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In this review it is shown that the Fermi liquid theory of Landau and Migdal is inapplicable to
the phonon parts of the excitation spectra of liquid *He, electrons in solids, and atomic

nuclei. A sum rule for the one-particle strength function of a Fermi system is constructed. It is
concluded that the self-consistent field coincides with the generalized Hartree—Fock

potential of the Fermi system. A relation between the self-consistent potential and the shell and
optical potentials of fermions is found. A nonlinear scheme is developed for calculating

the static and dynamical characteristics of Fermi systems with the systematic inclusion of
fragmentation and retardation effects. It is shown that the interaction of nucleons with collective
surface oscillations is crucial in describing the static and dynamical characteristics of nuclei,
including superfluid effects. The characteristics of the real parts of the nucleon optical potentials
are calculated using realistic nucleon—nucleon forces. The calculational scheme of optical
folding potentials is generalized to the case of composite particles. © 1997 American Institute

of Physics. [S1063-7796(97)00302-1]

INTRODUCTION

It is claimed that the theory of the Fermi liquid con-
structed by Landau'? for continuous, uniform Fermi sys-
tems, and then developed further by Migdal® for finite Fermi
systems, describes the properties of such apparently different
systems as liquid He, many-electron atoms, solids, nuclei,
and neutron stars at sufficiently low excitation energies of
these systems (low temperatures). The contribution of this
theory to the understanding of the physical properties of
Fermi systems is unarguable.

However, by now a considerable amount of evidence has
been gathered which suggests that the Fermi liquid theory is
inapplicable even for the relatively low-energy part of the
excitation spectrum of some Fermi systems.

The main concept of this theory is the fermion quasipar-
ticle, which is viewed as the quantum of an elementary ex-
citation of the Fermi system.' The concept of quasiparticle is
applicable under the condition that the energy E, of a qua-
siparticle with quantum numbers N, measured from the
chemical potential of the system u, is much larger than the
quasiparticle decay width Ty : |E,— u|>T, . For continuous
Fermi systems at zero temperature T=0, this decay is wholly
related to the possibility of decay of the quasiparticle into
several quasiparticles, and at T#0 it is related also to the
probability of change of the quasiparticle state owing to col-
lisions with other quasiparticles. For finite Fermi systems,
whose excitation spectrum near the Fermi surface is discrete,
there is no quasiparticle decay at energies lower than the
threshold for particle emission from the system because the
law of energy conservation governing the decay of a quasi-
particle into several quasiparticles is not satisfied. In this case
quasiparticle fragmentation occurs. This is associated with
the mixing of the one-quasiparticle state with more compli-
cated states of the system containing multiquasiparticle com-
ponents (three, five, and so on). Then I") , which in infinite
Fermi systems is treated as the quasiparticle decay width, can
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be viewed as the spreading width characterizing the degree
to which the one-quasiparticle strength is divided among real
states of the finite Fermi system.

The relation |E, — u|>T'), turns out to be valid in some
Fermi liquids for the low-energy part of the excitation spec-
trum and, accordingly, at low temperatures 7. However, sev-
eral systems do not follow this rule, mainly owing to the
existence in these Fermi systems of collective branches of
excitations of the phonon type. Examples of such systems
are electrons in solids, liquid *He, and nuclei.

In studies of the decay of electron quasiparticles in met-
als associated with electron interactions with vibrations of
the crystal lattice (the quanta of which are called phonons), it
has been shown* that the concept of quasiparticle can be
used in the regions |E, — u|<wp and |E\— u|> w0y, where
wp is the photon Debye frequency. For |E,— u|~wp,
where the quasiparticle excitation energy is comparable to
the phonon frequencies, the width I', becomes close to the
excitation energy, and the concept of conduction
quasiparticle—electrons loses meaning.

A similar situation is also found in liquid 3He for
|Ey— u|~w,, where w, is the characteristic frequency of
zero-sound phonons, when the width I, associated with qua-
siparticle decay into a phonon and a quasiparticle becomes
comparable to |E\— ul|. This is reflected in the behavior of
the specific heat C(T) of liquid *He, where for T7>0.1 K
the linear dependence predicted by the Fermi-liquid theory'
changes to a highly nonlinear dependence.’

An even more dramatic situation is observed in nuclei.
From the viewpoint of quantum-field methods,? the Fermi
liquid theory is valid if in the exact one-particle Green func-
tion G,(&) near the Fermi surface e~y it is possible to
isolate a pole term of the form a,/(e—E,), where a,
(called the renormalization constant) depends weakly on the
label X and coincides with the one-particle spectroscopic fac-
tor of the Fermi system in the state with quantum numbers A
and energy E, . The experimental one-nucleon spectroscopic
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factors a,, for nuclei of the type ‘‘magic =1 nucleon’’ take
values® ay,=0.7 for the ground states of these nuclei
E),=p and are decreased by several orders of magnitude
owing to fragmentation effects in transitions to excited states
with |E, — u|~u<E[. Noticeable differences of a, from
unity begin to appear practically from the nuclear ground
state, because the frequencies wq of collective surface exci-
tations only slightly exceed the distances between adjacent
one-quasiparticle levels with different values of \.

The Fermi liquid theory also encounters serious prob-
lems when dealing with continuum states of fermions, which
play the dominant role in analyzing elastic scattering and
decays involving Fermi particles for finite Fermi systems.

Successful attempts to go beyond the Fermi-liquid
theory have been made repeatedly (see, for example, the re-
view of Ref. 5 on the analysis of the properties of various
continuous and finite Fermi systems, the review of Ref. 7 on
the theory of nuclear matter, and especially the reviews of
Refs. 8 and 9 on the quasiparticle—phonon model of the
nucleus, developed to deal with fairly high excitation ener-
gies). However, the conditions limiting the applicability of
the Fermi liquid theory and the generalization of this theory
to systematically include fragmentation and retardation ef-
fects are studied in Refs. 10-22, and the present review is
based on main results of those studies.

1. PARTICLE FRAGMENTATION IN A “CLOSED”
FERMI SYSTEM

To study the problem of quasiparticle fragmentation in
strongly interacting Fermi systems, let us consider the prop-
erties of the exact one-particle fermionic Green function
G(r,r’,e). It satisfies the Dyson equation3

(e—T(r))G(r,r',s)—f > (r,r",e)-G(r',r',e)dr’

=8(r—r'), (1

where 3 (r,r’,e) is the mass operator, T(r) is the kinetic
energy operator, r is the set of spatial, spin, and also isospin
(in the case of nucleons) coordinates of the fermion, and
8(r—r') is a 6 function in the spatial variables and a Kro-
necker delta in the spin (isospin) variables. For continuous
Fermi systems the Lehmann expansion for G(r,r’,e) takes
the well known form®

=3 (No| ¥ (r)|p){p|¥*(r")|No)
- e—¢g,+id

G(r,r',e

+2 (Nol¥*(r")|p"Xp I‘I'(r)INo)’ @
P

B_SI)r_la

where ¥ (r) [W*(r)] is the particle annihilation (creation)
operator; esz,,—ENO and &, =EN0—EP, , Where ENo and
|No) are the energy and wave function of the ground state of
the system of N interacting particles; and E,, E,, and Ip),
|p') are the energies and wave functions of the states of the
system with (N+1) and (N— 1) particles, respectively.
Equation (2) requires considerable rearrangement for the
case of finite Fermi systems, because such systems are open.
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In fact, at energies €,=0, £, <2u, where u is the chemical
potential of the system (for simplicity we shall not take into
account the variation of the chemical potential x as a func-
tion of the particle number N), channels of fermion emission
to the continuum are opened, so that the states |p) and
|p') become quasistationary, and the energies E p and E
must respectively be replaced by the complex energies
E,—il',/2 and E, —il /2.

In this case, the situation can be simplified by carrying
out the investigation in two stages. First we consider the case
of a ““closed’’ finite Fermi system and analyze the particle
fragmentation in this limiting case. Then we ‘‘open’’ the
Fermi system and study the consequences. To close a finite
Fermi system we use the R-matrix technique,?® which effects
the construction of a complete orthonormal basis of internal
multiparticle wave functions of the system. In this case the
radial wave functions ¢,,(r) and ¢,,/(r) obtained by pro-
jecting the functions |p) and |p') on the internal functions of
all the open decay channels « are required to be extremal at
r=R,, where R, is the radius of the Wigner—Eisenbud
sphere for the channel a:

d‘Pap(r)l __d‘Pap’(2)’
dr - dr

=0.

ir=Ra ’r=Ra

Then the states |p) and |p’) become stationary, their ener-
gies are real, and the Lehmann expansion in the form (2)
turns out to be valid also for finite Fermi systems.

Let us now introduce the energy distribution of the resi-
dues of the one-particle Green function, P(r,r’,&), which
coincides with the exact one-particle strength function of the
Fermi system:

1
P(r,r’,s)=;|ImG(r,r’,s)=% (No|¥(r)|p)
X{p|¥*(r')|No)X 8(e—¢,)

+ 25 (No[ W () |p"Xp' [ W (2)INo)- 8(e

_SPI). (3)
Now we can define the kth moment of the distribution
P(r,r',e) as
I(")(r,r’)EJ ek P(r,r' e)de= D, (No|¥(r)|p)
14
(p|¥*(r')|No)x el

+ 2 (N WH () |p )P W (D)No) ),
P
Using the commutation relations for the fermion creation and
annihilation operators,
Y)W (r)+¥H(r)¥(r)=8(r—r')

and the properties of completeness and orthonormality of the
states |p) and |p’) for the zeroth moment I‘“(r,r’), we
obtain

10(r,r")=8(r—r"). (4
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This expression (4), is the well known sum rule for the resi-
dues at the poles of the one-particle Green function.’

Using the method of variational derivatives of the S ma-
trix, the mass operator 3,(r,r’,&) can be written as!!

3(r,r,e)=3(r,r')+3(r,r' ). )

The quantity 3,4(r,r’) is the nonretarded part (indepen-
dent of &) of the mass operator. In systems with instanta-
neous two-particle fermion interaction potentials V(r,r’) it
is given by the skeleton graphs of first order in V(r,r’):

O (©)

>t + ——- ’
where the heavy line denotes the exact one-particle Green
function G(r,r’,&) and the dashed line denotes the potential
V(r,r’'), and it coincides with the nonlocal Hartree—Fock
potential:

So(r,r')- p(r)= f V(r,r')-p(r)dr' - o(r)

—j V(r,r")p(r,r')o(r' )dr’, @)

where p(r,r’) is the one-particle density matrix and
p(r)=p(r,r) is the fermion density.

The skeleton graphs of the mass operator in second and
higher orders in V(r,r’) contain energy denominators which
depend on € and therefore enter into S(r,r',¢), the retarded
part of the mass operator 3, (r,r’,&).

The quantity E(r,r’,s) has the Lehmann expansion'!

(0|b(r)lt)(t|b+(r’)|0)
2 —g,tid

2 (Olp* (x")]e" K1’ |b(l')|0)

e—g,—id

(5"
where

8J

oV (r)’
E, and |0) being the energy and wave function of the ground
state of the system of N noninteracting fermions; E, ,E,: and
|£),|t') the energies and wave functions of the systems of
(N+1) and (N— 1) noninteracting fermions. The sums over
t (t") do not include states containing only one particle (one
hole) owing to the irreducibility of the mass operator.

