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The spinor field in four-dimensional Riemannian spacetime is the subject of this review. This
field obeys the Dirac—Fock—Ivanenko equation. The principles of quantization of the

spinor field in Riemannian spacetime are formulated. In the special case of flat spacetime these
conditions are equivalent to the canonical quantization rules. The formulated principles

are tested for the example of de Sitter spacetime. The study of quantum field theory in de Sitter
spacetime is interesting because it leads to the method of an invariant well in flat spacetime.
Study of the quantum theory of the spinor field in an arbitrary Riemannian spacetime allows the
inclusion of the effect of an external gravitational field on the quantized spinor field.
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INTRODUCTION

In the literature we encounter authoritative statements
that the general theory of relativity can be used to find a
solution to the difficulties of the theory of quantized fields
and elementary particles.l‘12 The full implementation of this
idea in the theory of quantized fields obviously presupposes
the quantization of the gravitational field along with the other
fields,"*~'® but this very general formulation of the problem
is apparently far from being solved. It is therefore interesting
to study even a partial formulation of this problem, when
fields different from the gravitational field are considered in
four-dimensional spacetime with fixed Riemannian geom-
etry. According to the general theory of relativity, this makes
it possible to include the effect of an external gravitational
field on the behavior of nongravitational fields.

The need to include the effect of an external gravita-
tional field on other fields was first encountered in electro-
dynamics in writing down the Maxwell equations in general
relativity. Here it was only necessary to replace the partial
derivatives of the bivector electromagnetic field by the cova-
riant derivatives.'® The situation with the other fields proved
more complicated. For example, it was shown that in the
Klein—Fock equation for a scalar field, replacement of the
partial derivatives by covariant ones is insufficient for going
from flat-spacetime geometry to Riemannian geometry: it is
necessary to add an extra term proportional to the scalar
curvature of spacetime.”’>”>> On the other hand, in making
the same transition in the Dirac equation for a spinor field
there was no need for a new term; instead, it was necessary
to introduce a new geometrical concept: that of the covariant
derivative of a spinor field, which itself is an enormous step
forward. This was done by Fock and Ivanenko.”~*° Owing
to the importance of their result, we shall refer to the Dirac
equation in Riemannian spacetime as the Dirac—Fock—
Ivanenko equation. A comparative analysis of the description
of the spinor and scalar fields in Riemannian spacetime was
made in Ref. 31. In the present review we shall instead focus
all our attention on the description of the spinor field.

In fact, the spinor field merits special attention. It con-
tains information about the behavior of electrons and neutri-
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nos (and other spin-1/2 particles) in an external gravitational
field, and, therefore, about their behavior in invisible regions
of the universe.

We shall write the Dirac—Fock—Ivanenko equation in
Cartan form. According to Cartan,* a spinor has a metrical
rather than an affine nature, and therefore ‘‘it is necessary to
introduce spinor fields into the classical methodology of
studies in Riemannian geometry; that is, for an arbitrary
system of coordinates x' of the space it is impossible to de-
fine a spinor using a finite number N of components u , such
that the u, admit covariant deri: - .tives of the form

du,
Ugi =T +ABug,

where the Ag,- are definite functions of x'’’ (Ref. 32; the
emphasis is Cartan’s).

In order to introduce the spinor field in Riemannian
spacetime it is necessary, as was done by Fock and Ivanenko,
to specify on this spacetime a field of metrically congruent
tangent bases. Transformation from one such field of bases
to another is done by a generalized Lorentz transformation.
The Dirac—Fock—Ivanenko equation is invariant under gen-
eralized Lorentz transformations. The latter are the subject of
much attention.>*>=** In the theory of the spinor field they are
simply essential.

The Dirac—Fock—Ivanenko equation is studied in the
first part of this review.

In the second part we study the general principles of the
quantum theory of the spinor field in Riemannian geometry.

In the third, auxiliary, part of the review these principles
are realized for the example of two-dimensional Riemannian
spacetimes in the F basis.

In the fourth part these principles are realized for the
example of two-dimensional spherical de Sitter spacetime in
the dX basis.

The F and dX bases are defined in the course of the
review.

Interestingly, in the 1930s Dirac studied the conse-
quences of replacing Poincaré—Minkowski spacetime by de
Sitter spacetime in order to determine how theoretical phys-
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ics and the mathematical theory of groups are related. In Ref.
36 he proposed a special equation for the spinor field in de
Sitter spacetime. In Ref. 37 the present author was able to
show that this Dirac equation is a special form of the spinor
equation written down by Fock and Ivanenko for Riemann-
ian spacetimes. It is obtained in going from the F basis to the
dX basis.

De Sitter spacetime is worthy of attention because, being
a space of constant curvature, it admits a ten-parameter isom-
etry group. In the limit of infinitely large radius of curvature
this group becomes the Poincaré group, and de Sitter space-
time itself becomes Poincaré—Minkowski spacetime. Instead
of the Fourier integrals with which one deals in flat space-
time, series arise in de Sitter spacetime. In the above limit
these series become integrals. Thus, the study of quantum
field theory is justified by the fact that it leads to the method
of an invariant well for flat spacetime. In Ref. 38 it was
suggested that this method be used for the spinor field. The
quantum theory of the spinor field in four-dimensional de
Sitter spacetime in the dX basis was studied in Ref. 39.

However, in the general case of Riemannian spacetime
the theory of the spinor field can have an applied nature. For
example, Witten*® has used the Dirac—Fock—Ivanenko equa-
tion to prove the theorem about the positivity of the energy
of the gravitational field and matter. Bagrov and Obukhov*!
have solved the problem of the complete classification of
spacetime manifolds in which the Dirac—Fock—Ivanenko
equation admits complete separation of variables. Since the
early 1960s spinors and the related isotropic tetrads have
been widely used to study a number of problems in general
relativity, *>*

In this review the displayed equations inside each sec-
tion are numbered separately from those in the others. Equa-
tions from a different section are referred to with the section
number preceding the equation number. There are not many
such references. The section number is omitted when refer-
ring to equations in the section wher. they occur.

I. THE SPINOR FIELD IN RIEMANNIAN SPACETIME
1. The Dirac equations

In 1928 Dirac wrote down the following system of four
first-order differential equations for describing the behavior
of a relativistic electron (Ref. 44; see also Ref. 29):

(E=mc*) = c(py—ipy) ha—cp,ih3=0,
(E=mc®) = c(ptipy) s+ cp hs=0,
(E+mc*)s—c(p,—ip,)hr—cp =0,
(E+mc®) = c(ptipy) ¥+ cp,hr=0,

where c is the speed of light, m is the electron mass (and also
the positron mass), # is Planck’s constant,

(1)

E=ih i ih ih i

=i E, p,="1 a, [)),— 1 5}7’
” J

p.= 1 (9_Z
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Following Dirac, we write the system (1) in matrix form:
ih i Hiy, 2)

arranging the unknown functions ¢, ¥,, ¥3, and i, in the
form of a column vector ¢ and thereby bringing the system

to the canonical Schrodinger form, where the operator H is
called the Hamiltonian. It is equal to (see Ref. 45)

I:I=a0m02+ca1px+ca2py+ca3pz, 3)

where «, are the Dirac matrices:

1 0 0 O 0 0 0 1
01 0 O 0 01 0
*"lo o-1 o “{o 10 of
00 0-1 1 0 0O
0 0 0 —i 0O 0 1 O
0 0 i O 0 0 0 -1
7o -i o o]” {1 0 0 o0
i 0 0 O 0 -1 0 O
4)
These matrices satisfy the relations
a,a,t+a,a,=2ed,,, (5)
where e is the unit matrix. Therefore,
HA={m?c*+cXp.px+p,py+p.p.)l}e, (6)
so)that the Hamiltonian H is the squ:+ oot of the operator
(6).

Of course, the discovery of the s' .t>m of equations (1)
proceeded in the opposite direction. It was known that a
nonrelativistic electron is described by two (not four) func-
tions because the electron spin is 1%, and that the electron
spin is described by the following matrices:

0 1 0 —i 1 0
L EO S VI AR PR A

These are called the Pauli matrices.*® They satisfy the com-
mutation relations

0'2(73_0'30'2:2i0'1,
0301~ 0103=2i0,, (®)
0'10'2_0'20'1:2i03.

The Pauli matrices were also known to satisfy relations of
the type (9), i.e.,

0\ 0=0,0,=0303=¢€e, 0,03+030,=0,

0'30'1+0'10'3:0, 0'10'2""0'20'[:0. (9)

In contrast to (5), here e is the unit matrix consisting of two
rows and two columns. However, as a rule in what follows
we shall use 1 to denote the unit matrix of any order and any
unit vector. Similarly, the zero matrix of any order, any zero
operator, and als> any zero vector will be denoted by 0. Then
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the Dirac matrices (4), as noted, for example, in Ref. 47, can
be expressed in terms of the Pauli matrices (7) as

1 0 0 g
%o~ 0 —1 ’ @ gy 0 ’

0 () 0 g3
2= o) 0 ’ @3= g3 0 ’
In trying to solve the problem of constructing the Schro-

dinger equation for a relativistic electron, Dirac based his
work on the Klein—Fock equation

E2¢:{m264+cz(pxpx+pypy+pzpz)}(//- (10)

The search for the square root of the operator on the right-
hand side of (10) was successful. Using the Pauli matrices
(4), Dirac established Eq. (6) and then also the Schrodinger
equation (2), which is written out in full as the system of
equations (1).

The fact that the description of the relativistic electron
required not two but four functions led Dirac to the discov-
ery of the positron.

It should be noted that the choice of the matrices «,, is
not unique. For example, Fock*® suggested the following two
substitutions:

:¢1+'/f3 =l/’2+¢4
m —V7 > T2 —\/i s

br— s Y3— i

=2 =t i1
73 N N4 2 (11)
[ =¢1_i¢//3 =¢2—i$4

1 \/i s 2 V? B

_ T stiy _ —Yatiyy
lz—T, T (12)

They respectively transform the Dirac equations (1) into the
equations

9y 91y 9 In,

— —— __.+...__ J— = —
lﬁc( ox 9y oz mc-n,=ih 3
an,  dn Im an,

—ihc| == +i ——— — | +mc =it —
zﬁc( ax y dy 0z mems =l ot ’
9Ny Imy  IN3 I3

_ = . T . + 2 — _r
tﬁc( o T Py 3 mcny=ih FYa

(13)

—ihel &M M9 5 04
F) gy gz ) MeMmTH T

and the equations
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3y 3Ly 04y 19Ly mc
oy oz e h Y
Wyl oy Ny e
ox dy dz c ot kLT
14
My oy O 10 me "
ox dy dz c ot h Y
dl3 9L, 9Ly 13dLy mc
= - =0
dx dy dz c dt h £3=0

It is remarkable that in the latter system of equations all the
coefficients are real numbers, in contrast to the systems (1)
and (13).

In turn, Cartan suggested the following substitution:

. Y~ c b~y

p1=&60= 2‘/2 4, Yr=8n= 1‘/2 3,

e . it e, V¥

P3=&= ik Ya=& s (15)

(see Ref. 32). These take the system of equations (1) into the
system

c(pxtip)) € +(E+cp)é,=—mclé,
(cp,—E)é1—c(py—ipy) &= —mc?Ey,
c(py—ipy)éo+(E+cp)Ep=mc?Ey,
(cp,—E)éo—c(ptipy) Ep=mc?E,. (16)

The somewhat unexpected set of indices has a deep meaning.
The invariance of the Dirac equation (2) under the Lor-
entz group is usually proved by introducing the vy

matrices,”*"~* writing the equation as
) a

(see Ref. 49), although this can be avoided (see Ref. 46). We
shall not dwell on this, because for this purpose and others it
is more convenient to write out the Dirac equation in the
Cartan form given in Ref. 32.

