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The present status of the theoretical description of electron—positron scattering at small angles is
reviewed. A detailed description is given of an approach which allows the theoretical
uncertainty to be reduced to 0.1%, corresponding to the accuracy required for precise
determination of the luminosity at LEP I. This accuracy is obtained by exact inclusion of the
radiative corrections in first-order perturbation theory and the logarithmic contributions in

the second order. The third-order contributions are taken into account in the leading-log
approximation. The results of numerical calculations for the experimental conditions of

LEP I are presented and compared with the results of other groups. © 1996 American Institute

of Physics. [$1063-7796(96)00205-7]

1. INTRODUCTION

The cross section o for any process occurring in an
electron—positron collider is defined as the ratio of the num-
ber of events per second N and the luminosity %
o=N/.%. The luminosity is one of the fundamental charac-
teristics of a collider. It is determined by measuring the num-
ber of events per second N of a process whose cross section
o, is well known theoretically: £=N,/o,. To decrease the
statistical error, the cross section for this reference process
should satisfy the following requirements: it should be fairly
large, and the corresponding events should admit reliable
identification. For accelerators operating at intermediate en-
ergies-with a small number of electrons (positrons) per bunch
(= 10'3), the reference process is usually chosen to be
double bremsstrahlung in different directions. However, as
the number of particles per bunch increases, this process be-
comes unfavorable, owing to the large probability of it being
mimicked by two unrelated single bremsstrahlung processes
occuring when bunches collide. Another process used to de-
termine the luminosity at electron—positron colliders is
ete™ scattering (Bhabha scattering). Large-angle Bhabha
scattering events are selected in the case of colliders operat-
ing at moderately high energy (® and W factories) with total
beam energy ys=2e<1—3 GeV. Muon pair production
and annihilation into photons are also sometimes used. In the
case of high-energy colliders like LEP I and LEP II in
Geneva, small-angle (less than 100 mrad) Bhabha scattering
(SABS) is more useful. The cross section for this process
does not fall off with increasing beam energy &, owing to the
dominant contribution from ¢-channel graphs (we shall work
in the center-of-mass frame of the initial particles). The cross
sections of both the elastic and some of the inelastic pro-
cesses contributing to the experimentally measured number
of events can now in principle be calculated to any precision,
using the well developed theory of the electroweak inter-
action. Moreover, except for small hadronic corrections and
small effects from the interference of the amplitudes of pho-
ton and Z-boson exchange, the calculations can be performed
using quantum electrodynamics. For a generally applicable
determination of the experimental luminosity it is important
that at sufficiently small electron and positron scattering
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angles at an energy near Js=Mj, the rate of counting
SABS events at LEP I is much higher than the rate of count-
ing the number of Z-boson production events.

The experimental precision of measuring the luminosity
is steadily improving. During the initial period of operation
of LEP I it was about 1%. Now it is already 0.07% (signifi-
cantly better than the accuracy that was planned), and it is
quite possible that in the near future it will be improved
further to 0.05%. Is it possible to reduce the uncertainty of
the theoretical calculation of the cross section for the SABS
process to the experimental level, taking into account the
actual experimental conditions? Apparently, it is. Special at-
tention has been given to this problem recently (see Ref. 1
and references therein). It should be noted that a highly ac-
curate theoretical calculation of the cross section for Bhabha
scattering is also needed for precision tests of the Standard
Model, because this process gives the absolute normalization
of all the processes occurring at LEP. The present review is
devoted to the theoretical calculation of the cross section for
SABS processes, taking into account the experimental con-
ditions with guaranteed precision

A O'theor

<0.1%. (1)

The approaches to the theoretical description of the
SABS cross section can be divided into two classes. The first
involves the accurate inclusion of radiative corrections in
lowest-order perturbation theory and the use of approxima-
tion formulas for including higher-order perturbative contri-
butions. Monte Carlo methods play an important role in the
calculations of the cross sections for inelastic processes, as
they are used to obtain numerical results for specific experi-
mental conditions. There is a large literature on this ap-
proach. The most successful work in this area is that of the
group of Jadach,>* based on the use of the exponentiation
procedure for including the main corrections from higher-
order perturbation theory for the differential cross sections.
The results of this group were used to analyze the LEP I data
during the period when the experimental precision was
worse than 0.25%, i.e., before 1991. By now the experimen-
tal precision has been increased by at least a factor of four,
so that the requirements on the precision of the theoretical
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calculation have accordingly become more stringent. The use
of approximation formulas like exponentiation formulas,
which are consistent with the more general structure-function
approach only in a special case, no longer ensures the re-
quired precision.

The second approach,* which is what we mainly focus
on here, is the analytic calculation of the nonleading contri-
butions through the second order of perturbation theory. The
advantage of this approach is the possibility of calculating
the nonleading contributions exactly. The drawback is the
need for an independent calculation of the contributions of
inelastic processes when the experimental setup (the condi-
tions under which the final particles are detected) is changed.
The first approach has the definite advantage that the Monte
Carlo method can be used for any experimental conditions,
and its drawback is the fact that the nonleading contributions
are not taken into account exactly.

The exact results from first-order perturbation theory
have been successfully combined with the structure-function
technique in the studies by the Nicrosini and Caffo groups.>®
Integration using the Monte Carlo method with weighted
events was used to take into account the experimental con-
ditions as accurately as possible. A special technique was
used to smooth out the peaks in the integrand. The higher-
order nonleading contributions were also estimated.

The cross section for the SABS process is calculated in
the Standard Model, with the dominant contributions ob-
tained using perturbative QED. It turns out that it is sufficient
to include the contributions from the heavy Z and W vector
bosons using only the Born approximation. In addition to the
elastic scattering process (including soft photons and e*e™
pairs not detected experimentally), it is necessary to include
also various inelastic processes: the emission of an additional
hard photon, two hard photons, the production of hard
electron—positron pairs, and so on. The differential cross sec-
tions for these processes must be integrated over the phase
space of the emitted additional particles with constraints cor-
responding to the actual experimental conditions.

Like any high-energy process involving light charged
fermions, the SABS process has relatively large (of order
several percent) radiative corrections of QED origin.

We stress the fact that since the procedure for subtract-
ing QED effects is applied to experimental quantities, all the
uncertainties of the QED calculation directly become the
systematic errors. In the case of recent experiments at LEP,
the QED component of the systematic experimental errors in
determining the luminosity was the same as the systematic
error from the apparatus.

If the QED uncertainty is this important, the question
arises of where it comes from and how to decrease it. Fol-
lowing the authors of Ref. 3, we distinguish two equally
important sources. The first is the technical precision—the
errors due to numerical approximations and inaccuracies in
the analytic and numerical calculations. The second is
higher-order effects, new physics, and so on, i.e., the non-
leading contributions. This is the physical precision. The full
QED uncertainty is the sum (in quadratures) of the technical
and physical precisions.

The technical precision is estimated in various ways, for
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example, by using two different Monte Carlo programs. The
results are compared, and attempts are made to reduce the
errors. The Jadach group has achieved a technical accuracy
of 0.02% in this way.

A source of physical precision is the calculation of
higher-order perturbative effects and the estimation of the
discarded terms. It should be noted that reliably estimating
the technical and physical precision is just as difficult as
actually calculating them.

The only way of obtaining the physical precision in the
calculation of higher-order effects is by explicitly determin-
ing the terms which are usually neglected. It is this approach
that the present authors have worked on. In the approach of
the Jadach group, an upper limit on the small contributions is
obtained. In that approach it is often necessary to develop
original computational techniques and to write new Monte
Carlo programs. Nevertheless, they have succeeded in for-
mulating and solving the problem of decreasing the uncer-
tainties to 0.25%. This was achieved by combining semi-
analytical calculations and new Monte Carlo programs, and
the result of first-order perturbation theory was reproduced
exactly. The second-order calculation was actually reduced
to the inclusion of leading terms of the form (a/)%L?,
where L is the so-called large logarithm, L=1n(t0/m§), and
to is the square of the typical momentum transfer (L~ 15 for
the conditions of LEP), and to the estimation of the nonlead-
ing contributions of the form (a/7)%L and the contribution
of pair production. For example, for the nonleading contri-
butions from photon emission the uncertainty was 0.2%, and
for that from pair production it was 0.1%. Taking into
account also the uncertainty due to vacuum polarization by
hadrons (0.08%) and the technical uncertainty, a total theo-
retical uncertainty of 0.25% was obtained.

Let us say a few words about the Yennie—Frautschi—
Suura (YFS) exponentiation procedure,” which has been
used intensively by the Jadach group. It is described in detail
in Ref. 3 (see references therein). The authors constructed a
certain synthetic expression [see Eq. (2) in Ref. 3] for de-
scribing (virtual and real) photon emission. It is the product,
integrated over final fermion states (taking into account the
experimental constraints), of the known YFS factor describ-
ing the emission of virtual and soft (with energy less than
several times )) photons and the infinite sum over the num-
ber of emitted real photons (with energy greater than ()) of a
combination of accompanying-radiation factors with weights
correctly reproducing the radiative corrections of first-order
perturbation theory. The authors used Monte Carlo methods
to study the dependence of this expression on the choice of
the parameter () and on the agreement between the one-loop
calculations and calculations of the cross sections for inelas-
tic processes carried out by the CALKUL group.® This ex-
pression then became the fundamental component in the cal-
culation of the physical QED uncertinties.

We have no doubt that this approach correctly describes
the first-order corrections and is a good model for including
higher orders of perturbation theory, at least in the leading
approximation. However, we would like to make the follow-
ing observations. The authors did not make any comparisons
with the exact results for the double-bremsstrahlung and
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small-angle pair-production channels obtained in a series of
studies from the 1970s (Ref. 9), where, in particular, it was
pointed out that approximation by the accompanying-
radiation factors is too crude in the case of hard-photon emis-
sion, and exact expressions were given. Secondly, we ques-
tion the use of the Kinoshita—Lee—Nauenberg theorem. It
guarantees the cancellation of the leading contributions of
the virtual radiative corrections and the contributions arising
from the inclusion of hard photons when the entire spectrum
is integrated over, whereas in an experiment the energy of
the final particles is bounded. Thirdly, the production of light
fermion pairs is not described by such expressions and, in the
best case, was described by the authors using the structure-
function approximation. Our approach to the inclusion of the
physical uncertainties, which is presented in detail below,
amounts to calculating them explicitly. We calculate the non-
leading contributions of order (a/)*L from both photon-
emission and pair-production processes.

The use of small angles leads to some advantages in
performing the calculations. For example, terms of order
6>=4|t|/s in the calculation of higher orders of perturbation
theory can, as a rule, be dropped, although they must be
included in the Born approximation. In particular, in the case
of small-angle scattering it becomes possible to neglect the
entire class of corrections originating in so-called up—down
interference.

Here we mean the contribution to the correction to the
cross section proportional to 82(a/)" (n=1, 2) and origi-
nating in the interference of the amplitudes describing the
emission of real photons and pairs along the directions of the
initial electron and positron beams. A similar phenomenon
occurs when including the exchange of several photons in
the ¢ channel in the case of elastic scattering, where the gen-
eralized eikonal representation holds for the amplitude. The
exact amplitude of the process involving multiphoton ex-
change differs from the amplitude in the Born approximation
by the phase factor exp{i¢p} and the presence of the form
factors:'°

A(t)=A0(t)(F(t))2ei¢(’)( 1 +@(%) )

Calculating the contributions to the radiative correction
of order (a/) with power-law accuracy [i.e., neglecting
terms of order <?(m?/|t|)] and also the contributions of order
(a/)? in the logarithmic approximation (i.e., keeping only
terms containing the large logarithm L), we have confirmed
the validity of the parton representation (i.e., the representa-
tion in the form of a cross section for a process of the Drell-
Yan type) for the cross section of the SABS process in the
leading-log approximation [i.e., keeping only corrections
~(aL/)"]. In addition, the nonleading contributions of or-
der (a/r) and (a/ m)*L have been obtained explicitly. Their
form cannot be determined using the renormalization-group
formalism, which determines the form of the cross section in
the leading-log approximation.

The corrections due to the emission of virtual and real
electron—positron pairs also must be taken into account with
the required accuracy. Here again we have found that the
leading contributions ~ (aL/)? agree with the parton rep-

512 Phys. Part. Nucl. 27 (5), September -October 1996

resentation, and that the nonleading contributions must be
taken into account in estimating the accuracy. In general, the
leading contributions to the cross section can be obtained in
the renormalization-group approximation by iteration of the
Lipatov equations''~'* (see Appendix G).

Knowledge of these contributions allows the accuracy of
the calculations of the radiative corrections to the differential
cross section in the Born approximation do, to be guaran-
teed as

do=doy(1+90), 6=0at Ononleadt A6,

AS5<0.1%, 2

where 8).,q is the contribution of the leading-log approxima-
tion, and &,peqq is the contribution of the next-to-leading-log
approximation. The quantity A & contains neglected contribu-
tions of the type

[ e 5o
T T T
We have also neglected the contributions of higher orders
due to the production of pairs of heavy particles (pions,
muons, and so on; see Sec. 8).

We recall that accurate measurement of the luminosity
and cross sections is just as important for the precision veri-
fication of the Standard Model. It is well known that the
measurement of the invisible Z-boson decay channels param-
etrized in terms of the number of neutrino types N, depends
directly on the error in measuring the luminosity, 6.4/.%.
Since N, and o (M) depend very weakly on the details of
the Standard Model, in particular, on the masses of the Higgs
boson and the top quark, a marked difference of N, from 3
would signal new physics beyond the Standard Model. The
value of 6.%/.% also directly affects the accuracy of measur-
ing the electron—positron width of the Z boson and, accord-
ingly, the accuracy of measuring the electroweak mixing
angle.

