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The fundamental problems associated with elimination of the arbitrariness in gauge theories are
the subject of this review. The role of the Dirac-extended gauge group and the importance

of the requirement of only weak gauge invariance of physical quantities are stressed. It is shown
that it is important to distinguish between dynamical and nondynamical gauges in quantum
theories. The most popular gauges are analyzed, mainly for the example of electrodynamics, from
the viewpoint of the role played by the physical degrees of freedom. The key role of the

Fock gauge is studied. Very simple quantum-mechanical models illustrating some statements about
systems of fields are studied in detail. The various types of gauge transformation and their
physical interpretation are discussed, and the essential difference between local and global
transformations is emphasized. © 1996 American Institute of Physics. [S1063-7796(96)00405-6]

1. INTRODUCTION
1.1. Gauge invariance

All the known field interactions—strong, electromag-
netic, weak, and gravitational—possess the property of local
gauge invariance. The principle of gauge invariance there-
fore is a fundamental principle of physics. It corresponds to
the statement that the fundamental fields appearing in the
Lagrangian admit transformations by arbitrary functions of
the coordinates and time x which do not change the Lagrang-
ian (the action). In the case of the electromagnetic field, de-
scribed by the vector potential A ,(x) (Ref. 1), these are the
well known gradient transformations”
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ieA —
A#—>A#+¢9ﬂ1\, Yy—e' Y (a/‘_ﬂx—ﬂ')’
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where A=A (x) is an arbitrary scalar function, = i(x) is a
charged field, and e is the electric charge. In the case of
Yang—Mills fields,>~> which are described by vector poten-
tials A , taking values in the Lie algebra of some semisimple
group G, these transformations have the form

A,;»UA,,U“—% Us,u~"', y-uUy, (1.2)
where U=U(x) is an element of the non-Abelian gauge
group and ¢ is a ‘“‘matter field.”” The gluon and quark
fields transform in the same way [G=SU(3),, the strong
interaction’®], as do the bosonic and fermionic fields
in the initial Lagrangian of electroweak interactions’'°
[G=SU(2)XU(1)]. In the theory of gravity!"!? these are
generally covariant transformations of the coordinates x*,

(1.3)

and the corresponding transformations of the tensors 7# -,

x'=x"(x),

ox'#
T'H-=A0x)... T (x), Ab(x)= R (1.4)
The action of a relativistic particle!>!*
S= —mf Ji2dr, it=dx*dr (1.5)
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[7 is the ““invariant time,”’ and the gauge transformation is
7 7' =7'(7), x'(7')=x(7)] and the action of the Nambu—
Goto string®™!? and the superstring!>~'® also possess the
property of gauge invariance in the above sense. For ex-
ample, the Nambu-Goto action'’~"

S= f\/__ﬁ_rfdd ',u._dxﬂ
=—v (xx")"—x%x rdo, xt=——,

o
xih=—, y=const (1.6)
is invariant under reparametrization transformations
T—fi(7,0), o—fy1,0), (1.7)

because it is proportional to the area of the two-dimensional
surface swept out by the string in spacetime.z)

For all interactions except the gravitational interaction,
the dynamical variables are the vector potentials. The vector
potential is treated as a connection in the principal bundle
spacc“’22 (the base is Minkowski space, and a fiber is the
gauge group), and it transforms inhomogeneously under
gauge transformations. In the case of gravity, the compo-
nents of the metric tensor g,,(x) play the role of the dy-
namical variables. The connection in gravitational theory is
compatible with a metric (the Christoffel symbols are ex-
pressed in terms of g ,,), so that the metric tensor itself plays
a fundamental role. Incidentally (we shall not need to return
to this point), we note that connections are often treated as
unphysical objects, owing to their gauge noninvariance (in
contrast to tensors, which transform homogeneously). This,
of course, is a misunderstanding. Any quantity which
changes (homogeneously or inhomogeneously) under gauge
transformations contains unphysical components. The pres-
ence of the latter is what makes the transformation law non-
trivial, i.e., makes the connection or tensors noninvariant.
This is why the problem of unphysical degrees of freedom
also exists in the theory of gravity.

1.2. Gauge conditions

Therefore, gauge theories contain unphysical degrees of
freedom which ensure the relativistic invariance or the gen-
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eral covariance of the formalism. The law for their variation
with time is not fixed by the equations of motion, which
follow from the Hamilton variational principle, i.e., the so-
lutions of the equations of motion contain a functional arbi-
trariness. At first glance, in classical physics there are at least
three possible ways of dealing with the gauge variables: (1)
fixing them; (2) reformulating the theory in terms of only
invariant variables; (3) eliminating them from the Lagrang-
ian, for example, by setting them equal to zero. It turns out
that these possibilities are not equivalent. The third one radi-
cally changes the dynamics of the physical degrees of free-
dom (see Sec. 3), and the second one even in comparatively
simple models can make the calculations unimaginably more
complicated.?® Therefore, only the first possibility is used in
practice. The Lagrangian or the action do not explicitly indi-
cate any preference for a time dependence of the unphysical
degrees of freedom, so that the method of fixing them de-
pends entirely on the whim of the author. Clearly, here there
is wide scope for creative activity. Since the creation of elec-
trodynamics and the theory of gravitation, many different
gauge conditions (gauges) have been proposed to eliminate
the arbitrariness. Even more appeared when quantum theory
was developed, particularly in connection with the study of
Yang—Mills fields.>~> Let us list some of the most useful
ones.”
1. The Lorenz gauge:24

d,A,=0. (1.8)
This is sometimes referred to as the Landau gauge.

2. The Coulomb or radiation gauge:

div =AO0. (1.9

This was first used by Maxwell,' and it would be appropriate
to call it the Maxwell gauge.
3. The Weyl gauge:25

Ay=0. (1.10)

This is the natural gauge following from the structure of the
Lagrangian of the electromagnetic field (see Sec. 2). It is also
(inappropriately) called the Hamiltonian gauge. In the En-
glish literature one finds the term temporal gauge. Jackiw has
suggested naming the gauge (1.10) after Weyl.26

4. The Arnowitt—Fickler’” or axial gauge:

A;=0. (1.11)
5. The light-cone gauge:

nA=0, n*=0 (nA=n,A,=g""n,A,). (1.12)
The gauges (1.10)—(1.12) can be written as

nA=0. (1.13)

For n2=ng—n2=1 we have the Weyl gauge, and for

n?=—1 we have the Arnowitt—Fickler gauge. Any gauge of
the form (1.13) is sometimes referred to as an axial gauge.

6. The Fock gauge: %~

x,A L (x)=0, (1.14)
or

(x—xg) ,A 4(x)=0. (1.15)
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This gauge is sometimes called the Fock—Schwinger gauge®'
(Schwinger was the first to notice its advantages).

Gauge conditions usually supplement the equations of
motion, i.e., the law governing the variation of the unphysi-
cal variables is specified directly. However, it can be fixed in
a different way, by changing the form of the original La-
grangian, i.e., by adding to it a term which spoils the gauge
invariance and allows equations of motion to be written
down for the unphysical variables. The following gauge-
fixing terms .%" are most commonly added to a Lagrangian
%

7. The Heisenberg—Pauli gauge:3>*>

1
,%’:—5;(3,‘/1#)2, (1.16)
where « is an arbitrary parameter. The case =1 corre-
sponds to the Feynman gauge, and the case =0 to the Lor-
entz gauge. Gauges of the form (1.16) are sometimes re-
ferred to as gauges of the Fermi class,***" although in his
early studies Fermi did not explicitly add gauge-fixing terms
to the Lagrangian.

8. The 't Hooft gauge:*®

1
F'=— T (d,A,—am Im ®)?,

(1.17)
where ¢ is a complex scalar field. The additional term .£" is
chosen from the condition that mixed terms A ,d,,¢ cancel in
the effective Lagrangians describing the Higgs effect (Refs.
9, 10, and 39; see also Ref. 40). This is not the only gauge
proposed by ’t Hooft. The following one is useful when
studying theories with vacuum rearrangement.*! If ¢ is the
Higgs field and y=arg ¢, we require that X+ﬁ_2§#A#=O,
or

' =2ea’B? cos(x+B729,A,). (1.18)

Here B is a constant with the dimensions of mass,
a=(¢)o, and e is the electric charge. In this gauge the fic-
titious fields separate out. For B—o the unitary gauge is
obtained (unphysical fields do not propagate). Let us recall
the Abelian gauge.*""*? Its name comes from the fact that an
Abelian subgroup of a non-Abelian group is singled out. For
example, for the group SU(2) the Abelian subgroup is
U(1), with the corresponding decomposition of the vector
field W&—(A,.W,), W,=A,, W,=(W,TiW2)/\2,
a=1,2,3. The gauge-fixing term is chosen to be

gl_ 1 2 1 + +\ %
== 5= (9,4, —-B—(D#W#)(D#W#) ,

D,=d,—igA,. (1.19)

The first term in (1.19) violates the invariance under the
Abelian subgroup; £ even violates the global SU(2) sym-
metry, so that the renormalization constants of the fields
A, and W;f in this gauge turn out to be different.*

9. The ’t Hooft—Veltman gauge:*

» 1 1 ,\?
F === A~ 5 aeA,

2 ) (1.20)
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(a is a parameter), which reveals the great breadth of possi-
bilities offered by gauge freedom even in electrodynamics.
In this gauge one can find all the features of non-Abelian
theory: auxiliary anticommuting fields and nontrivial self-
interaction of the electromagnetic field (3- and 4-photon ver-
tices). Nevertheless, the theory is equivalent to the standard
one. This has been checked in Ref. 43 in lowest-order per-
turbation theory.

10. The planar gauge:“"“‘"46

1
F = FanAOnA, O= -3, n?#0.

5 2, (1.21)

This is one of several gauges suggested by Kummer in Ref.
44. Among them, in addition to (1.8)—(1.13) listed above, is
the gauge

1
P — 2
L3 Ta [(nd)nA]". (1.22)
The planar gauge of Ref. 46 [n2#0, a—1 in (1.21)] was a
development of the gauge condition used by Lipatov® in
studying deep-inelastic scattering processes [n2—0 in
(1.21); see Sec. 4].

11. The background-field gauge*"*® (see also the excel-
lent review of Ref. 49):

1
F=— P (0,9,~184,4,) (1.23)
Here A, and g, are the ‘‘background”’ (classical) and quan-
tum (auxiliary) fields in the decomposition of the quantized
field:

Al=q,+A,. (1.29)
This decomposition is used to study effective Lagra-
ngians.’®~>® The essential feature is the postulate that there is
a homogeneous transformation law for g, and an inhomoge-
neous one for A, , i.e., under gauge transformations the field
q, transforms as a tensor and the field A, as a connection.
The decomposition (1.24) is allowed because the sum of a
tensor and a connection transforms as a connection. This
trick allows the quantum theory of gauge fields to be con-
structed without the loss of explicit gauge invariance, in par-
ticular, it leads to a convenient computational scheme for
gauge-invariant effective Lagrangians.* It is also effective in
theories of gravitation’* and supergravity.’

In principle, it is possible to construct new gauge condi-
tions by combining known ones. The gauges obtained in this
way are usually parameter-dependent. They can prove useful
in particular problems. Let us give some examples of such
parametric or interpolating gauges.

12. The class of ‘‘flow gauges”’ (Ref. 56):

Ao=Z[A] (1.25)

where Z[ A] is a functional. The authors refer to these gauges

as “‘flow gauges’’ because the equation eliminating the arbi-

trariness,
U+ig(AgU—-UZ[AY])=0, (1.26)
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[which follows from the conditions AJ=Z[AY],
A,’{E U~ I[A# +(ig)~ 1(3’“]U] “‘determines the flow known
from nonlinear dynamics’’ (Ref. 56). A special case of (1.26)
is the gauge

BA,=div A, 0<p<o. (1.27)

For B—0 or B— this condition is transformed into the
Maxwell gauge (1.9) or the Weyl gauge (1.10), respectively.
The class of gauges (1.25) contains the nonlocal gauges®®

aAp=(—A)""2divA, A= (1.28)

The parameter « is dimensionless [in contrast to 8 in (1.27),
which has the dimensions of mass]. In the gauge with fixing
term
F = : Ay— dA)? 1.29
- 2a (B 0 ) ( . )
there are no infrared divergences (at least in the one-loop
approximation®®).
13. The parametric gauge specified by the fixing

term57‘58

$’=~—6—1§;¢9A(D—/32)5A. (1.30)
For B— the Fried—Yennie gauge® is obtained, and for
B—0 one essentially obtains the Lorentz gauge.

The Fermi gauges (1.16) can also be classified as inter-
polating gauges, since special cases of them are the Feynman
gauge (a@=1), the Lorentz gauge («=0), and the Fried-
Yennie gauge (a¢=3). It is not hard to think up an interme-
diate gauge also for other conditions, for example,

ahAy— dA=0. (131)

For a=1 and O this becomes the Lorentz gauge and the
radiation gauge, respectively, and for a— it becomes the
inhomogeneous Weyl gauge (1.10), Ag=f(x), dof=0.

The gauge conditions (1.8)—(1.23), (1.25), (1.27)-(1.31)
have been written in the form natural for electrodynamics.
Their generalization to non-Abelian theories amounts to the
replacement A,—A), [and ¢—¢® in (1.17)], where
a=1,...,N, N=dim X (X is the Lie algebra of the gauge
group). Only the background-field gauge (1.23) needs more
explanation; there it is necessary to make the further replace-
ments q,—q),, A#q#ﬁif“bCAZq;, where f°°¢ are the
structure constants of the group. We should also mention the
so-called contour gauges, which arise in working with
P-exponentials and can be formally classified as nonlocal
gauges.®

14. ““Tensor’’ gauge conditions. In the examples given
above the gauge freedom is eliminated by fixing the connec-
tion. In principle, it can be eliminated by fixing any quantity
which transforms nontrivially, for example, a tensor. If the
scalar field ¢ transforms as an ‘‘isovector’’ [gauge group
SO(n)), then the n—1 unphysical variables are eliminated
by the conditions

©=p3=...=¢,=0. (1.32)

This example illustrates the statement that tensors cannot be
considered to be more physical than connections: they both
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contain physical and unphysical components. The following
important fact should be noted. The dimension of the group
SO(n) is D=n(n—1)/2, ie., the number of gauge param-
eters is equal to D, whereas the rank-1 tensor ¢ has only n
components, and n<D for n>2. The paradox is simple to
resolve: the stationary subgroup of the vector ¢ is
SOo(n—1), ie., D'=(n—1)(n—2)/2 generators of the
group SO(n) cancel the vector ¢. There remain
D—D'=n—1 parameters, which are also fixed. Therefore,
when other tensor variables are present this gauge will be
incomplete: (n—1)(n—2)/2 gauge parameters remain arbi-
trary.

15. The number of gauges used in the theory of gravita-
tion is rather small. The most popular one is the De Donder—
Lanczos—Fock gauge:®'~%

3,(\—gg"")=0.

This condition is obviously the analog of the Lorentz condi-
tion (1.8). It determines the so-called ‘‘harmonic coordi-
nates.”” The latter satisfy the d’Alembert equation

Ox¥=0, (1.34)

where O=—(—g) 29,J-gg""3,. However, Ox’=
—(—g)’”za#( J—gg""), i.e., the condition (1.34) ensures
that the coordinates are harmonic. We note that also in the
Lorentz condition (1.8) the remaining freedom is restricted
by the d’Alembert equation JA =0 [see (1.1)]. This is not
gauge freedom, because it is completely eliminated by speci-
fying the initial conditions. In the relativistic theory of grav-
ity the conditions (1.33) are raised to the status of field
equations.

16. There are also other gauges, for example, the light-
cone gauge,5>%® which is written as

(1.33)

ntg,,, n*=0. (1.35)

The analog of the Weyl gauge (1.10) is the condition

g*°=0. (1.36)

Dirac showed® that the remaining freedom associated with
the choice of coordinates on the hypersurface =0 is best
eliminated by requiring that

g% =0, Ft=gi(detgy)', ik=123.  (137)

In the Hamiltonian formalism Eq. (1.37) is understood in the
weak sense, i.e., it is taken into account only after calculating
the Poisson brackets.

