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A review is given of studies of liquid “He by inelastic scattering of neutrons on the basis of
results obtained at the reactors IBR-30 and IBR-2. Attention is focused on the structure of the
excitation spectra in both the normal and superfluid phases, and also on the search for the

Bose condensate and its investigation.
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INTRODUCTION

The liquid formed of *He atoms possesses a number of
unique properties. Kapitza' found that liquid “He becomes a
superfluid at temperatures below T,=2.17 K. Landau®
showed that the superfluidity follows from the shape of the
spectrum of elementary excitations of the Bose liquid and
can occur when the flow rate of the liquid is smaller than the
critical value determined from the excitation spectrum.
London® treated liquid “He as an ideal Bose gas and sug-
gested that the superfluidity of *He is related to the phenom-
enon of Bose—Einstein condensation, i.e., to the presence of
a macroscopic number of *He atoms in the ground state with
momentum p=0. The phenomenon of condensation in mo-
mentum space was first pointed out in 1925 by Einstein.
Bogolyubov* showed that the Bose condensation is pre-
served for a weakly nonideal Bose gas, and that the structure
of the energy levels satisfies the Landau superfluidity condi-
tions. The influence of the Bose condensate on the shape of
the spectrum has been investigated in many theoretical stud-
ies, begun by Bogolyubov and Belyaev.’ The development
of these ideas led to the conclusion that the excitation spec-
trum of superfluid “He has a complicated structure.

Neutron studies of liquid “He take advantage of the pos-
sibility of studying both the collective and the individual
motions of atoms. It is therefore interesting to use neutrons
to study the excitation spectrum in the superfluid and normal
phases of liquid *He, and also to study the phenomenon of
Bose condensation. By combining the results of neutron in-
vestigations with the large amount of information obtained
by studying the superfluidity of *He, it is possible to establish
correlations between the phenomena of superfluidity and
Bose condensation. A special role in these correlations is
played by the excitation spectrum, the shape of which, on the
one hand, determines the condition for Landau superfluidity
and, on the other, is associated with the presence of the Bose
condensate.

In 1961, Henshaw and Woods® used the method of neu-
tron inelastic scattering to measure the dispersion curve of
the excitations in superfluid *He, which coincided with the
Landau prediction for the shape. Later on, neutron studies of
“He improved the parameters of the dispersion curve as a
function of temperature and pressure at various values of the
wave vector g (Refs. 7-10). In Fig. 1 we show the dispersion
curve from Ref. 7, where we have indicated the phonon,
maxon, and roton regions. The two-component nature of the
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spectrum of neutrons inelastically scattered on superfluid
“*He in the maxon—-roton region was pointed out in 1978 by
Woods and Svensson.!! They essentially assumed that the
neutrons are scattered by the normal and superfluid compo-
nents independently and in different ways. Naturally, at-
tempts were made to find a theoretical justification of the
results of this experiment. However, they were unsuccessful.

In parallel with the study of the excitation spectrum,
work was done to seek and study the Bose condensate in
liquid *He at large energy transfers 6>A and wave-vector
transfers ¢>¢q,, where A and g, are the roton energy and
wave vector. It was assumed that high-energy neutrons scat-
ter on *He atoms as on quasifree particles, and in this case it
is possible to separate the spectrum of neutrons scattered on
the atoms of the Bose condensate from the rest of the spec-
trum because the atoms of the Bose condensate do not pro-
duce Doppler broadening. However, it was not possible to
distinguish the spectra visually, and therefore various meth-
ods were used to analyze the spectra of single-atom neutron
scattering. These allowed the relative density of the Bose
condensate to be estimated. To make the results more reli-
able, this analysis was usually performed at various tempera-
tures or pressures.

Fundamental data on the liquid dynamics can be ob-
tained by measuring the doubly differential cross sections for
neutron scattering. These are used to describe the liquid by
means of a dynamical structure factor or, as it is commonly
called, the scattering law S(q,w) proposed by Van Hove.!?
The dynamical structure factor S(q,w) is related to the dou-
bly differential neutron scattering cross section as

d’c b’
d0dE 2k Ry S@@)

where ko and k are the wave vectors of the incident and
scattered neutrons, and b is the coherent scattering length.
The transfers of wave vector ¢ and energy ¢ in neutron scat-
tering are

q=ko—k,
e=hw=Ey—E,

where E, and E are the initial and final neutron energies.
This review is devoted to the study of liquid *He by the
method of neutron inelastic scattering on the basis of the
results obtained at the IBR-30 and IBR-2 reactors. Special
attention is paid to the structure of the excitation spectra in
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FIG. 1. Dispersion curve of superfluid “He at temperature 1.1 K (Ref. 7).

both the normal and the superfluid phases, to the search for
and study of the Bose condensate, and to the discovery of
correlations between the phenomena of superfluidity and
Bose condensation.

1. THE EXPERIMENTAL INSTALLATION. THE
MEASUREMENT TECHNIQUE

1.1. The setup

The experiments on neutron inelastic scattering on liquid
“He at the Joint Institute for Nuclear Research in Dubna
were performed with two spectrometers: first the DIN-1M
(Refs. 13 and 14) at the IBR-30 reactor, and later the DIN-
2PI (Ref. 15) at the IBR-2 reactor. Some of the measure-
ments at wave vectors g>7 A~! were carried out in the
booster operating mode of the IBR-30, which allowed a 1.5
to 2-fold increase of the energy resolution, owing to short-
ening of the duration of the reactor pulse and decrease of the
neutron lifetime in the moderator. The two spectrometers are
essentially identical and are based on the so-called ‘‘direct
geometry,”” although there are of course differences in their
construction and basic characteristics. These spectrometers
are described in Ref. 15. In Fig. 2 we show a schematic
picture of the arrangement of the main components of the
DIN-2PI spectrometer. The detector systems of the spec-
trometers allowed simultaneous measurement of the
scattered-neutron intensity in a wide range of scattering
angles; for example, at the DIN-2PI, ~(3—135)°. Cry-
ostats were used in the measurements,'® allowing work with
the sample of liquid *He at temperatures of from 4.2 to 0.42
K. The temperature was held fixed with an accuracy of
+0.01 K.
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FIG. 2. Schematic diagram of the DIN-2PI spectrometer: (1) active zone of
the IBR-2 reactor; (2) moderator; (3) chopper for background suppression;
(4) collimator; (5) cadmium shutter; (6) selector—monochromator; (7) moni-
tor 1; (8) sample chamber; (9) monitor 2; (10) catcher; (11) *He counters.

1.2. The time-of-flight technique

The time-of-flight technique was used at the two spec-
trometers to measure the neutron inelastic scattering spectra.
The monochromatic neutron beam incident on the sample
was formed from a reactor pulse by a mechanical chopper,
using the technique based on the time for the neutrons to
traverse the first baseline. The energy of the neutrons scai-
tered on the sample by an angle 8 was determined from the
time to traverse the second baseline between the sample and
the detector.

The experimental spectra of the scattered neutrons in the
region of one-particle excitations were analyzed in terms of
energy. For this, the experimentally measured intensity as a
function of scattering angle 6 and neutron time of flight ¢
was transformed into the dynamical structure factor

S(q,¢e):

S(q.e)=(2mhIb?)(E3 E?)d?J(0,t)/dQdt, (1.1)

where J is the count in the time channel.

The experimental spectra were measured for 6= const,
so that the transfers of wave vector ¢ and energy ¢ are de-
termined from the kinematic relation

q=0.695[2E,F&—2 cos OVEo(E,T¢)]"2, (1.2)
0

where the upper signs refer to neutron cooling in the scatter-
ing, and the lower ones refer to heating. Since the curves of
the kinematic relations differ in how they intersect the dis-
persion curve for different E, &, and 6, to reduce the results
on the peak widths and intensities to the condition
g=const it is convenient to introduce the conversion coeffi-
cient j. When the dispersion curve and the kinematic relation
are linear within the limits of the peak width, the conversion
coefficient is
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j=cos a

(1.3)

d
1—(3‘;—)gradq s(q)},

where €(q) is the dispersion curve, a is the angle of devia-
tion of the kinematic curve from the vertical & axis, and
dq/de is found from (1.2). The data on the widths W, and
intensities I, of the peaks for g = const are obtained by mul-
tiplying the results obtained for 6=const by j: W,=W,j,
I q =] 6. ] .

This transformation is possible in practice only for rela-
tively narrow peaks; other approaches are required for wider
ones. We note that the Waller—Froman expression'’ used
earlier to transform data to the scale ¢=const differs from
(1.3) by the factor cos @, which is unimportant at high ener-
gies E because a~0.

1.3. The cadmium technique

The background is usually measured by the cadmium
technique.'® A cadmium shutter placed in front of the me-
chanical chopper makes it possible to completely shut off the
thermal neutron beam. Technically, the use of the cadmium
technique amounts to the following: the measurements for
both liquid *He and the empty cryostat are performed by
alternating the two modes in which the cadmium shutter is
open or closed. We shall discuss other important technical
features of the measurements and spectrometer characteris-
tics when we describe specific experiments.

It should be noted that the IBR-2 reactor offers the non-
trivial possibility of studying liquid *He by neutron inelastic
scattering in the region of energy transfers &= (1-1000)
peV and wave-vector transfers g~(10"2—1) A~! with an
energy resolution AE< 10 ueV." It is thought that this setup
will operate for ‘‘very cold neutrons’ (Ey<1 meV), using
the reverse-geometry method with multilayer monochroma-
tors as filters. Preliminary tests of the main components of
the setup have indicated that this will work.

