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A series of methods and nuclear models for describing the properties of the ground and excited
positive-parity states of even—even deformed nuclei are described and tested on practical
problems. Some models are illustrated by examples of their application. Calculations are carried

out for the isotopes

164,166,168,170 ;. 156,158,160,162,164yy,  anq
s ’

156Gd. The experimentally

observed properties of low-lying states are studied systematically, and the structure of the wave
functions of rotational levels is analyzed. The role of angular M1 resonance states in the
mixing of states with different internal configurations is discussed. The predictive powers of the
methods and models are demonstrated. © 1997 American Institute of Physics.
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INTRODUCTION

The adiabatic model of the nucleus proposed by Bohr
and Mottelson, which is a phenomenological model, has
played an important role in the study of the properties of
deformed nuclei. According to this model, low-lying excited
states of even—even deformed nuclei are associated with the
rotation of the axially symmetric nucleus as a whole, while
higher-lying excited states are viewed as oscillations of the
nuclear surface. This simple phenomenological treatment has
made it possible to describe a large number of experimental
facts pertaining to deformed nuclei and to predict new prop-
erties of such nuclei.!”

The advances in experimental nuclear physics associated
with improvements in accelerator technology, detection
methods, and modernization of data processing have led to
the appearance of qualitatively new experimental informa-
tion about the spectrum, electromagnetic properties, and
B-decay characteristics of states in a wide range of angular
momenta.*®

There are several general features of the structure of de-
formed even—even nuclei which have determined how the
experimental data are described theoretically. These nuclei
possess rather ‘‘long’’ rotational bands. The spectrum of
nonrotational states is very rich (expecially for rare-earth and
actinide nuclei). Sometimes there are cases where there are
several rotational bands with negative and positive parity
lying in a very narrow range of excitation energies. These
factors create conditions for the mixing of adiabatic states
with fixed values of K, the projection of the angular momen-
tum on the nuclear symmetry axis. Actually, the experimen-
tal data strongly suggest that there are deviations from the
adiabatic theory. The law E(I)~I(I+ 1) is violated with in-
creasing angular momentum /. This may be related both to
change of the moment of inertia when the frequency of ro-
tation changes, and to rearrangement of the internal angular
momenta of excitations of different origin. The power-series
expansion!

E(D=AII+1)+BI*(I1+1)2+CPI+1)>+---,

where I is the angular momentum of the state and A, B, and
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C are phenomenological parameters, has turned out not to be
useful for describing the energies of ‘‘long’’ rotational bands
of nuclei; it is practically impossible to use it for extrapolat-
ing data to large angular momenta. It is very difficult to
construct a physical picture leading to deviation from the
adiabatic theory at the phenomenological level using param-
eters like A, B, and C, and the microscopic calculation of
these parameters involves various uncertainties.

Expansions of the moment of inertia and the energy in
powers of the rotation frequency w,, are more successful at
reproducing the data on the energies of rotational bands. Us-
ing the relation from classical mechanics

(E( wrot) — Wrot f) =0

between the energies E, the angular momentum
I=\I(I+1), and the angular frequency of rotation
(w,;=0JE/dI), we obtain the expression

E(I)=aw’(I)+Bot(D)+yol (D +--, (1)

in which the parameters a, 3, and vy occur in the expansion
of the angular momentum in powers of w,:

VIT+1)=2aw,(I)+ ; Bwl (I)+ g yod (I)+-- .
)

This expansion was proposed by Harris'® on the basis of the
Inglis cranking model.!"''? The convergence of (2) is consid-
erably better than that of (1), so that only two parameters are
needed for describing the spin dependence of the energy up
to ~10A. According to Ref. 12, Egs. (1) and (2) allow the
energy spectra to be reproduced also at higher spins. How-
ever, this description of the spectrum of rotational bands also
has its limitations, which are especially clear in describing
rotational bands constructed on states with internal excita-
tion.

Study of the spectra of rotational bands clearly suggests
that nonadiabatic effects cannot always be described in first-
order perturbation theory in the parameters of the Coriolis
mixing of states. Significant deviations from the predictions
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of the adiabatic theory are observed in the energy spectrum
of rotational bands of excited states and in the branching of
electromagnetic transitions between states of rotational
bands. The predictions of the adiabatic theory often differ
from the experimental data by hundreds of percent or even
an order of magnitude. As a rule, these deviations also can-
not be described in the lowest orders of perturbation theory
in the parameters of the Coriolis band coupling. For ex-
ample, the Mikhailov expression,'? obtained for describing
deviations from the rules for the intensities of E2 transitions
between interacting K"=0" and K"=2" bands [taking into
account terms of first order in the expansion of the energy in
I+ 1)]

B(E2;K=21,—K=01p)=2MHCY [1+a,[I{I;

+1) =1+ 11717 3)

in many cases cannot reproduce the experimental data,'~%

Therefore, it is very important to look for phenomeno-
logical and microscopic approaches which can be used to
describe the spectral and decay characteristics of states in a
wide range of excitation energies and angular momenta.

For intermediate values of the spin, nonadiabatic effects
can be described by models in which the mixing of a limited
number of states of relatively low excitation energy is taken
into account. The coupling of collective bands in such mod-
els has been taken into account by many authors. However,
in many cases only the lower part of the energy spectrum and
an insufficient number of rotational bands participating in the
mixing were taken into account.

The study of the properties of deformed nuclei has be-
come particularly interesting in recent years in connection
with the discovery of a new collective isovector magnetic
dipole mode. The measured values of the excited-state ener-
gies of such modes indicate that they do not lie very high in
the excitation spectrum, and the inclusion of the mixing of
states of isovector magnetic modes with low-lying states can
lead to interesting physical phenomena.

In this review we describe several methods and nuclear
models designed to study deviations from the adiabatic
theory manifested in the energies and electromagnetic char-
acteristics of excited states of even—even deformed nuclei.
We systematically study the experimentally observed prop-
erties of low-lying states, and analyze the structure of the
wave functions of the rotational levels. The role of states of
the angular M1 resonance in the mixing of states with dif-
ferent internal configurations in radionuclides of the de-
formed region is discussed.

1. A PHENOMENOLOGICAL MODEL FOR STUDYING
THE PROPERTIES OF POSITIVE-PARITY
STATES

Nonadiabatic effects indicate the presence of coupling
between the rotational motion and internal excitations in nu-
clei. The use of phenomenological models makes it possible
to determine the most important elements of this coupling
and to interpret sometimes unexpected effects.
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In constructing such models, it is important to choose
appropriately the space of states whose mixing can explain
the observed phenomena. This involves several consider-
ations.

It is known that, as a rule, in even—even nuclei the mo-
ment of inertia of the ground-state (gr) band is smaller than
the moments of inertia of the 8- and y-vibrational bands
(Z74<7g, 7,). This relation between the energy ranges
cannot be reproduced when the deviations from the rigid-
rotor model are viewed as the result of direct rotational mix-
ing of the gr, B3, and y bands. However, it can be explained in
a model which includes Coriolis coupling of the states of the
gr, B, and vy with higher-lying bands.

In experiments on electron and photon scattering on
many nuclei of the deformed region,?!~28 collective K™=1"
states have been discovered which have strong M1 transi-
tions to the ground state. These excitation modes have been
described using various approaches.??-% Several states with
I™=1" and the corresponding values of B(M1) have also
been found??® in an experiment on photon scattering on the
isotopes 160162164y 172174176y} and 156Gd. The ratios of
the reduced M1-transition probabilites R=B(M1;1 *1
—2%0,)/B(M1;171-0%0,,) from these levels agree with
the adiabatic values calculated using the Alaga rule and al-
low the quantum numbers K"=1" to be assigned to these
bands. Accordingly, it is interesting to study the effect of
K™=1" states on the properties of low-lying levels. In this
situation it is thought that the larger (than in the ground-state
band) effective moments of inertia of the B and y bands arise
because the mixing of these bands with the X"=1" band is
more intense than the mixing between the gr and K™=1"
bands. Important effects due to the coupling of the B, vy, and
K™=1" bands can be expected when the ground-state ener-
gies of the 8 and vy rotational bands are close to each other.

In this section we shall analyze a phenomenological
model for studying the properties of positive-parity states
which includes the Coriolis mixing of states of the gr, 8, 7,
and K™=1" bands. Calculations are performed for the iso-
topes 164166168170 156,158.160,162,164yy and 156Gd, The en-
ergy spectra are described. The reduced probabilities of
quadrupole and monopole electric transitions between states
of the rotational bands are calculated. The nonadiabatic fea-
tures manifested in electromagnetic transitions are discussed,
as well as the behavior of the Rasmussen parameter
X§f=B(E0;10,.+—>10;“)/B(Ez;10,.+—>10f+) between levels
of nonzero spin. The values of the dimensionless nuclear
matrix element of the EOQ transition, p(EQ), are estimated. In
particular, the effect of states of the K"=1 * band on the
electromagnetic characteristics of low-lying levels is studied.
The difference of the gy factors of states of the ground and y
bands for low spins is explained. The values of the
multipole-mixture coefficients & calculated for y—,
y—gr, and B8— gr transitions are compared with the experi-
mental data.

1.1. Formulation of the model

We shall consider deformed nuclei in which well local-
ized principal axes are distinguished (an internal coordinate
system). The spatial orientation of the system is determined
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by the Euler angles 6;. In the generalized model of the
nucleus it is assumed that the complete nuclear Hamiltonian
consists of two parts:

H=H(R*)+Hy,,

HinF% wgbg by, (1.1)
where H(R?) describes the rotational energy of the nucleus
and is a function of the rotational angular momentum R
(R=I—j, where I is the total and j is the internal angular
momentum). The second term is the internal part of the
Hamiltonian, which we write out by introducing phonon op-
erators b; (bg) which create (annihilate) excited states of
positive parity, and wg are the values of the principal band
energies.
An eigenfunction of the Hamiltonian has the form

20+ 1 .
[IMK) = \[Te7 | V2Wer.xD o 6)

Vi k
+2 __TRR
K' \/1 +8K’,0

[Diy k()b

+(—1)’*"’1);4,_,(,(0)1;;(,]}|o>. (12)

Here «//5(,1 x are the mixing amplitudes of the basis states. The
space of states consists of (3 +/) bands, where [ is the num-
ber of included 17 states. It also contains the ground-state
band [0), the one-phonon bands by_,,|0)=bg|0) with
K"=0;, 2%, and the 1; bands.

The Hamiltonian (1.1) possesses transformation proper-
ties such that the state (1.2) can be classified by a quantum
number, the signature o= = 1, which imposes constraints on
the values of the angular momentum (— 1)’o= 1. This leads
to a significant difference in the mixing of states with differ-
ent signature.

We shall write the rotational part of the Hamiltonian
H(R?) as a Taylor expansion in powers of j. Keeping only
the zeroth- and first-order terms, we obtain the Hamiltonian

H=H (I*)+Hy .(I), (1.3)
Hyg (D= wgdk k1= 0ol D)k xr XULK) O r g1
(1.4

acting in the space of states (1.2) with fixed values of the
angular momentum /. In Eq. (1.4), @, (1) =dE o (I)/dI is
the  angular rotation frequency of the core
[E core(l)=H (I(I+1))], j, is the projection of the internal
angular momentum on the x axis, and

2 172

(jx)gr,l=_‘/3' 70> (jx)ﬁ,l=_‘/3‘7]]v (1.5)
(j,\')'y,l= =1 72
By solving the Schrodinger equation
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(Hyg (1) —e)) ¥k ,=0, (1.6)

we find the eigenfunctions and energies of the positive-parity
states.