The problem of eliminating the gauge freedom in string
and superstring theories is in principle no different from that
in field theories. For example, for the string with Nambu—
Goto action (1.6) it is natural to use the orthonormal gauge13

¥2—x"2=0, (1.38)

which implies transformation to conformal (orthonormal) co-
ordinates on the surface swept out by the string. Other gauge
conditions are also used, in particular, the light-cone gauge
(see Refs. 13—16, and 31 for more details).

Special mention should be made of the BRST
method.®-7° Auxiliary (fictitious) anticommuting scalar
fields are introduced into the formalism. The gauge-fixing

xx'=0,
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term .%" together with the Lagrangian of the fictitious fields
%" is invariant under global supersymmetry transformations
(see Sec. 2). In this approach the gauge (unphysical) degrees
of freedom are the even elements of a Grassmann algebra.
The explicit violation of local gauge invariance is formal in
nature—the role of the unphysical degrees of freedom is
taken over by the auxiliary Grassmann fields, so that the
theory preserves all the properties following from the gauge
invariance of the original Lagrangian. It is this formalism
which is most convenient for deriving the Ward identities.”"
The method was generalized to the case of nonlinear gauges
in Ref. 72.

The abundance of gauges suggests many questions.

What are the special features of any particular gauge?

Are there preferred gauges?

Are the arbitrary functions in Egs. (1.1)—(1.3) really
completely arbitrary?

Are there restrictions on the gauge-fixing terms %" ? If
so, what are they?

How can the classical gauge conditions be carried over
to quantum theory?

In order to analyze the large number of gauges, it is
necessary to somehow classify them. The following criteria
are usually used.

Relativistic invariance. The gauges (1.8), (1.14)—(1.20),
(1.23), (1.30), (1.32), (1.33), and (1.38) can obviously be
classified as Lorentz-invariant gauges, whereas in the others
the relativistic invariance is explicitly violated. The Fock—
Schwinger gauge violates invariance under translations
x—x+a.

Linearity. The conditions eliminating the gauge freedom
can be linear or nonlinear in the gauge fields (A,) and the
matter fields. For example, the functional on the right-hand
side of (1.25) can be nonlinear.

Uniqueness. A gauge condition can have several or even
an infinite number of solutions,?73-76

The presence of ghosts (the appearance of fictitious
fields in the formalism’”7®). It becomes necessary to use un-
physical anticommuting scalar fields for gauges of the type
(1.8), (1.9), and (1.16) in theories with a non-Abelian gauge
group,””””® and for the gauge (1.20) also in electrodynamics.

Locality. Local gauge conditions relate fields and their
derivatives at a single point. Equation (1.28) is an example
of a nonlocal gauge.

Renormalizability and unitarity. Gauges in which the
theory has an explicitly renormalizable form (according to
power counting) are referred to as R gauges. The gauges
(1.16) and (1.17) are examples. Gauges in which the S ma-
trix has an explicitly unitary form (unphysical fields do not
propagate) are referred to as U gauges.* The gauge (1.17)
for a—o0 is an example (the vector-field propagator in this
case does not fall off as the momentum tends to infinity).

Homogeneity. If, for example, instead of (1.8) we take

3,A,=f(x), (1.39)

where f is a function (or field), this gauge is termed inhomo-
geneous.

Dimensionality. Gauge conditions are sometimes classi-
fied on the basis of their dimension. For example, the Lor-
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entz gauge (1.8) has dimension 2 ([3#A#]=M2]), and the
gauges (1.13) have dimension 1 ([nA]=M).

Algebraic gauges.” In this case the components of the
gauge fields are related by algebraic conditions. Examples
are (1.10)—(1.15), (1.32), (1.35), and (1.36).

Incomplete gauges. If the gauge condition completely
eliminates the freedom, the gauge is termed complete; other-
wise it is incomplete (see Secs. 3 and 4).

Dynamical and nondynamical gauges. This distinction is
useful mainly in connection with the quantized theory.
Gauges specified by algebraic conditions or (in the Lagrang-
ian formalism) differential conditions of no higher than first
order in time will be referred to as nondynamical gauges.
Gauges specified by the inclusion in the Lagrangian of terms
%' quadratic in the velocities of the unphysical components
will be referred to as dynamical gauges. In the classical
theory such a distinction has no particular meaning; for ex-
ample, the Lorentz gauge (1.8) (nondynamical) and the
Feynman gauge (1.16), =1, (dynamical) lead to the same
equations of motion (Sec. 4). In the quantum theory nondy-
namical gauge conditions are conditions on the canonical
variables. However, it is impossible to require that, for ex-
ample, one of the canonical variables disappear. This would
lead to violation of the canonical commutation relations. Dy-
namical gauges make it possible to avoid this problem.

1.3. Gauge transformations

Many questions also arise in connection with the prob-
lem of choosing the gauge functions. This is related to the
problem of the gauge conditions, but is not identical to it. It
is traditionally assumed that the function A(x) in (1.1) is
absolutely arbitrary. Of course, this is not so; it cannot be
completely arbitrary. Gauge transformations cannot change
the nature of the fields, so that it cannot be either a complex
function (the field A, is real), or a 4-vector, or a generator of
a Grassmann algebra, and so on. These are only the most
obvious restrictions on the class of allowed transformations.
The more subtle characteristics of the function A(x) in (1.1)
and the matrices U(x) in (1.2) are also important for physics
(this question is discussed in more detail in Sec. 5). The
following classes of transformations are distinguished:

elocal;

eglobal;

e-large;

esingular;

esupersymmetric.

Global transformations, in contrast to local ones, are
characterized by group parameters which are independent of
the coordinates and time.” The transformations of the first
two groups are classified as small. To perform them it is
sufficient to specify the generators and parameters of the
gauge transformations. Another concept has appeared, that of
a “‘large transformation.””?® It is associated with the topology
of the space and the fields. According to (1.2), the field
U¢9#U‘1 is a purely gauge field, i.e., the field-strength tensor
corresponding to it is zero: F,,=0. Therefore, when deter-
mining the law for the falloff of the fields at |x| —0 we have
no right to require that they vanish (A,—0). We can only
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require that F,,,—0, i.e., A,—UJ,U"". The seemingly in-
nocent weakening of the asymptotic condition has deep con-
sequences. Let U(x)=U,—U,, for |x|—o. If this limit is
independent of the direction of x, this implies that we have
actually gone from R* to S°, ie., we have compactified
3-dimensional Euclidean space by adding to it a point at
infinity. However, U(x) € G, i.e., U(x) performs the map-
ping $*—G. It is known from topology that the set of such
mappings splits up into topologically inequivalent classes
characterized by topological numbers.®! For G=SU(2)
this number is?®

= - - —17.ijk
n——wfd%c T{UU'U; U UKU™ ']k,
(1.40)

where &7* is the unit antisymmetric tensor. Fields of differ-
ent classes cannot be transformed into each other by trans-
formations with continuous gauge parameters (see Sec. 5).

Large transformations are ones which take fields from
one class into another (Ref. 26, p. 667), i.e., transformations
U with n#0. It is important that all the ‘‘vacuum fields’’
A,=UJd,U™" of the different classes have zero tensor
F,,, ie., they correspond to zero classical energy. The po-
tential energy of the gauge field therefore has a countable set
of minima separated by potential barriers.

Singular gauge transformations arise in the theory of the
magnetic monopole. The Dirac monopole is a magnetic pole
with a magnetic string attached to it.82%340 This construction
would be a monopole if the string were unobservable. In this
case displacement of the string would correspond to an op-
eration on an unphysical object and, as might be expected,
would be accomplished by a gauge transformation. Such a
‘‘gauge’’ transformation actually can be imagined, but it is
not described by a single-valued function A. If the contour
around the initial undisplaced string does not encircle the
string after displacement to its final position, the value of the
function A after a circuit of the contour is different from its
initial value. The string is a singularity line A, which ex-
plains the name of this type of transformation.**3* However,
displacement of the string cannot be considered an unphysi-
cal operation, since the string itself cannot be an unphysical
object—the flux of magnetic field through it is nonzero (see
the introductory discussion in Ref. 83). Dropping the re-
quirement that A be continuous leads to transformations
which change the physics.

Supersymmetric gauge transformations. Right after the
discovery of supersymmetry (Refs. 85-88; see also Refs.
89-92), supergravity”>* was proposed. It is the result of
going from global supersymmetry to local supersymmetry.
In this theory the gauge parameters are elements of a Grass-
mann algebra; the parameters of global supersymmetry trans-
formations become functions of the coordinates. Even less is
known about the physical nature of local supersymmetry
than about gauge symmetry, although its importance for
physics cannot be doubted.

Let us single out a few of the other problems associated
with gauge invariance. A very important problem is that of
the gauge-fixing term %" . It is easy to find examples where
#', even though it violates gauge invariance, does not lift
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the degeneracy of the Lagrangian (for example,
% =m2A,2‘/2), or even leads to inconsistent dynamics95
(Z'=x"A,; see Sec. 4 for more details).

In addition, we should mention the Dirac-extended
group of gauge transformaztions96 (see Sec. 2). The point is
that the set of unphysical degrees of freedom is not identical
to the set of gauge parameters of the original Lagrangian.
Analysis shows that in addition to primary constraints (the
number of which is equal to the number of parameters of the
gauge group), there are also secondary ones.””*® They indi-
cate that an additional set of unphysical variables is present.
The law for the time variation of the latter is usually com-
pletely determined by the law for the variation of the former,
corresponding to the primary constraints. However, in prin-
ciple, this law can be specified independently, i.e., the actual
freedom in the theory is larger. A theory in which the num-
ber of gauge (arbitrary) parameters is equal to the number of
all first-class constraints (both primary and secondary) is re-
ferred to as a theory with an extended gauge group.

Finally, the very concept of gauge invariance should be
refined. The standard Lagrangian of gauge theory does not
change under gauge transformations. In this case one speaks
of strong gauge invariance. However, there exist physical
objects whose change is proportiunal to the constraints, i.e.,
they are not changed only by the inclusion of the constraints
(they are said to be ‘‘invariant on the constraints’’). In this
case there is weak gauge invariance. The Hamiltonian is an
example of such an object (see Sec. 2).

By now it should be clear that the theory of gauge fields
is quite complex and far from complete. There is an enor-
mous literature devoted to the problems of the choice of
gauge and the fine points of using various gauges. An entire
book would be required to discuss them all. In the present
review we discuss only some of the basic problems associ-
ated with the gauge invariance of a theory. Our attention is
mainly focused on the role played by the physical and non-
physical degrees of freedom in a particular gauge choice. We
only briefly touch upon the questions of gauge fixing in
gravitation and string theory. We also do not discuss the
problem of performing calculations in a given gauge—the
Feynman gauge is the standard, and the corresponding tech-
nique is described in all texts on quantum field theory. Non-
covariant gauges are discussed in detail in the thorough re-
view of Ref. 31 and in Ref. 79.

In Sec. 2 we discuss the problem of physical and un-
physical degrees of freedom, mainly in electrodynamics. We
stress the importance of the concept of an extended gauge
group introduced by Dirac and the concept of weak gauge
invariance. In Sec. 3 we study simple models with a finite
number of degrees of freedom illustrating some of the typical
problems of gauge theories. In Sec. 4 we perform a compara-
tive analysis of different gauges. The special role of the Fock
gauge is discussed. Section 5 is devoted to problems related
to gauge transformations. In Sec. 6 we briefly summarize our
discussion. The Appendix contains material dealing with cer-
tain aspects of gauge invariance and gauge conditions: the
background-field method, the role of the residual gauge
group, historical remarks, and so on.

Notation. We use the metric g,,,(+—— —); the compo-
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nents of a coordinate 4-vector x are denoted by x*=(x,?).
As a rule, we shall use the word ‘‘coordinates’’ to refer to
the space coordinates and the time. Greek indices take the
values 0,1,2,3; Latin indices i,j,k,/, if not stated otherwise,
take the values 1,2,3, while the indices a,b,c,d take the
values 1,2,..., dim X, where X is the Lie algebra of the
gauge group G. We use abbreviated notation for the differ-
entiation operator d,=d/dx* and for the d’Alembertian
O=-g""3,d, (or O=-— SINE a#\/_—_gg’“’d,,, where
g=det g,,, in the case where d,g,,,#0). Repeated indices of
the same type are understood to be summed over with the
appropriate metric tensor, for example,
q,.%,=8""q,x,=q,x"=qx. The commutator or anticom-
mutator is indicated by the sign on the square brackets:
[A,B].=AB=*BA. The Poisson brackets are defined by the
condition {q,p}=1. Equations valid only when constraints
are included (“‘equalities in the weak sense’’) are indicated
by the symbol ~. In path integrals we ignore the presence of
the constant in the measure. A product of functions can be
understood as an integration over coordinates:
JA=[dxJ ,(x)A,(x), where dx=d"x.

2. GAUGE THEORIES: THE LAGRANGIAN AND
HAMILTONIAN METHODS

A typical gauge-invariant Lagrangian looks like
1 N — A
F==7Tr FW+§f) YAiD—mp)

+§‘f, D,@AD,o)*+-+, (2.1)

where F,,=(ig)"'[D,,D,], D, =0, igA,, A,=A \°,
and D=1vy,D , . The matrices \* forming the basis of the Lie
algebra in the fundamental representation are normalized to
unity, Tr AN?A\?= 6%, and the Dirac matrices v, satisfy the
standard condition [y, ,y,]+=2g,,. In addition, ¢ is a
spinor field, Y= y*vy,, and ¢ is a complex scalar field; ob-
viously, A, in the covariant derivative of ¢ is A,=A}, T,
where the T are the group generators in the representation
realized by this field. The summation in (2.1) runs over the
types of field f (flavors) if there are several of them; the dots
stand for other allowed gauge-invariant terms, for example, a
self-interaction of the scalar field and contributions of other
fields. The Lagrangian (2.1) is invariant under the transfor-
mations (1.2). To explain the features of the dynamics of
gauge systems, let us consider the simplest and most well
studied theory, that of electrodynamics (Abelian gauge
group).

2.1. Free electrodynamics

The corresponding Lagrangian is obtained from (2.1) by
the replacement A\*— 1 (the unit matrix):

| S A
Vo= = 7 Fut WiD=m) 4D ,o(D @) *+ - .

(2.2)
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Here F,,=d,A,—Jd,A, and D ,=39,—ieA,; for simplicity
we consider only a single charged field. The dynamics of
systems with a gauge group are determined already by the
first term in (2.2).

The Lagrangian of the free electromagnetic field can be
written as

1 1

Fo=— 7 Fu=75 0,ATP73,4,, (2.3)
where

TPROV— gPVOU_ oPOgUY, (2.4)
Using the tensor operator

KM= —TPHY9 4, (2.5)
we rewrite (2.3) as

Bo== A JKEPALE 5 ap(A TPH9Y9,A,). (2.6)

The last term in (2.6) is ‘a total divergence and can be
dropped. The features of the classical and quantum descrip-
tion of the electromagnetic field follow from Egs. (2.3)-
(2.6). The velocity dependence of .%; (the bilinear term) is
determined by the matrix

2

O = gOugor— gWgnr, (2.7)

dA 6A

THY = TR0V =

This matrix is degenerate because, being diagonal, it has a
zero along the diagonal: T#”=diag(0,1,1,1). Lagrangians
possessing this property are also called degenerate (or sin-
gular): %, is not a quadratic function of the velocity Ao, ie.,
the coefficient of Ag in (2.3) is equal to zero. In fact, the
Lagrangians (2.2) and (2.3) are completely independent of
AO. The matrix K is also degenerate:

uwv= " 8pv O=-d,,

since P(l)— -0~ 1K is a

projection  operator
(g#,,—P“sL+P§f3, P%P;’;—P(‘)ﬁ" i,j=0,1).  The

most important consequences of these features are:

K 0-4,9

wopv»

(2.8)

(a) in the classical theory: the problem of transforming to
the Hamiltonian description of the system (insolubility
of the equations p;=dL/dq" for ¢' (Ref. 96);

(b) in the quantum theory: the problem of defining the
propagator, which arises because in a nondegenerate
theory the propagator is A ,,~K ;,} .