In Sec. 2 we discuss the experimental setup with sym-
metrically arranged small-aperature ring detectors. There we
also present the known results for the cross section in the
Born approximation calculated using the Standard Model. In
Sec. 3 we study the radiative correction due to the emission
of a single real or virtual photon. In Secs. 4 and 5 we calcu-
late the radiative corrections of order a? due to the emission
of two photons (real or virtual) and to (real or virtual)
electron—positron pair production, respectively. The contri-
bution of leading terms of the form (aL/r)> is given in Sec.
6. In Sec. 7 we study the calorimetric experimental setup. In
Sec. 8 we analyze the discarded terms and the accuracy of
the calculations. In the conclusion we analyze the results
numerically and discuss them. In the appendices we derive
the cross section for single bremsstrahlung using the Suda-
kov technique; we give the details of the calculations of the
virtual corrections to single bremsstrahlung; we calculate the
contribution of semicollinear kinematics to double brems-
strahlung; we demonstrate the cancellation of the A depen-
dence in the nonleading contributions; we give the represen-

m2L2
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tation of the leading contributions in terms of structure
functions; we analyze the case of nonsymmetric detectors;
and we iterate the Lipatov equations.

2. FORMULATION OF THE PROBLEM AND THE
CROSS SECTION IN THE BORN APPROXIMATION

We shall study the reaction

e (p)+e(pr)—e (g)+et(g) +(ny)+(ete)
3
in the inclusive case, i.e., the simultaneous detection of an
electron and a positron by two detectors in opposite direc-
tions is considered to be a Bhabha event. We consider the
energy range typical of the LEP I and LEP II setups:
2e=1/s=90—200 GeV, where & is the energy of the inci-
dent particle in the c.m. frame. Generalization of the results
to other energy ranges will require additional analysis of the
contribution of the discarded terms. The following experi-
mental constraints are imposed on the scattering angles:

0,<60_=p,q;=0<0;, 6,<6,=p,q;<0,,

0.01<6,<0.1 rad, 4

where p, and q; (p, and q,) are the momenta of the initial
and scattered electron (positron). In the case of symmetric
ring detectors we have §,= 0, and 6;=6,. In analyzing the
observed events we impose an additional condition on the
energy of the detected particles:

4(1),2

X125 > (5)

X1X,<X., e

where x; and x, are the energy fractions of the final electron
and positron, and x, is a parameter selected from analysis of
the experimental data (0<x.<1). By the experimentally
observed cross section o, we mean the cross section for the
process (3) integrated in a given angular range, taking into
account the condition (5). Other experimental setups are also
possible in practice. For example, in the calorimetric setup,
which will be discussed in Sec. 7, when two or more par-
ticles are simultaneously incident on a small area of the de-
tector they will be detected as a single particle with energy
equal to the sum of the energies of all the particles forming
the cluster. In our calculations we shall assume that the de-
tector distinguishes between charged and neutral particles;
otherwise, it would be necessary to allow for the possibility
of events in which one or both charged final particles mimic
photons. In any case, the scheme that we propose for calcu-
lating the radiative corrections can be modified to fit a very
wide range of experimental situations.

For the small scattering angles that we consider we can
expand the expression for the cross section in a series in
powers of the scattering angle. The leading contribution to
the differential cross section do/d#* comes from graphs
with one-photon exchange in the ¢ channel. This contribution
has a 6~ % singularity for 6— 0. Let us estimate the correction
of relative order 67 to this contribution. If

do

___._p4 . p2
‘[02 (l+(,|0 ), (6)
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then after integration over 6* with the limits (4) we obtain

g do o,
jgz d_02d0 "’01
1

2 95)
I+c67 In—|.
6
For ;=50 mrad and 6;= 150 mrad, the relative contribution
of this correction will be of order 2.5X 10~ 3¢, . Therefore,
terms of relative order #” must be kept only in working in
the Born approximation, where c; is not small. In higher
orders of perturbation theory the coefficient ¢, contains the
small factor «/ 7, which allows such contributions to be dis-
carded. This means that in the angular range of interest at a
given accuracy, radiative corrections arise only from Feyn-
man graphs of the scatterer type. Moreover, in calculating
the radiative corrections we should consider only the contri-
butions from graphs with exchange of a single photon in the
t channel owing to the generalized eikonal representation.'”
Taking into account the fact that the minimum value of
the modulus of the squared momentum transfer
|t|=0%*=2&%(1—cos 6) is of order 1 GeV?, we shall ne-
glect, without loss of accuracy, terms proportional to
m?/Q? (where m is the electron mass), and also the analo-
gous terms of the type mi/ Q? arising in the calculation of
the radiative corrections.
The cross section for Bhabha scattering in the Born ap-
proximation in the Standard Model is well known: !>

dO‘B a2 2 2
~q =55 4B+ (1=¢)By+(1+¢)’Bs}, ()
where

S 2 2 2 2 2
an(? [1+(go—ga) €%, By=|1+(g5—ghxl%
By=s 1424 22 et 2+1 L+
=5 P (8,184) ;5 X ) t (8

2| S ’

—ga) ;§+X ,
~ As At
X—s—M%‘*‘iMze’ §_t_MZ’

GpM},
A= =(sin 26,,) "2,

2V2ma ( !

1 1 -
8a=" 7 gv=—§(1—4sm 0.,

S=(P1+P2)2=482,

2 2 1
t=—0%=(p,—q,) =—§s(l—c‘),
0=p1q,.

Here 6,, is the Weinberg angle. For small angles, expanding
(7), we find

c=cos 0,

do? 8ma? 0> 9 .
U R R b
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where & = \/s/2 is the initial electron (positron) energy in the
c.m. frame. The correction 8., is associated with the con-
tribution of graphs with Z-boson exchange, and can be writ-
ten as

6* 6*
Bueac=2856— 1 (85+ 8DRex+ 35 (85+ 8.

+6g2g2)|x|%. )

We see from (8) that the corresponding contribution cy
to the coefficient ¢, introduced in (6) is given by

(82+8) M, , (gy+gat6858s) My
4 T, “m= 32 Iy

=1. )

According to the above arguments, this implies that at the
Bomn level the contribution of Z-boson exchange is less than
0.3%. Therefore, graphs with radiative corrections including
Z-boson exchange can be discarded, because their contribu-
tion is less than 0.01%.

c¥S2g3+

3. ©&(a) RADIATIVE CORRECTIONS TO BHABHA
SCATTERING

First let us consider the corrections due to the emission
of a single virtual or soft photon. In the case of pure electro-
dynamics the one-loop radiative corrections to the cross sec-
tion for Bhabha scattering have been calculated many years
ago.'® Taking into account the contribution due to the emis-
sion of a soft photon with energy below some small finite
value A e, this one-loop correction can be written as

1 B
d 022]%]) B d O QED
dc dc

(1 + 5vin+ (Ssoft)’ (10)

where do'gED is the Born cross section in the case of pure
QED (it is do® for g,=g,=0), and
4¢?

';17 +21In

a
Buin+ uon=2— [2( 1 —ln(

7] | >
cot2 N

+J’sin2 0/2 dxl (1 ) 23

—In(l1—x)— —

cos? 612 X * 9
11 [4e?

+€1n —m—z

+a 1 a2 2ot
T o3 (%

—3¢3—15¢)+2(2¢*-3c3+9¢2+3¢

0
+21)ln2( sin 5) —4(c*+c?

7]
—2c)ln2(cos 3 —4(c3+4c?+5c

6\ 2
+6)ln2( tan 5| + = (11c*+33¢2+21c

2

0
+1 ll)ln( sin E) +2(c*=3¢2+7¢
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6
—5)In| cos 5 +2(c*+3c¢2+3c+9)6,

-2(c3+3¢)(1—¢) 6

The quantity &, (J;) is determined in terms of the contribu-
tion to the photon vacuum-polarization operator I1(2)

[I(s):
@ 1 0% 5\ 1(a\? @7
H(t)=;(5,+§1n?—§)+z(;) lnmj,
where
0%=-t=2s%(1—c), 8,=6,(Q°—>—s).

We have kept only the leading part of the two-loop contri-
bution to the polarization operator. In the Standard Model
&, contains the contributions of muons, 7 leptons, W bosons,
and hadrons:

S=08"+6T+o)+o.

The first three contributions can be calculated theoretically:

1 0* 5
W — =
o4 31nleL 9
1 1 v,+1 1 8
5T:_ —_— 2 T — 2___
=7 0r| ! 3“7)1“1;,—1 3V 9
4m2
=\/1+—
U Q2

1 v+l 1 11
6’W=Z vw(vy—4)n 1 2 vy + 5

4my
vy= 1+62—.

The hadron contribution to the vacuum polarization can be
represented as an integral of the experimentally measured
cross section for electron—positron annihilation into hadrons:

Q2 +o0 ete” —h
f z = dx.

H__
' 4ma? am?. x+0?

In the numerical calculations we use the parametrization of
I1(¢) suggested in Ref. 17.

In the limit of small scattering angles we can write (10)
as

da(l) do®
— X0 B (1 —11(r) (1 + ),

dc dc
5—2a21L11+3L 2 A
a
+—6%InA,
o
A—312+7/ l9+] )
TR TR TR AL
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Ae Q*? 6?
=In—. (11)

This representation allows us to verify explicitly the
statement that the contribution of terms of relative order 62
to the radiative corrections is small. Taking into account the
fact that the terms of large magnitude proportional to In A
cancel when added to the contribution from hard-photon
emission, it can be verified that the contribution to the coef-
ficient ¢; from these one-loop corrections is small. In what
follows we shall systematically discard the contributions to
the radiative corrections from annihilation graphs and also
from graphs with exchange of several photons in the ¢ chan-
nel. The latter follows from the generalized eikonal represen-
tation, which is applicable for small scattering angles. In par-
ticular, in the case of elastic scattering we have!”

A(s,1)=Ao(s,))F1(1)(1=TI(1)) ~'e'*)| 1

2
+@(£)} s>0%>m?, (12)
s

where Ay(s,t) is the Born amplitude, F(t) is the Dirac form
factor of the electron, and ¢(t)=— a In(Q*\?) is the known
Coulomb phase. Here and below, \ is an auxiliary parameter
introduced as the photon mass. The eikonal representation is
violated at the three-loop level, but the corresponding contri-
bution to the cross section for this process is quite small
(~a®) and can be dropped. We can thus regard the gener-
alized eikonal representation as valid within the accuracy to
which we are working.l)

Now we introduce the dimensionless quantity
E=(Q%0'exp)/(47rar2), where Q2=¢26} and o, denotes the
experimentally observed cross section:

ot
== dxl de®(xle

~x.) f d*q; Of j d*q; 9

do{et+e —e™(qy ,x;)+e (qp ,x;)+X}
A dx,d*qydx,d*q;

>

where x;, and ‘ﬁ,z denote the energy fractions and compo-
nents of the momenta of the final electron (subscript 1) and
positron (subscript 2) perpendicular to the axis of the initial
beams. The quantity sx. denotes the experimental cutoff in
the square of the invariant mass of the detected particles. The
generalized functions O, specify the limits of integration
over the angles (4):

0¢= @(@—M) (Iq‘l 01),
X1 € X &
05— @(94_*_‘) (M_,,Z)

X9o€& X)€

In the case of an experimental setup symmetric in the posi-
tron and electron emission angles, we can introduce the pa-
rameter p:

515 Phys. Part. Nucl. 27 (5), September-October 1996

0, 6,
=—=_>].
P=5, "5 !

We write 3 as the sum of these contributions:
RIS S X MR > A T (13)

where 3, denotes the modified Born cross section, 3 is the
contribution from the emission of a single (real or virtual)
photon, and so on. We have modified the first term of the
perturbation series by explicitly introducing the vacuum po-
larization of a virtual photon in the ¢ channel:

2
s0=0 [ 220 (123,43
0—01 02 04 (1 (t)) + W+ K] (14)
1
where 2y is the correction from electroweak interactions:
, (62 d6*
Zy= 0y g i Oweak » (15)

and the term 3, ; reflects the inclusion of the following terms
of the expansion in powers of 62 of the exact expression for
the cross section in the Born approximation:

*d 1 9
3= 0%fl” —Zf (I—H(—zQ%))‘z( —5+26] E)'
(16)

Below, we shall consider the other contributions to 3.

Let us now study the contribution from the emission of a
single hard photon. We write the differential cross section for
the single-bremsstrahlung process in Bhabha scattering in
terms of the energy fractions x, , and the transverse compo-
nents of the final particle momenta as® (see Appendix A)

do, TeTeteTy 2a3 R(xy:;q7 ,q3)8(1—x3)
dx,d°q-dx,d> s (D)1 -TI(-¢:2))?
+R(x2;q% ,qf)5(1—x,)]
(a;HX(1-T(—q;?))?
+(6%), (17)
where
12 2
q;(1—x)
R('x ql 9q2) —x d1d2

2mA(1—x)*x (d,—d,)?
1+ didy |’
di=m*(1-x)*+(q; — )%,
dy=m*(1=x)*+(q; —xqy)”. (18)
Here we have again used the vacuum-polarization correction
in the propagator of the virtual photon in the ¢ channel. Per-
forming the trivial integration over the azimuthal angle in

(17), we obtain the contribution from the emission of a single
hard photon 3,:

h @ 1-A 1+x2
2 :; dx 1—x F(X>DI)D3;D2’D4)’ (19)
X,
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where

D 4d22 208 — { 1—x
= — (1-TI(— 2
fDl ZIID ( (=2221) 71— X2

4x0?
-32, 2 -3
xz [al +x a2 ] P’

2 —-1/2
—xa; )T TF

><(al—l/

2
02=(21_x222)
2

';2 (1-x)2.
1

The limits of integration in the case of symmetric detectors
are

a,=(z2,—2,)*+ 42,07,

+4x22202, o?