The total energy of a state is given by
ES(I)=E o(I)+e5(1). (7

The energy of the rotating core E_,.(/) can be determined
by various methods, for example, by the Harris parametriza-
tion for the energy and angular momentum'® [Eq. (1)].

1.2. Electric quadrupole transitions

We shall calculate the reduced probability for E2
transitions!

B(E2Z;;Ki— 1K) = |<lfo|'m(Ez;lL)llliKi)Iz

(1.8)

20 +1

between states of the type (1.2).

The components of the electric quadrupole tensor in the
laboratory frame are related to the components in the internal
frame by the standard transformation

[5
m(E2;pu)= Tg‘,’;erDfL,o(g)

+2V m'(E2;v)D% (6), (1.9)

where
m'(E2;v)=m,(b}+(—1)"b_,).

Here Q, is the internal quadrupole moment of the nucleus,
and m, are constants determined from the experimental val-
ues of B(E2).

The reduced probability of E2 transitions from one-
phonon states |I;K;b;) to levels of the ground-state band is

[5
B(E2;IiKi—')Ifgr)= 167 eQg

I I; I
+ f i Cf n
; l//K" ,gr"bKn KT 1K, 520

A '

Iy
ll!gr,gr gr.K; 10,20

I¢ 2
X2, —mK"wK"’g’ 1K, (1.10)
n m IiO;ZKn ’
where
myg=(grlm(E2)|K™, K"=0%,2% and 1.

In the adiabatic approximation, the reduced probabilities of
E?2 transitions from the B and 7y vibrational bands are
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Bf°‘(Ez;1,./3~*1fgr)=|m0cj{8;20|2, (1.11)

B(E21 y—1g0)=2|myC/f5 1%, (1.12)
which allows the values of the parameters m, and m, to be
calculated from experiment. However, when the 8 and 7y
bands lie close together, they are strongly mixed even for
I=2, and the adiabatic approximation (1.11) and (1.12) be-
comes inapplicable (for example, for the nucleus 2*2Th).'?

For the reduced probabilities of E2 transitions from
states of the vy band with o=—1 (I-odd states), Eq. (1.10)
takes the form

B(E2;1,y—1.0,,)

5 PR R i ¢ 7
=[ E QOKZI l/llg,grwl(‘,yclfl(;ZO-i_‘/z(/,gi,gr
2
I, A

XK2=1 (- 1)Km,<¢,("7c,{2;2_,( (1.13)
This expression can be used to find m if the experimental
values of B(E2) or the ratios of the reduced E2-transi-
tion  probabilites  R;,=B(E2;l,—(I+1)g)/B(E2;I,
—(I—1)g) are known. The deviation of the ratio
B(E2)/B™(E2) from 1 determines the degree of nonadiaba-
ticity of E2 transitions.

1.3. Electric monopole transitions

Electromagnetic transitions are extremely important for
understanding and analyzing the various nuclear excitation
modes. Electric monopole transitions play a special role
here. They are associated with interesting and little-studied
aspects of nuclear structure like changes in the rms radii, the
compressibility of nuclear matter, radial density oscillations,
the breathing mode, and so on.*

The main factor producing EQ transitions is the Cou-
lomb interaction of the intranuclear nucleons with the elec-
trons of the atomic shell. Other electromagnetic interactions
and other interactions in general usually are not involved.*’
One-photon EQ transitions are strictly forbidden by angular-
momentum conservation.

As a rule, monopole transitions are accompanied by
more intense quadrupole ones. In those cases where the life-
time of the studied level cannot be determined, the value of
the EO/E2 mixing is measured:*

B(EO;i—f) €’Rop*(E0;i—f)
B(E2;i—f')  B(E2;i—f')
(1.14)

X,(EO/E2)=

where p is the dimensionless matrix element of the EQ tran-
sition and Ry=roA"? is the nuclear charge radius. The states
i and f must have identical spin and parity. Transitions be-
tween monopole states are compared with E2 transitions
from a given 0% level to the 2% level closest to the final
state. The experimental information about the transition is
often limited to just this one parameter. On the other hand,
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since the ratio X(E(0/E2) is independent of electron factors
and transition energies, it is useful for comparison with
nuclear models.

The model described above gives the following expres-
sion for the reduced probabilities of EO transitions from
states of the K"=0_ band to levels of the ground-state ro-
tational band:

mmmmqgw%gbﬁx%ﬁ%w

2
+ gr,Ozl//(I)vgr)] 4 (]15)
where v is the number of 0% bands included in the basis
states of the Hamiltonian (1.3), and m =(gr|m(E0)|0})
are the matrix elements between the internal wave functions
of the ground and 0 bands. These are numerical parameters
and are determined experimentally. In our model for the
adiabatic case Eq. (1.14) has the form

(21—1)(21+3)

X{(EOE2)=Xo(EVED) oo, (L16)
where

Xo(EOE) = D000, 080 | 117

oEVED)= S e = e - (7

Using the experimental values X§*P(EO/E2) for transi-
tions from O, levels, Eq. (1.17) can be used to find the
numerical values of the matrix elements m( . The numerical

values of the parameters m are found from the adiabatic

expression (1.11). The determination of theparameters m
using (1.17) is sufficiently accurate, because the 0 levels
are not perturbed by the Coriolis forces.

1.4. The magnetic moment and M1 transitions

The dipole magnetic moment of a nucleus in the state
(1.2) is given by’

u=(IM=IK|u |IM=IK),

where the z component of the magnetic-moment operator is
related to the M 1-transition operator as

_2Mc 47 £ (M1:m=0
Be="3 \/-3—./; (M1;1=0).

The M 1-transition operator in the internal frame consists of
two terms: '

A (M1;u=0)=, m(M1;v)D!

©n=0,v

3 eh .
*Var \2are 8rIy=0—13D 4—¢0),

(1.18)

the first of which gives the contribution of the internal mo-
tion, while the second gives the contribution of the rotational

Ph. N. Usmanov and I. N. Mikhailov 351



TABLE 1. Parameters used in the calculations for Er isotopes.

A wg (O] o, 7o i 72 0 7

164 1.246 3.0 0.777 0.28 1.95 1.50 314 118.4
166 1.460 3.0 0.710 0.62 1.69 2.05 353 181.2
168 1.217 3.0 0.732 0.0 2.04 1.10 359 111.3
170 0.891 3.0 0.845 0.03 1.29 0.0 36.5 117.8

w,, are the parameters of the principal band energies (MeV); 7x is the coefficient of the Coriolis interaction; .7, and 7, are the inertia parameters (AYMeV,

A4/ MeV?).

motion to the magnetic moment, which is proportional to the
component of the angular momentum perpendicular to the
symmetry axis.

Using the common notation

eh

<K|n3(M1;v=0)|K)=\/3/471(M)gKK, (1.19)
where g is the internal g factor of the band with K#0, we
obtain an expression for the magnetic moment of the K band:
1 2 K'
pi=grl+ 2 W olMew—e0) 77 (120
K'=1
In deriving (1.20) we restricted ourselves to only the diago-

nal matrix elements (1.19).
In the adiabatic approximation we have:

for the K™=0" bands (gr and B), wu;=grl;

for the K™#0% bands (y and K™=17),
KZ
mix=grl+(gx—gr) Tl

The systematics of the g factors of deformed nuclei of the
rare-earth and transuranium regions give gr=0.4%0.1
(gr=Z/A) (Refs. 1 and 2).

The probability of an M1 transition from one-phonon
states to levels of the ground-state rotational band is given by

.

eh
2Mc

2
2_1 %I,Kw;(ll,ngl
1=

3
B(M1;IK—1'0g)= 71— (

I'K}

XCIKl;lo(gKl—gR)’2- (1.21)

According to (1.21), in the adiabatic approximation M1 tran-
sitions from states of the y band to levels of the ground-state
band are forbidden, i.e., such transitions are possible owing
to the Coriolis mixing of states with AK= 1. In reactions of
electron and photon scattering on nuclei, low-lying collective
K™=1% states with a fairly large value of
B(M1;11 +—>001';r) have been found?'~?® in several nuclei of
the rare-earth and transuranium regions. These transitions oc-
cur between the principal levels of the K™=1" and K™= O;rr
bands, which are not perturbed by the Coriolis forces. We
describe these transitions in our model by including in the
internal magnetic dipole-moment operator an additional term
which changes the number of phonons by unity:

. 3 [ ek
m(Ml;V)=\/4—;(

A + +
—2Mc) [mg,=o(bgxbg +bgbk) b0
Phys. Part. Nucl. 28 (4), July—August 1997
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+m!(b(bTb)L)L+H.c.]. (1.22)

The operator (1.22) leads to an additional term in (1.21):
2

3 ,
B(M1;IK—1I'0g4)= P KZI '»”5(1 ,K‘Mq,sr
=

I
a
”"x.vl
1,0
K=2
(Y]
s 1 K=Op
0 K=
02 4 K=0"
0
b
1,0
: \_"‘\’\/\/\/\/\/\ o2
L1 1,
as 1 K=°o

FIG. 1. Structure of the wave functions of states of the v band for '*Er (a),
166Er (b), and '%Er (c).
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TABLE I1. Ratios of reduced E2-transition probabilities in '*“Er.

Experiment Theory
Phen. TRM
Uy=1)/(,— 1) Ref. 46 Ref. 17 Ref. 14 Ref. 77 Alaga
(27—>2g,)/ (27—>OE,) 2.23(14) 1.97(30) 1.86 1.97 1.43
(2,-4,)/(2,-2,) 0.11(5) 0.153) 0.09 0.09 0.05
(3,=4,)/(3,—2,,) 0.89(7) 0.82(20) 0.69 0.81 0.40
(4,-4,)/(4,2,) 13.3(19) 5.4(13) 6.1 7.1 . 2.94
(5,65)/(5,—45,) 1.45(13) 1.33) 13 1.8 0.57
(2,44)/(2,-0g) 0.25(10) 0.36(6) 0.17 0.18 0.075
, J6 , termined from the condition of best agreement with the en-
XK ,cﬁ,{f;w- (gxl—g Rt 10 m; l//{g,,g, ergy of the rotational ~states of 'Ehe ground-state band up to
X spin I=8, using (1) (7,=2a, 7;=3% B).
1o eh \? (b) The parameters of the principal values of the energy
. 'VI,K Criu IMec) (1.23) of the gr and B bands were taken equal to the experimental

In the adiabatic approximation we have
B(M1;11%—00%) = — o 2002 N3 (129
( ’ - gr) - 47T 2MC © V. (m]) . ( .

The value of m; can be calculated from the experimental
value of the probability for such M1 transitions.
The magnetic moment of the state is given by
2

pr()=ggl+ 2, [‘ﬂ;(r,ﬂz(gl('_gk) 71
K'=1

V3, I
+—1—6.mll/11gr,K‘/,:,K I+1°

Instead of the reduced M1-transition probabilities, the
multipole-mixture coefficients & are usually studied. Their
values are found experimentally using the expression

(IKARED|IK;) e-b
X E _(MeV = .
AMEY) 7 R IR MDITKY 7

In the adiabatic approximation for (1.26) within a single
band with K#0 we have

£00 E,NP—T,

8k~ 8R

(1.25)

(1.26)

6=0.933

(1.27)

where E, is the y-transition energy.

1.5. Results of the calculations

Calculations for the isotopes 164166:168,170gy

The experimental data from Refs. 4—-6 and 44-62 were
used in the calculations for the isotopes 641661810 For
describing the spectrum of positive-parity states, the param-
eters of the model were chosen as follows.