2.2. The extended group of gauge transformations

The general theory of dynamical systems with con-
straints was constructed by Dirac and Bergmann,’*%® al-
though its basic elements for the case of electrodynamics are
already contained in the papers of Heisenberg and Pauli.’2%
The essence of the problem appears in going to the Hamil-
tonian formalism. From (2.3) we have

0z

at=——=FH 0,

JA

I

(2.9)
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i.e., the momentum canonically conjugate to A, is equal to
zZero:

70=0. (2.10)

In the Bergmann—Dirac terminology this is a primary con-
straint (following tradition, by ‘‘constraints’’ we mean both
functions of the canonical variables and the conditions for
them to vanish). If we ignore (2.10), we find the ‘‘Hamil-

tonian’’ in the standard manner:
Hozf d3.x e +H2)0A0E+7TOAQ ,
k k_ kO 2 1 2
Ef=mk=F*0 H— (2.11)

Strictly speaking, this is not a Hamiltonian, because H, de-
pends on the velocity AO. However, assuming that Ao is an
arbitrary function of time and taking into account (2.10), the
functional (2.11) can be used to obtain the Hamiltonian
equations of motion.?® A check that (2.10) and (2.11) are
consistent (that 7°=0) leads to the condition®

={n",Ho}=9;E*=div E=0, (2.12)
where {,} are the functional Poisson brackets:
{Au(x,1),7"(y,0)} =5, 8(x—Yy). (2.13)

We have thus obtained a secondary constraint, which obvi-
ously is in involution with the primary one ({7°,dE}=0),
i.e., 7° and JE are first-class constraints. There are no other
constraints ({JE,Hy}=0). According to the Dirac
analysis,”® it is possible to go to the total Hamiltonian H 7,
1
Hyr= j d’x 5 (Ei+H2)+u7T°—v¢?E], JE, =0,
(2.14)

with arbitrary functions of time u,v. The Hamiltonian (2.14)
shows that: (i) there are two first-class constraints in the
theory, i.e., only two of the four components of A, are
physical; (ii) the group of transformations not affecting the
physical sector is characterized by two parameters # and v
depending on the coordinates and the time. The constraints
70 and JE act as the generators of these transformations. We
define

=j d>x[um®—vE]. (2.15)

Calculating the Poisson brackets of A, and G, we find
6A0={A0,G}: u= 5uA0’

SA={A,G}=dv=6,A; &,Ay=5,A=0.  (2.16)

We shall refer to the set of transformations given by (2.16) as
the Dirac-extended group of gauge transformations of free
electrodynamics. They exhaust the gauge freedom of the
theory. The fact that the Lagrangian (2.3) is invariant only
under the transformations (1.1) (a single arbitrary function)
implies that the equations of motion in free electrodynamics
are such that fixing one unphysical degree of freedom com-
pletely (or up to the initial conditions) fixes the other. The
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one-parameter group of transformations (1.1) is obtained
from (2.15) and (2.16) by the reduction u=v, v=A; then

Eq. (2.16) is written in the usual form:
SA,=d,A. 2.17)

This can also be illustrated for the Lagrangian equations
of motion:

uF 4 =0. (2.18)

Expressing F,,, in terms of the potentials, we obtain

IFro=HNA— dA,)=0,

3,F i=—[0A+ & A,— dA)),=0. (2.19)
Splitting A into longitudinal and transverse components

A=A +A;, A =0, A=A"'&dA) (2.20)
(since A= @A), we write (2.19) in the form

AAg=090A;, OA, =dy(doA;— dAy). (2.21)

The first of these equations is the Lagrangian constraint [it
contains only first derivatives with respect to time; cf.
(2.12)]. Its solution makes the right-hand side of the second
equation vanish. From this we conclude that (1) the trans-
verse (physical) components of A satisfy the d’Alembert
equation

OA, =0; (2.22)

and (2) the longitudinal component of A is expressed in
terms of Ag:

t
Therefore, by specifying Ay we thereby also fix the second
unphysical variable A, .

2.3. Weak gauge invariance

Usually, when speaking of gauge invariance in electro-
dynamics one means the invariance of some function or
functional of the gauge fields and their derivatives under the
gradient transformations (1.1). The Lagrangian (2.2) is an
example. In the Hamiltonian formalism a dynamical quantity
is gauge-invariant if its Poisson brackets with the generator
(2.15) (for u=uv) are equal to zero. It is said that this quantity
is invariant in the strong sense. Physically, this requirement
is exaggerated. The physical sector of the theory is deter-
mined by the inclusion of all the constraints, so that the
necessary condition for a dynamical quantity to belong to the
physical sector is that it be weakly invariant under the ex-
tended gauge group: The quantity must be in involution with
all the first-class constraints. This means that its Poisson
brackets with the first-class constraints must vanish when the
constraints are taken into account. Dropping this requirement
(or strengthening it) leads to unacceptable consequences. For
example, the Poisson brackets of the Hamiltonian (2.11)
(with the replacement Ao—m) with the generator of gauge
transformations (2.15) are
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{H,,G}=— f d3xv(x)IE, (2.24)
i.e., the Hamiltonian (2.11) is not invariant even under the
original group (1.1) [when u=v in (2.15)]. However, the
Hamiltonian of the system is certainly a physical quantity.
The Poisson brackets (2.24) are zero in the weak sense, i.e.,
when the constraint JE=0 is included.

The requirement of weak gauge invariance is consistent
with the requirement of invariance under the extended gauge
group also from the viewpoint of the Lagrangian formalism.
In fact, the Lagrangian of the free theory (2.3) is not invari-
ant in the strong sense under gauge transformations from the
extended group (2.16). Since here

OF =1 (u—v), OF;=0, (2.25)
we have
5.,%0:171(05]7,(0:_(u_v)aE'i'q(u_l})E]. (2.26)

The last term is unimportant (it is a total divergence), so
that the wvariation of the Lagrangian functional
Lo=[d*x%, in the transformations (2.16) vanishes only
when the Lagrangian constraint (2.21) is included: 8Ly=0
for JE= HA— dA,)=0.

The requirements discussed in the last two subsections
form the basis of all gauge theories.

2.4. Electrodynamics with an interaction

The inclusion of an interaction changes only the second-
ary constraint, and, as before, the constraints are in involu-
tion:

G, =7°=0, G,=dE—j,=0, {G,,G,}=0 (2.27)

(Jo is the zeroth component of the current j,=—9.%/9A ),
i.e., as before, the theory contains two unphysical degrees of
freedom. One of these, as before, is A, and the other is the
quantity canonically conjugate to G, (2.27). Since {A;,G,}
#0, A, is changed by gauge transformations, so that the
longitudinal component of the field A is not a physical de-
gree of freedom. This is manifested in the fact that it cannot
propagate independently of the charges. However, the longi-
tudinal component A is easily detected: the static Coulomb
field surrounding the charges is the excited longitudinal
field;'® in this sense the field A, is observable. A detailed
analysis of this question can be found in Ref. 95. The point is
that both A, and the phase of the charged field are linear
combinations of the physical and unphysical degrees of free-
dom. The gauge-invariant quantity describing the Coulomb
field is also such a combination. A; can be made to vanish by
gauge transformations, but here the charged fields become
nonlocal. The physical information about the Coulomb field
is transferred to the phase of the charged fields.

The generator of the extended gauge group is written as

G=f x[un®—v(IE— jjy)], (2.28)
and Eqgs. (2.18) and (2.21) undergo obvious changes:
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OuF yu=Jv, (2.29)

AAo=dA—jo, DA, =3dy(pA;—dAg)—j.  (2.30)

The first of these is a Lagrangian constraint (it contains
only first derivatives of the bosonic field with respect to
time). Using the decomposition j=j, +j,, @j, =0,
Ji=A7'9(8j), and the first of Egs. (2.30), we rewrite the
second as

DAlz_jL+A416(‘9/Lj/L); (2.31)

therefore, only transverse excitations propagate, because,
owing to current conservation 34 ﬂ=0, from (2.31) it fol-
lows that

OA, =—j, . (2.32)

As far as the longitudinal field A is concerned, from Gauss’s
law (2.27) we find the following for the longitudinal compo-
nent of the electric field strength: E,=dA"!lj,
(E=E, +E;, dE, =0, curl E;=0). Substituting this expres-
sion into the new Hamiltonian

HT:J/ d3X

and taking into account the equations

Aj=ALj, +HHAT'9A), El=(A"'3jy)%

1
3 (E*+H?) +Aj

+G (2.33)

(2.34)

we conclude that in the radiation gauge (1.9) the Hamil-

tonian (2.33) is written as
s | 2 ] -1 :
Hr= de(EL_‘-H )—-ijOA JotilAL|+G.
(2.35)

The longitudinal field has disappeared, but not without a
trace: the second term in (2.35) is the contribution to the
Hamiltonian from the Coulomb field [the kernel of the op-
erator A™! is A7!(x,y)=—(47|x—y|)"']. The charged
fields also change. Since A;= (A~ ! @A), from the condition
A+ 3dA=0 we find the A which makes A vanish, i.e.,
which effects the passage to the Coulomb gauge:
A=—A"'dA. According to (1.1), we have

W =e i Ay A = HATTA). (2.36)

The field s becomes nonlocal if the Poisson brackets with
the canonical momentum 7*= E* are nonzero. The factor in
front of ¢ corresponds to the Coulomb field surrounding the
charge (See Ref. 100, Sec. 80, and Ref. 95).

It is usually assumed (and not without reason) that a
physical quantity, a variable, should be gauge-invariant, and
that a quantity which changes under gauge transformations
cannot have any relation to physics, because it could, for
example, be transformed to zero. The case of the Coulomb
field considered here contains the necessary subtleties. Quan-
tities which are canonically conjugate to the first-class con-
straints are unphysical variables (degrees of freedom). Quan-
tities which change under gauge transformations can carry
physical information. A gauge transformation then corre-
sponds to the transfer of this information to other degrees of
freedom (for example, A;; see also Sec. 4). Conversely, a
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gauge-invariant quantity may turn out to be unphysical (ex-
amples are JE for free fields and G,= JE— j, for interacting
ones).

2.5. Non-Abelian theories

The general structure of the formalism does not change
in going to a theory with a non-Abelian gauge group [the
Lagrangian (2.1)]. Of course, now it is no longer possible to
start with the free Lagrangian, setting g=0 in (2.1); it is
gauge-noninvariant. However, the matrix

P*%,

dA%IA"Y

TEY = =70K07s , (2.37)
is degenerate, as before, i.e., all the problems inherent in
electrodynamics are still present here. The momentum ca-

nonically conjugate to Aj, is

0Z

mh=——=Ft Fo =Tr(\F,,), (2.38)

dA},

i.e., we have the primary constraints

Gi{=m4=0. (2.39)
The first term in (2.1) corresponds to the Hamiltonian

1 .
H:fd%c 5(E§+H§)—EanabAg+Agwg ,
2 1 a2 1 2

where

D= §"%3—igfrP°A°, [N NP]=i 219N, (2.41)

We note that the last term in the Hamiltonian (2.40) can be
written as ngAgfn'S. The secondary constraints

§={m} H}=D’Elt=0 (2.42)
are in involution,
{G5(x,1)G5(yt)} = f*0°G5(x,1) 8(x—y), (2.43)

i.e., their Poisson bracket is proportional to the constraints
and vanishes with them. It is easily verified that
{G,,H}~0 and {G,,G,}=0, i.e., all the constraints have
been found and they are in involution (first-class constraints).
The total Hamiltonian and the generator of the extended
group of gauge transformations are given by

HT:f d3.x

G= f d’x(u°G{—-vGj),

Lo
) (E,+H;)tu’G{—v°G3/,

(2.44)

(2.45)
where #%(x) and v“(x) are arbitrary functions, so that the
fields Aj, are changed by

SAG=u®, SA=D"%?. (2.46)
If in (2.45) we take u®=Dg’v®, we arrive at the standard
gauge transformations:
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—pab, b
8A%=D2y". (2.47)

Again as in electrodynamics, we confirm the fact that the
Hamiltonian and Lagrangian are invariant only in the weak
sense under the extended group of gauge transformations,
and the total Hamiltonian H; is weakly invariant also under
the standard gauge group.

Whereas in electrodynamics it is not difficult to follow
the fate of the physical and unphysical degrees of freedom,
in theories with non-Abelian gauge symmetry this is no
longer true. The obvious set of unphysical variables Ag
(whose velocities do not appear in the Lagrangian) does not
cause any trouble. However, the Lorentz-invariant isolation
of all the unphysical variables is highly nontrivial.'”! This is
in part a consequence of the fact, general for all gauge theo-
ries, that transformations from the spacetime symmetry
group mix the physical and unphysical degrees of freedom,
i.e., in a new reference frame the physical components can
contain unphysical ones. This is why in perturbation theory
transformations of the vector potential A, under the Lorentz
group must be accompanied by gauge transformations.'®?
This is mainly related to the noncommutativity of the gauge
group. Attempts to isolate the physical variables after refor-
mulating the theory in terms of only gauge-invariant quanti-
ties have also not met with success: in the simplest cases the
formalism becomes much more complicated.>'*"'% The
only reasonable strategy is to combine the constraints with
the equations of motion in the classical theory and require
that they vanish on vectors from the physical Hilbert sub-
space in the quantum theory (see below).

2.6. Quantization

The general procedure for quantizing dynamical systems
with constraints was worked out by Dirac (Ref. 96; see also
Refs. 32—37). In the case of first-class constraints it reduces
to the following recipe. (1) All the canonical variables enter-
ing into the Hamiltonian obey the canonical commutation
relations

[A%(x,0), w(yo)] - =i 8, 55 6(x—Y),
[¢;—(x9t)"p0(y’t)]+ = 5(;6("_)’)7

where the letters p, o include both spinor and other indices;
(2) vectors from the physical Hilbert subspace @ are fixed by
requiring that all the first-class constraints vanish on them:

GP=0. (2.49)

(2.48)

This is the only reliable quantization recipe. Strictly speak-
ing, all other recipes, for example, path-integral quantization,
require proof of their equivalence to the canonical recipe.
We stress the fact that the rules applicable in the classi-
cal theory do not automatically carry over to the quantum
theory. For example, it is impossible to require that the con-
dition (1.8) be satisfied for operators—this would lead to
violation of the commutation relations (2.48). The same is
true of all other gauge conditions of this type. Here the most
natural approach is to use dynamical gauges. In them the
unphysical components of the fields are given very simple
[or sometimes complicated; see (1.20)] dynamics, and they
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can be formally treated like the physical components. Their
absence in the physical sector of the Hilbert space is ensured
by the vanishing on physical vectors of the momenta canoni-
cally conjugate to them (the constraints). Similarly, in the
quantum theory the constraints cannot be understood in the
strong sense, i.e., as operator equations.96 This would also
lead to violation of the commutation relations (2.48).

2.7. The path-integral method

The path-integral method plays an important role in
modern quantum field theory. It is popular for several rea-
sons. First, it is the mathematical technique most suited to
the problem; second, its use greatly simplifies the calcula-
tions (derivation of the Feynman rules, the Ward identities,
and so on); finally, it serves as the basis for a unique, regular
technique which is not based on smallness of the interaction
constant, i.e., it provides a formalism which goes beyond
perturbation theory (the semiclassical expansion). The gen-
erating functional for the Green function in this approach is
given by the path integral*

2[7]= M= j A[A Gy SIO+70). (2.50)
Here S is some action [in the case of gauge theories, it is the
invariant action given, for example, by the Lagrangian (2.1),
S=[dx.%, in what follows we shall limit ourselves to one
type of field], ZQ=/[dx(JA+ qy+ymn), A% is the gauge
field, ¢ and ¢ are charged spinor fields, and JZ(x), 7(x),
and 7(x) are classical sources (the last two belong to a
Grassmann algebra). All indices (vector, spinor, group) not
written out explicitly are understood to be summed over.
Other fields may also be present in this integral. The gener-
ating functional W[ Z] given by (2.50) is the generating
functional for the connected Green functions.? Yet another

important object is defined by a Legendre
transformation:>! >3

I'[é]l=W T w _

[$1=WI[T]-T¢, —==4¢ (2.51)

It is assumed that the right-hand side of the first equation in
(2.51) contains the solution of the second: Z=_Z[ ¢]. Then
it is easily shown that

ST[g]
5p
The quantity I'[¢] is the generating functional for
l-irreducible Green functions (pole diagrams have been
eliminated). It gives all the vertices of the effective
Lagrangian:> I' = S,¢. The main property of the latter is that
it reproduces the exact S matrix already in lowest-order per-
turbation theory (the exact probability amplitude of any pro-
cess is given by the sum of tree graphs.’'%). In the operator
formalism ¢ is the vacuum expectation value of Q (i.e., of
A, ¢, and ¢) in the presence of external currents.

