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An algebraic approach is proposed for the construction of soliton solutions of nonlinear
integrable systems based on the structure of the algebras of their internal symmetry. Its universality
is demonstrated by examples of explicit solutions of many known integrable evolution

equations and hierarchies in (1+1) and (2+1) dimensions. © 1996 American Institute of Physics.
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1. GENERAL REMARKS'™7

In this paper we will consider dynamical systems which
have solutions of soliton type. The origin of the concept of
solitons is connected with physical problems, in particular,
with the study of waves on the water in canals. These waves
correspond to processes of propagation of a perturbation
peak (soliton wave) which carries finite energy. This peak is
stable with respect to external influences. The soliton wave
differs from ordinary periodic waves which have many
peaks.

From a mathematical point of view all these systems are
unified by the properties of their algebra of internal symme-
try. These algebras are infinite-dimensional but have finite-
dimensional representations with a ‘‘spectral parameter,’’
i.e., they are realized by finite-dimensional matrices whose
elements are rational functions of a parameter \, taking val-
ues in the complex plane. This case is rather different from
the finite-dimensional algebras of internal symmetry of ex-
actly integrable systems.

Now we have generalized the partial problems of the
soliton-solution behavior to the following mathematical
scheme. We first formulate the problem. It is necessary to
find an element g which takes values in some group and
depends on the parameter A. This element is also a function
of independent variables £ and satisfies the relation

s

Fr
The elements u, taking values in the corresponding algebra,
are assumed to be rational functions of the spectral param-
eter. In the general case the parameters which determine the
positions of the poles are functions of the independent vari-
ables &.

The Maurer—Cartan identities subject to (1.1) reduce to
the system

=u. (1.1)

t9u,- 3uj ]
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From this identity we can extract the equalities of the resi-
dues at all the poles of any order. We then have the system of
equations under consideration, i.e., there is a multicompo-
nent equation which is equivalent to the investigated dy-
namical system. One can say that the system (1.2) with re-
spect to the spectral parameter is a generating expression
(Laurent series) for the equations of the dynamical system.

(1.2)
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Originally, for the solution of systems of the type (1.2)
the widely known inverse scattering method was elaborated.
By means of this method many equations of importance for
physical applications (such as the Korteveg—de Vries, sine—
Gordon, nonlinear Schrodinger, and so on) were integrated.
This method is described in detail in many well known
monographs.

In further work the solution of the systems (1.2) was
connected with the matrix Riemann problem (the so-called
Zakharov—Shabat dressing method). This method provides a
possibility of finding the solution of an integrable system
when the solution of the Riemann problem is known from
independent considerations.

In this paper we shall use a purely algebraic construction
for finding a system of equations possessing soliton-type so-
lutions together with their explicit form, bypassing the stage
of investigating and exploring their internal symmetry alge-
bra. The problem of the need for such an approach and the
existence of systems having soliton solutions that do not fall
within the scope of our construction will not be considered
here. In any case all the systems that are integrable by the
inverse scattering method fall within the construction which
follows below. In all cases it yields explicit formulas for
soliton-type solutions even when traditional methods are so
cumbersome that it becomes impossible from the purely
technical standpoint to obtain the result.

The initial (input) elements of the construction are spe-
cially coded data of the structure of the internal symmetry
algebra of the system, which are used to express, by several
algebraic operations, soliton-type solutions together with the
system of equations that they satisfy. Here, the solution of
the sine—Gordon, Korteveg—de Vries, nonlinear Schro-
dinger, and other wave and evolution equations is described
by common formulas distinguished only by the parameters
related to the internal symmetry algebra.

2. INFINITE-DIMENSIONAL RATIONAL-FUNCTION
ALGEBRA®%®

In this section we will describe the construction of a
special type of infinite-dimensional algebra, which is an es-
sential point in the following approach to the consideration
of the dynamical systems in question. We will call these the
algebras of rational functions, because so far there is no ter-
minology on this subject.

In order to explain the construction of these algebras we
will examine simple algebraic identities for the decomposi-
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tion into partial fractions, which are well known:

1 fila,b,m,n)
(A—a)™ (\— b)" = (A-a)

n

gj(a,b,m,n)
jzl (A\=b)

The explicit form of the functions f;,g; can be determined
by many independent methods and can be found in any book
on this subject.

Consider some Lie algebra with its generators L;. Let
the finite ambiguity of the arbitrary parameters
a=(a,,a,,...,a,) be denoted by one symbol. The generators
of some mﬁmte—dlmenswnal algebra L * are determined by
the relations

Lé*=(\—a)7*L;.

The new generators are labeled with an integer index & and a
continuous complex number a; \ is the complex parameter.
In the case of negative k we introduce additional generators
L;=\°L;. The most significant fact is that the variety of
these generators is a closed infinite-dimensional Lie algebra.
Indeed, we calculate the commutator

[L&* LB =(N—a) ¥\ —b)'> CTiL,,

By virtue of the previous identity we represent the right-hand
side of the last equality in the form of a linear combination
of the generators constructed above. Continuing the last
equality, we have

fkl(aybak’l)
v=1 (Z—a)¥ o

gr(a,b.k,D)
by

% Cl] m>»

or, retaining the first and last terms of the written equality,
we obtain

k

[Li*,L3=2 c;'j,( 2

k=1

( fur(a,b,k,LEX

I'=1

1
+ > gk,(a,b,k,l)Lf’,;”).

These can be considered as the commutation relations of an
abstract infinite-dimensional algebra. We note that in the last
sum there is only a finite number of generators. This may be
connected with the filtration properties of the constructed
algebras. We will call them the algebras of rational func-
tions.

The algebras of the inner symmetry of the integrable
systems have a direct connection to the subject of this sec-
tion.

3. STATEMENT OF THE PROBLEM AND ITS
NONLINEAR SYMMETRIES

Here, the problem considered briefly in Sec. 1 will be
formulated more carefully, and its symmetry properties will
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be described. With the help of these symmetries it will be
possible to construct the whole hierarchy of solutions of the
problem if some solution of it is known.

