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Algorithms for closed-orbit correction in synchrotrons and related topics such as error sources,
statistical characteristics of the orbit, etc., are discussed. The review covers both traditional
methods for orbit correction (beam-bump, harmonic correction, etc.) and new developments
(eigenvector correction, SVD, algorithms for optimum positioning of dipoles, etc.). The

use of expert systems and artificial neural networks is described as well. The last section is devoted
to first-turn steering. © 1997 American Institute of Physics. [S1063-7796(97)00404-X]

1. INTRODUCTION

The transverse motion of the particles in a cyclic accel-
erator is a superposition of motion along a closed trajectory
(equilibrium or closed orbit) and betatron and radial-phase
oscillations around this curve. In a real magnetic structure
both the closed orbit and the oscillations around it are dis-
torted by errors in the magnetic fields, displacements and
tilts of the elements from their design positions, stray fields,
and ground movements. As far as the closed orbit is con-
cerned, perturbations cause its deformation. The maximum
deviation of the distorted orbit from the reference orbit
reaches some ten millimeters. Such a large deviation does
not allow the accelerator aperture to be used effectively and
hampers the work of the injection and extraction systems.

In storage rings the beam lifetime and the maximum
current of the accumulated particles depend on the accuracy
of the orbit.

An important point is the orbit stability. The time
changes of the orbit increase the dynamic aperture. In syn-
chrotron light sources an unstable orbit will increase the ef-
fective emittance, thus reducing the effective brightness of
the photon beams.

This is the reason why in accelerators special systems of
either small correcting magnets or additional correcting coils
in the main dipoles or controlled displacements of the qua-
drupoles are used.

The purpose of the orbit correction consists in choosing
the proper strengths and positions of the correction elements
so that the smallest possible deviations from the reference
orbit may be achieved.

A special problem is first-turn steering, which we dis-
cuss in the last section.

In this paper we give a survey of both the major orbit-
correction algorithms used in synchrotrons and storage rings
and original results on the orbit correction obtained by the
author during his work on the superconducting synchrotron
Nuclotron at JINR (Dubna) and on the cooler synchrotron
COSY (Julich).

2. TRANSVERSE PARTICLE MOTION UNDER LINEAR
PERTURBATIONS

We shall begin our discussion of the closed-orbit distor-
tion and correction with a brief survey of the transverse par-
ticle motion in cyclic accelerators in the presence of so-
called linear perturbations.
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In the curvilinear coordinate system (s,x,y) used in cy-
clic accelerators, where s is directed along the reference or-
bit, x along the main normal vector, and z along to the binor-
mal vector, the Lagrangian of the transverse particle motion
can be represented in the form'

2

Z(x,x’,z,z’,s)=p\/ +x’2+z’2+e[(1

X
1+ =
p

+ %)A5+x’Ax+z’Az}. 2.1)
In (2.1) the distance along the reference orbit s was taken to
be the independent variable; the primes denote differentia-
tion with respect to s; p and e are the particle momentum
and charge; p is the radius of curvature of the reference orbit;
and A, A,, A, are the vector-potential components.

From (2.1) the following expression for the transverse-
motion Hamiltonian can be deduced:

FA(X,Px 25Dy >S)

[}

2 2 2 x
X\ P —(px—eAy)*—(p,—eA,)" —e 1+; A,

(2.2)

We shall consider here the cases of a sector magnetic
field and of a quadrupole field, which are the most important
ones for particle accelerators. For these cases, by substituting
in (2.2) the relevant expressions for the vector potential A
and expanding the kinematic part in a power series, retaining
only the major first few terms, one finds

f1pf+1pf+ 1—n(x)2+ n(z)2
2po Zpo 7072 \p) TP2\p
for a sector magnetic field,

lpf lp2 e
I N e
2py 2py 2

\ for a quadrupole field.

',;%%Oz <

(2.3)

In (2.3) we denoted by #, the Hamiltonian of the lin-
earized transverse motion; p,= —eByp is the particle mo-
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mentum corresponding to the reference trajectory; Bp is the
beam rigidity; n=—(p/B,) (9B/dx) is the field index; and g
is the quadrupole gradient.

We shall consider in this paper correcting magnets as
short magnets, with a small (B.<B,) and uniform (n=0)
field. Thus the linearized Hamiltonian for the corrections is

2.9

Let us now introduce in the Hamiltonians the so-called
linear perturbations:

a) field errors, AB=B—B,;

b) magnetic-element misalignments, Ax and Az;

c) dipole tilts around the axis s, 6,

d) stray magnetic field, AB.

These errors cause terms linear in x and z to appear in
the Hamiltonians:

Ho=Hy+ 87V, (2.5)
where
I1+n
—eAB x+ %9 0z + "%2_) xAx
oA = (2.6)

pont x .
- ?- ZAz+| 1+ ; Ap for dipoles,
egxAx—egzAz for quadrupoles.

The quadratic part #, of the Hamiltonian (2.5) de-
scribes particle oscillations, as long as the linear part S 7!
causes an internal force depending on the variable s. This is
the well-known classical-mechanics case of forced small os-
cillations. Because of the internal force, the orbit is distorted.
The new orbit is a periodic solution of Hamilton’s equations:

dxco _ OH
ds .o ’
dpx,cO - OH
ds 9xc’

xeo(s+2mR)=Xx0(s),
px,c0(3+27TR)=Px,CO(S)‘ (27)

In (2.7), R is the mean radius of the accelerator.

Equations equivalent to (2.7) are valid for the vertical
plane as well.

Let u and p, be the conjugate variables describing the
oscillations around the orbit:

x=x.tu,
P=PxcotPuy- (2.8)

We now perform a canonical transformation from the

variables x, p, to u, p,, using as a generating function
fZ(X’pu7s):(px,co(s)+pu)x_xc0(s)pu' (29)

We obtain for the new Hamiltonian
K(u’pu »U,Dy ,S) =.%(XC0(S) +u’px,c0(s) +pu ’ZCO(S)
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+U’pz,c0(s)+Pv ’s)

OH OH OH
= _(5xc0 “ e P
OH
+ 5;2,: pv) (2.10)

The Hamiltonian K does not contain terms linear in u,
Pus U, Py, 1€, it describes only particle oscillations around
the closed orbit.

From the Hamiltonians (2.3) and (2.6) one can deduce
the equations of the transverse particle motion. In Newton’s
form they are

d’x
1 k()X =Fy(s),

d2

z
_sf'*'kz(S)Z:Fz(S),

p (2.11)

where

(a-m)
T for dipoles,

k. (s)=4 O for correctors, (2.12)

— —— for quadrupoles,
Byp d P

\
n .

’7 for dipoles,
k(s)=4 O for correctors, (2.13)

8
—— for quadrupoles,
Bop q p

\
( AB,

Bop

B,
— —— for correctors,

Byp

gAx

— —— for quadrupoles,
. Bop ) P

(1+n) .
- —pz—— Ax for dipoles,

F(s)=1 (2.14)

[ 2 A= 2 tor divol
- Z— — I0r dipoles,
P P

B

(4
— —— for correctors,

2.15
Bop (2.15)

Fz(s)=J

82X for quadrupol
— —— for quadrupoles.
\  Bop o

3. CLOSED ORBIT

The equations in (2.11) are Hill’s equation with a non-
zero right-hand side. Its general solution can be represented
as a sum of the general solution of the homogeneous equa-
tion and a particular solution of the nonhomogeneous one.
The latter can be taken as periodic, bearing in mind the ac-
celerator symmetry. This periodic particular solution will de-
scribe a closed orbit as long as the general solution of the
homogeneous equation describes the particle oscillation.

D. Dinev 399



The particle oscillations in an accelerator can be de-
scribed by Twiss’s amplitude function B(s):?

s d
x(s)=avB(s) cos(Qfo QBES)

where Q is the number of the betatron oscillations per turn.
Let us introduce the following new variables:
a) the generalized azimuth

), (3.1)

= —_— 3.2
o=, o8 62
b) the normalized deviation
x
(3.3)

~ B

In these new variables the oscillations (3.1) can be writ-
ten as

n(¢)=a cos(Q¢). (3.4
By implication we shall describe the closed orbit using
the variables (3.2) and (3.3).
Using the properties of the 8 function, it is possible to
transform (2.11) to an equation of forced oscillations:
2

d

To7 O n=0"(0), (3.5)
where

fle)=B"(@)F(o). (3.6)

Using the method of varying the integration constants,
the following periodic particular solution of (3.5) can be
obtained:

Q o+2m
"_m f‘P f(t)cos Q(¢+ m—1t)dt. 3.7)

The integral representation (3.7) is the basic formula for
the description of the closed orbit.

There exist two approaches to the treatment of the closed
orbit:

a) A matrix approach.