(a) Following Ref. 63, it was assumed that at low values
of the spin the energy of the rotating core coincides with the
energy of the ground-state rotational band. Therefore, the
inertia parameters of the rotating core 70 and 7, | were de-
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values of the energy for spin I=0, wy,=Eg?(0)=0 and
wg=E"(0), because they are not perturbed by the Coriolis
forces. The principal energy of the K™=1" band was taken
to be ;=3 MeV (Ref. 24).

(c) The free parameters of the model are »,, which de-
termine the Coriolis interaction between the states of the ro-
tational bands and the principal energy of the y band w,,.
They were selected to obtain the best agreement between the
calculated energies of the gr, B, and y bands and experiment.

The parameters used to calculate the energy spectrum
are listed in Table I. The calculated values of the energies of
the gr, B, 7, and K™=1" bands are given in Ref. 14. Effects
related to the Coriolis interaction can be seen in Fig. 1,
where we show the dependences of the absolute values of the
amplitude of the mixed states on the angular momentum for
the y-vibrational band in '¢4!65!88Er  We see from this figure
that band mixing is strongly manifested in the nuclei
164188k, which must affect the values of the electromagnetic
transition probabilities.

Next, let us consider the results of the calculations of the
electromagnetic characteristics of the nuclei described above.
The parameters m, and m, are determined by (1.11) and
(1.12), respectively, with the experimental values of the re-
duced E2-transition probabilities from '®*Er (Refs. 44 and
45). They turned out to be my=—7.0x12¢-F?> and
my=+30.5£4.0 ¢ -F.

The following expression can be written down for the
ratio of the reduced probabilities of E2 transitions from
K™=2" states with odd I to the /=1 levels of the ground-
state band, using (1.10):

_B(EZ1,—~(I+1)g)
7 B(E2;1,—(1— 1))

, fi—1|?
“h 2N T
-1 ’
RN

where Z=m,/m,.

(1.28)
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TABLE III. Ratios of reduced E2-transition probabilities in '*Er.

Experiment Theory
Phen. TRM

(1~ y—»l’g’,) Ref. 47 Ref. 48 Ref. 14 Ref. 77 Alaga
(2y>2,)/(2,—04) 1.86(10) 1.91 1.80 1.92 1.43
(2y—>4gr)/(2y—>2g,) 0.097(8) 0.063 0.084 0.091 0.05
(3,~44)/(3,—2,) 0.66(5) 0.73 0.66 0.78 0.40
(3,72,)/(3,~dy) - 343 308 43.8 -
(4,>4,)/(4,—2,) 5.67(45) 6.3 5.22 6.24 2.94
(4,>6,)/(4,—4,) 0.256(65) 0.186 0.191 0.21 0.086
(4,—2,)/(4,-2,) 64.3(70) 53.5 44.7 66.8 -
(5,264)/(5,—4) 1.36(10) 1.52(25) 1.2 1.66 0.57
(5,=4)/(5,~44) - 25(20) 21 33.7 -
(6,—6,)/(6,—4,) 10.9(8) 13(7) 10.0 13.6 3.7
(6,—8,)/(6,—6,,) - 0.28(16) 0.30 0.35 0.11
(6,—4,)/(6,—4) 241(17) 220(150) 170 283 -
(7,-8)/(7,6,,) 2.12(18) 2.5(5) 1.73 2.96 0.67
(7,—6,)/(7,—6,) - 18.8(40) 14.1 269 -
(8,>8,)/(8,—64) 18.9(45) - 19.3 31.8 4.17

The parameter m | was determined using (1.28) from the
experimental value of R, for /=5 in 164Er (Ref. 17) and
turned out to be m,;=—80.0 ¢-F2.

In Tables II-IV we give the calculated values of the
ratios of the reduced probabilities for E2 transitions from the
y band, R;,,. The calculated values R are compared with
the various experimental values RSP and also with R cal-
culated using the adiabatic theory, and with R calculated
using the two-rotor model (TRM).”” For all the Er isotopes
the ratios R, were calculated using the set of parameters ni g
and Q=742 F? defined above.* We see from these tables
that the model satisfactorily describes all the known values
of R§} for these nuclei. The deviation of R from R}, is
noticeable for both even and odd spins with I 3,5. In the
case of '®Er, RS differs from R, by a factor of two, and
the difference grows with increasing I, which confirms the
mixing of the y band and the K"#0* band. Our model
taking into account this mixing gives a satisfactory descrip-
tion of the deviation of R} from the Alaga rule.

The characteristics of magnetic dipole transitions from
B- and <y-vibrational bands and inside the y band were cal-
culated using (1.23). The parameter m; was found from
(1.24), usmg the experimental value B(M1; OO —11%)
=1.0 u? for '®Er (Ref. 24). The parameters gy were as-

TABLE IV. Ratios of reduced E2-transition probabilities in '*®Er.

sumed equal (gg—;=gk=,) and were found from (1.27),
using the experimental value of §for /=4 in I66Er (Ref. 56).
The calculated values of the multipole-mixture coefficient &
are given in Tables V and Tables VI and are compared with
the experimental values and also with the values calculated
in the two-rotor model.”” The signs of the experimental val-
ues of § quoted by various authors for the same transition in
a given nucleus are often opposite. However, the discrepancy
is only apparent: the sign of § depends on which expressions
are used to analyze the angular correlations and on the con-
ventions followed by the authors. In this review we use the
sign of ¢ following from the Steffen—Becker sign
convention,% as in Ref. 4. We see from these tables that the
experimental values of & have a large spread. However, one
of them agrees with 8" calculated in this model. In the
tables we give the values for transitions between rotational
levels of the -y and gr bands, and for transitions within the y
band.

The values of the parameter m, determined from the
ratios of E2-transition probabilities turned out to be larger
than in other studies. This is because in the basis states of the
Hamiltonian we have included only a single band with
K™=17, whereas there may be several such states, as in the
nuclei 19162164py and 172174176y}, (Refs. 27 and 28). There-

Experiment Theory
Phen. TRM

(ly—rl’,)/(ly—»l",) Ref. 49 Ref. 50 Ref. 14 Ref. 77 Alaga
(2y—>2g,)/( 7—»02,) 2.27(45) 1.79(4) 1.74 1.73 1.43
(2,~4,)/(2,— g,) 0.044(22) 0.075(4) 0.077 0.076 0.05
(3,24,)/(3,-2,) 0.65(30) 0.64(4) 0.61 0.62 0.4
(4,>4,)/(4, —»2 ) 6.3(30) 5.27(55) 50 4.6 2.94
(47—»6g,)/(4.,—»4g,) 0.076(38) - 0.178 0.16 0.086
(5,—64)/(5,—4,) 1.0(4) L1 LI5S 0.57
(6,264)/(6,—4,,) 10.7(42) 10.6 6.9 3.7
(6,—8,)/(6,—6,4) 0.19(8) - 0.31 0.24 0.11
(7,—8,)/(7,—64,) 1.64(80) - 1.57 1.72 0.67
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TABLE V. Multipole-mixture coefficients & for 'S‘Er.

I; I Exp. (Ref. 51) Phen. (Ref. 14) TRM (Ref. 77)
2, 2, -5.1 -36
+0.28
3, 2 or _(,),';i"s,‘{'” -52 -3.1
- 1.1539%
4, 4y or _, : —2.45 -1.78
_ 4.8+ 1.5
5 4 or T -30 -1.63
4 & 0.0290
- 1.19*15, _ 3
6, 6 or _,, 1.42 1.16
Ty 6y 65122 -2.19 -10
—1.5295
8, 8gr o ot -0.89 -0.82

fore, the values of B(M1) for transitions from 1% states
obtained from our model may be overestimated.

The results of the calculation suggest the following con-
clusions, which were briefly described in Ref. 14.

1. The deviations of R, from the Alaga rule are associ-
ated with mixing of the gr, 8, 7, and K™=1" bands.

2. The presence of K™=1"% components in the wave
functions of vibrational states leads to M1 transitions from
these states to states of the ground-state band.

3. The values of the coefficients & for transitions from
the y band are negative, which corresponds to most of the
available experimental data. As the angular momentum in-
creases, the coefficient § decreases in absolute value.

4, AK™=1" state must exist in the nuclei '**'%Er, and
the B(M 1) factor from this level must be of the same order
(=0.33u2) as in "1y (Ref. 24).

Calculations for the isotopes 15%158,160,162,164pyy,

In Figs. 2—6 we show the spectra of theoretical and ex-

spectively. Comparing them, we see that the model qualita-
tively reproduces the experimental values of the energies.

The structures of the states of the B and y bands of
136162y obtained in the description of the energy are given
in Ref. 18. In states of the y band the 8 components become
noticeable already at low spins. Mixing of the states of the 8
and y bands is strongly manifested in *%!*®Dy, owing to the
closeness of the principal energies.

The electric E2 transitions from collective states of the
ground-state band were calculated using (1.10). The values
of Q for the calculations were taken from experiment. The
parameters mo, and m, were also determined from
experiment,* using Egs. (1.11) and (1.12) for the reduced
E2-transition probabilities in the adiabatic approximation.
The values of B(E2) from the 1* band are not known ex-
perimentally, and so, assuming that the B(E2) from states of
the 1* band to levels of the ground-state band are identical
in the adiabatic approximation (i.e., mp=m; =m=...),
the parameter m; was determined from the condition of best

perimental energies of the isotopes '°%158160.162164ny - re_  agreement between the calculated ratios of reduced prob-
TABLE VI. Multipole-mixture coefficients 8 for '3Er.
Phen. TRM
I; Iy Experiment (Ref. 14) (Ref. 77)
|6|=6.4 Ref. 57
2 2 |6]=29 Ref. 52
i & >9.4
or 43 Ref. 59 -79 —4.4
3 i |8]=8.1 Ref. 58 -79 —40
Y & 16.5(23) Ref. 59
3, 4y -49(3) Ref. 59 -55 -30
-5.7%37 Ref. 52 -3.7 -25
4, 4, or 25T, Ref. 57
50*%
. 4 |8]=1.41 Ref. 49
i Y |8]=1.38%3% Ref. 60 -1.6 33
6 s |8]=1.05 Ref. 49
L4 4 |8]=1.55%3% Ref. 60 -1.5 23
; s |8]=1.92 Ref. 49
v Y |6]=1.527 543 Ref. 60 - 1.6 3.6
8, 7, |6]=0.245 Ref. 49 -13 2.5
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FIG. 2. Comparison of the theoretical and experimental energy spectra for
156
Dy.

abilities of E2 transitions from states of the y band with the
experimental data. In Fig. 7 we give the calculated values of
B(E2) for I,—(I=2)g, 1,1, and 13— (I—2),, transi-
tions and the reduced matrix elements ((I+2)y|m(E2)|I,,)
and (I, lm(E2)|I,) in "**Dy, which are compared with
experiment ~ and with the values calculated in the adiabatic
approximation. We see from these figures that the nonadia-
batic features of B(E2) transitions from 8 and 7y bands can
be attributed to mixing of states of the gr, 8, y,and K"=1"
bands.

In Tables VII and VIII we give the calculated values of
the ratios of reduced probabilities of E2 transitions from the
y-vibrational band for the nuclei listed above. The results of
the calculations agree with the experimental values RyP
(Refs. 64—70) and with those calculated using the Alaga for-
mula. We see from the tables that the model satisfactorily
describes the deviations of R$P from the Alaga rule.