Substituting the Lehmann expansion (2) into (1) and let-
ting & go to &, , we obtain the equation for the amplitude of
the residue at the pole €, of the exact one-particle Green
function:

b(r)= §,=E—~E;, €4=E¢q—E,,

(sp—ﬁo(r))(NOIW(r)|p)—f f(r,r',sp)

“(No| ¥ (r")|p)dr’ =0, ®)

where I:IOA(r) is an integral operator written symbolically as
f10=T+20. In the limit é—¢&,, we obtain an equation
analogous to (8) for the amplitude (No|W¥ *(r)|p’). Using
Eq. (8), the first moment can be written as
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ID(r,r")=Hy(r)- 8(r—r')

+ f S(r.yr",e)p(r'.r' e)de, 9)

where the second term on the right-hand side of (9) is the
weighted average value Eave(r,r') of the retarded part of the
mass operator i(r,r’,e) over the distribution P(r,r’,g).

Substituting the Lehmann expansion (5) into (9), using
(3) for P(r,r’,¢), and regrouping the terms in the sums over
p,p' and t,t', we obtain

Suder)==3 [ (Olb(oln)

X < 1|b* (£"|0YG(r",r',&,)dr"

-3 [ ol
“X(t'|b(r)|0)G(r",r' &, )dr".

Because, as follows from (1), G(r,r’,e) vanishes at the
poles of the mass operator =g, (g,), we have
Siave(r,r')=0. Then the first moment of the distribution /¢’
X(r,r') is entirely determined by the Hamiltonian H 0, in
which the potential is the nonretarded Hartree—Fock poten-
tial $o(r,r") (7):

IN(r,r"y=Hy(r)- S(r—r'). (10)

Equations (4) and (10) are valid for finite and infinite Fermi
systems of both the ‘‘normal’’ and the superfluid type. In the
latter case, the retarded part of the mass operator E(r,r',s)
contains, in addition to normal terms, the pole superfluid
term 3, (r,r’ &), written graphically as®

’,.AN\‘

Zye)= “—- ,
€ u-¢ €

where C(¢g) is a correlation function coinciding with the am-

plitude of the transition of a particle into a hole and a Cooper
pair (shown by the double wavy line), and the symbol
corresponds to the one-particle Green function 5(r,r’,s),
which does not contain graphs of the type (11).

The sum rule (10) can also be obtained using the com-
mutator technique.* For this, using the definition (3'), we
write the expression for the first moment /(r,r’) as

I(l)(r»r’):<NOI[[‘P(r)’H]—’\P+(r,),]+|N0>'

Replacing H in this expression by the Hamiltonian of the
system with instantaneous two-particle interaction V(r,r')
and expanding the commutator (anticommutator) brackets,
we obtain

I“)(r,r’)=T(r)~ S(r—r')+8(r—r')- f V(r,r;)

X{(No| W, W(r)|No)=V(r,r')
< NG| P (r' )W (r)|N,.
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The second and third terms on the right-hand side of this
equation are the Hartree and Fock (7) potentials, respec-
tively, so that I‘)(r,r') coincides with the sum rule (10).

Now let us introduce the set of eigenfunctions and eigen-
values of the operator ﬁo(r):

Ho(r)- or(r)=g,- pp(r). (12)

We transform the Green function G(r,r’,e) and the mass
operator 3(r,r’,e) to the \ representation. Then the distri-
bution function P(r,r’,e) becomes the distribution function
Pyi(€):

Pw(s)=§ (Nolaxlp)(pla,,|No)- 8(e—e,)

+2 (Nolalp'Xp'laxINo)- 8(e =&,

p
(13)

where a, is the particle annihilation operator in the state A.
Then the sum rules (4) and (11) become

% (N0|a)\|p)(p|a:,|N0)+2, (Nola::|P'><P'|a>\|No>
p

=0\ (14)

; <N0|a>\|P)<P|“:'|N0)'8p+Z’ <N0|a:r|P'>
p

X(p'|lar|No)- €, =&x- Sppr - (15)

Equation (15), which physically means that the centroid
of the one-particle strength P,, (&) is equal to the Hartree—
Fock energy €, , was first obtained in Ref. 24, where only
the instantaneous two-particle interaction was taken into ac-
count. In Ref. 25 the sum rule (15) was generalized to the
case where a virtual phonon appears in the retarded part of
the mass operator in second-order perturbation theory. In
Ref. 26 the sum rule was obtained in the quasiparticle—
phonon model (8) taking into account the nucleon—phonon
interaction in all orders of perturbation theory. Here the am-
plitudes for direct transitions more complicated than transi-
tions of a quasiparticle into a quasiparticle plus a phonon are
assumed to be to zero.

Equations (14) and (15) demonstrate the fundamentally
different roles of the nonretarded io(r,r’) and retarded
S(r,r',€) parts of the mass operator % (r,r’,&). The quan-
tity % o(r,r') actually forms, via the Hamiltonian flo(r) (12),
“‘quasiparticles’’ (set in quotes) described by the set of quan-
tum numbers A, normalized wave functions ¢,(r), and en-
ergies &, . The inclusion of 3(r,r’,&) leads to the fragmen-
tation of these quasiparticles over exact multi-quasiparticle
states |p) and |p') of the Fermi system with the same quan-
tum numbers \. Here the total probability of finding a ‘‘qua-
siparticle’” X in all the exact states p and p' is unity, and the
energy centroid of the fragmentation of the “‘quasiparticles’
N\ over exact states of the system coincides with the value
£€) -

A different definition of quasiparticle is used in the
Fermi-liquid theory.!~* Since the quasiparticle energy E) co-
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incides with the exact excitation energy of the Fermi system,
among all the exact states |p), |p’) of the system of
(N+1) (N—1) particles with quantum numbers \, the state
of lowest energy |po) (|po)) is distinguished. Its energy is
&p(& ,,(:)) and is taken to be equal to the quasiparticle energy

E, . The quasiparticle wave function ¢, (r) is then found by
solving Eq. (8) for e,=ep,=Ey:

(Ey— Ho(r)®y(2)— f (e E,)-®, (£")dr" =0,
(16)

However, here an essential contradiction arises. Since the
residue (No|a,|po) at the pole s=s, of the exact one-
particle Green function G), (&), referred to as the renormal-
ization constant a, , is smaller than unity, the wave function
|po) contains not only the quasiparticle state ¢, with prob-
ability a\ <1, but also an admixture of other more compli-
cated multi-quasiparticle components with probability
(1—a,). Then the state |po) cannot be viewed as a one-

quasiparticle state, and so the energy of this state € p,, cannot

be assumed to coincide with the quasiparticle energy, be-
cause the admixtures of multi-quasiparticle components must
change the energy & 7o compared to the energy of the purely
one-quasiparticle state.

This contradiction can be resolved only in the single
case where |1—a,|<1, where the state |p,) becomes a
purely one-quasiparticle state. This case has been analyzed in
Ref. 12.

For all real Fermi liquids, in which a, differs signifi-
cantly from unity, it is natural to reject the quasiparticle rep-
resentation of Fermi-liquid theory'™® and instead use the
‘‘quasiparticles’’ defined by Eq. (12). Then the nonretarded
part of the mass operator io(r,r’) coinciding with the
Hartree—Fock potential should be viewed as the true self-
consistent field of the Fermi liquid. In the case of nuclei and
nuclear matter, this imposes strong constraints on the choice
of parameters of the realistic nucleon—nucleon forces
V(r,r'). In particular, potentials V(r,r’') with a hard repul-
sive core must be discarded as unphysical, because for such
V(r,r') there is no procedure for eliminating the divergences
in the calculation of the Hartree—Fock potential 24(r,r’), in
contrast to the Brueckner procedure’ in the calculation of the
exact nucleon mass operator 2 (r,r’,&).

2. THE “QUASIPARTICLE” WAVE FUNCTIONS AND
ENERGIES AND THE STANDARD SHELL
MODEL OF THE NUCLEUS

Let us study the properties of the Schrodinger equation
(12) and the ‘‘quasiparticle’” wave functions ¢, (r) in more
detail using the results of Ref. 21. Applying the shift opera-
tor to the fermion spatial coordinate, we transform the non-
retarded part of the mass operator 3,(r,r’) to the mixed
representation® 3o(r,p), where p is the fermion momentum
operator. Then, expanding the operator 2o(r,p) in a series in
powers of p through terms of second order, we obtain

A 1 N 3220(1',5) N
2o(rp)=2p(r0)+ = pe—z7—| Pa- (16")
6 p p=0
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Substituting the expansion (16’) into (12), we find

L
Pa 2m*(r) Pa+20(l',0)“8)\)(,0)\(l')=0, (17)
where the fermion effective mass m*(r) is given by
1 1 183(r.p) -
m*(r) m ' 3 dp° 50

We shall seek the quasiparticle function ¢, (r) normalized to
unity in the form?®'

eA(r)=f(r)g\(r), (19)

where we find the renormalization factor f(r) from the con-
dition that the gradient terms of the form p- @, (r) vanish in
the equation for ¢, (r):

.1 r
(Pm)f(rF—m(pf(r))- (20)

The solution of this equation has the simple form

*(l‘)) 172

f(r)= ( (21)

Then for the function ¢, (r) we obtain the Schrodinger equa-
tion:
p2
(m+v(r,8)\)_8)‘) 6)\(1'):0, (22)

where the energy-dependent potential V(r,E) can be treated
as a one-particle self-consistent fermion potential:

m* *
V(r,E)= f r mnfr))E

3o(r,0)+ VEad(p) + ( 1-
(23)

The gradient potential V&4(r), which appears because
of the presence of the gradient term in (17), has the form

grad_ l(pm*(r)) (ﬁm*(r))J

—(3/4) (24)

® "2m | 2m*(r) (m*(r))*

We note that the function @,(r) has normalization of the
form

*

f <Pf,(l‘)-<P:\(l‘)dr=f<P)\:(r) ea(r)dr

=Sy - (25)

It is interesting to compare the self-consistent potential
V(r,E) Eq. (23) to the shell potential obtained in the Fermi-
liquid theory.'™ For this it is necessary to study Eq. (16) for
the function ¢,(r). Transforming the mass operator
3(r,r',¢) to the mixed representatlon 3.(r,p,€), expanding
3,(r,p,€) in a series in powers of p and (& — M), and restrict-
ing ourselves to terms of lowest order, we obtain

R 32(r0,¢) 1
E(r,p,s):E(r,O,,u)+—ae— (8“M)+gpa
e=p
P pp)|
X {9‘2 ‘Pa- (26)
p =0
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Substituting Eq. (26) into (16), we write this equation in
Hermitian form:%

1 d%(r,0,
[am(l‘) ﬁamﬁa*'z(rﬁ,u)— (;s e) 7

e=p

Xa"z(r)—E)\}CI);h(r)=0, @7

where ®$'(r)=[a(r)]~ "%, (r) is the shell wave function
4);\"(1'), normalized to unity, and the renormalization con-
stant a(r) has the form

2(r,0,e) -1
a(r)=[l—T ] . (28)
e=p
Now we can write the shell function ¢ih(r) as
s f(l‘) 'S
P3(r)= [a(n]™ -D3(r), (29)

where the renormalization factor f(r) is given by (21) with
the effective mass m*(r) replaced by m*(r), which is given
by (18) with 3(r,p) replaced by 3 (r,p,x). Then the func-
tion @} "(r) satisfies the Schrodinger equation

f)z (/S T s
[m” “(r,Ex)—Ex]@:'(r)=o, (30)
where the shell potential V*(r,E) is given by
*( r) . *( r)
Vier)= -2 (r,0,p) +VE+ (1—a(r))u
m(r)
+(1 i ) E, (31
m
with
(=20 32
mg (r)= a(n) (32)

and the gradient potential V&(r) coincides with the poten-
tial of Eq. (24) with m*(r) replaced by m*(r).
In the case of nuclei, it has been shown®’ that
m&(r)~m; that is, m*(r)~a(r)m. Then the potential
VSh(r E) becomes independent of the energy Eg, and coin-
cides with the standard shell potential V*"(r) widely used in
nuclear structure calculations:?