2. The Dirac equation in Cartan form
Cartan combined the system of equations (16) into a
single equation:
hoa Kle=o
T me £=0, (18)
which in the more detailed notation proposed in Ref. 37 im-
plies

3
d
(mz HY ,,+mcH4)§=0. (19)
v=0 ax
Here
xO=ct, x'=x, x*=y, x’=g, (20)

and the matrices H are
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0 0 0 -
[0 0 0
H—O—l ’

1 0 0

0 0 0
Hlooo—l
11 0o o of

0-1 0

0 0 i 0
o 0 0 i
“1-i 0 0 o)

0-i 00

0 0 0 1
, (0010
H"0100’

1 000

-1 0 0 0
) 0-1 0 0
H'=K=| o o | » (21)

0 0 0 1

We shall also use the matrices Hy=—H°, H,=H?°,
where a=1, 2, 3, 4. The matrices H satisfy the following
relations:

HAHB+HBHA=24/'B, (22)
where 7%=—1, »%°=1, 9*2=0 for A#B. In addition,
HOH1H2H3H4=i. (23)

We have encountered three types of index. Greek indices
take the values 0, 1, 2, 3. Upper-case Latin indices take the
values 0, 1, 2, 3, 4. Lower-case Latin indices take the val-
ues 1, 2, 3, 4. Identical super- and subscripts are under-
stood to be summed over the range of values that they take,
for example,

4
BZO 7BH y= 9"BH 3= HA.
(24)

We shall raise and lower indices by using the tensor 72 and

its inverse 774 . The interpretation is obvious: naﬁdx”‘dxﬁ is

the metric form of the four-dimensional Poincaré—

Minkowski spacetime, and 7,5dx*dx? is the metric form of

the five-dimensional Poincaré—Minkowski spacetime.
Taking

é Hll l; _HV (9
= ox¥ T ax”’

_ imc
E=¢& exp Rt (25)
we can write Eq. (19) in the form
a
A___ 5= 26
H P g 0. (26)
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We note that the words ““spin”> and ‘‘spinor’’ are of
English origin: the original sense of the English verb ‘‘to
spin’’ is to ‘‘whirl around’’ (see Ref. 46). This was used to
describe the intrinsic angular momentum of the electron,
which is independent of its spatial motion. This word soon
came to be used to refer to the intrinsic angular momentum
of any elementary particle. The word *‘spinor’’ is used to
describe geometrical objects whose behavior fundamentally
differs from that of vectors and tensors. Physicists first en-
countered spinors after Dirac’s discovery. More precisely,
they encountered them somewhat earlier, in the Pauli theory,
but they became interested in their behavior only after
Dirac’s discovery, when it became necessary to understand
the invariance of the Dirac equation under Lorentz transfor-
mations. However, spinors were actually discovered by Car-
tan in 1913, a fact of which not only physicists but also
mathematicians were apparently unaware. We have ventured
to say this because spinors were rediscovered by van der
Waerden™ after 1928. Therefore, the Cartan lectures on
spinor theory®? written in 1938 are exceptionally interesting.
Reading them, one understands the great amount of work
Shirokov devoted to translating this book into Russian
and supplementing it with a remarkable commentary. [Petr
Alekseevich Shirokov (1895-1944) was a distinguished ge-
ometer and professor at Kazan University.’!]

Commutation relations of the type (5), (9), and (22) were
studied even earlier, in the last ce:ntury.52 The algebra that
they generate is referred to as the Clifford algebra in the
contemporary literature.

In a Clifford algebra with any number of independent
elements H, the following relations hold for any signature of
the metric tensor and in any basis:

HYH*H*=[H H°H"]+ 7°*H"+ 9 "H"— p*"H",

@7

1
> {(H*HP)[H*H") - [H*H][H*H"]}

= n*P[HH"]— 7*“{HPH")+ 7"P[H H )
— p**[H*HA]. (28)

Here the square brackets stand for the alternating product of
matrices.

3. The Dirac—-Fock-Ivanenko equation

The transformation to the Dirac equation in Riemannian
spacetime (i.e., to the Dirac—Fock—Ivanenko equation) is ac-
complished as follows.”” The metric form of spacetime
gaﬂdx“dxﬁ can, by means of suitably chosen linear differ-
ential forms

fe=rp(x)dxP, (29)
be written in the following canonical form:
8apdx®dxP= 14, ffP. (30)
Solving Eq. (29) for dx, we obtain
dx®= e;',f’J s
N. S. Shavokhina 601



where f‘;e2= 5‘; so that eﬁf‘é= 8%, and 6‘5 is the unit affi-
nor. The basis dual to f* consists of the vector fields

ea=ebds. (31)
We also have

3a=fgeB .

Any covector field a,, can be written both in a coordinate
basis d=dx and in an orthogonal basis f: a,d*=A,f",
from which we find Aa=aﬁe§ and aa=Aﬂfg.

Similarly, any vector field a” can be written both in a
coordinate basis d= d/dx and in an orthogonal basis e:
a%l,=A%,, from which we have A“=aﬂfz and
a*=APej.

The covariant differential of a vector field is

DA%*=dA*+ wZA“, (32)
and the covariant differential of a covector field is

DA,=dA,—whA,, (33)

where wz= wgyfﬁ; in turn, w;# are the components of the
affine connection in the orthogonal basis given by the metric
(30). From this we obtain the covariant deriatives of a vector
and a covector:

DﬂAa=eﬁAa+wgﬂA#, (34)
DpAg=eph,—whoA,. (35)

The components of the connection are found by using
two conditions. The first is the absence of torsion. For a
scalar function F this implies

DaeﬂF=DBeaF.
From this we find the equation
“’Zﬂ“ wga: Czﬁ s (36)

where the components C, p are defined by Lie operations:

eqep—epe=Clge,. (37)
They are equal to
, af‘y O'zf)'
CZ;;:eZeB(Ex—I:— dx; =(eheg—ele,) [ (38)

The second condition determining the components of the
connection is conservation of the metric tensor in parallel
transport:

D oanpy= "~ 0opMuy~ @aypu=0- (39)
Solving Egs. (36) and (39) for w, we find

1
wvﬁazi (Cuﬁa+cvaﬂ_cﬁnv)a (40)
where we have written

CVﬂn:Cﬁ/jnu,u,' (41)

Like the metric tensor, the matrix H does not change in
parallel transport. Therefore, for a vector matrix A=4%H,,
we have

— M
Wyga™ waﬂnvu >
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DA=dA+wZA”Ha=dA+QA—AQ, (42)
where
1 viyagypn
Q:Z“’aufo H*. (43)

Since for a vector matrix Eq. (42) gives, up to infinitesi-
mal quantities of higher order, the equation

DA—dA+A=(1+Q)A(1+Q)" ", (44)
a spinor must satisfy the equation
Dé—dE+E=(1+Q)E. (45)

Therefore, the covariant differential of a spinor £ is

1
Dé=dé+ 7 g f HHME, (46)

and the covariant derivative is

Dme, b+ 3 wouHlHAE 1)

The latter conclusion follows from the fact that if a vector
matrix is transformed, according to the rule, from A into
SAS™!, then a spinor is transformed from £ into S&.

The Dirac—Fock—Ivanenko equation is obtained from
(19) by replacing the partial derivative of the spinor by the
covariant derivative, so that it becomes

(ikH'D ,+mcH*)E=0. (48)

For brevity we shall refer to this as the DFI equation.
The DFI equation can obviously be written as

imc
HD ¢= r HE. (49)

Therefore, for the Dirac-conjugate spinor

E=¢"Ho (50)
the DFI equation takes the form

_ imc —
D gH"=— —— &H*, (51)
where
_ - -1
Dvg=ev‘f_ ‘f Z way,vHaH#' (52)

Finally, we note that the solution of (40) can be found by
using the equations

1 1 1
wvﬂaz-z— (wvﬂa+wﬂva)+ 5 (wavﬁ+ wvaﬂ)_ '2— (waﬁu

1 1
+ wﬁav) + 7 (waﬁv— wayﬁ) + 5 (wvﬁa_ wvap)

- '2— (wﬁua_ wﬂav)~
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4. The Dirac-Fock-lIvanenko equation in the Lamé
basis

The DFI equation is greatly simplified in the case of
orthogonal coordinates (if they exist), when the Lamé basis
can be constructed ie., when it is possible to take
fp=h" 8. Using Eq. (27), we obtain

1 1 1
7 ® o, H"H*HY = w[a#,,]H YH*H*+ — 3 7™ @ g, HY.

However,

1

w[a;w]zi 77 wa,uv_ Cy

ap >

Clauv)»

while in the Lamé basis

1 ohY am}

v
C“ﬂ henP % oxB 9B gx@

and, therefore,
1 J

| [h
2 C""—,/hhﬂ ax* N pw

where h=h°h'h%h3. Therefore, in the Lamé basis

Clapn=0,

: ”H"‘H"—é o 9 \/ " 53
4 (l)a/“,H _[.L=0 W ET hHE ( )
and the DFI equation in this basis is written as
3

H* 9 \/7 imc
Eo T o\ N )= HE (54)

The conjugate DFI equation in the Lamé basis is

J / h
Z‘o N R ( h# g)Hﬂ— - ﬂ eH’. G3)

5. Transformation from one orthogonal basis to
another

The metric form ds”= 7,,f*f? determines the basis f
only up to an orthogonal transformation: f*=L f’B and,
conversely, f""—L fP. From 7.sf *f' =17, Bf“fﬂ we
find 77ML = nﬂoL We also have

e,=Lbeg, ea=Ege;,, eg=e 'L}, f€=ft’l7L’[;.
Substituting the last two equations into (38), we find

Cop=CoLaLpLy+Liepl Y~ Lie LY. (56)
Therefore,

Oapy= 0L ALEL+ 7, LY L. (s7)

From this we easily obtain the expressions

DyA®=LALED! A", DyA,~LEL'D!A

a~ v
and the analogous ones for any tensors.

Let us now see how the covariant differential of a spinor
transforms under orthochronous Lorentz transformations.
Every such transformation f’“=L~g f# can be decomposed
into the product of some number p of spatial symmetries.
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The number p is even if the determinant of the transforma-
tion matrix is 1 and odd if the determinant is — 1, so that
(—1)? =dct(LZ). The symmetry relative to the hyperplane
P orthogonal to the unit vector a® is expressed as
f""=f“—2a“aﬁfﬁ. Since

—AH“A=H“-2a"A,
where A=a, H*“,
mation

(—-1)PS"'HS=L2H#,
B

under any orthochronous Lorentz transfor-

(—1)PSH®S™'=LgH",
1~ _ (58)
(=1)PSH,S™'=LPHy, (—1)PS™'H,S=LPH,,

where S=A4,... A, and ST1=A,.. LA,
Therefore, according to (57) the matrix (43) transforms
as

1
Q=850's"1+ 7 S~'H ,Sd(S™'H"S). (59)

We shall show that
1
75 'H,Sd(STIH S)=S"1ds. (60)

For p=1 this equation is easily verified. In fact,

1 1
7 AH,Ad(AHA)=7 (2a,A—H,)d(2a"A~H")

1
=3 (2a,A—H,)(Ada"+a"dA)

=AdA. (61)

Here we have used the fact that 2a pdat=d(a,a")
=0, dA’=A-dA+dA-A= d(a,a*)=0, smce we have
A’=aq «a*=1. Now we shall show that if Eq. (60) is satisfied
for any D, it is also satisfied for p + 1. We therefore need to
show that (60) leads to the equation

1
7 S AH,ASd(ST'AH AS)=S5""'Ad(AS). (62)

Here for brevity we have dropped the subscript p+1 on the
matrix A. We have

1
75 'AH,ASd(S™'AH"AS)

1
_ -1
—ZS AH#H“AdS

1
+7 S™'AH,Ad(AH*A)S

1
+78” 'AH,AS(dS™')AHAS.
Since H,H" is equal to a number—the dimensionality of
spacetime—the first term is

1 1
- - -1
75 'AH HVFAdS= 7 S™'H, H"dS.