As already noted, one of the main problems caused by
gauge invariance is related to integration over purely gauge
degrees of freedom. In calculating the connected Green func-
tions (i.e., the functional derivatives of W with respect to the

-7. (2.52)
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currents at zero value of the latter), the integration over
gauge parameters extends to infinity (see Secs. 2.1. and 2.5.).
The direct method of eliminating the gauge freedom is to
insert inside the integral (2.50) the product of & functions of
all the group parameters w, i.e., (w). The gauge freedom is
usually eliminated by means of gauge conditions on the vec-
tor potentials A of the form F(A)=0 (Sec. 1). For infinitesi-
mal transformations (2.47) we have

d(w)=8(F(A®))D, (2.53)

where AI“:=A utD 0, and the coefficient of the & function
is the functional determinant

e 2207

et | (2.54)

This is the Faddeev—Popov determinant.”"’® For example,
for the Lorentz gauge (1.8) we have

ab a ac, ¢
(f) =a[a"(A"+,f)" N _; per. (2.55)
dw dw ol
We note that Eq. (2.53) is valid without any refinements only
for small excitations of the fields A, and for small param-
eters w. First, this is related to the fact that the equation
F(A®)=0 can have several solutions” (in fact, infinitely
many’*7%), and, second, to the fact that the expansion

_ o(x—x,)
D=2 [Ger aion]

(2.56)
where x,, are the zeros of the function f, involves the modu-
lus of the determinant, whereas (2.54) involves the determi-
nant [(2.56) contains multidimensional & functions]. In prac-
tice, one proceeds as follows.

(1) One chooses an inhomogeneous gauge

F=3,A,~f=0, (2.57)
where f is an arbitrary function.

(2) After substituting the & function (2.53) into the inte-
gral (2.50), one integrates over f with Gaussian weight
P[f]=const exp(—if%2a). Here a term of the type (1.16) is
added to the action (this is a gauge-fixing term; it is under-
stood that all these assumptions remain true for any f ).

(3) The determinant D is replaced by an integral over
anticommuting scalar fields c?, ¢® (Refs. 71 and 78):

D=fd[c—,c]e-ffdx"’0, (2.58)
i.e., the Lagrangian of the fictitious fields £"=cF'c,
F'=9F/dw, is added to the original Lagrangian [see (2.55)].

After the gauge-fixing procedure the generating func-
tional (2.50) takes the form

Z2[7]= J d[A ‘;(/lc—,c]ei(s+s’+s”+fg), (2_59)

where the primed additions to the action correspond to the
Lagrangians %" and %". The total Lagrangian in (2.59)

SFr=F+.%"+ Z" is no longer invariant under gauge trans-
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formations, but it is invariant under global supersymmetry
transformations.®®~7° For example, for the Lorentz gauge
these transformations are

1
5AZ= stded, 65":; 8(9#AZ s

1 de .d
6cl=— 7 egficic, (2.60)
where ¢ is a coordinate-independent anticommuting param-
eter. Formally, the vector potentials transform in the standard
way:

SAL=D3@®, @ (x)=sc’(x), (2.61)

only now the gauge parameters @ are even elements of the
Grassmann algebra. It is remarkable that these transforma-
tions, which formally are global, do not weaken the restric-
tions imposed by local gauge invariance (& is a function of
the coordinates).

3. MECHANICAL MODELS
3.1. Scalar electrodynamics in (0+ 1) spacetime

Field theory by itself is quite complicated, and therefore
it is best to study the features of theories with local gauge
symmetry using models. The simplest is scalar electrody-
namics in (0+1) spacetime,m'lo4

L=%(x—-eyTx)2—V(x2), T=((1) 0 1), (3.1)
where the components of the vector x are the real and
imaginary parts of the complex field ¢ (rather,
¢=(x,+ix;)/v2), y corresponds to the zeroth component
of the vector potential A, , and V is the potential energy. The
Lagrangian (3.1) describes the motion of a particle of unit
mass in the (x{,x,) plane, where x; and x, are the particle
coordinates. In addition to these, there is yet another dynami-
cal variable: y. The gauge transformations are given by

dy=w=dw(t)/dt, (3.2)

in which w is an arbitrary infinitesimal function of time. The
Lagrangian is independent of the velocity y, so that there are
constraints in the theory. The primary constraint is obvious:

ox=weTX,

7= JL/dy=0. Defining the momentum p=t9L/d).(, we find
the Hamiltonian
2

h= 2-+V(x2),

H=h+eypTx+ym, 3

(3.3)
and from the condition 77={m,H}=0 we find the secondary
constraint

(3.9

The constraints are in involution, and there are no other con-
straints. Up to a coefficient, the constraint (3.4) is the gen-
erator of rotations in the (x,,x,) plane, so that the only
physical variable is the invariant r=|x|. There are two un-
physical variables: y and @=arctan x,/x,, {6,0/e}=1. In
spite of its simplicity, this model illustrates many of the im-
portant features of gauge theories.

g=epTx=0.
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1. Phase space. The physical phase space of the model is
a cone unfoldable into a half-plane,'®* i.e., the presence of
the unphysical degree of freedom y decisively affects such a
fundamental characteristic of the Hamiltonian system as the
phase space.

2. Elimination of unphysical variables in the Lagrangian.
Setting y=0 in (3.1), we obtain a completely different
model: a nongauge theory with two physical degrees of free-
dom. It contains no information about the secondary con-
straints.

3. Residual discrete gauge group. Fixing the gauge by
the condition

(3.5)

(the tensor gauge), we find that it is incomplete: there is a
residual discrete gauge group Z, (Refs. 23 and 76), the non-
trivial element of which is the transformation

.X'2=0

(3.6)

This statement is easily generalized to models with any re-
ductive gauge group.”>’® The residual group in this case is
the Weyl group'®1% (the symmetry group of the root dia-
gram, a subgroup of the gauge group).

4. The dynamical gauge %" = — y%/2a. The addition of
£ to the Lagrangian (3.1) not only specifies the dynamics
of the unphysical variables, but, in general, changes the dy-
namics of the physical ones. In fact, the Hamiltonian now
becomes

X1——X;.

1 p2
H=— pf+r—f

3 3.7

a
+V(r2)— 2} 7r2+eyp0,

where r and 6 are polar coordinates (r=|x|), p, and p, are
the canonically conjugate momenta, and o=ep 4. However,
0 is a cyclic variable, i.e., p, is a constant of the motion
specified by the initial conditions. It is easy to check that for
Po#0 the equations of motion of the physical variables r
and p, change [owing to the second term in the parentheses
in (3.7)]. Therefore, in order that the unphysical sector not
affect the physical one, the initial conditions for the unphysi-
cal variables in the dynamical gauge should be consistent
with the constraints [in this case, 7m(0)=p,(0)=0].

5. The gauge %' =-—m?y%/2. Sometimes %' =
—(nA)*2a is used as the gauge-fixing term. Although this
term violates gauge invariance, it does not lift the
degeneracy—the Lagrangian remains degenerate. The
changes in the dynamics which occur are best explained by
using the model (3.1) with the additional term
#'=—m?y*2. We immediately stress the fact that this is
not a dynamical gauge—the velocity y also does not enter
into the new Lagrangian, i.e., as before, m=9.%/y=0 (the
primary constraint). The Hamiltonian has the form

1
H=h+5m2y2+eypTx+u7r, (3.8)

where u is an arbitrary function of time. From the condition
m={m,H}=0 we find the secondary constraint
m==—(m%y+epTx)=0 (3.9)

The constraints 7 and ¢ do not occur in involution
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(m &)=,

i.e., these are second-class constraints. According to Dirac,9
in this case it is necessary to change the Poisson brackets
to Dirac brackets. The self-consistency condition {,7,}=
—m2u=0 now is a condition on the Lagrange multiplier
u(t). Eliminating the variables y and 7 from H, we obtain

(3.10)
6

1 p% e?
L I 2y _ 2 '
H 3 Dy 3 +V(r?) z—m—fpa, (3.11)

i.e., as in the case (3.7), pg is a constant of the motion. The
inappropriate choice of initial conditions (py#0) changes
the dynamics in the physical sector. The only value of p,
consistent with the condition (3.4) is p 4(0)=0.

6. Quantization. The model (3.1) allows the simplest il-
lustration of the thesis that in theories with first-class con-
straints the operations of elimination of unphysical variables
and quantization, in general, do not commute.'%” In fact, the
unphysical momenta in (3.3) are 7 and p,. Setting them
equal to zero, we obtain

ro_ 1 2 2

H”h_f p,+V(ro). (3.12)
The Hamiltonian H ,,, describes the one-dimensional motion
of a particle in the field of a potential V. The quantization
recipe is standard: r,p,—7,p,, [F,p,]=i, ie.,

A

1
HM=—5£+V (3.13)
On the other hand, quantizing the model up to the exclusion

of the unphysical variables, we have

A

1
Hy=—>

ph 3 +V—ieydys—iud

) -

(3.14)
The physical sector is specified by the conditions
Td=d=0, ie., d,®=09,P=0, and on vectors from the
physical Hilbert space the Hamiltonian (3.14) takes the form

1 1
2
ek A X

A

1 1
HM=—E(£+70J+V (3.15)
The Hamiltonians (3.13) and (3.15) are not identical. This
must be taken into account when substituting the & functions
from the eliminated variables into the path integral (see Sec.
4).

7. The inconsistent gauge %" = yr. Although it violates
gauge invariance, this gauge-fixing term leads to inconsistent
dynamics. We have m=dL/dy=0,

H=h+eypTx+um—yt. (3.16)
The self-consistency condition 7= {m,H}=3=0 gives
S =—epTx+t. (3.17)

Since 2 explicitly involves the time, the consistency condi-
tion (3.17) with dynamics specified by the Hamiltonian
(3.16) must now be formulated as

ds. 9%

=—+{3,H}=0.

ar o (3.18)
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FIG. 1.

However, {3,H}=0, i.e., (3.18) reduces to the absurd re-
quirement 1=0.

8. Nonunique (incomplete) gauges. The model (3.1)
helps to explain the ‘‘copy problem’’ (Ref. 73). When the
conditions (1.8) and (1.9) were applied to non-Abelian theo-
ries, it was found that they do not completely eliminate the
gauge freedom.”>~"> At one time a fundamental meaning was
attributed to this. In fact, the problem is not a physical
one—it originates not in the features of the dynamics of the
physical sector of Yang—Mills fields, but in the choice of
gauge; its origin thus lies completely outside physics. This is
already suggested by the fact that there exist unique gauges,
for example, the Weyl gauge (1.10), the Fock gauge (1.14),
axial gauges, and so on. The copy problem can arise even in
electrodynamics. To explain the situation we turn to Fig. 1
from Ref. 23. The gauge orbits in this figure (sets of points
connected by a gauge transformation) are circles. The gauge
condition f(x;,x,)=0, where f is some function, specifies a
line in the plane. Since points lying on the same orbit are
physically indistinguishable, one point of each orbit is suffi-
cient for describing the evolution of the physical degrees of
freedom. This is what the gauge condition does. However, it
may happen that for an inappropriate choice of f the curve
specified by the gauge condition will intersect the orbits two
or more times. For example, the line f=x,=0 intersects all
the orbits twice. This is an incomplete gauge; there is a re-
sidual freedom specified by the discrete gauge group Z, with
elements (1,P), Px;=—x,. Curve 2 intersects some orbits
four times, and curve 1 does not intersect any orbits near
zero. This is an insufficient (incomplete) gauge—the free-
dom of the variables x;, x, for \/le+x22< ro is not elimi-
nated (see Ref. 23 for more detail).

Thus, when applying a gauge condition it is necessary to
check that it is consistent and does not change the dynamics
of the physical variables.
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3.2. A model with a gauge group of translations

Another instructive model is that corresponding to the
Lagrangian

1 1
L=75 (k=eyTx)+ 5 [(£5=3)*+ (4= )?]

—V(x*,x3—x,), (3.19)

where x=(x,x,). Its invariance group is specified by the
infinitesimal transformations

Ox=weTx, dy=0, w—0. (3.20)

The distinguishing feature of the model is the fact that for the
variable 2y, =x3+x, the gauge transformations reduce to
translations, where 2y _=x;—x, is a gauge invariant. The
primary constraint is w= JL/Jdy=0; the Hamiltonian is

0x3=0x4= w,

2
P 1
H=—+ ) (PI+PI)+ V(X2 x3—x4)

2
+y(p3+pst+epTx)+ym, (3.21)
i.e., the secondary constraint is
o={m H}=—(p3+ps+epTx)=0. (3.22)

The model can be used to explain the physical consequences
of eliminating some degree of freedom. In the model (3.1)
the variables x, and x, are transformed into each other by a
gauge transformation, so that it makes no difference which
variable we eliminate. In this model the condition (3.22) re-
lates three momenta (p3, p4, and pgy). The questions are,
which of these should be eliminated, and are the alternatives
(physically) equivalent?
It is easy to construct the invariant variables. They are

lx|, z+=e°‘)'+eTx zsy4:e—)’4,387‘x,

X3~ X4
Yy-=7"5

2

X
s )’3,4=X3,4—e_larctan p (3.23)

1

The variables z; 4 , are analogous to the nonlocal field
' (2.36). The exponential describes the Coulomb field of a
charged particle, i.e., a quantum of this field corresponds to a
charged particle plus the electrostatic field surrounding it.
The invariance of the variables (3.23) is obvious—it follows
from the transformation laws

x'=eTx, xj,=x34+A, (3.29)

where A is an arbitrary function of time. Guided by the
analogy with electrodynamics, we conclude that the vector
x can be associated with three variables: x5, x4, or y ;. The
corresponding sets of invariant variables are

ol ezt {yszd, {y-.zi). (3.25)

These possibilities are a priori equivalent. However, in the
real world for some reason only one of them has been real-
ized. We see from (3.25) that the ‘‘physical particles’’ de-
scribed by the variables z; 4 4 possess the ‘‘accompanying
fields’” exp(—y43,+¢7T), and they are all different. It is in-
structive to write out the eliminated variables and the corre-
sponding Hamiltonians:
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1 1 (p3+pa)
6 -2—[p3+5——e-2-;7—+p§+p% +V(r2,x3—x4)

1
X34 35 [P*+p53+ (Pastepe)® 1+ V(X Fy43)
1 1 eng
REREI {pz"‘ ) (p3—pa)’+ -

+V(x22y_).

(3.26)

It is not difficult to go to the quantum description. Vec-
tors from the physical Hilbert subspace are isolated by re-
quiring that the constraints vanish on them. The Hamiltonian
operators are obtained from (3.26) by changing to canonical
operators [except in the first, where the operator (i/r)p, must
be added to pz], and the physical wave functions will depend
on the corresponding sets of physical variables: r, y3, y4;
Z34+> Y34, - Therefore, in this model all the possibilities
are equivalent. In the real world the choice is made by the
physics. An example is the case of photons in a supercon-
ductor above and below the critical point,* when either the
longitudinal component A is associated with the charged
field, forming the Coulomb factor [see (2.36)], or the phase
of the charged field together with the component A form a
massive longitudinal vector field.

Remark. Obviously, the model is easily generalized to
any semisimple group G. Let us consider the Lagrangian

. 1
L=1ITr(i—yx)%+ 3 2;,‘ (25—y%)?
a,

+ 2 V(T (2 =207, (3.27)
s

where Trx?=3x2, Try?=3y?, and Tiz=3(z))%
a=1,2,...,dim G, i.., x, y, and z are elements of the Lie
algebra of the group G in the fundamental representation,
and k are natural numbers, 0<k<<co. It is invariant under
infinitesimal transformations:

(3.28)

The model (3.19) with e=0 has been studied by
Burnel.!081%

The problem of non-normalizability of physical states.
One of the problems of quantum electrodynamics (QED)
was that of the non-normalizability of physical states. Al-
though a logically faultless formulation of the foundations of
QED can be found already in the fundamental studies of
Heisenberg and Pauli (Refs. 32 and 33; see also Refs. 34—
37), it was this problem that led to the studies by Gupta and
Bleuler''>~''2 postulating the existence of unphysical states
(vectors with zero norm) in the physical sector. The model
that we are considering provides an explanation of this. Let
us consider the special case

Sx=wx, Ozu=w, dOy=0, o—0.