2 ¥ *

5 (r0,m)+ vEsdy

).u (33)

Here f_(r)=[a(r)]”2, and CDih(r):d;ih(r).

When comparing the self-consistent potential V(r,E),
Eq. (23) and the shell potential Vs"(r) Eq. (33), we take into
account the fact that the retarded part of the mass operator
E(r P,€) is small for e = u. In Ref. 3 in the derivation of the
dispersion relation for the mass operator it was in fact as-
sumed that i(r,f),,u) =0. In infinite Fermi systems the quan-
tity f(r,f),,u) is nonzero only owing to the breaking of the
symmetry between ‘“particle’” and “‘hole’’ states due to the
finiteness of the Fermi momentum. In the case of finite Fermi
systems the quantity i(r,f),,u) can turn out to be nonzero
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also owing to the asymmetric distribution of one-
quasiparticle energies for particle and hole states.

Then, neglecting the contribution of 3(r,p,u) to the po-
tential V*"(r) (33), we obtain the following relation between
the potentials V(r,E) (23) and V*'(r) (33):

m*(r)

V(r,E)= VSh(r)+( 1- )(E ©). (34)
If we take into account the volume nature of the distribution

.of m*(r) in finite Fermi systems and neglect the off-
diagonal matrix elements (m*(r))\x+ (A#N') between
functions fDSh(r) compared to the dlagonal elements
(m*(r)),, , the functions () A(r) and CI)S (r) will be propor-
tional to each other, and the eigenenergies €, and E, will
turn out to be related simply as

(en—p0) Tﬂ:Ex_lln (35)

To estimate the matrix element my, we can use the ex-
pression

m¥ = Jd)s"*(r) m*(r)- ®(r)dr=m*(0).

It then follows from (35) that for a state N\ lying on the
surface of the Fermi system, where E\ =, the energies
E\, and &, coincide: E\ =&\ = u. The spacing between
the energy levels &, with different values of A grow
m/m*(0) times faster than the corresponding spacings be-
tween the analogous shell levels E, . As will be shown be-
low, for nuclei the quantity m/m*(0)~ 1.4, so that the ener-
gies of relatively high-lying resonance states of the particle
or hole type in nuclei will differ catastrophically from the
predictions of the shell model and the Fermi liquid theory.
When the off-diagonal matrix elements m:s)\', are ne-
glected, the (normalized to unity) shell wave function
(I)i\h(r) and the function ¢, (r) are proportional to each other,
so that the function @, (r) (19) normalized to unity is given
by
m*(r)
®\(r)= m*

AN

-d(r),

and its modulus significantly exceeds that of the function
cl);h(r) in the surface region of the nucleus. This can lead to
a significant renormalization of the matrix elements of op-
erators corresponding to surface physical quantities on the
basis of the functions @, (r) compared to the analogous ma-
trix elements constructed on the basis of the standard shell
functions <I>§\h(r).

3. THE HIGHER ENERGY MOMENTS OF THE ONE-
PARTICLE STRENGTH FUNCTION

Using Eq. (8), the kth-order moment of the distribution
Py (€) (13) can be written as'
k

h=2 *"cfzmw S, (8)

n=0
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'P)\n)\l(S)dS, (36)

where C7 is the binomial coefficient (C2= 1). From Eq. (36)
we find the recursion relation

k k=1 S -
Ii)\)" xlix' )+jzx>\l(8)P>\,>\'(8)'8k 'ds.

Substituting the Lehmann expansion (5') for the retarded
part of the mass operator into this and representing gt 'asa

binomial [(e —¢&,)+¢,]¥”!, we obtain the recursion relation

(k) (k—1) + n
I)\)‘I_S)\I)\)\/ +n§0 {2' (0|b)\|[)<t|b)\é|0>‘8,

+3 <o|b:2|t'><t'|bxlo>-e,",] 1 )
’l

Then the second moment becomes
2 '
1= ex et 2 (0lbali) by 0)+ 25 (0lbyile")
'I

x(t'|b,]0). (36")

Equation (36") is the generalization of the analogous expres-
sion obtained in Ref. 28 using an effective potential instead
of the operator b, . We note that the convergence of the sum
over £(t') in (36") is determined by the convergence of the
matrix elements (0|b,|r) ({0|b}]¢')) on the interval
|&,— )| S EF for short-range nuclear forces.” Therefore, the
second moment of the distribution P,,.(&) (13) in this case
is determined by states #(#') in a large energy range signifi-
cantly exceeding the characteristic width of the distribution
Py (&) (Ref. 28).

4. THE FERMI LIQUID THEORY TAKING INTO
ACCOUNT FRAGMENTATION AND RETARDATION

The question arises of how to extend the Fermi liquid
theory"3 away from the basic assumption of small excitation
energies of the Fermi system.

A similar problem of generalizing the Fermi liquid
theory taking into account fragmentation and retardation has
been solved in Ref. 14. Let us consider the main points of
this new approach. First, instead of the shell basis of func-
tions CI)ih(r) we use the basis of functions @, (r). Second, to
find the Green function G,,:(&) we use the Dyson equation
(1), written symbolically as

G=Go+G,y 3G, (37)

where Gg)\,(e)=Gg(s)6M: is the one-particle Green func-
tion corresponding to the Schrodinger equation (12). Third,
the retarded part of the mass operator i)\)\:(s) is expressed
in terms of a specific skeleton graph determined by the prop-
erties of the Fermi system under study. The choice of this
graph is one of the central problems of the new approach. In
Ref. 15 the operator inl(s) for magic nuclei is chosen in a
form which includes transitions of the quasiparticle—
quasiparticle plus phonon type corresponding to a skeleton
graph of the form
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Se)=F(g) = a’“’ :

which is equivalent to the expression
3=g-G-D-g, (38)

where the phonon Green function D () (the wavy line on
the graph) for phonons with quantum numbers « is defined
as

2w
D)= o5 69)
a

and the phonon vertex part g;’)\, is given by a graph of the

o 1 ~ O}

corresponding to the equation
g=uGGg, (40)

where U is a four-pole block, irreducible in the particle-hole
channel and determined from the self-consistency
condition.*®

The system of equations (37)—(40) differs noticeably
from the analogous system of linearized equations used in
the theory of finite Fermi systems® and obtained from the
system (37)—(40) by replacing the exact Green function in
Eqgs. (38) and (40) by its pole part. At the same time, this
new system of equations is close in structure to the analo-
gous system of equations of the quasiparticle-phonon
model,? differing only by Eq. (40), for which in Ref. 8 the
random-phase approximation (RPA) is used and the exact
Green functions Gy,(&) are replaced by the unperturbed
functions G, ,(&).

The strong nonlinearity of the system of equations (37)—
(40) reflects the physical nonlinearity inherent in one-particle
motion in all real multiparticle Fermi systems. Some of the
solutions of this system could in principle turn out to be
nontrivial ones corresponding to poorly studied, strongly
nonlinear processes such as, for example, soliton-type solu-
tions. It is important that physicists and mathematicians see
the importance of studying the possible existence of such
processes.

The system of equations (37)—(40) can be solved using
the Lehmann expansion (2) for the Green function
G, (&). This expansion includes all the poles, not just the
one singled out in the Fermi liquid theory.> For finding the
energies and residues at the poles of the exact Green func-
tion, the authors of Ref. 15 proposed a rapidly converging
iteration scheme for solving this system of equations. This
scheme works as follows.

The Green function Gg)\, is used as the zeroth approxi-
mation on the right-hand sides of (38) and (40), and the
retarded part of the mass operator EMI is found. This is then
substituted into the Dyson equation (37) to give the Green
function G,,:(g). This Green flglction is substituted into
(38) and (40) and the operator 3, is found again. The
procedure is then repeated.
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Two approximations were used to hasten the conver-
gence and decrease the computer time needed for this itera-
tion scheme. First, for each iteration we discarded all the
weak poles of the one-particle Green function G,,(¢) and
the background Green function D ,(w), which give small
contributions to the sum rule for the residues of the one-
particle Green function (14) and to the value of the squared
modulus of the dynamical nuclear deformation parameter
Bf,. Second, all the poles of the one-particle Green function
and the phonon Green function lying inside a small energy
range A were replaced by a single pole with the average
energy and summed residue.

The formalism described above was used to calculate the
one-particle spectroscopic characteristics of nuclei of the
‘“‘magic +1 nucleon’’ type, 209pyp, 207py  207T) and 209Bi,
and the phonon spectrum of the doubly magic nucleus
298pb. The complete one-particle basis X included all levels
€) up to excitation energy 25 MeV. For states \ correspond-
ing to the continuum we used the harmonic-oscillator wave
functions, with the parameters chosen from the condition that
the location of one-particle resonance states be described.
Calculations showed that further enlargement of the basis of
states N does not lead to any change in the calculated char-
acteristics. The calculational scheme included phonons of
multipole order 2<<L<8. The rapid convergence of the it-
eration procedure is indicated by the fact that only three it-
erations proved sufficient in actual calculations.

From Table I, where we give the experimental and the-
oretical values of the one-nucleon spectroscopic factors Sy
for low-lying states of nuclei of the type ‘‘magic +1
nucleon’ near 2°*Pb, we see that the values of S$*” coincid-
ing with the renormalization constant of the Fermi liquid
theory’ a, (28) vary from 0.97 to 0.3 in the range of excita-
tion energies up to 3.5 MeV, which indicates that the Fermi
liquid theory is inapplicable even to nuclei near the Fermi
surface, as discussed above. In turn, the theoretical values of
the spectroscopic factors S')\h=a)\p0/2j + 1, where Arp, is the
residue at the pole of the exact one-particle Green function
closest to the Fermi surface for given quantum numbers
nlj, decrease in going from the first to the third iteration
using phonons constructed on the basis of the random-phase
approximation. The inclusion of phonon fragmentation leads
to further decrease of the values of SI". In spite of the spread
in the experimental values Sy'?, we see from this table that
the decrease of the one-nucleon spectroscopic factors with
increasing excitation energy is reproduced well enough by
the calculations including phonon fragmentation.

To illustrate the nature of the phonon fragmentation in
the 2°8Pb nucleus, in Fig. 1 we show the dynamical deforma-
tion parameters B, calculated for phonons with L™=2"
and L™=3" as a function of their frequencies w, in the RPA
and including their fragmentation.'> We see that the inclu-
sion of phonon fragmentation significantly changes the en-
ergy spectrum.