According to (61), the second term is
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1
75 'AH Ad(AH"A)S=S" 'A(dA)S.
The third term is

1
i S™'AH,AS(dS™")AHHAS

1
=75 '(2a,A—H,)S(dS™")(2a*A—HH)S

1
=2 (2a,a”— 8,)(2a*a,— 85)S~ 'H S(dS™ ) H’S

1
=4 S 'H,S(dS” DH*~S.

Therefore,

1
y S~'AH,ASd(S™'AH*AS)

1
=75 'H,Sd(S™'H"S)+S™'A(dA)S. (63)

We have thus found that (62) follows from (60). Equation
(60) is proved by induction, and so, according to (59),

Q=50'S"'+574s. (64)

Setting

§&'=S¢, (65)
we find

Dé=dE+QE=S"Y(dE'+Q'¢)=S"'D'¢. (66)

Therefore, £ and D £ transform according to the same rule.

Let us see how the conjugate spinor (50) transforms. It is
easily verified that if the matrix A corresponds to a unit
vector, then

ATHo=—HoA™!, (67)

where the + sign, as in (50), indicates Hermitian conjuga-
tion. Therefore,

S*THo=—(—1)’HoS™". (68)
The conjugate spinor thus transforms according to the rule
E=(-)rEs. (69)

The covariant differential of the conjugate spinor trans-
forms according to the same rule:

DE=dE—EQ=(—1)"(dE'—Q'E')S
=(—1)?(D'£")s. (70)

Now it is easy to show that Eqs. (49) and (51) are cova-
riant under transformations from one orthogonal basis to an-
other. In fact, (66) and (70) lead to the transformation rules
for the covariant derivatives of a spinor:

D £=L%s"'DL¢,
D,E=(~1)?T4D.E)S. o
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According to (58), we obtain
v —(— -1 1 g
H'D,é=(~1)’S"'H*D .,

D, EH"=D, £ H"S. (72)
In addition, we have

(—1)PSH*s '=H*. (73)
Therefore,

imc imc
HVDyf_ _ﬁ_ H4§=(_ ])PS—I(HVD;gl _ _ﬁ_ H4§’),
_ imc — — imc —
D, EH" + e EHA= (D;gH”+ = gy“)s, (74)

so that Eqgs. (49) and (51) are actually covariant.

6. The second derivative of a spinor and the curvature
tensor

The second covariant derivative of a spinor leads us to
the definition of the Riemann—Christoffel curvature tensor:

R,u,v,aﬂ= ﬂvaRZ,aﬂ s (75)
where
Ry p=e€pa,—€awp, +Clpol, + ®5, 08,
- wg ﬂwgy . (76)
Actually, the covariant derivative (47) of the spinor £ be-
haves both as a spinor and as a covector. Therefore, the

second covariant derivative of a spinor £ also behaves as a
spinor and as a tensor. According to (35) and (47), it is

1
D, Dgé= e"+Z @,y *H” | D g€— 0ggD . (77)
From this it follows that
1
DaDﬁg_DﬂDaré:ZH”HVR;Lv,aB' (78)
For the proof we must use Egs. (28) and (37).

7. Quadrature of the Dirac—Fock—-lvanenko equation

The so-called quadrature of the DFI equation is accom-
plished by the following trick. We have

a_im_c4 ﬂ_ff_c_4
(HDaﬁH HDBﬁH

a8 mc B
=H*H DaDﬂ_ —ﬁ—

and, furthermore,

1
H*HPD ,D g=7 H*HP(D D g+D gD )

1
+ 5 H*HP(D ;D g=DgD,).
In the last sum the first term is
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1
5 H*HP(D,Dg+DgD,)
_1 apyB Bya

1
=5 1"(DaDp+DgD )= 7" DDy,

and according to (79) the second term is

1 1
7 H*HA(D oD g=DgD o) = g H*HPH*H'R 1y, 0p.

Furthermore, since the alternation of the Riemann—Cristoffel
tensor over three indices gives zero, according to (27)

HaHﬂHMR#V,aB: ( ”BILHQ'*' ”BGH# - nalLHﬁ)R#”vﬂ'ﬂ

=2H*7P*R,,, ap=2HR 4.

Therefore, the second term is

1 1 1
— geyh _ — — HeY'R. ——
5 H*HP(D oD g—DyD )= 7 H*H'R =7 R.

We have thereby obtained the squared DFI equation:
®BD D g+ . R—{ 25 2 =0 7

In general, this system of second-order equations does not
split up into four separate equations for each component of
the spinor field. Nevertheless, we shall find this system use-
ful in the second part of this review.

Il. PRINCIPLES OF THE QUANTUM THEORY OF THE
SPINOR FIELD

1. The anticommutator of the spinor field

As we are trying to preserve the basic concepts of quan-
tum field theory, we shall consider only Riemannian space-
times in which there are spacelike hypersurfaces separating
the spacetime into two parts. One of these will be the past
and the other will be the future, and the hypersurface itself

will be the present. We shall term such hypersurfaces com-
plete and denote them by 3.. We shall assume that the solu-

tion of the DFI equation in the entire Riemannian spacetime
is uniquely specified by the values of the spinor field on the
complete hypersurface 2. The spinor field can be specified
arbitrarily on this hypersurface.

Let us consider the system of equations

imc
H'D u=—— H"u,
h

_ imc _ (M
D vH'=———0vH*,

f

consisting of the DFI equation and its conjugate. Let u, v be
the solution of this system. The divergence of a vector

S¥=—0H"u, 2
equal to

D,S"=—(D,oH")Yu—0(H'D,),
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is equal to zero according to (1). Therefore, according to the
Gauss theorem, the integral

LS#dU" 3)

is independent of the choice of the complete hypersurface
3. In the integral (3), do® is the vector corresponding to an
elementary surface element of 3. If we use & ,4,, to denote
the completely antisymmetric tensor with the condition
go123=1, then

S#d0”=8a3wq‘l’ng;’5", 4

where q{, g5, and g5 are the vectors of elementary dis-
placements along 2. If, for example, the hypersurface 3, is
specified by the equations

X%= Ta(ql,qz,qli),

then
oT* ) « aT* )
qlzfz _(9ql dq’, q2=fz _aqz dq”,
oTH

nant

S, dot= L 4 & &l ©)

Furthermore, since

EapyoH"=—iH [H HgH ). (6)
then, according to (2),

S, do*=i0H,[0,0,03]u, 0
where

Q1=H.q{, Q,=H.q;, Q3=H.q5. ®)

The integral (3) specifies the scalar quadrature in the space of
solutions of the system of equations (1). Here and below, the
spinor fields # and v are assumed to be classical, not opera-
tor, fields.

On the other hand, the spinor field ¢ is quantized, and it
is quantized according to Fermi statistics. Here it is neces-
sary that the pair & and £ satisfy Eq. (1) and generate an
(infinite-dimensional) Clifford algebra. The generators of
this algebra, that is, § and £, on the complete hypersurface
3, are assumed to be linearly independent.

Let us consider the following vectors from the linear
envelope of this algebra:

U=i Lf_HdQleQa]u,

)
v =ijzv_H4[;'1Q2Q3]§‘
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The integrals (9) do not depend on the choice of complete
hypersurface 3, because the pairs u,£ and £,v satisfy the
system of equations (1).

The sum

U+v* (10)
is by definition the general element of the linear envelope of

generators of the Clifford algebra that we want to construct.
Setting

(U+V*)2=iLl7H4[Q|Q2Q3]u, (1)

we introduce the symmetric scalar product in the envelope of
generators, which is the exact expression of the principle of
quantization in accordance with Fermi statistics.

Since the pairs #, 0 and 0, v satisfy the system of equa-
tions (1), from (11) it follows that

U?=0, V*2=0. (12)

Therefore, the anticommutator

{UV*}=UV*+V*U (13)
is equal to
{UV*}ziLU_sz[QIQzQﬂu- (14)

Since the spinor field v can be specified arbitrarily on
3., we find that on 3,

{£()U}=u(x), (15)

and since the spinor field u can also be specified arbitrarily
on 3, we find that on 3,

{V*é(x)}=v(x). (16)
Furthermore, we see that since the pair &, E satisfies the
system (1), the pair {£€U}, {V*£} also satisfies the system
(1). However, the pair u, v also satisfies this system of equa-
tions. Since the two latter pairs coincide on the complete
surface %, then owing to the assumed uniqueness of the
Cauchy problem for the system (1), Egs. (15) and (16) are
valid not only on X, but throughout spacetime.

Similarly, from (12) we find that throughout spacetime

{E(x)V*}=0, {U&x)}=0. (17)

Owing to the arbitrariness of u, v on %, from (17) we find
that for any point y lying on 3,

{£,(0E,(M}=0, {£,(0)E,(x)}=0, (18)

where p and g label the components of the spinors ¢ and
£. Owing to the uniqueness of the Cauchy problem for the
system of equations (1), the equalities (18) are valid for any
spacetime point y.

We use

{E(0) ()} (19)

to denote the matrix with components {§P(x)gq(y)}. It sat-
isfies the following condition:

{E)EY)HO=H E(x) E} . (20)
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As before, the symbol + stands for Hermitian conjugation.
It follows from (9) and (13) that if a complete hypersur-
face 3, containing the two points x and y can be constructed,

then {§(x)g(y)}=0. In particular, {§(x)§_(x)}=0.
Writing (15) and (16) in expanded form

=i [ 1EEIHL010:0:1u0y),
) @1)
50 =1 [ 0IH10:0:0:HEME),

we notice that the anticommutator {g(x)E( y)} gives the so-
lution of the Cauchy problem for the system of equations (1).

Since the anticommutator {£(x)£(y)} itself also satisfies
this system, according to (21) we have

{E(x) &)} =i L{§(X)§_(z)}H4[Q1QzQs]{ﬁ(z)g(y)}-
(22)

Now for some complete hypersurface 3 let the Cauchy
problem for the system of equations (1) be somehow solved
and the solution represented as

w(x)=i L§(x,y)H4[Q1Q2Q3]u(y),

5(x)=i La(y)m[QleQs]sw,x). 23)

Comparing (21) with (23), we see that on the direct product
M X3, where M is the entire spacetime,

{&(x)E(y)}=S(x,y),

{£E)EX)}=S(y,x).

According to (20), the functions S and S are related by the
condition

S(x,y)H’=HoS*(y,x). (25)

From (22) we find the anticommutator in the form

(24)

(E@EO =i [ 5 0H10,0,0:05y)  (9)

everywhere on M X M.

We note that if the pair (#,0) is a solution of the system
(1), then the pair (u,0)*=(v,u) is also a solution of the
system (1). We shall term a solution real if (u,0)*=(u,0),
that is, if u=v. The element

U+U* 27

of the envelope of generators corresponding to a real solution
is termed the real or Hermitian element.