The formulation of the problem is the following: It is
required to find an element g, taking values in some group,
which depends on a complex parameter A and on arguments
& (&,...€,), constructed from g elements u=(dg/ &g !
taking values in the corresponding algebra, such that it is a
rational function in the complex \ plane.

The known data under this condition are the positions of
the poles and their multiplicity for each of the elements u; .
In what follows we shall call the totality of these data the
spectral structure of the element u; . The unknown quantities
are the residues at all the poles of the elements u; as func-
tions of £ or, equivalently, the matrix elements of g as func-
tions of \ and &

The problem possesses remarkable symmetry properties,
which we shall now describe.

Let g, be some solution. For definiteness, let g, belong
to the group SL(k,c). This means that g is a (k+1,k+1)
matrix with determinant equal to 1. Let us introduce the ma-
trix of the polynomials P, which has the following structure:

12 13 Lk+1
P n+1 P Pn P"
21 D 22 23 2k+1
P p2 p® .. P
, @3.1)
Pﬁ+l'1 P£+1’2 Fk+l, k+1

where P®# is a polynomial of degree n in \, and P,,Jr | is a
polynomial of degree n+1 with coefficient 1 at \**'. The
equal degrees of the polynomials are chosen for simplicity,
and in what follows this restriction will be replaced by some
other restriction which holds in the definition of the polyno-
mial matrix.

The coefficients of the elements of the polynomial ma-
trix are defined by the requirement that at (k+1)(n+1) dif-
ferent points of the N\ plane there is a linear dependence in
column (k+1) of the matrix Pg°. This means that

k+1

21 (Pa(N)8o(ND)) a,pC (A1) =0,

a,f=12,...(k+1), i=12,....(k+1)(n+1), (3.2)

where cg(\;) are the totalities of the arbitrary c-number pa-
rameters. These conditions determine all the coefficient func-
tions of the elements of the matrix P (3.2).

Indeed, let us take a=1 in the last equality. We have

k+1

> PO (8(N)eM))p=0, i=12,...,(k+1)(n+1).

(3.3)

The last equality is a system of (n+1)(k+1) linear
algebraic equations, in which the unknowns are the (n+1)(k
+ 1) coefficient functions of the polynomials of the first row
of the matrix P. (Each polynomial has exactly n+1 coeffi-
cients, and the number of polynomials is k+1).
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From the definition of the matrix P it follows that its
determinant is a polynomial of degree (n+1)(k+ 1) with
coefficient 1 at the highest power of . From (3.2) we con-
clude that the determinant of P vanishes at exactly (n+1)(k
+1) points of the \ plane. At these points, the columns of
the matrix Pg, (Det go=1) are linearly dependent. Thus, we
obtain

(n+1)(k+1)

Det P= H (A—\,). (3.4)

From the definition of the elements of the inverse matrix g~
via the ratio of the k-order minors to the determinant of the
matrix g, we have, for the elements of the matrix u,

) _Dei(8— )| s
a,B

g
““'Bz(Eg Det(fsl)
where by the symbol [|[3—d]| we denote the matrix arising
from the matrix g when its row B changes over the deriva-
tives with respect to £ from its row a.

Let us illustrate these formulas by the examples of the
second-order matrix

Det(g“ 812) Det(gﬂ 822)

- 821 82 o= 821 8»
i Det g . Det g ’
SHi
11 12
U= Det g N (3.6)

where g=dg/d¢. To determine the analytic properties of the
elements of u as functions of the parameter X we use the
general formulas for the case g=Pg,. For the matrix g we
have

§=Pgot+Pgo=(P+Pgog;")go-
For the elements of ¥ we obtain

Detl|(P) g— (P + Pug) |

= . 3.7
Uap H(lk+l)(n+l)()\_)\i) (3.7

The coefficients of cz(\;) in (3.2) are independent of &.
Thus, the columns of the matrix (Pg,) are linearly depen-
dent. For this reason the numerator in the expression for the
matrix elements of u (the matrix u, has a rational depen-
dence on \) will contain a factor which cancels with the
denominator, and the analytic properties of the matrix u re-
peat those of u,. The positions and maximal multiplicities of
the poles are the same for the matrices u and u,.

A separate treatment is needed to understand the behav-
ior of u in the limit A—. Let us first consider this situation
for the example of the second-order matrix. The numerator
of the element u; is the determinant of the matrix:

1" 12,0 12 12,0
PPl PSP+ P i+ P, Un|
21 2
Pn Pn+l
As A—», the denominator of the matrix element u, has the

asymptotic behavior A***", The maximal power in X in the
numerator may be contained in the product P,,HP%?HU?,
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This power is not more than 2(n+1)+s, where by s we
denote the maximal power of the matrix elements of u at
infinity.

Let us give a summary. It has been shown that if there is
some solution g, of the problem, then the element Pg, con-
structed by the rules of this section is also a solution of the
same problem. Thus, we obtain a whole hierarchy of solu-
tions (n is arbitrary). The problem possesses some nonlinear
symmetry. This symmetry is usually regarded as a Backlund
transformation. The Backlund transformation plays the most
important role in the theory of integrable systems. It will
become clear from the next sections how these transforma-
tions are used for the construction of the exact solutions of
the integrable system.

4. THE SPECTRAL EQUATION®

In this section the connection between the matrix equa-
tion (1.1) and the theory of ordinary differential equations
will be considered. Equation (1.1), written in the form

g=ug, 4.1)

is the equation for the unknown g, taking values in some
group, under the assumption that the element u, taking val-
ues in the corresponding algebra, is known. This equation is
a system of equations in the parameters of the group element
g (it is assumed that they are functions of an independent
argument, and differentiation is carried out with respect to
it), and in this sense it is invariant with respect to the choice
of any representation of an algebra (or group). On the other
hand, we can consider it in some fixed representation when g
and u are certain finite-dimensional matrices. We shall use
the Dirac notation for the basis vectors ||a),(8| (.8 range
from 1 to N, where N is the dimension of the representation).
Equation (4.1) makes it possible to calculate the successive
derivatives of the element g:

g=glM=(u+u)g=ug, g"'=ug,

us+1=u:+usu1, uOEl.