As an illustration of the results of the calculations of the
one-particle strength functions P,, (&) for one-particle reso-
nance states performed in Ref. 15, in Fig. 2 we show the
histogram of the distribution P,,(&) for the 1i,,; state in
20Bi. We see that the inclusion of phonon fragmentation
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TABLE 1. One-nucleon spectroscopic factors S, of low-lying states of nuclei of the type ‘‘magic =1 nucleon’ in the vicinity of 28pp,

State 3P 2fspn 3pan 3iy3n 2f2 Lhg
Energy, MeV 0.0 0.57 0.89 1.63 2.34 3.41
207ph, Theory A 0.83 0.82 0.80 C.79 0.70 0.76

B 0.84 0.83 0.81 0.78 0.61 0.63
C 0.76 0.74 0.70 0.67 0.47 0.43

207pp, Experiment Ref. 31 0.97) (0.68) (0.84) (0.47)
Ref. 32 0.97 0.71 0.89 0.65

State 284, liyy, Ljis 3ds, dsy, 287 3dy;
Energy, MeV 0.0 0.80 1.42 1.58 2.03 2.51 2.56
20%pb, Theory A 0.80 0.86 0.70 0.83 0.90 0.76 0.79

B 0.80 0.86 0.54 0.80 0.88 0.67 0.71

C 0.70 0.77 0.46 0.70 0.83 0.54 0.61

209pp, Experiment Ref. 33 0.76 0.86 0.49 0.84 0.79 0.86 0.79
Ref. 34 0.66 0.75 0.71 0.62 0.70 0.81 0.88

State 3512 2dy, Lhy, 2ds;, 1g
Energy, MeV 0.0 035 1.34 1.67 3.48
207T1, Theory A 0.92 0.90 0.84 0.80 0.76

B 0.92 091 0.84 0.80 0.61
C 0.86 0.84 0.74 0.69 0.47
207T1, Experiment Ref. 35 0.74) (0.65) (0.41)

State Lhgy 2fm2 Lijz, 2fsn 3psn 3pin
Energy, MeV 0.0 0.68 1.26 2.42 2.87 3.30
2Bj, Theory A 0.90 0.89 0.83 0.81 0.87 0.81

B 0.90 0.87 0.76 0.70 0.80 0.59

C 0.82 0.79 0.67 0.58 0.71 0.5l

209Bi, Experiment Ref. 36 0.80 0.86 0.90 0.81 0.44 0.30
Ref. 37 0.54-1.00 0.65-1.12 0.52-0.94 0.66-1.14 0.58-1.03 0.49-0.90

Note: A denotes the calculation in the first iteration, B is the calculation with RPA phonons, and C is the calculation taking into account phonon fragmentation.

The values of S}*’renormalized to constant coefficient are given in parentheses.

significantly changes the distribution P,,(g), making it
closer to the experimental one.

5. SUPERFLUID AND PAIR CORRELATIONS IN
NUCLEI AND THE NUCLEON-PHONON INTERACTION

The phenomenon of nuclear superfluidity is well under-
stood theoreticallym’”‘3 and confirmed experimental]y.28 In
many respects it is analogous to superconductivity in
metals.*’ In both cases, Cooper pairs of identical fermions
are formed in the Fermi system, and a gap appears in the
energy spectrum of the one-quasiparticle excitations of the
system. In the case of superconductors, the effective interac-
tion between the electrons forming the Cooper pair is almost
completely determined by the electron interaction with the
phonon excitations of the crystal lattice.”> However, the na-
ture of the forces leading to the formation of Cooper pairs in
nuclei remained unclear for a long time. The problem was
studied in detail in Refs. 41-43, 13 and a very curious solu-
tion was obtained.

The very existence of superfluid and pair correlations in
nuclei implies that the effective interaction v(r,r,) between
identical nucleons in a singlet state in the nucleus is attrac-
tive. At the same time, the analogous interaction potential
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V(1) ,1,) in nuclear matter at normal density pgy has a value
close to zero,” which leads to the absence of superfluidity in
nuclear matter. It can be expected that the potential
v(r,,r;) is close to the potential v;,(r;,r;) in the interior of
all sufficiently heavy nuclei, where the nucleon density
p(r) coincides with the nuclear matter density p,. There-
fore, the pairing in nuclei is wholly associated with their
finite extent. There are two possible sources for the appear-
ance of the effective attraction of the potential v(r,r;). The
interaction of a pair of nucleons located in the outer region of
the nucleus, where the nucleon density is low and the gas
approximation is applicable, is accurately determined by the
attractive vacuum potential v?,(r,,r,). Since the transition
from the potential v=v?, in the external region to the value
v=v;, at the center of the nucleus is continuous, we can
introduce an interpolation potential v(r, ,r;) of the form’

vo(r;,r)={vi y"(R)+v, (1 —y"(R)}f(r), (41)
where
r+r, p(R)
r=r,—r,; R= ; R)= , (42)
|7 2 y(R) .
S. G. Kadmenskii 166



Bus a Bis b
00s| orr
FIG. 1. Dynamical deformation parameters S,, for
n l . phonons with L™=2* (a) and L™=3" (b) for the 2®Pb
0 10 20 ° 10 20 nucleus. The upper part of the two figures corresponds to
1 the calculations for RPA phonons, and the lower part to
1 calculations including phonon fragmentation.
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and n is a parameter set equal to 1 or 2/3. Here it is assumed
that, owing to the short-range nature of the nuclear force, the
radial form factor of the potential f(r) is weakly renormal-
ized in going from the outside to the inside of the nucleus.
Calculations of the pairing effects in nuclei of the type
““magic +2 nucleons,”’” where the energy gap in the one-
particle excitation spectrum is zero, i.e., where there is two-
nucleon pairing but no superfluidity, have been performed in
Ref. 44 using Eq. (41) with the form factor f(r) chosen to be
a & function. It turned out that to obtain the experimental
values of the pairing energies in such nuclei for vex=vgx,

v;, must be repulsive and take values v;,< $[v2 |, which is in
reasonable agreement with the condition that v;, be small
(v;;=0) in nuclear matter. Unfortunately, the use of a
S-function potential makes it necessary to artificially cut off
the equations for the Cooper-pair amplitude in momentum
space owing to the logarithmic divergence at large momenta.
Therefore, the authors of Ref. 41 changed over from zero-
range potentials to finite-range ones (r¢~ 1.2 fm), which are
equivalent from the viewpoint of the scattering problem, but
more physical. In addition, they automatically eliminate the
problem of the logarithmic divergence. Owing to the signifi-
cant decrease of the absolute values of the pair matrix ele-
ments, the description of the experimental pairing energies in
this case for vex=v2x required strong attraction inside the
nucleus, v,,~v> (Ref. 41). If we calculate the value of v,
necessary for pairing to be absent in nuclear matter
(v;=0), it turns out to be significantly larger than the value
00 ve~300 (Ref. 42). This result contradicts the condi-
tion obtained above: v;,~0, vexwugx. This implies that for
some reason, explanation of the experimental values of the
paring energies requires that the effective interaction
v(r,,r;) have an additional source of attraction compared to
the potential v°(r,,r,) Eq. (41) with v;,=0 and v, =02 . It
is reasonable to assume that this source might be the inter-
action of two nucleons via the exchange of phonons, the
quanta of collective surface oscillations of finite nuclei. This
idea was realized in Refs. 43 and 13 for nuclei of the type

‘‘magic +2 nucleons’’ and ‘‘magic +3 nucleons,”” and for
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spherical superfluid nuclei. Here it was necessary to solve the
problem of including retardation for the amplitude of Cooper
pair production. We note that a similar problem was solved
earlier for superconductors by the method of cancellation of
dangerous graphs only in second-order perturbation theory in
the retarded electron-phonon interaction.®

6. THE ONE-PARTICLE GREEN FUNCTION IN A
SUPERFLUID FERMI SYSTEM

Let us continue our study of finite Fermi systems using
the methods of Ref. 13. We write the Dyson equation (1) for
the one-particle Green function in graphical form taking into

PA(EX

02

0,1

0 10 20 E,Mev

FIG. 2. One-particle strength function of the 1i,, state in *Bi. The his-
togram is the experimental data, (Ref. 36) the dashed line is the calculation
using RPA phonons, and the solid line is the calculation taking into account
fragmentation and phonons. The experimental data are taken from Ref. 35.
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account the superfluidity term 3, () (11) in the mass opera-
tor:

g = —>— + —»—Cih
+—.-(ﬁ5.. (43)

Using the fact that the multiple index \ takes the form
A=nljm in spherical systems, owing to conservation of total
angular momentum j, its projection m, and parity, the off-
diagonal elements (A#\’) of the Green function G,, (),
the retarded part of the mass operator Eul(s), and the cor-
relation function C, (&) are related to the change of the prin-
ciple quantum number n by =2, +4, and so on. The effect
of such terms is small (see, for example, Refs. 42, 44, and
14). Therefore, in Eq. (43) we can keep only the diagonal
terms, writing it in the analytic form'?

G\(8)=GY(e)+GU&)Z\(8)G\(&)
—G?\(s)C)\(s)G—)\(Z,u,—s)- C)\(s)G)‘(s). (44)

In turn, the correlation function C, (&) satisfies the equation3

2u—¢
A rw-a (7 [2Tc) @
€ 2p

where V is the four-pole block irreducible in the particle—
particle channel, which plays the role of the effective poten-
tial of the two-nucleon interaction in the pairing problem.
Since the four-pole block V is symmetrized, the right- and
left-hand sides of Eq. (45) are invariant when &€ and 2u—¢
are interchanged. Then, instead of the function C,(g), we
introduce the function C, A(€¢') even in the variable
&'=g— pu. The retarded part of the mass operator i)\(s) is
written as

Sa(e)=2\(e")+,5\(2"),

where |3, (¢') is an even and ,3, (') is an odd function of
the variable &’. Then for Eq. (44) we obtain

[e'—23a(e)]+[(Ex—p)+,3x(e")]

G)\(S)= Q)\(el) B (46)
where
< 1
nx(e')se”[l—zz*s(f )} ~[ex—p—13\(s")]?
—[Cy(e")]~ (47)

Since the function ,(&’) (47) is even in the variable &’,
each pole u+E), of the Green function G, (€) corresponds
to a pole u—E,,, where E, , is positive and given by

Eyy=[(exy=u)2+A%,1'", (48)
where

exn=Lex—ut 50 (Er,) V(11 4, ,); (49)

Av,=CA(Ex (144, ) (50)

dng=—22A(Ex ) Ep - (51)
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Using (46), let us construct a Lehmann expansion of the
type (2) for G, (¢):

2 2
ax,,u)\,] a)\,,v)\,,
G {1
a(e)= Z e—pu—E\,+i6 e—u+E,,—id|
(52)
where
(1+q, )E\,*er,—
a)‘,,ui,,= q)\n'[ A7p A7 :u']; (53)
‘()‘)\(E)\q)
(1+ g\ p)Egiy—eryt 1]
a)\nvin ki £ 7 N (53’)

O\(E\,)

where the dot denotes the derivative with respect to &', and
the coefﬁments ur, and v,, are defined such that
u)\,]+v,\,,—1 Adding and multiplying (53) and (53'), we
find

a =2Ex7,(1+‘h17). (54)
M Q)\(E)\rl) ’

ApT M 2 _ Exyg— M
ul, = 1/2[1+ EM } M—l/z[l— - } (55)

If the superfluidity correlations are sw1tched off, i.e.,

C)\ 0, we have the following: u— u®, e)\,,—uc:)\ , the co-
efficients u, , and v,\,7 take the ‘‘normal’’ values «, ,=0 and
v)\,l—l for 82,,<,u. and u)\,’—l and vM—O for eg,,<,u

and the constant a, ,, becomes the residue a » for the one-
particle ‘‘normal’’ Green function G} (¢). We note that Eq.

(48) for E, ,, and Eq. (53) for the coefficients u,zu7 and vf,,,
found for poles of the one-particle Green function of arbi-
trary complexity,'® coincides with the standard expressions
for E, and u}, v} (Ref. 3), obtained when only one-
quasiparticle poles are included in the Green function. Com-
paring the Lehmann expansion (49) with the general form of
this expansion in (2), we find that

ak?)“ir]: [(Nolarlp)I? E,—Ey=E\ytu;

a)\,,vf\,,=|(N0|a,f|p’)Iz; Ey,—E,=p—Ey\y.