2. The current vector and the charge operator

In the spinor case the current vector is given by Eq. (2)
and is

Jh=eEHME, (28)

where e is the positron charge.
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The charge operator is given by the integral

é=J;J;Ld¢T”="iefz'f_Hzt[QleQs]f (29)
over the complete hypersurface 2. It is independent of the
choice of 3, because

D, J*=0. (30)

3. The energy—momentum tensor

The components of the energy—momentum tensor in
Riemannian spacetime in any orthogonal basis have the same
form as in flat spacetime in Cartesian coordinates, namely:

if
T#V=—4— {Sp.v+suu}’ (31)
where
S/.va EHp,fv_g—VHyg' (32)
In turn,
£,=D,£ £,=D,E. (33)

We shall show that the two divergences of the tensor
(32) are equal to zero. Actually, one of them is

DVS;LVZ g_VHlL§V+ E_H,u,(Dygv) - (DVEV)H[.Lf— gva.gv
=&H ,(D"¢,)~ (D E)H £,

and the latter difference vanishes because the spinor field
obeys the squared DFI equation (I1.79). Therefore,

D’S,,=0. (34)

Turning to the other divergence of the tensor (32), we

note that if the pair £, & satisfies the system of equations (1),
then

Syu—S,=D L[ H H H*]£}. (35)

This is verified by using Eq. (1.22). From (34) and (35) we
find

DS,,=D,D {&H, H"H]£}

1 _
=5 (D,D = DD )& H,HHE

1 _
= 2 Ruo,va{g[HUHyHa]g}z 0. (36)

We therefore have

T,,=T,,, D*T,,=0. (37)
In addition,
T=n""T,,= —mcEH*E. (38)

It follows from (31) and (35) that
ih _
Tuy=7 (28, + D { €[H ,H ,H*]E). (39

We shall need the energy—momentum tensor in this form for
what follows.
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4. The second-quantized isometric and conformal
momenta

According to the Gauss theorem, if a hypersurface do
bounds a simple region o, then for any tensor field T,, and
any vector field K# we have

f K*T,,do”= f DY(K*T,,)dv. (40)
do o

If the tensor field T, satisfies the conditions (37), then
D¥(K*T,,)=K,,,T*"+FT, (41)

where T is the trace of the tensor T which in this case is

given by (38), and

uvo

1
F=7D.K", (42)

1

K,u.v':i (

DlLK,,+D,,K#)—F7]M,,. (43)
The one-parameter group of spacetime transformations
obtained by solving the system of ordinary differential equa-
tions
dxf  f* ke (44)
Bdn —dn

is termed conformal when

K,,=0. (45)
In the more general case when

K;l, l’= 0’ F = 0, (46)

it is termed isometric. The system of equations (46) is
equivalent to the system

D,K,+DK,=0. (47)

In the case (46) the divergence (41) is equal to zero, and
the integral (40) also vanishes. Therefore, in this case the
integral

F= f ZK"T,“,do-” (48)

is independent of the choice of the complete hypersurface
3,. We shall call this the second-quantized isometric momen-
tum operator.

For the same reason as in the case (45), the integral (48)
is also independent of the choice of the complete hypersur-
face 3, but only with the condition T=0. According to (38),
this is satisfied if the mass of the spinor particle is zero. In
this case the integral (48) for m =0 will be called the second-
quantized conformal momentum operator.

Let us give a general (in the spinor variant) definition of
a second-quantized operator.

Let an operator K actin the space of solutions of the DFI
equation. This means that if £ satisfies the DFI equation, then
K ¢ also satisfies the DFI equation. To each such operator
there corresponds an integral
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F=(ERD=i [ 8110,0:0,1R6 49)

independent of the choice of the complete hypersurface %,
which we refer to as a second-quantized operator.

In particular, the charge operator (29) is such a second-
quantized operator. It is

e=(&,—eé). (50)

In this case K is an operator which multiplies by the number
—e.

The integral (48) falls under the general definition of a
second-quantized operator, because it is equal to the integral
(49), where

. 1
K=—ih K#D,L+Z (DHKB)H“Hﬁ} (51)
in the isometric case and

i 1 1
K=—ih)K*D,+ 7 (D KH H + 5 F

1 3
=~ if| KD+ 7 (DK g— F nog) HHP+ 5 F}

(52)

in the conformal case. In fact, taking T, in the form (39),
we easily verify that the vector field

T%=K*T,,, "+ EHK§E

is the divergence T*=D BA"’” of an antisymmetric tensor
field:

1 — 1 —
A"ﬁ=ih{ i EHOKHP)E+ 3 E(K*HP—KPH)E!,
where K=K"H,,, so that, according to the Stokes theorem,

f T%n4,do”=0.
>

5. The isometric momentum operator

Equation (47) has a nontrivial solution if and only if the
isometry group acts in the spacetime. We therefore have the
equality

Fo(x)=r§(x), (53)

where the prime denotes the result of an operation from this
group. For an infinitesimal transformation

x® =x*+K*eu\ (54)
this implies that
K*e,fz=0. (55)

Let us consider the corresponding transformation of the basis
linear form. Owing to (53) and (54),

£ = Fo(x")dxP = f5(dxP+ dK# PN+ K*deP))

=f*+(dK“—K*eldfg)\.
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According to Eq. (I.38),

Czuf"=eﬁdfg—efeﬂf§f”.
Therefore, owing to (55), in this case

K“Co f'=K"ehdf,
so that

£ =+ (dK“~K*C f")N.
Taking into account (1.32) and (I.36), we finally obtain

[ =f+(D K~ KFol ) f'\. (56)
Therefore, for an infinitesimal isometric transformation (54)
the basis linear form undergoes an infinitesimal rotation (56)
given by the antisymmetric matrix

DK K 0, (57)

According to (1.42) and (1.47), it follows from this that the
addition to the spinor field in the transformation (54) is

1
E'(x")—E&(x)=N{ K" e, + " K'w,q,H"H"

1
+3 (D,,Ka)H"H", §=)\{K“D#

+ % (D,,KQ)H”H“] 3 (58)

We therefore arrive at the isometric momentum operator (51)
of the spinor field.

Let us show that this operator commutes with the opera-
tor H”D, from the left-hand side of the DFI equation. We
have

i .
+ [H'D,K—KHD,|=K*H*(D,D,~D,D,)

1 .
+7 (D,D K H'H*HP+ 0,
(59)
where
: 1
O=(D,K*")H"D ,+ i (D Kp)(H"H*HP

—HYHPHY)D,.
Since
HYH°HP—H®HPH"=27*"HP—2 7P H*,
then O =0. Furthermore, using (L.78) we find that the com-
mutator (59) is

1
3 {K“R op (D ,D K g) }H'HHP.

It is easily verified that for a field obeying Eq. (47),
K#RQB1V#+(DVD“KB)=O' (60)

Therefore, the commutator (59) is zero. However, it is obvi-
ous that KH*=H*K.

N. S. Shavokhina 608



Consequently, if the spinor field ¢ satisfies the DFI equa-
tion, the spinor field K¢ satisfies the same equation.

6. Conformal invariance of the neutrinc behavior

If all fermion interactions except that with the gravita-
tional field are neglected, the behavior of the fermions in this
approximation is completely determined by the DFI equation
(I.49), the scalar product

(17,”)=if20_H4[Q1Q2Q3]u, (61)

determining the algebra of the field operators, and the
energy—momentum tensor (31). For the problems discussed
here, which were studied in Ref. 49, it is not important
whether the neutrino field is described by a four-component
spinor or a two-component half-spinor. We shall therefore
describe it by the equation

HY¢,=0, (62)

simply setting m=0 in the DFI equation.

We shall show that the behavior of the neutrino is con-
formally invariant. This means that in a spacetime with met-
ric ds? the neutrino behaves as in a spacetime with metric
ds'?=Bds?. Two gravitational fields, one corresponding to
metric ds? and the other to metric ds'?, are identical as seen
by the neutrino.

Let us explain this for an important example, when one
of such a pair of fields is static. It corresponds to the metric
reduced to the form

303
ds?= 21 kzl gin(x!,x2,x*)dx'dx*— c?dr?. (63)

g R
Clearly, a static field cannot generate neutrinos, just as for
other fermions or bosons. The conformal invariance of the
neutrino behavior implies, in particular, that the gravitational
field with metric ds’%=B?ds? proportional to (63) also can-

not generate neutrinos.

An example of such a field is the gravitational field in
Friedmannian spacetime. In this case the factor B depends
only on time. The spatial part in (63) is the metric form of
Euclidean space, spherical space, or Lobachevsky space.

To prove our statement about the conformal invariance
of the neutrino behavior it is sufficient to prove the confor-
mal invariance of Eq. (62), the scalar product (61), and the
integral (48), where K* is a vector field.

We shall construct the proof for n-dimensional space-
time. For the DFI equation it is important that the number
n be even. Of course, in the real world n=4. However, in the
next (the third) part of this review we shall consider the
model case n=2.

Let there be an orthogonal basis linear form f* such that
in a spacetime with metric ds? we have ds>= naﬁf"fﬂ. Ina
spacetime with metric ds’'?>=B2%ds? the basis linear form
f'*=Bf* satisfies the analogous condition
ds'*=n.af *f'P. We also have e,=Be/,. Therefore, we
take

f"=Bfy, ep=Bey". (64)
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From this it follows that

[Q; "'Qr’n—l]:Bn_l[Ql Q]

Therefore, if we make the substitution

uzB(n—l)/Zul, v—=B(n—l)/ZU—l (65)
we obtain the equality
v_,Hn[Qi"'Qr,t—l]u,:v_Hn[Ql"'Qn—l]u9 (66)

needed to prove the conformal invariance of the scalar prod-
uct determining the algebra of the field operators.
According to (65), we must use the further substitution

§=B("_])/2§'. (67)

Then from (64) we find the relation between the non-
holonomy coefficients,

CZ,B=BC¢’,/73+ 5/"§e:,B— 614;3,
and the rotation coefficients of the basis linear forms,
waﬂy:Bw;ﬁy-’_ ﬂﬁve;rB - 77(”6;;3-

From this we obtain

1
§,,=B("+l)/2§:,+EB(""I)n(ne,',B—H,,H"‘e;B)f',

B o B (68)

§V=B(n+1)/2§;/+ 5 B(n—l)/Z‘g;l(ne:,B_e;BHaHV).
Therefore,

HV§,,=B("+I)/2HV§,’,; (69)

TM=B"T/’“,. (70)

Owing to (69), Eq. (62) is conformally invariant.

Finally, the vector field K# in one spacetime corre-
sponds to the vector field K'#=BK* in the other. In addi-
tion, do’'*=B" " 'da”. Therefore, owing to (71),

K'*T, , do’"=K"'T,,do”. (71)

The last equation is needed to prove the conformal invari-
ance of the integral (48).

We have almost proved our assertion that the neutrino
behavior is conformally invariant. To complete the proof, we
need to assume that the functions B and B~ ! are known
everywhere and do not vanish anywhere.

However, the latter condition can be weakened. We can
instead require that these functions are known and do not
vanish in some region containing the complete hypersurface
3.. In this region the neutrino behavior will again be confor-
mally invariant.

This weakened condition is particularly interesting in the
case of Friedmannian spacetime, when the function B is in-
dependent of the spatial coordinates, and hypersurfaces on
which the time coordinate is given can be taken as complete.
We see that the neutrino behavior in Friedmannian spacetime
is determined only by the sign of the curvature of the hyper-
surface ¢ = const. Therefore, to study the neutrino behavior in
Friedmannian spacetime it is sufficient to study flat space-
time with the metric
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dp*+ p*(d6*+sin’ 0de?)— c*dt?,

spherical spacetime with the metric
dp*+R? sin? % (d6*+sin? 0d?)—ctdt?,
and Lobachevsky spacetime with the metric
dp™+ k2 sinh? = (d67-+sin? 0dg?) - c?dr®

If no constraints are imposed on the functions B and
B~!, then in the region where they are both nonzero some of
the features of the conformally invariant neutrino behavior
will not be preserved. Features like (61) and (48) described
by integral characteristics will not be preserved, and only
those like (62), (66), and (71) described by differential char-
acteristics will be. We shall use this observation below to
derive the conformal momentum operator (52).