Writing the matrix elements for the first N derivatives by
using the basis vectors (1| and ||a), we have

N
<lllg[.s]lla)=(lllusll1)(1llg||a>+; (UlusllB)

X(Blgll). (4.2)

Eliminating the N — 1 matrix elements (8)g||@) (8=2,....k+1)
from the last system of N equations, we derive an ordinary
Nth-order differential equation for the function ¢,=(1|g||«):

Detl 51— (Ulugl| 1) o Lllgl12), ...( Ll B),... =0,
(4.3)

where the index s labels the rows and takes values from 1 to
N; the index B labels the columns 2,....N, except the first
one. Thus, all the elements in the ““first’” row (1||g||a) satisfy
the same Nth-order differential equation (i.e., they are its
fundamental solutions), whose coefficients are expressed ex-
plicitly in terms of the elements of the matrix # and its de-
rivatives up to the (N —1)th order. We shall call this equation
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a spectral equation. The matrix elements {(Bglla) can be
found from a linear system of N—1 equations (4.2)
(I1sss=<N), and in this manner the matrix g is explicitly ex-
pressed in terms of N fundamental solutions of the spectral
equation, the matrix elements of , and their derivatives up
to the (N—1)th order, inclusive. The coefficient functions of
the spectral equation can be expressed in terms of the set of
its fundamental solutions by known relations. Let us rewrite
the spectral equation in the form

N-2
PN —In VLN =4 > (= Dkaytd=0.
k=0

We introduce the notation || 1), yf-2) ... yb-*N]|| for the de-
terminant of the matrix whose first column consists of the
derivatives of the s, order of fundamental solutions of the
spectral equation, the second column consists of the deriva-
tives of the s, order of the fundamental solutions, and so on.
In this notation we have

V=g, gt gt DI

R P S )
(4.5)

Comparing these expressions with the coefficients of the
spectral equation, we see that to obtain them it is necessary
to make the substitution L1 —(1||u,]|@) in the last formu-
las. This relation will become useful in constructing the ma-
trix elements via the known set of the fundamental solutions
of the spectral equation.

(4.4)

5. CONSTRUCTION OF THE SOLUTIONS IF THE
ELEMENT g, BELONGS TO A DIAGONAL
(COMMUTATIVE) SUBGROUP®10-13

The general construction of Sec. 3 will be used now to
get the whole class of solutions of integrable systems for the
algebra SL(k,c). Let us consider the case in which the back-
ground equation has a trivial solution if one assumes that the
element g takes values in a commutative (Cartan in the se-
misimple case) subgroup

r

g=cxp§l hers, [hi,hj]1=0, (5.1
where r is the dimension of the commutative subgroup.
From the background equation (in our case
(dg/9€)g '=2"_ h(I7,/3€)) it follows that the functions
7, must be rational functions of the argument \, whose ana-
lytic properties are determined by the spectral structure of
the elements u. This means that the residues at the poles of 7
and the coefficient functions of its Laurent expansion near
the infinite point of the N plane must be functions of the
single argument ;. Thus,

]
— i 0
n—,El (&N + 12,

i.e., 7, is the sum of rational functions of one argument, the
number of which is equal to the number of independent pa-
rameters & in the problem, and some function 7% which de-
pends on all the parameters except N. We will call this func-
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tion the null node of 7, and the whole function 7, the source
function. Let us take this solution in the capacity g, of the
general construction of Sec. 3, and use the quadratic (k+1, k
+ 1) matrix of the polynomials P,

pll ~12 plk+1
Pn‘+l Pn Pnk+1
21 ~ 22 2k+1
P"l P n+l e+
. (5.2)
k+1,1
Pnl Pf,“’z I;‘ﬁ+1,k+1

containing as before the notation P ,(\) for an arbitrary poly-
nomial of degree n and P,(\) for the same polynomial with
coefficient at the highest power of A.

The difference from the general scheme consists first in
distinguishing the degrees of the polynomials of the col-
umns, and second, all polynomials of the first row have sign
P. The last modification is necessary for determination of the
null modes of the functions 7, as will become clear from
what follows. It is assumed, as before, that there is a linear
dependence between the columns of the matrix
g=Pgy=Pexp2’_ h,7, at k' (n,+1) different points
of the A plane,

k+1

> Pt

B=1 nﬁ+‘sa.

H()\i)CB()\i)eXp(Tﬁ_' Tﬂ— 1)=0,

k+1

a=12,....(k+1), i=12,...,0 (n +1),
1

a=

(5.3)

where cg(\;) is the totality of arbitrary c-number param-
eters, and 7p=74,=0. The last equality is a system of
Z’;J;ll(na+ 1) linear algebraic equations, where the coeffi-
cient functions of the polynomial matrix P and the null-
mode components of the 7 functions are unknown. The num-
ber of equations is equal to the number of unknown
variables. Indeed, let us take a=1 in (5.3). The number of
coefficient functions of the first column of the polynomial
matrix P is equal to E’;‘;llna+ 1, and the k null-mode com-
ponents of the 7 functions are unknown. Thus, the total num-
ber of unknown variables is 2(n,+1), i.e., exactly the num-
ber of equations. The same situation holds for the other
columns, and consequently the system of equations (5.3) ex-
plicitly determines all the parameters of the polynomial ma-
trix and the null-mode components of the 7 functions.