Combining a)\,,ui” and ax,,viﬂ and summing over indices
p,p', we obtain the sum rule

2 a)\n: 1’
n

which coincides with the sum rule obtained above (Eq. 14).
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7. EQUATION FOR THE CORRELATION FUNCTION
TAKING INTO ACCOUNT FRAGMENTATION
AND RETARDATION EFFECTS

Equation (45) for the correlation function C, (&) is writ-
ten analytically as

o= | £

XG-)\l(Sl)C)‘(Sl). (56)

Vnm\(&‘ &) G)\ (2u—¢)

The four-pole block V irreducible in the particle—particle
channel is described by an expression of the form®

V=W+U(GG),T,

where W is a four-pole block irreducible simultaneously in
the particle-particle and particle-hole channels, U is a four-
pole block irreducible in the particle-hole channel and intro-
duced earlier in Eq. (40), and (GG)yy, is the product of two
one-particle Green functions in the particle-hole channel.
The scattering amplitude I" of two particles in a medium in
turn satisfies the equation

[=U+U(GG),l.

The solution of this equation can be written as’

I=T'+T,

where the pole part T of the total amplitude I" has been
isolated explicitly. It depends on the energy w=¢—g, trans-
ferred in the particle—particle channel. This part T’ can be
written as’

, (57)

where g, is the phonon production amplitude, satisfying
(40), and the wavy line corresponds to the phonon Green
function D ,(w) (39).

As noted in Ref. 30, nuclei contain a branch of collective
excitations associated with isoscalar, spin-independent,
strongly collectivized phonons (a=«,), which correspond
to surface oscillations of the nucleus and have an origin
analogous to classical oscillations of the capillary type. The
surface component of the wave function of such phonons
significantly exceeds the volume component associated with
excitations of the zero-sound type.

The exchange of such strongly collectivized surface
phonons can cause strong attraction in the particle-particle
channel.®® Let us therefore explicitly isolate from [ the terms
containing a= @, which correspond to these phonons. The
rest of the amplitude I' associated with the large number of
zero-sound phonons and therefore having weaker w depen-
dence will be included along with the nonpole terms in I''.
Then we can write the four-pole block V as

V= V0+2 gaOD (w)gao’

@

where
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Vo=W+I'-U- 2 8o

aao

D (0)gq,

with the value V, corresponding to the effective retarded
interaction in the particle—particle channel. It can be written

in the form (41) (Ref. 3). Then Eq. (56) is rewritten as'®

de
Cx(8)=f Z_'n'll G;l(2ﬂ_81)6)\1(81)c)\1(31)

X Vom.xlxl"'; 83.0M1'Da0(8—81) . (58)
0

The quadratic dependence of D (e—&) on (¢ —¢€,) in
Eq. (58) allows construcgon of the Lehmann expansion for
the correlation function C,(g") (Ref. 43):
5(8’)260.}_2 6)\1' (59)
A ML e 282 (r)+is

Substituting (59) into (58) and using the Lehmann ex-
pansion (49) for G, (g;) and the analogous representatlon

with C,=0 for G)\ (2,u &), we can obtain®® a system of

. coupled nonlinear equations for the coefficients Y ) and C, Ar

and energies £,(p). This system can be solved iteratively,
with the zeroth iteration corresponding to the use of only the
homogeneous term for C~‘)\(s’), the first iteration obtained
using this homogeneous term on the right-hand side of (58),
and so on.

The system of nonlinear algebraic equations (38), (40),
(49)-(51), (54), and (59), together with the condition of par-
ticle number N conservation®

de —igeT|
N=§)‘: f (_2_'777 G,(g)e

form a closed system of equations describing the one-particle
and collective spectra of a superfluid nucleus taking into ac-
count the retarded nucleon—phonon interaction and quasipar-
ticle fragmentation. The sources of fragmentation are the re-
tarded part of the mass operator i(s) and the presence of
retardation in the part of the correlation function 6)\(6’)
associated with the retarded nucleon—phonon interaction.
This system of equations can be transformed for describing
the effects of two-nucleon pairing in nuclei of the type
‘““magic *2 nucleons,’’ ‘‘magic *+3 nucleons,’’ in which the
energy gap is zero and superfluidity is absent. For this, in all
the equations it is necessary to replace the one-particle su-
perfluid Green function G, (&) (44) by the analogous ‘nor-

al”” Green function Gy(¢&), with the correlation function
Cy,(g)=0. At the same time, the amplitude C,(&) for the
transition of two nucleons into a Cooper-pair state in such
nonSl;perﬂuid nuclei is defined by an equation similar to
(58):

=2 ay,Vi, (60)
A7y

7—0

— de, —
Cue)= | 5t Gf,(2n—e)G, (e2)Cr(e))

X Vou,x,x,"‘E giox)\,'DZO(S—Sn) , (61)
ag
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where the bar over all the functions means that the one-
particle Green functions G}(g) are used to generate them
instead of the functions G,(e). This equation is the eigen-
value equation for the energy of the 2 Cooper pair.

8. THE NUCLEON-PHONON INTERACTION AND PAIR
CORRELATIONS IN ATOMIC NUCLEI

To qualitatively estimate the role of the nucleon—phonon
interaction in nucleon pairing in nuclei, the systems of equa-
tions obtained above were solved using the first iteration. In
this case fragmentation effects are completely excluded from
all the equations (38), (40), (49)—(51), (54), (59), and (61),
ie., it is assumed that a,,=1, ¢,,=0, A,,=A,, and
exp=6\. The equations for C,(¢) (58) and C_A(e) (61)
were solved using the first iteration and reduced to the

form'3#
-3 Ay S g2 )
A)\__M 2E,\l VO)\)\,)\I)\I"' <~ gao,)\)\]'Dao,}\)‘l 5
(62)
2(M—8x)X>\=(1_2"g); Xxl{Voxx,x,x,
1
+a20 gio,nl'D_ao.ul]Xxl, (63)

where A,= CA",\(E)\) is the energy gap for the superfluid
nucleus, y, is the wave function of the Cooper pair of nucle-
ons in the nonsuperfluid nucleus in the \ representation, and
0_.,0y2
ny=(vy)".
In Egs. (62)-(63) the phonon Green function D, (),
Eq. (39) entering into (58) is transformed into the functions
D"O’)‘)‘l and DaO’)‘)‘l’ where

E)\l+wa0

Do\ 7 . 2
oMM E)\—(E)\l+wao)

and D differs from D in that E, is replaced by |&,— u/.

Equations (62)—(63) were solved by using for
vo(r;,ry) the interpolation formula (42) with v;,=0 and
Vex=02=—950 MeV-fm~' (Ref. 3) and the form factor in
Yukawa form:

fr)=(4mrry) " exp(—r/ry),

where ro=1.2 fm.

For the superfluid spherical nuclei '®Cd, ''°Cd, '**Tl,
and '?°T1 the phonons in Eq. (62) were taken to be the low-
lying 2%, 4% phonons and the 2* phonon of the giant quad-
rupole resonance. It has been shown'? that the main contri-
bution to the nucleon—phonon interaction comes from the
low-lying, strongly collectivized 2" phonon. The calculated
values of A, were used to obtain the pairing energies of
these nuclei. The results of the calculations indicate that the
inclusion of nucleon—phonon interactions allows the qualita-
tive description of the experimental pairing energies without
the introduction of additional free parameters.

For spherical, nonsuperfluid nuclei of the type “’magic
+2 nucleons’” and ’magic =3 nucleons’’ lying near the
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doubly magic nucleus 2°°Pb, Eq. (63) was solved® taking
into account all strongly collectivized isoscalar phonons with
L=0, 2<L <16, including the phonons of the giant reso-
nances. It is only for such a large phonon basis that the
pairing energies can be described satisfactorily for all the
nuclei studied without the introduction of additional free pa-
rameters.

Therefore, in solving the problem of nucleon pairing,
only the inclusion of the nucleon—phonon interaction allows
the correct derivation of the structure of the nucleon effective
interaction in the particle—particle channel. The analogy be-
tween superconductivity in metals and nucleon Cooper pair-
ing in nuclei, in which the decisive role is played by
fermion—phonon interactions, is thus extended.

9. THE ONE-PARTICLE GREEN FUNCTION AND
FERMION ELASTIC SCATTERING

Let us now consider the problem of fermion elastic scat-
tering on a finite Fermi system containing N particles and
located in the ground state. The S-matrix element S/, de-
scribing elastic scattering can be written as'’

- T + —iE ik iE 1"k

Sprp=lim (Nolag/(1)Say (t')|No)-e™Evt/t . e'Ept 12,

[—®

t' 5—

(64)

where a (1) is the fermion annihilation operator for momen-
tum p in the interaction representation and E,= pi2m.
Then, using the expression for the one-particle Green func-
tion in the interaction representation,*

Gpp(t=1")=—i{No|S* T{ap(t)ay (t')S}No),
up to a constant phase factor e/ we obtain

. ik B
Sprp= lim Gpry(t—1") eyt giEpt /R (65)
[—>,
{——

We shall use the Dyson equation® for the Green function in
the form

_ 0 0
Gp,p(t—t')—Gp,p(t—t’)+plEp2 Gprp, (1= 1)y,

X (t1=1)Gy (1 —1")dty-dty, (66)

where Qplpz(tl_t2) is the reducible self-energy operator.
The free Green function Gg,p(t—t’) for t>1t' has the form

Gy p(t—1)= =i 8y Enlt =1 VA, (67)
Substituting (66) and (67) into (65), we find
Sp:p=5p,p—27ri-Qp:p(Ep)-§(EP—E,,:), (68)

where (), p(€) is the reducible self-energy operator in the &
representation. Comparing (68) with the expression for the
S matrix in terms of the 7 matrix in the Lippmann—
Schwinger theory,* we find that the T-matrix element for
elastic scattering Tprp coincides with the reducible self-
energy operator in the & representation for e =E,

Tplpzﬂplp(Ep). (69)
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Expressing the reducible self-energy operator () p(Ep) in
terms of the mass operator 3 ,(£), mtroduced above in (1),
and using the Lippmann—Schwinger equation* relating the
T matrix to the potential V for the interaction of a fermion
with a finite Fermi system, we obtain the expression for the
potential V in coordinate space in terms of the nonlocal and
retarded mass operator:

l7=2(r,r’,Ep). (70)

Since the poles of the one-particle Green function G p(€) in
the complex & plane exactly coincide with the poles of the
reducible self-energy operator {1/ (&), from (68) it follows
that the poles of the S-matrix element for elastic scattering
Sprp(e) coincide with the poles of the one-particle Green
function G/ 4(¢).