7. The conformal momentum operator

The conformal momentum operator of the spinor field
has been derived in Refs. 53 and 54. For two spacetimes in
conformal correspondence with each other we have

Considering the tensor (43), where in the n-dimensional case
Fis

1
F=~DK*, (73)

rather than (42), we find
K;3=Ka/3, BF'=BF+K%e,B. (74)

Now let the condition (44) be satisfied for the field K.
In this case the same condition also holds for the field
K'?, no matter what the function B is. However, in some
neighborhood of a spacetime point it is always possible to
find a function B such that the condition F' =0 is satisfied.
Choosing such a function B, that is, solving the equation

BF+K"e,B=0, (75)

we will obtain the isometric momentum operator taking the
spinor ¢’ into the spinor

1
—iﬁ[K”‘f;ﬁ 7 (DK HHPE ]

Using the substitution (67) and Egs. (68), (72), and (75), we
easily obtain the conformal momentum operator:

N 1 n—1
K= —zﬁ[KﬂD,ﬁ r (D oK g~ F p)H*HP+ — F]

1 | n—2
=—ih\K"D,+ 7 (DKgH HP+——F .  (76)

For an arbitrary vector field K“ we obtain the commuta-
tor
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i _ 1
z [H’D,K—KH'D,]= 75 H*(DPK op)+ HK gD

+FH®D,,. (77)
In fact, we have
[H'D, K"D, J=K*H"(D,D,—D,D,)
+H"(D,K*)D,,,

1
[H”D,,, 1 (DaKp)H“HB}

1 1
== (D,D K g)H'H*HP + 1 (DK p)(H"H*HP

—H°HPH")D,,,

n—2

n—2
H'D,,—F

14
T FH".

4

Furthermore, from the identity

DD Kp=D (K a5+ F1,p)+D(Kg,+Fng,)
1
_Dﬂ(Kav+F77av)+ _2-: {(D,BDa

=D Dp)K,+(D,Dy—D,D,)Kp
—(D,Dg—=DgD,)Kq}
we find the equation
D,D,Kg=D K ,5+D.Kpg,—DgK o, *F a5t Fong,
—FgNayt R} Ko
Using (1.78), we obtain (77).

Therefore, if the spinor field ¢ satisfies Eq. (62), the field
K ¢ also satisfies this equation if K,5=0.

lll. QUANTUM THEORY OF THE SPINOR FIELD IN
TWO-DIMENSIONAL SPACETIME

1. Solution of the DFI equation in two-dimensional
spacetime

This part of the review is based on Refs. 55-57. The
metric of two-dimensional spacetime can locally be written
as

ds*=a*(dz*—c*dr?), (1)

where a is some function of z and ¢. The spinor analysis can
be performed directly in two-dimensional spacetime, but
here it is preferable to embed the two-dimensional spacetime
into four-dimensional spacetime with the metric
ds*=dx*>+dy*+a*(dz*— cdr?)

and to use the results obtained above.
If in the original Dirac equations (I.1) we set
=0, h=iyn(z,t), Y3=0, Psa=i4(z,1), (2

we obtain the Dirac equations in
Minkowski spacetime:

two-dimensional
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(E=mc®) ¢+ cp,s=0,

(E+mc?)y,+ cp,,=0.

The Cartan substitution (I.15) with the conditions (2)
brings Eq. (1.16) and also (3) to the form

(E+cp)ér=—mc*¢,

(cp,—E)ép=mc?&,.

According to (1.53), the DFI equations in Cartan form take
the form (4) not only in two-dimensional Minkowski space-
time, but also in the spacetime with the metric (1) if we take

3)

4

(ff) P = (R)

\[—&t

This leads to the following equations for u= a¢:

J 190 +_mc 0
gz c o2 g W=D

®)

z?+1c9 . mc 0
2 ;ﬁtuo lﬁ au,=0.

In this part of the review the entire discussion is about two-
dimensional spacetime, so that the following notation for the
isotropic coordinates should not lead to confusion:

ctt+z
2 ’ y= 2 . (6)

xX=

In the isotropic coordinates (6), Eq. (5) can be rewritten in
the following canonical form:

J . mc
—up=i —5—au
ax ° f 2

™)

d _mc

7 Uy =i == aug.

We shall solve the Cauchy problem for this system of
equations: we must find the solution of the system (7) if the
functions u, and u, are arbitrarily specified on an arbitrary
spacelike curve y=M\(x). This implies that the derivative
N'(x) is negative.

The classical Riemann method for a single second-order
equation of the hyperbolic type can be extended to the sys-
tem of equations (7).

If the pair of functions uy, u, satisfies the system of
equations (7) and the pair of functions v,, v, satisfies the
conjugate system of equations
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FIG. 1.

0 mc
Vo=— av,,
ax 0 F e

(®)

ay Uy= ﬁ avg,

then

(Uouo)"‘ (02“2) 0. 9)

Therefore, the linear form
l)zuzdx_vouody (10)
is a total differential, and the integral

§ (vzuzdx——vouody)=0 (11)

over any closed contour is equal to zero.

Let us choose the contour PoMyQ, (Fig. 1) formed by
the lines x=x,, y=y,, and the curve y=N\(x), where
My=(xg,y0) is the point at which we want to find the value
of the unknown pair of functions. The point Q has coordi-
nates xg, N(x); the point Py has coordinates A\~ !(y,),
Yo; x=\"1(y) is the function which is the inverse of the
function y=X\(x). For this contour the condition (11) im-
plies

dx

Y=Yo

My
[ votrugn)
)

My
dy+ L va(M)uy(M)
0

X=Xxq

dx.
y=\(x)

Q
. L 0[vz(M)uz(M)—>\'(X)vo(M)14()(1V1)]

(12)
Let us choose the functions vo(M)=vy(M;M,) and
V(M)=v,9(M;M,) such that

voo(M;Mo)|s=x, =0,

(13)
vZO(M;MO)|y=y0: l TC' a(x,)’o)-
The first of Egs. (7) and Eq. (12) give
Qo
uo(Mo)zuo(Po)+fP [Voo( MM o) uy(M)
0
=N (X)veo(M;My)ug(M)] dx. (14)

y=X\(x)

Now let us choose the functions vo(M)=vg(M;M,)
and vy(M)=v,,(M;M) such that
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o]
=
“w

. mc
UOZ(M;MO)‘x=x0=l _ﬁ— a(-xo ,y),

v22(M;M0)‘y=y0=0' (15)

The second of Egs. (7) and Eq. (12) give

Qo
uy(Mo)=u,(Qo) + J; [V M;Mo)uy(M)
0

— N (X)voM;Mg)ug(M)] dx. (16)

y=\(x)

Equations (14) and (16) reduce the Cauchy problem to
that of seeking the Riemann (matrix) function v;;(M;M).
The latter can be expressed in terms of a matrix function
wir(M;M,) which satisfies the same equations as
vi(M;M,), i.e., the equations

17 .mc d .mc

ox WooT T T AWy, To W= Tl ST AWy, -
d _mc d _mc
b;wz():—z—ﬁ—awoo, 5W22=—170w02,

but is subject to simpler characteristic conditions, namely,

W00|x=xo= 1, w02|x=x0:0v

18
w20|y=y0=0’ w22|y=y0=1' ( )
The differential equations (17) with the conditions (18)

are equivalent to the following integral equations:

X

mc [x
Woo(xsy;xo,)’o)=1—i—{j a(&,y)wqy(€,y;x0,y0)déE,
0

mc y
WZO(x’y;-xo syO): —i T f a(x7 ”)WOO(X? ;X0 9y0)d777
Yo

mec (¥
Wo(X,Y:X0,Y0) =1—i r J a(x, m)weo(x, 17;%0,y0)d 7,
Yo

mc (x
woa(X,¥3X%0,Y0) = —1i ra f a(&,y)wn(€,y;x0,y0)dE.
0

X
(19)
The Riemann function v;;(M;M) is obtained from the
function w;(M;M,) by differentiation with respect to the
parameters xo and y,:
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M
4 FG.2
l;WOO aW(n
—— =V . Vo2
ayo é’xo (20)
MWw_ - Mm_
ayo 207 axo 22’

as is easily verified.

The function w;,(M;M ) can be found by the method of
successive approximations, reducing the system of equations
(19) to the following equations:

woo(X,Y3%0,Y0)
2C2 x y
=1— —r a(g,y)dgj a(&, mMweo( &, m5x0,Y0)d 7,
X0 Yo

w(%,¥3X0,Y0)
=1

mZCZ

y X
- fyoa(x,n)dn fxoa(g,n)wH(g,n;xo,yo)df.

(21)
It is easily seen that the first of Egs. (21) is obtained by
substituting the second of Eqgs. (19) into the first. The second
of Egs. (21) is obtained by substituting the fourth of Egs.
(19) into the third.

2. Antisymmetry of the Riemann matrix function
Antisymmetry of the Riemann matrix function implies
V(M sMy)=—v(My3M,y). (22)

Let us prove this.

We arbitrarily choose two points M;=(x;,y,;) and
M,=(x,,y,), and from them we construct the point
M3=(x3,y3), lying at the intersection of the lines P ;M | and
Q,M,, and the point M 4= (x4,y4), lying at the intersection
of the lines P,M, and QM (Fig. 2). Now we draw four
contours PM;Q,, k=1, 2, 3, 4, like the contour
PyMyQ, shown in Fig. 1, where P;=P,, 0;=0,,
P4,=P,, and 0,=Q,. Applying Eq. (11) to them, we obtain
four expressions of the type (12).

In each of the four expressions of the type (12) we first
take

ug(M)=vi(M;M,),
vo(M)=vo(M;M,),

u(M)=v3(M;M,),
V(M) =v,o(M; M),

and then
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ug(M)=vi(M;M,),
vo(M)=vp(M;M,),

and

uo(M)=vg(M;M,),
vo(M)=vy(M;M,),

and finally

uo(M)=v#H(M;M,),
vo(M)=vp(M;M,),

As a result, we find

uy(M)=v3(M;M,),
va(M)=vn(M;M,),

u(M)=v3(M;M,),
va(M)=vy(M;M,),

uz(M)=v§"2(M;M1),
vo(M)=vp(M;M,).