As the perturbations are equal to zero outside the mag-
netic elements [ f(¢)=0] and the elements are sufficiently
short compared with the accelerator circumference (A¢
<21r), the integral (3.7) can be transformed into the sum

M+L

(@)= Emp; cos Q(p;+m—9)).

>
2sin 7 Q j=1
Pi<@;< o;+2m
(3.8)
Here M is the total number of dipoles, L is the number
of quadrupoles, and a bar above a symbol denotes averaging
over the magnetic element.
It is convenient to put (3.8) in the matrix form
M+L
ni= 2 A;;6;,
(P.'SV’,!‘S_SLP“Z’"

3.9

where
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A;;=cos O+ ﬁn-—‘pj) (3.10
and

r —3n —_—

OFPse 0BPnAe
2sinwQ ) 2sinmQpl o CPOES
QﬂS/Z

o:= .
! " 2sinwQ fer c,J for correctors,

TR T

| 2sin wQBp x; for quadrupoles,

(3.11)
2 (3.12)

=—FT=F¢,
2sin wQ

in which ¢ is the kick in the element.

The reason for introducing the generalized perturbations
d; is that they have the same dimensions as the normalized
orbit , ie., m"2,

b) Harmonic-analysis approach. The orbit 7(¢) is peri-
odic with period 27. Let us expand it in a Fourier series:

Uug il .
(@)= ) +k2 (uy cos ko+uv, sin k). (3.13)
=1

Let us also expand the perturbations f(¢) in a Fourier series:

fo

fle)="+ 2 (fx cos ko+g, sin k). (3.14)

From Egq. (3.5) the following relations between the Fourier
coefficients of the orbit and of the perturbations can be de-
duced:

uo= fo,
2
(gl

8k- (3.15)

2
"*:(Q7—1<2

Of course, the matrix and the harmonic-orbit treatments give
the same results, as can be demonstrated by using the for-
mula

1

2
cos Q(@;+ 7= ¢;)=(sin wQ) TTQ_ (@7

(3.16)

_E o8 k(‘Pz Q)

4. ERROR SOURCES

The linear perturbations causing distortion of the closed
orbit can be summarized in the following way.

a) Constant errors:

i) errors in the coercive force, which can be estimated
approximately as

!
AB%-;/,O-I'L'AHC, (4.1)
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where [, is the magnet core length and /, is the aperture;
ii) errors due to eddy currents;
iii) stray magnetic fields;
iv) earth magnetic field.
b) Errors proportional to the main magnetic field:
i) permeability errors, given approximately by

S A (4.2)

B\ @A)t :

ii) errors in the magnet core length,

AB : Al (4.3)

B w1, :

iii) aperture errors,

AB : Al 44

B M “9
el la

iv) adjustment errors—element misalignments, median-
plane displacements, dipole tilts, quadrupole magnetic-center
displacements, errors in the coil positions, etc.;

v) ground movement.

c) Errors appearing only in high fields. These are errors
due to saturation.

d) Fast noise. These are ground movements and power-
supply ripples in the 1-100 Hz bandwidth which cause fluc-
tuations of the orbit.

5. STATISTICAL CHARACTERISTICS OF THE
PERTURBATIONS AND THE ORBIT

The perturbations AB and Ax are random functions of
the generalized azimuth ¢. Bearing in mind that they are
nonzero only within the magnetic elements and that these
elements are sufficiently short compared with the accelerator
circumference (A@<2m), one can represent the perturba-
tions as sums of elementary random functions: AB;II;(¢)
and Ax;I1;(p), where AB; and Ax; are random variables and
IT;(¢) are single rectangular pulses of length A ;. The ran-
dom variables AB; and Ax; are uncorrelated and normally
distributed, with zero mean and identical standard deviations
Tag, Oa, for all elements.

Let us expand the perturbations in a Fourier series:

a x
AB(p)= 70+1§1 (ay cos ko+b; sin ko). (5.1)

The Fourier amplitudes a; and b, are random variables.
Their means vanish, and their variances are

M
Ap;\?
D(ag)=03p 2 (7;,1) ,

cos kp;Ap;\>
’” 9

M
D(ak)=0'i3j21 (

M

D(b;)= O'A Z

(sm k(p,Acp]) 52)
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In uniform magnetic structures consisting of p equal pe-
riods the formulas (5.2) are simplified, leading to a ‘‘white”’
spectrum:

1 Uf\BP My )
D(a)=D(b)=7 Diag)=~ 7 2 A¢j. (53
In (5.3), M, is the number of dipoles per period. Using the
accelerator symmetry, it is also possible to demonstrate that
E(a; ,by)=0, i.e. that a; and b; are uncorrelated. Analogous
results can be obtained for Ax.

Let us now discuss the statistical characteristics of the
orbit itself.

From (3.9) it follows that the orbit deviation 7; as a sum
of normally distributed values is normally distributed itself,
with mean equal to zero and variance

Y

2 M
B sn O : 3A o2 cos? '
2Bp sin 'er) laABjZl BjAg; cos” Q(o;

L
2 203 2
'*''7"'_<I»’]')+("Ax_zl ngjA¢j cos? Qg+
j=

D(ﬂi)=(

In uniform magnetic structures, (5.4) is simplified:
2 Mp B3A (pz.
_ 2 2P
b(m) (2Bop sin WQ) p"AB,z::, 2
L, _2p37 2
0 2 2 L g j,BjA‘P,’
o smmal i, 5 69

In the same way, the statistical characteristics of the or-
bit divergence 7' (¢) can be calculated, and one obtains, for
uniform structures,

D(7n')=0Q’D(7).

Successful accelerator operation requires that the maxi-
mum orbit deviation 7,,,, and its statistical characteristics be
known.

As for every accelerator from a large group of accelera-
tors with different random error distributions, the maximum
orbit deviation %,,,, appears at a different point ¢,,,, . The
quantity 7., is not normally distributed.

It is very difficult to obtain the statistical characteristics
of 7ma in the general case. As a rough approximation, let us
restrict ourselves to the major k~Q harmonic in the orbit
expansion (3.12):

(5.6)

(5.7

It is easy to see that in this approximation E(7,7’)
=0, i.e.,, 7 and 7' are statistically independent.
For the two-dimensional probability we have®

e
P\ 7 0] —_277037 exp 20'3, ’

7(@)~u; cos ko+uv; sin kg=A cos(Qe+ ay).

(5.8)

Obviously, the orbit amplitude probability p(A) can be
obtained by integrating (5.8) along a circle of radius A in the

(n,m'/Q) plane:
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2

(A)—f”( i)Ad~A s 5.9
pA=| P73 <p—;z;exr> m (5.9

Equation (5.9) represents a Rayleigh probability distribution

2A A?
p(A)= ;%- CXP( - ;f) (5.10)
with
o4=V2o,=Vio, =Vlo, . (5.11)

The cumulative distribution function for the Rayleigh
distribution is

A2
¢(A)=1—exp(—;2-). (5.12)

A

A better estimate is obtained if two contributing harmon-
ics k<Q<(k+1) are taken into account.
In this approximation,

n(@)~u; cos ko+uv, sin ko+uy,, cos(k+1)¢
topy sin(k+1)e=(up+uz,, cos ¢
+ v sin @)cos ko+(vg—ug4 sin @

(5.13)

i.e., we have a harmonic oscillation with a slowly changing
amplitude A(¢):

+ g4 COS @)sin ko,

A%(@)=(ugtugs, €os @F+vyyy sin @)+ (vy
—Upy Sin @+ vy, cos @), (5.14)

From (5.14) the maximum amplitude can be calculated:

A=max A(@)=ry+ris, (5.15)
where
ri=ul+ol; rio =up ol (5.16)

As has already been demonstrated above, 7, and 744,
which are the random amplitudes of the kth and (x+1)th
harmonics, have Rayleigh distributions. These amplitudes
are statistically independent. From these assumptions the fol-
lowing expression for the variance of the maximum ampli-
tude can be derived:

2_p2, 7 2

UA=Rk+—2-RkRk+l+Rk+l! (5.17)
where

Ri=20}; Ri,,=20; . (5.18)

In Ref. 4 it was also shown that the probability for the orbit
amplitude to be greater than A is

RiRy+1 A
T_p?
Ri—Ri+) \/R§+Rf+l

F(A)=2\r

X exp (5.19)

A
_R%+R%4)

It was shown in Ref. 4 that the best agreement between
the analytical estimates and the results of the computer simu-
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lation of the closed orbit can be achieved if the major three
or four harmonics of the perturbations are taken into account.
As the exact solution in this approximation is accompanied
by great mathematical difficulties, only an approximate esti-
mation for the orbit-amplitude variance is carried out:
ol T E::j-jR,-R j
ﬁjz—(lﬁ'z—z—sz ), (5.20)

F(A)=(47T)(m—l)/2

m R Az
I |~ | exp| — s
1'I=Il \/ER,?) p( ER,Z-)
"S (= Dim=1)!

x 2

b 2% (m—1-2i)!

