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A microscopic approach to analyzing the excited states of magic nuclei is described. It is based
on the systematic use of the method of quantum Green functions. When applied to the

theory of giant multipole resonances, the approach explicitly includes the three principle
mechanisms of resonance formation in a finite nucleus: decay via particle-hole configurations of
the discrete spectrum, decay via particle—hole configurations with a particle in the

continuum, and decay via more complicated configurations of the particle—hole®phonon type.
The results of a numerical realization of this approach for describing giant resonances in

magic stable and unstable nuclei are discussed. © 1997 American Institute of Physics.
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1. INTRODUCTION

In the microscopic theory of nuclear structure at low
excitation energies') it has become almost axiomatic that the
random-phase approximation (RPA) must be improved by
including configurations more complex than the particle—
hole (1p1h) ones included in the RPA. This statment rests
on the fact that it has proved impossible to explain the total
widths of giant multipole resonances (GMRs) using the RPA
(see, for example, Refs. 1-3). It is well known that the GMR
widths have three formation mechanisms: (1) an analog of
Landau damping, determined by the distribution of the tran-
sition strength among discrete RPA states; (2) decay of an
excited state into the continuum, where the one-particle con-
tinuum apparently plays the leading role (it forms the width
I'1); (3) additional resonance fragmentation due to the cou-
pling of RPA configurations to more complex ones, prima-
rily 2p2h configurations (this forms the width I"|). Numer-
ous estimates of the effect of 2p2h configurations (see, for
example, Ref. 3), confirmed by more accurate calculations
(to be discussed below), have shown that this effect gives the
dominant contribution to the width I'| for intermediate and
heavy nuclei.

Until recently, the microscopic theory of GMRs has de-
veloped in two different directions: RPA+continuum and
RPA+2p2h. The first problem can now be considered
solved, at least for an effective contact interaction between
nucleons; the use of the Green function method has made it
possible to include the one-particle continuum exactly by
transforming to the coordinate representation in the RPA
equations.*> Other methods for solving this problem have
also been developed which admit the use of nonlocal forces
(see, for example, Refs. 6 and 7). As far as the problem of
including 2p2h configurations is concerned, by now it is
quite obvious that the approaches to solving it are consider-
ably more diverse in both the technique used and the physi-
cal content than those for the inclusion of 1plh configura-
tions.

The discovery of new GMRs in 1971-1972 strongly

134  Phys. Part. Nucl. 28 (2), March-April 1997

1063-7796/97/020134-25$10.00

stimulated the development of the theory, including ap-
proaches for including complex configurations. Already by
that time the quasiparticle—phonon model® was the best
method of calculating this effect, and a method of including
two-phonon configurations in intermediate and heavy nuclei
was systematically developed for this model. Later on, meth-
ods were developed for including ““pure’” 2p2h configura-
tions [examples are the second RPA (SRPA), Ref. 9, and the
extended SRPA (ESRPA), Refs. 2, 10, and 11], along with
methods based on the use of RPA collectivization, as a rule,
in one of the two 1p1#k channels, i.e., models including
1 p1h®phonon configurations. This latter category includes
methods'?!? based on nuclear field theory and the Bohr—
Mottelson strength-function model, models developed within
the Green function fonna]ism,m"18 and several others (here
we cite only the basic approaches which will be discussed
below; see the literature cited in Refs. [1-3, 14, 15, and 17]
for more detail).

The current trends in the experimental physics of GMRs
sustain the interest in developing the microscopic theory, and
in some sense they can be viewed as a challenge to the
theory. Here we have in mind, first, the significant improve-
ment in the experimental resolution to AE==10 keV and bet-
ter, which has already generated and will continue to gener-
ate data on the GMR fine structure, not to mention the other
information already obtained.'*~** Second, at present special
attention is being paid to the study of unstable nuclei, which
are of great interest in nuclear physics and astrophysics, and
studies are being performed using radioactive beams. From
the viewpoint of the microscopic nuclear theory, the first
trend implies the need for the simultaneous inclusion of the
continuum and complex configurations in addition to the dis-
crete RPA ones, while the second implies that the theory,
whose parameters are already known, must be applicable to
nuclei which have not been studied experimentally. It turns
out that a theory satisfying all these requirements is very
difficult to realize numerically. Only quite recently have all
three mechanisms of GMR decay been included simulta-
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neously (Refs. 17 and 23-27), of course, using very different
approximations and methods, and for various magic nuclei
and resonances. Most of the calculations of this type have
been performed using the approach discussed in the present
review, based on the Green function method (Refs. i7 and
27-34.

Regarding practical applications, this approach can be
viewed as a further development of the ideas of the theory of
finite Fermi systems (TFFS),* the parameters of which have
turned out to be fairly universal for all nuclei except light
ones. Whereas in the traditional treatment the theory of finite
Fermi systems is the RPA formulated in terms of the Green
function method, the problem of the explicit inclusion of
configurations more complex than those in the RPA is solved
in this new approach. We shall mainly study
1 p1 h®@phonon configurations. This is because the problem
of including ‘‘pure’’ 2p2h configurations involves not only
quantitative difficulties, but also has the drawback of not
having any real small parameter. It is preferable, at least at
present, to use basis configurations in which the collectiviza-
tion in one or both 1p1h channels is already included, i.e.,
configurations of the type 1plh®phonon or
phonon®phonon.? In this case the small parameter is the
dimensionless squared quasiparticle—phonon interaction am-
plitude: g2<1 (Refs. 43 and 14). This greatly simplifies the
problem of including 2p2h or, more precisely,
1p1h®@phonon configurations, because:

1. We obtain a general principle for selecting terms. It
becomes possible to keep only terms through second order in
g (however, this is not valid for all the quantities involved in
the theory; this question will be discussed in this review).

2. Moreover, we can limit ourselves to the inclusion of
only 1plh®phonon configurations containing collective
phonons with the maximum value of g2. Since the most
important contribution near the GMR energy comes from
low-lying phonons, it is reasonable to restrict ourselves to
low-lying collective phonons, of which there are not many.
The other phonons are effectively included via the phenom-
enological parameters of the problem.

3. The restriction to a small number of collective
phonons is especially important if one uses phenomenologi-
cal local forces with parameters selected within the frame-
work of the theory of finite Fermi systems. These parameters
should not change greatly when the additional nonlocal long-
range forces arising from the inclusion of a small number of
collective phonons in 1p1h®phonon configurations are in-
cluded. Therefore, in this case it is possible, at least in a first
approximation, to leave the TFFS parameters unchanged.
Our calculations have confirmed the validity of this approxi-
mation. In addition, the restriction to a small number of
phonons noticeably eases the numerical difficulties, which is
very important for problems with nonseparable interaction.

An approach to the inclusion of 1p1A®phonon configu-
rations using the Green function method has been developed
in Refs. 14 and 16 on the basis of these ideas. Its numerical
realization for M 1 resonances in magic nuclei has produced
quite reasonable results. In particular, it has been shown that
the observed M1 excitations in “°Ca with energy
~10 MeV and in '%0 with energy ~ 16 MeV are explained
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by correlations in the ground state due only to
1p1h®@phonon configurations (the RPA does not give a 1*
level in this region).'® This was an important result which
demonstrated the role of these effects and suggested that they
could be analyzed systematically within the framework of
the Green function method.

However, the further application of the approach of
Refs. 14 and 16 was complicated by the appearance of the
‘‘problem of second-order poles,”” which will be described
in Sec. IV below. This problem was later formally eliminated
in the model of Ref. 15, but the solution of the equations of
that model proved to be very difficult for real nuclei.

This review is devoted to describing the new approach,
developed on the basis of the Green function formalism, to
the problem of including complex configurations. It allows
the construction of various classes of models: ones taking
into account ‘‘pure’’ 2p2h configurations (like the SRPA)
and ones taking into account 1p1A®phonon configurations.
The main element of this approach, which effects the passage
from general exact equations to a specific solvable model, is
the method of constructing the generalized particle—hole
propagator.18 The physical meaning of the approximations
used in this method is closely related to the Feynman-
diagram interpretation of the quantities entering into the
theory.* In the model including 1p1Ah®phonon configura-
tions, the propagator'® contains a class of graphs which is
wider than in Refs. 14 and 16 but narrower than in Ref. 15.
The partial summation of the diagrammatic series in the
propagator of Ref. 18 solved the problem of second-order
poles mentioned above. The first calculations performed us-
ing this approach and neglecting the contribution of the one-
particle continuum'83® in many respects were a repetition of
the earlier calculations,'® but, in contrast to Ref. 16, they led
to a unified description of both the isovector and the isosca-
lar part of the M 1-strength distribution in 2®Pb. The results
of using this approach to describe other GMRs including the
continuum in 1p1h®phonon configurations'”*’~** will be
discussed in Sec. 6.

One of the advantages of the Green function method is
that, being a consistent many-body theory, it contains many
general and exact relations between the quantities involved
in its technical apparatus. The most typical examples of such
relations which we use are the Dyson equation for the one-
particle Green function and the equation for the response
function. By using the physical and mathematical properties
of these quantities and the corresponding physical approxi-
mations, the leading one of which is the explicit isolation of
complex configurations of a certain class, i.e.,
Iplh®phonon  configurations containing  collective
phonons, we transform the corresponding relations into
equations which can be analyzed and solved by computer. In
this special type of deductive approach, the correct choice of
the initial approximations and input parameters of the prob-
lem becomes very important. Monitoring these by model-
independent and limiting expressions of the theory proves to
be very useful, as does the presence of a small parameter. In
our opinion, this type of approach allows a sufficiently com-
plete understanding of the physics of the problem and the
uniform inclusion of the main features of the phenomenon
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under study. This is especially important for a problem as
complicated as the inclusion of 2p2h®phonon or
1 p1 h®phonon configurations in a finite nucleus.

This review has 7 sections. In Sec. 2 we give the basics
of the Green function method as applied to the inclusion of
complex configurations. In Sec. 3 we study the technical
details of the construction of the generalized particle—hole
propagator. Section 4 is devoted to the derivation of the
equations determining this propagator in our approach. In
Sec. 5 we discuss the properties of the propagator, briefly
consider models for the inclusion of “‘pure’” 2p2h configu-
rations, and describe the effects of ground-state correlations
due to 1p1h®phonon configurations. In Sec. 6 we discuss a
method, useful for further applications, of including the one-
particle continuum in the equation for the variation of the
density matrix, and we present the results of calculations
performed using our model including 1p1A®phonon con-
figurations with Landau—Migdal effective forces. The dis-
cussion of the numerical results is fairly brief and intended
only as an illustration. In the conclusion (Sec. 7) we summa-
rize the main results and list possible ways of improving and
extending the methods of including the three main mecha-
nisms of GMR formation.

2. THEORETICAL FOUNDATIONS OF THE
DESCRIPTION OF NUCLEAR EXCITATIONS IN THE
GREEN FUNCTION METHOD

2.1. General relations

The solution of the problem of describing the excitation
spectrum of an even—even nucleus, including giant reso-
nances, can in many interesting cases be reduced to the cal-
culation of the function describing the distribution of the
strengths of transitions in the nucleus induced by an external
field VO (the strength function):

S(E)= 2 (I{nlv°*|0)*S(E - )
—(n|VO|OY2S(E+ w,)),

where w,=E,—E,, and E, and |n) are the exact eigenen-
ergy and eigenfunction of the initial nuclear Hamiltonian,
which characterize a state with a set of quantum numbers
denoted by n (n=0 corresponds to the ground state). In the
Green function method the strength function is completely
determined by the response function of the nucleus R(w),
because it follows from the spectral expansion of the re-
sponse function that?

1
S(E)=— lim Im

- 2 VYR 1 3(E+iA)VY,. (1
A—+0 :

Formally, the response function is the solution of the Bethe—
Salpeter equation in the particle—hole (p—#) channel:

= dg

Rp34(w)= J'_x T R34 w,8), (2)
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Ry34(@,8)=—G3(e+ w)Gyyle)

+ Gs(e+w0)Gyle) f i
& si(e+©)Gye(e w2
X"?556'78((0,8,8,)R7g,34((1),8’), (3)

where G is the exact one-particle Green function, and %/ is
the amplitude of the nucleon—nucleon interaction in a
nuclear medium, which is irreducible in the p—h channel.
However, (3) is actually only one of the equations entering
into the closed system of nonlinear functional differential
equations, the solution of which corresponds to the exact
solution of the many-body problem and determines both the
function R and other quantities in the many-body theory™
(the formulation of this system, generalized to include many-
nucleon interactions, is given in Ref. 37). In particular, this
system of equations includes the relation (in the time repre-
sentation, 1 ={1,7,} and so on)

82.(3,4)

2(12,38)=i 5o,

)
where 3, is the one-particle mass operator related to the
Green function G by the Dyson equation:

Gn(e>=G?2(s>+§ Gy(e)334(8)Gyle), )

in which G%,(&)=((e — p¥/2m)~"),, is the free Green func-
tion.