2, M, M,
Aik dx= sz dy+ Y,k dx,
1 y=\(x) &1 x=x P1 Y=y,
Py (] Py
Aik dx= Xlk dy+ Ylk dx,
2 y=A\(x) Mq X=x; M4 Y=Yy,
Q2 M2 MZ (23)
Aik dx= Xik dy+ Y,k dx,
P2 lyn Q2 iy, P2 lyey,
Py (273 Py
Aik d.x= th dy+ Ylk dx
2 y=\(x) M3 x=x, M Y=y

[these expres:ici.s are written in the order 1, 4, 2, 3; in the
expressions pertaining to the vertices M; and M, we have
interchanged the upper and lower limits of integration rela-
tive to (12)], where

Ap=Yy—" ") Xk

Xoo=voo(M;My)vi(M;M)),
X20=002(M;M2)U§O(M;M1),
Xop=voo(M;Mp)vg(M;My),
Xn=vo(M;My)vi(M;M,),
Yoo=v20(M;M,)v3(M;M,),
Yo0=v0(M;M,)v3(M:M,),
Yoo =v0(M;M3)v3(M;M,),
Y 5n=0pn(M;M)v3(M;M,),

Adding to the left-hand side of (23) the four integrals
over the curve y=A\(x), we obtain zero. Therefore, the sum
of all the integrals on the right-hand side of (23) i. a.-0 zero.
The sum of the two integrals along the line x=x, is equal to
the integral from M, to M, and the sum along the line
x=x, is equal to the integral from M; to M,. The sum of
the two integrals along the line y=y, is equal to the integral
from M, to M|, and the sum along the line y =y, is equal to
the integral from M4 to M,. Therefore,
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(24

Furthermore, according to (13) and (15) we have

X00|x=x1 =0,
Xa0lx=x, =0,
Xoolx=x,=0,
Y22'y=y1 =0,

X00|x=x2

’

YO2Iy=y1 (25)

s

=0
Y20|y=y2:Oa
=0
=0

Y22|y=y2

Therefore, (24) is equivalent to the following equations:

M, M,
j Yoo dx+f Y| dx=0
M, b=y My
1 Y=y,
f X0 d}"‘“f Yy dx=0
M3 x=x M3 =
2 Y=
M, M, (26)
J’ Xm dy+J Y02 dx=0
My ex M, _
1 Y=y2
My M,
f Xn dy+f Xp| dy=0
Ma x=x M, x=x
1 2
Now, according to (13) and (15), we have
_mc
YOO!Y=y1= U a(x,y)vg(x,y13M>),
_mc .
Yooly=y,= +i 7 a(x,y,)v3(x,y2; M),
_mc
Yaoly=y, =1 7 a(xy)vn(x,y 3 Ma),
_mc N
Yooly=y,= +i 5= alx.y,)vd(x.y2:M)),
(27)
_mc N
Xorlemsy=+i == alxz y)0ie(ea.y:M ),
_mc
X02|x=x1: -1 T a(xl ’)’)Uoo(xl ,)’§M2),
_mc
Xoalxmr, = =1 5= a(x1,y)vea(x1.y: M),
_mc .
X22|x=x2: +i & a(x2,9)vgy(x2,y: M),
and since the function v satisfies (17), we have
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a

Yooly=y, = 55 Voolx:y13M2),
a

X0l =1, = 3y v3o(x2,y:M 1),
J

X02|x=xl=5; 020(x1 »)’;Mz),

d
X22|x=x1= Jy va(x1,y:M2),

P
Yooly=y,= 57 Vool %:y23M1),

17
Y20|y=y1 = ox v X,¥13:M3),

a
Y02|y=y2= E va‘Z(-x’y2;Ml)s
a
Xplx=x,= 7y vE(x2,y:M1). (28)

Substituting (28) into (26), we find
voo M 13 M) —voo(X3,Y13M2) +vgo(Mo M)
—vd(x4,y2:M,)=0,
V(MM ) —v3y(x2,y23M ) +v(M s M)

—voa(x3,y13M3)=0,

VoM 3 M3) —vao(X1,y43M2) +05H(M2 ;M) )
—06*2(x4,y2;M1)=0,
V(M ;M) —vgp(X1,Y45M2) +035(M4 M)
—03(x2,y3:M,)=0.
Since x3=x,, X4=Xy, y3=Y, and y4=y;, then
Vool X3.Y13M2) =voo(M33:M3) =voo(x2,Y1;M2),
va(X4,y2:M ) =vi(M ;M ) =vd(xy,y23M)),
v3(x2,y3: M) =vi(M ;M) =v3(x2,y1:My),
Voa(X3,Y13: M) =v(M33M2) = v(*2,y13:M2), 50
30

Vao(X1,Y4: M) =020(M 45M3) = vo9(x1,y2:M2),
vE(x4,y23M ) =0GH(M 4 M) =v5y(x1,y25M ),
Vo X1,Y43 M) =00(M 4; M) = v(X1,y2:M>),
VI (x2,y3:M ) =0H(M3;M ) =035(x5,y 1M ).

From the conditions (13) and (15) we obtain the following
equations:

Voo(X3,Y1:M3)=0, vgy(x4,y2:M)=0,

. “mc

U20(x2’y3;Ml)=—l 7a(x2’>’l)v
mc

voa(x3,y s Mo) = +i 'ﬁ—a(xz,)ﬂ),
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. mc
020(x1,Y4§M2)= +i _h'— a(xl ,)’2),

mc
V(X423 M )=~ W a(xy,y2),

Un(x1,Y4:M2)=0, v3(x5,y3:M,)=0. (31)
Substituting these equations into (29), we obtain (22).

3. The anticommutator of the spinor field in
two-dimensional spacetime

As can be seen from Egs. (14) and (16), the anticommu-
tator of the spinor field is defined throughout two-
dimensional spacetime by the commutation relations on
some spacelike curve y=X\(x). Let us write down the com-
mutation relations on this curve, introducing operators of the
form

F= [ {0+ Fas) -\ 0o ()

+ fouo(x)1}dx, (32)

where (fy,f,) and ()70 ,fz) are ‘‘trial’’ spinor functions of
x, and

up(X)=up(x,M(x)),  wf(x)=ui(x,\(x)),

The operator (32) will be Hermitian if fi=rt.
For any two operators of the form (32) we take

{FG}=FG+GF=2(f,g), (33)

where

k=0, 2.

1 (= - -
(f,g)z‘z‘J’_w{fzgz+f282—)\'(x)[fog~o+fogo]}dx-
(34)

The commutation relations on the curve y=X\(x) are thereby
specified.

According to (14) and (16), the operators u;(M,) and
ui (M) have the form (32), so that Eqgs. (33) and (34) are
valid for them. Obviously,

{uj(M )ur(Mp)}=0, {uf(M)ug(My)}=0. (35)
Using (23) for the Riemann function, it is easy to show that
{[uo(M ug(M2)]}=e(M | ,M2)vie(M ;M3)+ 8(y2~y1),
{uo(M)uf (M)} =e(M,,M2)v5(M;M>),
LM )M =e (M, MoiMpay), OO
{ua(M ) u3 (M)} =e(M ,My)v3(M;M2) + 8(x,—xy),
where

e(M,,M,)

1, if M, is in the ‘‘future’’ relative to M,
=|0, if M, and M, are spatially similar,
—1, if M is in the future’’ relative to M,,

s

The function £(M ,M,) can be written as
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(M ,M;)=6(x,—x,)0(y,—~ )

—0(x;—x3)0(y,—y,), (37
where
1, i x>0,
9x)=\o, if x<o. (38)

It follows from (36) that the anticommutator does not
depend on the choice of curve A(x). The fact that the anti-
commutator is equal to zero for spacelike separations of the
points M| and M, is an expression of causality.

4. The Riemann function in two-dimensional flat
spacetime

In this case a=1. Let us find the function w;;(M;M,).
According to (21) for a=1, it is obvious that

Woo(X,¥3X0,Y0) = W22l X,y5%0,¥0) = w(x,y;X0,¥0). (39)
For the function w(x,y;xq,yo) we have the equation

2.2

x y
w(x,y;xq,y0)=1— T f dff w(&,17:%0,Y0)d 7,
X0 Yo
(40)

which is easily solved by the method of successive approxi-
mations. The solution can be expressed in terms of the
Bessel function Jy(z):

oo

-1 k
W(x:y;xo,)’O):kZO ( ) (Z

2k
IR 5) =Jo(2), (41)

where

z=21ﬁ€ V(x=x0)(y —¥0)-

Therefore, the function w(M ;M) depends only on the sepa-
ration of the points M and M.
From (19) we find

d (_l)k Z 2k
Z‘o k! (k+ 1)1 (E)

Y~ Yo
= \, J
x—X l(z)’

@

_mc (—1)*
W°2:—l—ﬁ—(x_x°),§0 K (k+1)!

x_xOJ ( )
= Z).
Vy—yo !

The Riemann function is then found from (20).

. mc
W=~ 2= y=vo0)

(42)

7\ 2
2

5. The Riemann function in two-dimensional de Sitter
spacetime

Two-dimensional de Sitter spacetime is represented as a
hyperboloid of one sheet (x')2+ (x%)?— (x%)?=r? in three-
dimensional flat spacetime with the metric
(dx")?+ (dx*)?— (dx®)%. Convenient coordinates on the hy-
perboloid are the angles 6 and ¢:
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(43)

The metric on the hyperboloid is
(dx")2+(dx?)?— (dx°)?=a*(dp*—d 6?),
where

r
4= cos 0 (44)

Introducing the isotropic coordinates

0+ ¢ 60— ¢

X

we find that in this case the Riemann function obeys the
equations

J im
ax V% T Cos(x+y) U2
4
a im k=02 (46)
dy Y™ cos(x+y) vor  (k=0,2)
and satisfies the following characteristic conditions:
| 0 | _ im
UOOx=xO_ s> Vo2 x=xq cos(x0+y)’
(47)

im

U20|y=y0: 022|y=y0=()9

cos(x+yg)’

where m=mcr/h is a dimensionless parameter.

Now let us introduce the coordinates y=cosh ' and
B=tanh B associated with the point M, where I' is the
geodesic distance between the points M and M, and B is the
angle between the segment My M and the coordinate line
¢=¢q:

_ cos(x—xg+yo—y)—sin(x+y)sin(xy+y)

Y

s

cos(x+y)cos(xgtyg)

cos(xgt+yg)sin(x—xo+yo—y)

B (48)

= sin(x+y) —sin(xo+yg)cos(x—xo+yo—y) "

The angle f of the Lorentz rotation from the local basis
linear form (d6,dp) to the local basis linear form
(dvy,dp) is found from the expression

7 \/ sin(x— xg)cos(x+y,)
e = - -
sin(y — yo)cos(xo+y)

The general procedure for spinor transformation in going
from one local basis linear form to another leads to the sub-
stitution

_ cos(x+y) .,
v00=v00\[—r e 172,
. /cos(x—ky) i
V=V - e 2,

(49)

(50)
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_ /cos(x+ y)
V0= U2 '—"—r ef/2,
_ /cos(x+ y)
Vp=Un\ T, e’?,

which significantly simplifies the system of equations (46).
Actually, the 0 satisfy a system of equations with sepa-
rated variables, namely,

1-8% 9 g 1 v

- (21 — 4 — " i =—imi.

(\/-,;,tl—ﬁﬁ—’- Y 107"“2 \/7_:)1)0]( Imuo g,
(51)

B -1 4 a 1

Y ~ .
= ;ﬁ—hhﬂ—l 3;+5-——72___1) U= —imUgy.

To satisfy the characteristic conditions (47) and to ensure
that the v ;; do not have singularities, it is necessary to set

im

Ui =———=—G;(y)e??,
A \r cos(xo+yo) &
(52)
im
l;' = G ( )e_B/2
2 \r cos(xg+yq) Y
and to require that the following equations be satisfied:
G 7)=G(7)=Go(y), Go(1)=1.
(53)

Gu(¥) =G v)=Gy(y).

Here the functions G and G, satisfy the following sys-
tem of ordinary differential equations:

T L 6ot 2 AL Go=imG
Y dvy 20Ty ;:,_—l‘o—lm 2

dy

d 1 +1 (54
Y
— _ + — A =7
\/72 1 dy G, 2 \/y_l G,=imG,,
the solution of which is known:>®
/7+1 . . 11—y
Goly)= TF(I—tm,1+zm;1;T— s

(55)

G2(7)=—im\/l-2— F(1~im,1+im;2; TY),

where F is the hypergeometric function.
Collecting the results, we obtain the Riemann function:

m? sin(x —xq)

Voo F(l—im,l

- cos(x+y) cos(xq+yo)

. -y
ez 122),

im cos(xg+y)

1202 F(l—lm,l

- cos(x+y) cos(xg+yop)

1_
+im;1;Ty), (56)
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im cos(x+yg)

Yo~ cos(x+y) cos(xy+yo)

1_
+im;1;——y),

F(l—im,l

2
2 3
m sin(y — yo)
= 1—im,1
U2 cos(x+y) cos(xg+yo) F( .
-y
+' 2 .
im;z; 2 )

6. Creation and annihilation operators in two-
dimensional de Sitter spacetime

To introduce the particle creation and annihilation opera-
tors in two-dimensional de Sitter spacetime, we write the
DFI equations in the following matrix form:

du im LutK du (57)
90 coso EP%

where u is a column matrix, and K and L are the matrices

(uo (-1 0 (o1
NRCE R

We shall seek the solution of (57) in the form of a Fourier
series:

@

1 [ 1
U=—= 2 ugipexplil st (59)

The expansion in half-integer harmonics is determined by
the condition

u(02m)=—u(6,0). (60)

The Riemann function, determined locally, also satisfies this
global condition.