D,=x2, D,=1, D;=x%p?, D,;=p". (20)

We rewrite this contribution in the final form (the details are
given in Appendix A)

1-a  1+x% (2 d
EH:% ch defic_f, Z(I—H( 201)) A1
+0(x2p2 =) [(L—1) +k(x,2)},
_ 2
k(x,2)= (+ Z [1+0O(x%p?—2)]+L,+0O(x*p?
—2)L,+0O(z—x?p?)L,, (21)

where L=1n(zQj Y/m?) and

L=l x*(z—1)(p*—2) ) (z—x*)(x*p*—2)|
e T e 7 ) M P FErs TEP s | &
@)

Li=In (X_—_Z—)(_XQFTZ) ] (22)

From (21) we see that 3 contains the auxiliary parameter
A. This parameter cancels, as it should, in the sum
37=3H4+3V*+S where 3V*S is the contribution of soft and
virtual photons obtained from (11). For the sum we have

2 d
zv=% L" Z—f jldx(l-n(—fo))‘Z{(L—l)P(X)

2

X[1+0(x%p —z)]+1 k(xz) 5(1—x)]
(23)
where
_(1+x2) [ 1+x? 3
P(x)= > +_A1T:) T~ O(l—x—A)+ 3
+21nA)5(1—x)} (24)

is the known nonsinglet kernel of the evolution equations.

4. TWO-PHOTON EMISSION IN BHABHA
SCATTERING

Let us consider the corrections from the emission of both
real and virtual photons. First we analyze the virtual two-
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loop corrections do%) to the differential cross section for
elastic scattering. Using the representation (12) and the loop
expansion of the Dirac form factor of the electron F,

2
a o
F1=1+;F(1”+(;) F, (25)
we obtain

do(vz‘z dog

dc dc

) (1=-TI()) 2 [6(F )2 +4FP)].
(26)

The one-loop contribution to the form factor is well known:

FO (L=t - 214 )
P =D+ loyg 7

L= n = @7)

The two-loop contribution can be found in Ref. 19. We shall
find it convenient to represent it as

‘-
FP=F7+F; ¢, (28)

+,- . . .
where the term F$ ° is related to the vacuum polarization

by ete™ pairs,

pete _ 1L3+19 , [265 -

1 7 36 7 e 6§2 an,
(29)

FW_I L4 3 n 17 e o2 3
32 16 32 52 32 8£2
+3 L+1L 1212m+L 1 1L2

74 2( ) In X ( ) 7

T et
2§2 n; @(),

4

o©

£3=2

1

n~3~1.2020569. (30)

The auxiliary parameter \ (the photon mass) entering into

these expressions cancels in the sum with the contribution
from soft-photon emission:

do? doy) dofy dof)

dc dc dc dc

(€2

The differential cross section doy/dc corresponds to the
emission of two soft photons, where the energy carried by
each is less than Ae (A<1):

@ a\? _y mA 1
dogg=doy p (1-1I(z))"“8 (L_l)lnT+ZL

2

- E fz (32)

The contribution from the emission of a single soft photon
with the one-loop virtual correction is
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2
A
dag"y—doo( )(1—H(:)) 216F“)[(L 1)1an

1 " 1
+ZL—§'£2. (33)

The contrxbutlon of this sum, except for the terms entering

into F¢' 1~ » contains the large logarithm L to no higher than
the second power. It has the form

a 2 pz dZ
2§1VZEVV+EVS+ESS=(;) L 2—2(1

—(-zQ})) "?RYY, . (34

For convenience, we write R}7, as a sum:

YY =YY y
Rs+v—rs+v+rs+vw+rs+vw’

9
r§lV=rs+Vw=L2( 2In* A+3In A+ g)

) 3 45
—41n A_7ln A+3£3—5 §2_T6 9

3 2
(L—l)lnA+-—L—1} . 35)

Y —
rS+V‘y_4 4

The contribution of the form factor F f+e will be studied
below.

Let us now consider the corrections to the emission of a
single hard photon due to the emission of a soft or virtual
photon. Here we can distinguish two cases: in the first the
two photons are emitted from the same fermion line, and in
the second they are emitted from different lines. Superscripts
will denote emission from an electron line, and subscripts
will denote emission from a positron line:

dG'H,(S+V):d0'H(S+V)+d‘TH(S+V)+dO'g?+V)
+d0§f+v). (36)

In the case of emission by different fermions we obtain

3
2(S+V)+2<S+V)—22"( ){(L—l)lnA—k L—1
(37)

where 3 is given by (21). A more complicated result is
obtained when calculating the radiative corrections to the
emission of a hard photon from the same fermion line. In this
case the cross section can be obtained using the Compton
tensor with a heavy photon,”® describing the process

Y*(@)+e (p1)—e (g1)+ y(k)+(Voope)- (38)

In the limit of small emission angles of the hard photon we
have

4dxd2
4x(l~x)(q
+x2B\\(t,,5,)n+T],

dO’H(S+ V) —

J_)4 3 [(Bu(sy,ty)
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T=T(s;.t,)+x>T (1, 1)+ x(T (s ,ty)

+Ty(t1,81)),

(%)2

1

7=2(L—1In -l)(21nA—]nx)+3L—1n2x

9

3 (39

where A=Ag/e<1 (A is the maximum energy of the soft
photon);

Bu(sl,tl):(_4(‘1%)2)/(51t1)—8m2/3% (40)

is the needed Born component of the Compton tensor; and
the invariants are defined as

t=—2pik, wu,=(p,—q,)>%

sl+t1+u1=q2. (41)

S1=2q1k,

The final result (see Appendix B) has the form

2H(S+V):2H(S+V)

1(a\?(p2dz [1-8 dx(1+x?)
=== —2f ———~r{{2mA
2\ 7 125 )y, 1—x

—In x+ [L—-1)(1+0O)+k(x,2)]

1
+51n2 x+(1+0)[-2+Inx—21n A]+(1

-0) = Llnx+21nA In x—1In x In(1—x)

x(1—x)+4x Inx
2(1+x2)

—In? x—Li,(1 —x)—
(42)

(1—x)?
B 2(1+x9) |°

where k(x,z) is given in (21) and @ =0 (x%p%—7).

Let us now consider the double bremsstrahlung of hard
photons in small-angle Bhabha scattering. Again we distin-
guish the cases where two photons are emitted from different
fermion lines and where they are emitted from one fermion.
The differential cross section in the first case can be obtained
using the factorization of the cross section in the impact-
parameter representation. It takes the form’

d*kt
’7T(kJ“)4 (1
—I(—(k")?))?
kY )R(xy;q; ,—k*),
(43)

where R(x;q" k%) is given in (18). The calculation of the
corresponding contribution 3% to 3 is analogous to the cal-
culations for the case of single bremsstrahlung of a hard
photon. The result is

dot ¢ ey a4J»
dx,d’qjdx,d*qy  ©°

XR(xl;qf,
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2 r»
zH:l(%) f dz 7 2(1-TI(-20?)) 2

H=7 .
X xolx, 1—x; 1—x;
XD(xy,2)P(x,2), (44)
where [see (22)]
®(x,2)=(L-1)[0(z—1)O(p*—2)+O(z
—x1)0(px*—2)]+L3[ - O(x*—2)+O(z

2,2 (1-x) 2 2 2
—xp)]H | Lo+ 757 | O(2—xH)0(x%p

(1-x)?

BRI

L+ 0(z—1)0(p*—2)

(z—x)(p*~2)
(xp*=2)(z—1)

We shall use the technique developed by Merenkov
when studying double bremsstrahlung in a single direction
(from the same lepton line).2""*> We shall distinguish the col-
linear and semicollinear kinematics of photon emission. In
the first case all the emitted photons move inside a narrow
cone about the direction of motion of one (the initial or final)
of the charged particles. The angles between the photon mo-
menta and one of the lepton momenta are smaller than some
auxiliary parameter 6,:

+(0(1-2)—0(z—p?)n

same angle 6,), and the second moves outside all such cones
(there are four cones altogether: two about the momenta of
the initial particles and two about the momenta of the final
particles). This distinction has no physical meaning for a
fully inclusive definition of the scattering cross section, and
the parameter 6, cancels in the final result. However, it is
possible to have experimental conditions where 6, will have
a clear physical interpretation. For example, in the calorimet-
ric setup 6, can be viewed as the minimum angle between
the photon and the charged particle when they are detected
separately (at smaller angles the two particles form a single
cluster in the calorimeter, so that they are detected as a single
particle with the total energy).

For definiteness, in the calculations we have considered
only emission from the electron line; the contribution of pos-
itron emission is identical. The sum of the contributions of
the two kinematics (some details of the calculations are
given in Appendix C) has the form

HH Lfa\2 (2, 23y ~2
SHH=3 pu=—|— dz z7“(1-1I(—zQY))
4\ 7w 1

1-2A 1-x—A JHH]
ijc dfo dxlxl(l_x_xl)(l—xl)z’

IMH=A0(x’p*—2)+B+CO((1—x,)*p*—2),  (46)

where

B (L (pix2—2z)? )
A=Y I =) =07

0,<6,<1. (45)
— 201 —y—
In the semicollinear kinematic region of phase space only +(x2+(1=x)¥n (=) (1=x—x) +
o . . 1 Ya>
one of the created photons moves inside this cone (with the XXy
_
B=yp L. xz(z—1)(P2—Z)(z—x2)(z—(1”xl)z)z(pZX(l—xl)—z)2|)
2 T (p*P =)z (1—x))(p*(1—x))* = ) (z—x(1—x))?|
(1-x1)%x,
2 )4
+(.x +(1 xl) )ln x(l-x—xl) B >
—
c=valL a\? (2 dz 2\\-2,.77 H(S+V) 5 HH
—YB ;T- i Z—Z(I_H(_ZQI)) rs+v+2 +2 s
x(p*(1-x;)*—2)? | a\2 (2 d
+21 p-az -
T2 (1 —x) =) (P (1 —x)—2)| F) Jl = (1=T(=20D) ?rd,y, + 35+ 35"

—2(1=x)B—2x(1—x))7,
y=1+(1-x)% B=x"+(1-x))%

ya=xx(1-x—x))—xj(1-x—x)?=2(1-x))B,
Sp=xx(1—x—x)—x2(1—x—x)?—2x(1—x,) 7.

It can be verified that the combination
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+3H (47)

is independent of A for A—0 (see Appendix D).

The complete expression for %27 describing the contri-
butions to (2) from the emission of two real and virtual pho-
tons is given by the sum

2y _— \' F H H
327=377 423V 4 o5l 43 H oS HH

:EYY.}.E;JF ¢}’7+ qb;, (48)
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which is independent of the auxiliary parameter A.
The contributions in the leading-log approximation (see
Appendix E) have the form

1 22
szi (%) flp Ldz z7%(1-1I(- Q}z)) 2

1 1
X J;cdx{ N PA(x)[@(x2p%—2)+1]

1 dt x
+J TP(t)P ?)®(t2p2—z)}, (49)
1 dt x 2
P<2>(x)=J —P(t)P(—)=1im( (21nA+—
x t t] Ao 2
1+x2
-4, 5(l—x)+2[ - (2ln(1—x)—lnx
3 1
+5 +E(l+x)lnx—l+x O(1-x—A)¢,
(50)
s7-1(2 2mezd “2(1-T(-Q}2)) 2
A= g\T) ) ez 01z

1 1
Xf dxlf / dx,P(x,)P(x)[®(z—1)O(p?
Xc Xe /X1

—2)+0(z—x})O(x}p?—2)[O(z— 1)O(p*—2)
+0(z—x3)0O(x2p%-2)]. (51)

We see that the leading contributions to 3,2” are represented
in terms of the kernels of the structure-function evolution
equations.

The functions ¢”” and ¢ in (48) collect the nonleading
contributions, which cannot be obtained by the structure-
function technique.''™'* Their explicit form can be deter-
mined by comparing the results in the logarithmic and
leading-log approximations, given below.

5. PRODUCTION OF e* e~ PAIRS IN BHABHA
SCATTERING

Let us now turn to the (9(a?) corrections associated with
e* e pair production in small-angle Bhabha scattering. We
shall include the contributions of virtual, soft, and hard real
pairs. In the case of hard-pair production we need to consider
both the collinear and the semicollinear kinematics. We shall
assume that in the pair-production process

e_(p1)+e+(p2)—>e_(q1)+e+(q2)+ea(pA)
+e+(P+)

an electron and a positron with momenta ¢, and ¢q,, respec-
tively, are detected. The fact that the two pairs of particles in
the final state are identical is taken into account by studying
the corresponding Feynman diagrams.