We have Det P=Det(Pg,), and from the definition of
the polynomial matrix P it follows that its determinant is a
polynomial of degree E(n,+1) with coefficient 1 at the high-
est power of \. From (5.3) we know that Det P vanishes at
3(n,+1) points of the complex plane. Thus, we get

k+1
sk (ng+ 1)

DetP= ]

i=1

(AN=N)). (5.9

The general formulas of Sec. 3 for the elements of the matrix
u remain valid after the obvious substitution
(Llo)a‘B: (Sa.ﬁ( ’Tﬁ‘“ '7"3_ l):
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Det||Pﬂ——>I5a+1-:’a( Ta—
u —
«f II(A—N\;)
From the last expression we see, as in Sec. 3, that all the
features of the elements of the matrix u, including the infinite

point, are determined by the analytic properties of the source
functions.

Ta—l)”

(5.5)

6. THE CASE OF THE ALGEBRA SL(2,C) (REFS. 10
AND 13-15)

The results of Secs. 3 and 5 will be specified here for the
case of an algebra SL(2,C) which has many physical appli-
cations. In that case, it is possible to write all the expressions
in a form convenient for practical calculations.

Let the polynomial matrix P (5.2) be rewritten in the
form

n+1 ny

Il =ap) II \-b)

P=| i=] j=1
Pnl Pn2+l

(6.1)

The polynomials of the first row P, n+1 P, n, are decomposed
on the systems of their roots (a;,b j). In our case,
T1=—1=27,(&, ,\) + o= The coefficient functions of the
polynomials and null mode 7, are determined by the linear
system of algebraic equations

exp 27(N,)exp 270P, 4 1(X,) +c(N,)P, (N,) =0,

s=12,...,(n,+n,+1), 6.2)

exp 27-()‘5-)(”(17 27'0Pnl()‘s) +C()‘s)Pn2+ l()\s)=0-

The number of unknown quantities in the first system of
equations is equal to n;+1 symmetrical combinations com-
posed of the roots a; (coefficient functions of the polynomi-
als P, 1), n, symmetrical combinations composed of the
roots b; (coefficient functions of the polynomials P,,l), and
null-mode component in the form exp 27,. This is exactly
equal to the number of equations. The same situation holds
for the second system (6.2). As in (5.5), for u,,=u, we
obtain

ny+1 n2 >
o LT (N —a) T2 (N =b)) S b;
+= Hnl+n2+7()\ N ) = A—b

J
np+1

a.
+ > ——+27]. (6.3)
i=1 —a

It follows from the explicit expression for u, that the
analytic dependence of 7 (the positions of the poles, their
multiplicity, and the behavior at infinity) is the same for u
as for 7. Rewriting (6.3) in an equivalent form, we have

ny b n+1 Cl
j=t A=b; =1 A—

l—lnl+nz f~2()\ )\ )

s=1

n+1 n
T a)’2 (\=b))

Uy. (6.4)
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This equality is the definition of u , , and the examples of the
next section will show how it can be used. By decomposition
of the right-hand side of the last equation in simple fractions
we obtain expressions for the derivatives:

(b))
P, 1(b)P, (b))

~u,(b)

m(a;)
nl+l(a1)P (ax)

=u,(a;) = (6.5)

In these expressions the caret over a polynomial denotes
this polynomial without the multiplier, which goes to zero at

the actual value of its argument, w(\)= H"'+"2+2()\—)\s).
For u, we have the equivalent representations

Pnl+1++P"l+1 P"2—7.'Pn2

-1
ug=m"_"(\)Det e
Pnl Pn2+l
d b,
B R L/
Pn1+an2 A'_a, K'—b]
B w(\) Det P, |
1 2
Pnl+1 Pn2
a (\)
— —~ “‘2 : +7 p— ( = U4
Pnl+1Pn2 —a; Pn|+1Pn2
= Det
w(\) ny m(\)
Pn1+l Pnl+an2
al
—2 N +7 U+
=Det P (6.6)
ny
Fnl+l 1

In the last transformation we have used the definitions of
w(N\) and u . Then

Fnl+1 ﬁnz

(\)=Det —~
Pnl Pn2+l

1,; F i;n2+l Pn1 (67)
= +1n,| == T = .
R U S
or
m(\) A=+ 2 2 A;
Pnl+1P (A= b 7 (A—a))

Comparing the residues at the poles A=a; and A =5; on both
sides of the last equality, we obtain

w(b;) b
TP, (b)P, (b)) ui(by)
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m(a;) _ a;
Fn1+1(ai)Fn2(ai) Cug(a)’

Ai=

Now we continue the interrupted calculation (6.7):

> di +7  u
— +
7\—(1,-

Y i

(A—a))u(a;)

a; uy(N)-— u+(a)
i1 ui(a) A—a;

(6.8)

Let us finally calculate u_(N)=u,:
ng g22)

u_= w_l()\)Det(
821 822

gu &2
1 811 812
=7 (N\)gng& 12 Det

21 822
g 812

=7 (N)gngn

8_21_ (822 821)+

g1 812 811

@ 822 821

g 812 8u

22812 &u&u

812812 81181
X Det

=81812

. 1 .
821 ( )+ 812 821 (N

77—t
g1 \812811 812811 818n2
8 :

g1 812811

821 . 821 gu 82
( )+811 — +
811 811 g1 8

X Det

821
811

£11 8 g\’
_ﬂﬁ_u ( )( 21)

g1 8n

=(@)+2
811

(821) ’— &+u+()\)(821)2.

6.9
811 Uo 81 811 (69)

In the last transformations we have used several times the
equalities (6.4) and (6.7), which in the notation of the previ-
ous calculations have the form

m(N\)

gu8n

822 821

812 81

™M) g gu_
1812812 81t

uy(N).