To go to the optical model,*’*® it is necessary to average
the S-matrix element Sy, (&) for elastic scattering over a
given energy range A containing a sufficiently large number
of poles of the matrix element S,/ ,(¢) and, therefore, of the
Green function G ,(¢), but which is sufficiently small com-
pared to the excitation energy of the system containing
(N+1) fermions:

s’p,p(s)=j yale—&')-Spip(e")ds’,

where the averaging function y,(x) is even in x, a maxi-
mum at x=0, normalized to unity, and falls off sufficiently
rapidly outside the averaging interval A. In what follows we
shall choose a Breit—~Wigner form for the function y,(x)
(Ref. 54):

YV (x)= % [x2+A%4]7", (1)
which possesses all the above properties and has analytic
properties in the complex x plane which are very convenient
for calculation.”® Then the optical potential yom describing
the elastic scattering of fermions in the optical model is ex-
pressed in terms of the mass operator averaged over energy,
which can be written using (5) and (5') as

‘I}(’pt: E_(r’r’ ’Ep)= 20(1‘,]" ) +Re Ez(r,l" ’Ep)
+i Im 3(r,r',E,), (72)

where

3 (0[6(r)|r)(t|b™ (r")]0)

. i(r,r’,e)= (s—s,)2+A2/4

(e—8)

’

0[5 (r")|2')(t'|b(r)|0) (e —e,/)
+Z’ (6—&,)+A%4

(73)
5 A 0|b(r)|t){t|b*(r")|0
m 0= |3 QR0
<0lb (r")[t')t'|b(r)|0)

2 e raud |- 7
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For analyzing the properties of the optical potential Eq.
(72) it is useful to analyze the properties of the averaged
fermionic strength function.

10. THE AVERAGED ONE-PARTICLE STRENGTH
FUNCTION FOR A “CLOSED” FERMI SYSTEM

If the quasiparticle excitation energy |&,—u| is suffi-
ciently high, the main contribution to the one-particle
strength function P,,/() (13) comes from highly excited
states of the Fermi system p and p’ having sufficiently high
density. It is then possible to introduce the averaged one-
particle strength function I;M,(s) using the averaging func-
tion ya(x). Owing to the randomness of the phases of the
products of amplitudes (Nolax|p)(pla,,|No), the averaged
strength function P,,.(e)=0 for A#\’. Let us therefore
consider the diagonal function P,(g)= PM(s) The
kth-order energy moment i(k) for the function P)\(s) is given
by (3) with P(r,r’,&) replaced by P, (). In order for all the
moments 1}"’ to be finite, it is necessary that the averaging
function ya(x) fall off for large x more quickly than
|x| 7*¥~! (for example, the function y,(x) can be a square
function, a Gaussian, and so on). Meanwhile, owing to the
parity and normalization of the function vy, (x) the equations

0) _ 4(0) _ .

10=19,=6,,:; (75)
1 1

10 =1),=¢,6,, (76)

are satisfied also when a Breit—Wigner form (71) is taken for
va(x), for which all the higher moments beginning with the
second diverge. Let us consider the strength function
13_)\(8) averaged over the Breit—Wigner distribution (71). We
represent this function as an integral in the complex &’ plane:

I;)\(s)= -G\(e')de',

W)

1
27 éc (e—€')*+A%4

where the closed contour C runs along both sides of the real

&' axis.?® Substituting into (77) the expression for G,, (&) in

terms of the mass operator 3,,, obtained from (1), neglect-
ing EMI for A#\' because of the randomness of the signs
of the amplitudes (0|b,|¢){t|b,,]0), and using the technique
of Ref. 54, we obtain

2Im 2‘)\)\(8)+A

3

_ 1
P\(e)=5—
(78)

where Re %, and Im 3;,, are given by Egs. (73) and (74).

In analyzing the properties of the distribution (78), it is
necessary to take into account the fact that, owing to Eq.
(75), it is normalized to unity and, owing to Eq. (76), its first
moment is &, . These conditions impose severe constraints
on the properties of Re EM(S) and Im EM(S) It can be
shown rigorously that if Re En(s) and Im Zn(s) are ex-
panded in Taylor series in powers of (¢ —u), as is widely
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done in studying Re Si(e) and Im 3(¢) in the Fermi liquid
theory,2 theorems (75) and (76) are satisfied in the single
case

= = r)\

Re 2))\(g)=0; Im 3,,(g)= -5 (79)
where T, is the effective width of the distribution (78),
which is independent of the energy & and coincides with the
““spreading’’ width or the quasiparticle fragmentation width

N in a ““closed’’ finite Fermi system. Then for I'y,>A the
distribution (78) takes the standard Breit—Wigner form:

1 T,

., T—
2m (e—g,)2+T/4 (80)

P\(&)=
We note that Eq. (80) for the one-particle averaged strength
function was obtained earlier in Ref. 28 using a simpler
method. The same result can be arrived at by other methods
close in spirit to the one widely used in the R-matrix theory
of nuclear reactions and the theory of neutron strength
functions.?>?® At sufficiently high energies €,, the summa-
tion over ¢ in Egs. (73) and (74) can be replaced by integra-
tion over de, if we introduce the energy density p(e,) of
states ¢ and use the matrix element [(0]|b,|r)|* averaged over
an interval A’ which contains sufficiently many levels ¢ and
at the same time is sufficiently small compared to the inter-
val A (A'<<A).

A similar procedure can also be followed for the sum
over states t’. Then Egs. (73) and (74) can be rewritten as

z _ °°de,~p(e,)|(0|b)\|t>|2(8—s,)
Re zn(b‘)—fﬂ (s—s,)2+A2/4

(016, 1) 26— &,)
(e—g,)2+A%4

(81

n
+J_ dep(g;r)

= _A [{olbx|0)]?
Im Z\\(8)=7 dsx p(e,) (=22 +0%4

=l
(82)

Now let us represent the product [{0]b,]t)|*p(e,) as a
Taylor series in powers (g,— u)", where n=0. Then the first
integral in (81) diverges for all the terms of this series with
n>>0. In this case the distribution (78) vanishes for all finite
&, which cannot correspond to a real physical situation. This
implies that only the term with n=0 in the expansion of
p(£)](0]b,]1)|? in powers (¢ — )" is nonzero, and we have
the expressions

[olb3 1)
devpler) oo ¥ ava

S < - I
Re S(e)=0:  Im Sy5(e)=7-[p(e)OIAINlo="5"
(83)

which again lead to the distribution (80). Physically, the re-
sult (83) implies that the quantity p(e,)|(0]b,])|? is inde-
pendent of the energy g,, i.e., the average value of the
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squared matrix element [(0]b,|t)|* is proportional to
p(e,) '=D(e,), where D(g,) is the average distance be-
tween levels ¢. The last statement is very natural within the
context of the Wigner random-matrix model,®* and is
widely used to analyze the structure of highly excited nuclear
states, 28052

It is possible to go outside the distribution (80) while
satisfying Eqgs. (75) and (76) if the averaged retarded part of
the mass operator 3, (¢) is expanded in a Laurent series. Let
us demonstrate this for a very simple case. Among the states
t in Egs. (73) and (74) we distinguish the one state f,
coupled most strongly to the state A, and we take into ac-
count the other states using Eq. (83). Then the distribution

P_)\(s) can be written as

_ 1 1
P =—|Im ————— , 84
a(g) - ms_%_zx(e) (84)
where
0|by|10)|?
Sy(e)=— 22 > %;‘L—")'— (85)

The main feature is the introduction of the complex energy
E',o=s ,O—iF,O/Z into the denominator of the second term in
(85), where I', is the fragmentation width of the isolated

state t. In order for the distribution (84) to satisfy the con-
ditions (75) and (76), T’ 1, must be equal to T, . Then (84) can

be written as

p a, + a
Pr(e)= 27r (e—&)2+Ti4  (e—ey)2+Ty4]’

(86)
where
2 172
8x+810 (8)\—8:0) ) .
Ep=— — + 2 ; (87
81_310 82_810
a;= 3 ap=
1 81_82, 2 £,— € )

with a;ta,=1.

It is easy to see that the distribution (86) satisfies the
conditions (75) and (76). It is physically clear that the state
to involved in (86) is a special case of the ‘‘doorway’’
sl:ates,28 which are taken into account, for example, when the
coupling of the nucleon elastic scattering channel to the in-
elastic channels associated with the excitation of low-lying
collective nuclear states is taken into account.

We note that the inclusion of the doorway state ¢, while
not changing I'y, tends to broaden (84) compared to the
distribution (80). Equation (86) can also be generalized to
include a large number of doorway states f.

Below in our analysis of the properties of the standard
optical model for fermions we shall restrict ouselves to the
case without doorway states, because the effect of these
states is described in the coupled-channel approximation.28
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11. THE OPTICAL MODEL FOR FERMIONS AND THE
AVERAGED RETARDED PART OF THE MASS
OPERATOR FOR A FINITE “OPEN” FERMI SYSTEM

The question arises as to how i)\(s) changes in going to
n ‘‘open’’ Fermi system. This question can be answered
using R-matrix theory and the shell-model approach to the
description of resonance nuclear reactions.® For energies
£>0, at which the channel of fermion emission into the con-
tinuum is open, it is necessary to match the interior wave
functions |p) and |p') of a finite Fermi system to the exterior
wave functions in the region r>R , for all open channels a.
This matching produces finite w1dths [, and T’ of the
states |p) and |p') and a shift of the real parts g, and g, of
their energies. Then the averaged retarded part of the mass
operator, i(r,r',e), can be written as

S(rr'8)=3(r,r')+AS(r,r' 6). (88)

The quantlty E,(r r') is the fragmentation part of
S(r,r',&) independent of energy and satisfying relation (79).
For energies £,>0 the width I'y=21Im Ef determines the
probability of a transition per unit time from the one-particle
fermionic resonance state £, to the many-quasiparticle states
|p) and |p’), which play the role of exact compound states
of the system. In other words, the quantity Im i,(r,r’) de-
termines the component of the imaginary part of the fermion
optical potential V°P (72) responsible for all processes (elas-
tic and inelastic) occurring via compound-nucleus formation.
The quantity Ai(r,r’,s) determines the addition to the re-
tarded part of the mass operator arising from inelastic, mul-
tistage, direct, and pre-equilibrium processes unrelated to
compound-nucleus formation. The imaginary part of this
quantity is_nonzero only for fermion energies £=0. The
quantity Ai(r,r’,e) can be found using the dispersion rela-
tion for the averaged retarded part of the mass operator,
which follows from the representation (5') and the properties
of the averaging operator:

Re i(r,r’,s)= —17; wa ImE;(—r_rSe_)‘ de’
N
1 fﬂ Im i(r,r’,s’)

—LP de'. (89)

Cw g'—¢

Equation (89) for Ai(r,r’,s)zcan be written in a different
form using the fact that A Im 3=0 for £<0:

Re{Ai(r,r';e) —Ai(r r',0)}

_E I”ImAZ(rr € )ds . ©0)

e'(g'—¢€)

A similar relation between the real and imaginary parts of the
nucleon optical potential has been used in Ref. 53 to recon-
struct the real part of the nucleon optical potential. Going to
the mixed representation, Eq. (72) for the nucleon optical
potential can be written as

Vo'=Re 3(r,p,E)+i Im 3(r,p.E), ©on

where
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Re 3(r,p,E)=3,o(r,p) +Re A3(r,p,E); (92)

Im S(r,p,E)=Tm 3(r,p)+Im A3(r,p.E). (93)

Now, expanding all the operators in Eq. (91) in series in
powers of the nucleon momentum operator p through terms
of second order, we obtain the Schrodinger equation for the
optical wave function ¥°P(r) of the fermion:

: 1 " = =
{p m p+Re 3(r,0,E)+i Im %(r,0,E)
—E] YR =0,94 (94)

where m* is the complex effective nucleon mass, defined as

11 . 18? Re 3(r,p,E)
m*(r) m 3 ap*

p=0
1 ¢*Im E(r,f),E)
+=i = . (95)
3 ap’ 5=0

Let us write the function ¥°P(r) as
Yo(r) = f(r) ¥°P(r) (96)

and choose the factor fzr) from the condition that gradient

terms of the form PWP(r) vanish in the equation for

o).
- m*(r)\ 2
fioe(E)”