E, MeV
$3
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FIG. 3. Comparison of the theoretical and experimental energy spectra for
158Dy
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FIG. 4. Comparison of the theoretical and experimental energy spectra for

160Dy,

The values of the parameter m, characterizing E2 tran-
sitions from levels of the 17 band turned out to be larger for
156.158Dy than for '6*1621%4Dy  This is because for the iso-
topes '*4138Dy we included only one band with K™=1% in
the basis states of the Hamiltonian, although such a level has
not been found experimentally. However, several 17 states
have been found experimentally for '6%162164Dy  The large
value of m, in the calculations indicates that several 17 lev-
els may also exist in the nuclei 1*5!%Dy,

The M1 transitions from states of the 8 and <y bands
were calculated using (1.23). The parameters m; were deter-
mined from (1.24), using the experimental values of B(M 1)
from the 1 levels.?® The parameters gx and gz were found
from the experimental values of the magnetic moments for
the ground-state band [u(4%,gr) = 1.48f8j21 Mq] and the y
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FIG. 5. Comparison of the theoretical and experimental energy spectra for
szy.
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FIG. 6. Comparison of the theoretical and experimental energy spectra for
164
Dy.

band [u(2%,7)=0.32%0.4 u,] for '“Dy (Ref. 71),
and turned out to be gx=0.10 and gz=0.36. It was
shown in Ref. 72 that g§HP(4+,!8Dy)=g&P(2* 10Dy,
=g2P(2*,'2Dy). Therefore, in the calculations for all the
Dy isotopes we used the values of gx and gy found above.
The calculated values of gf{f (D=u(D)/I as a function of spin
are shown in Fig. 8 for 138160162Dy We see from these fig-
ures that the gp factor of the y band at low I is smaller than
in the ground-state band (g§), and approaches g% with in-
creasing /. In our scheme the values of gy for states of the
ground-state band turned out to be constant, as is confirmed
by experiment for /<10 % in %Dy (Refs. 72 and 73).

Experiment” gives gz=0.04=0.11 for '**Dy for spins
I=14 £ in the gr band. This is certainly related to the com-
plex structure of the ground-state band at high spins. For
example, in our scheme the mixing of the gr band with the
aligned S band, which has a large moment of inertia, is not
taken into account. In Fig. 9 we give the values of B(M1)
calculated using (1.24) for I,—({Ix1), and I,— 1, transi-
tions. In all cases B(M1) increases monotonically with in-
creasing spin, and B(M1) for '®Dy is always smaller than
for the other nuclei.

In Table IX we compare the theoretical and experimental
~ values of & for '$0162184Dy  The amount of experimental

* data on ¢ for "Dy turned out to be larger than for '6>164Dy,
and for "!58Dy there are no data. The values of 6P for
transitions in the y band are available only for '9’Dy, and
within the experimental error they agree with the calculated
values 6", For y— gr transitions the theory is in satisfac-
tory agreement with experiment in most cases.

The experimental values given in Ref 69,
B(E2;2y—2gr)=0.045(25) e?b?, 0.0446(27) e*b%, and
0.0411 22, respectively, for the isotopes 160'162'164Dy, and
the multipole-mixture coefficients, 3**P(2y—2gr;'*Dy)
=—16.7(14) (Ref. 74), &*P(2y—2gr;'9’Dy)=—8.1(11)
(Ref. 75), and 8P(2y—2gr;'%Dy)= —5.7(12) (Ref. 75), al-
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low the determination of B**P(M1). These turned out to be
BP(M1;'°Dy)=0.086(6) X 10732, B¥P(M1;'2Dy)
=0.44(3)X1073u2,  and  B®P(M1;'Dy)=0.42(3)
X1073u2. Our calculations give B"™(M1;!%Dy)
=0.082Xx 10732, B™(M1;'Dy)=0.52x10"3x2, and
B™o(M1;'%Dy)=0.42Xx 10732, in good agreement with
the experimental values.

Calculations for 1%Gd

A fairly complete analysis of states of positive and nega-
tive parity was carried out by Backlin et al. in Ref. 76. The
1%Gd nucleus is one of the best studied nuclei and one of the
first nuclei in which a new type of excitation was discovered:
collective I™=1" states in the energy range 2-3.5 MeV
(Ref. 21). At the present time, several such states have been
identified in '°Gd in a y-scattering experiment.®? In Table X
we show the energies of the 1" collective levels, the values
of the probabilities B(M1), and the ratios of the reduced
probabilities R=B(M1;1*1—-2%gr)/B(M1;1*1-0%gr).
Three 1% states with energies 1966, 2027, and 2187 keV
have also been observed in the 8 decay of '°Eu (Ref. 76).
Their rotational levels up to 4" for the first two bands and up
to 3" for the last band have been determined. The ratios of
M1 transitions from these levels agree with the adiabatic
values calculated from the Alaga rule, and they allow the
value K"=1" to be assigned to these bands.”® A level with
energy 2027 keV has also been observed in a photon-
scattering experiment (see Table X).

Information has been obtained from the (a,2n) reaction
about the levels of rotational bands with K™=0] (ground-
state) up to /=16", with K™=0, and 0; (B-vibrational) up
to /=10", and with K™=2 (y-vibrational) up to I=11".

Calculations were performed using the model described
above in order to study the properties of the levels of these
bands. The gr, 05, 07, and 2| bands and all bands with
K™=1" known from experiment were included in the basis
states of the Hamiltonian. The principal energies of the 1+
bands were also found experimentally:

w,,=E7P(I= 1)—EMeor(1=1).

core

In Fig. 10 we give the theoretical and experimental en-
ergies of the positive-parity states.

The structure of states of the gr, 0, , 03 , and 2] bands
is given in Ref. 20. The ground-state band is more pure than
the 0; , O;’ , and 2;“ bands, where mixing can be strongly
manifested. The states of the 05 and 2] bands are especially
strongly mixed. This leads to nonadiabatic features in the
probabilities for electromagnetic transitions between states
of positive-parity bands, in particular, for EO transitions
from states of the 2| band to rotational levels of the ground-
state band.

We shall calculate the reduced E2-transition probabili-
ties using (1.10). In the calculations the value of the internal
quadrupole moment was taken to be Q,=6.81(6) b (Ref. 4).
The values of my were chosen for the transitions from each
band in order to obtain the best agreement between the
E2-transition probabilities and the experimental data. In
Tables XI and XII we show the ratios of E2-transition prob-
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abilities from the 0, and 2fr bands, respectively. The largest  are less strongly collectivized than 'y(2f) states, and the
deviations from the Alaga rule are observed for the ratios  small component of B band in the wave functions leads to
Rk from states of the (0, ) band. This is because B3 states significant deviations from the adiabatic theory. We see from

TABLE VII. Ratios of reduced E2-transition probabilities B(E2;/ y—1,81)/B(E2;1,—1,g1) (Ref. 18).

ISﬁDy I58Dy
1 I, I, Exp. (Ref. 64) Theor. Exp. (Ref. 65) Theor. Alaga
2 0 2 0.60(9) 0.53 0.44(9) 0.55 0.7
3 2 4 0.37(6) 1.2 1.72(35) 1.20 2.5
4 2 4 0.15(2) 0.21 0.21(4) 0.22 0.34
5 4 6 0.21(2) 0.62 0.77(15) 0.58 1.57
6 4 6 0.20(3) 0.17 0.26(10) 0.12 0.27
8 6 8 0.18(2) 0.18 - 0.03 0.24
9 8 10 0.07(2) 0.31 - 0.24 1.38
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TABLE VIII. Ratios of reduced E2-transition probabilities B(E2;1,—1,gr)/B(E2;1,—I,gr) (Ref. 18).

160Dy 162p,y 184Dy
Exp. Exp. Exp.
1 I, 1, (Ref. 66) Theor. (Refs. 67 and 68) Theor. (Refs. 69 and 70) Theor. Alaga
2 0 2 0.58(6) 0.59 0.56(2) 0.58 0.55(3) 0.55 0.7
3 2 4 1.5(2) 1.64 1.61(7) 1.58 1.35(15) 1.33 2.5
4 2 4 0.22(4) 023 0.20(1) 0.21 0.30(4) 0.19 0.34
5 4 6 0.83(14) 0.93 0.92(6) 0.87 0.5 0.69 1.75
6 4 6 0.17(5) 0.15 0.16(3) 0.13 0.22(2) 0.10 0.27
2 4 2 0.06(1) 0.08 0.07(1) 0.08 0.11(1) 0.08 0.05

these tables that the model satisfactorily reproduces the ex-
perimental data.

In Table XIII we compare the experimental and adia-
batic values of the reduced probability of E2 transitions to
the ground-state band together with the values calculated us-
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ing the interacting-boson approximation’® (IBA) and our
model. We see from this table that the adiabatic values of
B(E2) are in good agreement with the experimental data,
and so it can be concluded that at these spins the ground-
state band hardly mixes at all with the other bands. This is

210!

s
T 164
3
Ah
0
T ¢
g 162
]

13
»
3 2
a
t
760

)

2 4 10 12 14
t (]
x10”?

10
Ky 164
-~ 8
—

]
= ef
] 162
!
~
= 4F
=
o
a
2
160
[ b
2 ¢ &6 10 12 1e
t th
x10°?

. 162
- /
1-
=0
=<,

-

)

1 30

»

= 164
X0t

@

10r 180

o /

) s 20 28

H)l [h]IS

FIG. 9. Theoretical values of B(M 1) (*—for '*Dy; @—for '’Dy; ¢ —for
164

Ph. N. Usmanov and |. N. Mikhailov 359



TABLE IX. Values of the coefficients & for Dy isotopes (Ref. 19).

160Dy 162Dy 164Dy
I; 1, Exp. (Ref. 99) Theor. Exp. (Ref. 68) Theor. Exp. (Ref. 68) Theor.
2, 2, 6>0.5 14.1 —-8.3< <34 -5.64 -163<8<31.5 -522
4, 4y <1;>-8 7.62 —-53%37 -2.65 -0.87+51; -2.63
6, 64 6>1.4 4.96 —17.9<6<23 - 1.64 - -1.78
8, 8er 6>1.5 35 - ~1.08 - -1.80
10, 10, <-27,>12 2.6 - -0.74 - -1.39
3, 2, 5>11.0 15.8 —-2.6253 -527 -6.7<8<55.5 -4.48
5, 4y <8;>-14.0 10.3 8<62.7 -272 —-55t2 —2.54
7, 64 7.2(10) 6.9 - -2.13 - -1.76
9, By 7.0(12) 5.8 - - 1.65 - -131
11, 10, 8>0.0 5.0 - -1.33 - -1.13
3, 4y -0.05(5) 9.7 —-11.7<8<10.4 -5.41 —5.4132 -3.63
5, 64 5>10 6.1 -39t —2.60 - —231
7, By 5(8) 4.7 . - 195 - -1.72
4, 3, . -0.77 |8]=1.2(80) -0.67 i —-0.60
5, 4, -0.75 |8]=1.2(8) -0.66 -0.59
6 5 -0.70 |8|=0.67 -0.63 -0.59

<
~

confirmed by the results of the calculations performed using
our model.