L, 1
L=3¥=V(0)+5 (-

3 (3.29)

The variables are x=(x,,x;), y, and z. The variable y is
unphysical, because L is independent of the velocity y,

7= dL/dy=0. The Hamiltonian is (p,=dL/dz=27—y)
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1
H=h+=p2+yp,; (3.30)

2
from the self-consistency condition we find 7={w H}=
—p,=0, i.e., z is also an unphysical variable. In the quantum
theory all the variables entering into the Lagrangian (3.29)
become operators. According to (2.49), the first-class con-
straints must vanish on physical vectors ®:

- .dCI)_O . 'dq)—O
R ldy_, Pz - ldz_,

(3.31)
i.e., all the physical wave functions are independent of y and
z. However, when normalizing the physical states it is nec-
essary to integrate over all the variables x, y, and z. Since
each of the latter two varies along the entire real axis, the
physical wave functions turn out to be non-normalizable:

J d*xdydz|®(x)|*=ce. (3.32)
This non-normalizability clearly has nothing to do with
physical processes in the (x;,x;) plane, so that it makes no
sense to require that @ be normalizable in the y, z subspace.
In this case the problem is simple to solve: these variables
must be ignored. The wave functions do not depend on them,
so that it is also not necessary to integrate over them in the
normalization conditions. After the Hamiltonian structure of
the theory is understood they can be forgotten. However, we
stress the fact that the situation is this simple only in this
model. Gauge field theories possess Lorentz invariance,
which leads to mixing of the physical and unphysical com-
ponents of the vector potentials, so that it is necessary to be
more clever.

Gauges of invariant form. For the model of (3.19) let us
consider the gauges [see (3.24); 6=¢eA]

X3=x, cos 6—x; sin =0 (3.33)
and

x4=x4+A=0. (3.34)
For the variables x| and x; we have

x1=xj cos O+x; sin 0, xij=x;+A. (3.35)

Substituting into the first of these the solution of (3.33),
0= arctan x,/x,, and into the second the solution of (3.34),
A=—x,4, we find

X2 . X2
X|=x, cos arctan x—l-+x2 sin arctan = w/x7,+x%=|x ,
1

(3.36)

X3=Xx3—X4=2y_. (3.37)

However, the variables |x| and y_ are gauge-invariant. We
have already encountered a similar situation in electrody-
namics: the variable ' (2.36) was obtained by going to the
Coulomb gauge (see also Ref. 23).
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4. GAUGE CONDITIONS
4.1. Nondynamical gauges

The Weyl (Ag=0), Maxwell (3A=0), and Lorentz
(0,A,=0) gauges.

Let us analyze the role of the physical degrees of free-
dom for a particular gauge choice. We shall not consider all
gauges. Some of them are rarely used, and the situation re-
garding others is not completely clear. The Weyl gauge
(1.10) is natural from the viewpoint of the physical content
of the theory. The velocity A, does not appear in the La-
grangian (2.2), so that the variable A is certainly unphysical.
This is also true for non-Abelian theories: the Yang—Mills
Lagrangian is also independent of Ag . The total Hamiltonian
(2.14) [or (2.33), taking into account (2.28)] gives
A0=u(x), where u is an arbitrary function, i.e., Ay is an
arbitrary function and can be set equal to zero. Furthermore,
in the free theory JE=0, so that A, is also an unphysical
variable and can also be set equal to zero: div A=0, i.e., the
field A is transverse. If the theory were free, the analysis
would end here if Lorentz transformations did not mix the
physical and unphysical components. But help comes from
the requirement of weak gauge invariance of the physical
sector under the extended group of gauge transformations
(2.16): a suitable choice of the functions # and v makes it
possible for Ay and A, to vanish in any reference frame. The
relativistic invariance and locality of the theory are thus ob-
tained (see also Refs. 102 and 113). This is the reason why
unphysical degrees of freedom were allowed in the formal-
ism.

The situation is somewhat changed when an interaction
is switched on. Now the secondary constraint is
o= dE— j,=0. This condition states that it is meaningless to
consider the electric charge and the longitudinal electric field
separately—it is sufficient to consider only one. Usually the
charge (charged field) is chosen. It can be shown that here
along with Ay=0 it is impossible to require that A;=0
(i.e., divA=0), since in this case we have
jo=0E=(A—dAy)=0 (Ref. 114). Actually, a similar
problem also occurs in the free theory: if # and v are arbi-
trary, then, in general, dE=A(u—0)#0, i.e., the second-
ary constraint is violated. See the end of this subsection for a
discussion of these questions.

Now let us make the gauge transformation A,—A,
(1.1), requiring that JA' =0, i.e., JA+ AA=0. We find

A=-A"19A. 4.1

Clearly, A now contains information about the longitudinal
electromagnetic field A, . However, Aj=Ay+ A, ie., this in-
formation is transferred to the zeroth component of A;'u
Setting Ao=0 and writing A)=¢, we find
¢=—A"'dA=—A"'JE. We have actually gone from the
Weyl gauge to the radiation gauge. Using Gauss’s law, we
obtain the usual expression for the Coulomb potential:

¢=-4A""jj.

The charged field ¢ also is changed: it acquires the factor
exp(—ieA”'@A) corresponding to the Coulomb field. This
calculation demonstrates how an unphysical variable

(4.2)
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(Ay=¢) can contain physical information: information is
transferred to the unphysical component by the gauge trans-
formation. This explains why A, is usually associated with
the Coulomb potential.

The Lorentz gauge is usually used in classical electrody-
namics. Its advantages are its relativistic invariance and com-
pleteness (the remaining freedom reduces to that of the initial
conditions; see Sec. 7.1.). According to (2.2), (2.6), and
(2.8), the equations of motion

DA“'Ft;’u(O.',,,AV): _j,u. (43)
in this gauge reduce to the Lorentz equations*
OA,=—j,. (4.4)

The unphysical degree of freedom is eliminated from the
theory in a relativistically invariant way. Making the decom-
position

A,=Al+AL 9,A%=0, (4.5)
we have d,A,= ‘9;;A,lu . Obviously, AL= -0- 1(9“(6,.A,,),
ie., AL is a purely gradient field and can be eliminated by a
gauge transformation. It follows from (4.4) that it does not
interact with the charged fields: DAL=O, since d,j,=0.
Therefore, it is neither emitted nor absorbed. The propagator
of the electromagnetic field in this gauge

S q"q”) (4.6)

A,u,l/=q2+i0 (g/.LII_ q2

has an additional pole which, however, does not cause any
problem, owing to current conservation. In the static case
(Ag =0) the field Aj satisfies the Poisson equation, the solu-
tion of which (4.2) is the Coulomb potential.

The changeover to the Lorentz gauge is accompanied by
a change of the phase of the charged field:
A, =d,A,—0A=0, ie, A=07'9,A,, ¢—y'=
exp(ieD_'aﬂAl‘)t//. Thus, the field 7,A, present in the La-
grangian (2.2) is eliminated from the dynamics by the gauge
condition. It is associated with the charged field ¢, i.e., its
dynamics is now determined by that of ¢'. In the case of
static fields (A »=0), the exponential in ¢’ is transformed
into the Coulomb exponential (2.36).

Now we are ready for a more detailed discussion about
the simultaneous elimination of the fields Ay and A; by
means of transformations from the extended gauge group.
This is closely related to another question: are the gauge
parameters ¥ and v completely arbitrary? This is equivalent
to asking whether violation of first-class constraints is al-
lowed (before going to the physical sector), in particular, by
transformations from the extended gauge group, since
S(FE—jo)=A(u—v)#0. The Lagrangian contains all the
components of A, , both physical and unphysical, and, as we
have seen in Sec. 3, they are all important for the physics. It
is known that the theory can be formulated in terms of only
physical quantities which are invariant under transformations
from the extended gauge group, namely, ¢’ (2.36) and
A :6,,¢0'=6,,A =0. The corresponding Hamiltonian of
scalar electrodynamics is®>
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1 1
thzfd3x{§[Ef+H2—JoA 2jol+ 7 I

1
+3 [(0+eAlT)(I>’]2}, (4.7)
where the components of the two-dimensional vector @ are
the real and imaginary parts of the complex scalar field ¢:
©=(¢,tigp,y)/v2, II is the canonical momentum of the sca-
lar field, the matrix 7T is given in (3.1), and the primed field
&' differs from ® by the Coulomb exponential:

, d’y dA(y)
() (x)—exp(—ef ET-"(_—)’—IT P(x). (4.8)
Thus, in the physical sector, i.e., when all the first-class con-
straints are taken into account, the theory is formulated in
terms of only transverse fields:

Ao = A" =0. (4.9)

Its distinguishing feature is the nonlocality of all the physical
fields [®' is given by (4.9), ¢’ by (2.36), and
A, =—A"!curl H]. We have already taken into account the
constraints in the Hamiltonian (4.7), so that despite the con-
dition (4.9) it is impossible to speak of violation of Gauss’s
law, i.e., of a contradiction between the requirements (4.9)
and the constraints. We stress the fact that the field A van-
ishes only in this representation. From the viewpoint of the
initial (local) variables ® and A, it has not vanished: the
longitudinal field has gone into the exponential in (4.8). This
implies that to follow the fate of A, it is necessary to solve
the equations of motion for the field ®'.

Thus, the unphysical degrees of freedom are the quanti-
ties canonically conjugate to all the first-class constraints
(their Poisson brackets with all the other canonical variables
must vanish). The unphysical variables can be fixed by
means of gauge transformations: they can either be set equal
to zero, or the information contained in the physical degrees
of freedom can be transferred to them. Using the fact that the
physical sector is independent of the unphysical variables,
the latter can be changed arbitrarily. In particular, the gen-
erators of gauge transformations (the constraints) can be
changed, which is what happens in, for example, the Feyn-
man gauge: my=d,A,#0. Here it is important only that
my=0 in the physical sector. Using the full gauge freedom,
i.e., the extended group of transformations, we act in the
space which includes both the physical and the unphysical
variables. Therefore, at this stage it is impossible to speak of
the violation of any conditions (equations of motion,
constraints)—it is only important that these operations do not
affect the physical sector, to which it is possible to go at any
time by taking into account the constraints.

Let us summarize: before going to the physical sector it
is possible to use transformations from the extended gauge
group with arbitrary parameters » and v.

The axial gauge A;=0. Axial gauges are of particular
interest because their use makes it unnecessary to resort to
fictitious fields [the matrix in (2.54) is independent of the
fields], so that the copy problem does not arise. When the
third component of A, is fixed,
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A=A+ 3;A=0, (4.10)

the information contained in it is transferred to the other
components, because

A=f Aydx>. (4.11)
x3
The following facts should be noted. Not only the relativistic
invariance, but also the isotropy of 3-dimensional space are
violated explicitly. Furthermore, even for fields A, which
fall off at infinity (A3~ 1/x3, |x3| —), the function A does
not fall off: A~In|x;|, |x5]— . Obviously, the use of this
gauge is correct only in problems with rapidly decreasing
potentials. Finally, the parameters of the residual gauge
group A’, 93A'=0, depend on the time. Therefore, the
gauge freedom has not been completely eliminated—there
remain unphysical degrees of freedom which can vary arbi-
trarily with time. Of course, A'=A'(x;,x;,t) depends only
on two coordinates, i.e., the set of unphysical variables is
specified by two parameters and from the viewpoint of the
original (three-dimensional) set has measure zero. In the ex-
tended gauge group the transformation (4.10) is generated by
a secondary constraint, i.e., A=v.

The propagator of the electromagnetic field in the axial
gauge’!

e . i qunytnug, 9,9, ,

A€ = _
4 q2+i0 Euv qn (qn)2

(4.12)

has a pole at gn=0, i.e., the fields propagating in the plane
normal to n are completely correlated.

The causal function can look rather complicated when
contrived gauges are used. There is a simple criterion which
must be satisfied by the propagator of the electromagnetic
field (it is natural for dynamical gauges, but useful also for
nondynamical ones, except for the Weyl gauge): photon ex-
change by static sources must reproduce the Coulomb poten-
tial. Let us consider electrodynamics with static sources J,
(Ref. 115):

1
S5=— f dx |7 Fp,+ AT, (4.13)
Substitution of this action into (2.50) gives
i
W[J]=EJ#A;,,I,,, (4.14)

where A}, is the photon propagator. The inclusion of cur-
rents changes the energy of the ‘‘vacuum’’ (when currents
are included, it becomes the ground state). In the case of

static sources we have
AE o T=—-W[J], (4.15)

where AE, is the shift of the vacuum energy, and T is the
time interval: T=t,—t;—c. Since J,(x)—Jo(x), Jy=0,
and in momentum space J,(q)=2mwd(q¢)Jo(q), we find

i dg — . -
AEvacTz—Ef (27)410((1)1300((1)/0(_(1)
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2775(0)
f (2 )510(Q)Aoo(q)10( q)

(4.16)
i.e., owing to the replacement 27 5(0)— T,

AE

vac™ fr—;Jo(Q)A (@7 o(—q). (4.17)

On the other hand, going to the Hamiltonian in the physical
sector (2.35), we obtain

_ 1 q ~ 1 -
AE == 5 JoA lJozgf W%(Q);ﬂo(“l)-

(4.18)
Comparing (4.17) and (4.18), we obtain the desired criterion:

1

—iAj (q)|qo . 62- (4.19)
This example again demonstrates the specific features of the
unphysical degrees of freedom. It would seem that by choos-
ing the gauge A(y=0 in the case J=0 we have eliminated the
interaction in (4.13). However, no variables, even unphysical
ones, can be set equal to zero in the Lagrangian. The role of
A, is to generate a secondary constraint (Gauss’s law), indi-
cating the appearance of a static electric (i.e., longitudinal)
field near a charge at rest. Longitudinal fields cannot propa-
gate away from charges; in fact, one can say that they are
confined. However, it is possible (for example, by choosing
the Feynman gauge; see below) to make A, and A, satisfy
the Lorentz equations of motion (4.4), with the net effect of
the exchange of quanta of these fields being the Coulomb
potential.

The Fock gauge. Fock arrived at the gauge (1.15) when
studying the motion of a relativistic charged particle in an
external electromagnetic field. The action

dr, x=—,

s—"’f
T2 dr

where 7 is an invariant parameter, leads to the same equa-
tions of motion as the standard action with Lagrangian

Lo=—-m\1-vV’—=A,J,, v=—

if x*=1, i.e., if 7 is the “‘proper time.”’ The interaction of a
classical particle with the current J,=edx,/dt in (4.21) is
the result of going to massive fields in the Lagrangian (2.2):
m—oo, Yy*h—dxt/drS(x—x(1)).

The application of this idea to the relativistic electron
made it possible to find a solution to the Dirac equation in
the presence of an external field.”®? Performing the gauge
transformation with the function

e
X1+ — A " (4.20)
m

(4.21)

A= f °Adx*, (4.22)
X

we find that the new potentials A’ =A + dA satisfy the equa-
tion

(x—x0)"A ,(x)= (4.23)
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if in (4.22) the integration runs along the line joining the
points x and x,. This gauge is convenient in the case of
massive particles or particles of high energy, when the emis-
sion of photons which are not too hard has little effect on the
particle momentum, i.e., when the *‘infrared approximation”’
is applicable. This is why it is used in studying hard pro-
cesses, in particular, in studying deep-inelastic scattering
processes‘so116 This also explains its relation to contour
gauges.® The Fock gauge is remarkable because it allows
the potentials to be expressed in terms of the field strengths:

1
Au(x)=xvf0 sF,,(sx)ds. (4.24)
The detailed proof of this can be found in Ref. 30. Equation
(4.24) is valid also in non-Abelian theories. Incidentally, we
note that the gauge invariance of the potentials in (4.24) is
illusory. It is possible to add to A, the term d,A while
preserving F,, but violating the gauge. Equation (4.24) is
essentially a special case (the Fock gauge) where the nonin-
variant object takes an invariant form. See Sec. 7.3 regarding
the relation between the representation (4.24) and exterior
differential forms.