A m—1-2j
JER?) ’

(5.21)

where m is the number of harmonics taken into account.

6. GENERAL DESCRIPTION OF THE ORBIT
CORRECTION METHODS

As a rule, in accelerators the number of beam position
monitors (N) is less than the numbers of dipoles (M) and
quadrupoles (L): N<M +L. This means that from the read-
ings of the BPMs we can calculate only a part of the
perturbations—correction with uncertainty.

A general block diagram of the orbit correction is shown
in Fig. 1. Figure 2 gives a classification of the orbit correc-
tion methods.

The orbit correction methods can be divided into two
main groups: methods for local correction and methods for
correction of the orbit over the whole ring (general correc-
tion).

The local correction methods correct the orbit only in a
part of the accelerator circumference. Outside this region, the
orbit is unchanged.

The methods for general correction cover methods that
try to compensate perturbations directly and methods in
which a kind of goal function, depending on the orbit devia-
tions and corrector strengths, is minimized.

The methods with perturbation compensation try to as-
sess the perturbation strengths.

In the harmonic correction, this is achieved through the
approximate values of the first perturbation harmonics. In the
method proposed by G. Guignard and its later improvements,
the ‘‘probability’’ of having errors in a given area of the
accelerator circumference is found. Finally, in Warren and
Channell’s suggestion, the values of all the errors are calcu-
lated by applying a special measurement procedure.

After the perturbations have been assessed, corrections
with proper values and positions are applied in order to com-
pensate the orbit deviations.

In the methods with orbit deviation compensation a qual-
ity criterion is formulated. It can be either a function or a
functional of the orbit deviations and corrector strengths.
Then the minimum of the quality criterion is chosen. Single-
step, multistep, and dynamical methods are included in this
group.
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q=Qlx;. 85) => min

In the single-step method, the orbit is considered only at
the points where BPMs are situated and is characterized by
the state vector X=(x,,x3,...,X,), where the x; are the orbit
deviations. A goal function

q9=0(x,B,)

is formed.

In (6.1), B, is a vector whose components are corrector
strengths. They are determined so that ¢ has a minimum.

In the multistep methods, the whole accelerator circum-
ference is divided into separate areas. Initially, the orbit over
the first area is corrected. Then we go to the next area, taking
into consideration the results from the correction in the pre-
vious step, and so on.

The dynamical methods of correction treat the orbit as a
whole curve 7(¢) rather than just orbit deviations in the
BPMs, 7,= n(¢;). The quality criterion is a functional:

(6.1

2

I= . Q(7(¢),B.(¢))de. (6.2)

The condition for / to have a minimum gives us the
chosen corrector strengths.

(Methods of Orbit Conection)

Methods of Methods of
Local Correction: General Correction
Beam Bump Method -

T~

Algorithm of | AR A% Estimation AB.A
Perturbations of the - _|PERTURBATIONS
Compensation |_Perturbations
AB, Ax
I
Object of Steering: Pick-up
Correctors Electrodes
CLOSED ORBIT
I x;
ALGORITHM
of Orbit Deviati Comp

FIG. 1. Block diagram of the orbit correction.

7. CORRECTION METHODS WITH COMPENSATION
OF THE PERTURBATIONS

7.1. Harmonic correction method

In the harmonic correction method, the orbit Fourier
spectrum

Ug w .
7](<p)=—2—+2 (uy cos ko+uvy sin ko) (7.1.1)
k=1

is first calculated.

As we know, the methods of applied harmonic analysis
must be used only for the orbit deviations at the positions of
the BPMs and not for the whole curve 7(¢). By measuring
the orbit with 2N BPMs we can determine only approximate
values of the first N orbit Fourier harmonics. In the case of
uniformly situated monitors the simplest method is to ap-
proximate the first orbit harmonics with the so-called Bessel
coefficients:’

1 2N
_2 7>

u0~U0=N ~

FIG. 2. Classification of orbit correction methods.

Methods with Perturbation Compensation: Methods with
Harmonic Correction i .
GUIGNARD's Method Orbit Deviations

WAREN-CHANEL Method Compensation
Single Step Methods: Multistep Mathods: Dynemic
LSQ Meathod Nerative Mathods
HEREWARD-BACCONIER Method Beam Bump Method
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12N

ukmUk=—-

k=12,....N),
N & ( )

7; cos ko;

2N
1
”k“"kzﬁ; 7 sinkg; (k=12,...N—1). (1.1.2)

In the general case of nonequidistant monitors the trap-
ezoidal rule for integral approximations gives

N
1 ¢i+1—¢i—l)
uk~—‘n—'i§1 7; COS k¢,~(—2-—— ,

i Uy}

N
1 . biri— i1
U™~ pem FEI 7; SIn k¢i( ) s

bo=Py—2m, by = T2m. (7.1.3)

In this general case the LSQ criterion of approximation

n

14 2
’zl [77[_2 Ck‘//k(¢i)] — min,

k=0

(7.1.4)

where the ¢, are Fourier coefficients and i is the system of
trigonometric functions, gives

Uy :(STS)—'lsT . , (715)
Ui
| UN—1 | 72N
where
1/2 cos ¢, cos2¢, cos N, sin ¢ sin(N—1) ¢,
1/2 cos ¢, cos2¢, cos Np, sin ¢, sin(N—1) ¢,
S= (7.1.6)
172 cos ¢y c0S2¢,y cos Np,y sin ¢yn sin(N—1) ¢,n

Knowing the orbit harmonics, the perturbation harmon-
ics can be calculated by using (3.14).

In the harmonic correction method, the fields at the 2N
correcting dipoles are chosen so that the first N perturbation
harmonics are canceled.’™®

Bearing in mind that the correcting dipoles are short
(A@p,<217), and transforming the integrals to sums, we can
then solve the following system of equations:

1 2N
—_ ‘Ap=
ar Zl fch‘pt UO’

2N

1 02— k2

; le ff COS k(p,-A(pi——Qz—‘ Uk,

1 2N . Qz__ 2

= ;l fi sin kcp,-A<p,-=7— Vi. (7.1.7)

Then the fields at the correcting dipoles, B (i
=1,2,...,2N), can be calculated from the generalized pertur-
bations f§ by using (2.14), (2.15), and (3.6).

7.2. Guignard’s method

It is very important that the largest error sources be
found. Then we can check more carefully the corresponding
elements, and experience shows that in many cases, after
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removing this very rough imperfection, the maximum orbit
deviation is reduced to sufficiently small values. As in an
error-free area of the accelerator circumference, the right-
hand side of Eq. (3.5) is equal to zero. The orbit in this
error-free area is

7=A cos Qp+B sin Qp+C. (7.2.1)

The orbit (7.2.1) must be matched to the whole orbit at
both ends of the area under consideration. Then the constants
A,B,C are calculated.

If now we assume that there are errors in the above area,
then the smooth solution (7.2.1) will no longer be valid. At
the points with errors, ' will undergo kicks.

Obviously, the divergence of the real measured orbit
from the smooth model (8.2.1) will be a measure of the per-
turbation strengths in the area.

Following Guignard,” we define the *‘probability’’ for
the existence of perturbations in an area of the accelerator as

1 p+n—1
W= 5 [VBiA c0s QertB sin 0t C)x
(7.2.2)

In (7.2.2), p is the number of the first BPM and n=4 is the
total number of BPMs included in the area.
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The constants A,B,C in (7.2.2) define the unperturbed
orbit. We shall determine their values so that the unperturbed
orbit will lie as close as possible to the readings x; in the
BPMs (in the LSQ sense). In other words, we calculate A, B,
C from the condition ¥ — min.

In Guignard’s method, we calculate the ‘‘probability’’ ¥
for successive areas of the accelerator ring. The areas with
large ¥ values are possible sources of errors.

7.3. Warren and Channell's suggestion

As has already been mentioned, in general the number of
BPMs (N) is less than the numbers of dipoles (M) and qua-
drupoles (L): N<M + L. Therefore we are not able to solve
the system of equations (3.9) for the errors. In Ref. 10 War-
ren and Channell suggest enlarging this system by adding
some new equations. For this purpose, new measurements of
the orbit have to be made by changing the synchrotron pa-
rameters and keeping the errors unchanged. A new set of
orbit measurements can be carried out by changing the quad-
rupole strengths (i.e., changing Q) or changing the signs of
the quadrupole gradients (for example, reducing FODO
structure into DOFO). The enlarged system of equations is
solved by the LSQ method.

8. LOCAL CORRECTION METHODS
8.1. Beam-bump method

At some positions (injection, extraction, and others) a
very high degree of orbit correction is necessary. On the
other hand, at other parts of the accelerator ring the orbit
deviation may be much greater than the average one, owing
to strong local stray fields, strong local imperfections, or
ground movement. These require the development of meth-
ods for local correction.