The above discussion implies that Eq. (3) can be viewed
as the definition of the response function R only when the
quantities 2 and 74 are known. In fact, we have at our dis-
posal only model approximations of these quantities. The
simplest and clearest algorithm for constructing these ap-
proximations is that of rearranged perturbation theory in the
vacuum internucleon interaction w (in the final expressions
this is replaced by the effective interaction in the medium),
which in practice reduces to the iterative solution of the sys-
tem of functional differential equations.’” The rearrangement
of perturbation theory amounts to the following. Instead of
the free Green function G° we introduce a new ‘‘bare’
Green function G which is the solution of the Dyson equa-
tion

512(8)=G?2(8)+% G?3(8)§34542(8) (6)

with as yet undetermined mass operator S.Itis only as-
sumed that the latter is independent of the energy variable.
After this, Eq. (5) is transformed into the rearranged Dyson
equation

Glz(s)=512<e>+;4 G 13(8)254(8)G il e), (7)

in which the mass operator 3¢ is given by
3 a(e)=Sp+2iy(e), ®)

which follows from the condition that the solutions of (5)
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and (7) coincide. The function G specifies a ‘‘point,”’” more
convenient than G, about which the perturbation series for
G and other quantities are constructed.” Isolation of the ref-
erence term 3, from the complete mass operator % leads to
isolation of the analogous term %7, independent of the energy
variables, from the amplitude 74

'?4|2,34(w,8,8')=7~412,34+ %234 w,8,8"). )

This is related to the fact that the mass operator 3 and the
amplitude 77, and, consequently, all their components, must
satisfy Eq. (4) in addition to the known consistency
conditions.> In particular, since the functions 3¢ and 74°
completely determine the energy dependence of 3 and %
(which explains the notation we have used for them), the
following dynamical consistency condition must be
satisfied:*®

~ de'
Siero)-35e)= [ 53 U a(eee)

X[G34(8' +w) —G34(8')], (10)

which follows from the particle number conservation law.
All the consistency conditions, both static*> and dynamical,*®
remain valid also when nucleon multiparticle interactions are
switched on.*’

2.2. Model approximations for the mass operator 3,
and the amplitude 7

Let us turn to the definition of 3 and 7%. It follows from
the preceding discussion that formally they are not subject to
any important constraints except the static consistency con-
dition between them. However, from the microscopic point
of view it is convenient to take, for example, S to be the
Hartree—Fock approximation for the mass operator 3,, and to
define 7/, according to (4), as W=i65/6G (v~vhen many-
nucleon interactions are included the amplitude 7 defined in
this manner acquires a functional density dependence). This
choice is convenient because then there are no contributions
to the functions 3,¢ and 74¢ of first order in the interaction, so
that in first-order perturbation theory we obtain 5 =% and
%4=7/. The definition of the mass operator i, for example,
in the Hartree—Fock approximation, is essentially equivalent
to choosing the basis functions of configuration space, be-
cause in this formalism this space is formed from states char-
acterized by elements of the basis {¢,,&,} diagonalizing the
Green function G:

Gy(8)=6,G(s), G(s)= 5 +0.

(11)

Here we have introduced the quantity o, which is equal to
+1 for particles and — 1 for holes and is related to the level
occupation number as oy =1—2n.

Let us return to Eq. (3), which is the starting point of our
approach. From Egs. (2), (3), and (5) it follows that the ap-
proximation 2, = S, w=% corresponds to the random-phase
approximation (RPA) for the response function R(w). And
since only the 1plh part of the response function is com-

e—¢g,tiog 6’
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pletely determined in the RPA (complex configurations are
taken into account only within the RPA ground-state corre-
lations), our problem of including more complex (2p2h)
configurations requires choosing the approximations of the
functions 3,¢ and 74° and the method of solving (3) with 3
and 7 given by Egs. (8) and (9). In other words, it is 2 and
74¢ which are responsible for the coupling of 1p 14 configu-
rations to more complicated ones.

Following the algorithm of rearranged perturbation
theory, we find that the contribution of second order in the
internucleon interaction w to the functions 3¢ and %° is
given by (in second order we neglect the two-particle inter-
action with the antisymmetrized amplitude w 15 34= w%?34, in
accordance with the notation of Refs. 37 and 39):

¢ (g)= 1 z 5 S W 435W35,24
12 255 3T T % et ey 63— 65110367
(12)
Ws53,16W26,54

W\y34 0,8,8")= é 060,

6 & ] 85'86 10'56
2 56

W23.56Ws6,14
wtete —g5—E¢tiosd’

(13)

These expressions, like all the ones that follow, are written in
the basis {4, ,&]}.

In what follows it will be shown that when several ad-
ditional model constraints are imposed, the substitution of
Egs. (12) and (13) into (8) and (9) and later, taking into
account (7), into (3) leads to the second random-phase ap-
proximation (SRPA) for R(w) and some generalizations of
it?> (more precisely, we obtain the “‘uncorrelated’’ version of
this model, which, as a rule, is what is used for calculations).
The SRPA includes ‘‘pure’’ 2p2h configurations, although
far from completely. The main advantages of this model are
the systematic ‘‘microscopic’’ logic with which it is con-
structed and the correct inclusion of effects of second order
in the interaction.

On the other hand, for nuclei the restriction to these
effects is not well justified theoretically, because the pertur-
bation series in the internucleon interaction w can at best be
viewed as asymptotic. From this point of view it is more
correct to deal not with the individual terms of the perturba-
tion series, but with partial sums of them containing an infi-
nite number of terms, which would be accessible to actual
calculation and at the same time would include the leading
(in the magnitude of their contribution) sequences of terms
of the initial series.

Unfortunately, there is no simple algorithm similar to
that of perturbation theory which would permit solution of
the problem of finding the complete set of all such partial
sums and their correct use as the basic elements of the
theory. However, the situation is simplified considerably if
the model constructed in this manner contains a small param-
eter. In particular, in the case at hand of magic nuclei, we can
find a small parameter if we take the solution of Eq. (3) for
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the response function in the RPA as the partial sum of the
terms of perturbation theory. This implies the introduction of
phonons into the problem, with their energies w,, coinciding
with the poles of the response function R(w) calculated in
the RPA. The quasiparticle—phonon interaction amplitudes
g', are determined by the residues of R(w) at these poles.'
In magic nuclei the amplitude g itself is a small parameter.®’
More precisely, we should speak of the dimensionless quan-
tity g={jllgllj'}/(wmV2j+1), where j is the angular mo-
mentum of the quasiparticle with which the phonon interacts.
Henceforth, when we say the amplitude g is small it will be
understood that g is small.

Here we shall not discuss the introduction of the phonon
basis into the model,***' or the formulation of this approach
in the Green function method.*®!>'* Let us give the final
expressions for the functions %° and 24° in the simplest, i.e.,
the g% approximation:

m(03)* m(o3)

36 (e)= 2 2 (14)

3m 3_81 oy(w,—id)’

o8 * g

7% ,€,8")= —, 15
i234(@,8,8") (‘,2,,, e—¢'+o(w,—id) (13)
where

8'1"2(0)=5a.+18'1"2+5a,—18'2"1*- (16)

The functions ¢ and 77¢ determined by (14) and (15), and
also by (12) and (13), satisfy the identity

(et w)—25,(e)= f 265143(0) e,e')

xmﬂy+w—@wnL0ﬂ

obtained from the dynamical consistency condition (10) by
replacing the Green function G on its right-hand side by
G. The identity (17) plays an important role in the further
model constructions.

As noted above, substitution of (14), (15) or (12), (13)
into (8) and (9) and later into (7) and (3) takes us outside the
RPA for the response function R(w). More specifically,
there are two variants of including 2p2h configurations in
this quantity. Of course, this approach is limited by the ap-
proximations we have used for 2¢ and 74°. However, it can
be anticipated that in magic nuclei, for which the amplitude
g is a small parameter, the g2 approximation (14), (15) is
good enough. It implies replacing ‘‘pure’’ 2p2h configura-
tions by 1plh®phonon configurations, which are coupled
together because the phonon itself is a correlated superposi-
tion of 1plh configurations. In the rest of our analysis we
shall limit ourselves to this approximation, although most of
the expressions remain valid for a wide class of functions
%¢ and 77¢ if there are no special stipulations. In addition,
we shall no longer assume that the mass operator 3. is related
to the amplitude #7 by any consistency conditions, because
such conditions, although dictated by the requirements of a
consistent microscopic theory, are in their known forms not
adequate for the problem of including complex configura-
tions and, moreover, they are not important for the method-

138 Phys. Part. Nucl. 28 (2), March-April 1997

ological part of this exposition. The choice of s (which in
the simplest case corresponds to the phenomenological
mean-field potential) and other quantities will be made spe-
cific when studying the applications of our approach.

C. Renormalization of the equations for the response
function

After choosing the approximations of the functions 3.¢
and 74°, we are faced with the problem of finding the re-
sponse function R(w) using (2) and (3) with G and 7/ given
by (7) and (9). The bulk of this review is devoted to the
detailed analysis of one method of solving this problem. A
fundamental difficulty in solving Eq. (3) for the function
R(w,e) is that it is an integral over the energy variable €,
and both the kernel of this equation and its solution are sin-
gular functions of &. It is useful to move this difficulty else-
where, by introducing a new unknown function R®(w,e)
corresponding to the solution of an integral equation analo-
gous to (3), which we shall write symbolically as

Ré=—GG+GG74°R". (18)
The function R®(w,€) thus defined allows us, using (9), to
rewrite Eq. (3) for R(w,&) as

R=R°—R°7/R. (19)
The reason for transforming to this equation is that, since the
amplitude W is by definition independent of the energy vari-
ables, a known renormalization procedure® (more precisely,
a variant' of it adapted to this type of equation) can be
applied to (19). The result of this procedure is that the re-

sponse function R(w) is replaced by the renormalized re-
sponse function R(w) related to the original function as

Ryps4(w)= 5%:8 (5;) 12,561?56,78(“’)(%)78,34

+§Bmﬂamﬂ (20)

and solving the equation

Ripsw)=A 1234(@) — 526;,8 A 256 0)F 56.75R 78 34( ).
(21)

In these expressions the effective charge operator ¢, the
effective p—h interaction amplitude .#, the generalized
p—h propagator A(w), and the auxiliary quantity B are
given by

)

de
Ap3s()+ By 3= f_ _ﬁRTZ,M(w»E), (22)

-9}12,34=§ (a,)lz,ss‘z/zsasm (23)

(€4)1234= 813024 % ~%12,5ﬁ56,34=(5;)f4,|2- (24)

We stress the fact that the transformation R— R specified by
(20)-(24) is formally exact. An additional hypothesis is that
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the quantity B on the left-hand side of (22) is independent of
the energy variable w. Obviously, if B_is independent of the
variable w, the quantities e, and ¥ possess the same
property.‘ﬂ In addition, it is assumed that B is relatively
small, so that the operator €, is close to unity.

The meaning of the auxiliary quantity B is defined by
(22): it includes all the contributions of partial sums of terms
of the rearranged perturbation series which enter into the
integral of the function R°(w,e) on the right-hand side of
(22), but are not included in the generalized p—h propagator
A(w). We have not yet rigorously defined this propagator,
but it is obvious that it must be constructed such that the
hypothesis that B is relatively small and independent of o is
justified. In other words, the function A(w) must approxi-
mate the integral on the right-hand side of (22) sufficiently
well. As far as €, and ¥ are concerned, in the applications of
this approach studied below they are parametrized as in the
theory of finite Fermi systems.”

Since B is independent of the energy variable, it follows
from (20) and (1) that S(E)=1lim, _, ,(S(E,A), where

SEA=-1-I > (G, VO)ER 1y aa E+iA) (&, VO
(E,A) m (eq )51R 12,34( l )(eq )43
™ 1234
(25)

(équo)n:% (61)21,43‘/(3)4, (26)

i.e., the strength function is completely determined by the
renormalized response function R( (w).