For the coefficients of the series (59) we obtain the equa-
tion

d . 1 im
7o Ys+in=i| st 5| Kugint o Litsrin- (61)

Since the sum = in the expansion (59) can be written as

it 1
;:;0 [up+l/2 exp[i(p+ 5

i

to determine the expansion coefficients it is necessary to
solve the following two systems of equations for all p>0:

df+_ +l _im
de  '\? 2f_cosﬂg’

dg +1 _im
dé p Eg_cos0

ertu_p_1n

X exp , (62)

(63)

and
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af 1 im
de i\pt 2 f_cosﬂg’

(64)

dg+ +1 _ im
deo i\p 2g_cos0f'

The first system has the following two solutions:

D) f=£,(6), g=g,(0);

2) f=—8;(0)=—g,(—0), g=fX(0)=f,(—0).
They are linearly independent, because their determinant is

£(0) (0
~gX(6) f3(0)

and in view of (63) is independent of the time 6.
The second system has the following two solutions:

1) f=_gp(0), g=—fp(0);
2) f=f0). g=-g*(0).

They are also linearly independent for the same reason.
Therefore, the coefficients of the Fourier series (62) can
be written as

0 )
up+l/2(0)=(£f)§0)))Ap+l/2 (f*(ﬂ) ) —p—1/2>

£50) )
—-g,(0)

‘=|fp(0)|2+|gp(0)|2 (65)

66
—gp(o) h

—£,(6) )A—p— it

where A and B are operator constants.
The explicit form of the functions Sfp(6) and g,(0) is

By,

“—p—1/2(0)=(
e—tB
_ ~ip+1V20p| _im im-p+1-
fp(8)=N,e F( im,im;p l’2cos 0),

. m
P 2(p+1)cos 6

e ' ) 67)

gp(0)=— e""P*W)"F( 1—im,l1

+im;p+2; ———|,
P 2 cos 6

where N, is a normalization factor. Assuming that the deter-
minant (65) is equal to 1, we find

\[I’(p+ 1+im)['(p+1 ——tm)
P p! |
According to (36), the field operator has the following
commutation relations:

{uk(09¢2)uj(09¢1)}=0’ {ulf(a’(PZ)u;‘k(e’(Pl)}:O’

69
{ur(0,02)uf(0,01)}=8;0(P2— @y). (69)

From this it follows that the operators A and B satisfy the
commutation relations

{Ari12:A5412=0, {B,1112,Bs412}=0,

{A;L+ 1/2’A.j+ 121 =0, {B:r+ 12 ’Bx++ 121 =0, (70)

[Ari12.A  10]= 815, [Briin.Bii1n]=6s.

(68)
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In addition, operators denoted by different letters (A and
B) anticommute, no matter what their indices are. The op-
erators A" and A can be viewed as electron creation and
annihilation operators, and B* and B can be viewed as pos-
itron creation and annihilation operators.

7. The canonical method

For the metric

ds*=a%(¢,0)(dp*—d6?) (71)
the DFI equation

du imc du

—_— — + —_—
50 % aLu K&(p’ (72)

a special case of which is Eq. (57), can be obtained canoni-
cally from the action integral

=JjAd<pd0, (73)
where
_iﬁ . du Ju* u  Ju*
— 2 36 0 WK 35T 5g Ku
2imc
- au*Lu). (74)

Canonically, from this we obtain the current vector
Jo=—u*u, J,=—u*Ku (75)

and the energy—momentum tensor

T _iﬁ *6u u*

-2 " 90 a0

- - ih . ou Ju* if *au

LR ) 36 a6 “*)T 2 \" 8
..ol (76)

dp |’
- _ih - o"u_&u*K
po= o | ¥ 90 99 ul.

The trace of the energy—momentum tensor is

mc
T=a Ty, Tg)= - w*Lu. (77)

The covariant divergences of any vector J, and any
symmetric tensor T, g in the spacetime with metric (71) are
g"V J o=8"%0 ) o, (78)
8"V, Top=8"3,Top—Ta ™ 'dpa. (79

Substituting (75)—(77) into this and taking into account (72),

we find that the covariant divergences of the current vector

and the energy—momentum tensor are equal to zero.
Accordingly, the integral

~ [ juto® (80)
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over 3, where 3, is a spacelike curve separating the space-
time into two parts, is independent of the choice of 3. This is
the charge operator. If there exists a vector field {* generat-
ing an isometric transformation, then the integral

M= J Topldo? (81)

along the curve 3, is also independent of the choice of 3. On
the curve §=const, which is one of the curves of the type

E’

Jado*=jod o, Taﬁf"daﬂ=Ta0§“d(p. (82)
In the special case (44) the three vector fields
i d d
3 (i(l)—cos 6 cos ¢ -(;—E—sm 0 sin ¢ — Ep
i J 0
_E(i(z)—cos051ng0—0+sm0cos<p£ (83)
i B J
- g (12)— %

generate the group of isometric transformations of the hyper-
boloid (43). Here it is convenient to combine the two real

fields X and X into a single complex field:
((UY] (02)

d J
ﬁ(X—lX)—e”"(cos 0——+zsm 0—— . (84)
(01)  (02)

Using the expansion (59), we obtain the integral (80) in the
form

o

2w
é=—e| wtude=—e X, u¥, ,usin (85)
§=—00

and the two integrals of the type (81) in the form

U s (86)

27 * 1
M=—f Todp=H X, |s+=
0 §=— 2

(12)

2

M+iM= (cos 0T yp+i sin HTa‘p)ei‘”d(p:

(o) (02 JO

% _Z s, (87)
where

pe=uk (mL+sKe Xy, ;. (88)

All these integrals are independent of #, which can be
verified by using the fact that Eq. (61) gives

d « d
%”s+1/2“s+1/2=0, ;1‘0‘/1«::0' (89)

From (66) we find

* — At +
Upi12Up+ 1/2_Ap+ I/ZprL 1/2+prf 128 -p— 2>
(90)

* R + .
U1t —p—12=AZ_1pA 12t B 1By s

mo=m(B_ ;B T/z_A T/zA— 12)
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Bpr1=N(p+1)"+m (Bp-3/ZBtp—1/2_A;+3/2Ap+1/2)9

1)
M_p1=N(p+1)*+m (Bp+l/ZB;+3/2_Aip—1/2A‘p—-3/2)'
Therefore,
é=e E (B:+I/ZBS+1/2_As++l/2A.\'+1/2)’
§=—®
i 1
M=% 2 (5+5)(As++1/2As+1/2+3:+1/235+1/2),
(129 $=-®
(92)

M+iM=h 2 Vs +m (As+1/2As 172

(o1) (02) §=—
+Bs+l/23s—l/2)'

We see from the first two expressions that AY,,,, and

+
B s+l are the creation operators for an electron and positron

in the state with angular momentum 7%(s+3), and that
Asyipand By, are the annihilation operators for an elec-
tron and positron in the state with angular momentum
A(s+19).

It is remarkable that the operators (92) are invariant un-
der the substitution

e_la
Asrin— _IW [Agr1pti(—=1)*BY ],
e
Bsiip— \/; [Bssi1nti(—1)°AT ],
1+

where a and § are any real numbers, and \ is any complex
number. This substitution is canonical in the sense that it
preserves the commutation relations (70). It is analogous to
the Bogolyubov  substitution in the theory of
superconductivity.>®

Therefore, the continuous group of isometries in de Sit-
ter spacetime does not determine the vacuum state uniquely.
Spatial reflection ¢— — ¢ also does not decrease the arbi-
trariness in the choice of vacuum. On the other hand, time
reflection §— — 6 imposes the following constraints:

a=p;

(93)

A=N*. (94)

8. Expansion of the anticommutator in a Fourier
series

In Secs. 3 and 5 we obtained the anticommutator of the
spinor field in two-dimensional de Sitter spacetime by the
Riemann method, but it can also be found directly from the
conditions (70). For the series (59) with coefficients (66) the
anticommutator is

©

1
{uo(M ug(My)}= Dp FZ_OO Forin

i)
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i

Xexp



@

1
{uZ(Ml)ug(M2)}=§— > Gerin

T e

1
Xexpy i s+5 <p0|,
© 95)
N 1
{uo(M)u3 (Mz)}zﬁ ;w G_s-1n
) 1
Xexp) i s+5 @o >
% 1 S
{uz(Ml)uz(Mz)}:‘z— 2 Fosmn -
M s=—
X | +l
exp| i\ s+ 3o
where @o= @~ ¢,.
The expansion coefficients are
For1n=1y(0)f;(0,)+g;(6,)8,(62),
F—p~1/2=fp(0l)f;<(02)+g:(01)gp(02)9
(96)

Gpi12=28p(01)f1(02)—f5(01)8,(6,),

G_p-12=fp( 01)8:( 62) ‘8:‘(01)fp( 02),

where p=0, 1, 2, ... . They satisfy the system of differen-
tial equations

oF 1 im
—+i| s+ 5 |F= G

20, 2 cos 6;
9G_ [ 1) _im ©7)
0, NP7 2)Y 7 cos 6, ’

with initial data F=1, G=0 for 6,= 0,.

However, the following pair of functions satisfies the
same system of differential equations with the same initial
data:

1
1s+1,2=exp{ —i(s+ 5) 00}

sin B0 %o
m? J’oo 2 Al 1—im.1
2 J -4, cos 6, cos 6, s
. —Y [ 1
+im;2; = expy —i s+§ ®otdeo,
(98)
cos 0o+ @0
B im j"o 2 Fl1—im1
sHU2 9 ~ g, COs 6, cos 6, s
1—v 1
+im;2; 5 |exp —i s+§ @odeg,
where
Ccos ¢p—sin @, sin 6
00=0,—0,, y= - — =, (99)

cos @, cos 6,
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Therefore,

(100)

This allows the series (95) to be summed, and we obtain the
anticommutator of the spinor field in the familiar form (36).

Fooin=Ilivins Gsrin=Jsiin-

IV. QUANTUM THEORY OF THE SPINOR FIELD IN
THE dX BASIS

1. The special Dirac equation in de Sitter spacetime

The transformation from the DFI equation to the special
equation written down by Dirac for de Sitter spacetime in
Ref. 36 is described in Ref. 37. The 2n-dimensional case is
studied in Ref. 60.

The 2n-dimensional de Sitter spacetime can be repre-
sented as a  hyperboloid  7,px*x®=r?  in
(2n+1)-dimensional ~ Minkowski  spacetime. = Here
Naa=— Moo= 1, 743=0 for A+ B. The upper-case Latin let-
ters take the values O, 1, 2, ..., 2n, and the lower-case
Latin letters take the values 1, 2, ..., 2n. In this general
case the spinor has 2" components,*? and we can choose one
anti-Hermitian matrix H® and 2n Hermitian matrices H® sat-
isfying the conditions HAH® + HEHA =218,

The special Dirac equation in the 2n-dimensional case is
generalized as

HAm,E=(n+im) X E (1)
A —E,

where & is the spinor £ in the basis dx?, X=x*H,, and

d  xuxB o9

AT AT T axt @)
Since
% HAHBmAB=% (XHA- HAX) Ei_f‘ = )7( H*m,, ()
where
d d
MAB=XA 5B~ XB 5 A> (4

Eq. (1) can be written as

(%HAHBmAB—n)E=imE. (5)
The operator M, given by

M= % H*H®m p—n, (6)

anticommutes with the operator X, that is,
MX+XM=0. (7)

From this we conclude that the operator equal to —iH XM

is Hermitian. Moreover, the operator HyX is also Hermitian.

