*(rI)lp;K,)\)

X(rll)+f dpe_iEl’T/ﬁlﬂ(pK')‘)*(r’)(/J;K'A)(r") (B6)
0

dE .
- fR o e—zET/ﬁGﬁnK]})f‘)(rn’rf;E). (B7)

The bound states have the form

xﬁﬁ,"')‘)(r)sz,"’)‘)(sinh r)K+ 1/2(cosh r)n—)\+l/22Fl( _n,)\

—n;1+«;tanh® r), (B3)

NN
1 20— k—2n— DI (n+1+&)[(A\—n)]"?
" T'(1+k) I'(A—k—n)n! ’

2
E,,=—2h—M(2n+K—)\+l)2. (B9)
Here n=0,1,...Np,=[3A—k—1)]=0, and only a finite
number of bound states can exist, depending on the strength
of the attractive potential trough and the repulsive centrifugal
term as well. Here [x] denotes the integer part of the real
number x. The continuum states are

t//ﬁ,"’)‘)(r)=N§,K’)‘)(cosh r)?(tanh r)*“*V2,F,

2 ’ 2

N 1 /p sinh 7p r A k+1-ip
p ['(1+k) 272 2
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Ak+l—ip k—A+1-i
( id p;1+K;tanh2 r),

xT (B10)

K—)\+1—ip)
2 .
The Green’s function GYSY(E) is

B _A:I_ I'(m—L)T'(Ly+m;+1)
T2 T(m+my,+ 1)[(m;—my+1)

Gf,,",;)f)(r",r’;E)

X (cosh r’ cosh r")~(m1=m2)

X(tanh r' tanh rn)m1+m2+l/22

XF[ —L)\+m1,L)\+ml+1;m1—m2

1
+1; ———| Fi(=Ly+ +
L; cosh r<)2F1( Ly+m,,Ly+m,

+1;m,+m,+1;tanh? r.), (B11)

where we have set m;,= Hkx=V-2ME/#), and L,=3(\
—1). We make extensive use of the solutions of the Poschl—
Teller potential and the modified Poschl-Teller potential.

UHowever, they are periodic globally if the frequencies w, ;3 are commen-
surable, i.e., if their respective quotients are rational numbers.

In the sequel we use the notions of “‘energy levels’ and *‘periodicity of
closed orbits,”” ‘‘observables’> and ‘‘constants of the motion,”
““Coulomb-’* or ‘‘Kepler-problem,”’ referring to quantum-mechanical or
classical-mechanical properties, respectively, as synonymous.

3The notion ‘quasiperiodic’” means that they are periodic in each coordi-
nate, but not necessarily periodic in a global way. They are periodic glo-
bally if the respective periods are commensurable.

“The notion of minimally superintegrable systems in two dimensions does
not make sense, because the number of integrals of motion is two, and is
thus equal to the number of integrals of motion required for the system to
be separable at all.
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