One such local correction method is the beam-bump
method, suggested by Collins in the sixties.!!"!*

The idea of the beam-bump method consists in a local
orbit correction by means of three correcting dipoles (Fig. 3).
The orbit deviation is compensated in a BPM or pick-up
electrodes (PUE) situated near the middle corrector, as long
as outside the area occupied by the correctors the orbit is
kept unchanged. Therefore we have the conditions

x(Ppyp) == Xm»

x(p<e@,¢>@3)=x'(¢<¢@;,p>¢3)=0. (8.1.1)

From (8.1.1) and (3.9) the following system of three equa-
tions for the corrector strengths can be deduced:

/,32 . .
B, (cos wppta; sin pyy) VBB, sin pyy

M= )
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. . By .
—sin g~ ajay sin pypt(a)— az)cos p,l B, (cos pp—ay sin pyy)
VBB, 2

sin 15/B282+sin y3VBse3=0,
VBi&,+cos pip\Baes+cos py3yBsaes =0,
(COt ’TTQ cos :u'lpue+ sin /'Llpue) ‘/B—lsl

+(cot mQ cos l“pue2+3in :u‘pueZ) V6282

+[cot mQ cos(fpuer + p23) +SIN( L puer

2x,,
+p)] \/Ea_f?s:——,—, (8.1.2)
.Bpue
where
B As a1
g= Bp (8.1.3)
is the bump (kick) in the correcting dipole, and
52 ds
M= y B(s ) =0(e2—¢1) (8.1.4)

is the betatron phase advance.

For the special case of a BPM situated very close to the
central corrector, i.c., when p,,e,~0, the system (8.1.2) re-
duces to

Nm

g\ =TT />
VB, sin )y

_sin(u gt po;) Mm
sin gy sin 4o3 \/B, sin 7Q’

e
3= - .
VB3 sin py3

In the completely symmetrical case, w;,=u3=pu,
Mpue=0, we have

\/—_81—‘/_82—

(8.1.5)

Vﬂpuc sin /J'

2x
\[B_Zs =— = cot M.
’ VBpue

Besides using the expression (3.9) about the closed orbit,
we can obtain the system (9.1.2) in another way—by using
the beam transport matrix between two arbitrary points s,
and s, in Twiss’s form:

(8.1.6)

(8.1.7)
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B4 3 pG. 3. Beam-bump correction.

e cor2

orbit

Let M' be the transport matrix from CD, to PUE; M?,
from CD,; to CD,; and M3, from CD, to CD;. Then from
(9.1.1) it follows that

2.3 30,3 2
83= —mipmy e —my(myeite,). (8.1.8)

The optimum phase distance between the correctors in
the triplet is u~ 7/2 when £,~0.

8.2. Generalizations of the beam-bump correction
method

As a rule, the magnetic structure of storage rings and
colliders is irregular. However, if the phase distance between
BPM and CD, is large (Fig. 3), the beam-bump method cor-
recting the orbit in the monitor close to zero will increase the
orbit deviation in CD,. This happens when correctors and
monitors are situated irregularly (because of lack of space) or
when the betatron phase changes quite quickly (in areas with
small B). That is why some improvements of the beam-bump
method have been put forward. Another reason for such im-
provements is the fact that in the beam-bump method €,
~1/sin u, and in the case when u~km (k=1,2,...) quite
large corrector kicks will be necessary for a full correction to
be fulfilled.

In Ref. 15 groups of N monitors and K=N+2 correc-
tors are used. The BPMs are considered to be situated close
to the corresponding internal correctors.

The kicks of the internal correctors are determined by

REin= —Xpye » (8.2.1)
where the matrix R is given by
VBiB; sinj; sin uy;
R, = YPiP Sitye sin ;. (8.2.2)

0T sin

In (8.2.2), u,; is the phase advance between the first
corrector and the ith internal corrector; i is the phase ad-
vance between the jth internal corrector and the last correc-
tor; . is the phase advance for the whole group of correc-
tors.

406 Phys. Part. Nucl. 28 (4), July—August 1997

Equation (8.2.1) is a generalization of (8.1.2) for the
case of N+2 correctors and N BPMs.

The two end kicks are determined in such a way as to
keep the orbit outside the group unchanged:

Xpuel

VBi&| = ——, (8.2.3)
Bpuel sin M ipuel
xpueN
VBiEr= (8.2.4)

VﬂpueN sin MpueNk

In the computer program PETROC (an improved CERN
variant of HERA’s PETROS) another beam-bump improve-
ment is made.'®!7 One can use K correctors, where k
=0,3,4,5. Between the correctors N<2k beam position
monitors are situated. No more than two BPMs can be placed
between two correctors. Only three correctors are active
(with nonzero kicks)—the first, the second, and the last. Let
€ .be the kick in the first active corrector.

For the orbit to be unchanged, the other two active kicks
have to be er, and er;, where

/,31 sin @iy
ry=—\/=-= , 8.2.5
2 Basin poy ( )
/,31 sin w1,
rg= —— . 8.2.6
K Bisin pop ¢ )

The kick ¢ in the first corrector is determined by the
minimum of the function

q= 2 (xi+xp“e,~)2+w2ﬂl,32 Sin2 [L1282. (8.2.7)
BPMs
In (8.2.7), xpy; is the measured orbit deviation and x; is
the orbit deviation due to the correctors; w is a weight. The
second term in (8.2.7) limits the corrector strengths.

9. METHODS WITH ORBIT DEVIATION
COMPENSATION

9.1. Iterative beam-bump method

If we move systematically along the accelerator circum-
ference, the local beam-bump method can be used as a
method for general correction. Each corrector works once as
a first corrector in the corrector triplet (Fig. 3), once as a
second, and once as a third corrector.
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In this straightforward improvement, a little problem is
hidden. In the beam-bump method, the correctors of the trip-
let are tuned to cancel the orbit in the monitor which is
situated as a rule near the middle corrector. Correctors affect
the orbit locally; i.e., the impact of the correctors is equal to
zero outside the triplet. But as we pointed out above, in the
iterative beam-bump the successive triplets overlap slightly
(they have two common correctors). Thus, each corrector
triplet will cause a small orbit distortion in the next (belong-
ing to the next triplet) beam position monitor. The last cor-
rector triplet consisting of correctors k—1, k, and 1 will
reduce the orbit deviation in the kth monitor to zero, but will
distort the orbit slightly in the first monitor.

To avoid this trouble, one more turn of successive beam-
bump corrections along the accelerator will be necessary.

9.2. Least-squares method

The method can be characterized as a single-step correc-
tion method.

The orbit is considered only at the points where beam
position monitors are situated and is characterized by the
state vector #7° corresponding to the corrections:

p=y B+ p= 5B+ A 5°. 9.2.1)
To write (9.2.1) we have used Eq. (3.9), where 6° denotes
the generalized corrections (3.11), and the fact that the 27 *#
are known from the BPM readings.

In the least-squares (LSQ) method the following goal
function is minimized:%'%-%

q=2", 7*=74 p—min. 9.2.2)

It is important to note that as a rule the number of cor-
rectors k is less than the number of detectors n, ie., K
<N. It can be demonstrated that the minimum of (9.2.2)
occurs when the corrector strengths are

Fop=—(ATA) 1A,

The minimum value of ¢ (the so-called residual sum of
squares) is

9min= ,)7(B+g)177(8+g)TA 6¢§pt .

(9.2.3)

(9.2.4)

9.3. Fast realization of the LSQ correction

A fast realization of the LSQ correction method was
proposed in Ref. 15. The idea is to optimize the orbit at each
iteration, using only one corrector. Having tried in this way
all available correctors, we choose for further use the one for
which the residual sum of squares of the orbit deviations is
the smallest.

At the zeroth iteration we begin with the orbit measured
by the BPMs:

7= B8, (9.3.1)

Let 7"~ " be the orbit that has been optimized at the
(n—1)th iteration. At each step at the nth iteration, we use
only single correctors. Therefore

7= "+ 5a;, 9.3.2)
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where 55-") is the generalized strength of the jth corrector at
the nth iteration; a; is the jth column of the matrix (3.10).
Following the LSQ algorithm, we minimize

q{"=min(og} ™).
sm
J

(9.3.3)

Thus, at the nth iteration, we obtain k values q}") 0]
=1,2,...,k), one for each corrector. From these values qj-")
we choose the smallest one. The corresponding corrector will
be the optimum corrector at the nth iteration. Its optimum
strength Jj,,) will be the correction used at the nth iteration.

Therefore our goal function is

qﬁ-")—> min.

J

(9.3.4)

In Ref. 15 it was proved that this iterative procedure is con-
vergent and that the corrector strengths found at different
steps are added.

9.4. The MICADO algorithm

The MICADO algorithm for closed orbit correction was
put forward by Autin and Marti in Ref. 21 and is realized in
many accelerator design programs, for example in MAD.2
This algorithm can be seen as an improvement of the LSQ
method.