97
Then the equation for the function \I7°P‘(r) (94) becomes

a2
p— serad
[2”_1.*(1.,15) +3(r,0,E) + VY —E

Tor(r)=0  (98)
or

~2
( 2p_m + V"p‘(r,E)—E) For(r) =0, (99)

where the energy-dependent complex optical potential
VoPY(r,E) has the form

m*(r,E)
m

VoP(r,E)= Re 3(r,0,E) + V&™)

m*(r,E)
+i —m Im E(I',O,E)-F( 1

m*(r,E)
—-—|E (100)
m

If the complex effective mass m*(r,E) is written as
m*(ry=m*(r)+im(r)

and [m*(r)]~" is expanded in a series in m, through first-
order terms, then from (95) we obtain

L__ 1 18 ReS(rp.E)
mEr) m 3 op*

(1o1)

; (102)
|l‘,=0
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d? Im 3(r,p,E)

dp’ 50

1
min="- 73 ()" (103)

Expanding all quantities depending on m™*(r) in series in
powers of m§ (r) and keeping only the first-order terms, for
the optical potential V°?'(r,E) (100) we find

Re V(r,E)=V(r,E), (104)

where ‘7( r,E) is a potential differing from the self-consistent
potential V(r,E) (23) by the replacement of Re Z(r,p) by
Re 3(r,p,E), and

mi (r,E)
Im VOP‘( l‘,E) = T

- m*(r)
Re 3(r,0,E)+
m

— m¥(r)
-Im 3(r,0,E) + V& (r) — ‘T E,

(105)

where the imaginary part of the gradient potential is defined
as

yamd o L [@mEC) o (B () (Bir(r))

1 (r)_2m 2m*(r) (”'i'*(r))2
(B*(r)) (- #*(r))?
ey MO TG
Xm.(r)]. (106)

Formulas (104) and (105) differ from the expressions for the
potential V(r,E) (23) derived earlier by the replacement of
m*(r) by m*(r,E) and the appearance of terms related to
A3(r,p,E).

We can prove an important theorem about the phase
equivalence of the Schrodinger equations (94) and (99) (Ref.
54). Let us consider the T-matrix element T, for a transition
from the asymptotic state ®, to the asymptotic state ®,. In
the case of elastic scattering the states ®, and P, are plane
waves with initial and final momenta p, and p, (Ref. 46):

Tba:<q)b|qu)a>=<q)b|vl\I,a>’
where the wave function ¥, coincides with the function
WP (94), and the potential V has the form

.1 I p’
V=p W p+2(l',0,E)— ﬂ

Using the transformation (96), it can be rigorously shown
that

Tba: <(I)l)| VOPl(r’E)I\I?‘)’

where VP(r,E) is the optical potential Eq. (100), and ¥,
satisfies the Schrodinger equation (99). This implies that the
optical potential (100) correctly describes the cross sections
and phase shifts of fermion scattering on a finite Fermi sys-
tem.
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12. RELATION BETWEEN THE THEORETICAL AND
PHENOMENOLOGICAL NUGCLEON OPTICAL
POTENTIALS

The parameters of phenomenological nucleon optical po-
tentials possess discrete and continuous indeterminacies.
However, if we use Levinson’s theorem,” according to
which the phase shift at zero energy is determined by the
number of bound states of the scattering potential, it is pos-
sible to find a global set of parameters of the optical potential
which gives a sufficiently good description of the total cross
sections for compound-nucleus formation and the differential
cross sections for the direct part of nucleon elastic scattering
for a wide range of target nuclei and incident nucleon ener-
gies. Of course, such an optical potential cannot describe the
irregularities in the cross sections arising from the strong
coupling to doorway states, which are calculated by the
coupled-channel method.

Let us now consider one of the global sets of parameters
of the phenomenological optical potential of the nucleon
V5(r.E), given in Reg. [28] for spherical target nuclei:

r—rOA”3 -1
ap

Re V(r,E)=(V,(7,)+ BE)- ( 1 +exp

[

“(I-s),

,1d
+Vls(Tz)'rls'§E

r_rlsAl/3) =1

™ (107)

+exp

where 7=+ 1(— 1) for the neutron (proton),

Z
Vo(Tz)=( _51+33TZ~_A )MeV;

A

V];(Tz)=(22—l4 'rz) MeV;

ro=1.25 fm; a,=0.65 fm; B=0.3;

ys=1.1fm, a;,=0.7 fm;

r—r,A 173\ —1
—_— —4a,,

w

Im V3(r,E)=Wy( TZ,E)( 1+exp

d r—r, A3\ !
XW’(TZ’E)ZH 1+exp T) ]

(108)

where r,,=1.25 fm and a,,=0.7 fm, and the ratio of the
depth parameters of the volume (w,) and surface (w,) ab-
sorption potentials has a complicated dependence on the en-
ergy and the characteristics A,Z of the target nucleus. Sur-
face absorption prevails at low energies. Volume absorption
becomes more important as the energy grows, and dominates
at high energies (E>100 MeV). If for all energies we use
the variants corresponding to purely volume (w,=0) or
purely surface (W,=0) absorption, we obtain the following
energy dependence of the depth:

W,(E)=—(2+0.006E) MeV; W, (E)=—(2.5

+0.3E) MeV. (109)
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Analysis of the properties of phenomenological nucleon
optical potentials leads to a number of important conclu-
sions. First, comparison of Egs. (104) and (107) gives esti-
mates of the real part of the effective nucleon mass at the
center of the nucleus m*(0)=0.7 m and the depth of the real
potential Re i(r,O,E) at E=0 at the center of the nucleus
Re E(O,O,O)N —70 MeV. Second, from (109) for E=0 we
see the scale of the fragmentation term of the imaginary part
of the nucleon optical potential W,=W(E=0)~—2 MeV,
from which we estimate that the fragmentation width is
I'y=~4.5 MeV. This value of Iy is considerably lower than
the value 100/A"” determined by the energy separation of
adjacent one-quasiparticle levels in the nucleus with quan-
tum numbers \. Physically, this means ‘‘moderate’’ absorp-
tion of nucleons in the nucleus, which leads to the appear-
ance of ‘‘giant’’ resonances in the strength function of slow
neutrons.>* Now we can estimate the value of the imaginary
part of the effective nucleon mass m (r) (103). If for volume
absorption we assume that the radius of nonlocality of the
potential Im i(r,ﬁ,E) is close to the radius of nonlocality of
the potential Re 2,y(r,p), we estimate mz,(r) at the center of
the nucleus to be m¥(0)=~—0.01m. It can then be expected
that the imaginary part of the nucleon optical potential
Im V°?'(r,E) acquires an additional term of order
+0.7 MeV, associated with the first term of Eq. (105), at the
center of the nucleus, together with an energy-dependent
small term associated with the last term of Eq. (105) and
having the form 0.01E. We note that the sign of the latter is
opposite to that of the energy-dependent part of the phenom-
enological potential Im Vof' (109).

For surface absorption associated with dominance of the
surface collective oscillations of the target nucleus, the ra-
dius of nonlocality of the potential Im i(r,f),E) is close to
the nuclear radius, so that the estimate of m(r) in the sur-
face region must be increased by about an order of magni-
tude compared to the volume case, giving m (0)=m,(r).
Then the first term in (105) can take a large value
~3.5 MeV in the surface region, comparable in modulus to
the value of Im Vgﬁ' (109). At the same time, the last term in
(105) leads to an energy-dependent addition to the imaginary
part of the optical potential, which in the surface region takes
the value +0.1E and differs in sign from the energy-
dependent part of Im V;i! Eq. (109). It follows from these
estimates that the phenomenological energy dependence of
the imaginary part of the nucleon optical potential Im Vg{:‘
Eq. (109) is mainly determined by the energy-dependent
term in the retarded part of the mass operator AS., which is
entirely related to inelastic direct and pre-equilibrium pro-
cesses.

In Refs. 16-21 a detailed study was made of the prop-
erties of the real part of the nucleon optical potential for
nuclear matter and finite nuclei in the Hartree—Fock approxi-
mation, where the addition A, related to inelastic processes
is not taken into account. The calculations, which used the
14 most common sets of phenomenological vacuum
nucleon—nucleon potentials V(r,r’), showed that the main
features of Re V' can be described successfully for several

ph
sets. The only problem was with the description of the isos-
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pin dependence of ReVp'. The calculated dependence
turned out to be weaker than the phenomenological one.

It would be useful to extend the calculations of optical
potentials to understand the singularities of their imaginary
parts using the generalized Fermi liquid theory taking into
account nucleon—nucleon interactions as in Refs. 14,15.
Such calculations should be able to describe the surface and
volume components of absorption for the fragmentation part
of the optical potential. At the same time, it is necessary to
estimate the role of the retarded part of the mass operator
AS associated with inelastic processes, primarily using the
dispersion relations (89) and (90).

13. OPTICAL POTENTIALS OF COMPOSITE
PARTICLES

Since the dominant contribution to the real part of the
nucleon optical potential comes from the Hartree—Fock term,
it is natural to construct the real parts of the optical potentials
of composite particles in the same approximation.??

Let us study the interaction of a composite particle x of
mass A, and a nucleus f of mass A;. We introduce the
coordinates of the center of mass Ry of the entire system, the
center of mass R, of the nucleus f, the center of mass R, of
the particle x, and the relative coordinate R:

A A
_AR+AR; 22,-=flr,-' =2k;.rk.
A+A, T A T A
R=R,—R,. (110)

The coordinate of the ith nucleon includes the radius vector
r; and the multiple index a;=s;7;, where s; and 7; are the
nucleon spin and isospin projections on the z axis. For the
nucleus f and particle x we introduce the Jacobi coordinates
& (IslsAp—1) and §, (1=m=<A,—1) using the expres-
sions

Af Af
§1=i21 blirizzl byy;; (111)
< =

Ay Ay
gm:kzl bmkrk:kz:l bmkyk’ (111,)

where

y=r—R; y=r-R;: 2 b,;=0; ;bmﬁo-
]
(112)

For convenience, we choose the standard scheme for deter-
mining the coefficients by; (b,,;):

_ ) _r,+r2 ]
§|—r,~—r2, §2— 2 —I35...;

Ap—1
T
N ¢

1= A1 Tap (113)

when the Jacobian of the substitution going from the vari-
ables r; to the variables Ry, & (1=<I<A;—1) is equal to
unity, and the coefficient is b,’Af=—61,Af%|. The reverse

variable substitution has the form
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A1 A A1
Yi= 121 aiér; Zl a;=0; LV 5I.Af—l-
(114)
We then obtain the expressions
A1
R0+Af+A R+ E gmamlw
Ag-1
l',-=R0 2 +AfR+ IZ al,fl (115)

Let us consider the Schrodinger equation for the optical
wave function ¥, describing the elastic scattering of a par-
ticle x on a nucleus f:

Ay A2 A

f X
Pl

{, 2m 2

k12m

+ 2 V11+ 2 Vks

i=1 i<j=1
A; A,
+'21 kZI Vi—Eo{ ¥, A(Ro,R,§,8,)=0. (116)
=1 i=
This equation can be written as
1 P’ K2 A+A;
T 2m (A tA) R 2m AA; oR?
52 A 2 \2
A DR
2m =1\ 7 &
B2 Ay 2
b,, + Vi
2)71 k=1 (% k afm) 12 1 i

Ap A

+ 2 Vks+2 E Vlk EO] xj(R(),R,gl’gm)