2. STRUCTURE OF THE EXCITATION SPECTRUM OF
LIQUID *He

Landau was the first to suggest possible shapes of the
excitation spectrum of a Bose liquid.? On the basis of the
experimental fact that the specific heat of He II at tempera-
ture T— O falls off as T2, he postulated that near the ground
state liquid “He can be treated as a set of individual elemen-
tary excitations or quasiparticles. At small wave vectors cor-
responding to sound quanta (phonons), the energy of the ex-
citations depends linearly on the wave vector g, with the
coefficient of proportionality equal to the speed of sound c:

e(q)=chq. (2.1)
The static structure factor S(g) for liquid *He at small

g and T—0 was obtained by Bijl,*® Feynman!' and
Pitaevskii:?
S(q)=hql2Mc, (2.2)

assuming that only one-phonon processes contribute to
S(q). For T#0, S(0)=pkgTK;, where p is the density of
“He atoms, kg is the Boltzmann constant, and K is the iso-
thermal compressibility.

701 Phys. Part. Nucl. 27 (6), November—December 1996

At small oscillation frequencies w, sound waves propa-
gate under the conditions of local thermodynamical equilib-
rium, owing to frequent collisions between quasiparticles. In
the limit w<v, where v is the collision frequency, we have
the hydrodynamical or collision regime, and a well defined
first-sound mode can propagate. For w> v collisions are rare
(the collisionless regime), and density fluctuations are the
high-frequency analog of ordinary sound, called zero sound
by Landau. The damping of zero sound due to quasiparticle
collisions is small, so that zero sound is a well defined mode
propagating in a nonequilibrium medium. In the transition
region between first and zero sound (w~ v) collisions occur
frequently enough to suppress the zero-sound mode, but not
frequently enough that an undamped first-sound wave can
propagate. Therefore, this transition region should corre-
spond to the maximum of sound-wave absorption.

In the collisionless regime the curve corresponding to
the excitation spectrum first goes upward, because the spec-
trum is described by the expression

e(q)=chq+yg’+..., y>O0. (2.3)

Then the group velocity of the excitations again decreases,
and at some g=gq* the spectrum intersects the first-sound
line and goes under it. This shape of the spectrum at tem-
perature T—0, i.e., in the absence of quasiparticle collisions,
leads to a unique behavior of the damping of the excitations,
which has been studied by Iordanskif and Pitaevskii.* As the
spectrum deviates from the linear dependence, decay into
two, three, and more excitations up to infinity becomes pos-
sible. As g increases it first becomes impossible to decay into
two excitations, then into three, and then successively into
larger numbers of excitations. There is therefore a sequence
of thresholds which accumulate as the point g* is ap-
proached. For g— ¢g* there can be decay only into an infinite
number of phonons n—o. For g>g* the excitation cannot
decay into any number of phonons. Therefore, the point g*
is a ‘‘singular point’’ at which the decay or damping of the
excitation vanishes. The probability for decay of an excita-
tion near ¢* is given by”

Wpx s6y nex (—5n-1In n); n=ﬂ
P m P ) (e—cﬁq)m'

(2.4

Here the logarithm in the argument of the exponential decay
law makes the damping even faster.

In the region g~ 1/a, where a is the interatomic spacing,
Landau predicted that the excitation spectrum of superfluid
“He has a minimum:

e(q)=A+h%(q—q,)2p,

where u is the roton effective mass. The damping of the
excitations near the roton minimum as a function of tempera-
ture was studied by Landau and Khalatnikov,“ who found
that the width of the roton peaks is

W(T)=94\T exp(—Alk,T),

where W is the full width at half-max.
The behavior of the excitation spectrum in superfluid
*He at wave vectors beyond the roton region was studied by

(2.5)
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Pitaevskii.”® As g increases the energy of the excitations
reaches some threshold value (the end point of the spec-
trum), above which an excitation is unstable to decay into
two or more excitations of lower energy.

Landau, Pitaevskii, and Feynman obtained the excitation
spectrum of superfluid “He without considering the Bose
condensate. In the theoretical studies begun by Bogolyubov,
the Bose condensate is introduced at the very beginning. Ac-
cording to the microscopic Bogolyubov theory, the presence
of the Bose condensate leads to a dispersion curve £(gq) of
the phonon type at small wave vectors in the sense that the
curve has a finite slope at the origin, i.e., de/dq+#0 for
q—0. Here it should be remembered that the prediction that
the spectrum is linear is obtained by assuming that there are
no excitations of the “He atoms at zero temperature.

The microscopic theory of a Bose liquid has been devel-
oped by applying the technique of quantum field theory to a
system of many Bose particles. Belyaev® determined the qua-
siparticle energy spectrum near the ground state for a system
of interacting Bose particles at low density. At small g the
quasiparticles are phonons, and in going to high excitations
or large momenta a wave-like kink develops on the disper-
sion curve (for a gas of elastic spheres). This kink grows as
the density of the Bose condensate increases, and at suffi-
ciently high density first a bend develops, and then a maxi-
mum and minimum, so that the spectrum qualitatively re-
sembles the Landau spectrum.

The theory of liquid “He was later developed by Hogen-
holtz and Pines,?® Gavoret and Nozieres,?’ Hohenberg and
Martin,2® Szepfaluzy and Kondor,?” Griffin and Cheung,*
and others. Two types of excitation were considered in these
studies: density excitations of the particle—hole type (two
particles) described by a dynamical susceptibility function
X, and quasiparticle excitations (one particle) described by a
single-particle Green function G. Both quasiparticle excita-
tions and particle-hole excitations are density fluctuations.
For example, for strongly interacting liquids Gavoret and
Nozieres showed that both types of excitation y and G at
small ¢ and 7=0 have a common dispersion curve of the
form e(q)=chq. Szepfaluzy and Kondor and also Griffin
and Cheung showed that for 7>0 hybridization (mixing) of
these excitations via the Bose condensate occurs.

Griffin, Glyde, and Stirling*!~*® proposed a somewhat
different interpretation of the phonon-roton excitations ob-
served in neutron experiments. In superfluid *He the general
dynamical susceptibility y has two components: a one-
particle Green function G with weight in y depending on the
density of the Bose condensate ny(7), and the dynamical
susceptibility y’ of the atoms above the condensate. The
authors suggest that y and G are also mixed via the Bose
condensate. At small g the liquid is characterized by a col-
lective mode of the zero-sound type, which was proposed by
Pines®’ for liquids with strong interaction between the atoms.
This mode exists in the normal and the superfluid phases of
*He. As ¢ increases the zero-sound mode widens, and it is
very wide in the roton region in the normal phase. The qua-
siparticle excitations in the superfluid phase are well defined.
They are manifested as a sharp peak at all ¢ and vanish in
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the normal phase, where the amount of Bose condensate is
no(T)=0

Woods and Svensson'! found that their results for the
dynamical structure factor S(g,&) in superfluid *He in the
maxon-roton region are described well by the expression

1 —exp(—e/kgT)) ]
1 —exp(—e/kgT) ’

S(q.e)=n,S,(q.e)+n,S,(q.£)

n=ps/p; n,=1-n,, (2.6)

where p; is the density of the superfluid component. Here
S.(g,€) is the intensity of the peak of normal He I at
T'\>T) . The thermal population factor is close to unity and
is important only for e<kgT. The authors considered this
assumption natural because the quantity
S(q,€)—p,Sp(q,e) that they obtained experimentally at
wave vectors ¢=(1.5—2) A~! behaved as Ap,; (A=const)
as a function of temperature. Equation (2.6) essentially im-
plies that neutrons perceive the normal and superfluid com-
ponents differently. Naturally, attempts were made to find a
theoretical justification of this scattering picture.*®** How-
ever, so far no such justification has been found. Moreover, it
is these studies which have served as the foundation for the
Griffin-Glyde picture discussed above. On the other hand,
the so-called Woods—Svensson decomposition (2.6) has had
many ups and downs in subsequent experimental studies.**!
It turned out that the more correct inclusion of multiphonon
contributions to the single-particle neutron scattering inten-
sity leads to violation of the empirical decomposition rule.
This appeared especially clearly in analyzing experiments
performed at high pressure. This fact led to doubts about the
Woods—Svensson idea of the decomposition of the scattering
intensity into two components.

The results of our studies*>~* indicate that the picture of
a sharp neutron scattering peak in the form of a superposi-
tion of two components is correct in the superfluid phase in
the phonon and maxon-roton regions of the spectrum when
the contribution of the multiphonon part of the scattering is
excluded. Here the peaks of the components have similar
locations but different widths, so that to separate them it is
necessary to have a very accurate mathematical description
of the experimental peaks.

2.1. The technical possibilities of an experiment

We have attempted to use the new technical possibilities
of the DIN-2PI spectrometer in conjunction with the special
properties of *He itself. Let us describe the methodological
features of the experiments that we have performed to study
the excitation spectrum of liquid *He.

The resolution. An important parameter of the spec-
trometer is the width of the energy resolution function. For
the time-of-flight technique this quantity depends on the en-
ergy of the neutrons incident on the sample E, and the en-
ergy of the scattered neutrons E:

AEx\JaEy+bE*+...,

where a and b are constants. According to (2.7), better en-
ergy resolution can be obtained by making the energy of the
incident neutrons as low as possible. The results of measure-

(2.7
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FIG. 3. Dispersion curve of single-particle excitations (1) and curve of the
maximum of the peak in neutron multiphonon scattering (2). Kinematic laws
for neutrons scattered at various angles for £,=2.08 meV.

ments at the lowest temperature 7=0.42 K and initial neu-
tron energy approximately equal to 2 meV showed that the
full width at half-max (AE) of the resolution function in the
maxon region is less than 50 weV, while in the roton-
phonon region it is less than 100 neV. Monte Carlo esti-
mates of the width of the resolution function made by our
colleagues at the Physics and Power Institute in Obninsk
gave widths close to the experimental values at 7=0.42 K.