MICADO is an iterative algorithm. In the first iteration
only single correctors are used. The goal function is the same
as in the LSQ method:

q5"=min("T5}"), (9.4.1)
8j
where
”§_I>="(B+g>+a,5§_l), (9.4.2)

in which 2®*# is the vector of BPM readings and &' is the
vector of the generalized corrections (3.11). As in the first
iteration, we use only single correctors:

8Y=(0,...,6",....0). (9.4.3)

Therefore, in the first iteration we must solve k equations
with one unknown value 5§.l) (j=1,2,...,k).
Next we find the number j* of the corrector from among

all k correctors for which qﬁ-” (9.4.1) has the smallest value

(1)
9jx -

It is the j*th corrector that will be used in the second
iteration together with each one of the other k— 1 correctors.
We minimize again the square function:

4P =min(5?T7?). (9.4.9)
8

However, now the correction vector 6§-2) is

82=(0.,...,85%,...,6;,...,0), (9.4.5)

e
ie., it has two nonzero components—one (&;x) is the
strength of the j*th corrector (remember that this number
was found and fixed in the previous step), and the other is the
strength of any other corrector. Thus, in the second iteration
we must solve k—1 systems of two equations with two un-
knowns &« and ;.
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Following the first iteration idea, we now seek the num-
ber j** of the additional corrector for which q§2) has the
smallest value. Thus, after the second iteration we have fixed
the numbers j* and j** of two optimum correctors.

We continue this iteration procedure, adding one new
corrector at every step, until the sum of the corrected orbit
deviations becomes less than a given small value &. Further-
more, the method finds the smallest number of correctors
satisfying this condition.

9.5. The Hereward—Bacconier method

In this correction method the following goal function is

introduced: 2%

72 77,+(1—7)2

In (9.5.1), v is a parameter, with 0<y<1.

The first sum in (9.5.1) minimizes the orbit deviations in
the BPMs, and the second one restricts the strengths of the
correctors, limiting in this way the influence of the high har-
monics of the correction. We saw that from the readings in N
BPM:s the amplitudes of the first N/2 orbit harmonics can be
calculated. These N/2 orbit harmonics are compensated by
the corresponding harmonics of the correction. The higher
harmonics of the correction remain uncompensated. As they
distort the orbit additionally, it is useful to restrict their in-
fluence.

The optimum value of the parameter 7y is determined
either experimentally or by computer simulations.

One can write

g= 72 (2 a;; 85+ P+

(9.5.1)

—> min.

2 K
+(1- Y)Z,] 57,
(9.5.2)

The necessary conditions for g to have a minimum are

K

99
M 272 ,,2 (a;,05+ 7{"+8)+2(1- )5,

=0 (j=12,...,k). (9.5.3)

These conditions can be written in matrix form:

(YATA+(1—y)E)&=— yAT 5B+, (9.5.4)

9.6. LSQ method with singular-value decomposition

According to linear a]gebra,27 any NXK matrix A with
N=K can be represented as a product of three matrices in
the form

A=UWVT, (9.6.1)

where U is an N XK unitary matrix (UTU=UUT=E), W is
a KX K diagonal matrix with positive or zero diagonal ele-
ments (w;=0, called singular values), and V is a KX K uni-
tary matrix (V'V=VVT=E). This is known as the SVD of
the matrix A.
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If the matrix A is square (equal numbers of monitors and
correctors) and some of the w; are equal to zero, A will be
singular; if some of the w; are nonzero but very small, A will
be ill-conditioned.

If N>K (which is the usual case for accelerators), the
system of equations for the corrector strengths

APC=—

will be overdetermined.

Even in these two cases the SVD of A provides a ‘‘rea-
sonable’’ solution of (9.6.2) (in the LSQ sense).

It has been proven?®’ that the vector

&C=—V[diag(1/w;)]Up,

where for all w; that are equal to zero or very small the
corresponding diagonal elements (1/w;) in the second matrix
of the matrix product (9.6.3) are replaced by zero (<—0!),
satisfies

|A €+ 32— min. (9.6.4)

If U ;) are the columns of the matrix U (N vectors) and
V; are the columns of the matrix V (K vectors), then

Uim
5BC=_E (W_)V(i),

i i

(9.6.2)

(9.6.3)

(9.6.5)

i.e., the corrector strengths are linear combinations of the
vectors V ;) with coefficients equal to the dot products of the
vectors U ;y with the measured orbit 7 weighted by the sin-
gular values w;.

In order to reduce the corrector strengths, one can re-
place 1/w; by zero not only for zero (or very small) w; but
also when w;<e, where ¢ is chosen to avoid power-supply
saturation.”®

The LSQ correction method with SVD of the response
matrix A is coded in the computer program ORBIT? for
orbit simulation and correction and has been used in the
x-ray ring NSLS and in SPEAR.*

9.7. Eigenvector correction

In the LSQ correction method we must invert the matrix
ATA (9.2.3). The matrix ATA is a square (K X K) real sym-
metric matrix, i.e., a Hermitian matrix; i.e., there exists a
transformation A=T"'(ATA)T to a square diagonal matrix
A. The diagonal elements \; of the matrix A are the eigen-
values of the matrix ATA, and the transformation matrix T
=(X,,X;,...,Xk) is formed by the eigenvalues X; of the
matrix ATA.

It follows from this transformation and from (9.2.3) that®

2 E E Ay,

p=1g=1r=

| 9.7.1)

Let us represent the corrector vector & in the basis X
(=1,...K):
5=, CX,. 9.7.2)
]

Then we have for the residual sum of squares (9.2.4) the
expression
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dmin= 77+2 A CIﬂTXI (973)

The eigenvectors with small eigenvalues will make no
significant contribution to the correction and may be ne-
glected, thus reducing the corrector strengths.

9.8. Dynamical correction algorithm

The algorithms described above strive to compensate or-
bit deviations at the points where BPMs are situated by
means of some number of orbit correctors. As a result of the
orbit correction, the corrected orbit will have approximately
zero deviation at the BPMs. However, between the monitors
the corrected orbit will have nonzero deviations. During the
computer simulation we noticed that in some particular error
distributions the deviations of the corrected orbit at some
points are out of control. In general it is important to correct
the orbit over the whole accelerator ring and not only at the
BPM:s.

Emphasizing this fact, we will choose the criterion for

correction quality as a functional:®!

2w

7*(¢)de. (9.8.1)

27

But the orbit 7(¢) is a random function of the general-

ized azimuth. This requires that we improve the criterion
(9.8.1), taking the mean of the functional:

1 27
q= M(zﬂ JO nz(cp)d<p).

Equation (9.8.2) is the final form of the correction-quality
criterion in the DINAM algorithm.
One can write

(9.8.2)

(B+g)?

—f n(cp)aqo——+2(uk+vk) [—-—

x
2 2
+k21 (u}f”g) +v§(8+3) )}

x

u£)3+g)ug€+ kzl (2u§(B+g)qu

u
+20 8 8l |+

+vf€2)l=2l +§ +§3‘, . (9.83)

In (9.8.3), uy, vy are the Fourier coefficients of the orbit;
uB*® and v{f*® are those caused by the dipole and the
quadrupole errors; and uf ¢ and vfc are those caused by the
correctors.

Suppose that we have 2N beam position monitors, M
dipoles, L quadrupoles, and K correcting dipoles. As a result
of the orbit measurement by the BPMs, we will know the
orbit distortions at 2N points. However, the total number of
perturbations (M+L) is, as a rule, much larger than the
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number of BPMs. Therefore, we cannot solve (3.9) for the
perturbations. From this system of equations only 2N pertur-
bations can be expressed in terms of the readings in the
BPMs and other perturbations. In other words, we have a
case of correction with uncertainty.

Let #»; (i=1,2,...,2N) be the orbit distortions at the
BPMs. Then we can write

,2N).
(9.8.4)

From these 2N equations, the first N Fourier coefficients
Ug,Uy,...,Uy,...,Ucn—1y can be expressed in terms of the or-
bit distortions 7; and higher orbit harmonics. Assuming that
the BPMs are placed uniformly along the accelerator ring,
the following relations can be deduced from (9.8.4):

Ugp i . .
77,-=7+k§=:l (ug cos kv sinke;) (i=1,2,...

u6=U0_221 u2Nj= UO—S09
j=

w=U,— 21 (uonj—xtuanjr) =Ur— Sk,
=

x

Uk=Vk—2l (—vonj—ktVonj+ 1) =Vi— Ry, (9.8.5)
=
where
. B 2N
O_N “= Ni,
2N
Uk-—— 2 7; cos kg; (k=1,2,...,N),
2N
== > misinkg; (k=12,...,n—1) (9.8.6)
i=1

are Bessel coefficients.
Making use of the relations (9.8.5), one can write, for the
sums in (9.8.3),

vy o Uy,

2 =| 5o+ 2 UV + 5|+ | ~UoSo
N—-1 2
}_‘, —2U S, —2V,R) — UnSy |+ 7"

2
2
N + V§VB+8)

n 2, p2y 1 2
kzl (Si+R)+Sy 2

T Nt I I S0 S 58
k=N+1 a b c

(9.8.7)

S

n—1
U0u06+22 (Uku C+Vkv C)+UNu :|

n—1

—ugfso—zg] (uZ<S,+vERy)

+| 205 8uEe
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—2ubSy|+ ka (u§(3+g)ufc+028+g)v,f”)
ey it

(9.8.8)

=§ +§ +§f:.