As a result of these transformations, the difficulty of
solving the integral equation in the energy variable is trans-
ferred from Eq. (3) for the function R(w,&) to Eq. (18) for
the function R¢(w,&), which according to (22) determines,
up to B, the generalized p—h propagator A(w) up to B and
then, via Eq. (21), the renormalized response function
I?(w). However, in contrast to the original situation, the
problem is simpler because now we do not need to solve (18)
exactly, but can try to replace it by an approximate equation
for the function A(w), which would be an algebraic equation
in the energy variable. The departure from the exact solution
is compensated for by the auxiliary quantity B, i.e., ulti-
mately by the parameters which determine the effective
quantities e, and %.

3. THE PRINCIPLE OF TIME-ORDERED GRAPH
DECOUPLING

In this section we shall study the technical aspects of the
method we use to construct the generalized p—h propagator
A(w). The rigorous formulation and physical justification of
the method will be discussed in the next section. Since many
of the expressions given below will be written in the time
(1) representation, for brevity we shall, as in Eq. (4) above,
use boldface numbers to denote the set of one-particle quan-
tum numbers and the time variable: 1={1,¢,} and so on. In
particular, the Green function G given by (11) becomes

6(l,2)=—iU|5|20(0'1t|2)e_i8~"|2 (27)
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in this representation, where ¢,=¢,—, and @ is the Heavi-
side (step) function.*?
Let us consider the integral operator in the ¢ representa-

tion whose matrix elements in the basis {‘;1 ,€,} are given
by

D(12,34)=6,, _, 8(011s)8(011:)G(3,1)G(2,4).
(28)

Multiplying the right-hand side of (28) by the sum
O(o t,)+ 0(oty)=1 and using (27), we find

D(12,34)=08,, _,, 8130pe™ (F1a1* 2124
X[ (o t12) 0(t4)) 0(0113))
+6(019)) 0(013) 0(0115)]. (29)

In deriving this equation we have used the easily verified
identity (o==*1)

H(O’t|3)0(0't12)0((ft23)=0(0t12)0(0t23). (30)

We introduce, using the notation of Ref. 15, the time-
difference variables

5(12,34)5512,34(71,72,73),

TI=131, T=1ly, T334

and transform to the energy representation using the expres-
sion

0
— . !
D12’34(w,8,8')=JA drdTydryel(@nitente’n)
— 0

XD 33471, 72, 73). (31

Substituting (29) into (31) and using the well-known expres-
sion

® : io
w7 — — 4+
f_wdTe oon)= oTios - *L 2*0
(32)

we find

Dy 34(0,6,8")=8,, _y,61362

v io
(¢'+w—& +io|0)(s' —&,+i0,0)
1 1

X

etw—&,+io 6 e—&,+io,8)"

From this, using the definitions (11) we obtain the final re-
sult:

Dip3i(w,8,8")=— 18, _4,0136040 (0= Ejp+i08)
X51(8+w)62(8)63(8’ +w)§4(8').
(33)

We see from this expression that the dependence of the func-
tion D(w,&,e’) on the variables £ and &' is separable. This
is essential for the further model transformations. We note
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that the simple product of two Green functions

0(12 34)——G(3 1)G(2 4), which in the energy repre-
sentation is given by

5?2,34(0),8,8'): — 5138242115(8—8')51(8

+w)Gy(e)

does not possess this property.

In order to understand the effect of this separability, let
us consider a function F(12,34), which in the 7 representa-
tion is given by the contraction

1 < _
F(12,34)=~ 5%8 V£(12,56)D(56,78)VR(78,34),
(34

where VL and V? are different functions whose dependence
on the time arguments reduces to dependence on three time-
difference variables:

VE(12,34) =V, 34(131, 11 .134),
VR(12,34) =V, 3131121 ,130);

and 2}, denotes summation over the one-particle indices of
the basis wave functions ¢, and integration over the time
variables:

§') = r dt,dt,... .

12... 12...

Writing (34) in the energy representation, defined analo-
gously to (31), we obtain

1 = dede,
F|234(w g,e')=+ 2 - *—‘_(277)2

X556,78(w)81’82)V§8‘34(w,82 18,)' (35)

L
V12'56(w98’8 l)

Substituting Eq. (33) into this, we see that, owing to the
separability of the energy dependence of D~(w,sl ,€5), the
integrations over the variables €, and &, in (35) decouple.
From the purely technical point of view this is due to the
presence of the additional (compared to R 9 factor of two 6
functions on the right-hand side of (28) expressing the func—
tion D in the ¢ representation. The replacement of R° by
—D in the expressions determining the generalized p—h
propagator is the main element (principle) of the method of
constructing it in our approach. The physical meaning of this
principle is clear from the interpretation of the quantities
entering into equations like (34) and (35), and in terms of
Feynman diagrams. This effect also provides the name of the
principle itself, and indeed of our entire approach, which we
refer to as the method of time-ordered graph decoupling (the
TOGD method).

4. THE PARTICLE-HOLE PROPAGATOR IN THE
TOGD METHOD

For the rest of the analysis we shall need to distinguish
between particle (p) and hole () indices of the matrix ele-
ments of integral operators like F'; 34 (in terms of the one-
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particle indices of the basis {¢,,&,}, for which the index
introduced earlier is o,= +1 for particles and o= —1 for
holes). We shall refer to a pair of one-particle indices {1,2} as
a pair of unlike indices if it is a p—h or an h—p pair (i.e.,
1=p,2=hor1=h,2=p). If the pair {1,2} isap—p’ or an
h—h' pair, we shall refer to it as a pair of like indices. Set-
ting by definition o\,= o0, we see that for a pair of unlike
indices {1,2} we always have o,=— 1, while for a pair of
like indices we always have oj,=+1.

Using this terminology, let us divide the matrix elements
F 1534 into 3 classes: (1) both pairs of indices {1,2} and {3,4}
are unlike; (2) both pairs of indices {1,2} and {3,4} are like;
(3) one of the pairs of indices {1,2} and {3,4} is unlike and
the other is like. In the first case the matrix element F; 3,
will be termed the unlike component of F, in the second it
will be the like component, and in the third it will be the
mixed component.

These definitions can be formalized as follows. Let F be
given by its matrix elements F,34. We introduce the four
quantities F~ ), FC) | F(+7) “and F* %) taking

F(l(2r3(tl):50,01260",034FI2,34’ (36)

where 0=*1, 0'==*1, 0,=0,0,, and g3,=0;0,. Ob-
viously, F{~ = has only unlike components, F(** has only
like ones, and F"*) and F** ) have only mixed ones. In
addition, from (36) we find

— (== -+ ++
F12.34—F(12,34)+F(12,34)+F(1;34)+F(12 34)- (37

We shall introduce a special single term for the like and
mixed components, referring to them as the associated com-
ponents. The meaning of this term is clear from the decom-
position (37): the like and mixed components are associated
with the unlike components F(~ ), the entire set forming the
original quantity F. The unlike components are singled out
in this classification owing to the fact that F has only unlike
components in the RPA, which is the simplest approximation
for the object of our model, the response function R j 34.

4.1. The fundamental condition for the propagator of
the TOGD method

Let us turn to the solution of the central problem of this
approach: the use of the TOGD method for constructing the
generalized p—h propagator A(w). This method, based on
the principle of time-ordered graph decoupling, was pro-
posed in Ref. 18 and realized in the model including
1 p1h® phonon configurations (Refs. 17, 18, 27—-34, and 36).
Here we present it in a form more general than in Ref. 18,
which allows the propagator A(w) to be constructed in a
larger class of models determined by the specific choice of
the mass operator %° and the interaction amplitude 77¢.

We begin by transforming Eq. (18) for the function
R¢, which according to (22) must determine the desired
propagator A(w). Acting on both sides of (18) with the op-
erator (G™'G)(GG™") and then using (7), in the ¢ represen-
tation we obtain
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DY % 93

a b c

s 5

\ <

R¢(12,34)=R"(12,34)
1

+iY, R%(12,56)%°%(56,78)R*(78,34),
5678

(38)
where
R %(12,34)=-G(3.1)G(2,4), (39)
7 ¥(12,34)=We(12,34)—i%(3,1)3¢(2,4),  (40)
We(12,34)=24(12,34)+i%¢(3,1)G(2,4)

+iG~Y(3,1)34(2,4). (41)

The term —3¢3.¢ on the right-hand side of (40), which arises
as a result of formal identity transformations, plays the role
of a cancellation term which eliminates the multiple counting
of graphs with self-energy insertions in the diagrammatic
expansion of R®.

To formulate the main condition which we shall impose
on the function A(w), we introduce the auxiliary parameter
a, making the following replacements in (40) and (41):

Sesale, - a¥s. (42)

These replacements lead to the appearance of an a depen-
dence of R¢, for which we obtain the following expansion in
the energy representation:

J’ » dg
- 27
The coefficients of this expansion R*!" are easily found by
solving (38) iteratively. Since we assume that the desired
propagator A(w) as a function of R® must be uniquely de-
termined by 2.¢ and 77¢, we have an expansion analogous to
(43) for it:

T234(@,€)= Zo R7[273]4( w)a”. (43)
=

Ansd )= 2, Alfh(w)a”. (44)

Our condition is that the first two coefficients of the expan-
sions (43) and (44) coincide:

[12]34(‘1’) R ?503]4(“’)’ A[112}34( w)=R 7[211]4( ). (45)

This condition is quite natural in the model including
1plh®phonon configurations, where the functions 2 and
w¢~g® [Egs. (14) and (15)], and so R*"! and A"~ g",

i.e., the values of the other (n=2) coefficients of the expan-
sions (43) and (44) must be small. The question arises of
whether or not we can restrict ourselves to the coefficients
A% and AU in this case, taking the desired propagator to be
(here and below in the final expressions we set @=1)
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FIG. 1. Graphs corresponding to the function A'"(w)
in the model including 1p1k®phonon configurations.
The wavy line and the circle denote the phonon Green
function and the amplitude g, and the thin lines denote

the Green function G. Graph a corresponds to the func-
tion A% (w), and graphs b, c, and d correspond to the
d function A!'/(w).

(112)34(0)) [12]34(0))"‘1412 14(®).

In Fig. 1 we show the Feynman graphs corresponding to the
function A} 12, ).s(®). Unfortunately, this simple solution,
which is the propagator of the model of Ref. 14, leads to the
followmg problem: the unlike components of A ,234(0)) and

12 »s4(w) contain poles of second order in the varlable w at
the points of the simple poles of the function Al 12, l.{(®). The
problem is that the second-order poles do not have the same
physical meaning as the simple poles of the exact response
function, which is partially expressed by (1). This can result
in distortion of the energy dependence of the strength func-
tion near these poles.

The way out of this difficulty is to approximately include
the sum of the remaining terms of the expansion in (43). The
resulting elimination of second-order poles in @ can be illus-
trated by the simple example of exactly summing the infinite
series of terms of the geometrical progression
flw)=a(w)="_,(aa(w))", where a is a pole function of
. a(w)=c/(w—wg). This sum has a simple pole in @
which is shifted relative to the pole of the function a(w) by
an amount ca: f(w)=c/(w—wy—ca). On the other hand,
restricting ourselves to the first two terms of this sum, we
obtain the function

c
@)= —

which contains a second-order pole at the pole of the func-
tion a(w) and in this sense is analogous to the function
AV (w).