Using the experimental values Xo(E0/E2)=0.23(1) and
0.031(13) (Ref. 4) for transitions from the 0, and 05 levels,
respectively, from Eq. (1.17) we find the numerical values of
the matrix elements m(’)2=0.058( 1) eb and m(’,3

=0.023(4) eb. We used the following values of the param-
eters mo : mo,=0.12 eb and my,=0.13 eb. Then we used
Eq. (1.15) to calculate the reduced probability B(E0). In
Table XIV we give the numerical values of X ,(EQ/E2),
which are compared with the experimental values**"®? and
with the values calculated using the adiabatic expression
(1.16). In Table XIV we also give the values of B"°(E2)
calculated using (1.10), and the adiabatic values of B(E2)
found from the expression

I(I+1)
B(E2;10,,—>Igr)=mgv & (1.29)

—1)(21+3)°

We see from this table that as the angular momentum
increases, the difference between the experimental values of
X;(EO/E2) and the values calculated using the Alaga rule
increases. That is, with increasing I the adiabatic values of
X/(EO/E2) for transitions from 0; and 0] bands increase

TABLE X. Characteristics of 17 states (Ref. 79).

E, B(M1)1
keV Reyp (md)
2027 0.25(24) 0.16(5)
2974 0.45(8) 0.35(7)
3010 0.53(23) 0.09(2)
3050 0.39(17) 0.11(3)
3070 0.64(7) 1.21(23)
3122 0.47(20) 0.09(3)
3158 0.50(13) 0.34(7)
3218 0.48(11) 0.31(6)
360 Phys. Part. Nucl. 28 (4), July—-August 1997

slowly, and for some I approach the limiting value, while the
experimental values of X,(E0/E2) tend to decrease. This is
explained as follows:

(a) In the adiabatic approximation B(EQ) is a constant,
and so the parameter X}"(EO/E2) increases, owing to the
behavior of BA(E2) (see Table XIV).

(b) The mixing of positive-parity states causes B(E0Q) to
decrease with spin / and B(E2) to increase, which leads to
decrease of X;(EO/E2).

Let us calculate the dimensionless nuclear parameter of
the EO transition, which depends on the structure of nuclear
matter:

(Igtlm(E0)||10])
eR}: ’

p(EO;IO;'—Jgr) = (1.30)
where Ry=r¢A' and ry=1.2 F.

In Fig. 11 we compare the calculated and experimental
values of p(E0). We see from this figure that for transitions
from the 0; band the theoretical values of p(EQ) agree with
experiment within the error, while there is qualitative agree-
ment for transitions from the 05 band.

The experimental values of p(EQ) were determined us-
ing Eq. (1.30). Here we have used the data for X,(E0/E2)
and B(E2) given in Table XIV.

In the '°Gd nucleus, EO transitions from the 2%, 1828
keV and 3%, 1916 keV states of the K™=2; band to the
K "=2f“ levels are observed, with the large values
X,(EO0/E2)=1.2 and X;(E0/E2)=1.0. This is probably re-
lated to the fact that there are few E2 transitions between
one-phonon states, because such transitions occur mainly
owing to the gr components in states of the 2| and 2
bands.

Our calculations including the Coriolis mixing of
positive-parity states reproduce the experimental data well.
Our model qualitatively describes the experimental values of
the energy spectrum and the probabilities of electric quadru-
pole transitions from states of the 0; s 0; , and 2f bands to
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the rotational levels of the ground-state band. Therefore, our
theoretical analysis seems capable of explaining the devia-
tions from the Alaga rule of the ratios of reduced
E?2-transition probabilities R;x=B(E2;IK—I,gr)/
B(E2;IK—1I,gr), the mixing parameter of EQ and E2 tran-
sitions X;(E0/E2), and the matrix element of the EQ transi-
tion p(EO).

Our analysis leads to the following preliminary conclu-
sions:

(a) The deviations from the Alaga rule of the ratio of
reduced probabilities R, for E2 transitions from states of
the B- and 7y-vibrational bands can be attributed to mixing of
the ground-state, B, 7, and K™=1 bands. The largest de-
viations from the adiabatic theory for the ratios R;x from
states of the B(0,) band are due to the fact that the B states
are less strongly collectivized than the y(2,+) states, and a
small component of the B8 band in the wave functions leads
to significant deviations from the Alaga rule.

(b) The mixing coefficients S(E2/M1) for transitions
from states of the y band are negative for the isotopes
164,166.168.170E and 162164Dy and positive for Dy, in agree-

ment with most of the available experimental data. The ab-
solute value of the coefficient & decreases with increasing
angular momentum.

(c) In the adiabatic approximation B(EQ) is a constant,
i.e., it does not change as the rate of rotation of the nucleus
increases. The mixing of positive-parity states causes B(EQ)
to decrease with spin I and B(E?2) to increase, which causes
the Rasmussen parameter X;(EQ0/E2) to decrease (an ex-
ample is the '%°Gd nucleus).

The results described in this section show that it is nec-
essary to include the Coriolis interaction of states of low-
lying bands with 1% levels. In the calculations for the iso-
topes '64156Er and '56!8Dy. in which there is only one
K™=1" state, the empirical values of the parameter
( 2;| JjxI1*) describing the Coriolis interaction between states
of the 1™ and y bands turned out to be larger than the values
at the spherical limit (see Table I and Ref. 18). In these
nuclei a similar picture is also observed for the matrix ele-
ments (0,|E2|1%) (see Ref. 18). However, a large number
of I"=1" states can be located in the excitation energy
range 2—-5 MeV, and the set of these states is described phe-

TABLE XI. Ratios of reduced E2-transition probabilities R;= B(E2;10,—1,gr)/B(E2;10,—1 280 (Ref. 20).

R,
I I, 1, Exp. Theor. Alaga
2 2 0 5.1 (5)8
2.7 (T)* 4.1 1.43
3.45 (34)P
2 4 2 1.1 (1)8 0.74 1.80
0.84 (8)*
4 4 2 23 (2)8 2.4 091
4 6 4 0.65 (9)2 0.32 1.75
0.7 (3)*
6 6 4 1.2 (8)* 1.8 0.81
10 10 8 >1.7* 1.33 0.74

s —from Ref. 78; A—from Ref. 69; B—from Ref. 76; D—from Ref. 80.

361 Phys. Part. Nucl. 28 (4), July—August 1997

Ph. N. Usmanov and . N. Mikhailov 361



TABLE XII. Ratios of reduced E2-transition probabilities R,=B(E2;12,—1,gr)/B(E2;12,—1,gr) (Ref. 20).

R,
1 1, 153 Exp. Theor. Alaga
2 2 0 1.75 (55)4
1.60 (9)8
1.56 (17)¢ 1.90 1.43
1.96 (22)°
1.60 (12)F
2 4 2 0.090 (9)8
0.105 (3)¢ 0.060 0.05
0.14 (2)
3 4 2 0.56 (21)%
0.695 (8)¢ 0.65 0.40
0.77 (15)F
4 4 2 5.81 (24)¢ 4.4 2.94
59 (6)¢
5 6 4 1.22 (16)*
1.45 (19)€¢ 1.16 0.57
1.40 (16)%
6 6 4 5.9 (14)4 5.55 37
7 8 6 2.0 (12)4 1.62 0.67
9 10 8 2.5 (124 2.1 0.72
10 10 8 =54 6.6 4.48

A—from Ref. 78; B—from Ref. 69; C—from Ref. 81; D—from Ref. 80; E—from Ref. 76.

nomenologically as a collective state of the scissors mode. It
would certainly be interesting to obtain a description of the
mixing of states using a microscopic model including all 1*
states and with matrix elements of the Coriolis interaction
that are not free parameters. This problem has been discussed
in Refs. 84 and 85, where a microscopic analysis was carried
out using the RPA with accurate isolation of ghost admix-
tures due to violation of the rotational invariance of the
Hamiltonian.

In Fig. 12 we show the correlation between collective
1, states and the Coriolis matrix elements.3* We see from
this figure that the more strongly collectivized 1 :,' states have
large matrix elements connecting them to the y band.

It should be noted that the reduced E2 matrix elements
(0;,[E 2|1} are mainly positive, while the matrix elements
of the Coriolis interaction (2 |j*|1;) are negative (see Fig.
12). This implies that the contribution of 1, states to the
matrix elements of E2 transitions are coherent. This en-
hances the nonadiabaticity of E2 transitions due to the inter-
action with 1 states.

It was also shown in Ref. 84 that if the rotational invari-
ance is preserved correctly in the RPA calculations, the Co-
riolis interaction between the ground-state and 1* bands

TABLE XIII. Experimental and theoretical values of the reduced
E2-transition probability in the ground-state band (Ref. 20).

B(E2;I* gr—(I—2)*gr)x 10* ¢2 F*

1 Exp. (Ref. 82) IBA (Ref. 78) Theor. Adiab.
2 0.92 (3) 0.92 0.91 0.92
4 1.29 (2) 1.29 1.29 1.31
6 1.47 (4) 1.39 1.43 1.44
8 1.57 (15) 1.39 1.50 1.51
10 1.59 (9) 1.34 1.55 1.55
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must be exactly zero, and 1, bands are coupled by Coriolis
forces only to the y band. However, the experimental data
suggest the presence of coupling between the ground-state
band and other bands. To exclude the coupling between the
ground-state band and the 1* and y bands, it is necessary to
generalize the approximation, for example, by taking into
account the y deformation or the relative motion of the pro-
ton and neutron components, which is considered in the fol-
lowing section. It will be shown that the internal angular-
momentum operator is not the only operator describing the

0,60

0,50 v=2

10,-10,)

0,40

p(EO

0,30

0,20
v=38

g,10

A0dadaaaaaaaaadaanadsaaabasgnaansalataaasasatasassaisa

L]

Q-
A~

FIG. 11. Dependence of the dimensionless matrix element p(£0;/0,—Igr)
on the spin /.
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TABLE XIV. Characteristics of EO transitions between excited states of *°Gd (Ref. 20).

B(E2)x10™*
X(EOE2) e’b’
Eeyel EV

I"K, keV keV Exp. Theor. Adiab. Theor. Adiab.
0%0, 1049 1049 0.23 (1) 0.23 0.23 144 144
270, 1258 1168 0.19 (5)% 0.240 0.762 130 41
4%0, 1298 1010 020 (4)8 0.091 0.838 277 37
6%0, 1540 956 0.18 (8)® 0.071 0.855 318 37
8%0, 1848 883 0.05-0.082 0.065 0.862 331 36
10%0, 2220 804 0.06 (3)2 0.061 0.865 335 36
0%0, 1168 1168 0.031 (13)4 0.031 0.031 169 169
2%0, 1258 1169 0.017 (9)¢ 0.096 0.105 45 48
470, 1462 1174 0.036 (4)€ 0.057 0.115 60 44
610, 1766 1181 - 0.040 0.117 71 43
810, 2134 1169 - 0.033 0.118 77 43
1070, 2523 1107 - 0.028 0.119 81 43

A—from Ref, 4, B—from Ref. 41; C—from Ref. 83.

coupling with the dependence on the quantum numbers 7 and
K characteristic of Coriolis mixing.

2. THE GIANT ANGULAR RESONANCE AND
STRUCTURE OF THE LOWEST-LYING NUCLEAR
STATES

In Sec. 1 we remarked that it is possible to describe the
nonadiabatic characteristics of states of low-lying bands of

é-: ! IH ’Jl'h l

nN,

1 E, MeVv 4

1.0

o0 'l, L, T T

-2.0} - e
Y EMev?