Multiphonon scattering. When performing experiments
it is necessary to remember that at energies above the disper-
sion curve of one-phonon excitations a broad band associ-
ated with the excitation of two or more quasiparticles begins.
These are the so-called multiphonon or multiparticle pro-
cesses. The g dependence of the maximum of this part of the
scattering is given by curve 2 in Fig. 3. This scattering has a
quite complicated structure and is interesting in itself.*¢47
The important thing for us is that the low-energy regions of
multiparticle processes can affect the magnitude and form of
the scattering conventionally referred to as one-phonon or
one-particle scattering. This can be manifested especially
clearly in the maxon region. As can be seen from Fig. 3, the
initial energy of 2 meV lies below the band of multiparticle
excitations in *He, so that processes creating them are sig-
nificantly suppressed, and their low-energy parts make a
small contribution to the single-particle neutron scattering
intensity. This is illustrated clearly in Fig. 4, where for com-
parison we give the experimental spectra for 7~1.5 K and
g~1.6 A~! at two initial neutron energies: curve 1 is for
Ey=3.5 meV, and curve 2 is for E;=2.08 meV. The curves
are normalized to the area of the single-particle peak.

We see clearly from Fig. 4 that as the initial neutron
energy is lowered the width of the single-particle peak is
significantly decreased and the contribution of multiphonon
scattering is greatly diminished. It is probably not possible to
get rid of multiphonon scattering completely, because the
low-energy tail of multiphonon scattering lies under the
single-particle excitation peak. Of course, further lowering of
the incident neutron energy would decrease the contribution
of multiphonon scattering even more. However, first, the in-
tensity of the incident and, accordingly, of the scattered neu-
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FIG. 4. Experimental spectra of neutron scattering by ‘He at ¢=1.57
A7l (1) T=15 K and E,=3.5 meV; (2) T=1.45 K and E,=2.08 meV.
The horizontal lines show the resolutions for each peak. The curves are
normalized to the area of the single-particle peaks.

trons would decrease rapidly and, second and most impor-
tant, the energy E, would approach or, more precisely,
become comparable to the Debye temperature of liquid “He
(Tp~15 K), which can lead to distortion of the shape of the
single-particle peaks on the high-frequency side.

Here we must again return to the Woods—Svensson
experiments.!! For clarity, let us consider Fig. 5, taken from
Ref. 41. Woods and Svensson relate the narrow peak to the
superfluid component. They obtain the normal component
from the wide peak, subtracting from it the part of the scat-
tering which remains when the “He temperature is decreased
to T~1.2 K. It is assumed that the part of the wide peak
which depends on temperature pertains to scattering on the
normal component. The part which remains after the tem-
perature is lowered to 7~ 1.2 K then pertains to multiphonon
scattering, and as T is decreased further below 1.2 K this
scattering changes only insignificantly. Our experiments
show that, instead, all of the wide peak pertains to mul-
tiphonon scattering. There is no contradiction in this. The
wide peak attributed to scattering on the normal component

300

T T v T

a4k’
L T 2172 K. Pz 20 bars |

Counts

v (THz)

FIG. 5. Comparison of the spectra of neutrons scattered on superfluid *He
(points) with the description by the Woods—Svensson model (solid line).
The dashed line shows the normal component n,S,(g,»,T) (Ref. 41).
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also pertains to multiphonon scattering with the only differ-
ence that neutrons are scattered on excitations already
present in the liquid.

Multiple scattering. We have worked with a sample of
liquid “He which is rather large (V~3600 cm®) compared
with those of other authors (V~60 cm?). On the one hand,
this gives a gain of about 60 in the intensity, but, on the
other, this can in principle make neutron multiple-scattering
processes more important and distort the true shape of the
peak. To see how important these effects are, first we per-
formed special experiments with a cadmium insert in the
sample container dividing the volume into a series of thin
layers (2 cm wide). Comparison of the results of measure-
ments with and without this insert did not reveal any notice-
able differences in the shape of the scattering peaks. The
scattering intensity was decreased by about 7%, owing to
cutoff of the neutron beam due to the thickness of the cad-
mium layers. Second, lowering of the incident neutron en-
ergy decreases the total cross section for neutron scattering.*®
For example, for E,=2.08 meV, the cross section is
0™=0.2 b and the sample transmission is 0.94. The neutron
energy E, was selected so that the probability of repeated
scattering in *He continued to fall, owing to decrease of the
total cross section with decreasing energy. Moreover, if after
the first scattering the neutron energy becomes somewhat
smaller than the energy of the excitations in the maxon, then
subsequent scattering becomes possible only in a restricted
solid angle. In addition to these factors which reduce mul-
tiple scattering, there is another. In the study of inelastic
processes, multiple scattering becomes important if neutrons
can undergo elastic scattering in the sample, i.e., scattering
without a change of energy. In this case, owing to the rela-
tively large cross section for elastic scattering, it is necessary
to take into account such possibilities as elastic plus inelastic
or inelastic plus elastic scattering. In this sense superfluid
“He is exceptional when compared with other liquids: up to
now, elastic scattering has not been observed experimentally.
Therefore, in superfluid *He multiple scattering can be asso-
ciated only with inelastic processes. If for the first scattering
no,x=~0.06, then the subsequent scattering is less than 3%
of the first [noo(x/2)<0.03], and it can be assumed that
effects of neutron multiple scattering are unimportant in
these experiments.

Let us make the following remark. In condensed media
the total cross section for neutron scattering at energies of the
order of several meV falls off very abruptly. This drop is
usually associated with a decrease of the neutron elastic co-
herent scattering at wavelengths N>2d, where d is the
maximum distance between planes. Elastic scattering is not
observed in superfluid “He, and the abrupt decrease of the
total cross section at energies of order 2 meV is mainly re-
lated to inelastic processes or to a decrease of the contribu-
tion of neutron multiphonon scattering.

We note that the use of low incident neutron energies
leads to an additional improvement of the background con-
ditions of the experiment, owing to the large neutron time of
flight, because the measurements are made longer after the
power pulse of the reactor. A rotating chopper placed near
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the active zone of the reactor plays a fundamental role in
suppressing the background.

The uncertainty in the value of g associated with the
finite sample and detector sizes is Ag~0.06 A™! at small
q, and smaller at large g. Some of the experiments were
performed with Ag~0.02 A~ ",

Therefore, by using low incident neutron energy we im-
proved the resolution function and the background condi-
tions. It was possible to suppress multiparticle processes in
neutron scattering, to significantly improve the accuracy of
the measurements, and to actually observe and analyze fea-
tures of the neutron scattering spectra at a scale
(1—5)x10* times smaller than the intensity in the main
single-particle scattering peak. The experimental possibilities
are illustrated by the fact that in these experiments we ob-
served and analyzed peaks associated with neutron scattering
in liquid *He involving an energy gain, i.e., peaks corre-
sponding to cases where the neutrons were heated in the
liquid.

2.2. Experimental results

Description of the shape of the peaks in neutron in-
elastic scattering. The dynamical structure factor S(q,&)
defined in (1.1) was calculated from the experimental data
using the expression

S(q,e)x(EYE*)d%I(6,t)/dQdt.

It is convenient to analyze the scattering spectra for the
superfluid and normal phases of liquid *He separately. In
addition, we can distinguish three characteristic regions of
the wave vector ¢ for which the shapes of the peaks also
differ. They are: the initial phonon segment of the dispersion
curve ¢<0.4 A~L the maxon-roton excitation region
g>065 A~! and, finally, the transition region
0.4<g<0.65 A~!, which we shall refer to as region Y.

The peak shape was analyzed using either Gaussians
(GG) or Lorentzians (LG). The notation GG and LG means
that the intrinsic Gaussian or Lorentzian shape is convolved
with the Gaussian describing the spectrometer resolution
function. At present it is difficult to choose between these
two models within the error when analyzing some peaks,
although if a measured peak is rather clearly distinguished,
the Lorentzian shape is preferable because it gives a better
description of the edges of the peak.

Regarding the description of the peak shape using the
“*harmonic oscillator’” (HO) function,** at energies of about
£20.4 meV this description differs insignificantly from the
LG description. As the temperature of liquid *He is de-
creased, the conditional energy € at which these descriptions
are about the same is lower. At low energies the difference
between the LG and HO descriptions becomes more notice-
able from the side of low excitation energies. The HO func-
tion, which simultaneously describes both the neutron cool-
ing spectrum and the neutron heating spectrum (if, of course,
the heating spectrum is observed), is convenient for describ-
ing the experimental data obtained for ¢ = const. In our case,
where 0=const and g # const, the description of the peak
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shapes by the HO function is complicated by the fact that the
curves of the kinematic relations for neutron cooling and
heating do not coincide.

The superfluid phase. In the maxon—roton region of the
spectrum the sharp single-particle neutron scattering peak is
poorly described by a single Gaussian (GG) or a single
Lorentzian (LG). The best description from the viewpoint of
the statistical criteria of the approximation (the value of
X2, the correlation coefficients of the model parameters, and
so on) corresponds to a model of two Gaussians (GG+GG)
or two Lorentzians (LG+LG). The two components of the
scattering peak differ significantly in width, and so hence-
forth we shall refer to one of them as narrow (n) and to the
other as wide (w). Typical examples of the decomposition
are shown in Fig. 6.