We define the region of collinear kinematics as the re-
gion of the phase space of the final particles in which the
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electron and positron of the undetected pair move inside a
narrow cone about the direction of the momentum of one of
the charged initial or detected final particles:

P+P-~ PP~ P+ Bi< o<,

890/m>1, Pi=Pi1:P2:91:92- (52)

The contribution of the collinear kinematics contains terms
of order (aL/w)? and (a/r)’L. In the semicollinear kine-

matics only one of the conditions (52) on the angles is sat-
isfied:

P+P-<0p, P=Pi>00: or P_B;<6p, PrP;i>0p;

The contribution of the semicollinear kinematics contains
terms of the form

[end (3

—| L In—, —| L,

T 0 ™

where 6=p_q; is the electron scattering angle. The auxiliary
parameter 6, cancels in the sum of the contributions of the
collinear and semicollinear kinematics. As above, we sys-
tematically discard terms which do not contain the large
logarithm L.

We have limited our study to the case of electron—
positron pair production. The effects of the production of
other pairs (u* ™, 777, and so on) are at least an order
of magnitude (see Ref. 9) smaller than the ones studied here,
and they can be dropped in view of the numerical results
presented below.

Pair production in collisions of high-energy leptons has
received a great deal of attention (see Ref. 9 and references
therein). In particular, it has been shown that the total cross
section contains contributions proportional to the cube of the
large logarithm originating from the two-photon mechanism
of pair production with small invariant mass of the pair. Tak-
ing into account the fact that in this case the scattered elec-
tron and positron move at very small angles (~m/¢) relative
to the beam axes, it can be verified that such events cannot
be detected at LEP 1.

Taking into account all the possible mechanisms of (sin-
glet and nonsinglet) pair production plus the LEP I experi-
mental conditions and the fact that the particles in the final
state are identical, it is possible to construct 36 Feynman
diagrams describing the production of real e*e ™ pairs at tree
level. In the case of small-angle Bhabha scattering only some
of these graphs contribute to the correction to the cross sec-
tion, namely, those of the scatterer type. Moreover, direct
calculations show that the contributions from interference of
the amplitudes describing pair emission along the direction
of the electron beam with the amplitudes describing pair
emission along the positron beam cancel. This is a manifes-
tation of the above-mentioned cancellation of the contribu-
tions originating in up—down interference.

The cubes of the large logarithm cancel in the sum of the
contributions from virtual-pair emission (owing to the
vacuum-polarization insertion in the virtual-photon propaga-
tor) and from the emission of real soft pairs, but the auxiliary
parameter A= Se/e (m,<Se<<e, where S¢ is the total en-
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1 pP-

Q2
FIG. 1. Feynman diagrams giving logarithmically enhanced con-
tributions when the pair moves along the directions of the final or
P-  initial electron.

2 q2

P /R | a M
- -P+ qQ
e e - T
P2 q2 D2 q P2
(5) (6) (7

ergy of the components of the soft pair) remains. The A
dependence disappears in the full sum after addition of the
contribution from real hard pairs. Before summing it is nec-
essary to integrate the contribution of hard pairs over the
energy fractions of the pair components and over the energy
fractions of the detected electron and positron:

de

A= ?<x1+x2, x.<x=1—x—x,<1-A,

€4 —8_ q
x1=—8-,

where ¢ .. are the energies of the positron and electron of the
created pair.

5.1. Collinear kinematic regions

Altogether, there are four regions of collinear kinemat-
ics: a pair can move along the momentum of the initial elec-
tron (positron) or along the momentum of the final detected
electron (positron). For definiteness, we shall consider the
case of motion of the pair only along the directions of the
initial and final electron. To include the motion along the
positron directions in the case of symmetric detectors we
simply multiply the result by two.

For pair emission along the direction of the initial elec-
tron it is convenient to decompose the particle momenta into
longitudinal and transverse components:

pP+=x\p1+tPL, P-=xptPL. ¢ =xpitqp,

x=1—x,—x;, q,~p,, pJ@+pl—+q§:0’

where p; are the two-dimensional components of the final
particles perpendicular to the direction of the initial electron
beam. We introduce dimensionless quantities related to the
kinematic invariants:

30;'2 I’l—2 Pl+2
Zi=\ 7/ » Zl=?, Zz=—m—,

m
800 2
0<Zi< —] >1,
m

(P++P—)2 -
A= =(xx) (1= 0 +x1x)(z1+ 2,

—2+z,2, cos ¢)],
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P
_ ?Pa-
q1
@

q2

2p\p- _
=7 =x; '[1+x3+x32,],
2
A,= pnilzu =x; '[1+x3+xiz,],
_(p—p)*
ST 27An
—q1)
D (Pr—q1 1=A—A,—A,,
m

where ¢ is the azimuthal angle between the planes (p;p’)
and (p;p-). Keeping in the matrix element summed over
spin states only terms giving nonzero contributions for
6,— 0, we find that only eight of the 36 Feynman diagrams
are important. These are shown in Fig. 1, where the sign in
front of a graph includes the Fermi—Dirac statistics for inter-
change of identical fermions.

The result for this collinear kinematics has a factorized
form, which is consistent with the known factorization
theorem:®

> M|

spins

1
_ 2772 2
2|M0|27Ta'—n—4,

spins

py.p_lipy

where one of the cofactors corresponds to the Born matrix
element (without pair production):

2 7.2 2 sttt

> |Mo|*=2" 7 a?| —=7],
spin st

S=2p DX, t=—Q2x, u=-—s—t,

and the quantity /, referred to as the collinear factor, coin-
cides with the expression obtained in Ref. 22. In our kine-
matic variables it is written as

=1y A2’
T (e
e s
R e ]
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x2(x2+x§) N 3x 2C
2x(1=x,)(1—x)AC 172_+14D7

24 2(1-x,)  4C 44

+3(x2—x) +

+ o —_
CD? " xA?D xA*D? D2C?
1 x;—x)(1+x 1—x
L (= x)( 2) _2
DcC x(1—x;) x

We transform the phase space of the final particles to the
form

d3(l|d3(l2

dl = —————=—= (2m)
2mo247243

6 (pix+pr—q,

d¢

—q)m*2 787 4% xydx 1 dx,dz,dz, o

and integrate over the variables of the created pair (the de-
tails can be found in Ref. 23):

f—f”dd’ “d fZOd === Ip L
B 0 2 0 4 0 22_2xx1x2 1 0

(1—x2)(1—x) +D3},
XX

X1X9
+2 IHT +D5 In

€6,\?
L0=ln(70-) .

_ 1 1 (1—x2)2
Dl‘zxx1x2((1~x)4+(1—x2)4)— (1=2)
(1-x)? (x+x,)?

T T o)
3(x,—x)? x2+x§

2(1-x)(1-x) (1—x)(1—xp)

—2xx,

1 1
-2 " (1=x)%)
2(x*+x3)
001 -x,)"

_ 2xxyx, ( 8
} (l_xz)2 (1—x2)2

(1—x)?
XX 11Xy
Xy 2(x1—x2) 8 1

ZXXIX2 n
xx; xxi(1—=x) (1—x)*  xxx,

(1-x)?

X7 X X1
(1-x)%  x(1—x)

—x(—l_—x)- +6+4x

8xx,x%
(1-x)*

4xxy—xy)  4(1—xy)xx,
(1-x)2  (1-x)

2
xXx5

2
S AT DY
2(x—x)(1+x,)

1—x2

[4(1—x)
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Performing the analogous operations in the case where
the pair moves in the direction of the scattered electron, in-
tegrating the sum over the energy fractions of the pair com-
ponents, and, finally, adding the other two collinear regions
where the pair moves along the direction of the initial or final
positron, we obtain

2

2 )(1+®)

L+2In—
z

d a4dx fpz dZ L R )
ocoll—;Q—%' Lz olx

+4Ry(x)In x+20f(x) +2f1(x)] ,

6o
n=5—, 0=0(x’p’-2),
R =2 A0 a2
=37 3y (4 T7x+4x%)+2(
+x)In x,
107 136 2 ., 4 20+
M= gt gy 5= T3
X|—4x2—5x+1+ 4 In(1 +l 8x?
X x *(1=x) n(1—x) 3 |8%
+5x—7— ——|ln x— In? x+4(1
1—x 1-
2(3x2-1)
+x)In x In(1—x)— _l—x—L12(l_x)’

_ B 1 B 116+127 4 24 2
filx)=—x efx = ) T]H"gx 3—;

0 +2 4x*-5 +1+———4 In(1
T9(1—x) 3| WX (1= |
+1 8x2—10x— 10+ > 1 1
X) 3 |3* X x|l * (
+x)In* x+4(1+x)In x In(1—x)
2(x*=3)
— 1=, Li(l-x),
. x dy
le(X)E* _ln(l_)’)’ leeomins
oY
2
zQ
L=In—5, (53)
m

5.2. Semicollinear kinematic regions

Again we restrict ourselves to the case of pair emission
from an electron line. There are three different semicollinear
kinematic regions which contribute for the accuracy to which
we are working. The first region includes events with very
small invariant mass of the created pair:

am*<(p,+p_)*<|q?,
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where the two particles of this pair do not fall into the nar-
row cones described above and specified by the same angle
6, about the momenta of the initial and final electrons. We
shall denote this region by p,llp_ . Only graphs (1) and (2)
of Fig. 1 contribute in this case, owing to the smallness of
the denominator of the virtual photon producing the pair.

The second semicollinear region includes events in
which the invariant mass of the system of created positron
and scattered electron is small: 4m?<(p+q;)?<|q?|,
where the created positron must not fall into the narrow cone
about the momentum of the initial electron. We denote this
region by p. llq, and note that only graphs (3) and (4) of Fig.
1 contribute to it.

The third semicollinear region includes events in which
the electron of the created pair moves inside the narrow cone
along the momentum of the initial electron, and the positron
does not. We shall denote this region by p_lip;. Here only
graphs (7) and (8) of Fig. 1 are important.

We write the differential cross section for the pair-
production process as

a*  |M|? dx,dx,dx

d =
o 87T4S2 q4

P d?p' d*p-d*q;d*q; 5(1

—x;—x—x) 8P (pi+pitq +qy),
|M|2=_prP2xP2p, (54)

where x; (x,), x and p} (p-), q; are the energy fractions
and transverse momenta of the created electron (positron)
and scattered electron, respectively; s=(p;+ p2)?
g*=—0%=(p,—q,)*=—€26* are the square of the total
energy in the c.m. frame and the squared momentum trans-
fer. The leptonic tensor L), has a different form in each of
the three semicollinear regions.

Let us consider the region p.lip_ . In this region we can
use the leptonic tensor obtained in Ref. 22. Keeping only the
important terms, we write it as

p* 4P%g?
3 Lx,Fm [= (PP rp— (@19 DT (P19 1N,]
qZPZ
—4(p+P4)>\p( 1- (1—)(‘2—))

(1) [q (qul)xp 2(pp+)(q1p- ))\p

4
—2(pp- )(41P1)xp] [P (qul)xp

—2(P+¢I|)(P1P—)xp—2(l’—4x)(l’|P+)>\p]

_32pip+)pip-)
(1)?

_ 32q1p+)(q1p-)
(2)?

8(1’1‘11))\,)[
(1)(2)

=2(pp)qip )], (55)

(919 )xp
(plpl))\p

2(pig)—2(pp+)(p-q1)
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where

P=p.+p_, (aa),=ara,,
(ab))\p=a)\bp+ apb)\ N
g=pi—q,—P, (1)=(p,—P)*—m?,

(2)=(p1—q)*—m>.
After some algebra, the expression for the squared matrix
element entering into (54) can be written as

1 25 [ 4P%q ) )
;;|M|2=—3117:{ Do L) +(1-x)°]
128

(1)2(2)2[(qlp)(p+p1) x(pp)

X(qlp+)]2],

where p=p_—x,p /x, and (q;)>=—g>. In this region we
can use the following relations:

1—x 1—x
(N)=- —;l—Z(plpJf), (2)= TZ(qlm)-

It is useful to represent all the invariants in terms of
Sudakov variables (energy fractions and transverse compo-
nents of momentum):

1
ai=5; (@)mA(1-x0)?),

1
2(Q1P+)=;;;(xlﬁr—x1ﬁ)2,

1 2
2(p1p+)= o (p1)% 2(pip)= s PP,
1

2
2(qip)=— (p'[xps —x1q)),
1

R i

P =xp- —X2p% .

The large logarithm which we are trying to extract ap-
pears in the integration over p'. To perform this integration
we use the relation

SO(B 4D+ g} + gD =

(1-x)*

which is true in the region pllp- . Integrating, we obtain the
following contribution to the cross section for small-angle
Bhabha scattering from this region:

o o d@) dq)’
h— xax
m 2 (@ +q)?

d0'p+"p_ =

Xﬁ_—_—_—
27 (qr +xqz)’
4xx %,
(1—-x)*

where ¢ is the angle between the two-vectors qf and q% .

[(l_xl)z‘*'(l—xz)z

>
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az/e

FIG. 2. Kinematics of an event with pair production in the plane perpen-
dicular to the beam axes for the semicollinear region p. llp_ .

At this stage it is necessary to use the restrictions on
q; and q; . These restrictions arise if we discard the part of
the phase space corresponding to the case of collinear kine-
matics already considered. That is, we must exclude the nar-
row cones about the momenta of the initial and final elec-
trons.

The event kinematics is shown in Fig. 2, where the
circles of radius 6, around the points corresponding to the
directions of the momenta of the initial and final electrons
bound the forbidden collinear regions. The exclusion of these
regions leads to the following restrictions:

P+ q{

P
1 > b0, rt|=|- > 6, (56)

where € and g, are the energies of the created positron and
scattered electron, respectively. To eliminate p% we use the
law of conservation of transverse momentum, which holds in
this region:

1—x
(ﬁ+¢ﬁ+TPﬁ=0-

It is useful to introduce the dimensionless variables
212= (q12)*/ (8 Omin)?, Where O,,;, is the minimum angle of
detection of the scattered electron and positron. The condi-
tions (56) are rewritten as

7(1—x)2 = (Vz,— Vz,)?