Using the fact that the higher orbit harmonics are statis-
tically independent and have zero mean, we obtain

(3 )3 (3 )

e

(9.8.9)

Using the Fourier expansion (3.13) and the relations
(3.14) between the orbit and the perturbation harmonics, one
can also obtain

= Q2 ) 2
M =4 ———| D,
(2 ) k=;+1 (Qz—k
where D is the variance of the perturbation harmonics:
D=D(fi)=D(gy). (9.8.11)

Because the correcting dipoles are short in comparison
with the accelerator circumference, one can reduce the inte-
grals in the expressions for the corrector Fourier harmonics
to sums and write

(9.8.10)

2N K
2 =2 2 Apm,8y, (9.8.12)
d p=1g=1
where
1 n—1
AP{I:[V (C0+2k§1 Cy COS k(q’p_ (Pq)
+cy cos No, cos Ngoq),
2Q sin mQ
Ck=m. (9.8.13)
In the same way, one can prove that
koK
> =2 X B,8sE, (9.8.14)
3 g=1r=1

where

x€

2
o
qu=—2—+k21 Cl% cos K(q’q_(Pr):COS Ql‘Pq——(Prl

sin mQ
e cos(m=|¢,~¢,])Q
lpg— @,lsin 7Q
- q—ﬂ_—-—— sin(m—|o,~¢,)Q. (9.8.15)

Finally, in the applied harmonic analysis it is proved that
N
1
2 == 2
a i=1

Summarizing all the above results for the quality criterion
(9.8.2), we get

(9.8.16)
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L Wk
- 2 c
N&e T +pzl qzl qu”pag

k %
+2 2 By S o +4 3

Q2
=1 k<nt1 (Qi—ki)D’

)
I

—_
<

(9.8.17)

The coefficients A,, and B, are given by Egs. (9.8.13)
and (9.8.15), respectively. In these formulas, ¢, are the azi-
muths of the BPMs, and ¢, and ¢, are the azimuths of the
correcting dipoles.

The strengths of the correcting dipoles are determined by
the condition for a minimum of ¢ to occur:

k 2N
2D B, 65== A,m, (s=12,..k. (9.8.18)
p=1 p=1

Introducing matrices A={A;;} and B={B;;} and the
vectors of the corrections 6°¢ and BPM readings n, Eq.
(9.8.18) can be written in the following matrix form:

2B&P=—-ATy. (9.8.19)
Let us introduce the matrix

1
R= —EB"AT. (9.8.20)

The matrix R depends only on the azimuths of the BPMs
and on the correctors, and for the given accelerator it can be
calculated prior to the correction. Then the required strengths
of the correcting dipoles will be determined by the matrix
expression

&F=Ry. (9.8.21)

Thus, the algorithm is relatively fast. The computer
simulations showed that it works reliably and is free from the
undesirable effects mentioned at the beginning of this sec-
tion.

10. ORBIT CORRECTION WITH NEURAL NETWORKS

Artificial neural networks (ANNs)?? with ability to tune
themselves according to the output errors are well suited for
on-line orbit correction. The relationship between corrector
kicks and orbit displacements in BPMs is in general nonlin-
ear, owing to the presence of nonlinear elements in the ma-
chine. The orbit fluctuates in time. Both of these circum-
stances are well treated by ANNs, which have features for
solving nonlinear problems and self-teaching.

As it is not possible to go into detail in this paper, we
will restrict ourselves to the main principles of ANN correc-
tion.

An ANN consists of neurons arranged in layers, with
directed and weighted connections between them (Fig. 4).

In the forward propagation of the signals (from input to
output) each neuron processes its input signals s j and pro-
duces an output signal s; according to the relation

S,zf(JE=l Tijsj)’

(10.1)
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HIDDEN

INPUT NEURONS

where the T;; are synapse weights.

The function f(x) in (10.1) (the so-called action func-
tion) is usually a step function; thus, if the weighted sum of
the input signals exceeds the threshold for the neuron, the
neuron ‘‘fires’’ and produces an output signal.

In the backward propagation of the signals, first of all
the output errors &; of the ANN are calculated:

£,=Z;—5;, (10.2)
where the z; are the ‘‘ideal’’ output signals.

Let B;; be the blames—the degree of responsibility that
each input signal has for the output error:

T ST
72T,

(10.3)

Finally, the weights are corrected according to the rela-
tion

TV =T+kB e, , (10.4)
where £ is a coefficient.

Before use, an ANN must be trained. To do this we
apply a set of input signals for which the ‘‘ideal’’ outputs are
known, record the output errors, and tune the weights ac-
cording to (10.4). After many training cycles the desired ac-
curacy of the output can be reached.

The use of ANNs for orbit correction is quite straight-
forward. The input signals are the measured orbit displace-
ments X in the BPMs, and the output signals are the correc-
tor kicks €. There is one input and one output neuron for
each BPM and corrector.

In the training stage the applied input signals X are de-
termined by

X=Ae, (10.5)
where A is the response matrix, whose elements can be cal-
culated by the machine model or can be measured, which is
more accurate, and € are random kicks.

After training and attainment of the desired accuracy of
the output, the ANN can be used for on-line orbit correction.
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FIG. 4. Artificial neural network.

OUTPUT

During the machine operation a continuous process of
retraining (fine tuning) goes on. The detected orbit errors are
fed back, and the weights are recalculated (adaptive correc-
tion).

ANNSs have been used for orbit correction in the NSLS
VUV and x-ray storage rings.>>3*

Neural networks have been simulated by means of
SNNS computer simulator.> A three-layer shortcut con-
nected network (all neurons are connected to each other) and
Quickprop training strategy chose the best results. After
2200 training cycles the ANN was able to correct the orbit to
44 pm maximum deviation.

11. EXPERT SYSTEMS

Knowledge-based expert systems differ from conven-
tional computer programs in their intensive use of intuitive
and empirical rules which, together with facts about the task,
form a so-called knowledge base.>® The control strategy (the
order in which rules are applied) is determined by an infer-
ence engine (Fig. 5).

The expert-system approach to closed orbit correction is
being developed at CERN by Brandt and Verdier.37-38

The expert system is based on Guignard’s fitting method
(Sec. 7.2) of searching for field and alignment errors. It can
predict and estimate the location of large field defects and
check the correctness of the BPM reading. A convergence
test is used as a sensitive means of detecting whether all the
errors have been identified.

The main program is written in Prolog, while the nu-
merical subroutines are in Pascal.

The expert system has been successfully tested on EAP
and LEAR at CERN.

12. ORBIT-CORRECTION FEEDBACK SYSTEMS

In synchrotron-radiation sources (SRS) we need not only
closed orbits with small distortions but also highly stable
orbits. Orbit stability is a crucial point in achieving low-
emittance electron beams and therefore high brightness of
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the photon beams. Orbit correction must be applied dynami-
cally to eliminate fluctuations produced by ground vibrations
and magnet power ripples.

In SRS, orbit stability is improved by means of a correc-
tion feedback system (Fig. 6).

In general, feedback systems are classified into local and
global systems.

In local feedback systems the orbit is locally corrected at
the center of an insertion device by three or four magnet
bumps.*

Global feedback systems can be analog® or digita

In Ref. 40 a feedback system based on Fourier analysis
of the orbit is described. As was shown in Sec. 7.1, the orbit
Fourier coefficients can be expressed in terms of the matrix
equality (7.1.5). This means that a simple linear electronic
network can be built to perform on-line Fourier analysis. The
input voltages are proportional to the orbit displacements
measured by BPMs, and in real time the output voltages are
proportional to the Fourier harmonics. Then the corrector
strengths are adjusted to cancel these harmonics.

Digital feedback systems*' make it possible to avoid
drift, offset, and temperature problems typical of analog cir-
cuits. Orbit data are transferred in digital form by BPM pro-
cessors distributed around the ring. The digital signal proces-
sors then calculate the corrector strengths and control the
corrector power supplies.

Digital feedback systems are programmable and there-
fore more flexible in use.

1.41

f(dB,dX) fef ¢
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FIG. 5. Block diagram of a knowledge-based expert system.

In principle any orbit-correction algorithm can be used
in feedback systems.