FIG. 12. Calculated values of the E2 matrix elements (0|E2|1;) and the
matrix elements of the Coriolis interaction (2} |j*|1;) for '“Er (Ref. 84).
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deformed nuclei using models which include the Coriolis
mixing of the levels of these bands with a band having the
quantum characteristics K™=1%. The calculation performed
using the RPA 385 which contains an analysis of nonadia-
batic effects from the viewpoint of the microscopic ap-
proach, to some degree justifies this phenomenological treat-
ment, as it indicates that there is coherence between the
matrix elements of the Coriolis interaction and the electric
quadrupole moment between states of the y-vibrational band
and the numerous 17 states in the vicinity of the *‘scissors’’
excitation mode. At the same time, the microscopic treat-
ment poses the question of the nature of the coupling be-
tween the ground and 17 states, traces of which are present
in the experimental data and are taken into account in the
phenomenological approach on an equal footing with the
coupling of the 1* and other excited bands.

In this section we discuss the physical reasons for this
mixing. We assume that states of the K™=1" band corre-
spond to excitation of the giant angular resonance predicted
theoretically in Refs. 39 and 40 and induced by the relative
deviation of the symmetry axes of the proton and neutron
components of the nucleus. These excitations have been
studied in detail theoretically using various approaches and
have been identified experimentally in some nuclei.?!~?® It
has proved possible to use this assumption as the basis for a
model containing a small number of parameters which de-
scribes nonadiabatic effects in the spectrum of rotational
bands and in the electromagnetic characteristics of positive-
parity states of deformed even—even nuclei.

2.1. The two-rotor model of the nucleus

Following Ref. 40, we shall consider a model of the
nucleus described as two axial rotors (proton and neutron)
which can rotate relative to each other as shown in Fig. 13.
We introduce the variable 6, equal to half the angle between
the symmetry axes of the rotors, the direction of which is
determined by the unit vectors ¢, and {,:

cos(20)=¢,-L,, O0sO<m/2. 2.1)
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FIG. 13. Relative motion of the neutron and proton rotors.

We define the orientation of the nucleus as a whole by a
right-handed orthonormal triplet of vectors:

n,=[g,8,)/sin(26), ny=(&,—¢,)/2sin 6,
n;=(g,+¢&,)/2 cos 6.

The motion in the direction of the angle 6 is counteracted by
a force whose contribution to the energy is given by the
function V(8). For < /4 (or for 7/2— 6</4) we assume
that

V(8)=c*2 (V(72— 68)=c(wm/2— 6)/2).

(2.2)

(2.3)

In Ref. 40 the proton and neutron components are treated
as structureless systems. Here we allow these subsystems to
have internal excitations with properties typical of axial nu-
clei. More specifically, the internal states of each subsystem
are characterized by the conserved quantum number corre-
sponding to the projection of the internal angular momentum
on the symmetry axis of the subsystem (k, , k,). These num-
bers coincide with the projection of the total proton (neutron)
angular momentum on the symmetry axis of the proton (neu-
tron) component of the nucleus:

(GL)Y=k¥, (LL)¥Y=k,V.

According to Refs. 86 and 87, the nuclear Hamiltonian is
written as

(2.9)

H=H,+H, +Ts+T,, (2.5)
where

Hoo= {(AY+AD) (P +8%) +V(6) + Hyy, (2.6)

Hy, = 3(A;—-A%(8), @.7)

T =Tp+T,, (2.8)

Tgp=ag(Hoo—V(8) —Hiy) +ag,Ho,,
T,=T|+T)+T;=b L2 + b +b,(1,S, +8,1,)
(2.9)

Here A? are numerical parameters (A?= 1/(27;) , where .7;
is the moment of inertia of the ith subsystem), I=I,,+I,, is
the total angular momentum, and S=1I,—1I, is the operator
for the relative motion of the two rotors.

+(S_I_+I_S_)b; +b,S> +8%b,.
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The eigenfunctions of Hy, describing the system with
axial symmetry are sought in the form3¢%’

21I+1
\I'(IMkKKn)=(

172
167T2 ) ( 1+ 5K,05k,0) - ]/2¢K,rl(x)

X(Dhyx(a,B, ) xi+(—1)¥

XDjy _x(a,B.Y)X-1)- (2.10)
Here
K=0, k=k,+k,, k=|k—K|=0,1,2,.,
n=0,1,2,... (2.11)

For the function ¢, ,(x) we find the equation
w d 4 1
2 ox? " X2

2 1 2 .
- Z tx (PK'”(‘X) = O/K,n(PK,n(x),
(2.12)
which is the same as the equation considered in Ref. 40. The

following expressions are obtained® for the eigenvalue spec-
trum £, , and the eigenfunctions:

Exn=0(2n+k+1), (2.13)
2n! \12
Orn(x)= (—(n+ K)') x"“/ze"‘z/ZL:(xz), (2.14)

where L(x?) is the associated Laguerre polynomial.
The energy spectrum of the operator Hyq is therefore
given by

1
E(IkK kn)= 3 WOI(I+1)+ o(2n+k+1)+ £, (k).
(2.15)

The spectrum is shown schematically in Fig. 14. The
projections of the angular momentum of the internal motion
on the nuclear axis (k) and the precessional motion of the
neutron and proton components (k) can point in the same
direction (k>0) or opposite to each other (k<0). There-
fore, excitation of the relative motion of the protons and
neutrons for an internal configuration with angular-
momentum projection k on the approximate symmetry axis
can either increase or decrease the number K.

The motion of the neutrons relative to the protons may
be accompanied by excitation of B or 7 states. As a result,
above the ground and - and y-vibrational states there is an
infinite series of levels with quantum characteristics
(k=0,K=k= l,n)g,, (k=0,K=«k= l,n)B, and (k=2,K
=1,3; k=1,n),, respectively. These states are connected to
the ground and B- and y-vibrational states by dipole mag-
netic transitions. The states (k=0,K=x=1,n=0)g and
(k=2,K=1,3; k=1,n=0), have not yet been seen experi-
mentally. However, in Ref. 31 calculations were performed
using the quasiparticle-phonon model for the isotopes
156.158Gd, and it was shown that some 1% states have stron-
ger M1 transitions to excited states of the nucleus rather than
to the ground state.
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The operator Hy | is nondiagonal in the basis functions
(2.10) and (2.14) and leads to the mixing of states with dif-
ferent n, k, and K in its eigenfunctions. The nonzero matrix
elements of Hy, are
<1Mk,Ki 1,K+ 1,n'|H0,1|IMkKKn>

0_ 40

A
1 P n —
=3 I+K)(IXK—-1
toto T (UFK)I=K-1)

X[1+(=1) 8 o8 0]) 1

ntK+1
(n+x+1)7

12
) - \/;5,”‘,,_1] (n'>n).

(2.16)

This matrix element describes a coupling between the
states with the dependence on the quantum numbers I and K
characteristic of Coriolis mixing. However, the operator Hy
in the matrix element involves not the sum of internal angu-
lar momenta of the proton and neutron components
J.=J7+1J; . but their difference S [see Eq. (2.7)].

an’n/"l'(K:K)

( (n)!(n+K)!
nl(n'+k+1)!

2.2. The mixing of states with different internal
structure

Let us now consider the properties of the operator T’ in
Eq. (2.8). We shall deal with each of the terms in Egs. (2.8)
and (2.9) separately.

1. The operator ag ;Hyq is diagonal in all the collective
quantum numbers and in k.

2. The operator ag;V(60) mixes states both with the
same values of « and n, and with different « and n, and the
matrix elements of this operator do not depend on the
angular-momentum quantum number of the state. Therefore,
the operator ag,;(Hoo—V(60)—Hy,) leads to a shift of the
energies of the bottoms of the gr and B bands, to renormal-
ization of the moment of inertia, and to deviations from the
rigid-rotor formula in the spectrum of these bands.

3. Owing to the axial symmetry, the operator ag,Hy
mixes states with identical values of the quantum number
k=k,+k,. The dependence of the matrix elements of this
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FIG. 14. Level scheme.

operator on the quantum numbers I, K, k, and n of the initial
and final states is completely determined by (2.16). This
mixing leads to a shift of the energies of the bottoms of the
B and 17 bands and to renormalization of the moments of
inertia.

4, The operators in Eq. (2.8) mix states with different &
[k(1)—k(2)=2], i.e., the operator T, allows the states of
the gr, B, and K"=1" bands to mix with states of the y
band. The operators b, and b, in the Hamiltonian (2.8)
change the quantum numbers k by 2 and can connect states
of the gr and B bands with states of the y band. For these
operators we use the expression

bi=b/|y)al+b/a)4l,

where /=1,2 and a=gr, B.
With these assumptions, the nonzero matrix elements of
the operators in (2.8) with the wave functions (2.10) are

(2.17)

(IMK'K' kn|T{|IMKK kn)
=[(1+4 kropro)(1+ 5K,05k,o)]1/2{<k"51'k>
X 81 128 kol U+K)I—K+1)(I+K—1)
X(I=K+2)1"2+(k'|b k) Sr sr 28k g2 (1K)

X(I+K+1)(I-K—-1)(I+K+2)]"%}, (2.18)

(IMK'K' k' n’ | TS| IMEK kn)
2i ) 12) y3011
=9_0[(1+5K',05k',0)(1+5K,05k,0)] (k' | byl k)

X Oprk—nOxrx— 1[I+ K)(I-K+1)]V?

X[{ k'n’ i
| ox

1
Kn> +(k—K—%)<K'n’ T Kn>

+<k'|5;|k> Spri+20k ki [(I—K)I+K+1)]"2

’- ' (9 1 11 1
X|{ k'n o5 | K" —(k—K+3){ «'n < |Kn ,
(2.19)
(IMK'K'«'n’|T;|IMKK kn)
Ph. N. Usmanov and I. N. Mikhailov 365



1
= — — [(14 8k18kr0) (1 + 8k 081.0) 128k k22

262
i 2
X{{Fk'|b,|k) <K’n’ 52 Kn>+(1kiK)2
><<K’n’ s Kn>I(k—K)(;c'n']F(x)|Kn)
) 2
+(k'|b ]|+ k) <K’n’ =7 Kn>+(¢k:1()2
1
><<K’n' s Kn>1(k—K)(K’n’|F(x)|Kn) },
(2.20)
where
F ( d 1 N 1 a)
(x)= ox x  xax|

The matrix elements («x'n’|d/dx|kn), («x'n’'|1/x|kn), and
(k'n'|F(x)|«n) are easily calculated using (2.14). In gen-
eral, they are nonzero for any relation between n and n'.

Inclusion of the nondiagonal matrix elements of the in-
ertia operators (A”'") between different internal functions
leads to additional renormalization of the moments of inertia
of the bands and to deviations from the rigid-rotor expression
in the band spectrum. In addition to direct mixing of collec-
tive bands constructed on different internal functions, there is
also mixing of these bands with k=1 bands. The spin de-
pendence of the matrix elements of the Hamiltonian connect-
ing states with Ax=1 coincides with that for the Hamil-
tonian of the Coriolis interaction, so that in this model the
Coriolis interaction of the B3, ¥, and K™= 1 * bands arises in
the same way. The effects of this have been discussed in the
first section of this review.