C2a'

(w_wo)z’

4.2. Farmulation of the method

Briefly stated, the use of the TOGD method to approxi-
mately sum the series (43) amounts to the following. Using
symbolic notation, we write the solution of (38) in the form

R¢=R+iR°T*R°, (46)
where the amplitude I"¢ is the solution of the equation

[e=%"*+i% *R°T*. (47)
We introduce the new amplitude I defined by the equation

Te=7"*+i% *(-D)I*, (48)
which is obtained from (47) by the replacement

R—~-D, #°-%*. (49)

Here the function D is given by (28), and the amplitude
/% is given by

7°(12,34)=W*¢(12,34)+ W©O™(12,34), (50)
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FIG. 2. Typical graphs of fourth order in the
quasiparticle—phonon interaction amplitude g enter-
ing into the diagrammatic expansion of the function
R° in the ¢ representation. The notation is the same
as in Fig. 1, but here the direction of the arrow on a
fermion line denotes the particle (——.) or hole
(—«.) Green function G. The dotted line denotes
the time cut at fixed time ¢. Only graphs d, e, and f
are explicitly included in the TOGD method.
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which differs from (40) by the replacement of —i2%.°%.¢ by
We™P_ The amplitude W™ in (50) plays the same cancel-
lation role as the term —i3,°%° in (40), and will be defined
below. Now in (46) we replace the amplitude I'¢ by T

R®=R °+iR°T*R". (51)

After transforming to the energy representation, this function
defines the desired propagator:

Apsfw)= f R1234(w €). (52)

Let us see if these model transformations are correct.
Taking into account the fact that in the replacement (42) the
amplitude W™~ a? [see Eq. (54) below], it is easily veri-
fied that the propagator A(w) constructed in this manner
satisfies the fundamental condition (45). In addition, repre-
senting the solution of the integral equation (48) as a Neu-
mann series

00

Te=7*>, (—iD7*)"

and then making the replacement (42), we see that the func-
tion R® and, consequently, the propagator A, contain an in-
finite sum of terms of higher order in the auxiliary parameter
a. An.additional condition, whose fulfillment must be veri-
fied, is that this sum must correspond to a series of Feynman
graphs whose terms form a subset of the set of terms of the
graphs corresponding to the initial quantity R¢. This is a
physical condition, because each Feynman graph describes a
certain physical process, even though it is not necessarily
physically observable. This implies that we should not in-
clude in R* processes which are not contained in R, while
included processes should be included only once.

In this sense the replacement of R? by -Dis justified by
the fact that, according to (28) and (39), the quantity —D has
only unlike components and differs from RO by only an
additional factor consisting of € functions, which are projec-
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tion operators in the space of time variables, i.e., the graphs
corresponding to different combinations of arguments of the
function —D(12,34) belong to the set of graphs corre-
sponding to the function ~°(12 34). However, from the
physical point of view it is just as important that the replace-
ment of R° by — D eliminates from the diagrammatic expan-
sion of R¢ the terms corresponding to processes in which
configurations more complex than 2p2h are excited,” while
leaving most of the 2p2h configurations. In the model in-
cluding 1p1h®phonon configurations, the discarded graphs
also include those in which a time cut through two or more
phonon lines is possible in the ¢ representation. As an ex-
ample, in Figs. 2a and 2b we give three graphs of this type of
fourth order in g, and in Figs. 2d, 2e, and 2f we give three
similar graphs which remain in the diagrammatic expansion
of R®. The sum of the contributions of higher order in the
amplitude g, which is contained in the function R® (i.e., con-
tributions ~g2", n=3) corresponds to the sum of chains of
graphs similar to those shown in Figs. 2d, 2e, and 2f. The
contributions of the graphs shown in Figs. 2a, 2b, and 2c are
excluded by the @ functions entering into the definition of
D, which makes the the formal transformation (49) physi-
cally correspond to a graph selection principle.

It should be noted that the statement that in the TOGD
method all contributions of configurations more complex
than 2p2h are excluded, while all 2p2h contributions are
included, is not rigorous even in the hypothetical case where
the quantities 3¢ and 7£¢ are determined exactly. Within the
approximations (12), (13) or (14), (15) for 3¢ and 7/¢ this
statement is completely valid only when ground-state corre-
lation effects are ignored; the role played by these effects
will be discussed in detail below. These effects correspond to
so-called backward-running graphs, and their inclusion in the
TOGD method, on the one hand, takes us beyond the
2p2h approximation (in Fig. 3 we give some graphs of this
type with self-energy insertions). On the other hand, it means
that not all the 2p2h contributions related to them (of order
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g* and above) are included. However, since g is a small
parameter, these neglected contributions are small.

4.3. Cancellation of multiple counting of graphs

Let us now consider the problem of finding the ampli-
tude W™ in (50). As already mentioned, its role is to re-
move (cancel) the multiple counting of graphs with self-
energy insertions. In the TOGD method this problem arises
only for the coefficients of the expansion (44), A"")(w), with
n=2 and only with the inclusion of ground-state correla-
tions, i.e., backward-running graphs like those shown in Fig.
3 (for brevity, we shall refer to graphs containing at least one
Z-like fermion line as Z-graphs; however, they represent
only one type of backward-running graph). In the absence of
Z-graphs, multiple counting is eliminated by the 6 functions
entering into the definition of D, and so in this case
WwemP=(, It follows from this that in general this amplitude
should differ from —i3,%¢, which it replaces in the TOGD
method. In this method W™ is determined from the condi-
tion of cancellation of the double counting of self-energy
contributions in the coefficient A?)(w) of the expansion
(44). If we set W™P=(), then according to Egs. (41), (48),
and (50)—(52) double counting arises only in the part of the
amplitude e consisting of the sum of the two terms obtained
after the first iteration of (48). Denoting this part ['¢49), in
the ¢ representation we have

fe(dC):i(izea_')(~5)(i5_lze)+i(i5_12e)(—5)

X(i3¢G").
In detailed notation this expression is
Fedo(12,34)

t ]
=i 2 2 80,000,000y
II21374I 5’6’7’8, - l

XG\(1',1)G(5',1)G"(2,2")

X XG(2',6')3(7",5")3¢(6",8")
XG(3',7G1(3,3")G(8'.4")G (4 4)

X[ (o t4r1)0(0 ) t5i8)+ 0(Ty1t3020) O(0y1tgr71)].
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FIG. 3. Graphs of order g* with self-energy insertions
in the  representation which are included in the TOGD
method and arise from ground-state correlation effects.
The notation is the same as in Fig. 2.

Treating the 6 functions in this equation as projection opera-
tors acting in an 8-dimensional linear space whose coordi-
nates are the variables ¢,/ ,t,,,...,15:, we find that there is
double counting of only the region of this space obtained by
projection with the operator

@(1,2,,3’4')= 0(U|1t4lll)0(0'11t5181)
X0(0'1113/21)0(0']l[617!), (53)

which is the product of all the projection operators enclosed
in the square brackets. From this we find that, according to
(48) and (50), this double counting in the function APl(w)
can be eliminated using the amplitude

t !
We™(12,38)==i8,, _ 505, ~5,00,.0, > 2
|1213/4l 5’6’7'8,

xG~\(1',1)G(5',1")G1(2,2")
XG(2',6")3(7',5')3¢(6',8")
xG(3',7)G'(3,3")G(8',4")
XG~'(4',4)0(1'2',3'4"). (54)

This expression was used in Ref. 18 as the definition of
WeomP_ We note that if the Z-part of the mass operator 3¢ is
given in the ¢ representation by

249(1,2)= 84, 4,6(01121)%5(1,2), (5)

then from (54), (30), and the obvious identity
0(7)0(— 7)=0 it follows that W°™P=0 if none of the mass
operators ¢ entering into (54) contains Z-graphs. Since it is
the operators 3,°® which generate Z-like fermion lines, this
property of the expression for W™ forms the basis of the
assertion that there is no multiple counting of graphs in the
TOGD method when Z-graphs are excluded and W™P=0.

4.4. The propagator of the TOGD method in the
energy representation

Equations (28), (39), (41), (48), and (50)—(54) com-
pletely determine the generalized p—h propagator A(w) in
the TOGD method. However, since all of them, except (52),
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are written in the ¢ representation, it is necessary to transform
to the energy representation. After some algebra, which for
brevity we omit, we obtain

Apa©)= 2 [8158:5+ 0175 ()45 7)(0) Srsus

+0%530(0)]1+ P (), (56)
where

Q(l;34)( )=- 5<r|.02503,—64A[||2,]34(w)°'3(“’“9~34),

(57
0153(@)==8,, 0,80, o,01(0~ )AL w),

(58)
PG @)=8,, 4.8, 0 A @), (59)
0 = dede’

A]2,34(w)=— (2 )2 G[(S"'(I))
Xaz(s)7/;?2'34(w,s,8')53(8'+w)
XGyle')— J [53101(8+w)

X Go(€)254(8)G4(£)+ 814G5(e+ w)
X356+ )G\ (e +w)Gy(s)]. (60)

€12=&,—&,, and the Green function G,(e) is given by
(11). The only equation which must be solved to find the
propagator A(w) is the equation for its unlike components:

A (@)= A3 @)= 2 Ao ©) Psom(@) Al (0),

(61)
in which
A3 ©)= = 8136240184, g,/ (0= &1), (62)
‘I>.z,34(w)=512,34(w)+¢73f'3'3(w), (63)
D 534(0)= =85, - 0,00,,-0,T1(©= 512)
XA (@) a3(0—E3y). (64)

The function A!'!(w) appearing in these expressions is, as it
is denoted, a coefficient in the expansion (44). In addition,

1

1

the function A(w) in (61) coincides with the coefficient
A (w) of this expansion and is therefore the p—h propaga-
tor in the RPA obtained from (44) for «a=0.

4.5. The expression for @™

The amplitude ®“°"P(w) in (63) is responsible for can-
celing the multiple counting of graphs with self-energy in-
sertions and is uniquely determined by the expression for
W™ However, the direct use of Eq. (54) for W™ gener-
ates false poles in ®““"P(w), i.e., poles which are not present
in the function R!?)(w) and which can be referred to as
4p4h poles [Eq. (24) of Ref. 18, in which the model includ-
ing 1plh®phonon configurations was used, with the nota-
tion ®P =@, GH=P©"P]. The appearance of these poles
is related to the fact that when one of the mass operators in
the amplitude %9 defined above does not contain Z-like
parts, while the other does, 3¢=3,¢? (as, for example, in
the graphs of Figs. 3b and 3c), the double counting is no
more important than the other effects of second order in the
auxiliary parameter « in the expansion (43), which are ne-
glected in the TOGD method. Using the fact that in the
model including 1p1h®phonon contributions the contribu-
tions of all these effects are of order g*, it is permissable to
simply dispense with the cancellation of double counting in
this case, thereby discarding the pole part of ®“°"P(w).

As an additional argument, we note that, according to
Egs. (21), (56), and (61)—(63), the pole part of ®°"P(w) (in
contrast to the nonpole parts of this function) does not con-
tribute to the first two terms of the expansion of the response
function E(w) in powers of 1/w, so that its elimination in
any case does not affect the moments of the strength func-
tion, m, and m |, associated with this expansion (see Ref. 11)
in the TOGD method. This approximation implies cancella-
tion of the double counting of the contributions from only
those graphs corresponding to the coefficient A?!(w) in the
expansion (44), in which both fermion lines are Z-shaped
(Fig. 3a). Formally, this reduces to replacing the two mass
operators 3¢ in (54) by their Z-like parts 3,°® given by (55).
As a result, after going over to the energy representation we
obtain the following expression for the cancelling amplitude:

comp, —
P 12, 34(“’)_ B 5t71 ,—0'2503,*64501 ,03

© ded
><f ° 8)2 Eipad w,e,6") S5 ()S5(e"),

612,34(0),8,81)=

1

(e—&,+io,0)(e' —&;—io|0)(e' —&4—io,d)

T (e—8,+i0,0)(e—83+i0c,0)(e' —&,— i)

(1)"“!";]24‘!.0']5

T G=g Fio 0 e—5,+i0,0)e — 65—
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w (270
(65)
where
i0,0)(s' —&4—i0,0) (66)
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Equations (56)—(66), which uniquely determine the
propagator A(w) for known functions 2°(¢) and
74¢(w,e,e"), do not contain integrals over the energy vari-
ables of the equations. This feature, important from the prac-
tical point of view, is a consequence of the separability of the
e and &’ dependences of the function 5((1),8,8’) discussed
in the preceding section. This separability leads to the decou-
pling of the integrations over these variables in Eq. (48) after
going to the energy representation [Egs. (33)-(35)].

5. PROPERTIES OF THE PROPAGATOR OF THE
TOGD METHOD IN VARIOUS MODELS

It follows from Eq. (21) for the response function and
Eq. (25) for the strength function that in our approach the
most important differences between the models describing
nuclear structure amount to differences in the choice of spe-
cific approximation for the generalized p—h propagator
A(w), because it is what determines all the types of dynami-
cal effects included in a model. We shall consider two types
of model, which are obtained by substituting specific expres-
sions for the mass operator 3¢ and the amplitude #4° into the
general expressions of the TOGD method.

The substitution of Egs. (14) and (15) for these quanti-
ties into Eqgs. (60) and (65) leads to the model including
1plh®@phonon configurations within the TOGD method.
The final expressions for the propagator A(w) in this model
are given in Ref. 18 (with two differences from the notation
used here: @@= and dY=P©"P). We note only that the
expression for the amplitude ®“°"P(w) obtained from Egs.
(14), (65), and (66) differs from Eq. (24) of Ref. 18 for
P w) by the absence of pole terms. However, as already
mentioned, this difference between ®* and ®<™ only
slightly affects the results of the calculations in this model
owing to the smallness of g2.