1>cos ¢p>—1+
2 2132

|Ve1= Vol < m(1-1x),
1>cos ¢>—1, |Vz,—Vzo|> (1),

n= 00/ emin ’
(57)

2x2(1-x)2 = (V2 —x\z,)?
1>cos ¢p>—1

2xV712, (58)
V21— xVz5| < mx(1-x),
1>cos p>—1, |Nz,—xVzo|> mx(1—-x).

The conditions (57) eliminate pair emission in the nar-
row cone about the direction of the initial electron, and the
conditions (58) eliminate that of the scattered electron. We
impose the following condition on the auxiliary parameter
0y:

m _s
0y>—=10"",
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and the experimental limits are of order 6,;~10"2. This
allows us to assume that <<1. The procedure for integrating
the differential cross section with these conditions is de-
scribed in detail in Ref. 23. Here we give the contribution to
the cross section from this kinematic region with the condi-
tion that only those scattered electrons whose energy frac-
tions x exceed a given value x, are detected:

at p2dz (1-A  [(1-x
ol ’TTQ% gfl 2 LC dxfo dx,
(1—x)%+(1—x)2  4xx;x,
(1-x)? (1-x)*

(x*p?—2)?
+0)ln —f+® ln—Q(—-——)—

[

+In

(z=x%)(p? —z)(z-1)|]
(z—x)*(z—x*p?) ||’
202

min

F=In ——2—— (59)

where ®=0 (x%p%—7z), z=z,. The auxiliary parameter A
entering into (59) specifies the minimum energy of the cre-
ated hard pair: 2m/e <A< 1. We note that we have replaced
L by %, since we do not distinguish them at the one-
logarithm level.

Let us now consider the region p llq; . As already noted,
in this region only graphs (3) and (4) of Fig. 1 give a loga-
rithmically enhanced contribution. The leptonic tensor for
this case can be obtained from (55) by means of the replace-
ment p _ <> q, . The square of the matrix element is written as

M2 LA S PRS-
Pl gl (@) [ .
32

WWUPIPQ([LP,)

—xz(p-p+)(p1p’)]2},
where

p'=qi—pixix;, q}*=(q,+p4)%

(2)=2(p+p-)(1
(1")==2(pp+)1

The integration over (pf)2 and (p-)? can be performed as in
the preceding case, and the contribution to the differential
cross section can be written as

—xz)/x, N

—XZ)/.xl.

4 132 112
a d(qy)” d(qy)“ d¢
.0, = T LKA DT T 2w
1 x2

(1 —x)z-i—(l—xl)2

X
(ai +xq3)* (1—x,)°
4xx1x,

Ty 0
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The restrictions on the phase space reflecting the exclu-
sion of the collinear region of motion of the created pair
inside the narrow cone about the momentum of the scattered
electron lead to the inequality

1 il
P- q

E_ €y

>6,. (61)

We shall eliminate p- from (61), using the conservation of
transverse momentum in the form valid in this kinematic
region: p-+q; +q; (1 —x,)/x=0. The condition (61) can
be rewritten in terms of the dimensionless variables z;, z,
and the angle ¢ as

Px2xi— (Vo —x\z,)?

1>cos ¢p>—1+
2x¥2122 (62)

ey —x V2| < 7pxxs,
1>cos ¢>—1, |Nz,—xVzo|> nxx,.

Integration of the differential cross section (60) over the
region (62) gives

a4 P2 dz 1-A 1—x
o =— Zj — f dxj dx,
Pila ™ 752 v 22 ) p

(1—)c)2+(1—xl)2 4xx,x, z
(1-x)° (-7
2 N(y—
+n (L——?(—f—l)] 63)
Xap

Let us now consider the .kird semicollinear kinematic
region p_Ilp,, in which graphs (7) and (8) of Fig. 2 are
important. The leptonic tensor can be obtained from Eq. (55)
by the replacement p ;< —p, . The squared modulus of the
matrix element has the form

. 45? 1 5 )
IM p_IIpl_—qéT(qu_)Z : (1)(2/) (l—x) +(l—x1)
32 1
+ qéz(q2l)2 ) (1)(21) [xl(Plﬁ)(P1P+)
+X(p+ﬁ)(qlp1)]2],
where

p=p-—xp1, q3*=(p,—p-)%

(2")==2(p1g)(1—x3), (1)==2(p1p+)(1—xy).

Integration over (p’;)? and (p-)? leads to the differen-
tial cross section

@ d(q;)? d(q;)* de 1
o L QT ) 2 Gy e
1—-x)2+(1—x,)*  4dxxx
( ( Ll Y
(I—Xz) (l—x2)
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The restriction corresponding to exclusion of the collin-
ear kinematic region in which the created pair moves inside
a narrow cone about the momentum of the initial electron
has the form

Py tqr tq; =0,

or

7xt— (V21— Vzz)?
1>cos ¢p>—1+

2\/2]22 ' (65)
V21— Vzal < mxy,
1>cos p>—1, [Nz, —zo|> mx;.

Integration of the differential cross section (64) over the
region (65) leads to the following contribution:

at f?fjpz dz (1-A 1-x
Oy 0= —3 — dx dx,
PP 7rf 127y, 0

[(1—):)2+(1—x1)2 4xx,x, 01 b4
(1-x,)° a-—x)?)" "7
(*p?=2)? |p*(z—x?)
+0 In x%x4p4 In z—x2p2 | . (66)

The total contribution of the semicollinear kinematic re-
gions is given by the sum of Egs. (59), (63), and (66):

Us-coll:0p+llp,+0-l)+llq1+0P_IIP1' (67)

5.3. Sum of the contributions of virtual and real pairs

To obtain the final contribution from pair production it is
necessary to add to (67) the contribution of the collinear
kinematics (53) and the contributions from virtual and soft
pairs.

Taking into account the leading and next-to-leading
terms, we add the contributions (67) and (53), where the
dependence on the parameter # vanishes, and obtain

a* [prdz [1-A 1,
Uhard=E? fl Z—ZJ;C dx EL Ro(x)+ A1 Of(x)

. 2.2 \2
+fl(x)]+Zfol dxz[(G)lnngz———zl—

(z=x)(p’=2)(z— 1)¥|
z=x’p? |

In ©— (0 In(xp?

—2)2+1In(z—x)2) p(x,x,) — (O In(x]x2p*)

022 0?
+In x%)(p(xz,x)} , L=In -;n—12— Z£=In —%
(68)

where
P=p(x,x3) +@(x;,x),

(1=x)2+ (x+x,)? 3 4xxy(1—x—x3)

(1-xy)? (1-x)*

e=(xy,x)=
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Integrating the third term in curly brackets in (68) over x,,
we obtain the contribution to the cross section for small-
angle Bhabha scattering from the emission of real hard pairs:

=— f”zdzfl_Ad L5140
Td=o7 |72 . 72 (1+0)Ry(x)

+ﬂ®F1(x)+F2(x)]},
FI(D=d()+C1(x),  Falx)=d(x)+Co(a),
8 20
d(x)= T—x (5‘ In(1—x)— '9—),

113 142 2., 4 4
Cl(x)=—T+—9—x—§x —§—§(1+x)ln(1

2 14x2
31— 1

. (x2p2_z)2
(xp*—2z)?

—x) —3L12(l—x)

8
+(8x2+3x—9—— =
X 1—x

)lnx

= 2.2 ,\2
+*_2(51x 6) In? x+ B(x)In *( Pp4 2 ,

& _ 122+133 +4 2+2 4 { +x)n(1
2(x)= ot xtzattas g( x)In(

g 2 = x) (- (- 1)
%) 3 1—x (x2p2—z)(z—x)r|
L 1 , R
+3Liy(1—x) +§' —8x“—32x— 0+:

8
+ p In x+3(1+x)ln? x

_ 2 — -1
+B(x)In & )x(pp _zz)(z )||
2 1+x2
B=Ro(x)—§- =& (69)

Equation (69) describes pair emission from an electron line.
To include emission from a positron line in a symmetric
experimental setup it is necessary only to multiply this ex-
pression by two.

To isolate the dependence on the auxiliary parameter A
in o, We use the relations

P2 1-A P2 1-A
f dzf dx@(x2p2—2)=f dz[ﬁ dx
1 X, 1 Xc
L —
—ﬁ dx0®]|,

c

0=1 -0 (x%p%-72),

v, =max(x,,p” ).

Therefore,
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P2 1-A dx
f dzf (C) =
1 Xc 1—x

—Jl s (70)
Tz 1=x |

1-A ln(l x) ot |1 . _
f J — fl dz[iln (1—-x,)
1
—'2—1112A
I In(l1—x) —
—f dx—uﬁ‘)}.
%, 1—x

(71)

The contribution to small-angle e e~ scattering at high en-
ergies due to the emission of real soft'> (with energy less
than A-¢) and virtual (29) pairs is given by

4a* 2dz .2 1 17
Usoft+vm=5{ 1 Z L 3lnA+E+ —?

|

Using Eqgs. (70) and (71), it is easy to show that the
auxiliary = parameter A  cancels in the sum
O pair= 2O hard T O sof+vi - NOW we can write the total contri-
bution of pair production in the final form

2 fﬂz i LY 1+
Upajr—qTQzl 1 Z2
2 (1 dx

— 0|+ 17 401 1
3 xcl—x fz n(

1 dx (:)20 8
—9——§ln(1

4le 201 A 4
+-3—n -9—n —§§2

4
3 In(1—x.)

—-xC)+ 1n2(1— C)+f T=

—x)+fldx[LZ(l+@)1€(x)+$(®cl(x)
+Cy(x))],

R(x)= > Ro(x)— (72)

2
3(1 x)’
This expression is the starting point for numerical calcula-
tions of the cross sectlon for small-angle Bhabha scattering
accompanied by e*e™ pair production. We note that the
leading contribution is described by the electron structure
function D/(x), which gives the probability of finding a
positron in an electron with virtual momentum Q? with the
condition that the electron loses an energy fraction
( 1 — x) 24,27

In Table I we give the ratio of the cross section T pair (72)
and the normalization cross section o,

4o’

2
€ gmm

O¢pg=
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TABLE 1. The ratio S=0p, /00 in percent as a function of x. for
Js=2e=M,=91.187 GeV.

NN (p=1.74, 6,,=1.61°) and WW (p=2.10, Omin=1.50°) detectors;

x, 02 03 0.4 0.5 0.6 0.7 0.8
Syn» % ~0.018 -0.022 ~0.026 ~0.029 ~0.033 ~0.038 ~0.046
Sww, % ~0.013 -0.019 —0.024 ~0.029 ~0.035 —0.042 ~0.052

In Table II we illustrate the relation between the non-
leading logarithmic contributions containing only the first
power of the large logarithm % and the full expression

g pair B
on-leading
R= ojl;air
(Tpair

6. LEADING &(a®) CORRECTIONS TO BHABHA
SCATTERING

To calculate the leading logarithmic contributions repre-
sented by terms of the form (a.%)* we iterate the Lipatov
equations'"'*?* up to B° (see Appendix G). We simplified
the analytic expressions by using the realistic assumption
that the energy threshold for detecting the hard subprocess is
small. This allows us to neglect terms of the form

3
@ -4
x:'(—g) ~107% n=1, 2, 3.
iy
This implies that we can limit ourselves to only inclusion of
the radiation of the initial electron and positron.

The contribution to 3, due to the emission of three either
real or virtual photons is written as

1{a \?(p 1 1
33 7==(=%| |"dzz?
—Z ; dZ Z dxl d.xZ@(xl.X2_.xc)
1 Xc Xe

1
X|g 8(1=x)PP(x)O(x1p*~2)

1
by P(Z)(xl)P(x2)®l®2},
X1

where P(x) and P®(x) are given by (24) and (50),
2 2
X3 X2
Q) 2 —
71) (p ] z)’
PP(x)=6(1—x)A,+0O(1—x—A)8,,
rilimas’ ’
6\ "%7g) |

3
§2+Zln(1—x)—§lnx

®1®2=®(z—

1 1 3
A,=48 5 {3—'5{2 In A+Z

1
3 In x In(1—x)

1121 + : In?
+5 n“(1—x) i
1 1
+§(l+x)lnxln(l—x)-—z(l—x)ln(l—x)
: 3x)1 : 1 : 1+x)In?
+§§(5— x)ln x 16( X) 32( x)In” x

+%(1+x)Li2(1—x) : (73)

Let us now consider the contribution to 2 from the pro-
cess with eTe™ pair production and simultaneous photon
emission. Both the pair and the photon can be either real or
virtual. We shall take into account the singlet and nonsinglet
pair production mechanisms (only the singlet mechanism
was considered in Ref. 24). The result is

I B dp2dz (1 !
Ee+e 7’:2(;g) flp ;;f dxlf dX2®(X1x2
1
_'xC) 3-

2 2
+ 3 R(xl)lﬁ(l—xz)(a(xlp2—z)

1
RP(x))+ 3 PP(x))

(1+a(x),

1
+ Py P(x)R(x,)0,0,
X1

where

R(x)=R*(x)+ ; P(x),

1—x
R¥(x)= VS (4+7x+4x3)+2(1+x)In x,

TABLE II. Values of the relative contribution of nonleading terms to pair production, R, for NN and WW detectors (see caption to Table I).