A narrow and a wide component of the neutron scatter-
ing are also observed in the phonon region of the spectrum.
For reasons which will become clear later, here the narrow
component apparently has an origin different from that of the
n component, and we shall denote it by os. The wide com-
ponent (w) is clearly visible in this region only near T} , and
at lower temperatures its intensity falls and it becomes diffi-
cult to distinguish.

In the transition region Y the picture of neutron scatter-
ing is more complicated. Interpolating the description of the
peaks by the n, os, and w components in the transition region
Y, we find that apparently the three scattering components n,
os, and w are directly observed here. The os component be-
gins to be strongly damped with increasing g, and near the
upper limit of the region for g~0.65 A~ it becomes diffi-
cult to distinguish. As g decreases and the lower limit of the
region is approached, the parameters of the n component
approach those of the os component, and for ¢<0.4 A1
these components become difficult to separate. The wide
component (w) is present in this region but is less clearly
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manifested than in the phonon or maxon—roton regions, and
it is probably also damped out.

The normal phase. Only wide scattering peaks (w) de-
scribed well by a single GG or a single LG are observed
above T, in the maxon—roton region. In addition to the wide
component (w), the narrow os component is clearly seen in
the phonon region. In the transition region Y the os compo-
nent begins to be damped out rapidly, and above g~ 0.65
A~ it is no longer observed. The wide component (w) is
poorly visible in the transition region. The narrow compo-
nent (n) characteristic of He II is not seen at all above T, .

Errors. The statistical errors are shown in the figures.
The peak locations are determined with high accuracy, and
the errors are smaller than the points on the graphs. They are
somewhat more difficult to determine at very small g~0.1
A~! when performing experiments with Ag=0.06 A~ The
parameters of the wide peaks (w) in the region Y are deter-
mined less accurately, especially at high temperatures, be-
cause the widths of these peaks become comparable to the
incident neutron energy. The main systematic error is asso-
ciated with the inclusion of the contribution of multiphonon
scattering, in spite of its small magnitude. This mainly af-
fects the maxon region, because this region is closest to the
maximum of the multiphonon peak. It also affects the deter-
mination of the parameters of the w component at low tem-
peratures, owing to the low intensity of this component. Sys-
tematic error can also arise from the model used to analyze
the experimental results.

The dispersion curves. Let us first consider the maxon—
roton region of the spectrum for g>0.65 A7l In the
superfluid phase the dispersion curves of the narrow (n) and
wide (w) components are close to each other. The difference
between £,(q) and €,(q) is less than 10%. However, a ten-
dency for the entire dependence € ,(q) to shift to smaller ¢
relative to £,(q) is observed at all temperatures T<<T) . Be-
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cause of this, the maxima in the maxon and, probably, the
roton minima of the n and w dispersion curves do not coin-
cide (see Fig. 7). The temperature dependences are rather
weak for these two components. However, we note that
whereas at low temperatures in the maxon the n component
lies above the w component, near the N point they change
places. In passing through 7, the n component vanishes,
while the dispersion curve &,(q) does not change signifi-
cantly (see Fig. 8b).

In the phonon and transition (Y) regions of the spectrum
the dispersion laws for the n and os components are the same
(Fig. 7). The dispersion curve for the wide component
ew(q) lies above g,(q). The temperature dependences of
£4(q) and & y(q) in this part of the spectrum are also very
weak and practically do not feel the transition to the normal
phase (see Fig. 8a).

The integrated intensities. In the superfluid phase the
dependences of the integrated intensities on wave vector for
the narrow and wide components Z (q) and Z,(q) in the
maxon—roton region are similar. As an illustration, in Fig. 9
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FIG. 8. Change of excitation energy with temperature: (a) g=0.37 AL (b)
q~1 A™! for the n (light circles), w (dark circles), and os (triangles) com-
ponents.
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we show these dependences for 7=0.42, 1.45, and 2.05 K.
The two curves obviously have the well known maximum’*
in the vicinity of the roton minimum of the dispersion curve,
which is shown in Fig. 10 for the one-component description
of the sharp peak.

Analysis shows that at any temperature the ratio of the
intensities 7(q)=Z,(q)/[Z,(q)+Z4(q)] is independent of
g within the point spread (Fig. 11). However, this ratio de-
pends strongly on temperature (see Fig. 12).

In Fig. 13 the dependences Z,(T) and Z,(T) are shown
for g~1.6 A~'. We see from this figure that the narrow
component of the scattering dominates at low temperatures,
and actually vanishes as T is approached. Conversely, the
intensity of the wide component falls off sharply with de-
creasing 7.

Only wide scattering peaks (w) remain in the normal
phase of liquid *He, and for them the dependence Z,(q)
(Fig. 14) is similar to that for the wide component in the
superfluid phase.

Now let us turn to the phonon part of the dispersion
curve for ¢<0.65 A~! The temperature dependences
Z(T) for different values of g (see Fig. 15) differ from the
analogous dependences Z,(T) (see Fig. 13) in that for
T>T, the values of Z.(T) do not vanish. On the basis of
this we can assume that in the superfluid phase the narrow
component (os) in the phonon part itself consists of two
components with similar locations and widths: a narrow scat-
tering peak (os) whose intensity probably depends weakly on
temperature, and a narrow peak (n) whose intensity varies
with temperature in the phonon region as in the maxon—
roton region.

We noted earlier that Bijl*® and Feynman?®' established a
relation between the structure factor of liquid “He and the
collective excitation spectrum (2.2). The same result was ob-
tained by Pitaevskii on the basis of the hydrodynamics of a
quantum liquid.?? To check that this relation is satisfied, we
did the following. By summing all the components we ob-
tained data on the integrated intensities at temperatures
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FIG. 13. Temperature dependence of the intensity for the n (light circles)
and w (dark circles) components. The curves are normalized to unity for the
w component at 7>T), .
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T=0.42, 1.45, 2.05, and 2.21 K taking into account both
cooling and heating of the neutrons in scattering. The pho-
non part of these data for g~ (0.1—0.6) A~ was described
by two functions:

Z,(g)=a +aygq,
Zy(q)=b,+byg+b3q%,

where a; and b; are constants. The statistical criteria for the
quality of the approximation X,'2 were obtained for both
curves. Then we constructed the temperature dependence of
the so-called dispersion relation® v?= X%/ X%, which charac-
terizes the degree to which the experimental data deviate
from a straight line. In Figs. 16a and 16b we show the de-
pendences of the integrated intensities on wave vector and
the description of the phonon regions by a straight line for
the data at 0.42 K and by a curve for the data at 2.21 K. The
T dependence of v? is shown in Fig. 16c. We see from this
figure that as the temperature is raised below the A point, the

fairly smooth curve is replaced by a sharp jump near T, .
The point at 7=0 K is inserted on the basis of the theory of

Refs. 20-22. It can be stated that the dependence of the static
structure factor on the wave vector of liquid “He in the pho-
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non region tends to a straight line as the temperature is de-
creased, and at the phase-transition point it undergoes a
sharp jump.

The widths. The widths of the peaks for the n, os, and w
components obtained by decomposing the scattered neutron
spectra are shown in Fig. 17 for 7=0.42, 1.45, 2.05, and
2.21 K. The width W is defined as the full width at half-max.
The intrinsic values of the peak widths W;,(¢,T) were ob-
tained by subtracting the peak widths at the lowest tempera-
ture 7=0.42 K from the experimental widths W(q,T). The
W(q,T) were obtained from measurements at = const. The
width of the n component has a minimum in the vicinity of
the maxon associated with the best energy resolution due to
the lowest final neutron energy. The width of the narrow
component (os) increases sharply in the transition region Y,
which indicates rapid damping in a relatively narrow range
of wave vectors. The width of the wide component (w) de-
pends strongly on g in the pkonon region of the spectrum. In
the transition region, as already noted, this component ap-
parently has a large width and is difficult to distinguish.

The correction for the transformation to the scale

privy Semcem—y
4 04 0,6
Cl.A FIG. 16. Dependence of the integrated intensities
on g at T=0.42 and 2.21 K and curves describing

the phonon region; v? as a function of T.
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g =const was not introduced, owing to the large values of
W(q,T), i.e., to the high degree of nonlinearity of the kine-
matic relation within the limits of the peak width, which
could lead to distortions. We also did not include the correc-
tion associated with the uncertainty Aq. We recall that, ow-
ing to the different nature of the intersection of the kinematic
relation and the dispersion curve at different neutron scatter-
ing angles, we obtain a deformed picture of the dependence
W(q). If it were possible to correctly introduce a correction
to eliminate this deformation, i.e., to go to the scale
g =const, then in the maxon—roton region of the spectrum
we would probably have functions W (¢q) and W,(q)
weakly dependent on ¢ at all temperatures. All the compo-
nents of neutron scattering in “He have fairly strong tempera-
ture dependence of the width (see Figs. 18a and 18b).

The neutron heating spectrum. The study of liquid
“He by means of neutron inelastic scattering has now be-
come possible not only when neutrons are cooled in the lig-
uid, but also when they are heated. When neutrons are
heated, information is obtained on the excitations present in
the liquid, while the cooling of neutrons itself creates such
excitations. Here we shall discuss the results pertaining only
to the low-energy part of the phonon curve. This is because
the intensity of the scattered neutrons is proportional to the
level population, and owing to the low temperature of the
liquid such measurements can be carried out only at very
small excitation energies. Measurements of the inelastic scat-
tering spectra in neutron heating and cooling allow the use of
the principle of detailed balance to study these processes.
Here, of course, it should be remembered that since the mea-
surements are made at 8= const, the kinematic relations for
neutron cooling and heating in principle do not coincide.