We can proceed to the expression (6.9) for «_ more directly
by virtue of the spectral equation of Sec. 4. The matrix ele-
ments g, .= satisfy this equation, and so we have
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Uy
u_ +—
+

2

-

Substituting the expression for u (6.8) into this equation, we
once more arrive at the previous formula (6.9). We limit
ourselves to the first inference with the sole aim of preserv-
ing the uniformity of the computational scheme. Using (6.4)
and (6.8), we rewrite (6.9) in the form

S el (2
s 61

ui(a;y) (a;—N)

Uu_=

a; 1 )2
ui(a;) (a;—N)

+2

(6.10)

a; wuy(a)—ui(N)
2 e T @n )

Now we proceed to the remaining transformations of the last
expression. As we know, the matrix element #_ has no sin-
gularities at the points A=q; . For this reason the residues at
these poles must vanish. This results in a system of equations
of second order for the functions a; . We shall simplify these
equations somewhat later. Note that their first integrals are
contained in (6.5), where the constants \; play the role of
constants of integration. The terms without singularities in
(6.10) give rise to the final expression for u _:

a; 1(a;)—7(\)
_22 u+(ai) (a;i—\)

a; 1 uy(a;)—ui(N)
+2 2 u+(a1) u+(aj) (a;=N\) ( a;—\
_ u+(a,~)—u+(aj))

ai—aj

Equations (6.4), (6.8), and (6.11) solve the problem posed at
the beginning of this section. The elements of the matrix u
for every rational 7(\) are expressed uniformly and allow us
to avoid the hard operation of division by the polynomial
7(\) in the general expressions of the previous section. Each
of the elements u . ,u is expressed in the form of derivatives
of some combinations of symmetrical functions constructed
from the a;, i.e., the coefficient functions of the polynomial
P, . All these coefficient functions are solutions of the lin-
ear system of algebraic equations (6.2). The form of the ma-
trix u essentially depends on the form of the background
function 7(\), and in each concrete case they can be obtained
only by direct calculations with the help of the formulas of
this section.

To conclude, we write down the second-order equations
for the functions a;,b;. These equations make it possible to
establish numerous recurrence relations among the sym-
metrical combinations composed of the ‘‘roots’’ a;,b i and
their derivatives. These formulas will play an essential role
in the next section when we proceed to concrete examples of
integrable systems and their solutions. The equations for the
functions a; ,b j are as follows:

Uu_=—

(6.11)

a;ay u+(a )

u+(a )

d;+27(a;)a;+22, —
k— 4§
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bby, it (b)) .
ety (6.12)
bk—bj u+(b1)

In the last equations 7(a;)=7(\), and only after this \=aq;,
and so on. The systems of ordinary differential equations
(6.12) are of some special interest. They are exactly inte-
grable, and the result of their integration can be found from
the solution of the system of algebraic linear equations (6.2),
where a; (b;) are the roots of a polynomial with known
coefficients. The first integrals of the systems are known and
are contained in (6.5). Their independent integration can be
performed on the background of the solutions of integrable
systems. An example connected with the sine—~Gordon equa-
tion will be considered in a later section.

7. CONCRETE EXAMPLES?®10:13-16

Now we will examine the most familiar systems and
equations related to the algebra of rational functions of
second-order matrices. The aim is to demonstrate the general
formulas of the previous section and their application to con-
crete examples.

For simplicity, in the first examples we assume that our
problem is invariant under the transformation A——NX\ of the
spectral parameter. This means that the second solution of
the spectral equation is obtained from the first one by the
same transformation, i.e.,

(=\)=—7(\), N;=N,=N,

7.1. 7=\ z+ A3Z—the Korteveg—de Vries system

a,-=—b,-.

By z, 7 in this section we understand two independent
variables of our problem. Differentiation with respect to the
variable z will be denoted by a dot, and that with respect to
the variable z by a prime. Equation (6.4) under these condi-
tions takes the form

2N (7.1)

i II(A2—2\2)
)\2) ( u,(N).

a; _
R e M T )

i

Comparing the highest degree of \ in the last equality, we
conclude that u ., =2\ +c. Taking A=0, we have ¢=0, and
so u,=2\. From the definition (6.8) we now have

up=N+2(d;/a;)=r+dInlla/dz. From (6.11),
u_=—79In Ila;/ dz. Finally, for the matrix « we have
AN+p 2\ 12
u= . NI 7.2
—p —(Atp)

where exp p=Ila;/\;.

Now we proceed to the same calculation for the variable
Z. We shall denote the corresponding matrix by v. Equation
(6.4) in this case has the form

IM(A2—\?)

A2+ D a,fiiv): T v (N).

2\

Comparing, as above, the coefficients of the highest power of
\, we conclude that v . =2\*+c\. A more convenient way
to calculate ¢ is through the substitution of the ratio of the
two polynomials in the last equality which follows from
(7.1). We have
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c
A+ =\

A 2

a; a
A+ —7'—2) = 1+ ———],
a;— a;—\
from which we conclude that c=2%4; and v, =2\3+2s,.
In what follows, s,=Zala;. For the other calculations we
recall Eq. (6.5), from which it follows that

. '
a; a;

ui(a;) N vi(ay)

Bearing these equations in mind, from (6.7) and (6.11) we
obtain

vo=)\3+)\23_1+)\s0+sl+sos_1 ,

2,
—+5

Nis_ o+
Sl)\z

vV_=—

+s1+s0s_1).

The second-order equations (6.12) in the case under consid-
eration are

aay

a;+2a;a;+2 =
ai a;a; E ay—a;

Multiplying each equation by a; and summing the result,
after some calculations we find a recurrence relation for the

functions s,,. For the case n>0 we have
n—1

s',,+2s,,+1—k§_:0 SkSp—1-xk=0. (7.3)
From the same equations there follow recurrence relations
also for the case when n<—1. At the boundary we have
259+5_,+52,=0. The recurrence relations allow one to
express all the functions s, in terms of the function s_; and
its derivatives up to the order n+1. For the matrix v we have

)\3+)\2s_,+)\s0+s1+s0s_1
2N3+2s,

2y,
2 70

—()\ZS-I'f‘)\ +s1+sos_1)
—(N3HNZs_ st s +55_;

We know that the Cartan—Maurer identity or the condition of
compatibility is satisfied. This gives us the equation for the
function Q=s_:

3
Q,*(Qn— Q—) =0 (r=z7, x=2).

1 2 (7.4)

This is a modified Korteveg—de Vries equation. We know
from our construction that its solution is given by the expres-
sion Q=4dIn Ila;/dz. To find it in explicit form, it is neces-
sary to solve a system of linear algebraic equations. In the
case of the Korteveg—de Vries equation this system is as
follows:

exp 2()\sz+)\gz_)]_[ (a,--)\s)+c()\s)H (ai-f-)\s)=0.