13. OPTIMUM POSITIONING OF DIPOLE MAGNETS

A different approach to the closed orbit correction is the
optimum positioning of the dipole magnets around the ring.
In this approach the dipole magnets are situated around the
ring not in an arbitrary way, but following a special strategy.

In the stage of accelerator assembly the field errors in the
dipoles are carefully measured and only after that are in-
stalled according to a positioning algorithm.

This allows the orbit distortion to be minimize

Suppose that the dipoles are installed around the ring
according to the permutation

X=(ABkl’ABk29”'7ABkM)9

d.42’43

k,-e{l,2,...,M}, k,?ekj, l#j. (131)

If we choose as a quality criterion the functional

1 2m
=57 fo 7*($)d p— min, (13.2)

it can be shown™ that the following sum must be minimized:

M M
> > B,AB, AB;, —min, (13.3)
g=1r=1 d q r

FIG. 6. Orbit-correction feedback system. Here f(dB,dX) is the error
function (3.6), W is the operator 1/Q%(d%/d$*+ Q% ™!, and H is the
correction operator.
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where the coefficients B,, are calculated by the machine
model.
Let us introduce the integer variables

1, if the Kth dipole is situated
at the jth position,
0, otherwise,

Mx

Xjx=1, ie., one dipole at a place,

>
1

M

Xjx=1, 1ie., each dipole only at one place.

(13.5)

From (13.3) the so-called ‘‘quadratic assignment prob-
lem’’ of discrete programming follows:

Let us have M dipoles, k=1,2,...,M, and M places j
=1,2,...,M around the ring. We seek positioning of every
dipole at only one place for which

M M M M

Z,l 21 ,,,2=; ,Zl [B,,AB,AB,1X,,X,,—min, (13.6)

-
]
—

where the X & are M 2 integer variables (13.4) with the con-
straints (13.5).

Unfortunately, in cases of large dimension of the task the
quadratic assignment problem proves to be a difficult one.*

Therefore in Refs. 42 and 43 new approaches to the
problem making full use of its specific character have been
developed.

The set of dipole errors (13.1) creates a combinatorial
space of permutations Pz. The points in this space are all
possible permutations X (13.1), and its power is M!.

Let us introduce a metric in the Py space in the follow-
ing way: the distance r(X,Y) between the points X and Y is
assumed to be equal to the minimum number of transposi-
tions (elementary or pair shifts) necessary to bring the point
X to the point Y.

Here we will describe only one of the algorithms pro-
posed in Refs. 42 and 43, namely, the algorithm of controlled
random search.

The algorithm uses the goal function

Q=maxi|x,~|, (13.7)

where x; is the orbit displacement in the ith BPM.
The logical structure of the algorithm of controlled ran-
dom search can be described in the following steps.

Controlled random search

Step 1. Choose an arbitrary initial arrangement of the
dipoles X, i.e., an arbitrary initial point in the combinatorial
space Pp. Draw a sphere S, centered at the initial point X,
and having radius equal to Ry (Ro<M —1, and its value is
chosen by physical considerations). Choose the convergence
parameter &.

Step 2. Set i=1.

Step 3. Choose a random point X; € S(;_ ), using a uni-
form probability distribution. Calculate Q;= Q(X,).

Step 4. Check whether Q;<<e. If so, stop the iterations
and exit the algorithm. If not, go to step 5.

413 Phys. Part. Nucl. 28 (4), July—August 1997

Step 5. Draw a sphere S; centered at X; and having ra-
dius R;:

R;=6R,, (13.8)
where
Q;
o= —. 13.9
0. (13.9)

Step 6. Set i=i+1 and go back to step 3.

The computational experiments show that the CPU time
necessary for optimizing a machine with M dipoles is pro-
portional to M!.

Other algorithms for optimum positioning of dipoles can
be found in Refs. 42 and 43.

14. FIRST-TURN CORRECTION

If the particles in a circular accelerator are to undergo
hundreds of thousands of turns before reaching the final en-
ergy of the machine, they must first of all pass the very first
turn.

During the assembly and initial tuning of the accelerator
much larger errors than the random field and alignment er-
rors mentioned above may occur. Sometimes they are caused
by unpredictable mistakes, and there have been several such
cases in accelerator practice.

In the presence of large linear errors the center-of-charge
trajectory no longer follows the orbit and can have very large
deviations. Even worse, the beam can hit the vacuum cham-
ber somewhere and be unable to make a complete turn
around the machine.

Launch errors in the injection system may also cause
beam loss or, provided they are not so large, harmful coher-
ent oscillations of the beam.

The situation is complicated by displacement errors in
the BPMs and by the low resolution of the monitors for a
single-pass beam.

Thus, we face the task of threading the beam through the
entire turn around the accelerator ring.

Two different approaches are possible.**

First, we can try to thread the beam around the ring by
using the existing orbit correctors. Correcting algorithms
have been developed for first-turn treatment, and some of
them will be described in this paper.

In a different approach, we can seek the sources of large
errors—dipole magnets with large field errors or highly dis-
placed quadrupoles. After finding candidates for error
sources we must carefully examine the corresponding ele-
ments. This approach has been successfully applied for
beam-line steering and can also be used for the first-turn
treatment.

The first-turn correction is closely related to beam-line
steering. In fact, before closing the first turn onto the second,
the magnetic structure of a circular accelerator can be viewed
as a beam line.

Beam losses are especially dangerous in superconduct-
ing machines, causing the loss of superconductivity and thus
making the tuning process much longer.
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In large synchrotrons the distorted orbit amplitude can
reach values comparable with the vacuum-chamber radius,
mainly owing to misalignments of the quadrupoles. This
makes first-turn threading a very important task.

Having corrected the center-of-charge trajectory so that
the beam goes through an entire turn around the ring, we
must close this trajectory, i.e., make the second turn (and all
subsequent turns) coincide with the first turn.

This section presents some algorithms for first-turn
steering.

14.1. Beam-threading algorithm

The idea of the method is straightforward.“s"‘6 The steer-
ing system consists of small correcting dipoles and beam
position monitors (BPM) situated near them (Fig. 7).

As BPMs, electrostatic pickup electrodes are used.

Because the length of the correcting dipoles is small
compared with the accelerator circumference, they can be
considered to produce local orbit bumps.

Let

X3 VBB sin g3 0
X4 _ VB1Bassin s VB2B4 sin o

Xn VBan sin Min V:BZBn sin Man

The system of equations (14.1.4) can be solved with a
trivial forward substitution.

It follows from (14.1.2) that the optimum phase distance
between the corrector and the monitor in a corrector—
monitor pair is 7/2. In practice it is difficult to fulfill this
requirement.

BPMs should be placed near the points where B has a
maximum and where we can expect large center-of-charge
deviations. This improves the BPM sensitivity.

In order to minimize the corrector strengths, the correct-
ing dipoles should also be placed near the points where 8 has
a maximum.

Whereas in the simplest FODO structure it is easy to
follow these rules for situating the horizontal BPMs and cor-
rectors near the F quadrupoles and the vertical BPMs and
correctors near the D quadrupoles, in more sophisticated
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FIG. 7. Beam-line steering system.

EXIT

STEERING

Bl
5

(14.1.1)

€n

be the kick in the nth corrector, where Bp denotes the beam
rigidity.

If M/! is the transfer matrix between the jth corrector
and the ith BPM, we can write

xi=m]1.i28j=\ﬂjﬁi sin l"jisj’ (14.12)
where x; is the deviation in the ith BPM, and we have ex-
pressed the matrix elements in terms of the Twiss
parameters—the amplitude function B(s) and the betatron
phase advance u(s):

s ds
,u(s)=f0 B(s)" (14.1.3)

Applying the superposition principle, we can write

0 €

0 €
2 (14.1.4)

VBi-2Bn SiN py—2, €r—2

magnetic structures with many elements this is almost im-
possible.

The beam-line steering systems have, as a rule, two ad-
ditional parts (Fig. 7).

In the entrance of the line two pickups are used to mea-
sure the position and the slope of the injected beam. The
reliability of the entry-angle reconstruction is greatly im-
proved, however, if the two pickups are placed in the drift
space.”

At the exit of the line two correctors are used to match
the center-of-charge position and slope to those in the fol-
lowing accelerator or target.

14.2. Least-squares algorithm

The least-squares (LSQ) approach has been successfully
applied not only as a method for general orbit correction but
also for first-turn treatment.*’
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Suppose that we have n BPMs and m correcting dipoles,
with n=m.

If ¢, (k=1,2,...,m) are changes in the correcting cur-
rents, the theoretical changes in the center-of-charge trajec-
tory x{ that they will cause are in general given by

m axc m
1
i= > (_)Ck=k§_:l Ficy.

14.2.1
k=1 &ck ( )

In practice, owing to the error influence, the measured
center-of-charge position x;" will not coincide with the de-
sign position x?. Let Ax;=x?—x" denote the discrepancy
between them.