The relation between the Fock gauge and other gauges.
The Fock gauge acts as a center, relating many physically
important gauges.

The Maxwell gauge. It was shown in Refs. 99 and 117
that the exponential factor in (2.36) describing the Coulomb
field is an infinite product of linear exponentials:

N
x . -
H exp(—ieJ Au(y,-j)dyfj-)—>e"eA 1, N— o0,
ij —w
(4.25)

The indices i,/ label the area elements on the unit sphere
surrounding the charge through which lines leaving the
charge [the integration contours in (4.25)] pass. Clearly, in
the case of a static source the Fock gauge (1.14) is equivalent
to the Maxwell gauge (1.9), associating the longitudinal field
A, with the matter field. Independently of the representation
(4.25), this can be seen directly from Eq. (4.8). Integrating
by parts in the argument of the exponential, we write it in the
form

y (x—y)A )

—|—'—y—|7 T (4.26)

exp( o v
Obviously, as in the case of the radiation gauge, in the prob-
lem with a fixed source the requirement (1.15) associates the
longitudinal field A, with the charge.

Other gauges. The Fock gauge is closely related to
gauges using linear exponentials. It is useful in problems
involving line integrals of vector potentials, i.e., integrals of
1-forms. A typical example is the physics of infrared radia-
tion. Infrared photons are generated by a classical
current,''®!? and they can be taken into account by solving
the problem with the action (4.13). The motion of a point
charge is associated with the current

ePu P dxﬂ _dx#
E, 6(x E, t) Pu=gy M= E,
(4.27)

Ju(p, x)*
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where p, is the particle momentum, E, is the particle en-
ergy, and p?=m?. A typical factor describing the field of the
emitted photons in the Feynman gauge is given by the expo-
nentials

exp(if dtj d3xAlALJ,L
0

=exp( ief thﬁ(nﬁt)ng)
0
=exp( iej

Here n;,L: p" E,=dx"/dt; the integration in the last term in
(4.28) runs along the line specified by the vector n,. The
superscript A on A, indicates that undetected photons in the
energy range A=E — ¢ have been taken into account, where
E is the resolution of the apparatus (only photons of energy
w,>E are detected); ¢~ ! characterizes the minimum size of
the region in which the emitting particle is located and which
has total charge equal to zero (photons with wavelength
A q>e‘l are not emitted). The exponentials (4.28) describe
the infrared-photon field of the scattered particle; changing
over to the field of the incident particle requires a change of
sign of the argument of the exponential. These expressions
are also valid when the energies of the emitted photons are
not small. For them to be applicable it is only necessary that
the emission of quanta has a negligible effect on the momen-
tum of the charged particle, i.e., they are valid for |p|—ce.
This shows why the Fock gauge is related to the gauges used
to describe hard processes. Since n12,=m2/E12,, then n12,—->0
for E,—, and we arrive at the light-cone gauge. It is simi-
lar to the Lipatov gauge® [see Eq. (4.39) below]. The
momenta of the photon (g) and of the proton (p) involved
in the deep-inelastic scattering process are written as
q=q'+p'q¥s', p=p'+q'm¥s’, where ¢’*=p'?=0 and
s'=2p'q’; the arbitrary momentum k is given by the sum
k=aq'+Bp'+k,, q'k,=p'k, =0. In this approach the
propagator of a vector particle (gluon) with momentum &,

Aﬁ(x)dxﬂ).

(4.28)

o _ i _q,’Lk,,+k#q:,
r TR Zxi0 \8mv a9k |

(4.29)

is identical to the propagator in the light-cone gauge [(4.12)
for n2=01]; the role of the vector n is played by the compo-
nent ¢’ of the incident photon (¢’?=0). In this gauge the
contribution of graphs with bremsstrahlung quanta is ne-
glected in the leading-log approximation. Equations (4.28)
retain their meaning in non-Abelian theories if it is assumed
that the fields take values from the Lie algebra of the gauge
group and ordering of the operators along the integration
path is introduced.

Thus, the Fock gauge is related to an entire group of
physically important gauges having different physical inter-
pretations. The essence of any gauge condition is the sin-
gling out of a field (degree of freedom) not contained in or
eliminated from the equations of motion. In the case of the
Maxwell gauge this is the longitudinal field A . It is associ-
ated with a charged matter field and cannot be emitted [the
Coulomb exponential (2.36)], and therefore the dynamics of
only charged fields and transverse fields A, , which propa-
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gate freely, are studied. The latter fields satisfy the condition
@A, =0; the gauge transformation A—A’=A, has essen-
tially been made. The relation to the Fock gauge (1.14) arises
from the possibility of representing the Coulomb factor in
(2.36) by an infinite product of linear exponentials (4.25) and
(4.26).

The gauges used in the physics of high-energy particles
are also associated with line integrals of vector potentials.
The semiclassical approximation is valid for |p|—c. Here
the particle trajectories are approximated by lines, and the
field of the undetected (‘‘soft’’) quanta accompanying the
particle is given by the exponentials (4.28). The Fock gauge
thus arises: the ‘infrared fields’” accompanying the particle
are eliminated from the dynamics, i.e., the gauge transforma-
tion A#—yA;L, (x—xo)#Al'L=0 is actually accomplished.
Now it is sufficient to follow the emitting particle. For
|p| - the vector n,~x—x, becomes light-like and the
Fock gauge becomes the light-cone gauge.

Although both the Maxwell gauge and the light-cone
gauge are based on the conditions (1.14) and (1.15), physi-
cally they are completely different. As we have shown, non-
dynamical gauge conditions single out the fields associated
with charges and not explicitly involved in the equations of
motion. In the case of the radiation gauge, this is the Cou-
lomb field described by A, . It is associated with charges and
can propagate only with them, whereas the fields A, are
dynamical, i.e., they can be absorbed and emitted, and can
propagate independently of charges. In the case of the axial
gauges associated with the introduction of the factors (4.28),
the field n pAA is the field of the undetected radiation, i.e., the
hidden, passive degrees of freedom. The other components
of A, actively manifest themselves and can be observed. Of
course, the use of an improved detector would allow the
observation of the fields that we have excluded from the field
dynamics. This implies that the splitting of fields into passive
and active components is arbitrary. Finally, another special
feature of the gauges used to study real processes is that all
the fields are excluded in the light-cone gauge (1.12),
whereas according to (4.28) in hard processes only quanta
with energy in the range A should be excluded.

In conclusion, we note that linear exponentials have a
deep geometrical meaning. From the viewpoint of fiber
bundles, the fields A u are connections, and the linear expo-
nentials are parallel-transport operators.?>!?! Taking into
consideration the fact that the Fock gauge also has a natural
interpretation in the language of exterior differential forms
(see Sec. 7.3), it becomes clear that its appearance is the
result of deep penetration into the essence of gauge theories.

4.2. Dynamical gauges

The Feynman gauge $’=—(3#Aﬂ)2/2. First, let us
show that the classical equations of motion in the Lorentz
and Feynman gauges are the same. In fact, from the repre-
sentation (2.6) and (2.8) it follows that after the four-
dimensional divergence is subtracted, the Lagrangian of the
free electromagnetic field ‘%, can be written as

, L [
Yo=—5A,0A,+ 5 (9,A L)%

3 (4.30)
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The Heisenberg—Pauli-Feynman gauge fixing***®> amounts

to adding to %y the term %"= —(d,A,,)*/2, so that in both
gauges the second term in the Lagrangian (4.30) vanishes
and we arrive at (4.4). The difference between them is that in
the Lorentz gauge the field satisfies d,4 ,=0, while accord-
ing to (4.4) in the Feynman gauge it satisfies the d’ Alembert
equation (14,4 ,=0.

The Feynman gauge is essentially the standard. There
are at least two reasons for this: (1) its explicit relativistic
invariance, and (2) the possibility of following the fate of the
physical degrees of freedom. In fact, the photon propagator
in this gauge is proportional to the metric tensor:

—i

Afw:m 8uv> (4.31)
i.e., charged particles exchange not only transverse quanta
A, , but also quanta of the fields Ay and A . The net effect
of the latter must be the Coulomb interaction. How do the
physical and unphysical degrees of freedom coexist here?
Feynman answered this question.!”?”'?* In the momentum
representation the effect of exchange of A, quanta is propor-
tional to M,

Judu

iM= . 4.32
q*+i0 ( )
Taking into account the current conservation
9ujn=4q0jo—4iy=0, we substimte into the sum
2

JuJu=Jo—J—J 1 the expression for the longitudinal com-
ponent:

.4 ,
Ju=? doJo- (4.33)
We obtain
iM= 1 2 q0 22 jOjO___ j_LjL
g0 |0~ @ o=~ ~ g
(4.34)

The representation (4.34) has a clear physical interpretation:
the exchange of quanta of the fields Ay and A; gives the
Coulomb interaction — j(z)/ q?%, whereas the exchange of
quanta of the transverse (gauge-invariant) components A, is
determined by the magnetic characteristics of the particles.
Knowing the propagator in the Feynman gauge, it is easy to
obtain the propagators in the Lorentz and axial gauges. The
starting point is the expression

AL=A,+3,A. (4.35)

Going, for example, to the Lorentz gauge J A =0, we have
A=0719,4,, ie, A,=A,+07'9 0,,A,,, ‘and using the
propagator A, given by (4. 31) we obtam (4.6). In the case
of axial gauges we have nA'=0, i.e., A=—(nd)” 'nA and
A=A, M(nﬁ)'lnA Again using (4.31), we obtain the
propagator (4.12) in axial gauges the Weyl gauge (n?=1),

the light-cone gauge (n?=0), and the Arnowitt—Fickler
gauge (n?=—1). Finally, to go to the radiation gauge (1.9)
it is necessary to take A=—A""'dA. Using the matrix T
(2.7) and the operators (J;=T*"9,9,=A, 0# guT9,,
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0= 0%= -0y, afLA u=—0A, we write A/’l. in the Maxwell
gauge in invariant form: A,=A,+4,07 16TA,. The de-
sired photon propagator has the form

. T
w_ i 9,9,+ 4,4y
A,u.v— 7+i0 Suv™ 2 +

9,9y
q |

(4.36)
dar ar

Owing to current conservation, the divergence in (4.35)
does not change the probability amplitude of the process, i.e.,
in all these gauges the decomposition (4.34) and the criterion
(4.19) will be valid. To make things completely clear, let us
give all the details of the calculations for some single gauge.
For example, in the Weyl gauge A(V)VO=O, so that

ow_ L (qj)
iM —m ( o —q'g—) . (4.37)
However, j=ji+j’, (qi)>=q%jll2, and, taking into ac-
count (4.33), we arrive at the representation (4.34) for M.
The corresponding calculations for other gauges differ only
in inessential details.

Other gauges. Let us briefly discuss some of the other
gauges involving the addition of gauge-noninvariant terms to
the Lagrangian. The addition of £” (1.21) (the planar gauge)
changes the matrix K (2.8) in the Lagrangian (2.6):

4,3, n,n
Ku—Kl=—0| g E”— ;n;). (4.38)
The propagator of a vector particle has the form
pi__ k _dutytnug,  qudy
Ap.v q2+i0 8uv qn + (qn)2 (1 a)n
(4.39)

For a— 1 we obtain the planar gauge of Ref. 46 (n>#0),
and for n2—0 we obtain the Lipatov gauge® (OnA=1).
The latter is related to the light-cone gauge nA =0 just as the
Feynman gauge ([JdA=0) is related to the Lorentz gauge
(#A=0). The term “‘planar gauge’’ is used*é because of the
plane in which the vector n=aq’'+B8p’, n*#0, lies [see
(4.29)]. Thus, the terminology associated with the gauge-
fixing term (1.21) applies to various gauges.

The gauge (1.22) for n?=0, 1 is a dynamical gauge
(&' is quadratic in the velocities Ao), and for n?=—1 the
gauge-fixing term %’ changes the dynamics of the compo-
nent nA.

The background gauge (1.23) is important not only for
obtaining general results, but also for specific calculations.*
Both the choice of £” and the idea of splitting the connec-
tion into a tensor and a connection [the condition (1.24)] are
important in this approach.

Sometimes the gauge-fixing term is taken to be*

1
T 2
Z P (0A)°. (4.40)
or
d ﬁz 2
F=— 3 (nA)~. (4.41)
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First, we note that these gauges cannot be classified as dy-
namical, as they do not contain the velocity Aq. Further-
more, the addition of (4.40) to % is equivalent to the radia-
tion gauge only for @—0, and the addition of (4.41) (Ref.
31) amounts to giving a mass to the field nA and for
n2<0 changes the dynamics of the physical sector. The
pseudoaxial gauge (4.41) reduces to the axial gauge for

B— .

4.3. Quantization

The fundamental role of dynamical gauges is manifested
in quantization. Nondynamical gauge conditions, for ex-
ample, Ay=0, cannot be treated as operator equations. Con-
straints also cannot be treated as operator equations: the
equation 7°=0 contradicts the commutation relations (2.48).
Constraints must be understood in the weak sense, i.e., as
conditions on the physical state vectors (2.49). However,
then the Weyl gauge condition cannot be understood even in
the weak sense (as a condition on the wave function), be-
cause this would contradict the uncertainty relation. There-
fore, from the viewpoint of the canonical quantum theory the
only possible way of eliminating the freedom is to use dy-
namical gauges. This is what is done in QED. New gauges
started to appear when non-Abelian theories were studied,
and also in connection with the use of the path-integral tech-
nique. The function 8(A,) is substituted into the integral
(2.50), and 8(Ay)8(7°) is substituted into the path integral
corresponding to the Hamiltonian.”' Both of these methods
of eliminating the freedom contradict the postulates of quan-
tum mechanics. However, even in classical physics, as we
saw in Sec. 3, the elimination of the variable y (i.e., A) from
the Lagrangian (y—0) leads to the loss of the secondary
constraint. It is possible to eliminate the unphysical variables
by means of & functions only after exposing all the con-
straints. As was shown in Sec. 3.2, after all the unphysical
variables have been determined, they can in principle be set
equal to zero or, more precisely, ignored. In other words, it is
assumed that the wave functions do not depend on them,
because they do not affect the physical sector. However, the
situation is this simple only when the unphysical variables
are not related to curvilinear coordinates. Otherwise, the
rules for canonical quantization are inapplicable.'® The cor-
rect quantization procedure presupposes transformation to
Cartesian coordinates'® or a special set of rules in path-
integral quantization.'®” However, a relation between the un-
physical variables in gauge theories and curvilinear coordi-
nates is more the rule than the exception. As we have seen
for the model (3.1), even in electrodynamics the unphysical
variable @ is the angle in polar coordinates. The operations of
quantization and elimination of the unphysical variables do
not commute for this reason.'”’ It is necessary to follow the
rules for the quantization of systems with constraints formu-
lated by Dirac.”® In the case of the model (3.1) the inclusion
of these features leads to the appearance of an additional
term (—1/2r)d, in the physical Hamiltonian (3.15). This
question has been analyzed for Yang—Mills theory in Refs.
125 and 126. It was shown that the inclusion of the curvilin-
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ear nature of the coordinates leads to modification of the
physical Hamiltonian operator also in this case.

5. GAUGE TRANSFORMATIONS
5.1. Local and global gauge transformations

Although the fundamental difference between local and
global gauge transformations has already been discussed in
the literature,%>'?” so far this important problem has not yet
found its way into textbooks and monographs (the subject of
Ref. 63 is general relativity, and in Ref. 127 the discussion is
very general). The lack of a clear understanding of the phys-
ics responsible for invariance under such transformations is a
problem. Let us briefly discuss this topic.

1. Global gauge invariance. Formally, this amounts to
invariance of the action (Lagrangian density) under transfor-
mations of the fields and coordinates with constant param-
eters @ (d,0=0). Conservation laws are the consequence
of this invariance (Noether’s first theorem'?®). This statement
becomes trivial if we consider one-dimensional motion. In
general, the Lagrangian L depends on coordinates and ve-
locities, but the requirement of invariance under a displace-
ment x—x+a, a=const, eliminates the x dependence of
L: JL/dx=0. Physically, this means that all points on the
axis are equivalent, i.e., the state and physical conditions in
which the particle is located near, say, the origin are indis-
tinguishable from the state and conditions near the point
x=a. However, if nothing acts on the particle, its momen-
tum is conserved. Formally, this follows from the equation of
motion: p=JL/dx, so that dp/dt=0. In other words, p is a
cyclic variable.'? The situation does not change in the more
general case—the statement about global symmetry is
equivalent to the statement that there are cyclic variables on
which the Lagrangian does not depend, and the momenta
canonically conjugate to them, which are the generators of
the given symmetry transformations, are conserved.