Experiments on neutron inelastic scattering with heating
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and cooling were performed at low incident neutron energies
Ey=1.83 and 2.08 meV. The intensity of multiphonon and
multiple processes is negligible, and the low level of back-
ground made it possible to perform measurements at wave
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FIG. 18. Temperature dependence of the peak widths: (a) g~1 A" for the
n (light circles) and w (dark circles) components. The resolution has been
subtracted. The solid line was calculated for the roton widths using Eq.
(2.5). (b) The os component and the w component (insert): g=0.28 Al
(squares), ¢g=0.37 A-! (diamonds), q=0.45 Al (plus signs). The resolu-
tion has not been subtracted.
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vectors g >0.08 A1 with uncertainty Ag~0.02 Al In Fig.
19 we show the experimental spectrum of neutron inelastic
scattering on liquid “He at the scattering angle #=7.6° and
sample temperature 7=2.05 K, and also the background
without “He. The right-hand peak pertains to neutron cool-
ing, and the left-hand one to heating. The central peak comes
from the background.

The dynamical structure factor for neutron heating
S(g,— &) is related to that for cooling S(q,&) by the popu-
lation factor:

S(q,—€)=S8(q,e)exp(—&lkgT). (2.8)

Knowledge of S(q,—¢€) and S(q,&) allows use of (2.8) to
calculate the temperature, which can then be compared with
that measured experimentally by a thermocouple. We see
from Fig. 20 that the calculated temperature coincided with
the temperature 7=2.05 K measured by the thermocouple.
The larger error at small and large ¢ is associated with the
relatively small statistics at the edges of the peak.

2.3. Discussion of the results

In summarizing the analysis of the experimental data, we
note that in liquid *He there are apparently two characteristic
regions of significant rearrangement of the energy spectra of
the excitations and three different types of excitation, n, os,
and w, which are manifested differently, depending on the

100 "< 200 230 -GG 3sQ
€, peV

FIG. 20. Dependence of the calculated values of T on & obtained from the
experimental data on S(g,e). The sample temperature was 7= 2.05 K.
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temperature and wave vector. First, strong qualitative and
quantitative changes in the nature of neutron scattering in
helium occur in a very narrow range of temperatures or right
at the superfluid transition point T . Second, clear changes
in the nature of the excitations in both superfluid and normal
“He occur in a narrow range of wave vectors (0.5—0.65)
A~ Vin going from phonons to maxons.

The decomposition of the sharp neutron scattering peak
into several components with completely different depen-
dences &(T), Z(T), and W(T) proposed in Refs. 42-44 is a
new result. Such a mathematical decomposition was neces-
sary because the locations of these components in £ —q co-
ordinates turned out to be close to each other. Meanwhile,
this decomposition became possible because the intensities
and widths of these components have different temperature
dependences and often differ significantly in magnitude. It
would probably be possible to observe the two-component
structure of the spectrum of neutrons scattered on liquid
“He directly in experiment without the decomposition proce-
dure if the maxon—roton peak were measured with a spin-
echo spectrometer.”®

There is some difficulty in directly comparing our ex-
perimental results with the data of other authors. In earlier
studies the sharp peaks in neutron scattering in “He were, as
a rule, described as one-component structures. It is useful to
compare our results for Z(q) with the data obtained by Cow-
ley and Woods.” Direct comparison is rather difficult, owing
to the difference in temperatures and wave vectors. The de-
pendence Z(q) at T=1.1 K from Ref. 7 is shown in Fig. 21.
If we sum the intensities of all the components using our data
at T=1.45 K, we obtain a very similar g dependence. The
most precise measurements of other authors in recent years
were made only for certain selected values of the wave vec-
tor. For example, at saturated-va?or pressure they are
q=0.4 Al (phonons) and g=1.92 A~ ! (rotons).* Our data
on the parameters of £(gq), for example, for ¢g=0.37 A1
(see Fig. 7), are in good agreement with Ref. 40. In their
experiments, Mezei and Stirling’' obtained very accurate re-
sults for the intrinsic peak widths, which coincide very
closely with the theoretical curve calculated by Landau and
Khalatnikov?* using (2.5) for the one-component description
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of the peak. Our results agree with the calculations for the
widths of the n component at 7<1.7 K and are close to the
widths of the w component for 7=2 K (see Fig. 18a).

Measurements at the passage through the N\ point.
For T<T, a new component (n) is added to the complicated
structure of the dispersion curves in He I. This component is
not observed above the phase-transition point. The intensity
of this branch for ¢>0.65 A~! increases sharply with de-
creasing temperature and becomes dominant at low 7. How-
ever, we note that even at the lowest temperature 7=0.42 K
the intensity of the w component does not vanish, and
7~0.88 (see Figs. 12 and 13). In the phonon region the
intensity of the w component is not observed at low tempera-
tures within the errors.

The transition region Y. The neutron scattering com-
ponents that we observed in the fransition region Y of wave
vectors (0.4-0.65) A~! have singularities. The os compo-
nent is damped out rapidly. The wide component (w) has
singularities in the dependences €,(gq), Wy(q), and Z(q)
(see Figs. 10, 12, 17, and 21). The narrow component (n)

seems to merge with or transform into the os component.
The anomaly of the dispersion curve disappears in this re-
gion of ¢, i.e., the dispersion curve intersects the line of
first-sound speed.

We have already mentioned the study of Iordanskii and
Pitaevskii,?? in which the behavior of the parameters of the
dispersion curve for positive anomalous dispersion was stud-
ied. This problem was also actively discussed long ago in
Ref. 53. In Refs. 54 and 55 it was found that precise mea-
surements of £(g) in the phonon region indicate that this
dependence on some segment lies above the line e =chgq.
These measurements were performed at temperatures
(1.1-2.3) K. The phenomenon where the phase velocity of
the excitations exceeds the speed of first sound is referred to
as anomalous dispersion. According to the data of our study,
shown in Fig. 22 for different temperatures and the narrow
component (os and n), anomalous dispersion is observed for
T<1.45 K for all the measured wave vectors
0.08<¢<<0.65 A~ For T=2.05 and 2.21 K and g<0.3
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w component and (b) the os+n components. The figures have been normal-
ized together. The vertical lines indicate the values of g*.

A7 the dispersion curve approaches the line of first-sound
speed, i.e., the region of the transition from zero to first
sound is probably seen. Here it is also important to note that
the dispersion curve intersects the line of first-sound speed in
the region ¢~ (0.6-0.7) Al As the temperature decreases
the intersection point moves to lower g. In general, these
results are completely consistent with the data of the most
accurate earlier measurements® if the sharp peak is assumed
to have a one-component structure. The picture of the
anomalous dispersion for the w component is the most inter-

esting. The dispersion curve for the w component lies above
the curves for the os and n components, and, in addition, an

abrupt change of its slope in the Y region is observed.

The expressions obtained in Ref. 23 are universal: they
can be used both for liquid “He and for other liquids. We
shall use them for the n, os, and w components separately.
As an example, let us consider the w component at
T=205 K. From the dispersion curve we find
g¥=0.80+0.02 A~' We calculate the value
Yw=(e—chq)/q>=2.26 meV-A>, where c is the speed of
first sound. Accordingly, for the os+n components we have
g%,,=0.68 A! and y,,,,=0.50 meV- A>. In Figs. 23a and
23b we show the dependences of the calculated values of
n(q) and Wp(q) from Eq. (2.4) for the w and os+n com-
ponents. We see from this figure that the minimum number
of photons n into which excitations decay for ¢<<0.5 A lis
nearly equal to unity, but then it increases sharply and be-
comes infinite as g* is approached. The probabilities for
decay of excitations into phonons Wp(g) have the form of
peaks with a maximum at g~0.5 A™!. In Fig. 17 we see a
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FIG. 24. Schematic spectrum of neutrons scattered on liquid “He and its
components.

peak at g~0.5 A~! for the w component, which can be
taken as the peak for the decay of excitations into phonons.
This peak is not observed experimentally for the os+n com-
ponents, because its height at the maximum is about 30 times
lower than that of the w component (see Fig. 23b). Other
experimental conditions are probably necessary for observ-
ing it. In addition, we note that the peak width for the os
+n components is considerably smaller than for the w com-
ponent. Of course, the probability for decay into phonons is
superimposed on the probability for the other process asso-
ciated with interactions between excitations, and in Fig. 17
we see the sum.

Formation of the structure of the excitation spectrum
of liquid *He. Analysis of the results of our studies,*>~* the
Woods—Svensson  study,'!! and the  Griffin-Glyde
studies®’ ** shows that the spectrum of neutrons scattered by
liquid *He consists of sharp and wide peaks, which in turn
consist of n, os, and w components and r and mf compo-
nents. In Fig. 24 we schematically show all these excitation
peaks. Two excitation branches are seen in the normal phase
of liquid *He in the vicinity of the sharp peak. One of them
(w) is observed throughout the range of studied wave vectors
q and is characterized by large peak width. The second

branch (os) is seen clearly at small g and is rapidly damped
out for g~ (0.5-0.6) A~ These two branches are also char-
acteristic of superfluid “He. Their dispersion laws and the
behavior of the intensities and widths as functions of g are
very similar to the corresponding dependences for the nor-
mal phase. In the superfluid phase an additional branch cor-
responding to the narrow component (n) appears along with
the two neutron-scattering components discussed above. The
r and mf components, which in these experiments are
strongly suppressed, are also observed in both phases of lig-
uid “He.