Let us consider the main features of the propagator of
the TOGD method for the example of the model of Ref. 18.

5.1. The particle number conservation law

If the mass operator ¢ and the amplitude #/¢ are related
by the identity (17) (as is true in the model of Ref. 18), from
Eq. (60) we find

21 A[111}34(W)EOE; AlLy(w). (67)

This result is most easily obtained in the representation using
wave functions of the basis set {¢,,£,}, in which, according
to the definitions (11), we have

~ ~ 1 - ~

Gl(8+w)Gl(8):;[Gl(s)—Gl(8+w)]- (68)
In this case the identities (67) are proved by simple transfor-
mations using Egs. (60), (17), (11), and (68). Since the un-
like components of the propagator A(13,3—4) by definition do
not have diagonal matrix elements in either the indices 1,2 or

3.4, from Egs. (56)—(59) and (67) wé obtain

2. A...M(w)EoEZ A (o). (69)
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Furthermore, it follows from (21) that when (69) is satisfied
analogous identities are valid for the renormalized response
function E(w). If, in addition, the condition which must be
satisfied by the parametrization of the effective charge op-
erator

23‘4 (é:,) 12,33~ cd)y

(where c is a constant) does hold, then from Eq. (20) and the
spectral expansion of the response function R(w) (Ref. 15)
we find that in the TOGD method we have

> (nlafa,|0)=0, n#0.
1

When the problem is solved exactly, these expressions are
the simple consequence of the condition that the eigenfunc-
tions of the ground and excited states be orthogonal together
with the particle number conservation law. In the TOGD
method, as in many other models, the validity of these fun-
damental conditions and laws is not a priori obvious, and the
dynamical consistency condition (17) is essential for ensur-
ing that they are satisfied. This implies that graphs contain-
ing self-energy insertions (2¢) and phonon lines in the
“‘transverse’” p—h channel (77¢) belong to the class of
graphs associated with the particle number conservation
law.* The consequent necessity of simultaneously including
graphs of this type in models including 1p1A®phonon con-
figurations is discussed in Refs. 14, 16, and 46.

Another important feature of the p—h propagator of the
TOGD method is that, in addition to the unlike components
A7) it also contains associated components: mixed
AT AT and like AT *) components. The solution of
Eq. (21) for R using this propagator also contains associated
components, and therefore, in accordance with the spectral
expansion of the response function, nonzero like components
of the transition densities ng, and ng, appear, where
pi9=(n|a; a,)0) (it is well known that in the RPA only the
components p;?, and ng are nonzero). The appearance of the
associated components of the p—h propagator and the non-
zero matrix elements p;g, and ng, in the TOGD method is
associated with the inclusion of ground-state correlations
(GSCs) outside the framework of the RPA, which are dis-
cussed in Sec. 5 4. In what follows, in order to distinguish
GSCs of this type from the GSCs which are included in the
RPA, we shall use the notation GSC1 for the GSCs in the
RPA and GSC?2 for the GSCs outside the RPA.

We note that the addition of the associated components
to the p—h propagator when GSC2 are included requires a
certain accuracy in the construction of the model, because it
is here that the problem of whether or not Eqgs. (69), associ-
ated with particle number conservation, can be satisfied be-
comes important (in models in which only the unlike com-
ponents A~ ) are nonzero, for example, the RPA and the
SRPA, these equations are satisfied automatically).
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5.2. The pole structure of the propagator in the TOGD
method

Let us analyze the pole structure of the function A(w).
Specifically, we consider the question of the second-order
poles, which is the technical problem the TOGD method is
designed to solve. The fact that A(w) does not contain
second-order poles at the points w= +(s — &), which are
simple poles of the function A®)(w)=A(w), is almost ob-
vious. Moreover, it follows from Eq. (61) that the function
AU )(w), and consequently also A(w), is regular at these
points if the matrix A~ '(w)+®(w) is invertible at these
values of w (a condition which can be violated only acciden-
tally).

It is more difficult to answer the question of the behavior
of the unlike components A~ (), and also of the mixed

" (0)=A" )0 (w),
AT ) (0)=0"F N(w)A” N w),
and like

AT (w0)=0" Nw)A” N(0)Q" w)+PH ) ()

(70)

components of the propagator at the poles of the functions
d(w), 0 (w), 0" (w), and P (w), which, ac-
cording to Eqgs. (57)—(59) and (64), coincide with the poles
of the function A!'l(w). Equation (70) can also raise suspi-
cion that in eliminating the second-order poles at the poles of
the function A%)(w) in the generalized p—h propagator
A(w), the TOGD method leads to the appearance of other
second-order poles in A(w) which now coincide with the
poles of the function A!''(w). In the model where
1p1h®phonon configurations are included, the poles, dis-
cussed above, are located at the  points
w=Q=*(¢,— £,+w,), where w,, is the phonon energy.
In order to formulate a statement about these poles, let us
consider the decomposition of the function A!')(w) near
such a pole:
4110

1 12 34 110
[12]14(“’)— —Q [12]34( ),

where the function A[,'Z?éi(w) is regular at the point w= ().
We shall assume that in the construction of the propagator
A(w) using (56)—(66) the one-particle basis {q?, ,€1} is re-
stricted to a finite number of states of the discrete spectrum,
as in all specific applications of the method. However, we
shall assume that the size of this basis is arbitrary, so that the
conclusions we make can be extended directly to the case of
an infinite basis, including one containing the one-particle
continuum. Introducing the multiple indices i={1,2},
Jj={3.4}, we find that in the restricted basis the residues of
the function A52]34(w) at the pole w={) form a matrix
(a“]“) of some finite rank. We use (a“]“( )) to denote
the block of this matrix of residues consisting of the unlike
components of a[,lzlﬁ, and N, to denote the number of non-
zero lines (or columns) of the matrix (a[”“(—_))

We can make the following statement allowing the be-
havior of the TOGD propagator A(w) to be determined at
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the point w={}, which is a pole of at least one of the func-
tions ®(w), 0™ (w), 0* (w), and P+ ) (w):

(1) When certain sufficiently general conditions are sat-
isfied, the unlike A" 7)(w) and mixed A *)(w), A7)
X(w) components of the TOGD propagator are regular at
the point =), and for the like components A‘* *)(w) the
point w={} is either a simple pole or a removable singular-
ity;

(2) If, in addition, the condition

rank (a}/')=Nj (71)

is satisfied, the function A$;3)(w) is regular at the point

w=.

The rigorous proof of this statement with the exact for-
mulation of the general conditions contained in it (associated
with the invertibility of specially defined matrices) is not
given here because its full treatment would take a great deal
of space and is a purely mathematical problem. In specific
applications of the TOGD method the general conditions of
this statement can apparently be violated only accidentally.
The situation regarding the condition (71) is different, be-
cause the quantities involved in it have an essential depen-
dence on the characteristics of the pole at the point w={()
and the dimension of the one-particle basis {¢,,;}. In par-
ticular, it is always violated if the propagator has no nonzero
unlike components at all, so that No=0. In this case,
A(w)=A"" P (w)=P* P (w). This situation can arise, for
example, in calculations using a greatly restricted basis, if
p—h transitions are absent from it owing to selection rules.

Let us see in which cases the condition (71) will be
satisfied. If the nucleus has spherical symmetry, it can be
shown that for the model of Ref. 18, the rank of the matrix of

residues of the function Al'l(w) at its pole
0=0==*(¢,— &,+w,) satisfies the inequality
rank (agj!m)$An, (72)

where A is equal to the number of integer values of / sat-
isfying two conditions:

ljp_jhlglsjp+jh’ |J—Lm,Sl$J+Lm'

Here j, and j, are the angular momenta of one-particle states
with energies &, and &,, L,, is the angular momentum of
the phonon with energy w,, , and J is the angular momentum
of the excitations under study [i.e., of the external field V° in
(1)]. Therefore, in this model, the quantity rank(a“]“),
which can be termed the degree of degeneracy of the pole is
bounded from above by the number A(,, which is deter-
mined only by the characteristics of the pole at the point
@=() and the angular momentum J and is independent of
the size of the one-particle basis {(Z, ,€,} (of course, if states
with energies &, and £, enter into this basis). On the other
hand, the number N, in the inequality (71) grows as the size
of the one-particle basis increases, and for any pole of the
function A!')(w) at a point =) there is a basis {¢,,&,}
for which (and for any other basis containing this basis as a
subset) N =A(,. Owing to (72), we find that the condition
(71) in this case is satisfied, and so all the components of the
propagator A(w) are regular at the point = ().
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This implies that in the solution of the problem of con-
structing the TOGD p—h propagator in the complete one-
particle basis, all its components are regular at singular
points of the function Al!l(w). Here each singular point of
the associated components of A(w) is simultaneously a sin-
gular point of the unlike component A" ")(w). In other
words, when the full one-particle basis {¢,,5,} is used, all
the poles of the propagator A(w) coincide with the poles of
its unlike component A" ~)(w). We have studied the poles
of the function A(w) in such great detail only to justify this
statement, because, as we shall see below, it is closely re-
lated to the problem of including the GSC2.

The analysis of the poles of the function A~ 7)(w) itself
is a different, independent problem, and we shall not discuss
it here. We restrict ourselves to the remark that all its poles
are shifted relative to those of the functions A (w) and
®(w) involved in (61). Moreover, the number of poles of
A~ 7 (w) can be greater than the total number of poles of the
functions A (w) and ®(w) owing to the splitting of the poles
of ®(w) in the complete or partial lifting of their degeneracy
in the solution of (61). These effects of shifting and splitting
of poles are of order g.

Let us point out yet another role of the term Q™)
X(@)A” " (w)Q ) (w) on the right-hand side of (70) for
the like component of the TOGD p—h propagator. Although
formally in the model including 1p1A®phonon configura-
tions this term is of order g*, in satisfying the corresponding
conditions it is it which ensures the removal of the singulari-
ties of the component A‘* *)(w) which coincide with the
poles of the function P‘* *)(w)=A!"1**)(w) [the pole of
the function At *)(w) at the point w= () is eliminated when
the residues of the two terms on the right-hand side of (70)
become equal in magnitude and opposite in sign]. This term
contains the poles of At *)(w) which coincide with the
poles of the unlike component A™ ~)(w). The fact that its
inclusion causes the propagator A (w), when constructed rig-
orously, to have no ‘‘extra’’ poles serves as indirect confir-
mation of the correctness of the model approximations of the
TOGD method.

5.3. Models including “‘pure” 2p2h configurations

Let us now turn to models of the SRPA type, which are
obtained when Egs. (12) and (13) for =¢ and 74° are substi-
tuted into (60) and (65). Since a different mathematical ap-
paratus is usually used in constructing models of this type,
comparison of the results of our approach with the known
expressions of Ref. 2 requires additional transformations.
The SRPA scheme with uncorrelated 2p2h states is equiva-
lent to the inclusion of only the unlike components of the
generalized TOGD p-h propagator A" ). The contribu-
tions of GSC2 effects are eliminated from the other compo-
nents. Formally, this implies that ®=® in Eq. (61) for
A7), while in Eqgs. (64) and (60) determining ® the Z-like
parts (55) are excluded from the mass operators 2¢ [Eq.
(12)], and only the matrix elements of the amplitude 72¢ [Eq.
(13)] of the form //;h‘p,h, , ;ll,h'l" are included. More-
over, the effective p—# interaction amplitude in Eq. (21) for
the response function is assumed to be equal to the two-
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particle interaction amplitude entering into (12) and (13):
F, 12,34= W23 14, and the mass operator S is determined in the
Hartree—Fock approximation.

We see that GCS2 effects are not taken into account at
all in this model. If no additional transformations are made
after substituting Eqs. (12) and (13) into (60) and (65), so
that all the components of the generalized TOGD p-h
propagator are preserved, we obtain a model comparable to
the extended second RPA (the ESRPA; Ref. 2). It follows
from the logic of constructing the model that GSC2 effects
are taken into account in it completely in terms of second
order in the interaction amplitude w and partially in terms of
higher order in this amplitude (there is no GSC2 contribution
to the response function in zeroth and first orders in w).
However, the detailed comparison of this model and the ES-
RPA is nontrivial, and we shall not dwell on it here. The
general theoretical foundation of models of this class, which
in our approach amounts to justification of the approxima-
tions (12) and (13) for 2¢ and 7£°, has been discussed briefly
in Sec. 2.