X, 0.2 03 0.4 0.5 0.6 0.7 0.8

Ryn 0.036 -0.122 —0.194 —0.238 —0.268 —0.335 —0.465
Ryw 0.179 -0.021 -0.088 -0.120 -0.179 -0.271 —0.415
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RP(x)=R*(x)

3

7+2 ln(l—x))+(l+x)(—ln2 x
1

+4Lip(1-x))+ 3 (—9-3x+8x%)In x

2
+ 3 Pm(x).

2 3
+—(———8+8x+3x2
3\ x

7. THE CALORIMETRIC EXPERIMENTAL SETUP

In the calorimetric experimental setup, events in which
an electron (positron) is incident on a small area of the de-
tector simultaneously with one or more photons, so that a
single cluster is seen, are indistinguishable from events in
which a single electron (positron) hits the same area of the
detector if the energy release is the same. This situation is
described by introducing a small angle & determined by the
detector parameters, so that when the relative angle between
the electron and the accompanying photon is smaller than
d these particles are detected as a single one. We note that
here, as above, we are assuming that charged and uncharged
particles are distinguished in the detection process. For the
detectors of LEP I the parameter & is of order 10X 1073 rad,
which is comparable to the angular span of the detectors and
the minimum scattering angle. An example of realistic con-
ditions is
0= 0nin=24%1073 rad, 6, =p0;=58%x10"> rad.

(74

Therefore, edge effects can be important, and the expressions
for the contributions to 3, become more complicated. In this
case it is naturally advantageous to use the Monte Carlo
method. Nevertheless, fairly accurate results can also be ob-
tained analytically. First, in the orders (La/m)? and
(La/)? it is necessary to discard the contributions corre-
sponding to emission along the scattered electron and posi-
tron, i.e., to keep only terms containing @ (x2p?—z) in (49)
and (72).

It is convenient to write the contribution of corrections
of order @/ from the emission of a single hard photon [see
(19)] as

S7== (37+3D, (13)

where the term 2,7 describing the contribution from emission
by the initial electron has the same form as before:

EY—J"ZdZ 21—-L)in o+ 2 12
i—lz—2 ( )nA

2
1-A ] +x?
+J dx
x 1

L—1+L,

(1—x)?

+—.—
1 +x?

O(x*p?—2) +L‘,(~)(z—x2p2)” . (76)

For the second term we find
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C(erdz | [t 1+x* |(d_—2)(d,—2)x?]

}_Jl ?Uodx —x NGd —2xd—2)|
Lo+t | (PP 2)(z— 1) |

+L i (z—x)(p*x—2)|

(xdy—2z)(xd_—7)| '

In

4

n

(di—2)(d_~2) |

S 2
dt=(\/z—i(l—x) 9—1) ) (77)

This result (like that in Sec. 3) is derived by integrating the
term proportional to 1/ \[E in (19), where it is convenient to
split the integral over the rectangle 1<z<p?,
x2<z,<x*p? into the following five regions:

1) x2<z;<x’z—7, 2) x*z—-n<z;<x’z-7n,
3) x’z—m<z;<x’z+m,

4) x%z+ n<z;<x’z+m,
2 2 2 2 g
S) xz°+ <z, <x"p*, n=2x (1—x)\/20—.
1

The dependence on the auxiliary parameter 7, vanishes in
the complete sum of contributions from the different regions.

8. ESTIMATE OF THE DISCARDED TERMS AND THE
ACCURACY OF THE CALCULATIONS

Let us now discuss the terms not involved in the calcu-
lation, owing to the required accuracy (1). They fall into
several groups.

(a) The higher-order electroweak contributions do not
exceed

e = <107%. (78)

(b) In calculating the bremsstrahlung contribution in
lowest-order perturbation theory we have considered only
graphs of the scatterer type and have neglected the contribu-
tions of graphs of the annihilation type. We have thus ne-
glected contributions from virtual and real radiative correc-
tions of the form

24, 5 —4
6! —In> —<10"". (79)

We note that our result for 3,7 is numerically consistent with
the results obtained by other authors,! who used the exact
matrix element.”

(c) In the bremsstrahlung calculation we have also ne-
glected the interference contributions of the scatterer and an-
nihilation graphs:

2 & —4
6 —L=<10 (80)
o
and the corresponding terms in double bremsstrahlung:
aL\?
0%(—) <107%. (81)
aw
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TABLE IIL. Values of &; for the NN detector for 8%, =26.125 mrad, G, =55.875 mrad, J5=92.3 GeV.

NN-detector, p=1.97

x, 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 09
& 413 413 4.13 4.13 4.13 413 413 4.13 413
& —6.84 =717 -7.44 —8.16 —8.94 -10.32 —12.67 -16.73 —24.98
8% 0.01 0.00 -0.01 -0.02 -0.05 -0.08 -0.05 0.13 0.87
8 0.49 0.46 : : . . ) . R
Tead 0.42 036 0.27 0.17 0.14 0.25 093
8 Vea 0.07 0.08 0.08 0.08 0.09 0.09 0.09 0.06 -0.03
8 tead 0.06 005 0.04 0.04 0.04 0.05 0.05 0.03 -0.02
fe - - - - - -0.09
5 ~0.00 -0.02 -0.02 0.03 0.04 0.05 0.06 0.07
s 0.008 0.006 0.005 0.004 0.004 0.003 0.003 0.003 0.006
8% -0.05 -0.04 —0.04 —0.04 -0.03 -0.03 -0.02 -0.01 -0.01
35 —2.11 ~2.50 -2.82 ~3.60 -451 -6.99 ~8.37 -12.19 -19.19

(d) We have neglected interference contributions to pair
production of the up—down type (on the electron and on the
positron), including those from taking into account the iden-
tical nature of the fermions:

a2

ef(;) L3<1074, (82)

(e) The eikonal form of the amplitude taking into ac-
count multiphoton exchanges in the scattering channel is vio-
lated by terms of the form

6? %s 1074 (83)

(f) Pair production of heavy fermions (u, 7; virtual and
real) and also the production of real pairs of pions introduces
a contribution at least an order of magnitude smaller than
that of light fermions.’

(g) The contributions of higher orders of perturbation
theory in the leading approximation are of order

al\"
—| <1074, n=4.
T

Treating these as independent estimates and combining
them, we can state that the physical uncertainty in our ex-
pressions satisfies the requirement (1):

oo phys
o

<1073.

9. NUMERICAL RESULTS AND THEIR DISCUSSION

We have presented the cross section for small-angle
Bhabha scattering in two forms of equivalent accuracy:

4ma’ b y- -
a=—%?—{20+27+227+26 ¢ +33743e7e 7},

2
4T v 2y + - 3y
0=72m{1+§0+5 +6°7+6° ¢ +6
1

4ot 4
where

S0=Zoln=o=1-p >+ Zy+3,,

30— 3
60=-—0—-—00, O’=c,....
200 300
The Born cross section
4ol
sz'ﬁ_'zo
07

for 6,=26.125 mrad and 6,=55.875 mrad, corresponding to
the NN detector, is o®=148.186 nb at Vs=92.3 GeV, and
for #;=24 mrad and #,=58 mrad (the WW detector) it is
o%=175.588 nb at the same energy. The results of our cal-
culations are presented in Tables III and IV and in Fig. 4.

TABLE IV. Values of &; for the WW detector for 6% =24 mrad, 6% =58 mrad, Vs=92.3 GeV.

min

WW-detector, p=2.42

X, 0.1 02 03 0.4 0.5 0.6 0.7 0.8 09

Py 4.05 405 405 4.05 4.05 405 4.05 405 405
& —5.87 -6.22 ~6.66 -724 ~8.14 ~9.69 ~12.18 ~16.35 —24.65
PYed ~001 -0.02 ~0.04 ~0.06 ~0.10 —0.12 ~0.09 0.09 0.84
8 ead 0.45 0.41 036 0.29 0.18 0.10 0.07 0.20 0.89
8 0.07 0.07 0.08 0.08 0.09 0.09 0.08 0.06 ~0.03
8 ead 0.05 0.04 0.04 0.04 0.05 0.05 0.05 0.03 ~0.05
e 0.00 ~001 —0.02 ~0.03 ~0.03 —0.04 ~0.05 —0.07 —0.08
56*0’ Y —-0.012 —-0.007 —-0.004 —0.002 —0.001 —0.001 0.000 0.001 0.004
8% ~0.026 ~0.024 ~0.021 ~0.018 —0013 —0.007 0.000 0.009 0.015
265 —1.32 —-1.72 —2.23 —2.89 —-3.93 —5.56 —8.06 —-11.97 —19.02
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FIG. 3. Values of the integrals of the kemnels of the evolution equations
F=J l P®(x)dx as functions of the lower limit.

Let us discuss some of the main features of the radiative
corrections. The sign of each of the contributions 3; can
change, depending on the ratio of the virtual and real contri-
butions. The cross section corresponding to the contributions
of graphs in the Born approximation is positive, while the
sign of the radiative corrections depends on the order of per-
turbation theory: it is negative for contributions of odd order
and positive for ones of even order. When the aperture of the
counters is large and the energy threshold for detection is
small, there is complete cancellation of the leading-log con-
tributions, owing to the Kinoshita—~Lee—Nauenberg theorem.
As the aperture decreases and the parameter x_ increases the
cancellation of the virtual and real contributions to the radia-
tive corrections becomes incomplete. Consequently, the ra-
diative corrections for the NN case are larger in absolute
value than those for the WW case. We also see from Tables
III and IV that as the detection threshold x. increases, the
contributions from the emission of real particles are sup-
pressed, and the radiative corrections, which become nega-
tive, grow in magnitude.

We note that the ratio of the leading and nonleading
contributions to 327 is not always much larger than unity (in
modulus). As can be seen from the graph of Fig. 3, which
represents the behavior of the function F,(x)=/ iP(z)
X(y)dy describing the typical contribution in the leading-
log approximation, this function passes through zero at
x~0.8. This shows that significant internal cancellations can
occur in the leading contributions; this, of course, depends
strongly on the choice of the parameter x. and the angular
range.

In Fig. 4 we compare our results obtained using the
NLLBHA program with the results of the Jadach group ob-
tained using the BHLUMI program and the Monte Carlo
method. We have chosen the parameter values for the WW
detector (see Table [V). We see that the results agree at the
0.1% level for a wide range of values of the parameter x_.
when photon emission is included. We also see from Fig. 4
that for x.~0.8 the contribution of nonleading terms is im-
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3T T LEm e —TTT ™—TTT
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FIG. 4. Value of (onypya/0puLumi— 1) in percent as a function of x,,
taking into account the various contributions. The oy pya are the results of
the approach described here, and the ogy; yym; are the results of the Jadach
group.

portant. The pair contribution (which is neglected in the
BHLUMI program) is less than 0.1% everywhere except for
x,=0.8, where it must be included.
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APPENDIX A: KINEMATICS OF THE INFINITE-
MOMENTUM FRAME. SINGLE BREMSSTRAHLUNG

For the process

e*(p))+e (pr)—e™(q2)+e (q)+ (k)

it is convenient to introduce the Sudakov parametrization for
the 4-momenta of the final particles:

Q1 =apr+Bip1+day,  qa=aaprt Boprta;,
k=ap,+pBp,+k*, (84)

where p , are 4-vectors lying nearly on the light cone, and
q; and k' are Euclidean 2-vectors given in the c.m. frame:

a4 p=q;p=0, (q)*=—q’<0, i=12

m? m?

P1=P|_‘s_1’2, P2=P2~_S‘P1v

m
2.2 2_ 2_ 12 2_ ~2  ~2__
Pi=Py=q1=q=m", k=0, pi=p =17,
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~ ~ 5~ ~ 2
§=2ppy=2p\P2=2p1P2=2pp\>Mm".
We shall consider the kinematic situation in which the
photon is emitted at a small angle relative to the direction of

motion of the initial electron. The mass-shell conditions for
the 4-momenta lead to the identities

(q)2+m?
- 5By ’
_(qp)*+m?

2_ (e )2 2 _h) 77
qr=sa; (qZ) m=, B, sa, s

4%25"1,31_(‘1f)2=m2, a,

(k)?
B I’
|Bol~|ay|~|al<1, B;~p~1.

Using the expression d*q,=(s/2)da,dB,d*q; , we can
represent the phase space as

sSa=

k*=saB—(k")*=0,

a2=1,

dqd’qd’k _,
= ) Do~y —qgn—
d¢ T_2q12q22k° & (Pr+P2—q1—q2—k)
1
= _Aa_ 2L 2.1 g2, 1
= 2sBB, dpdp,é(1—-B—B,)dk d°qd°q;
X 6(qt +q3 +K).

The energy—momentum conservation law can be written
as

g+pi=q,+k, p,=q,+q, ¢ =—q;.

Let us give the expressions for the denominators of the
propagators (here B8;=x and B=1—1x):

d
x(1—x)’

_dl
(pl—k)z—m2=Tx-, (pi+q)*—m?=

1
*==(q)% d=m*(1-x)*+(qy — gz )",
dy=m*(1-x)"+(qi — g )™ (85)
The matrix element of the process takes the form

nv
M= g?— v(p2) Yuv(q2)ulq,)Ou(py),

ﬁl_lé'*'m ﬁl+é+m
0'=+y" + .
Y ik =mE T ) mt Y

It is helpful to use the following decomposition of the
tensor g,

g +p‘{p5+p¥pé‘~2pi‘p5 - (q)?
Sur=Epe P1P2 s s ’

Using (84) and (85), we can write
pyulq)Ou(p)=u(q)o,u(p)ey(k),

where the generalized vertex v, is written as
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1 1\ ykps
vp=sypx(1*x)(2-d—l)———_pd x(1—x)
pA2é’)’p
- 1—x).
4, (1=x)

Let us transform the sum over spin states of the squared
matrix element:

2 |U—(612)I31U(P2)|2=TT 13251132131'—'252,
spin

R= yes Te(p,+m)0 (P, +k—q+m)i,

1
=x[—2xm2(d—d1)2+(q§)2(1+x2)dd1] IR
1

In the end we obtain
, Peidgdx(1-x)
7 (q)*(dd,)?

dot' e~ e N=24

[—2xm*(d

—dy)*+(q)*(1+x%)dd,].