=0. a1

For convenience, in Eqs. (116) and (117) we have dropped
the nucleon spin and isospin indices. We shall seek the wave
function of the system in the form

"P.xf= lipoRo /ﬁA{Xj(gl ""’gAI— I)X.\'(gl > gA —l)\Fopt(R)}

(118)
where A is the antisymmetrization operator.
. (A,+Av)!]‘y 5
Y i Tl 1 (=1)?P, (119)
AlA )P

with the sum over P including only interchanges between
nucleons & of the particle x and nucleons i of the nucleus
f. The interior wave functions of the nucleus f and particle
x are completely antisymmetrized and satisfy a Schrodinger
equation of the form

52 A (AT g \2 A
[ 2m, (E bhﬁfe +:<;1 Vi~ EIJXf o

(120)

Let us multiply (117) on the left by the function x7 x¥ and
integrate over the complete set of internal coordinates of the
system. For the terms of the form V;; in the Hamiltonian
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(117) we include in the sum in (119) the identity permutation
Py and the permutation of the ith and kth nucleons P,
while for all the other terms in (117) we limit ourselves to
only the permutation Py, which corresponds to including
exchange effects only for interacting nucleons. We write the
permutation operator P;; as a product of permutation opera-

tors for the nucleon coordinates and quantum numbers a:
Pix=Py(ri,rp)- P(a;, ap). (121)

In turn, we write the nucleon coordinate permutation opera-
tor in terms of the nucleon coordinate shift operator:

0 J
Pi(r;,ry) =CXP{ (r;— r")(ﬂ_r,‘_ﬁ) ] s

which can be expressed as

(122)

A +A, 3 "i‘ F

—b
AA, R = 9, ™k

&)
=1 3§1

Pu(ryr)= CXP[ (rp—r;)- (

—E

Then Eq. (117) becomes

(123)

’ ﬁA+A,,¢92

opt
T AR ﬁf+v,(R) EJ‘I’ (R)=0, (124)

where E=E0—[p0/2m(A,+Af)]—sf—sx is the energy of

the relative motion of the particle and nucleus f. In the case
where the particle has equal numbers of protons and neutrons

N,=Z,=A,/2, the potential V, is written as

V)= [ Vo Ry —ppydrdy~ [ Vi)
X ,(R+ R+ l')
x— T, x A
P y y Af
A tA;
r|exp{ — A A,

(125)

A—1
XPul Yeo¥x— A

d
x JR—
r &R} -drdy,,

where the potentials V¥(r) and V¥(r) are expressed as a
combination of various components of the vacuum nucleon—
nucleon potentials and are found in Ref. 16. In Eq. (125) we
have introduced the one-particle density matrix ps,(y,y’) of
the nucleus f (particle x):

pfa(y’y’)= 2 X}:(gl""’gAf—Z’

ay,..., aA,*l
Ay
_ATTy’al’aAf LA | Xy & .- ff—z
A Ar )3
_ f . f
_y 20 ,.. aAf—l,a) (Af—l)
Af—2
x 1 d&. (126)
1=1
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which goes into the one-particle density matrix p,(y) of the
nucleus f (particle x) in the diagonal case
Psa(Y) = Pra(yy)-

We note that the potential (125) is symmetric in the
nucleus f and particle x and goes into the nucleon—nucleus
potential Vo(R) for

A=1, pJy)=4a(y,):

‘A/OJ(R)=J V”(r)pf(R—r)dr—f VF(r)-pf(R—r, R

r
Y exp

For spherical nuclei f and particles x we expand exp{...} in
(126) and (127) in a series in powers in d/JR, keeping terms
through second order. Then the potentials (125) and (127)
can be written in Hermitian form:?

A+l 9 } 127

A, "oR|"

. d . d
VAR =V (R)+ 7= Var(R) 7= (128)

Vo R)= ng(R)+ VO,(R) (128")

where

VR) = [ V() p Ry, )p,(ydndy, - [ v

‘pAR+y,—r, R+y,—1r/A))

A1
Yoo¥x— A_

x

Xp, r) drdy,; (129)

A, +A

lefvf() R+ R
AXA rrpf Yy.—r,

V,A(R)= —(

r A,
+yx—A_f Px{ Yx> ¥x— A
x

r) dy.dr;

(129"

VI(R)= f VA(r)pAR—r)dr— f VF(r)pf(R—r, R

7

wy dr; (130)

~ As+1\21

vo,(R)=—(f4—f) g J VE(r)-r*-pAR-r, R
~Tr/Ap)dr. (130")

Expanding the density matrix of the particle x in a series in
powers of r through terms of second order

Ay Ip(¥x)
Pxl ¥Yx> ¥x— A

X

l‘) =p.\'(yx)— 172 T e
é’Zp.\'(yx ’y.(‘)
Y 1" Yy

xa
Sl
ror ,
xB I £ A-\'

substituting this expansion into (129) and (130), and keeping
terms of second order in r, we obtain

+1/2

(131)
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ng(R)zf VH(r)Pj(R+yx_r)Px(yx)drdyx

—f VF(r)pf(R+yx—r, R+y,

- r/Af)px( yx)drdy-t

1(A—1\2r
~§ A, Vi(r)r"P{R+y,—r, R+y,

Pp(¥x Y1)
—1/A)) p—"y"-zi drdy,; (132)
%x yi=y
— 1 (A +Ap)? —
V. AR)= s (AA, @A fV (rrip{R+y,—r, R

yx_r/Af)px(yx)dder' (133)

Using the fact that the effectlve nucleon mass moj(R) is
related to the potential Vof(R) as

11 +2~vo,(R)
mIAR)  mos 2

(134)

where mos= A;/A;+1 m, Egs. (132) and (133) can be writ-
ten as

VIAR)= f VOAR+Y)p.(y)dy,
+ﬁ2 A—1\% A; \?

2\ A, | \A—1
1] pu(ye-¥5)
ay?

f [m;)kj(R"_yx)

dyy; (135)

Y. =Yy

mof

(A, +Ap)?
xj(R) (—A—(A—fW VOj(R+yx) p\'(y\‘)dyA

(A +APR? f 1

2424+ 1) ) \mER+y,)
1

- m_Of) px(Yx)dyx' (136)

Substituting the potential (128) into the Schrodinger equation

(124) taking into account Egs. (135) and (136) and using the

technique developed above for analyzing the nucleon optical
potential, we obtain

2 2
—_— Opt opt
[ 2mxf6R 7 (R,E)— E]\I’ (R)=0; (137)
where
Re VI(R.E "R o g +VEM(R
e )= = ViR +VEHR)
m*(R)
+(1— L\ E: (138)
mys
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1 1  2VAR)
mi(R)  my, nz

(139)

and the gradient potential Vf.}"d(R) is given by Eq. (24) with

m*(r) replaced by m¥(R) and m replaced by
AAy

m.=m . Using (136), equation (139) can be written

as

11 . (A +A)? f 1
m¥(R) my AZ-(A+1)2 ) [mE(R+y,)

1
- dys, . 140
moflpx(yx)l ¥e (140)

Let us consider in more detail the properties of the real
part of the optical potential for a composite particle (133)
that we have obtained. We shall compare it to the analogous
potential obtained using the folding procedure with a single
folding:56

Re Vﬁ?‘(R)=f Re VoH(R+y,) - p(¥,)dys, (141)
where Re ng"‘ is the real part of the nucleon optical potential.
We consider the case where the particle x is much
smaller than the nucleus f(A,<Aj). Then at the center of the
nucleus the effective mass of the composite particle m;!‘f(O)
is A, times larger than the effective nucleon mass m*(0).
The folding potential Eq. (141) at the center of the nucleus
coincides with the first term of Eq. (138) when the first term
of (135) is substituted into it and has a value
~A,-51 MeV. At the same time, the effective mass of the
composite particle m_’ff(R) (140) smoothly goes into the
vacuum value m,, as R grows, but here there is a rather large
diffuseness in the nuclear surface region. The gradient term
VE}‘-"’(R) for the particle x has a surface nature and is quali-
tatively close to the analogous gradient term for the nucleon
potential. However, since the depth of the optical potential of
the composite particle will be A, times greater than the depth
of the nucleon potential, the gradient term for the composite
particle will be A, times weaker than for the nucleon. The
energy dependence for the real part of the optical potential of
a composite particle at the center of the nucleus is close to
that for the nucleon optical potential, because m;’,‘f(O)/mxf
= m{’,‘f(O)/nzof~0.7. However, owing to the increase of the
depth of the x potential by a factor of A, compared to the
nucleon potential, at this energy the energy term in (138) will
be A, times weaker than in the case of the nucleon.
Finally, let us consider the properties of the part of the
optical potential of the composite particle determined by the
second term in (135). Physically, this term corresponds to the
change of the internal kinetic energy E_'f.'“ of the composite
particle due to renormalization of the mass of the nucleons of
particle x in nucleus f. At the center of the nucleus this term,
when substituted into (138), gives an addition of 0.28E“:.“’ to
the depth of the optical potential of the composite particle. If
the kinetic energy of a sufficiently heavy particle x(A,>1)
is estimated to be 224, MeV, the addition to the depth of the
potential Re V77" (138) determined by the renormalization of
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the kinetic energy is 6A, MeV. Then Re V;}'(R,0) at the
center of the nucleus will have a depth ~— 454, MeV and
considerably larger diffuseness in the surface region of the
nucleus compared to the nucleon optical potential.

As far as the imaginary part of the optical potential of
the composite particle is concerned, in addition to the frag-
mentation term and the terms associated with inelastic chan-
nels which do not change the structure of the composite par-
ticle, there will also be important terms from the inelastic
channels associated with the excitation and decay of the
composite particle. Therefore, the depth of the imaginary
part of the optical potential of the composite particle will be
more than A, times larger than the analogous depth for the
nucleon optical potential. As a rule, this leads to a situation
like that of a ““black’’ nucleus in the scattering of practically
all composite particles.

We also note that, in general, the Hartree—Fock approxi-
mation for the elastic scattering of a composite particle x on
a nucleus f allows the reconstruction of the real part of the
optical potential Vi¥(R,E) at values of R large enough that
the particle x and nucleus f only weakly overlap. It is there-
fore possible to neglect unincluded effects such as antisym-
metrization, the polarizability of the particle x and the
nucleus f, and also the renormalization of the interaction
between nucleons due to the other nucleons of the colliding
particles.

15. CONCLUSION

Let us briefly summarize the results of this study.

1. It has been shown that the self-consistent one-particle
potential of a Fermi system coincides with the Hartree—Fock
potential and is close to the real part of the optical potential,
while differing significantly from the widely used fermion
shell potential.

2. It has been demonstrated the fundamental role of
fermion—phonon interactions in the mechanism of quasipar-
ticle fragmentation in Fermi systems. These interactions play
a special role in nuclei, where to a large degree they deter-
mine the structure of the retarded (normal and superfluid)
parts of the mass operator. The theoretical correctness of the
quasiparticle—phonon model of the nucleus constructed in
Refs. 8 and 9 is thereby confirmed.

3. A nonlinear scheme has been developed for calculat-
ing the static and dynamical characteristics of Fermi systems
for arbitrary excitation energies, which works well for ana-
lyzing the properties of nuclei.

4. A systematic analysis has been carried out to deter-
mine the structure of the optical potentials of nucleons and
composite particles.

It would be interesting to apply the methods developed
here both to study such continuous Fermi liquids as He and
electrons in solids, and also to generalize and qualitatively
improve the results of the theory of finite Fermi systems as
applied to many-electron atoms and nuclei.
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