Therefore, for real values of the parameter m, Eq. (1) is

made Hermitian by multiplication by the operator —iH .
The Dirac-conjugate spinor

=E*H0 (8)

1
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satisfies the equation

- X
m EHA=(n—im)E - 9)
or, equivalently,
1 _ _
3 mugBHAHR=(n—im)E. (10)

Together with (7), the operator M has yet another im-
portant property, namely,

1
(M+n)(M+1—n)Z—EmABmAB=—mAmA. (11)

Therefore, each of the 2" components of the spinor & sepa-
rately satisfies the same equation

mamiE=(n+im)(n—1—im)E (12)

if the spinor E itself satisfies Eq. (5). Here each component
of the conjugate spinor 5 satisfies the equation

mam*E=(n—im)(n—1+im)E. (13)

From the obvious identity
M+n)YM+1—n)—(n+im)(im+1—n)

=(M—im)(M+1+im) (14)

we obtain the lemma:
If the spinor ® satisfies Eq. (12), then the spinor

E=(M+1+im)® (15)

satisfies Eq. (1) [or, equivalently, Eq. (5)].
The associated lemma is proved similarly:
If the spinor ® satisfies Eq. (13), then the spinor

E=d(M+1—im) (16)

satisfies Eq. (9) [or, equivalently, Eq. (10)].

Equations (1), (5), and (12) for the case n=2 were writ-
ten down by Dirac himself in Ref. 36. Here we shall study
the case n=1 in detail.

2. Transformation from the F basis to the dX basis
Equation (I11.72) can be written as

HO Ju Lyl ou _ imc o (17)
0 do k el

where the matrices H* are

PR R

These matrices satisfy the following conditions:
HOHl:HZ HOHZZ_HI
H'H*=-H?, H°H'H?=1, (19)
HAHP+HPHA=2r"".

The column vector u is associated with the spinor & in the
f basis (f°=ad0, f'=ad¢) as u= Jat.

The covariant derivative of the spinor in the f basis is
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1
§u=Dué=e, b+ 7 0op, HHPE, (20)

where eo= (l/a) /96, e;= (l/a) /3¢, Wap,=&apC,,
€qp i the antisymmetric tensor with g,=1,
Co=a"%dald¢, and C,=a"%3ald 0. The covariant deriva-
tive of the conjugate spinor £=£*H |, in the f basis is

_ _ _ 1 _
£,=D,t=e i~ 3 Ewqp, HHP. (21)
In this notation Eq. (17) is written as
Y imc B
H D,,—TH £=0. (22)

Let us return to the study of two-dimensional de Sitter
spacetime, representing it as a hyperboloid (II1.43). Here
a=r(cos 6)~'. To the differential forms f°,f! we add the
form f2=dr, and from the basis

r r
F—{ pees 0(19, md(p,dr] (23)
we transform to the basis
dxX={dx°dx",dx?}, (24)

constructed of differentials of the functions (II1.43). Here it
is convenient to make the replacement

_7T 2

The transformation from the F basis to the dX basis is ac-
complished by a Lorentz transformation of the form
dx*=Ly f®, ff=L5dx*. We can choose a matrix S such that
STHAS=L3H®, SHAS™'=LAiH®,

26
SH S '=LEH,, S 'H,S=LHj. (26)
If we write dX=H,dx* and F=H ,f*, then dX=SFS~!
and F=S"'dXS. The transformation from the F basis to the
dX basis is accompanied by the substitution

E=S¢. (27)
In this case

¢ P 0 0
S=| cos 5+H1H2 sin— +H\H, smi- ,

1
cos —
2) ycos 6 ( 2

(28)
- 1 ( 0 —_ a)
= Ccos —— sin —
ycos 6 2 02 2
@ 4
X cosE——HlesmE).
We have
1
STIHOS=H° —— + H%tane,
cos @
—igl 0 . L , Sin
ST "H' S=H"tan® sin ¢+H' cos ¢ +H (29)

cos 6’
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cos @
cos 8

S™'H*S=H"tan0 cos ¢—H" sinp+H>

and, inversely,

SH°S '=H° ! — H'tan@ sin ¢ — H*tané cos ¢
cos @ ’
SH'S™'=H" cos ¢—H? sin ¢, (30)
sin cos X
SH2S™'= — Hotan6+ H' —o 4 H? =
cos 0 cos @ r
It is easily verified that
—l-w JHeEHP=51e S—LH,,HZ (31)
4 "ep " 2r '
Therefore,

-1, = 1 20— 1
D,t=S"'e,E— — H,H*S™'E,

2r
_ 1 (32)
D,g=(evE)s+5 ESH,H?.
We thus find
S— l e
H'D,é=H"S e E— 71125“‘;:,
(33)

N 1
D EtH"= (e, E)SH"— - ESH?.

Furthermore, the vector fields (2) in this case are

d ) , d d
m0=%, ml=—sm0'sm<p£+cosecosgo5$,
in 6 0 0 si i 34
my=—sin 6 cos ¢ —5—cos & sin ¢ Ere

Therefore, in the form (30),
rSH'S 'e,=H%m,, (35)

so that Eq. (22) in the dX basis takes the form (1) for
n=1. The conjugate equation

— imc _
DV§HV=—T§H2 (36)

takes the form (9) for n=1.

3. The current vector and energy—momentum tensor
in the dX basis

In two-dimensional spacetime in the F basis the current
vector is (11.28), and according to (I1.31) and (I1.35) the
energy—momentum tensor is

i _ - i _ —
T;LV=7(gH,u,gv—gva,g):7(§vap,_§p.Hv:§),
(37

since in the two-dimensional case [H ,H ,H“]=0.
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To transform the current vector and the energy-—
momentum tensor to the dX basis, in addition to (27) and
(32) we need to use the equations

_ _ A
§=ES, D,E=(e,F)~ 5= ESHH,. (38)

As a result, we find

e —
Tap=75,7 | BXaBp— FpXsB+eapcX EE
it

=372 [EXAEp—EpXsE+EXpE s —EaXsE],

(40)

where e,pc is the completely antisymmetric tensor,
gon=1, Es=muE, Es=m,E, and

X, X
XA=mAX=rHA—TX=—2—r[XHA—HAX].

Since the divergences of the current vector and of the
energy—momentum tensor are zero in the F basis, in the
dX basis

muJA=0, m,T*2=0. (41)

4. The charge operator in the dX basis

The charge operator ¢ in the F basis is equal to the
integral of the determinant

o g

Jo gt

along the curve 3. The same operator in the dX basis is
equal to the integral along the curve 3, of the determinant

JO X0 ax®
—|Jb Xt dxl|, (42)
J2 X2 dx?

Substituting the current vector (39) into this, we find
A € =1 ot
e=—+< EXdXFE,. (43)

This integral is independent of the choice of the curve 2.
Specifying it by the equation #=0, we find XdX=r>H ¢
and

2w
é=—érf E*Ede. (44)

5. The isometric momenta in the dX basis

In two-dimensional de Sitter spacetime there are three
Killing vector fields of the type (4) with components

Z€ =XpSy—X 55 (45)
(PQ)

They correspond to the isometric operators
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1
(PQ)
and the second-quantized operators given by the integrals
1 -
M- [ Exax K = 1)
() (PQ)

along the curve 3. The latter are determined by the integrals
along the curve 3 of expressions of the type (42), in which
the components J4 are replaced by contractions T‘é Z€ of

(PQ)
the tensor (40) with the vector (45). Specifying 3 by the
equation =0, we find

M =—ihrfE*(mpq+HpHQ)Ed¢. (48)
(PQ) 0

6. Anticommutator of the spinor field in the dX basis

In the third part of this review we obtained the anticom-
mutator of a field obeying Eq. (17). For this we had to solve
the Cauchy problem. It was solved by the Riemann method,
and the anticommutator was expressed in terms of the Rie-
mann function for Eq. (17). There we found the explicit form
of the Riemann function for Eq. (17). If the anticommutator
obtained there is transformed to the dX basis, it can be ex-
pressed in either of the following two forms:

{E(X)E(y)}= rmY M+ 1+im)DP(x,y)Y

=r 2XD ) (x,y)(M+1—im), (49)
y

where {E(x)E(y)} is a matrix whose elements are
Ep(x)E,(»)+E,(»)E,(x). The symbols x and y below
M indicate that the operator M refers to the points x and
y, respectively. The matrix Y is Y=y4H ,.

The function D*) is

1+e(A)

) F(—-im,1+im;

DM (x,y)=e(x"~y°) 7
(50)
where A=r"2(x*—y*)(x4—y4), and &(A) is the sign of

A. The function D) obeys Eq. (12) for n=1.

n(+) 1.

— The-function-D{ ™’ is obtained from D‘*’ by replacing

m by —m. It obeys Eq. (13) for n=1.
The anticommutator (49) obeys the equation

(M—im){E(x)E(y)}=0. (51)

7. Solution of the Cauchy problem in the dX basis

The anticommutator (49) can be obtained directly by
solving the Cauchy problem for Eq. (1). For n=1 we have

d

J
=a—é, m,= —sin 6 sin ¢ — +cos 6 cos ¢ —,

EY g
(52)

mo

a
m,= —sin 6 cos ¢ a—é+cos 0 sin @ Ip-

From this we find
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A

mamA=cos? 0 (53)

PP
P EFJ
According to (12), the spinor field in this case obeys the
equation

ZeaZE 8, 1+im)E (54)
cos” 6 —or —&—P—z——zm( im)E.

Let the Cauchy data refer to the curve 3, separating
the hyperboloid (23) into two parts. It can be specified by
the equation 6=f(¢), where f(27)=f(0) and
—1<d6/de<1. The solution of the Cauchy problem for
Eq. (54) is expressed in terms of the function D(*:

2
E(x)=fo [DH)(x,y)E (o) (y)

4§, (55)
=f(9

where (0) is the sign of the derivative normal to the curve
3.. For example,

—D{H(x,)E)]

d  df(e) 9

06> d§ 9§

Eo(»)= E(y). (56)

Taking it from Eq. (1) for n=1, we can obtain the solution of
the Cauchy problem® for this equation in the form (15),
where

1
b= - j DM (x,y)dYE(y), (57)

aY N Y df(f)

ay=|—+-—=—— d~ 587
¢ a0 dg |°F (58)

is the elementary displacement of the matrix Y along the
curve 2.

This solution can be written in terms of the anticommu-
tator (49):

Y
=20= [ (E@EL) 7 arEG). (59

The solution of the Cauchy problem for the conjugate Dirac

‘equation can be written in terms of the same anticommutator

(49):

— — Y Fa— _
u(x)=f dE(y) 7dY{n(x)::(y)}- (60)

The proposed method of solving the Cauchy problem is
easily generalized to the 2n-dimensional case.

CONCLUSION

Here we have considered only a few of the problems
concerning the spinor field in Riemannian spacetime. For
example, we have not discussed the quantum theory of the
spinor field in four-dimensional de Sitic: spacetime con-
structed in Refs. 37-39. We have alsc .cit out the general
method of separating variables in the DFI equation. Appar-
ently, the exact—not approximate—quantization of the
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spinor field is possible in just those spacetimes where sepa-
ration of variables occurs. We have also neglected the inter-
action of the spinor field with other fields and, most impor-
tantly, with the electromagnetic field. The study of all these
topics lies far outside the scope of a single review.
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