2. Local gauge invariance. As already mentioned, this
amounts to the statement that the action (the Lagrangian, the
Lagrangian density) is not changed by transformations of
fields and coordinates with time-dependent parameters (in
field theories the parameters usually depend also on the spa-
tial coordinates x). The consequences of this symmetry are
formulated in the second Noether theorem:'?® a local sym-
metry of the action leads to identities relating the Eulerians
& and their derivatives with respect to coordinates if the
transformation laws of the fields involve derivatives of pa-
rameters [as occurs, for example, in electrodynamics; see
(1.1). Here &=0.%/d¢p—d[3£133,¢]/dx*, where ¢ is a
field; i.e., the equations &=0 are also the equations of mo-
tion]. In the case of one-dimensional motion, the requirement
that the Lagrangian be invariant under the substitution

x—x+al(t) (5.1)

leads to the condition L=0, which implies the absence of
any physical process, i.e., the absence of motion. This is easy
to understand when we recall that the function a(t) is arbi-
trary. The equation of motion fixes the law for the time
variation of x. The fact that the replacement (5.1) is possible
implies that nothing is changed if at time ¢ the coordinate x is
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replaced by x+a(t). But then, using the arbitrariness of
a(t), it is possible, for example, to choose a(¢)= —x. In this
case the particle will always be located at the origin, inde-
pendently of the choice of initial conditions, i.e., there is
actually no motion. This implies that the variable x is un-
physical (a purely gauge degree of freedom). The particle
momentum is zero, and we have a constraint. In the case of a
more complicated gauge group there will be more unphysical
variables, but the essence of the problem remains unchanged.

The difference between local and global symmetries is
that the first implies the presence of conservation laws, i.e.,
the presence of cyclic variables with trivial dynamics, and
the second implies the absence of dynamics, i.e., complete
arbitrariness of the variables appearing in the Lagrangian.
Therefore, these are fundamentally different invariance prop-
erties of systems which physically are completely different.

We conclude by noting the following. Nothing prevents
the inclusion of global transformations in the group of local
transformations, whereas the extension of the group of global
transformations to include local ones radically changes the
physical system. In fact, in theories with a global symmetry
the generalized momenta (generators of transformations) are
conserved, and in theories with local symmetry they are
equal to zero. However, at the same time this implies that
they are conserved; they remain zero during the motion.
Therefore, the inclusion of global transformations in the
gauge group is natural; moreover, it would be unnatural to
exclude them. Arguing somewhat differently, we can say
that if arbitrary independent coordinate shifts are allowed at
any instant of time, then shifts by the same arbitrary amount
independent of time are a special case of this. We have
dwelled on this point in some detail, because if this is indeed
the case there are important physical consequences: first, the
total electric charge of the Universe is equal to zero, and,
second, there are superselection rules for electric charge
(Refs. 99, 130, and 131).

5.2. Large gauge transformations

In the Introduction we noted that arbitrary parameters
[the function A and the matrices U in (1.1)] cannot be com-
pletely arbitrary. The most obvious restriction is that they
must not change the class of the field defined in the formu-
lation of the theory (the geometrical and algebraic nature of a
field cannot change, and so on; the exception is BRST trans-
formations transforming vector potentials into even elements
of the Grassmann algebra). However, in addition to these
obvious restrictions there are more subtle ones concerning
the continuity of fields, the spatial topology, and so on. For
example, in going from Euclidean space R* to the three-
sphere S* (i.e., compactifying space), we obtain a completely
different theory. The matrices U(x) in (1.2) realizing the
representation of the gauge group G at each point in space
map S> onto the group. It is known from topology'?' that the
set of matrices U(x) splits into classes (1.40), where the
elements of different classes cannot be transformed into each
other by a continuous transformation. This poses serious
questions and has important physical consequences for the
vacuum structure (the 6 vacuum, the chirally noninvariant
vacuum, and so on?®). The nature of the problems which
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arise can best be seen for the example of electrodynamics in
(1+1) spacetime. However, before turning to this model let
us explain why topological methods are applicable to field
theories.

Topology studies continuous mappings of sets and the
properties of these sets which do not change under such
mappings. However, in classical field theory only continuous
fields are allowed, since configurations of them containing
discontinuities possess infinite energy. This is most easily
seen from the Lagrangian (2.2). The scalar field ¢ (more
precisely, one of its components) contributes to the potential
energy an amount [d°x(V¢)?%/2. Since the derivative of a
discontinuous function has a &-like singularity, the square of
the & function appears inside the integral, causing the energy
integral to diverge. Therefore, only continuous field configu-
rations are allowed in the theory, and this is why topological
methods are so effective. In classical physics, field configu-
rations separated by an infinite potential barrier cannot un-
dergo transitions into each other, and it is sufficient to study
only continuous fields of a single class. In quantum theory
the question of transitions of one field configuration into oth-
ers is answered by calculating the corresponding probabili-
ties.

To illustrate some of the topological aspects of gauge
transformations, let us turn to electrodynamics in two-
dimensional spacetime with a compactified spatial axis (a
cylinder with pseudo-Euclidean metric). In this case only the
component F, of the tensor F,, is nonzero. The property
of continuity of the fields leads to their periodicity:
A(x+L,t)=A(x,t), Y(x+L,t)=(x,t), where L is the cir-
cumference of the cylinder. The Lagrangian and Hamiltonian
are obtained directly from (2.2) and (2.35) by going to two-
dimensional space. The transformation law for ¢ and F leads
to continuity of the matrices U(x,#) in (1.1); in the case of
electrodynamics, U(x,t) = exp(ief(x,t)) (in this model we use
f instead of A). Since the transformed fields must also be
periodic, we have

27n
f(x+L,t)=f(x,t)+T. (5.2)
For fixed charge e the parameter f varies in the range
0=f<2m/e, i.e., the gauge group is isomorphic to a circle.
From the viewpoint of the theory of fiber bundles,*"** we
have arrived at the following structure: with each point on
the circle S!, xe S!, there is associated a group G=U(1),
UegG, ie., a circle of radius 1/e. In the end we obtain a
torus (see Fig. 2). The exponential U [the function f(x,t)] at
each instant of time is given by some line on the torus (a
section). In this case the topological characteristic of the
transformation U [the analog of (1.40)] is

i L . e L
n—ﬁfo dxUdU =37 J'Od)a?f/&x

€
= = [AL.D=FON)]. (53)

In the case U=1 (f=0, 27/e) this is the circle S', the trivial
mapping, n=0. Any other mapping whose ‘‘trajectory’’ on

the torus can be deformed without discontinuities into the
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FIG. 2.

circle S! (line 1 in Fig. 2) belongs to this same class. As can
be seen from (5.3), if f(L,t)—f(0,t)=2mnle, ie., if the
function f is discontinuous at the point x=0 of the circle
S!, the corresponding transformation belongs to the class
characterized by the number n. In Fig. 2 trajectory 2 gives an
example of a transformation with n=1. We see from this
figure that trajectory 1 cannot be deformed into trajectory 2
without discontinuities.

As was mentioned in the Introduction, the vacuum val-
ues of the fields can be taken as A:’L‘“= gy ~1 since for
them F ,,= 0. However, the matrices (exponentials) are char-
acterized by the number n [U=sUM-U™=U"], ie., the
connections also split up into classes. In this case they are
distinguished by the Chern—Simons invariant

Cc= J dxA,. (5.9
Transformations U™ with n#0 are termed large.”® From
(1.1) and (5.3) we conclude that large transformations
change the Chern—Simons index. The Pontryagin index in
this model,

1
Q=§ j dxdta'uVF#v=j dxdtd,A,=C(®)—C(—»),
(5.5)

is the change of C in the motion. This example can be gen-
eralized to non-Abelian groups and spaces of large
dimension.?

5.3. Singular gauge transformations

Singular transformations are best illustrated by the ex-
ample of the Dirac monopole.’>83° Since in electrodynam-
ics the fundamental field is the vector potential A, and the
divergence of the magnetic field H=curl A is by definition
equal to zero, the only possible way of constructing a mag-
netic monopole in the space R? is by providing the magnetic
charge with a string containing the magnetic flux of the
charge and ensuring that the condition div H=0 is satisfied
in all space. This construction would actually be a model of
a magnetic charge if the string were unobservable.®? The
unobservability of the string opens up the following possibil-
ity: since now displacement of the string in space is not a
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FIG. 3.

physical operation, it must reduce to a gauge transformation.
We shall show that such a transformation actually exists.3*
Let L, in Fig. 3 be the initial location of the Dirac string, and
L, be the final location (the magnetic field lines originating
from the magnetic charge at the point O are not shown). The
latter is obtained by adding to L, a closed contour
C(L+L,) with magnetic field circulating in it, the direction
of which is determined by its direction on the segment L.
Let us construct the corresponding function A. We define
A =gQ(x)/47r, where (}(x) is the solid angle subtended by
the contour C as seen from the point x, and g is the magnetic
charge. This function is independent of time, since the prob-
lem is stationary. The main features of A(x) are: (1) it is
multivalued—it changes by g in a circuit around the string
forming the contour C; (2) it is singular—it is not defined on
the contour C; (3) application of this transformation to A
reduces to a displacement of the string, L;—L,. The first
two statements are obvious, and the proof of the last is el-
ementary. Let A'=A+ dA, where

§ Adx'=g. (5.6)
Ly
However, by definition,
§ INdx= - AA=— (57)
L, 47 8 )

i.e., the integral (5.6) of A’ is zero. On the other hand, cal-
culation of the analogous integral with contour enclosing the
segment L, gives g. This implies displacement of the string.
The passage to the general case, where A has arbitrary time
dependence, is not difficult. Time dependence of A implies
that the Dirac string can change its configuration with time in
an arbitrary manner. This has no effect on the dynamics of
the magnetic charge or on the physics if the string is unob-
servable. In reality, it cannot be unobservable—its magnetic
flux is nonzero, it must gravitate, and so on. Here we see a
clear difference between ordinary local gauge transforma-
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tions and large or singular ones: the latter change the physi-
cal characteristics of the system (the topological numbers,
the magnetic fluxes, and so on).

See Ref. 88 for a discussion of supersymmetric gauge
transformations. Here again there are global and local trans-
formations. This seems to be the only thing that can be said
about them with complete reliability. The nature of super-
symmetry remains unknown, and the theory of supersym-
metric spaces is underdeveloped.'3?

6. CONCLUSION

Analysis of gauge systems shows that the presence of
unphysical degrees of freedom in the Lagrangian has a deci-
sive influence on the structure of the physical sector of the
theory. In this sense they cannot be regarded as completely
unphysical. Obviously, their meaning will only become clear
in the future, when a unified theory of all gauge fields is
constructed. In any case, the gauge principle on which all the
fundamental interactions are based suggests that the con-
struction of such a theory is possible. Let us conclude by
briefly discussing certain topics mentioned briefly above.

The difference between dynamical and nondynamical
gauges is of fundamental importance. Only the former admit
systematic quantization in the original theory, when all the
degrees of freedom present in the Lagrangian are taken into
account. In the second case it is necessary to modify the
formalism by eliminating the unphysical variables, which
leads to complications in non-Abelian theories. Of course,
dynamical gauges reduce to a change of the original La-
grangian, so that it is also necessary to modify the dynamical
principle, although not so radically. The following two con-
ditions must necessarily be satisfied when adding gauge-
fixing terms to the Lagrangian:

» The modified theory must be consistent;

» The physical sector must not be touched.

The example of an inconsistent gauge in Sec. 3 shows
that these conditions are not so far-fetched. In addition to
these obvious conditions, there are others related to the re-
quirements traditionally imposed on Lagrangians. They
are:? relativistic invariance, locality, renormalizability, and
absence of field derivatives of order higher than the first.
These requirements are natural, particularly in perturbation
theory. They lead practically uniquely to the Heisenberg—
Pauli gauge-fixing term (1.16).

The importance of the extended group of gauge transfor-
mations introduced by Dirac®® should be stressed. The gen-
erators of this group are all the first-class constraints (both
primary and secondary). In accordance with the requirement
of weak gauge invariance of physical quantities, it gives a
natural generalization of the gauge group of the original La-
grangian. Consistency of the final picture means that analysis
can be done within the Hamiltonian formalism.*®

The special role of the Fock gauge (1.14) should be
noted. Whereas the Feynman gauge is convenient for pertur-
bative calculations, the Fock gauge comes into its own in the
nonperturbative approach. In a remarkable manner it turns
out to be the basis of many popular gauges. It reflects the
deep connection of gauge theories to the geometry of fiber
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bundles and to the theory of exterior differential forms (Sec.
4 and 7).

In the case of compactified spaces, there is a theorem
which states that for theories with a compact non-Abelian
Lie group in S* it is impossible to fix uniquely the gauge in
an invariant manner.

An important tool for studying gauge theories is the
background-field gauge,‘”’49 or, more precisely, the idea of
splitting the gauge field into a quantum field (a tensor) and a
classical background (the connection), which not only allows
the proof of general statements (for example, the gauge in-
variance of the effective action), but also simplifies the actual
calculations.”

In gauge theories one is struck by the conjunction of
locality and nonlocality. All theories are formulated in terms
of local fields with local interactions. However, physical ob-
jects are nonlocal. An electron is meaningless without its
surrounding electric field. Gauge theories are simply formu-
lated in coordinate space, while in momentum space even the
simplest gauge transformation of a charged field (1.1) be-
comes an integral transformation. This implies, in particular,
that there is no gauge-invariant way of separating the regions
of low and high energy. Let us write down Gauss’s law in
momentum space:

133

d‘k
iak(g)=e | =3 W (a—RUO). (6.1)
Here the integration involves the entire momentum spec-
trum, and neglect of, for example, small-wavelength quanta
violates the secondary constraint, i.e., spoils the gauge in-
variance of the theory.

A very important question is that of the range of values
taken by the parameter A in (1.1). It can have either a finite
range (A €[0,27/e]) or an infinite range [A e (—o%,)].
Physically, these are fundamentally different possibilities.
Going to global transformations and noting that they are gen-
erated by the electric charge,'®! we find that in the first case
the spectrum of the charge operator is discrete (quantization
of the charge), while in the second it is continuous. Since the
electric charge is quantized, the range of values of the pa-
rameter A is bounded.

The Ward identities, along with the Noether identities,
are obvious manifestations of the unphysical degrees of free-
dom. Being formally added to the theory, they remain arbi-
trary, which can be seen from the form of the Ward identities
in quantum theory and of the Noether identities in classical
theory. The former show that they are split off from the
physical sector, and the latter show that there are no equa-
tions of motion for them (Sec. 7.5).

The features of gauge-fixing in stochastic quantization
are discussed in Ref. 134.

7. APPENDIX
7.1. Residual gauge freedom

Nondynamical gauges usually do not completely elimi-
nate the gauge freedom. As a rule, the theory still admits
transformations from a smaller group which does not change
the dynamics in the physical sector. For example, the Weyl
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gauge Ao=0 admits transformations of the vector potentials
with time-independent parameters A: A=0. Meanwhile, the
fundamental difference between global and local gauge
transformations is related to the time dependence of the
transformation parameters. It is therefore ambiguous to
speak of a residual freedom as a gauge freedom without
indicating the type of the corresponding transformation
(see, for example, Ref. 120, p. 77). Actually, the remaining
symmetry with parameters v=v(xX) is not dynamical (i.e.,
local; see Sec. 7.5 below), and it must lead to an infinite
number of conservation laws. Let us consider an example:
#= @*(x,1)/2. The Lagrangian is invariant under the group
of transformations ¢ — ¢+ v(x), and even though the group
here is infinite-dimensional, while the fields transform lo-
cally (from the viewpoint of 3-dimensional space), the con-
sequence is an infinite number of conserved quantities:

am(x,t 0F
o)

= 1
ot T %8 (.0

The question arises: why doesn’t this happen in electrody-
namics? The point is that here we are dealing with a strong
(exact) local symmetry of the Lagrangian. Only the weak
gauge invariance under the extended group of transforma-
tions is physically important. It is the secondary constraints
which generate transformations with the parameters v (x,?).
Enlargement of the symmetry directly leads to
v(x)—v(x,t). Therefore, new laws do not appear—there are
the secondary constraints and the unphysical degrees of free-
dom corresponding to them. It can be stated that there exist
an infinite number of conserved trivial quantities which can
only take the value zero (see Sec. 5).