Wnat is the physical interpretation of all these excitation
branches? Let us discuss some ideas about this.

The narrow component (n), observed only in the super-
fluid phase of “He, can be uniquely associated with the ca-
nonical Landau dispersion curve for elementary excitations.
As can be seen from Figs. 12 and 13, the intensity of this
component depends strongly on temperature, and at low 7 it
actually dominates the entire picture of neutron scattering in
helium. The narrow component (n) is clearly visible in the
maxon—roton region of the spectrum down to ¢~0.4 A1
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where it approaches the os component, and at lower ¢ it is
observed together with the os component.

The narrow component (os) characteristic of the small-
q region in both the normal and the superfluid phases of
liquid “He is probably a branch of collective excitations of
the zero-sound type. This question has been discussed in
detail in a number of studies, for example, in Ref. 32. A
similar branch is characteristic for all liquids without excep-
tion, including *He (Ref. 56) and liquid metals. The results
of our studies show that this collective branch of excitations
(os) markedly widens and is damped out when a certain
value of the wave vector ¢~ (0.4—0.65) A~" is reached. We
note that this damping of zero sound is characteristic of all
van der Waals liquids, in which zero sound is not observed
as ii well defined mode at wave vectors above (0.8—1.0)
AT

The wide component (w) is characteristic of both phases
of liquid “He. At the present time there are different ideas
about the physical interpretation of the wide component.

First let us discuss the interpretation of Priezzhev, based
on comparison of the dispersion curves of the excitations in
quantum and classical liquids. Experiments on neutron scat-
tering in metals, liquid hydrogen, and other liquids in some
range of inverse momenta give dispersion curves similar to
the Landau curve in liquid “He but with much larger width.
The presence of such branches can be related to the quasi-
crystalline nature of liquids of relatively short-wavelength
excitations with wavelengths of the order of the interatomic
spacing up to several coordination spheres. Liquid *He,
which is primarily a quantum liquid, preserves some of the
properties of a classical liquid. In the simplest approach
based on the variational principle, the phonon-roton disper-
sion curve &(q) is related to the structure factor S(q) as

e(q)=h*q*12M S(q).
The well known Feynman argument about identical particles

shows that at small ¢ and T=0 phonon excitations with
wave function

V= (2.9)

SP

s

are the only possible excitations of a liquid. The picture is
changed at finite temperatures as ¢ increases up to a value of
the order of the inverse particle separation. The small vibra-
tional motions of the atoms in the harmonic wave and the
diffusion motion of the individual atoms become of the same
order of magnitude. As before, a wave function of the form
(2.9) satisfies the variational principle, but now its unique-
ness cannot be derived by using the same arguments as at
small g. Therefore, we can (and must) assume the existence
of wave functions of a different type corresponding to the
“‘normal’’ state of the liquid. These wave functions must
reflect the quasicrystalline nature of the motion of the helium
atoms and must be localized near slowly diffusing centers,
the motion of which is described by classical variables. The
collective excitations of this ‘‘normal’’ component corre-
spond to quasicrystal phonons in classical liquids. The large
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width of these excitations is related to the smallness of the
number of quasicrystal coordination spheres or the smallness
of the coherence length.

Here we should note that the relative contribution of the
intensities of the narrow (n) and wide (w) peaks can be re-
garded as yet another experimentally measurable long-range
order parameter, the temperature dependence of which quali-
tatively resembles that of traditional order parameters like
the density of the Bose condensate and the density of the
superfluid component.

A different treatment of the two-branch structure of lig-
uid *He has been given by Yarunin.’” Just as the n compo-
nent is associated with the presence of the Bose condensate,
the w component is associated with the presence of atoms of
momentum p=0, which are present in the superfluid and
normal phases of liquid “He. The difference between them is
that in the first case the atoms of the Bose condensate are
located in the equilibrium position at the minimum of the
potential curve, while in the second the atoms with momen-
tum p=0 are excited from states outside the minimum.

An attempt to attribute the w component to neutron scat-
tering on thermally excited quasiparticles encounters a diffi-
culty. In this approach, as the temperature is decreased the
intensity of the w component must tend to zero, owing to the
decreased number of quasiparticles in the liquid. In our case
(see Figs. 12 and 13) the w component is observed even at
very low temperatures.

The wide component (r), whose maximum is located at
energies above the spectrum of single-particle excitations
£>1.2 meV, is observed in both phases of liquid “He. It has
a strong temperature dependence; as T decreases the inten-
sity of the r component falls to zero by definition. This scat-
tering mode is associated with neutron scattering on ther-
mally excited quasiparticles. The theory of such excitations
is well developed for liquid Fermi systems®’ and has been
used to interpret the data®® on neutron scattering in liquid
3He. The generalization to Bose systems is given in Refs. 38
and 39. Such processes are interpreted physically as the
transfer of the energy of the scattered neutrons to thermally
excited quasiparticles (phonons, maxons, rotons) already
present in the system. The energy spectrum of such excita-
tions is fundamentally different in that, instead of a disper-
sion curve corresponding to a line in € — g coordinates, there
is a wide band or continuum, with a definite range of &
corresponding to each value of gq. Therefore, the peaks in
neutron scattering associated with these excitations must be
very wide. This neutron scattering mechanism is always as-
sociated with density fluctuations of the medium and must be
observed in both phases of *He. The intensity of excitations
of this type must fall off rapidly with decreasing tempera-
ture, because the number of thermally excited quasiparticles
in the liquid is significantly decreased. In general, this pro-
cess can be attributed to multiphonon scattering of neutrons
or, more precisely, to two-phonon scattering, because a neu-
tron is scattered on an excitation present in the liquid and
creates a single new excitation in the scattering. However, it
should be added that in the maxon region of wave vectors the
maximum of this wide peak is located at energies of order
(2-3) meV. This might be explained by the fact that, in
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addition to the process discussed above, the simultaneous
emission of two, three, or more excitations can occur in scat-
tering on thermally excited quasiparticles.

The wide component (mf), which is weakly temperature-
dependent, is also observed in both phases of liquid “He. As
the temperature of liquid *He decreases, the intensity of the r
component falls and the picture of this scattering component
becomes clearer. Peaks appear in the mf spectrum. Accord-
ing to Ref. 34, they are associated with the emission of two,
three, or more quasiparticles in neutron scattering. The mf
component is attributed to multiphonon scattering of neu-
trons.

3. THE SEARCH FOR AND STUDY OF THE BOSE
CONDENSATE IN LIQUID %He

Although the relation between the superfluidity of He II
and the presence of a Bose condensate is indirect,>® for a
long time now it has been assumed that below the tempera-
ture of the A point in liquid *“He there is a Bose condensate
of atoms with zero momentum.*>*° This assumption is based
primarily on the analogy with a nonideal Bose gas, but so far
there is no completely rigorous proof of this assertion.>® Dur-
ing the last half-century many experiments have been per-
formed to look for the Bose condensate in superfluid “He. In
addition, these experiments were able to confirm or reject an
indirect relation between superfluidity and the presence of a
Bose condensate.

Let us consider the most important ideas behind the
search for a Bose condensate in superfluid “He and their
implementation. We shall arbitrarily group some of them to-
gether.

In 1950 Goldstein et al.5! suggested that the effect of
Bose—Einstein statistics might be visible in neutron scatter-
ing by liquid “He. This can be regarded as the first attempt to
construct a theory of the scattering of slow neutrons by lig-
uid helium. Studying the inelastic scattering of neutrons with
energy much larger than the value of kT of the liquid, they
found that in passing through the \ point the scattering cross
section at small angles is decreased, owing to the Bose con-
densation of some of the atoms. In addition, a decrease of the
cross section associated with the impossibility of neutron
heating on the atoms of a Bose condensate should be ob-
served in the neutron-heating spectrum. However, the experi-
ments performed at Los Alamos®? and Harwell® did not find
the expected change in the neutron scattering intensity in
passing through the \ point.

Most experiments have been performed under conditions
in which high-energy neutron scattering is characterized as
one-atom scattering.>*~% It was assumed that the measured
dynamical structure factor splits into two terms, one of
which pertains to scattering on the atoms of the Bose con-
densate, and the other to scattering on the atoms above the
condensate. Measurements carried out at large wave vectors
up to g=23 A~! (Refs. 71-74) showed that the Bose-
condensate peak could not be distinguished, because it is
widened by the final-state interaction.”""”>7® Therefore, vari-
ous mathematical models were used to describe the neutron-
scattering spectra. These models allowed the density of the
Bose condensate in liquid “He to be estimated. Experiments
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were performed at various temperatures in order to obtain
more reliable results. The estimates of the density of the
Bose condensate at 7=0 lie in the range ny/n~(0—14)%.

The studies to determine the density of the Bose conden-
sate from the pair correlation function g(r), obtained by
measuring the static structure factor S(gq) in the liquid,
should be mentioned.” " The pair correlation function
g(r) for liquid *He is a function of temperature because
some of the atoms at temperature T<<T, go into the Bose-
condensate state. The spatial uncertainty for atoms with mo-
mentum 7p=0 decreases the amplitude of oscillation of the
function g(r) about g(r)=1. Measurements of the tempera-
ture dependence of the density of the Bose condensate gave
ng/n~14% for T=0.

Exact expressions for the momentum distribution n(p)
of the atoms for p—0 and temperatures 7—0 and 7>0
were obtained in the theoretical studies of Gavoret and
Nozieres?” and Reatto and Chester.””’® The density of the
Bose condensate can be determined by checking these de-
pendences experimentally. However, the experimental tech-
nique is not yet developed enough to permit such measure-
ments to be made.