We stress the fact that all the properties of the general-
ized TOGD p-h propagator studied in this section, includ-
ing the particle number conservation law, remain valid also
for the ESRPA-type model obtained in our approach. The
only formal difference is that in this case the poles of the
functions ®(w), 0" (), 0" (w), and P+ P (w) dis-
cussed above will be located at the points
w=Q=i(§},—§},+é",,;—é',,:).

5.4. Effects of ground-state correlations and their
relation to the pole structure of the TOGD propagator

Here we shall consider only the effects of ground-state
correlations, the contributions of which are absent in the or-
dinary RPA, i.e., GSC2 effects. In recent years, the interest
in studying the influence of these effects on nuclear proper-
ties has prompted studies in which their contribution is ana-
lyzed in calculations of the excitation spectra of specific nu-
clei (Refs. 10, 16, 31-33 and 45. It has been shown that
GSC2 effects play an important, sometimes decisive, role in

the theoretical description of the experimental data (see also
Sec. VI below).

There is a fundamental difference between the effects of
ground-state correlations in the RPA and their effects in
models where complex (2p2#h) configurations are included.
As is well known, the inclusion of GSC in the RPA, which is
the difference between the Tamm-—Dankov approximation
(TDA) and the RPA, does not lead to the appearance of new
states compared to the TDA, but only shifts the energies of
the TDA levels and redistributes their intensity. In the termi-
nology of the Green function formalism, this means that the
number of poles of the response function R( () in the region
Re w>0 is the same in the TDA and the RPA.

In our approach GSC2 effects can be split into two cat-
egories: regular and singular. Regular effects are those
whose inclusion does not change the number of poles of the
generalized p—h propagator A(w), but affects only their lo-
cation and the value of their residues. In the model of Ref. 18
the processes due to these effects correspond to Z-graphs
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FIG. 4. Typical graphs of order g2 due to regular effects of
ground-state correlations. The notation is the same as in
Fig. 2.
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with self-energy insertions (Fig. 4a), graphs with a phonon
line in the ‘‘transverse’’ p—h channel similar to those shown
in Fig. 4b, and some other backward-running graphs with
self-energy insertions (Figs. 4c and 4d). In Fig. 4 we show
only the typical time-ordered graphs of second order in the
quasiparticle—phonon interaction amplitude. The graphs of
Figs. 4a and 4b correspond to contributions to A" ), the
graph of Fig. 4c corresponds to contributions to A" 1), and
the graph of Fig. 4d corresponds contributions to At ),

It should be noted that the GSC2 effects included in the
model of Ref. 45 can in our classification be associated with
regular effects, although in that model, which also includes
nucleon pair correlations, it would be more accurate to refer
to them as regular GSC effects outside the QRPA.

Effects whose inclusion can lead to the appearance of
new (additional) poles in the function A(w) will be called
singular GSC2 effects. Typical graphs of order g2 arising

P
S

from these effects are shown in Fig. 5. The graph of Fig. 5a
corresponds to contributions to A” ), the graph of Fig. 5b
corresponds to contributions to A* ), and the graphs of
Figs. 5c and 5d correspond to contributions to A" ). All of
these graphs, like those of Fig. 4, are classified as backward-
running graphs, where the ones of Figs. 5a and 5¢ contain
self-energy insertions, while those in Figs. 5b and 5d contain
phonon lines in the ‘‘transverse’’ p—h channel.

The concept of new poles of the propagator A(w) in
these definitions should be made more precise. Here by new
poles of A(w) we mean poles which are absent in the RPA
propagator A( (w) (62) and cannot be obtained from the poles
of this function by any continuous transformation (for ex-
ample, by shifting the poles of A(w) as g2 increases from
zero to some finite value). It is these new poles, which we
shall refer to as new poles of the first type, which serve as the
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FIG. 5. Typical graphs of order g2 due to singular effects of
ground-state correlations. The notation is the same as in Fig. 2.
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criterion for our division of GSC2 effects into regular and
singular. We note that singular GSC2 effects contribute only
to the associated components of the TOGD propagator, and
these components themselves exist exclusively owing to
GSC2 effects.

Let us consider a question which is important from the
practical point of view: when singular GSC2 effects are in-
cluded, is it possible for new poles of A(w) to appear which
are not present either in the RPA propagator A(w) or in the
TOGD propagator, from which all contributions of GSC2
effects are excluded? Since only the unlike components of
the generalized p—h propagator remain when GSC2 effects
are excluded, here we are speaking of poles of the function
A7) (w). It follows from the analysis of the preceding sec-
tion that the appearance of new poles of this, the second,
type is actually possible only when the condition (71) is
violated (this can occur only when a restricted basis
{&,.&;} is used) and only for the like component A**+)
X(w), because the mixed components of the propagator
AT (w) and A )(w) can have poles at only the loca-
tions of the poles of the function A 7)(w) (as mentioned
above, the poles of A" )(w) are shifted relative to the
““bare’’ poles of the functions X(m) and ®(w) entering into
A" 7)(w), and their number can exceed the number of these
bare poles). Since specific applications of the TOGD use a
restricted basis for calculating the associated components of
A(w), the inclusion of singular GSC2 effects can in some
cases enrich the pole spectrum of the generalized p-h propa-
gator, and, consequently, of the response function R (w), and
can lead to a change of the nuclear excitation spectrum rela-
tive to the TOGD case including GSC2 effects. Therefore, in
constructing the TOGD propagator we shall need to analyze
the effect of the size of the one-particle basis.

Another special feature of singular GSC2 effects is the
fact that their inclusion leads to the appearance of nonzero
matrix elements of the transition densities p,”, and pj;..
From the physical point of view, the graphs due to this type
of GSC2 (Fig. 5) describe processes of creation from the
vacuum, which is the ground state of the even—even nucleus
in question, and (or) the simultaneous annihilation of two
p—h pairs, i.e., 2p2h configurations. In this case the action
of the external field V° leads to a transition, allowed by the
selection rules, of the particle involved in the 2p2h configu-
ration from one state to another (a p—p' transition) or of the
hole in this configuration to another hole state (an A—h'
transition). Formally, this implies that the spectral expansion
of the response function now contains components of the

transition densities such as p’,,p,},, in addition to the usual

(Pph »Php) components. The inclusion of these effects leads
in particular to a change of the sum rules for the moments of
the strength function. This has been discussed in Refs. 2 and
11 for the case of “‘pure’” 2p2h configurations, i.e., the ES-
RPA. Our results obtained using the model including
1 p 1L h®@phonon configurations have shown the importance of
the quantitative inclusion of singular GSC2 effects (see Sec.
6).

We already see from this brief discussion of GSC2 ef-
fects that they are manifested in a considerably more com-
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plicated way than GSC1 effects. Therefore, this question
merits further study.

6. ANALYSIS OF GMR USING THE TOGD METHOD
INCLUDING THE ONE-PARTICLE CONTINUUM

6.1. Inclusion of the one-particle continuum in the
coordinate representation

In calculations of the GMR strength functions it is useful
to go from the Bethe—Salpeter equation (21) for the renor-
malized response function R to the equation for the change
of the density matrix 8p, given by

dppw)=— % 1'?'.2,34(w)(é',,V°)43 .

In the coordinate representation the equation for this quantity
is (for simplicity, here and below we drop the spin—isospin
variables)

8p(r;w)=—jdrlA(r,r,;w)EqVO(rl)

_jdl'ldl'zA(l"l'l;w)j%(l'l,l‘z)ap(fz;w)-

(73)
The strength function (25) is related to dp as

S(E,A)=—%Im fdr(é:lVO(r))*ép(r;E+iA). (74)

The use of the coordinate representation allows the propaga-
tor to be constructed by the efficient method of calculating
the one-particle Green function 5(r,rl ;) with the exact
inclusion of the one-particle continuum.*® The effects asso-
ciated with resonance decay into the continuum (the width
I'T), ie., with nucleon emission from the nucleus, are
thereby ‘‘automatically’’ included in the strength function
calculated using Egs. (73) and (74).

The systematic use of this technique, which was first
developed in the RPA, for the problem of the additional in-
clusion of 1p1h®phonon configurations leads to great com-
putational difficulties in the construction of the generalized
propagator A.° Therefore, at this stage of the investigations
we included the continuum exactly only in the 1p 1A part of
the propagator using the idea of the combined (r,\) represen-
tation developed within the ““finite Fermi
system + continuum’’ approach for nuclei with pairing.47 In
this approximation the complete propagator is written as

A(r,r 3 0) =AY e, 0)+ Y, (Aps(@)
1234

~A1234()) $F(r) (1) G3(r)) F3 (1))
(75)
Here A is the 1p1h propagator [Eq. (62)] in which the

one-particle continuum is included exactly.** The summa-
tion runs over all one-particle discrete and quasidiscrete

states included in the restricted set {$,,&,;}. The following
section is devoted to the construction of this basis set. The
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subtraction of A, 12,34 €liminates double counting of the dis-

crete 1p1h part of the propagator entering into both A®™
and A 12,34+

6.2. Construction of the basis {¢;,54}

In the Dyson equation for the one-particle Green func-
tion (5), the complete mass operator Z includes all possible
effects of the coupling of one- and multiparticle degrees of
freedom of the nucleus leading to observable characteristics
of the ‘‘one-particle’” motion in odd nuclei (the energies,
spectroscopic factors, and so on). If we start from the condi-
tion that these characteristics are reproduced best in an ap-
proach not including complex configurations, then in the
construction of the phenomenological basis {¢,,8,} the op-
erator 2 is replaced by its quasiparticle part 2, (Ref. 35),
and then the basis found by solving Eq. (5) with =X is
used in 1p1h calculations for even—even nuclei. The contri-
bution of the quasiparticle—phonon interaction is explicitly
isolated in the TOGD method, because in this case, if the
corresponding corrections are not introduced (i.e., if the basis
is not “‘refined’’), the use of the phenomenological basis can
lead to double counting of these effects.

The basis {#,,&;} including these corrections is con-
structed in our model starting from the condition that the
““‘dominant’’ poles of the solution of Eq. (7) (i.e., the poles of
the Green function G with maximum values of the residues)
coincide with the experimental one-particle energies . In
the calculations we use the basis including the two shells
below and the two shells above the Fermi energy. In the
diagonal approximation for =, the above condition leads to
the following system of nonlinear equations:

m((73)|2

SR

Texp  ~ - 76
m ETPmE3 030, -

This system, supplemented by Eq. (6) for the Green function
G, is solved iteratively, with the mass operator 3 in (6)
approximated by the Woods—Saxon potential. Since g? is a
small parameter, when solving this problem we can limit
ourselves to the first iteration. In this approximation the ma-
trix elements g'l';(‘”) in Eq. (76) are calculated using the wave
functions of the phenomenological basis, obtained by solving
the Schrodinger equation with the Woods—Saxon potential
parameterized by an emiprical set of constants. Here the en-
ergies €, are found directly by solving the system (76), and
the depth parameters of the potential 7,7 approximating the
mass operator > are chosen from the condition that the poles
of the solution of (6) (i.e., the Green function G) coincide
with the values found for £|. Finally, the wave functions
J; ; are determined by solving the Schrodinger equation with
the potential 7.

6.3. Additional details of the calculations

In our calculations we included a limited number of the
most strongly collectivized, low-lying phonons of normal
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parity: 2%, 37, 4%, and 6*. Their parameters, the energies
o, and transition probabilities B(EL), are given in Refs. 29,
30, and 31 for all the nuclei studied.

The effective Landau-Migdal p—#h interaction®

F(r,x')=Colf(N+f'(r)nn+(gt+g' n7)o0,]8(r
-r’) (77

was used in all the calculations, with the density-dependent
parameters f and f': f=f,.+ (fin—fer)p(r)/ p(0) and simi-
larly for f'. With the exception of the parameter f,,, prac-
tically all the calculations used the same set of parameters
found from self-consistent calculations using the theory of
finite Fermi systems: >

fin=—0.002, f,=230, f,,=0.76

g=-0.05 g'=096, Cy=300 MeV-fm’. (78)

The calculations of the M1 resonance in stable and un-
stable magic nuclei were performed using the parameters
g=—0.05 and g’ =0.86, for which good agreement was ob-
tained between the calculated and experimental values of the
resonance energies in the *Ca nucleus. We used the param-
eter f,,= —3.74 in order to eliminate the isoscalar ‘‘ghost’’
E1 state in the calculations of the isovector E1 resonance. In
the calculations of the isoscalar EQ resonance’ the param-
eter f,,= —3.00 was chosen from the experimental location
of the resonance in the 2%Pb nucleus. To make the theoreti-
cal and experimental values of the energies of low-lying iso-
sclar phonons agree, f,, was taken from the range of f,,
from —3.50 to —5.00.