An explicit solution of this system leads to the solution of the
modified Korteveg—de Vries equation in the form of the de-
rivative of the logarithm of the ratio of two determinants of
order n.
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In all cases, when 7 is odd and has a polynomial struc-
ture there are equations for only one function. These are
(modified) Korteveg—de Vries equations of the highest order.

The next example is connected with the simplest case of
such an equation. Let 7= Az+ (vA3+ uA®)Z. The matrix u
remains the same as above. For the calculation of the matrix
v we need some modifications. From (6.4) we conclude that
v, =AN+B\>+C\, and the parameters A,B,C occur in
the equality

!
a;

a,~2—)\2

1+ __2a,_)
a;

=\

2 V)\4+p,)\2+2

=(AN*+B\2+CN)

which allows one to determine them. We get the elements of
v in the form

v =2+ 2(p+ vso)N3+2(v(sy+sg) + pso)\,

vo=VN +ws_ N+ (vso+ u)N\3+(v(s,+505-1)
+,us_1))\2+(V(s2+sg)+,uso))\+,u,(s1+s0s_1)
+ V(s3+sosl+s_1s2+s%s_1),

2

S-1
—v_=vs_\*+v|so+ —2—))\3+ v(s;+so5-1)

S% Sosil)

2
+us )N+ S+t

v(s2+sls_1+

52_1

+lL(So+ ) )))\+ V(S3+S2s._1+5150

+s%s_l)+,u,(sl+s0s_1).

We need the following recurrence relations:

. 2 . 2 .

B S_y+s2, So So— 81

=TT SITT g ST
52

S3="?+S051.

Thus, we conclude that all the s, can be expressed in terms
of the function Q=s_, and its derivatives. The condition of
compatibility leads to the equation

o+ Qxxxxx_ IOQzQxxx— 4OQQxQxx_ 10( Qx)2

+300%0,=0, (7.5)

which is a modified Korteveg—de Vries equation of fifth or-
der (in our general formulas we put v=1, u=0).

When 7 takes null values at the point A=0, there is al-
ways a second possibility of constructing the background
element g and, as a consequence, some other integrable sys-
tem. We can assume that the two fundamental solutions of
the spectral equation coincide when A\=0. This means that
the Wronskian of the spectral equation vanishes at this point,
and the background equation (6.4) becomes
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a; (A=)
— x .

From this we conclude that u,(\)=2. From the equalitics
(6.8) and (6.11) we find ug=X\, u=—sg, and thus the ma-
trix # has the form

N 2
“= —3So -\ ’

where, as above, so=2}-d;. The system of second-order
equations is the same as in the preceding case. All the recur-
rence relations remain unchanged, and for the elements of
the matrix v we obtain

5o
)\3+)\s0—? 202425,
So So o
—| NZsp+A 7+s§——z —(x3+xso— ?)

The Maurer—Cartan identity leads to an equation for the
function U=s/2:

—U,+U,,+6UU,=0 (r=§). (7.6)
This is the Korteveg—de Vries equation in its original form.

For any odd polynomial in N\, 7,, we obtain higher-order
Korteveg—de Vries equations. It is not difficult to write down
the explicit form for these equations. We consider only the
Korteveg—de Vries equation of fifth order.

Let =Az+\%)Z.

The matrix u is the same as before. We obtain the ele-

ments of the matrix v by the same technique as in the modi-
fied case:

u,=2\*+ 2s0)\+2(s2+sg),
Vo=N+5N +5 N2+ (s, + 5N+ 53+ 5051,

2

o\ 4 3 S0y,
_v_—so)\ +Slh + 52+?)\ +(S3+SISO))\

ST, %
+|sa4tsosot 5+ 5.
4TSS TS

The condition of consistency gives the Korteveg—de Vries
equation for the function U= —2s,:

—U,+U, o= 10UU . — 20U U .+ 30U2U

o ()

It follows from our construction that the connection between
solutions of the Korteveg—de Vries equation and its modified
version is given by the equality U=Q+Q?, as a conse-
quence of the recurrence relations for sq,s_; (7.3) of this
section.

(7.7)

7.2. 7=Az+\~'Z—the sine-Gordon equation

The calculations of the matrix # do not change, and, as
before we have
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(x+ﬁ 2\
u = . . b
—p —(\+p)
where p=s_,. For the calculation of v , the general equation
(6.4) gives

; ) II(A*=1})
vi(N).

a;
2(>\—1+>\2 = Tor=ah

a,-z—)\2

From the last equality it follows that v, has a simple pole at
the point A=0, with residue equal to 2exp2p, where
exp p=Ila;/\;. Thus, v,=2\""exp 2p. With the help of
Egs. (6. 4) and (6.8) we find wvy=\"'exp2p,
v_=—\""sinh p. It should be noted that in these calcula-
tions we use the relation 1+s,=exp(—p), which follows
from the equation for u, if its two sides are divided by 2\
before setting A=0, and we have

[ exp 2p 2exp2p

=\
v sinh 2p

—exp2p/’

The Cartan—Maurer identity gives the sine—Gordon equation
for the function p:

a2

D —2 sinh 2p.

920z (78)

As in the case of the Korteveg—de Vries equation, the
assumption that 7 is an odd-order polynomial in ™! results
in higher-order sine—Gordon equations. This is related to the
fact that all moments of negative degree s_,=3a; "a; are
related to each other by the system of recurrence relations
which follow from the second-order equations for the func-
tions a; .