2.3. The method of projection operators in the two-
rotor model

The expressions obtained in the preceding section show
that the part of the Hamiltonian not included in the operator
H,,, used to construct the basis functions has nondiagonal
matrix elements connecting each of the basis states
W(IMkK kn) to an infinite number of other states n#n’.
The states which can mix are well separated in energy [see
Eq. (2.15)], and so each plays a small role, but to include
mixing effects systematically it is necessary to sum the ef-
fects associated with the many high-lying states. It is not
possible to use perturbation theory directly, owing to the
presence of nondiagonal matrix elements in the Hamiltonian
matrix which connect low-lying nuclear states, the mixing of
which can be arbitrarily strong. A convenient method for
including high-lying states is the method of Feshbach projec-
tion operators,®® which split the space of states into two
parts.
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The Feshbach method

Following Ref. 88, we introduce the operator P which
projects onto the space of states of interest (the gr, B, and y
bands):

B=5, [l1Mgr)(ivgr |+ |1 X1 Bl +111 )

X{(IMy|]. (2.21)

Bearing in mind the application of the scheme to the case
where a given number corresponds to several different inter-
nal states, we include in the projection operator P two bands
with the quantum characteristic K™=0" (the gr and S8
bands), differing in their internal properties. All the other
states with quantum characteristics (k=0, K=«x=1,n),,
(k=0,K=k= Ln)g, (k=2,K=x=1,n),, and (k=0, K
=3, k=1,n),, which we assume to be sufficiently high in
energy, are included in the Q space.
For the projected Hamiltonian we write

H,,=H},+P,T|P,. (2.22)

Here we have included Hf)),o’ which is diagonal in the basis
wave functions W, and the part of the operator T describ-
ing the mixing of band states in the P space (the gr, B8, and y
bands).

For the Hamiltonian Hp, we have

Hpy=PH,,Q+PT;Q+PT;Q=H;, (2.23)
where
Hyo=Ho,

The operators in (2.23) mix states of P with the band
levels included in the Q space.
The complete wave function is defined as the sum

V=PV +QU=0+y. (2.24)
The wave function @ in the P space has the form
K= yiKplk, (2.25)

where a//,.K are the mixing amplitudes of the states /K in-
cluded in P. The wave function ® satisfies the equation

HO=E®.

We assume that the eigenvalues of the low-lying states are
considerably smaller than the eigenvalues of the operator
Hpp, and that the latter are close to the eigenvalues of
Hgo=QH,,Q.

Now we can use the approximation

_ 1
H:pr-l-HpQ E——f{.%) HQP' (2.26)
For the matrix elements of H we then obtain
~ 1
Hii’z(HPP)ii’+Z (HPQ)ij E—E. (HQP)ji’ . (2.27)
J Jj
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where j denotes the quantum numbers of the basis functions
included in the Q space (additional to I and M). For the
energy E in the denominator of the second term we take the
energy of states of the yrast band.

Using the expressions given in the preceding section for
the matrix elements of the Hamiltonian, we obtain the fol-
lowing expression for the matrix:

=2, [@;8,+P I(I+1)], (2.28)

ii'
where i, i'=gr, B, and ¥,
4
Pgr,gr=A[1 _A(2)(1 + Kgrlaﬂ,Zlﬂ)lz)]_ Z |(gr|b2| 7)'2’
Py s=Al1= A1+ 7|(Blag,|gn)|?)]

4
A |<.3|bzh’>|2,
, 12
Py,y=A[1"A<2>2 }—Z[l(grlbzl7)|2+|(B|bz|7)|2]
2
X[1_1(1+1)]’

Pp o=Al(grlag,|B)—Ai(grlag,l BY(1+ 7)1,
Pgr,'yz‘/i[<gr|bll Y> _A0<grla,8,2|B>

(2.29)

2 172
ST [ i

Pp,y=V7[<Blb1| 7>-Aon(B|a/;,2lgr)

112

2
><<grlbz|7)][l— 0+

’

A= }w6j is the inertia parameter of the core,

Ao=(Ap—AN/(AJ+AY),

> —5+Z

and w; are the principal band energies. We note that in the
diagonal terms all quantities independent of the spin I are
included in w; .

m 6.543,

Electromagnetic transitions

Let us calculate the matrix element of the multipole op-
erator m(\,u). In this model the matrix element of the op-
erator m(\,u) between the wave functions (2.24) has the
form

(TR0, )W)

= (DN, 1) | @)+ (D AN, ) | x2)

2,‘," lll 122<(I)I l| ()\,M)Iq)122><q)12|HQP|¢lZ >

(@0 wlx)=2 E=E,

S gD Hpg| W@ (N, )| @127

Iy » Iy
x| @3) =3 E-E,

S 0 (D] [Hpg| @ N (N, )| @ 2N D2 Hy | 917 3

QNN w) | X2y = E

Here the summation runs over the indices i and j of the
states of the P and Q spaces, respectively.

We use the multipole operator of Ref. 40 for the mag-
netic dipole transition. The isoscalar operator My(M1,1) in
Ref. 40 contributes only to the static magnetic moment of the
nucleus in the state with spin I (Refs. 40 and 86). The is-
ovector magnetic dipole moment M 4(M1,u) also contrib-
utes to the static magnetic moment and does not change the
internal state of the nucleus, i.e., it is diagonal in y,. There-
fore, there is no M1 transition between the eigenfunctions of
Hoo According to Ref. 40, the nonzero matrix elements of

M(M1,u) between functions of P space
(i=kK,k=0,n=0) and functions of Q space
(j=k,K*1,k=1,n") are given by
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(E-E)-(E-Ej)

AP+ RN XD, (2.30)
where
! 2 1,2
(DN, )| @)= 2 U PO RO ) @1,
(2.31)
s (2.32)
) (2.33)
(2.34)
f
(12M2k’Ki1’K+1’"2|mo(M1,,u)|11M1kKKnl)
_+i 3 \12 oh
T 76, \ 167 (8r=8n) 20z 2mc
o[ 1F BB P+ v ke
2 21,+1 1M 107 1K, 1% 1
mIG-K)HL
X (n1+K+1)U7 nyn, (—K"" —K)
nyl(n,+x)! 12
nyl(ny+x+1)! +\/Z8"2"1"1 g (2.35)

Inclusion of the mixing of the bands of the P and Q
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spaces in the Feshbach formalism described above leads to
the appearance of M1 transitions between the states of P
space, i.e., the matrix elements (2.32) and (2 33) are nonzero.
An explicit expression for (P, " 1)|<I> 2) is obtained by
substituting (2.35) into (2. 32) and (2.33):

|| M (M1 )| W)

3 1/2 eh
=\ 167 (gp—84) T

Ier 1K
X212 ¢F Yl ay,
ii’

(2.36)

AO
Agrer=0p,p= = [VIi(L;+ ney
V2 i
_\/1j<1f+1 1011]

Ay T r—2C72
“7,7':2‘/2[ I(I;+1) - 1111
—VI[{I D =2¢k,,

173
i

+3 VIi(1i+1)—6C§{§;1—1 ’

—3\I{I+1)-6C

5= gl O T TICH,
—\/1,(1f+1)cj{g;“ ,

=?/;(_) <gr|aﬁ,2|ﬂ>[\/l_i(1i—+ljcjﬁ;l_l
- VIf(1f+1)C;{(;;11 ’

G2V e T

A

+VILI+1) C121 g

ag,er

P

(albyly)  —— 10
Aya=" A [ Ii(1i+1)C1{1;11
1.1
+\Uf(1f+1)—2C1{0;“],

where a= gr,B; g, and g, are the gyromagnetic ratios of
the proton and neutron subsystems.
Equation (2.36) for the reduced probabilities of M1 tran-
sitions from odd states of the y band have the form
eh \2[ I+2 )
Tom (8, 8n) (— (m

B(M1; 1—>(1—1)K) 5

V2 _
X X [<grlb2|7> gr K
+(Blbs| vy KNP -1
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(2.37)

— 2
+44, /_I__I_z 'l’ly—”(} (wlyv)z.

For the magnetic moment of the collective states we have

m=gr(l)-1, (2.38)
where
1 1 K IK
gr(D=7 (g,+ &)~ 5 (g,=8 2 Wi Ulasu,
ii'

Agrgr=0apg,p=A0;
a7,7=A0[1 —-8/1(1+1)],
ag =g s=Ao(Blag,lgn)(1+ 1),

V2 12
agr,y=ay,gr:—; (gr|b2| 7)[1 _2/1(1+ 1)] s

V2 12

An additional parameter 3(g p 1 &n) determined from ex-
periment arises in the description of the g factor of the
states of the P space.

In a similar way we obtain the expression for the re-
duced E2-transition probability, introducing the following
expression for the quadrupole electric-moment operator of
the nucleus:

5 12
M(E2,,u)=zv D%, (Q)m;,+ m) D3o()Qy,
(2.40)
where
2,,=m|,,|(lv)(gr|+|gr)(v[). (2-41)

Here m5, are determined in the coordinate frame attached to
the nucleus, Q, is the internal quadrupole moment of the
nucleus, and |»)=|B), |y). The isovector part of the opera-
tor (2.40) will be discussed later on.

Equation (2.31) describes the probabilities of E2 transi-
tions between states of the gr, B, and vy bands included in P
space. The reduced matrix element of the E2 transition cal-
culated from (2.31) using the multipole operator (2.40) has
the form

I 1
7| | M(E2)||®})

1agr 11K 120
l/j l’bgr 1,0;20

5 12
m{(m) 0,

1,81 I K I K l ‘(’//
+ 2& 28 28'
2 i) +V2| V"2 N
XC120 11(2 '(/I IZK,-
111(,.;2—1( ; \/1-}-—5— l 02K [ *

(2.42)
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This equation describes the ground-state component of
the probability of transitions between states of the P space,
and the matrix elements (2.32) and (2.33) of the quadrupole
operator are equal to zero.

2.4. The effect of giant angular resonances on the
electromagnetic characteristics of low-lying
levels

The calculations were carried out for isotopes of Er. The
model parameters were chosen as follows. The principal en-
ergies of the gr and B bands were taken from experiment.
The inertia parameter A was determined using the experi-
mental energy EgP(I=2) of the ground-state band. The pa-
rameters A, and o, were determined from the experimental
data on the energies of states of the y band with odd 1.

The mixing of states leads to strong violation of the rules
of the adiabatic theory for the transition branching. The mix-
ing effects are most simply interpreted by using the wave
functions of first-order perturbation theory in the band-
coupling parameters:®°

lgr IM)=|gr(K=0)IM)— &, gl(I+1)|B(K=0)IM)
— &, V2| y(K=2)IM),
|BIM)=|B(K=0)IM)+ & gI(I+1)|gr(K =0)IM)

— & V2 Y(K=2)IM), (2.43)

| VIM)=|p(K=2)IM)+V2I[ &, | gt K=0)IM)
+&p ,|B(K=0)IM)],

where
P _A(gr|a,,,1|B) _<a|b1|7>
;grYp— ’ ﬁa,'y_ — ?
wg w,— 0,
_ 112
I=I(I+l)[l—m] .

Using Eq. (2.40) for the matrix element of the operator
corresponding to the quadrupole moment of the charge dis-
tribution, we arrive at the expression

(grly||m(E2)||¥1,)
=(gr(K=0)1,||m(E,)|| v(K=2)I,)

- 167\ 2 mpg
+v2I, ggny‘i—gﬂ’y- 5 Q_o

X (gr(K=0)1,||m(E2)||gr(K=0)1,)~ V2], &y, ,
X(Y(K=2)1,||m(E2)||y(K=2)I,). (2.44)

The ratio of the reduced probabilities of E2 transitions from
the y-vibrational band is

_B(E2;I;,—1)
" B(E2:I;,— 1},
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FIG. 15. Comparison of the experimental and theoretical energies of
positive-parity states for '*Er.

2
10 +Zy(0) rclo _Zy(2) 7.C'*
1;2;2-2 \/ﬁ i~ 10,20 \/ﬁ 1;2;20
CI}O +Zy(0) = A0 _27(2) 7 A2
12;2-2 \/’2—4 210,20 \/271 frr2;2
(2.45)

The branching of transitions from y bands is completely
determined by two spin-independent parameters:

v5/16m
Z'y(2)= ggr,‘y\/ﬂ _m—Qo,

L4 (2.46)
& 167\ % m
_ B.y B
Z,(0)={1+ % (——5 ) —Q0]27(2).