The interpolation function p(r) in (77) was taken to be
the Woods—Saxon form factor:

_ Po
p(r)= 1+exp((r—R)/a)’

R=124A"3  4=0.63. (79)

Our recent calculations of the isoscalar EQ and E2 reso-
nances in “’Ca (Ref. 33) and **Ni are exceptions; here for
p(r) we used the calculated density in the nuclear ground
state:

(2j;+1)$2(r)

€;<e 4m (80)

This introduced an element of consistency into our non-self-
consistent calculations with independently chosen mean-field
and effective p—h interaction parameters.

The explicit inclusion of quasiparticle—phonon correla-
tions in the TOGD method leads to renormalization of the
effective interaction # and the effective charges e, [see Eqs.
(22)-(24)], which differ from .7 and e, used in the theory of
finite Fermi systems. However, since a relatively small num-
ber (no more than ten) of phonons were used in the calcula-
tions, the difference of .# and E;I from .# and e, should not
be important. In connection with this and to avoid introduc-
ing additional parameters to take into account these differ-
ences, in all the RPA and TOGD calculations we used the
same interaction .” =.7 and effective charges e ,=¢,.

Kamerdzhiev et al. 150



10 12 14 16

Ex, MeV

To mimic the experimental energy resolution and at the
same time phenomenologicaly include effects not dealt with
explicitly in the TOGD method (further GMR fragmentation
due to configurations more complex than 2p2h, and decay
of complex configurations into the continuum, leading to the
additional width I'7), in the calculations of the strength func-
tions we used the smoothing parameter A=I/2 (I is the
width of the Breit—Wigner distribution for an isolated peak
of the strength function) from the range A= 100—500 keV.
When studying the fine structure of resonances, for example,
for the isoscalar E2 resonance in 2%®Pb (Ref. 31), we used
the parameter A =20 keV.

6.4. Results of the calculations

Our main goal in this review is to describe the founda-
tions of the TOGD method as a new approach for studying
the structure of magic nuclei with the systematic inclusion of
quasiparticle—phonon correlations in the ground and excited
states and with the additional inclusion of the one-particle

FIG. 6. E 1-photoabsorption cross section for “’Ca. The dot—dash
line is the RPA +continuum calculation, and the dashed and solid
lines are the TOGD calculations respectively neglecting and in-
cluding the continuum (GSC2 effects are included). The experi-
mental data are taken from Ref. 51.

18 20 22 24 26 28 30 32

continuum. The calculated results given below and their dis-
cussion for isoscalar and isovector EL and M1 resonances in
the stable ***8Ca,2%%Pb and unstable °Ni, '%Sp magic nuclei
are incomplete. A more complete discussion can be found in
the original studies (Refs. 17, and 27-34).

The notation 2p2h(gs+) and 2p2h(gs—) encountered
in the figures refers to the TOGD calculations performed
respectively including and neglecting GSC2 effects (i.e.,
1p1h®phonon correlations in the ground state). By defini-
tion, neglect of GCS2 effects means that the functions
Q7,0 and P* ™) in the full propagator A(w) (56)
are equal to zero. When GSC2 effects are included, the basis
is always chosen such that the case A(w)=A*""
X(w)=P* ) (w) is practically never realized. The results
of the TOGD calculations given in Figs. 6 and 7 were ob-
tained taking into account these correlations. In order to
demonstrate the effect of the one-particle continuum on the
shape of the curve for the photoabsorption cross section and
on the integrated characteristics of the E'1 resonance, in these

FIG. 7. The same as in Fig. 1, but for 2®Pb. The experimental
data are taken from Ref. 53.
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TABLE 1. Integrated characteristics of the isovector E1 resonance. GSC2 correlation effects have been in-
cluded in the TOGD calculations for “**®Ca and 2Pb. All the calculations for **Ni include the continuum.

E, AE, and T are given in MeV, 0y, , and o_; in mb, and o, and ¢§in mb-MeV.

T nax E, MeV r oy, mb-MeV o_, mb
“Ca,05'=600, AE=(10-32)
RPA (cont+) 210.0 19.3 1.9 586.3 30.26
TOGD(cont—) 114.0 20.5 3.7 589.7 28.83
TOGD(cont+) 111.0 212 43 651.8 30.89
Experiment (Ref. 51) 95.0 20.0 5.0 637.7 31.82
BCa,05/=700, AE=(10-32)
RPA (cont+) 150.0 16.0 33 652.5 42.66
TOGD(cont—) 118.7 19.0 45 696.9 38.34
TOGD(cont+) 101.3 19.6 6.3 756.5 41.60
Experiment (Ref. 52) 102.7 19.6 7.1 836.6 43.37
28pp,0¢'=2980, AE=(6-20)
RPA (cont+) 945.0 12.2 2.0 2709.0 222.60
TOGD(cont—) 657.0 13.0 3.6 3110.0 243.70
TOGD(cont+) 680.0 13.8 39 3367.0 251.50
Experiment (Ref. 53) 640.0 13.42 4.05 3306.8 253.77
SONi,o5'=840, AE=(5-30)
RPA 211.0 18.5 3.1 873.4 44.83
TOGD 170.0 18.7 40 908.2 46.12
TOGD(GSC2) 140.0 18.2 49 916.0 47.80
figures and in Table I we also give the results of the TOGD ET?

calculations neglecting the continuum (labeled ‘‘cont—"’).
For the E1 resonance in *Ni and for all the other EL and
M1 resonances we show only the results of the calculations
taking into account the continuum (‘‘cont+’).

Isovector E1 and E2 resonances in the nuclei
28pb, and °Ni. The cross sections for dipole and quadru-
pole photoabsorption were calculated using the well known
equation

40480y,

_ 8w (L+1)e? (E
oelE0= DN \Ae

We give the results of these calculations in Figs. 6-8 and in
Tables I and II (Refs. 17, 29, and 31). For obtaining the
integrated characteristics of the resonances we used the Lor-
entz function to approximate the resonance curves

2L-1
) Seu(E,A). (81)

L —
o (E) = Omax (Ez_E—2)2+E2F2 B

as is commonly done in analyzing experiments. The param-
eters of this function, the average energy E, the cross section
O max=0(E), and the resonance width I', are found from the
condition that the three energy moments with k=0, 1, and 2
coincide for the exact and approximating resonance curves.
These moments were calculated from the expression

Emax
o= J E*o(E)dE.
Emin

The energy ranges AE=(E,,;,—Ema.) are given in Tables I
and II, which gives the integrated photoabsorption cross sec-

40

FIG. 8. Cross section for E2 photoabsorption for 2%Pb calculated
in the RPA (curve 1) and the TOGD taking into account the con-
tinuum (curve 2) (GSC2 effects are not included). The experimen-
tal data (curve 3) are taken from Ref. 56.

f. S o7
LD S N SN Sl S S LS S SN SN SRAR Bam S

20
Ex, MeV

10 15

152 Phys. Part. Nucl. 28 (2), March—April 1997

Kamerdzhiev et al. 152



TABLE II. Integrated characteristics of the isovector E2 resonance. GSC2 correlation effects are not included
in the TOGD calculations. E, A E, and I" are given in MeV, 0y , and o_,in mb, and o and o§ in mb-MeV.

“Ca AE =(10-50)

208pp, AE=(17.5-35)

E r Oy O max E r J9
RPA(cont+) 328 85 377 316 219 4.5 183.0
TOGD(cont+) 31.8 70 320 281 22.4 55 192.1
Experiment 32.5 * 1.5(a) 31.0 202 £ 0.5 5.5%0.5 203.0(b)
226 = 0.4 6.0%2.0(c)
23.5 * 1.5(d)

The experimental data are taken from Refs. 55(a), 56(b), 57(c), and 58(d).

tions oy and moments o_ (for the E1 resonance). For the
E1 resonance o is compared to the ‘‘classical’’ Thomas—
Reiche—Kuhn dipole sum rule:

[ NZ
of/= | oe(E)AE=60— (mb-MeV). (82)

Comparison of the calculation and experiment and
analysis of our results led to the following conclusions for
E1 resonances:

*The RPA calculations taking into account the con-
tinuum agree poorly with experiment for all the nuclei stud-
ied. The only exception is the result for the centroid E of the
resonance in “*Ca and the moments o_, in “**®¥Ca.

*The inclusion of complex 1plh®phonon configura-
tions and the one-particle continuum significantly improves
the description of the resonance shape and all the observed
integral characteristics of the resonance.

*As seen from Table I, the inclusion of GSC2 effects has
a fairly weak influence on the integrated cross section for
E1 photoabsorption in ®Ni, but makes a significant differ-
ence of E, I', o, and o_, from the values calculated
neglecting these correlations. This should also occur for the
other nuclei studied.

*As expected, the influence of the one-particle con-
tinuum on the resonance shape and integrated characteristics
is most important for light nuclei, especially for “*Ca. How-
ever, even for 2%Pb this effect is not small. Inclusion of the
continuum leads to an 8% increase of the resonance width I’
and the integrated photoabsorption cross section o, bring-
ing themn close to the experimental values.

*The most important result is the satisfactory description
of the total resonance widths I'. The TOGD calculations un-
derestimate T by only 14%, 11.7%, and 4.4% for “**3Ca and
208pp, respectively.

*On the whole, the integrated characteristics of the E'l
resonance, including the average energy E, predicted for the
radioactive nucleus >®Ni satisfy the known systematics of
these parameters for stable nuclei.>*

We see from Table II that the results of the RPA and
TOGD calculations for the isovector E2 resonance in “’Ca
and 2%8Pb are quite close and in fairly good agreement with
the available experimental data. This is true particularly of
the total resonance width and the cross section at the maxi-
mum o, for 2°8Pb. However, if we take as a guide the ex-
perimental data for 2°®Pb from Ref. 56, which were obtained
using highly polarized tagged photons and are probably the

153 Phys. Part. Nucl. 28 (2), March-April 1997

most accurate of all the experimental data presented in Table
I, our calculations overestimate the average resonance en-
ergy by 2 MeV. We note that this energy can be made to
agree with experiment by only slightly decreasing [by about
7% compared to that given in Eq. (78)] the isovector f'
amplitude of the effective p—h interaction.

Isoscalar E2 and EOQ resonances in “°Ca, **Ni, and
208ph nuclei. Study of the properties of isoscalar EQ reso-
nances is particularly interesting, because it allows informa-
tion to be obtained about the compression modulus of finite
nuclei and nuclear matter, knowledge of which is important
both for heavy-ion physics, and for astrophysics.59

The experimental data on this resonance are often very
fragmentary and uncertain, particularly for nuclei with
atomic weights A<100 (Ref. 59). Individual EO structures
characterized by relatively large total values of the percent
saturation of the energy-weighted sum rules (EWSR) have
been established for only a few of them. As a result, it is
practically impossible to find the values of the compression
modulus from these data, because they are directly deter-
mined in terms of the average resonance energy. One of the
main reasons for the uncertainties in the experimental data is
the difficulty of multipole decomposition of the various seg-
ments of the experimental spectra. As a rule, the same phe-
nomenological collective form factors®>® are used for this,
which do not include possible special features corresponding
to individual fragments of the GMR. It thus becomes particu-
larly important to perform a systematic microscopic analysis
of the experimental data using approaches which take into
account these special features.

Our calculations of the EO resonance for “°Ca, Ni, and
208ph (Refs. 31 and 32) have revealed an important feature
which is common to all these nuclei: a strong effect of the
GSC2 on the fragmentation of the EQ resonance, which pro-
duces low-energy (E<10 MeV) structures. The effect is
strongest for “°Ca. The available experimental data for
“Ca and 2°®Pb (Refs. 61 and 62) confirm the presence of a
large number of low-lying EQ states, but do not give their
intensities. The values of the resonance width calculated for
208pp, I'=2.3 MeV and 56.4% of the EWSR(EO) at energies
E=(11.6—16.4) MeV, are in fairly good agreement with
experiment: I'=(2.4+0.3) MeV and (47%£19)% of the
EWSR(EO) (Refs. 63 and 64).