7.3. =Az+ (A" '+ Z

This example is connected with an equation which in a
sense is ‘‘intermediate’’ between the sine—Gordon and
Korteveg—de Vries equations.

The matrix u is the same as in the previous examples.
For v, , Eq. (6.4) holds:

24 S a) M(\2=2%) ..

ANR SR S o | =+ ——2— v
We conclude that the maximal degree of v, at infinity is 3, it
has a pole at the point A=0, and its residue is u exp 2p.
Using the technique of the previous examples, we readily
find the other parameters. Finally, we have

vy=2(N3+soh+p exp2phh),

vo=N3+5_ N2+ soh+s5,+505_+u exp2pA 7],
2

S—1
v_=—|s N+ T+s° N+s;+sp5_,

+ u sinh 2p)\_l).

It should be noted that in this case no calculations are nec-
essary. It is sufficient to take linear combinations of the ma-
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trices v of the Korteveg—de Vries and sine-Gordon equa-
tions. The Cartan—Maurer identity leads to an equation for
the function p:

Pp  dp  Pp(dp\?
= — L 6—% | ==| +8u sinh2p=0. :
9207 9z 32\ 32 8u sinh 2p=0 (7.9

7.4. —7=2\+ 2\ _, + f—the Lund-Pohimeyer-Regge
system

This is the first example of the general case in which 7
has a null mode. The general equation (6.4) for u, now has
the form

ny b‘ n+1 a-
Z e+ 2 a2

J i=1

U (-A)
- a2 (A =b)) .

Comparing the highest powers of \, we conclude that u , =2.
Equations (6.7) and (6.8) give ug=\+f, u_=—3d,= —s,.
The equations of second order in the case under consider-
ation,

’

i

enable us to find recurrence relations for s, . It will be suffi-
cient to multiply each equation by a; ! and sum the result. In
this way we obtain

.S:_l+250+2fs_1+32_1=0.

Equation (6.4), i.e.,

ny / nl+l d
! ’ -1
( Z + > —)\_ai+2f +2\ )

-
I—[n1+n2+2()\ }\)
H:';‘I‘(x—a.-m,".il(x—b,-))”*’

determines v, =2 f'\ "'
It follows directly from (6.7) and (6.8) that

1
vo=f'+(1—f's_)IA"! v-=3 (2s_—f's2 NN

Let us now perform a gauge transformation (see Sec. 4) with
go=exp Hf. The aim of such a transformation is to remove
the derivatives of f from the elements of uy,v,. After the
introduction of the new variables

x=exp(—2f),

the matrices u,v acquire a simple and suitable form:

y=s_exp2f

A 2x
u=|yty’x .
2
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yx ’
— —-Xx
1+ 2
v= )\—l y2xl yx/
vt o ( b+ T)
The consistency condition leads to the integrable system
2 Y _ 4y ety 2=o.
az97 ¥~ 2(xy) 0, oz 4y +2(xy) 2=

(7.10)

If one makes the transformation (motivated by the form of
the matrix v)
yx' , .
1+-2—=cos a, x'=-—sin a exp 6,
i.e., introduces the new pair of variables (x,y)—(a,6) and
then the pair (a,B) in accordance with the formulas

B, cos a _ Bz

=, O;=7F—"—,
b 1+cos 2 14cos a

then in the variables (a,B) the system under investigation
takes the form
a
sin E
a,;+4sin a— W B.8;=0,

2 -
Ccos 2

azﬂz_+az_ﬁz =0

sin «

Bzz_+

This is the Lund—Pohlmeyer—Regge system in its canonical
form. It is connected with a certain geometrical construction.

7.5. 7==—(Az+\2Z+ f )—the nonlinear Schrodinger
equation

The matrix u is evidently the same as in the last case.
From the general equation (6.4) we conclude (from its be-
havior at infinity) that v , =2\ +¢. To find c, it is suitable to

take the ratio of two polynomials in the expression for v
from the definition of u ., i.e.,

bl I
& N—b,

- vg).

Comparing the highest powers of )\, we conclude that
c=—2f". No difficulties arise in the calculations of the el-
ements of v,,v_, and finally we have

b;
A— b

Vi=2N—2F, vo=ANI+f +so,
So -
_=—XSO+?+fSO.
Making a gauge transformation which removes the deriva-
tives of f from the elements of vg,uq, and introducing the

new variables
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r=2exp(—2f), q=—sgexp(2f),

we bring the matrices u,v to the form

".
Ar+ =

N o 2 2

u= , U= q ar
_ 1 2_

N2 (7\ 2)

The consistency condition gives the integrable system

r’—%+(qr)r=0, q’—%—(qr)q=0. (7.11)
This is a nonlinear Schrodinger equation without derivatives.
In the next section we will need an explicit form of its solu-
tions.

Following the rules of Kramer, from the system of linear
algebraic equations we get

exp(—2f)

(exp 27, exp 27\,...,exp 27AM T LN, 27 )
~ (exp2T,exp 27\,...,exp 27A"; 1\,... \"2)
(exp 27,...,exp 27A™1 " Lexp 27A™M T L LN, A™2)

2 a;=

From the last equality, by induction, we obtain an expression
for so=2a;:

(exp 27,exp 27\,...,exp 27A"1;1,\,...,\"2)

(exp 27,exp 27\,...,exp 27AM LN, . A"t
So= (exp 27,exp 27A,...,exp 27A"; 1,A,...,\"2)
Xexp(—2f).
By (a,b,...,c) in the previous expressions (as in Sec. 4) we

denote the nth-order determinant (n is the number of ele-
ments a,b,...,c) whose sth row consists of the elements
(a,,bg,...,cg). The index s labels the points of the N\ plane at
which the columns of the polynomial matrix are linearly de-
pendent. Finally, for the quantities of interest we obtain

exp 27AMt LI, A7)
,exp 27\ 1\, \"2)

(exp 27,exp 27A,...,

(exp 27,exp 27A\,...