The spin dependence of the reduced transition probabili-
ties calculated in this manner coincides with that for the case
of two mixing bands possessing different internal quadrupole
moments.*’ The factor

N gﬁ,y 16_7:1’_ 1/2@
&, 5 Qo

gry
renormalizes the internal quadrupole moment of the ground-
state band.

The values of the matrix elements (gr|b,|y) and
(B|b,|y) describing the direct mixing of the gr, B, and y
bands are found from Eq. (2.46). Here the parameters Z.(K)
are determined by (2.45) with the experimental data on the
ratios of reduced probabilities of E2 transitions from the
y-vibrational band. The parameters mg and m., are found
from (1.12) and (1.13), using the experimental data on
B(E2) for '%Er (Ref. 4). The free parameters of the model
are 7, {grlagalB), (erlbalv), and (Blblv), which were
found by the method of least squares by requiring the best
agreement between the theoretical energy spectrum and ex-
periment. The calculated spectra of collective positive-parity
states for the isotopes '64!1%!%Er are shown in Figs. 15, 16,
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FIG. 16. Comparison of the experimental and theoretical energies of
positive-parity states for '*®Er.

and 17, respectively. We see from Fig. 15 that theory and
experiment disagree for spins /=14 in the ¥ band of '®Er.
This is certainly related to the fact that the P space does not
include the following experimentally observed bands:

(a) Bands with K™=0" with principal energies 1.698,
1.766, 2.173, and 2.185 MeV (Refs. 4 and 5).

(b) The aligned band beginning at spin /=12, which
intersects the ground-state band and leads to backbending of
the moment of inertia.

We have restricted our study to the properties of low-
lying excited levels. The neglected bands do not strongly
affect the characteristics of these levels.

The reduced probabilities of E2 transitions from the
y-vibrational band were calculated by (2.42) with the values

E, MeVv
2 3 12— — 8
[ s __ .
10 4 7 —_—
2 8 —_—
0
b exp. theor. S
13 8 — K=0, s —
] 2
: exp. theor
p 86— — K=2,
i . I“E!‘
] 2 -
0 4 0

exp. theor.
K=0,,

FIG. 17. Comparison of the experimental and theoretical energies of
positive-parity states for '*Er.

370 Phys. Part. Nucl. 28 (4), July-August 1997

06— T T T T 7T

K=J
F-N

K=}
N

<TIU1E211-2> e-b

g
o

FIG. 18. Spin dependence of the experimental and calculated values of the
1,— (1—2)g matrix elements in 1%Er. The matrix elements calculated using
the following models are given: sym—the symmetric rotor model, the asym-
metric rotor model®® (10.0 and 12.7, calculated with the values y=10° and
12.7°, respectively), rvm—the rotational-vibrational model,®® iba—the
interacting-boson approximation),”> and TRM—the two-rotor model.”

my==*0.10b, my;==*0.27 b, and Qy=7.42 b determined
above (Ref. 4).

In Table XV we give the values of B(E2) for the y band
of '8Er and compare them with experiment® and with the
theoretical values of B(E2) calculated using IBA2.%! We see
from this table that the values of B(E2) calculated in our
model are in better agreement with experiment.

Fahlander et al.” experimentally determined the values
of the matrix elements of E2 transitions between positive-
parity states in '®Er, where the matrix element
((I-2)v||E2||1,) depends nonmonotonically on the angular
momentum /. This behavior of the matrix element is suc-
cessfully described by our model (see Fig. 18). Various other
models,” including one with Coriolis mixing of bands via
AK=1, cannot describe it, although the latter model repro-
duces the ratios of probabilities of E2 transitions from states

TABLE XV. Values of B(E2) for y— gr transitions in '®Er.

B(E2) (e* b?)

Transitions Ref. 90 Ref. 91 TRM (Ref. 77)
2,04 0.028(2) 0.028 0.026
=2 0.051(7) 0.066 0.046
—4, 0.0035(5) 0.0025 0.0035
3,72 0.046(13) 0.054 0.047
—4, 0.030(8) 0.041 0.029
4.,—-'23,. 0.0094(14) 0.0068 0.012
—4,, 0.048(7) 0.080 0.055
— 6gr 0.0065(10) 0.0039 0.0089
5,— 4y 0.027(4) 0.036 0.036
— 65,. 0.034(6) 0.054 0.041
6,— 4y 0.005(1) 0.0021 0.0079
— 6, 0.043(7) 0.079 0.055
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TABLE XVI. Matrix elements of E2 transitions between positive-parity
states in '°Er.

Theory
Transitions Exp. (Ref. 92) IBA1 (Ref. 92) TRM (Ref. 77)
25—0g 228101 2.40 233
4y 2 3.867313 3.84 3.75
6y 4.70* 515 4.79 4.6
840y 581703 5.52 5.60
105—8, 6.4720% 6.08 6.35
125— 10, 7.00% 230 6.51 7.01
14,—12,, 8.157 241 6.81 7.58
16,— 14, 7.661 %00 6.98 8.09
2,—04 0.3723391% 0.37 0.36
4,2, 0.315135:% 0.34 0.30
6y =4y 0.244%55:2 0.32 0.27
8,64 0214730 0.31 0.30
10,— 8, 0.416* 55, 0.29 0.45
252 -2.3301 -2.87 —2.78
Ay -2.1210% -3.61 -3.53
64— 6ge -4.033% -4.19 -4.17
88y —4.74*3% —4.62 —472
105— 10, —6.78205 —4.92 -5.25
4,-2, 2607513 2.28 2.38
6,—4, 4.44103 3.80 401
8,—6, 5.287928 4.69 5.02
10,-8, 5.6519% 529 5.84
12,—10, 6.007927 5.29 6.57
2,2, 0.518+5%%¢ 0.49 0.49
4,—4, 0.727*95:% 0.71 0.73
6,—6, 0.8341 3% 0.83 0.89
8, =8y 0.969* 998 0.92 1.01
2,—4y 0.16113% 0.13 0.14
4,64 0.326739: 0.27 0.27
6,—8, 03353 0.39 0.31
8,— 10, 0.37+318 0.49 0.18

of the y band well (see Table III). In Table XVI we give the
matrix elements of E2 transitions for '®Er calculated in this
model and compare them with the IBA1 calculations and
with experiment.”?

In Tables II-IV we give the theoretical values of the
ratios of the reduced E2-transition probabilities for
164.166.168E along with the experimental data and the values
calculated using the Alaga formula. We see from this table
that the model satisfactorily describes the deviation of the
ratios of the reduced E2-transition probabilities from the
Alaga rule using the same internal quadrupole moment Q,
for the ground-state (K=0) and y (K=2) bands, in contrast
to Ref. 47, where Qy(K=0)+# Q,(K=2). We should note
that B(E2) was calculated with a single set of mg and Q for
all the Er isotopes.

The multipole-mixture coefficients § were calculated. In
Tables V and VI we compare the values of & found in this
model with the experimental values for '®*!'®Er. The best
value of 6 was obtained for

B(M1;00 _+1+1)=ﬂi( —gn)?
e 24 16w 8p 8n) -
Here B(M1;00,,—1%1)=0.8u2 for 'Er and 1.75u2 for
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FIG. 19. Comparison of the calculated and experimental values'® of the g,
factor for states of the ground-state band of '*Er.

166,168 at the fixed value w,=3 MeV. The IBA2 calcula-
tions for !Er give B(M1)=1.5u2 (Ref. 96).
Experiment???® for '%Er gives B(M1)= 1.5,uﬁ and
w;=3.4MeV. The (e,e’) and nuclear-resonance fluores-
cence  experiments  give’®®  (2.50+ 0.21),uﬁ and
(2.20x 0.16),uﬁ, respectively, for the sum of transitions
SB(M1)1(E,<4MeV) in '®Er. They are always larger
than our estimates B(M1;0Y0—1%1)=1.75u2, since here
we have not evaluated transitions from the states
(k=0,K=k= ILn)g and (k=2,K=1,k=1,n), to the
ground state. However, their contributions are taken into ac-
count in the calculations of the multipole-mixture coeffi-
cients &.

The results of these studies lead to the following conclu-
sions.

1. Mixing of the P and Q spaces leads to renormalization
of the moments of inertia of the bands included in the P
space. This is reflected in the eigenfunctions of the states and
therefore significantly affects the values of electromagnetic
transitions between the states of the P space. The deviations
of the ratios R,,, from the Alaga rule are mainly related to the
mixing of states of the P space, and also to the mixing of
states of the P and Q spaces.

2. The presence of giant-angular-resonance components
in the wave functions of 8- and vy-vibrational states leads to
M1 transitions from them to states of the ground-state band.

3. The multipole-mixture coefficients & for transitions
from the y band decrease in absolute value with increasing
angular momentum /.

4. From the condition of best reproduction of the coeffi-
cients &P of the low-lying levels we have
B(M1;00,—1%1)=0.8u2 for '*Er and ~1.75u2 for
166,188y at the fixed value w; =3 MeV.

In Fig. 19 we show the calculated values of the gy factor
for the ground-state band of '®Er along with the experimen-
tal data.'® We see that the model describes the decrease of
gr With increasing angular momentum, which is a manifes-
tation of nonadiabaticity in the states of the ground-state
band. This behavior of gz cannot be described using the
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approach of Refs. 84 and 85. Nonadiabaticity is not mani-
fested in the ground-state band in intraband E2 transitions
(see Table XIII), and it is manifested in the magnetic char-
acteristics of the states. This indicates that the states of the gr
band mix with the levels of bands having large matrix ele-
ments of M1 transitions, which are giant-angular- resonance
states.

CONCLUSION

In this review we have focused on phenomenological
models and methods which allow the description of a large
amount of experimental data on the deviations of the prop-
erties of positive-parity states in even—even deformed nuclei
from the regularities of the adiabatic theory. In particular, we
have demonstrated the possibility of studying the effects of
mixing of adiabatic bands by using identical fundamental
parameters (the moments of inertia and the internal quadru-
pole moments).

We have proposed an improved version of the two-rotor
model, where the inclusion of the internal states of the proton
and neutron subsystems leads to the prediction that there are
giant-angular-resonance excitations above states having dif-
ferent internal configurations. We have shown that the mix-
ing of AK=1 states is determined by the matrix element of
the operator S=1I,—1I, having the same dependence on the
quantum numbers / and K as the matrix element of the Co-
riolis interaction. This version of the model has been devel-
oped by using the Feshbach formalism for splitting the space
of states into two subspaces. We have studied the spectrum
of the system and have shown that in nuclei with large neu-
tron excess the effects of coupling between the rotation of
the nucleus as a whole and the relative displacements of the
neutron and proton components lead to strong renormaliza-
tions of the nuclear moment of inertia, and also of the mag-
netic moments of the states of various bands. We have
shown that the presence of components of giant-angular-
resonance states in the wave functions of vibrational states
leads to M1 transitions to states of the ground-state band.

In summary, it can be stated that the models and meth-
ods used in this review allow the systematic inclusion of the
effects of mixing of rotational bands in even—even deformed
nuclei, which, in particular, makes it possible to: (1) describe
the anomalous behavior of the reduced EO-, E2-, and
M 1 -transition probabilities and also the g factor with in-
creasing total spin of the nucleus, and (2) predict a number
of new characteristics of excited nuclear states.
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