The study of the effect of GSC2 on the properties of the
E2 and EO resonances in “*Ca was continued in Ref. 33. It
was necessary to consider these resonances together because
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FIG. 9. Strength function of EOQ excitations for electron scattering on
40Ca. The dotted line is the RPA calculation. The dashed and solid lines are
the TOGD calculations respectively neglecting and including GSC2 effects.
The continuum is included in all the calculations.

this study analyzed the results of an (e,e’) experiment65 in
which the contributions of the E2 and E0 multipoles to the
observed cross sections are not distinguishable in principle.
For comparison with experiment, the total E2+EQ strength
function was calculated using the expression

dB(E2+E0) dB(E2) = 25 dB(EO)
dE ="4E ' T6x dE

(83)

The main results of the calculations are shown in Figs. 9-11
and in Table III, where predictions are also given for 56N,
The percent saturation of the electromagnetic EWSR in vari-
ous energy ranges given in the table were calculated using
the expressions

EWSR gy (E0)= 287 Z(r?
em( )—;; (r)p.
EWSR gy (E2)= 50%? Z{r?
EM( )—87rm,, <I‘ >p'
120 7
1163
; l Nca E2-EM
1004 | — ap(est)
| —

@
e
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o
1

dB /dE, e tm*-Mev™!
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FIG. 10. The same as in Fig. 9, but for EO excitations in “Ca.
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From our analysis of these results we arrive at the following
conclusions:

*The RPA calculations of the E2 and EO resonances do
not describe the experimentally observed strong fragmenta-
tion of the total strength of E2+EOQ excitations at energies
E=(10—20.5) MeV. The TOGD calculations neglecting
GSC2 improve the agreement with experiment, but only the
inclusion of these correlations allows a good description of
both the energy of the main fragments of the strength
function—12, 14, and 17 MeV, and also the corresponding
absolute values of the transition strengths. The calculated
value of the saturation EWSRgy(E2+EO0)
=8436 ¢2F* MeV on this interval (23% of this comes from
the EO resonance) is in good agreement with the experimen-
tal value (7899 1580)e?- fm*-MeV.

«Complete saturation of the E2 and E0 EWSR is at-
tained only in a large energy range E=(5—45) MeV, and
the inclusion of GSC2 tends to increase the EWSR by 5% on
the average compared to the RPA and TOGD calculations, in
which these correlations are neglected. However, in the ex-
perimentally studied range the EWSR saturation is only 23%
and 40% for the EQ and E2 resonances, respectively. There-
fore, the main resonance strength is concentrated at energies
E>20.5 MeV. It should be recalled that the results pre-
sented in Table IIT pertain to the total electromagnetic
strength of the resonances. For their isoscalar components
the saturation of the IS-EWSR,, is different: 50% and 60%.
The total value calculated using an expression similar to Eq.
(83), IS-EWSRgy(E2+E0)=85%, is in good agreement
with experiment,®> where the value (80*+16)% was ob-
tained. We also note that the calculated value of
IS-EWSR,(E0)=23% in the range
E=(10.5—15.7) MeV is in very good agreement with the
value (23*+5)% obtained from analysis of the (a,a’)
experim'ent.63

Although it has some special features, the effect of
GSC2 on resonance fragmentation in >Ni is just as strong as
for “Ca.

The M1 resonance in *°*Pb, °Ni, and '®Sn. The neu-
tron and proton subsystems of these nuclei each contain a
pair of spin—orbit partners forming the 1p1h basis for the
formation in the RPA of the isoscalar (IS) and isovector (IV)
parts of the M1 resonance, which are split in energy by 2-3
MeV (see Figs. 12—14). The average energies of these reso-
nances, given in Table IV, were calculated from the expres-
sion

2EB(M1)

E= S B (MI) (84)
In turn, the total transition probabilities for the IS and IV
M resonances were found by integrating the strength func-
tions over the corresponding energy ranges. The parametri-
zation of the local magnetic charge known from the theory of
finite Fermi systems® was used in the calculation.

The results shown in Figs. 12—-14 and Table IV suggesti
the following conclusions:

*The RPA and TOGD calculations are in fairly good
agreement with each other in describing the average reso-

nance energies E,S and EW and the total probabilities
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=B(M1). However, the inclusion of complex

1p1h®phonon configurations in the calculation leads to sig-
nificant suppression of the strength of the M1-IV resonance
compared to the RPA and to the splitting off of a large frac-
tion of SB(M 1) at energies E>E}y . The inclusion of GSC2
is manifested in additional redistribution of the total
M 1 -transition probability.

*The total width of the IVM1 resonance in 2%Pb ob-
tained in the TOGD calculations (I'=1MeV) agrees with
experiment, but the probability B(M1)—IV=11.57u02 is
25% smaller than the experimental value. On the other hand,
the average resonance energy turned out to be 400 keV

TABLE III. Saturation of the EWSR,, (in % of the EWSRgy, values in
e2.fm*-MeV) from the RPA and TOGD calculations including the con-
tinuum.

“Ca, EO, EWSR gy, = 16500

E min— Eumax» MeV 10-16 10-20.5 5-30 5-45
RPA 34.1 49.1 66.6 1009
TOGD 143 29.0 55.3 101.6
TOGD(GSC2) 120 22.6 525 106.2

“Ca, E2, EWSR,,=16412

RPA 4.5 45.5 72.0 101.0
TOGD 13.6 433 71.0 100.9
TOGD(GSC2) 17.2 40.1 64.6 105.8

S6Ni, EO, EWSR;;3,=31682

RPA 4.2 33.2 54.2 101.1
TOGD 4.3 283 52.0 101.4
TOGD(GSC2) 7.0 30.4 58.8 106.2

S6Ni, E2, EWSRgy =31514

RPA 14.2 33.7 70.4 99.5
TOGD 12.5 28.8 63.5 100.2
TOGD(GSC2) 12.0 29.5 62.0 104.6
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FIG. 11. (a) Total (E2+EQ) strength function for electron scattering on
4Ca calculated using the TOGD method taking into account the con-
tinuum and GSC2 effects (dashed line); the histogram shows the experi-
mental data from Ref. 65. The theoretical curve was obtained using (80).
(b) Theoretical E2 (dashed line) and EO (dotted line) components of the
total strength function shown in Fig. 11a.

higher than the experimental value. The use of the effective
interaction including 7-meson exchange™ in the calculations
probably leads to a better description of the experimental
data. Experimental studies of M1 excitations at energies
E>8.4 MeV are of great interest; the calculations suggest
that they account for 45% of ZB(M1).

«As seen from Figs. 12—14, the largest effect of frag-
mentation of the M 1-1V resonance associated with the inclu-
sion of complex configurations is obtained for 208ph and
1005, Just as for **Ca (Ref. 30), in *°Ni this resonance is
scarcely fragmented. Owing to specific features of the one-
particle  proton  spectrum  (the binding  energy
B,=2.9 MeV), both the isovector and the isoscalar compo-
nents of the resonance are strongly split in the neutron-
deficient nucleus '®Sn.

60
208py, M1

504
_ — 32 (g14)
s 407 - a2 ()
[ )] —
2 RPA
N:-’C., 304
3
~
3

FIG. 12. Strength function of M1 excitations in 2®Pb. The dotted line
shows the RPA calculation, and the dashed and solid lines show the TOGD
calculations respectively neglecting and including GSC2 effects. The con-
tinuum is included in all the calculations.
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FIG. 13. The same as in Fig. 12, but for **Ni.
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VIl. CONCLUSIONS

In this review we have described a microscopic approach
for analyzing the excited states of magic nuclei up to excita-
tion energies of 30—40 MeV which is primarily applicable
for giant-resonance calculations. Compared to the RPA, this
approach includes the following additional contributions: (1)
the one-particle continuum; (2) configurations of the type
1p1h®phonon; (3) ground-state correlations arising from
these configurations. The theory has been realized numeri-
cally for GMRs in stable and unstable doubly magic nuclei
using the nonseparable Landau—Migdal interaction.

In all the calculations we obtained reasonable agreement
with the experimental data for the integrated characteristics
of GMRs, including the total resonance widths. The fine
structure of the isoscalar E2 resonance in 2%®Pb (Ref. 31) and
the gross structure of the E2 and EOQ resonances observed in
reactions on “°Ca at excitation energies of 10-20 MeV (Ref.
33) are explained fairly well. In most cases, the inclusion of
complex configurations significantly changes the results

compared to the RPA; as a rule, it improves the agreement
with experiment. This is also true for the continuum contri-
bution.

The approach we have developed includes the ground-
state correlations due to 1p1h®phonon configurations fairly
systematically. It has been shown that these correlations
must be included in describing the experimental data, as
sometimes they are decisive in explaining an observed effect.

The success attained using this approach, which includes
all three known mechanisms of GMR formation, allows us to
anticipate that approaches of this type will also be able to
explain low-lying resonance-like structures in the cross sec-
tions (this has been discussed earlier within the context of
the quasiparticle—phonon model?), the numerous results of
coincidence experiments, and, possibly, the fine structure of
GMRs. At present these seem to be the most important ques-
tions in the physics of GMRs for cold nuclei. Unfortunately,
the development of theory in this area significantly lags ex-
periment. Natural directions for improvement and extension

3 100

60] Sn M1

20 — 2p2n (gs-)
..... RPA

403

30

6 7 8 9 10 11 12
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FIG. 14. The same as in Fig. 12, but for 105, The TOGD calcu-
lations were performed neglecting GSC2 effects.
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TABLE 1V. Integrated characteristics of the M1 resonance from the RPA
and TOGD calculations taking into account the continuum. GSC2 effects are

not included in the calculations for '®Sn. E, 1s and E, (v are given in MeV, and
B(M1)~1S, B(M1)—IV, and = B(M1) are given in u2.

B(M1)-IS,

Ej5, MeV u E, MeV ul ne

BM1)-1V, 2 B(M1),
2

28pp (5—15.5)?

RPA 5.63 0.49 797  18.16 19.96
TOGD 5.72 0.84 766  11.87 19.09
TOGD(GSC2)  5.712 0.84 774 1157 22.60
Experiment 5.85 1.9%%7 730  15.60
(Ref. 66) 6.24 (6.7-8.4)°

Ni (5.5-15)
RPA 6.56 0.31 10.12 11.31 11.43
TOGD 6.70 0.24 9.93 4.80 10.62
TOGD(GSC2)  6.70 0.24 10.02 5.50 11.68

1%Sn (6.0—13)
RPA 6.80 1.50 10.15  14.10 15.60
TOGD* 6.50 0.30 9.77 6.60

6.78 1.40 10.50 3.20 15.80

A(E min—Emay) is the range for which the total transition probability B(M 1) is
calculated.

YThe experimental energy range corresponding to = B(M 1), .

“The two lines of the TOGD calculation refer to resonance fragments (see
the text).

of the approach presented here are the following:

1. More careful analysis of the effects mimicked by the
averaging parameter, because it turns out in practice that the
TOGD method, like most other versions of the microscopic
approach, explains the total observed resonance width only
when this parameter is used.

2. Inclusion of consistency between the mean-field po-
tential and the effective particle~hole interaction. At the
present time there is no systematic, self-consistent approach
taking into account complex configurations. The known
methods of ensuring consistency actually work only within
the RPA.

3. Generalization of our approach to nonmagic nuclei.

4. More detailed study of the effects of ground-state cor-
relations due to complex configurations.

The authors are grateful to E. V. Litvinova for great help
in preparing the figures.

This study was carried out with the partial support of the
Russian Fund for Fundamental Research, grant No. 96-02-
17250.

Le., excitation energies of up to 30-40 MeV.

DHere and below, the Fourier transforms of quantities depending on time
differences will be defined as in Ref. 15. The numerical indices include the
quantum numbers determining the one-particle functions of some complete
basis set which will be specified later.

IThe rearranged perturbation theory can be formulated more rigorously, but
the detailed discussion of this lies outside the scope of this study.

“The approximate equality ~ of these quantities is introduced in order to
distinguish them from the analogous quantities ¢, and .7 defined in the
theory of finite Fermi systems.

SFor simplicity, we shall sometimes use the term 2p2/h configuration for
both “‘pure’’ 2p2h configurations and | p 1 A®phonon configurations, be-
cause in the RPA the phonon is a superposition of 1p 1/ configurations.

®See, for example, the gencral expressions for A(r,r, ;) in the g2 approxi-
mation obtained in Ref. 46.
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Separately for each partial /,j component; the other potential parameters
are set equal to the empirical values.®®
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