In Ref. 79 it was suggested that the density of the Bose
condensate can be estimated by using a small admixture of
3He, which, in addition to destroying the superfluid state,
also destroys the Bose condensate. If the momentum distri-
bution n(p) in liquid *He for atoms with p#0 depends
weakly on the small admixture of *He, then for T<T) the
entire difference in the shapes of the spectra of neutrons
scattered on pure “He and on the mixture *He+ 3He will be
due to the presence of the Bose condensate. Such an estimate
of ny/n is valuable because this method is independent of
assumptions about the form of the scattering law S(q,¢).
This method is complicated to implement because it requires
a very intense neutron beam, owing to the large cross section
for neutron capture on *He atoms.

Another suggestion is that of Ref. 80, in which a method
of determining the density of the Bose condensate from data
on the average kinetic energy per atom in the liquid is dis-
cussed.

The temperature dependence of the relative density of
the Bose condensate in liquid *He has been studied at the
Joint Institute for Nuclear Research in the region of one-
atom excitations, using the method of neutron inelastic scat-
tering at temperatures 7= (0.42—4.2) K. The spectra of neu-
trons scattered by liquid “He were analyzed by means of a
mathematical model with one or two Gaussians. The experi-
mental data were analyzed by using the regularized Gauss—
Newton iteration process.®! Let us discuss these experiments
in more detail.

3.1. The experimental conditions

Experiments to study the density of the Bose condensate
in liquid “He were performed by the neutron time-of-flight
method at the DIN-1M spectrometer in the booster mode of
operation of the IBR-30 reactor. The initial energy of the
neutrons incident on the sample was about Ey~ 190 meV.
The spectra of neutrons scattered by liquid “He were mea-
sured at three scattering angles 6=96.5°, 109.5°, and
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122.6°. The energies of the recoil nuclei for these angles are
£9~82, 93, and 102 meV, and the wave-vector transfers are
q0~12.6, 13.4,and 14.1 A~!. The initial neutron energy and
scattering angles were chosen so that in the studied region of
energy and wave-vector transfers the scattering system be-
haves as a quasifree system, because it satisfies, on the one
hand, the requirement that the energy of the collective exci-
tations be small compared with the energy transferred to the
neutron and, on the other, the requirement that the ratio of
the energy transferred to the neutron and the excitation en-
ergy of the free helium atom be close to unity. In these
experiments this ratio was 0.98+0.02.

As the initial energy of the neutrons is increased, the
effect of the final-state interaction diminishes and the theory
becomes more accurate.*®° Here it is necessary to take into
account the fact that the width of the instrumental line, which

is proportional to Eé’ 2, grows more quickly than the Doppler

width, which grows as E(l)/z. In these experiments the ratio of
the squared widths of the spectrometer resolution function
and the Doppler broadening on *He atoms is of order 0.2.
Therefore, when the initial energy is increased above 190
meV, the width of the one-atomic peak will to a large degree
be determined by the resolution function of the apparatus,
and analysis of the shape of the peak becomes impracticable.
To obtain a more accurate shape of the spectrum of neutrons
scattered by liquid “He, the measurements were performed
with the maximum possible statistical accuracy. The inte-
grated count at the peak of one-atomic excitations at various
temperatures of the liquid was (2—-5)X 10° pulses.

3.2. Description of the models for analysis

The first experiments to study the spectrum of one-
atomic excitations of liquid “He using neutron inelastic
scattering**2-%* showed that under the existing experimental
conditions (g~14 A~') it is impossible to implement the
suggestion of Hohenberg and Platzman.%* We note that in the
later experiments’> at g=123 A1 it was also impossible to
isolate directly the Bose-condensate peak. Estimates show
that this can probably be done for ¢>100 A~ Therefore,
the experimental data were analyzed by the method of math-
ematical decomposition of the spectrum of scattered neutrons
into condensate and above-condensate parts.** To obtain
more reliable results for the density of the Bose condensate
in liquid *He, and also to establish a possible relation be-
tween the phenomena of Bose condensation and superfluid-
ity, the temperature dependences of the parameters of the
mathematical decomposition were studied, along with that of
the relative density of the Bose condensate.**83-%2

In the analysis, the experimental spectrum of neutrons
scattered by liquid “He was described by two Gaussians
according to the theory of Puff and Tenn® with the non-
Gaussian correction proposed in Refs. 85 and 86:

@(1)=E*A, exp(P|)+E*A, exp(P;)+(A;tAg- 1),
Pi=—(g—got+A3)% Ay g%
PZZ_(8—€0+A6)2/A5‘q2, (31)
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where A;—Ag are free parameters, and ¢ is the number of the
time channel or the neutron time of flight. The first Gaussian
describes neutron scattering on the atoms above the conden-
sate, and the second describes scattering on the Bose conden-
sate. The third term is introduced because the two-Gaussian
model does not completely describe the experimentally ob-
served spectrum at large energy transfers. This asymmetry of
the one-atomic peak has also been observed in other experi-
ments. Initially, attempts were made to attribute the larger
intensity at the high-energy side to the presence in n(p) at
large momenta of either a maximum or a monotonically de-
creasing part of the spectrum.”>~* Now the asymmetry of
the one-atomic peak is associated with the final-state inter-
action, which leads to the appearance of an additive term in
S(q,€). The separation of the dynamical structure factor into
symmetric and asymmetric parts S(g,e)=S,(q,€)
+S,(q,e) is discussed in Refs. 36, 71, and 94, where
S,(q,e)—0 as the wave vector increases, and the symmetric
part comes closer and closer to satisfying the impulse ap-
proximation (IA) S,(q,&€)—Sia(q,€). In our case the third
term is partly related to neutron multiple scattering.

As the wave vector increases, the width of the Gaussian
curve for the above-condensate atoms (A é/ 2) increases as
g, as in Doppler broadening, so that the factor ¢ is intro-
duced for the parameter A,. The introduction of the g de-
pendence for the condensate part can be explained by the fact
that the final-state interaction is also proportional to g2 (Ref.
65), if it is assumed that the total cross section for “He—
“He scattering is a weakly varying function in this range of
q. The factor E? arises in going from the scattering law
S(q,¢) to the time spectrum of neutron scattering. The shifts
A5 and Ag of the Gaussians relative to the excitation energy
of the free helium atom reflect the fact that the helium atoms
are located in a liquid and are quasifree.

All the experimental data were also analyzed without the
Bose-condensate term (A4=0), i.e., using the one-Gaussian
model

©(t)=E?A| exp(P,)+(A;+Ag-1). (3.2)

The free parameters in (3.1) and (3.2) are the amplitudes
of the Gaussian curves A, and A,, the squared widths A,
and As, the shifts A; and Ag (in the calculations we gener-
ally set A3;=Ag), and the parameters A; and Ag. The statis-
tical errors of the parameters were calculated according to
error theory by the least-squares method.’® The relative den-
sity of the Bose condensate was defined as the ratio

E=ny/n=(ng)/[e(ng)+e(n,)],

where ¢(ng) and ¢(n;) are the areas of the spectra for the
condensate and above-condensate parts, respectively. The
program COMPIL, JINR S-401, Dubna®' was used to ana-
lyze the experimental data.

3.3. Analysis of the experimental data

The numerical analysis of the experimental data on the
basis of the dependences (3.1) and (3.2) reduces to solving a
nonlinear system of equations for various values of ¢ for the
unknowns A |—Ag, with A;=A¢. The number of unknowns
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FIG. 25. Experimental spectra of neutrons scattered on liquid “He at
g=13.4 A~ for T=1.8 and 2.35 K. The calculated curves pertaining to the
Bose-condensate (curve 1) and above-condensate (curve 2) parts are shown
by the dashed line.

was taken to be m ;=5 and m,=7 for the one- and two-
Gaussian models, respectively. In the solution we used sta-
tistical weights of the form 1/, where o, is the standard
deviation of the measured quantities and r=1,2,...,121.
This makes it possible to use the closeness of X,-z/ s; to unity
as a statistical criterion for the quality of the
approximations.”® Here i=1,2 and s;= 121—m; is the num-
ber of degrees of freedom.

In Fig. 25 we show the experimental spectra of neutrons
scattered by liquid *He at temperatures 7=1.8 and 2.35 K
for scattering angle =109.5°. The dashed lines are the cal-
culated curves pertaining to the condensate (curve 1) and
above-condensate (curve 2) parts.

The width of the Gaussian curve for the condensate part
is determined by the energy resolution of the spectrometer
and the magnitude of the final-state interaction. In this case
the calculated value of the squared width A5 for the Bose-
condensate Gaussian is mainly determined by the energy
resolution of the spectrometer which, within several percent,
is independent of the scattering angle and temperature and
coincides with the corresponding resolution within the er-
rors.

The values of the parameters A; and A4 for the different
measurements lie in the range (0—4) meV. On the basis of
the calculations, it can be said that the energy transferred to
a *He atom in the liquid in neutron scattering is about 2%
smaller than the energy transferred to a free atom.

The width of the above-condensate part of the spectrum
is determined by the thermal motion of the *He atoms or by
the average kinetic energy per atom in the liquid (KE). The
values of KE were calculated from the neutron spectrum de-
scribed by the condensate and above-condensate Gaussians.
In Fig. 26 we show the values of KE calculated by using the
two-Gaussian model. For 7> T, the values of KE coincide
for the two models within the errors, and for T<T, the val-
ues of KE obtained from the one-Gaussian model are about 1
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FIG. 26. Temperature dependence of the average kinetic energy per ‘He
atom. The circles and dashed line are our data,®®* the triangles are the
thermodynamical data,® the crosses are from Ref. 97, and the squares are
from Ref. 98.