We thus obtain the differential cross section for double
bremsstrahlung in different directions:

dot e et reTy B a*(1 +x%)( 1 +x%)

dzqfdzqédxldxz 71'4(1-x1)(1-x2)
d2 1
x| =%
(q)
2x, ’"2(1_X1)2(dl_d2)2
1+x2 d2d?

4@5@:&?
d\d,

(g")*(1-xy)?
dd,

_ 2xy m2(1—x2)2(d2—d1)2

412 T8
where x,, q7 and x,, q; are the energy fractions and mo-
mentum components transverse to the initial beam direction
of the scattered electron and positron, respectively, q- are

the transverse components of the virtual-photon momentum,
and

’

dy=(1=x,)’m*+(q; —q*x))%,
dy=(1-x,)’m*+(q; —q")?,
dy=(1 —x5)*m*+(qy +q"xy)?,
dy=(1=x)’m*+(q; +q")%

Let us now consider the experimental limits (4) on the
range of integration over dzqf and dzqé. We define the
dimensionless variables
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The two narrow bands z,=z, and z,=x’z, in the region of
integration in the (z;,z,) plane give logarithmically en-
hanced contributions. Therefore, the leading-log contribution
to ¥ will be selected when at least one of these bands
intersects the rectangle x2<z,;<p2x?, 1<z,<p2. We note
that the band z,~x?z, corresponding to the emission of a
single hard photon along the direction of motion of the scat-
tered electron is the diagonal of this rectangle. The band
21=2, corresponding to the emission of a hard photon along
the direction of motion of the initial electron intersects the
rectangle if x>p?>z, and xp>1. These conditions give the
O functions in the leading contribution to 3.

Actually, for the contribution from radiation by the ini-
tial electron [see (19)] we obtain

de fx2p2 d21Z2(1 —x)
=0(1- +
Fi=00-p) [ @—x2)zpzn 0P
92 dz, f x2p? dzlzz(l*x)
+6
p? 22 —xz)(22—21) (xp

dzi(1—-x)z,
—x2,)(22—21)

p? dzy fzf”
2
2, x2 (Zl

—”ff
dz)(1-x)z,

x°p
+
2+7 (z1=x29)(21—22)

+f22+7; dz,
- [(z2—21)*+40%2,]7
2x0% (z2+n 2dz,2,
1A -7 [(22—11)2+40'222]3/2]’

where we have introduced the auxiliary parameter 7:
ol<p<l.

We see that by this trick the result can be obtained in ana-
lytic form, where the 7 dependence vanishes in the sum:

2x
1+x2

2d
F,= flp ;; [@(xp— 1)®(x2p2—z)(L—
+0(xp—1)O(z—x2pH)L,+(O(1—xp) +O(xp
—1)®(Z—x2P2))L3}-

Similarly, we obtain the contribution from emission along
the scattered electron:

F—f”zd—z
2 | Z2

where L= ln(Q%z/mz), and L, L,, and L are given in (22).

2x+L
Lometh

’

APPENDIX B: VIRTUAL CORRECTIONS TO ONE-
PHOTON EMISSION

The differential cross section for high-energy electron—
positron scattering acompanied by the emission of a single
hard photon can be written as
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3 2.
AoV = a’dxd“q,d*q,
2mx(1-x)((q3)%)?
) 4p2pp20'kp(r
R= lm —————
(p1pg)— (2p1p2)

The tensor ko entering into R is related to the matrix
element £ ,M , of Compton scattering (where €, is the polar-
ization vector of a heavy photon) as

Kpo=2, M,M*

spin

gj)akg+ﬁ‘lpl;’lokll+‘7’lpévlak22
Tq1pP 10kt P1pG10k 12

a o

2 T LJ & T8 g 8
where
~ qpqtr ~ Piq
gprr_gpa_T’ plp_plp_q_2qp’
- 919
qlp=q1p_7qp’

which are explicitly gauge-invariant combinations of mo-
menta: k,,q,=kpeq,=0.

In the case of small-angle scattering of interest here, R is
written as

R=

a ) a
1+§‘7; 7| (By(sy,t)+x 311(f1,51))+ﬁ T,

T=T+xX*Ty+x(T;p+Ty),

where 7 is given in (39).

Exact expressions for T;; are given in Ref. 20. We need
these only in the limiting case where s,<|#;| and |¢,|<s,,
for fixed g% and u;=—2p,q,.

In the case of small s; we have

1
) [m*(1—x)*+ (g x+q;)2].

In the rest of this appendix we shall omit the subscript 1 for
the invariants s and ¢ characterizing the Compton subpro-
cess; see (41).

Using the fact that at small s we will have
q*=—(q3)% 1=—(1-x)(q)? and u=—(q;)’x, we ob-
tain the following expressions for T and #:

9
2(L—1+Inx)(2In A—In x)+3L—1n® x— =,

7]3‘<!t| 2°

132

4(1+x*)|In x In —Liy(1

2
Ts<|:|=s(l—_x—)

2

—x)|—1+2x+x%} — lyIn x.

For small |#| we have
5 9
Nij<s=2(L=1=Inx)(2In A—1In x)+3L—In" x— 7
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Inx In

2
4(1+x?) ((ht)

—51n2x

2x
T|,|<s=m_—)

16m2x?

—Li2(l—x)]—1—2x+x2]+ l;Inx.

The rest of the integration is trivial. We shall give only
the most important steps. The contribution of the terms con-
taining 7 can be represented in a form analogous to that of
the Born contribution:

1 (a\2(2dz (1-4 1+x?
HS+v) __ [ Z Lt
27] 2 (77) fl Zz fo dx I—x

c

(1

3
+0(px? —z))[ (21n A—In x+ 5)

15
+(2InA—In x)(In x— 2)—-—1n x— -Il

3
(21n A=In x+ k(x,z2)—2Inx(2In A

—In x)®(p2x2—z)].

To obtain the contribution of terms containing T it is
necessary to first study the following types of integral:

2‘11 (‘ﬁ)z
Igy= Qf (qz)“f ws{t} lns{—t}’
dz‘lz

d2‘12
. — N2
’s{'}_QlJ’ ,n.(qé)‘tJV 'n's{t}

2qym
i Qf 7T(‘l2)4[ s’ {1’}

Writing 02(1—x)%+ (qx—q})*/ Q% as a+b cos ¢ and us-
ing the integrals

j" ¢ __1 >b>0

o 2ma+tb cos¢ Ja2 b2 a ’

J‘27f d¢ In(a+b cos ¢p) B 1 2(a%?-b?)
o 2m atbcosd  Jal-b?  atyar_b

we obtain
2 d7 22
P 2 [x%
Is=(1—x)xJ — dz;
1 23 Ji?

ln(zg( 1—x)x3)—1n[(z,— zpx2) 2+ 402x%(1 — x)22,]
V(z,—x%2)* +407x*(1-x)*z,

Since we are working with logarithmic accuracy, in the
integration over z; we can consider only the region
|z, —x%z,| <7, o*<p<1. We obtain

X
-X

I —x(l—x)f

The other integrals are calculated similarly:

[ L+ln
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1
1m0 [ =P
22
2 dz
is=x(1—x)jp —;L,
1 2y
2,2 dz jpzdzz
px 2 2
=—(1— — L, my=x 7
=m0 [ w15
2 dz,

px
m,= - .
1 2y

Now we can write the T contribution in its final form:

2
SHOT_Z szz g PR | L)
1—x 2
x2+2x—1
+ln lnx Liy(1— x)+m)—
2x In x _® lL
“ T 0|3
+1 : 1 112 Liy(1—x)
ni—|lnx=7In"x i(1—x
1+2x—x* 2xInx
CA(1+xY) 1 +x7 ||

Then the total contribution of the emission of a single
hard photon from an electron line including virtual one-loop
corrections and accompanied by the emission of a soft pho-
ton can be written as the sum

H(S+V) _s H(S+V) H(S+V)
3 H( )_217 +2T( ,

which is given in Eq. (42).

APPENDIX C: CONTRIBUTION OF THE
SEMICOLLINEAR KINEMATICS OF TWO-PHOTON
EMISSION FROM A SINGLE LEPTON LINE

An alternative use of the quasireal-electron
approximation?® is the direct calculation of the contributions
of various graphs. Since here we are working with logarith-
mic accuracy, we can restrict ouselves to the consideration of
two semicollinear regions: (1) when the photon with
4-momentum &, is emitted in a cone of angle no larger than
6,<<1 about the direction of motion of the initial electron;
and (2) when the photon with momentum &, is emitted in
such a cone about the direction of motion of the scattered
electron. In both cases it is assumed that the second photon
does not reach any of these cones. Taking into account the
identical nature of the photons by means of the statistical

factor 1/2!, we obtain the differential cross section in the
form
a? dzq% dijl‘ 1-2A 1-x—A
it [ P |
277 7(qy) T Js, A
deldxz o f d2kl (86
X X% (1=x;—x—x) )
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where

d*kt+
R
ao

21,1
1

=2(q%)2f

[1+(1—x)?][x*+(1-x,)%]
xi(1 _x1)2(2171k1)(21’1k2)(2l11k2)

x[1+(1=x)* 1%+ (1-x,)%] |
x1(1=x2)%(2q k1) (2p 1k2) (24,1 k,)|

klllpl

k,llq,

In the case of emission of a collinear photon with momentum
k, along the momentum p,, it is convenient to write the
kinematic invariants as

01 2, 2.2 o1 1\2
2P1k1=;1‘[(kﬂ +oxi], 2P1k2=x_2(k2) ,

01
2‘11k2=a [xq; —(1-x)q; 1%, k=—q¢—q,

and in the case of emission along q, they can be written as
i of

2kiq =— [0+ (xki —qi)?], 2pik=— ()2,

XX )

Q% 1_X2
2q1ky=—(q; —xq3)%, ky=q;—qr .
XX x

where 02=¢26%, 0?=m? @2, and we have introduced the
dimensionless vectors kI, qf , and qé such that
182 182 _ T~ __
(@p)=zy, (2)"=2,, and q; q; = ¢.
The integration over d’ky is carried out with single-
logarithmic accuracy:

d2kf

2

— =x,L,
Qlf m(2p 1ky) K.lp; !
TRECHIg
! m(2q,k,) k.lg; X

At this stage it is necessary to consider the kinematic
constraints on the integration variables ¢ and z,. Let us
consider the conditions on the emission angle of the second
photon:

k; q kK
_>60, _——>0o.
2 X X2

The first condition does not allow the photon to enter into the
collinear cone about the direction of motion of the initial
electron, and the second does the same for the final electron.
They can be written as a set of conditions in terms of the
variables z; and ¢:

+x2—(¢2—@2
2\IZ|2.'2 ’

i) 1>cos ¢p>—1

Iz = Vzal <A,
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i) 1>cos >—1, [Vz,—Vza|>X,

2 )\2_(\[;1

i) 1>cos ¢>—1+

(1-x)?

2
x — X
_l—xl \/2—2) ]/2 zlz21—xl’
V22

\/— X “x X
o 1 X1 I—xl’

2

x
iv) 1>cos ¢p>—1, Zl—mzz
1

x2
M e

where A=x,0,/6,. We assume that A<<1. Actually, for the
parameter 6, determining the region of the collinear kine-
matics we have 8pe>m or 6,> 107> for the energy of the
LEP I collider. On the other hand, we have the experimental
bounds on the parameter 6,: 6;=102. This allows us to
assume that A <1 within our accuracy.

In a similar way we can obtain the limits on the region of
integration also for the case where the photon of momentum
k, enters the collinear cone about the direction of motion of
the scattered electron.

In regions (ii) and (iv) we can perform the integration
over the azimuthal angle:

fzv d¢ l
0 2W(2p1k2)(2q1k2)|"1"l’1

x(1—x;)
|x212—(1 _xl)zzll ’

B xszl_4 1

C(I=x)z,—x2; ||z 2]

fzvr do |
o 2m(2p1ky)(2q,k,)|

k,llq;
2,4
_x2x3(1—x2) 2Q1 1
h x? x2
21722 1-x, |21_22 (_1——x;72-|
l—xz
Izl_x Zz'

In regions (i) and (iii) we have
de |
2m(z,+2,+2+27,2, cos d))‘leﬁ—\/z_zlﬂ

(Va1 = Vz)? @]

|z1—2,] )

2 J‘ dz
=— T arctan
™ |21‘Zz|

where

N (V2 - @2)
2\/2122 .
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As a result, we obtain
J=2In2.

Then the complete expression for the contribution of the
semicollinear kinematic region is written as

at [1-24 1-x-A
Z—i dxf

dUSC
b A

dx dx,6(1

x1x2(1—x1)2

XN ()

2 d 6
+(1—x1)2]fp -;L[lnz—zl[H@(pzxz—z)
1 2 o,
+20(pX(1—x,)*=2)]+O(p*x?