The task of threading the beam around the entire circum-
ference of the ring can be viewed as a least-squares problem:

n

52=_§‘,l (Ax;—x%)2— min. (14.2.2)

i=

The corrector strengths which minimize the discrepancy
between the measured and desired trajectories follow from
the well-known solution of the LSQ problem:

c=(FTF)"'FTAx. (14.2.3)

In the case of equal numbers of correctors and BPMs,
when F is a square matrix, (2.2.3) becomes

c=F !Ax. (14.2.4)

For first-turn steering F is a triangular matrix [like
(2.1.4)], as a BPM “‘sees’’ only those correctors which are
placed downstream to it.

The LSQ method has been used in the Tevatron first-turn
correction.*’ In superconducting synchrotrons, orbit steering
is of special importance because beam losses cause the loss
of superconductivity. This means that the accelerator will
have about one hour of stoppage time at every tuning step,
and this is a serious problem. Automatization of the tuning
by means of the LSQ algorithm has made it possible for an
orbit close to the design orbit to be established after several
iterations of the correction.

Another LSQ algorithm for first-turn steering is de-
scribed in Ref. 48.

The goal function is defined as
2

—min,

(14.2.5)

n k
V(ef)= 2{ (- ni*) + 21 aef
i= j=

where

e} =B,
are ‘‘generalized’’ kicks.

In (14.2.5), 7% denotes the desired center-of-charge tra-
jectory, and n and k are the current numbers of active pick-
ups and correctors. When we lose the beam before the full
turn, the current number of active pickups 7 is less than the
total number of pickups N, and the current number of
switched-on correctors k is less than the total number of
available correctors K.

In practice there are limitations on the maximum al-
lowed kicks in the correcting magnets:

(14.2.6)
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le,|<A. (14.2.7)

Thus, we face a constrained optimization problem.*

In order to solve this problem, the penalty-function
method has been used.

The general idea of the method of penalty functions is to
reduce the constrained optimization problem to a series of
unconstrained problems. To do this, we add to our goal func-
tion (14.2.5) a so-called penalty function a(e}"), which is
chosen in such a way that it will “‘punish’’ the function
V(&) if the constraints (14.2.7) are violated.

In Ref. 48 the following penalty function was used:

K

a(ef)=2, max(0e}’-a%). (142.8)
=

The following series of unconstrained optimization prob-
lems is solved:

Vi (e} ,/Lk)=‘I'(s;-")+/Lka(e}")—>min, (14.2.9)
where w;>0 (k=1,2,3,...) are parameters, and

lim p,=oc, (14.2.10)

k—x

14.3. Closed bump algorithm

The classical method for global orbit correction by
means of local orbit bumps can also be applied for first-turn
correction,*

The local orbit bump is produced by three correcting
dipoles (Fig. 3).

Suppose that n BPMs are placed between the correctors.

Let a be the center-of-charge deviation in the middle
corrector. The height a can be used to parametrize the local
orbit bump.

A kick &; centered at a point i produces changes in the

- center-of-charge position and angle at another point s given

by
Ax(s)=+B;B; sin u;e;,

Ax'(s)= \/% (cos pis— ay sin piy)e; .

We want to produce a local bump. This means that if the
point s is situated anywhere outside the bump, the effects of
the three correctors should compensate each other:

(14.3.1)

3
> Ax;(s)=0,
=1

3
Zl Ax](s)=0. (14.3.2)

It follows from (14.3.1) and (14.3.2) that for s outside
the bump

3
i=zl \/Fiei sin ”’is=07

(14.3.3)

3
Zn \/Esi cos wu;=0.

D. Dinev 415



The kick in the first correcting dipole should produce a
deviation equal to a in the middle corrector. It should there-
fore be

a

o
VBB, sin pyp

Given (14.3.4), Eq. (14.3.3) becomes a system of two
equations in two unknowns €, and €3.
The solution is

(14.3.4)

a sin
PO s - - (14.3.5)
B2 sin pyp sin po;

a

g3 =—F/—=.
VB2B3 sin o3

In Ref. 50 the following goal function was introduced:

(14.3.6)

n 3
G(a)=2l w?“3<x:-"—x5’+x5>2+21 WP (e)).
i= J=
(14.3.7)

In (14.3.7), x" again denotes the measured deviation in
the ith BPM, and x? is the desired deviation; xf is the devia-
tion in the ith BPM due to the three correctors, which can be
easily calculated using the transfer matrices between the cor-
rectors and the monitor; wP" is a weight associated with
each monitor, and ch- is a weight associated with each cor-
rector; P(e) is a penalty function which punishes the goal
function if the kicks are too large.

In particular, the penalty function can be taken as

kle|, if |e|>emax>

P(a)= 0, otherwise, (14.3.8)

where k>0 is a large constant.

G(a) is a function of only one independent variable a. It
can be easily minimized, for example, by the simplex
method.

For the entire circumference of the accelerator ring to be
corrected, the above algorithm must be applied iteratively.
The ring is divided into overlapping closed bumps, and the
correction is repeatedly applied, taking into account the re-
sults of the previous steps.

The algorithm is proposed for the SSC and has been
largely used for SSC first-turn and global closed orbit simu-
lations.

14.4. Error-finding methods

In the periods of machine assembly, initial tuning, or
upgrading, relatively large errors can occur—launch errors in
the position and slope of the center of charge of the injected
beam, kick errors in the dipoles and misaligned quadrupoles,
and focus errors in the quadrupole gradients.

As the strengths of the correcting elements are limited, it
may be impossible to correct the center-of-charge trajectory
to the required extent. Therefore a different approach to
beam steering has been developed.’"!

In this approach we seek the sources of large errors in-
stead of trying to correct them. After the positions and mag-
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nitudes of such errors have been found one should carefully
check the corresponding elements, trying to reveal the physi-
cal basis of the errors.

The error-finding approach has been successfully used at
SLAC for beam steering in the linear electron—positron col-
lider SLC.%!

Two kinds of computer programs are used to determine
the error candidates—modeling programs and error-
simulating programs.

The modeling programs give the operator a mathemati-
cal model of the accelerator. They receive as input a full
description of the accelerator elements (their location and
strengths) and produce as output a file listing elements and
corresponding transfer matrices and Twiss parameters.

Error-simulating programs calculate the effects on the
beam parameters due to specific errors in the elements and
generate simulated trajectories. To find the predicted trajec-
tories these programs use the transfer matrices calculated by
the modeling programs.

As a modeling program, any lattice design program can
be used.

For simplification the error-simulating programs de-
scribe errors introducing thin-lens elements in the lattice. To
simulate focusing errors, thin-lens quadrupoles are inserted
in the lattice quadrupoles, and to simulate kick errors, thin-
lens dipoles are inserted either in bending dipoles to describe
field errors or in quadrupoles to describe alignment errors.

Two different kinds of error treatment exist:

A. Global search. The method of global error search
makes use of a powerful nonlinear optimization package. All
the elements are suspected as possible sources of errors.
Thin-lens elements describing errors are inserted in the ele-
ments. Then the optimization programs are used to find the
settings of these thin-lens elements which yield BPM read-
ings matching the measured trajectory. Thin-lens elements
which have nonzero strengths are the sites of possible errors.

B. Local search. Only a few of the elements are used as
possible error sources. The operator has to make some
guesses about the location of the errors and about the error-
free regions. A highly developed graphical interface can be
very useful in this trial-and-error method. The operator dis-
play should be able to show a plot of the measured trajec-
tory, the desired trajectory, and the difference between them.
It is clear that an error originates in the region where the
differences are large. After determining the error positions
the operator tries to adjust the strengths of the corresponding
thin-lens elements so that the calculated trajectory lies close
to the measured trajectory. Nonlinear optimization programs
are used again, but because of the small number of indepen-
dent variables the optimization problem is much easier to
solve.

Several expert systems have been developed to automate
the use of beam-line correcting programs and to minimize
the time necessary for line commissioning.>2~>*

These are hybrid programs combining traditional expert
systems with their capabilities for qualitative reasoning,
modeling programs giving a mathematical model of the ma-
chine, and optimization programs. Combining numerical al-
gorithms with symbolic reasoning, these hybrid expert sys-

D. Dinev 416



tems systematically perform the specific procedures that a
human expert follows in order to correct the beam line.

First of all, they look for error-free regions where the
discrepancies between the predicted and the measured trajec-
tories are small. It is assumed that every subregion between
two adjacent error-free regions is a possible location of er-
rors and that there is only one error element within each
subregion. Then the error-finding procedures described
above are used to reveal the existence of beam-line errors.

Frames are usually used for representation of the domain
knowledge.

LISP is the preferred language for the expert-system
implementation.

*Work supported by the Bulgarian Scientific Foundation, contract F-309.
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