K lower. This is due to the fact that for T>T, the two
models give equally good descriptions of the experimental
spectrum, while for T<T' the neutron spectrum is described
better by the two-Gaussian model. For comparison, in Fig.
26 we show the results for KE from Refs. 80, 97, and 98.
These curves are similar to ours, but the values are slightly
larger.

The analysis of the experimental data performed using
the one-Gaussian and two-Gaussian models shows that the
spectra of neutrons scattered by liquid “He are described
satisfactorily. Complication of the two-Gaussian model by
the addition of new Gaussians does not improve the descrip-
tion of the measured spectra. Comparison of the values of
X%/sl for the one-Gaussian model and X%/sz for the two-
Gaussian model shows that from the viewpoint of the statis-
tical criterion, the experimental data obtained at temperatures
T>T, are described better by the one-Gaussian model, and
for T<T, by the two-Gaussian model. Let us consider the
so-called dispersion ratio® 27%=(x?/s,)/(x3/s,), which
characterizes the relative probability with which the models
can be accepted or rejected. For 7> T, the dispersion ratio is
7%=0.99-1.01. For T<T, the dispersion ratio increases
rapidly with decreasing temperature, and for 7<1.8 K it be-
comes greater than 1.2. Using the tabulated values of 7>
from Ref. 99, for s,=116 and s,= 114 we find that the sig-
nificance criterion for accepting the two-Gaussian model for
T<T) is f>80%, while for accepting the one-Gaussian
model it is f<20%. Meanwhile, for temperatures 7> T, the
significance criteria for accepting these two models are about
equal: f=50%.

3.4. Temperature dependence of the relative density
of the Bose condensate in liquid *He

The results of analyzing the experimental data to deter-
mine the relative density of the Bose condensate in liquid
“He in the temperature range 7= (0.42—4.2) K are shown in
Fig. 27. The temperature dependence of ny/n has a singu-
larity at temperature T~ T . For T<T, the amount of Bose
condensate is observed to increase with decreasing 7. For
T>T) the value of the condensate density remains constant
within the statistical error, so that this quantity can be as-
sumed to be the systematic error associated with the experi-
mental technique that was used and with the method of two-
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FIG. 27. Temperature dependence of the relative density of the Bose con-
densate in liquid “He. The dark squares are the results of the analysis of
single-atom neutron scattering, and the light circles are the n component of
the spectrum of single-particle excitations, normalized to ny/n in the tem-
perature range (0.4-0.5) K.

Gaussian decomposition of the neutron spectra. The level of
the systematic error can be estimated by averaging the results
of the calculation of the relative condensate density for
T>Ty (~0.5%).

The calculated values of the relative density of the Bose
condensate at temperatures 7<<T), were described by the em-
pirical formula

§=§&[1-(T/Ty)"],

where & is the relative density of the Bose condensate for
T=0, and T, is the Bose-condensation temperature. The val-
ues of the free parameters &, Ty, and m were determined by
the method of least squares:

£0=(7%0.5)%;

Ty=(2.22+005) K; m=3+0.7.

This analysis reveals the temperature dependence of the
density of the Bose condensate. The Bose condensate is ob-
served for T<T,, and it is not observed for 7>T, within
the accuracy of the experiment and the mathematical pro-
cessing of the spectra. Within the errors, the Bose-
condensation temperature coincides with the temperature of
the transition of liquid “He to the superfluid state, To=T) .
The temperature dependence of the Bose-condensate density
is similar in nature to the temperature dependence of the
measured density of the superfluid component in liquid *He
(Ref. 100). Above the N point there is no Bose condensate. It
appears at the N point and grows rapidly as the temperature
is lowered.

It is interesting to look at the estimates of the maximum
density of the Bose condensate at 7= 1.2 K obtained in the
late 1960s. Let us assume that at the temperature 7=4.2 K
the density of the Bose condensate is zero, and the change in
the shape of the spectrum of neutrons scattered by liquid
“He as the temperature is decreased from 4.2 K to 1.2 K is
entirely due to the condensation of *He atoms. Using the
experimental spectra that we measured at wave vectors
q=(12-14) A~! we find that the maximum amount of
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Bose condensate in liquid “He at T=12 K is
Enax=(59%0.4)%. This result is in complete agreement
with the data in Fig. 27.

For comparison, let us give the results for the density of
the Bose condensate obtained recently in the measurements
of Refs. 71-74. The temperature dependence of the relative
density of the Bose condensate found in those studies is
similar to that measured by us earlier. The authors of those
studies obtained n/n=9% for the density of the Bose con-
densate at T=0 K. Although this is rather close to our value,
there is still a difference in the magnitude of the density.

CONCLUSION

Let us list the main results of the studies of liquid *He by
the method of neutron inelastic scattering at the IBR-30 and
IBR-2 reactors using the DIN-1M and DIN-2PI spectrom-
eters. These studies were carried out for a wide range of
energy transfers £~ (0.1-200) meV, wave-vector transfers
g~(0.08—14) A™', and temperatures T=(0.42—4.2) K.

1. We have measured the structure of the excitation
spectrum in liquid *He.

» The excitation spectrum in the phonon—maxon-roton
region has a complicated structure depending on wave vector
and temperature. The decomposition of the sharp peak in
neutron scattering into several components with completely
different dependences £(T), Z(T), and W(T) is a new re-
sult. Two excitation branches are seen in the normal phase of
liquid “He. One of them (w) is observed throughout the re-
gion of studied wave vectors g and is characterized by large
width of the peaks. The second branch (os) is clearly visible
only at small g. These two branches are also characteristic of
superfluid “He. For T<T), a new component (n) is added to
the structure of the dispersion curves in He I. This compo-
nent is not observed above the phase-transition point. The
intensity of this branch for ¢>0.65 A~! increases sharply
with decreasing temperature and becomes dominant at low
T.

* A positive anomalous dispersion is observed for all
three components (n, os, and w) of the excitations in the
phonon region of the spectrum. It becomes especially notice-
able for the w component as T increases. As g decreases the
dispersion curves of all three components approach each
other.

» The dispersion curve for the w component appears to
be slightly shifted, as it were, squeezed into the region of
smaller wave vectors compared with the dispersion curve for
the n component. Thus, the maxon maximum and roton
minimum are observed at smaller g for the w component
than for the n component.

» The dependence of the static structure factor on the
wave vector in the phonon region at temperatures
T=(0.42-2.21) K was measured. It was found that as the
temperature is raised below the N point, the fairly smooth
departure from the straight line obtained by Feynman and
Pitaevskii is replaced by a sharp jump near T} .

« In liquid *He a singularity on the dispersion curve was
discovered in gojng from the phonon to the maxon region at
q~(0.5-0.65) A~'. Here the os component is damped out
rapidly. The wide component (w) has singularities in the
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dependences €,(q), Wy(q), and Z,(g). The narrow com-
ponent (n) seems to merge with the os component. In this
range of ¢ the anomaly of the dispersion curve vanishes, i.e.,
the dispersion curve intersects the line of first-sound speed.
The singularity on the dispersion curve at g~ (0.5—0.65)
A~! can be attributed, according to the theory of Tordanskif
and Pitaevskii, to the decay of excitations into phonons. This
is probably a case where the decay of excitations into
phonons is observed independently of the processes associ-
ated with interactions between excitations.

+ The temperature dependence of the lifetime of the n
and w excitations in the maxon region was measured. Com-
parison with the dependence calculated using the roton
theory of Landau and Khalatnikov showed that for 7<1.7 K
the calculated and experimental curves coincide for the n
component, and as the N\ point is approached they coincide
for the w component.

* Analysis of the neutron heating and cooling spectra for
liquid *He showed that the values of the temperatures ob-
tained by using the detailed-balance equation coincided with
those measured with a thermocouple.

» The experimentally measured relative contribution of
the intensities of the narrow (n) and wide (w) components
can be taken as yet another long-range order parameter,
whose temperature dependence qualitatively resembles that
of the traditional order parameters: the density of the Bose
condensate and the density of the superfluid component.

2. A new technique was used to study the structure of the
excitation spectrum in liquid *He. Its main feature is the use
of neutrons with very low initial energy, below the energy of
the multiphonon excitations. This led to improvement of the
resolution function and suppression of multiphonon scatter-
ing processes. In this way the ground was prepared for ana-
lyzing the shape of the sharp peak in neutron scattering.

3. The temperature dependence of the relative density of
the Bose condensate was measured in the range
T=(0.42—-4.2) K by two independent and different methods.

 The density of the Bose condensate was obtained by
analyzing the spectra of one-atom neutron scattering at en-
ergy transfers e~100 meV and wave-vector transfers
g=14 AL

» The temperature dependence of the integrated intensity
of the n component was measured. Theoretically, it is pro-
portional to the density of the Bose condensate.

* Analysis of the experimental data showed that the rela-
tive density of the Bose condensate in liquid “He at T=0 K
is ng/n=(7%0.5)%.

» The Bose-condensation temperature coincides within
the errors with the temperature of the transition of liquid
“He to the superfluid state, Ty="T) .

« It can be stated that the temperature dependence of the
relative density of the Bose condensate is similar in nature to
the temperature dependence of the density of the superfluid
component. Above T, there is no Bose condensate, within
the errors; it appears at the A point and grows rapidly with
decreasing temperature.
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