1 (z—x?)(p*x*=2)
— A I = ) (PR —2)-2)

—p*(1—x)%)
(z—p*(1—x)x)(z—(1—x)?)
(P*(1=x))*=2)(z—x(1—x}))
(P2 (1=x)—2)(z—(1—x;)?)
(P*(1—x)*—2)(z—(1—x)))

(z=p*x(1=x;))(z—x?)
(p*x*=z)(z—x(1—x)))

+0(z

X|1n

+In

+0(z

—p*ixH)In +0(pX(1
“xl)z_l)

(z=(1=x))(p*(1—x1)*—2)
(P*x(1=x)—2)(z—x(1—x))(1—x;)*
(z—(1=x)})(p*(1-x,)*—2) ]
(p*(1—x)=2)(z=(1—x))(1—x;)?

(z—1)(p*—2) ]
(z—(1=x))(p*(1—x,)—2)

X|In

+In

+In

In order to confirm the cancellation of the auxiliary param-
eter 69/ 6,, we consider the corresponding part of the con-
tribution of the collinear kinematics:

a? [1-2A 1-x—A
zcoll j dxf
X A

dxldxzé‘(l —X—X;—X;)
xx(1=x)?

[1+(1—=x)2][x?

)2 5 z01 1
+(1—x;) ] L°—-2L ln?- 5
0

1
+5 O(p*x*—2)+O(p*(1—x) -2 |+

The full sum of the contributions of the two kinematics for
the emission of two hard photons from an electron line is
given in Eq. (46).
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APPENDIX D: CANCELLATION OF THE A
DEPENDENCE IN THE NONLEADING
CONTRIBUTIONS

Let us consider the nonleading contributions to 3%7
which are singular for A—0. Dropping the common factor
(a/ w)2F[dzlz%, we give the individual contributions be-
low.

Let us first consider the contributions to 7. The cor-
rections associated with virtual and soft photons give

(SVVHVSHSS) —1n A(=7—41n A)(1,p%), (87)

where we use (a,b) to denote the limits of the integration
over z: (a,h)=0(z—a)®(b—2z). The contribution of vir-
tual and soft corrections to the emission of a single hard
photon gives

(SHEH), = ln A((l p?) (16 In A+14)

1 1+x2
4f dx [(1, p2)—(1, p*x?)]
% 1—x

—2In(1-x.)—21In(1—x,)

1 1
J dx(1+x)+ ﬁ dx(1+x)
x

+2f dx

! 1+x2
+2f dxk(x,2) = [’ (88)

[(l,pz) (1,p°x*)]In x

where x,=max(x,1/p), and k(x,z) is given in (21). The
singular contribution associated with the emission of two
hard photons has the form [see (46)]

(2HH)s=In AU dx

x2

[ (I’P )Ll (l’pzxZ)LZ
1
—((l,pz)—(l,pzxz))le—f dx(3+x)

1
—ﬁ dx(3+x)—4In A+41In(1—x,)
X

x2

+41n(1-5))— de [(1,02)

—( 1,p2x2)]] . (89)

Now it is easy to verify that these contributions cancel each
other:

(EVV+VS+SS)A+(2H(S+V))A+(2HH)A:0. (90)
Let us now consider the corresponding contributions to

37.

Y

(231))a=In A(=14=81In A)(1,p?),
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I 1+x?
(35hv+ “V)A—lnA[ fdx =y k(x.0)+(1p%)

X[16In A+14—-8In(1-x,)

—81n(1—)?'c)+4fldx(1+x)

*c

4 ﬁl dx(1+x)

Xc

L 1+x?
4Lcdx 1_’; [(1,0%)
—(Lp xz)]]

(EH)a=In A{ 8(1,p*)[In A—1In(1—x,)—1In(1—%)]

[(1.p%)—(1,p°x%)]
o [lar 0800

x?.

1 1+
—2f dx k(x,7)
X¢ 1-

1
—4[ dx(1+x)
xC

X[(1,p%)+(1, pzxz)]] : o1
Transforming the last term in (EZ) A using the identity

1 1
—4j dx(l+x)[(1,p2)+(1,p2x2)]=-—4f dx(1+x)

Xc

1 1
x(1,p2)—4ﬁ dx(1+x)(1,,oz)+4Lg dx(1+x)
x

X[(Lp?) = (Lp)], 92)
we again confirm the cancellation of the A dependence:
(S5ivat C5 oy + 35 s+ (Ea=0. (93)

APPENDIX E: REPRESENTATION OF THE LEADING
CONTRIBUTIONS TO 7?7 IN TERMS OF
KERNELS OF THE EVOLUTION EQUATIONS

Here we shall show that the leading-log contributions
can be represented in the form predicted by the renormaliza-
tion group. The sum of the above contributions to 3,”” minus
the leading terms can be written as

ol S

In®> A

NESTN 9+1f1_Ad L YA

BT Rl M el
3 2.2

—lnx—l— (1+0(x*p°—2))
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1+x 1-x—A 1

In A +'2-(1

12A
qf,

+x)lnx—1+x

1 1
+Z jxcdx 2

[1+30(x2p?-2)]

1+x2 (l—x—A p—z \/;)

1—x A \/;—px
1 P Nz xp ) s
—1—5(1+x)1n—z—+? —E O(—x%p
+z)]. 94

It can be checked that the A dependence cancels in this ex-
pression. We shall show below that this expression can be
written as

1 [aR\? [p2dz (1 1
YY=_ | — _ — p(2) 2.2
3, 2( W) fl > fxcdx{ZP (O[1+0(x%p

_Z)]+L P(t)P( )(9(t2 2—z)] (95)

where the kernels of the evolution equations (see Appendix
G) P and P‘® are given above [see (24) and (50)]. For this
we transform Eq. (95), using the substitution

1 1
O(rp’~2)=7 (1+0(x’p*=2)) + 5 O(z—2%p?)

-0(z—1*p?),

and change the order of integration in the last term:

1 2 2 Vzlp 2
fdtf” dz=f" dzf dt=fpdz®(z
x p212 x2p2 x 1

Vzlp
—pzxz)j dt.

X

Performing the elementary integration over ¢ and using the
explicit expressions for the kernels, it is easily verified that
(95) and (94) are identical. The validity of the representation
(51) for E; can be verified in a similar manner.

APPENDIX F: THE CASE OF NONSYMMETRIC
DETECTORS

For definiteness, we shall assume that the scattered elec-
tron is detected by a ring counter with aperture

0,<6,-<6;,

and the positron by one with narrower aperture:
0,<0,+=80,,

where

I<pr<ps<p3, pr34=0,34/0,.
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This ordering is typical of experiments at LEP I. Calcula-
tions similar to those of Appendix A give the following for
the contribution of the emission of a single hard photon:

1[a\ (1-8 1+x% (,2dz
2"<W>+2H<~>=5(;) f e fﬁ?“

—~1I(-2z0%) Y{A+B+C+D},
A=[O(p,—xp3)(p3.p7) + O (xp3—p2)O(ps—xp3)

(xp3—2)(z—x%)

X (x2p2,p2) In| ——————— + (p2,p2)

(x°p3,p3)] (xng—z)(z—x) (p2:P4
(1-x)?
X(xz,xng)[L—H 5.2

(F*p3—2)(z—x)|

x2(xp3—2)(z—x)|

n

’

(1-x)?
1+x?

x*(p3—2)(z—1)|

Lol P=2) (- |

+In

B=(p3,p3)

’

C=[—((1x%p3)— (x2p}.p3))O(xp,— 1) +(1,p3)O(1
—xpg) +(x%p3.p3)O(1—xp;)O(xp,

(xpi—2)(z— x*p))|

— 2 2.2 2 2
1)]‘“ (xZPZ_Z)(Z_xpg)I+(1’p3)(x P2,X p4) L
=02 |(Ppi—2)(z=x7p3)
L+ 1+x2 nxz(xp%—z)(z—xpg) ’
(xpi—2)(z—p3)
- N[22 Xpg— 282 Ps)] 2 2
D=—[(1,p3) —(p3,p3)]in (7= (z—xpD) +(p2.p4)
(1-x)% |x*(pi—2)(z—p))|
X|L—1+ 172 In (xpi—z)(z—xp§)| . (96)

The terms A, B, C, and D respectively correspond to the
contributions from emission by the initial electron, the final
electron, and the initial and final positrons. We note that for
p,=1 and p,=p;=p the result given above becomes Eq.
(21).

Taking into account the corrections associated with the
emission of virtual and soft photons, the correction can be
written as follows in first-order perturbation theory:

3d
(27)”W=% fl"zz—ﬁ(l—ru—zQ%)r2 -2

1
+Jx dx P(x)[(p3.p3)((1,p3)+ (x%,x%p3))

c

+(1,3)((p3.p7) + (x?p3,x2p3))]

1 1+x2
+ f dx k(x,z2)"% ] ,
X, 1—x

X

where k(x,z)"" is obtained from the expression in curly

brackets in (96) by discarding the terms proportional to
(L—1).
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We also give the expressions for the contributions of
second-order perturbation theory in the leading-log approxi-
mation:

1[a\?
(EZ)NW=Z (—)

m

1 1
120D [ dn [ dep)pe)

X[(1,p3) +(x},x1pDL(p3.P2)

+(x3p3. 42001,

2
—
1

4\ z

1 1
~11(-200) 2 [ dx| 3 POWI(6.0D

X ((1,03)+(x%,x%p3)) +(1,03)((p3.03)

1d
+(x2p§,x2p3))]+fx —;P(r)P(;)

X[(p%,pi)(l,t2p§)+<1,p§)<p§,t2pi)]],

- 1 [a\?(,2dz
(2e+e )Nw=§ (;) 1P4 '2—2'L2(1

~II(~20%) 2 L‘ dx R(x)[(p2p2)

X((1, p3)+(x%,x%p3)) +(1,03)((p3.P3)
+(x*p3x2p)].

APPENDIX G: ITERATION OF THE LIPATOV
EQUATIONS

The cross section for the process
et(py)+e (p_)— y*—hadrons

taking into account the radiative corrections to the initial
state can be written as the cross section for the Drell-Yan
process:

_ 1 1 Ae
o’ h(s)= f dle’ dx2®( -2+ —8—+xl

+x2)@i(n)@é(n)ose"'(xlxzs)(1

—II(x,x,5)) K,

where o is the cross section neglecting radiative correc-
tions,

[I(s)= a s 5
©=57 " 73)

and K is a factor taking into account the nonleading correc-
tions,
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K—1+a 1
=+zlFa)

The structure functions & ’;(x) describe the probability of
finding a particle of type b with momentum fraction x in a
particle of type a. They satisfy the Lipatov equations:!!

Di(x,5)=6(1—x)

+fs dta(t) fldy . o [*
m: 27t x —y—‘@e(y’t)Pe y

ldy . f
+J; T@Z(y,t)Py(y)J,

. _jx dta(t) | (1 dy o e
e(x9s)— m2 27Tt . 7 e(y’t)Pe_ ;
L dy [ x
| —2Uy.0Pi ||,
fx y 1) V(y”
2 (s dta(r)
@Z(xys)z—gjzz_m-—@z(x’t)

s dta(t) ldy o %
+fm2 2wt [,L 7@e(y’t)PE ;

ik

1d _
+ f 7y FE(y.1)PY

W] 1€1re
v(t)= 1 ln
( ) a 3 2 ’

PUD)=Pi(2)=2*+(1-2)?,

1+ 272
1—z

P';’(z)=P::(z)EP(z)=lim{®(1—z~A) +48(1

A—0

3
—z)(z‘f‘zln A)},
1
PU=PYUD)=— (1+(1-2)?).

It is convenient to write 9% as the sum of singlet and
nonsinglet contributions:

One of these, Py, can be expanded in a functional series:

Z1(B\k
Dus(x.B)=8(1—x)+ >, — | =| p¥k(x),
i=1 k'\4

,6’:?[«

P*k(x)zp(o)@P(O)®...®P(JC),
k
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1
PA()OPy(0= [ drdiy - 510)P () Po()

ldyPUP(x)
.y 1y 2y-

The explicit expressions for the kernels PP(x) and

P(x) are given above in the text of the review. We note an
important property of the P®)(x):

1
fdxpm(x):o, k=1,2,... . 97)
0

For the iterations it is convenient to introduce new functions,
following Ref. 24:

Ds=Ff, Dys=D°— 9, D=T+D ¢,
These functions satisfy the following system of equations:

4 B B
BT BT Der],

1 (8
Fu(rH=1-0+7 dﬂ{-@+(',77)®P(X)
0

1
- g") [7ay exp( -2—) F (%)

+Eexp

®R(x)},

R(x)=Pl(®)®@P(x)= 13;; (4+7x+4x%)+2(1

+x)In x=R (x).

For Yg(x,B) we have

ﬂZ B3 1 1
@SZER(X)'F < |33 P(O)@R(x)~ o R(®) |-

We conclude by noting that the function JS(z2) relating
the cross sections for processes producing a system of final
particles X with invariant mass W in collisions of e*e™
beams and photon beams is the convolution of two evolution
kernels:

2
L d
o_eeﬂeeX(s)%(%L) le _Z_Zf(z)g-Y}'ﬁX(zs),

d 2
o= [ ara—on(i+(1-2 )=
1
+2)* In —=2(1-2)(3+2),

W2

Zth=

f()=PY(®)&PY(2), L=In%,

e
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YIn a recent study,'® a violation of the generalized eikonal representation
was found at the two-loop level. We do not agree with this finding, because
the authors of that study dealt with the academic problem of a massive
photon.
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