The situation changes somewhat in going to the Lorentz
gauge (1.8). The residual gauge freedom is now related to
functions satisfying the d’Alembert equation (JA =0, which
is also often interpreted as incomplete elimination of the
gauge freedom. Actually, even though now the parameter
A can also depend on time, the function A is not
arbitrary—it satisfies the equation of motion, and its arbi-
trariness reduces to that of the initial conditions
(A,=O,A,=0). Clearly, this is not gauge freedom (local
gauge invariance). In the model of one-dimensional motion
studied above (Sec. 5), the d’Alembert equation would re-
duce to a condition on the gauge parameter, a=0, i.e.,
a(t)=a+bt, @=b=0. Such an invariance does not restrict
the dynamics of the variable x and does not make the dy-
namics meaningless, because the Newtonian equation a=0
is invariant under the transformation (5.1) with such a pa-
rameter a (this is the Galilean transformation). The same is
true of the theory of gravity. The harmonic coordinates sat-
isfy Eq. (1.34), Ox=0. For suitable boundary conditions the
freedom reduces to transformations from the Lorentz
group,% in which the time also enters linearly.

7.2. The “breaking” of local symmetry

The fundamental difference between local and global
gauge symmetries is clearly manifested in the study of sys-
tems with broken symmetry. By broken global symmetry we
mean the presence of noninvariant solutions of the equations
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of motion; in quantum field theory the vacuum is noninvari-
ant. However, in the case of a local gauge symmetry the
physical sector must in any event be invariant under the ex-
tended group of gauge transformations. The vacuum state
vector in any event cannot violate the local symmetry—this
would contradict the initial postulates of the theory (gauge
invariance of the Lagrangian). Regarding the specific mecha-
nism of symmetry breaking—the appearance of a noninvari-
ant vacuum expectation value of the Higgs field, which
changes nontrivially under gauge transformations—there is
the theorem of Elitzur (Ref. 135; see also Ref. 136), which
states that such vacuum expectation values must be zero.

7.3. The Fock gauge and exterior differential forms

In Ref. 28 Fock not only formulated the gauge condition
(1.14), but he also gave the solution:

1
A,(x)= fo sx"F ,,(sx)ds. (7.2
The field A, (7.2) satisfies the gauge condition (1.14). In the
theory of exterior differential forms'>? an important role is
played by the Poincaré operator I. If w is a differential
m-form in the space R", we have the identity

w=d(lw)+I1(dw), (7.3)

where

To=3 2 (-1)"!

{i} r=1

1
X J;) dtt™” lwil m,-m(tx)x"r[dx"l/\.../\dxiM],. (7.4)
Here the symbol {i} stands for summation over all i,
k=1,...,m, in the range 1<i;<...<i,<n, and the sub-
script  on the square brackets denotes the absence of the
differential numbered i, . If the form w is closed (dw=0), it
is exact (w=d). This is all valid for the star region
SCR"™ if xe S, then also txe S, 0<t=<1, and it is certainly
valid for R".

In electrodynamics F,, is a 2-form (F=F,,dx"
Ndx"); F is a closed form (dF =0; this is the homogeneous
Maxwell equation ﬁ#I:: w=0, 2F, wv=E uvpol ps). Equation
(7.2) is the result of applying the Poincaré operator I to the
2-form F, resulting in the 1-form A=A ,dx*.

The relation of the Fock gauge to the Poincaré operator
and to the theory of exterior differential forms shows that
Fock deeply penetrated into the essence of the matter. In Ref.
28 this gauge arose naturally from physical considerations.
Was Eq. (7.2) obtained independently, or did the Poincaré
lemma play a role in its derivation?

7.4. The background-field method

The background-field method can be used to obtain ef-
fective Lagrangians by calculating only vacuum diagrams.
The background field is a variable and by definition it is
equal to the vacuum expectation value of the quantum field.
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The method is very convenient not only for calculating ef-
fective Lagrangians, but also for proving their gauge invari-
ance. We define
eiﬁ(ﬁmEJDQei[stmmwgl (1.5)
As in Sec. 2, Q stands for all the quantum fields (A, ¢,
,...), and F are the corresponding classical (external, back-
ground) fields, i.e., the substitution Q— Q+.% has been

made in the action inside the integral (2.50). Now instead of
(2.51) we have

WLZF] -
7 =d. (7.6)

The solution of the second equation is substituted for 7 in
the first equation in (7.6). Making the change of variable
Q—Q—% in (7.5) and using the definition of W in (2.50),
we have

W[Z.F1=W[2)- 3%, ¢=¢-F.

ie.,

T ¢.%)=W[ 2]~ 9F - Fb=W[ Z]- Fo= r[¢(]7. 9

[ ¢,.#1=W[ 2,.%1- 7¢.

(7.7)

Using the second equation in (7.7), we find

I70,#]1=T[.#].

This is the basic expression of the method: the effective ac-
tion I'[ #] is equal to the action F[ $ﬁ] calculated for zero
vacuum expectation values ¢=0, i.e., it is equal to the first
term in the expansion of the functional T in powers of $
(We recall that l:[ ;5,?] is the generating functional of
1-irreducible Green functions on the background of external
fields %, for $ =0 the functional f[0,97] is the set of
1-irreducible vacuum diagrams on the background %)

In gauge theories the method is formulated as follows.
As already pointed out in Sec. 1, the gauge field A, splits
Into a sum

(7.9)

A,—q,tTA,, (7.10)

where g, is the quantum field integrated over in the path
integral, and A M is the classical field. The background-field
gauge (1.24) specific to this method is chosen:

F = 1 2 ab _ 5ab . cbpc
2a (D/l,qp,) s Dﬂ, 3[1, lgfa A ’
(7.11)

ie., F=D,q, . The field g, transforms as a tensor (homo-
geneously),

69,=igTwq, (7.12)

(To=Tw", where T are the group generators in the ad-
joint representation, and w“ are the infinitesimal transforma-
tion parameters), and the field A , transforms as a connection
(inhomogeneously),

8A,=D 0. (7.13)
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According to the general equation (7.9), again in this case
[70,#)=T[#], so that to prove the gauge invariance of
I'[.#] it is sufficient to prove the invariance of f[O,O/"].
However, this follows more or less obviously from the ex-
plicit expression for w:

e MF.F]
=f d[q,ac,‘/;’¢]ei[S[Q+§]—(l/2a)F2+c_F’c+yQ].

(7.14)
Here Q=(q,.0.). F=(A,.0.0). d—y+{ F'=

OF(A®)/ 6w, ¢ and c are anticommuting scalar fields, and
we can use the Lagrangian (2.1) as the action density. We
assume that the external currents transform homogeneously:

6,7=8T g0 7.
Here T 4 are the group generators in the representation real-
ized by the current 7. Since the sum g, + A, transforms as
a connection, while J, Y, Z , {, and 7 transform as tensors,
the argument of the exponential in (7.14) is gauge-invariant
if the fictitious fields transform according to the adjoint rep-
resentation. Therefore, W[ Z,%] is also gauge-invariant,
and, owing to (7.15), ¢ in (7.6) transforms as a tensor. How-
ever, then I] ¢,.%] in (7.6) is gauge-invariant, and, owing to
the tensor nature of 5, F[O,?]= I'[#] is also gauge-
invariant. The field A, in the set #=(A, ,4,0) transforms
inhomogeneously (as a connection), so that the effective ac-
tion I'[.#] satisfies the identities

(7.15)

aryarD +arw¢_(;‘5r0
—07=—D, 0+ —i —i —=0,
8F sa, * sy sovTIg waw

(7.16)

where ®=Tw, and T are the generators in the representation
realized by the matter fields.

We note that these conditions for the gauge invariance of
['[.#] are none other than the Noether identities'?® for the
effective action I'=S 4.

7.5. The conditions for local invariance of the
effective action and the Noether identities

Before proving the statement made at the end of the
previous subsection, let us briefly recall the derivation of the
Noether identities. When studying the invariance properties
of dynamical systems, one usually considers general trans-
formations of the fields, including coordinate transforma-
tions:

Sp=¢'(x")—p(x), Ox=x"—x (7.17)

(the tensor and other indices have been dropped). Introduc-
ing local variations of the fields'*®

Sp=¢'(x)— o(x), (7.18)

after some algebra we obtain the following conditions for
invariance of the action:
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5s—fd &S+ 9 ( il 5+$5#) =0
=) O o \B(ag) TN | T
(7.19)
Here
0% 9 0F
(7.20)

o= 5 Aae)

is the Eulerian. Equating it to zero gives the equations of
motion. The general expression (7.20) allows all the most
important relations of the Lagrangian formalism to be ob-
tained:

*From the condition that S be stationary under variation
of the fields vanishing on the boundary we obtain the equa-
tions of motion (£=0).

*From the condition that S be invariant under global
gauge transformations we obtain the conservation laws (the
first Noether theorf:m;128 here we mean quantities conserved
in the motion, that is, when &=0).

*From the condition that S be invariant under local
gauge transformations we obtain the second Noether
theorem'2®—identities relating the Eulerians & and their de-
rivatives if the field transformations involve derivatives of
parameters [as in (1.1)].

Writing the local variations of the fields as
N m

¢§‘,,(x)=k2l 20 Vit E(@,x)d,, .0, wr(x),
=

N=dim X, (7.21)

we arrive at the following expression for the Noether identi-
ties:

m

,Zo (—1)79, .8, (EVE =0, (1.22)
Since &= 65/ 8¢ [or &= 65/ 8F in the notation of (7.14)],
the fact that these identities are the same Eq. (7.16) is obvi-
ous. The only difference is that the action density in S is a

local Lagrangian, whereas its analog in S is essentially
nonlocal.>' 33

7.6. The photon propagator in various gauges

Let us give the expressions for the photon propagator in
some frequently encountered gauges. We restrict ourselves to
writing down only the matrices for the general coefficient
1/i(q*+i0).

(1) The class of Heisenberg—Pauli—Fermi gauges:

1 9.4
F=—= (0,A)%  gut(a—1) =5~ (7.23)
(2) The Lorentz gauge:
9.9
9,A,=0; 8, %—. (7.24)
(3) The Maxwell gauge:
T, T
+
IA=0; g,,— 1u4v" Gy | "t?”. (7.25)

2
ar ar

594 Phys. Part. Nucl. 27 (5), September—October 1996

(4) Axial gauges:

4unytnudy | dudy

nA=0; g,,— " qn)? n°. (7.26)
(5) Pseudoaxial gauges:
2
B'=— % (nA)?;
qunutn,ug, 4.4y ( ) qz)

— + n“+ —|. (7.27
g e " :
(6) The planar gauge:

1
K =— m‘ nAOnA;

_qunytnug, 4,49, 21— a) (7.28)

ST T gn T (an)? ' '

Depending on the parameter @, %" in (7.23) fixes the
following gauges: a—0 (Lorentz), a=1 (Feynman),
a=1/3 (Fried-Yennie).

In (7.28) for n2—0 we obtain the Lipatov gauge,* and
for «—1 we obtain the planar gauge,46 in which n2#0.

The following expression is useful for obtaining the
propagators. The matrix

K, =g tc(qun,+tn,g,)+dq,g, (7.29)
is the inverse of the matrix
K, ,=8uvtaquq,+tbn,n, (7.30)

for a=—1/g?, c=—1/qn, and d=(1+bn?)/b(gn)*.
The gluon propagators differ from these by the factor
5.

7.7. Some historical remarks

1. The gauge (1.8) first appeared in the 1867 study of
L. V. Lorentz. At this time H. A. Lorentz was 14 years old.
Maxwell' made the following comment about Ref. 24:
..Lorentz has derived...by adding a few terms, which do
not affect any of the experimental results, a new system of
equations... These derivations are similar to those of the
present chapter [Chap. XX], but they have been obtained by
a completely different method. The theory presented in this
chapter was first published in ...1865.”" Incidentally, Lorentz
not only wrote down the equations

0OA (7.31)

i.e., the equations of motion in the Lorentz gauge, but he also
gave their retarded solutions, referring to his earlier study.
Curiously, the studies of Maxwell are not mentioned at all in
Ref. 24. The brief remarks about the life and scientific activ-
ity of Ludwig Lorentz given in Ref. 139 end with the state-
ment: ‘‘Independently of J. Maxwell and not knowing his
theory, he constructed (1867) the electromagnetic theory of
light.”’

2. Although the commonly used names of the gauge
(1.9) seem appropriate, they deviate from the tradition of
naming gauges after their authors. Naming this gauge after
Maxwell would be an act of historical justice.

w= " Jps
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3. The commonly used names of the gauge (1.10) are
unsuitable, and the proposal of Jackiw?® that this gauge be
named after Weyl can only be greeted with approval.

4. The axial gauge first appeared in the study by
Kummer'® devoted to the quantization of the free electro-
magnetic field. However, here the requirement (1.13) was
accompanied by the condition ng=const, where g is the
photon momentum.

5. The Fock gauge is known by many names. It is often
referred to as the Fock—Schwinger gauge, but it is also some-
times called the Schwinger—Fock gauge, and even the
Schwinger gauge.!'® Schwinger, of course, knew of the au-
thorship of Fock. In Ref. 141, using the Fock proper-time
method, he refers to Ref. 28. Later this gauge was repeatedly
rediscovered'**'*® (studies written after the appearance of
Schwinger’s book®® in 1970, and even after its translation
into Russian). In Ref. 144 it is called the ‘‘fixed-point
gauge,”’ and the authors of Ref. 143 call it the ‘‘Poincaré
gauge’’ (which, however, has some resonance; see Sec. 7.3).
In Ref. 31 the condition (1.15) is called the Fock—Schwinger
gauge, and (1.14) is called the Poincaré gauge.

But this is not all. The Fock gauge was rediscovered
even earlier in Refs. 145 and 146. In a subsequent series of
studies (see the literature cited in Ref. 147) it is called the
““multipolar gauge,’” and Refs. 143 and 144 are described as
‘‘pioneering.”’ It should be noted that even publications of
great importance by prominent physicists remain unacknowl-
edged. And the constancy with which this gauge reappears in
the pages of authoritative journals is a true indication of its
importance. The Fock gauge is not used in standard
perturbation-theory calculations, but it naturally arises in go-
ing beyond perturbation theory.

6. Fictitious scalar fields with anomalous sign for loops
"an additional factor of (—1) for each loop] first appeared in
» study by Feynman.”’

7. The gauge invariance of the effective action I' indi-
cates that this quantity is fundamental. When S, is used, the
exact S matrix is obtained in lowest-order perturbation
theory, i.e., neglecting quantum corrections.’ This fact can
also be interpreted as the cancellation of all corrections to
I' from graphs with loops involving exact propagators and
exact vertices. In Ref. 148 equations were written down for
I" which explicitly take into account this property of the
effective vertices.

8. Fock was apparently the first to draw attention to the
fundamental difference between local and global transforma-
tions in general relativity.®> Physicists were rather restrained
in their acceptance of these conclusions. However, Fock was
decisively supported by Wigner,'”” who studied not only
general relativity, but also electrodynamics. He referred to
local and global gauge transformations as dynamical and
geometrical transformations, respectively.

9. The model with a gauge group consisting only of
translations [with trivial first term in the Lagrangian (3.19),
e=0] was first proposed by Burnel.'®®'® The model (3.19)
has been studied independently by the present author (1988;
unpublished).

"This term was suggested by Fock; sec Ref. 2.
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IThe dynamics of one-dimensional objects were first studied in Ref. 20.

3Here it is not our goal to list all the gauge conditions which can be found
in the literature. This is practically impossible and not even necessary—
“‘natural selection’’ has eliminated the less useful ones.

“The old names for global and local transformations are, respectively, gauge
transformations of the first and second kind.%°

See Ref. 99 regarding the surface terms which arise in integration by parts
in the second term of (2.11).

®As far as the author knows, this simple statement does not yet have any
simple proof.
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