,exp 27AM T LN A2t
,exp 27A"1; 1,\,...,A"2)

(exp 27,exp 27A,...

=2
1 (exp 27,exp 27A,...

7.6. =3¢,/ (N — 6,)—the principal chiral-field problem
in n dimensions

The notation in the heading of this subsection should be
understood as follows: & are the coordinates of the nth-order
space, and 6, is the totality of arbitrary c-number parameters
(64# 0, if k#s). In this case 70 when A\—, and so 7 has
no null mode. The matrix of the polynomials in this case
must be taken in the form

Pnl+l Pn2+l
P= — .
Pn, an+l
Equation (6.4) can be written in the form
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2
J i
~ —+ +
S A—b; 2‘1 N—a, N=6;
H”l+n2+2()\ )\)
:( (a2 (x—z;,.))”+

(fE&f/&fk). From the last equation we conclude that
uk =A,/(\— ). In the limit A—, one finds

A= 4= bj+2= (Ea—Eb
+2 g,).

The calculation of u§,u® is carried out according to the gen-
eral scheme and results in the expressions

i ¢ -2
agk( gr ai)

uk=1°‘S0=

0 N—-6, A— 6, ’
0 Okso—sl

P 25075 &\ A

CTAON=0) T A6

The last equality needs some explanation. In the case under
investigation, the system of second-order equations for the
functions a; is as follows:

didy A
+ 22 : =—-a;.

a;+2
'_9k ik ar—a; A

Multiplying each equation of the system by (a;—
summing the results, we have

6;) and
A A
A:l—‘A—ZSl—ok(.S:O_A_iSO)=S%—250

or

4 (51— 9k50) 55250

23" Ay Ap
This is just the same equation as the one used in the trans-
formation of the expression for u_ .

We propose also another deduction, which permits us to
obtain expressions for u, ,u_ ,u, in a different form. From
the direct definition of the matrix u, for the element u, we
have

f Pn1+l P Pn2+l
4+ — —
Det Pn]+l A_ak ny+1 )\_gk
uk- Pnl Qn2+l _ 1
0 Hnl+"2+2()\ )\) )\_Ok
()\—Ok)Pnl+l+Pnl+l ()\—Hk)Panrl_Panrl
Det
Pnl Qn2+l
X

nytn,+2
M 20 —,)
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We know that in the last equation the numerator is divided
by the denominator, and so it is only necessary to find the

coefficient of A\"1*"2%2 jp the determinant of the numerator.
This can be done easily. The result is
1+ (P l)fk
uO:———
\—0,

The upper index on the symbol for the polynomial indicates
the coefficient function of the corresponding power of \.

Here P n‘ +1= —24;, and so we again obtain the expression
derived above In the same manner,

-~
(Pn +l)fk—(Pni+l)§k+2
N6 » U7

If the first expression is the same as before, then in the sec-
ond one the coefficient P:‘ arises from the solution of a
1

(P™)¢,
A—0,°

Uy =

system of linear algebraic equations for the second row of
the polynomial matrix. This is the explicit result of summa-
tlon in the previous expression for uk. Finally, we have
uk=0oF/ d&;, and the condition of compatibility gives us an
equation for the matrix-valued function F:

?F [*F o*F
35;‘95, 9’ ;|
This is the system of equations of the principal chiral-field

problem in the n-dimensional space, which plays an impor-
tant role in the general theory of self-dual equations.

(0:;=6)) 55—+

8. SOLUTION OF THE GENERAL EQUATION IN THE
SOLVABLE CASE AND THE DISCRETE
TRANSFORMATION'""®

Here we shall show that the equation for the element g
has a regular exact solution not only if, as is proposed, the
element g belongs to a commutative group, but also if it
belongs to a solvable one [diagonal plus upper (lower) trian-
gular matrices].

We shall consider this situation for the example the
SL(2,R) group (algebra):

g

— il
_ug’

o, g=expx‘aexp HrT,

or
ui= TgiH+(a§i—2aT§i)X+,

where the element 1’ belongs to a solvable algebra and must
have definite analytic properties as a function of the spectral
parameter A in the complex plane. The solution of this prob-
lem for 7 is the same as in the diagonal case: 7(\) is a ratio-
nal function, and the residue at each of its poles is a function
of only one variable & . For a we obtain

) exp 27(\),

a= P()\)J'd)\ R

where a(\) is an arbitrary function of one variable, and C is
some circle in the N\ plane, on which the integral is defined,

P(\) is some polynomial. Indeed,
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ui=a5i—2a75i

’Tg(x)_ Tgi()\,)

- - exp 27(\’).

=P()\)J d\"a(\'")
It follows from the last expression that u, has the same
singularities in the finite N\ plane as 7(\). At infinity, if
7(\)~\* and P(\)~\/, then u+~)\‘+'_'. The situation for
solvable groups of higher dimensions is the same, and it is
not difficult to obtain a solution and explicit formulas in that
case. Yet this is not so important for our purposes.

Now we take the solution for the solvable case as the
element g in our general construction of Sec. 5. In this way
we obtain solutions which depend on an arbitrary function,
the definite choice of which allows us to find solutions with
definite boundary conditions, to solve the reduction problem,
and so on.

Let us consider this question more carefully. The matrix
of the polynomials is taken in the usual form:

Fn1+1 Pn2
P= - .
Pnl Pn2+1
The condition of linear dependence of the columns of the

matrix g=Pg, has the form (we write it only for the first
row)

P, 41 exp Ttc exp—T[P,,2+aP,,1+1]=0
or

Pn,ﬂ(exp 2r(N)e ™ (N)

a(\')

A=\’

+P(x)f d\’ exp 27(7\')) +P, =0.

From the last equation we see that there is only one differ-
ence as compared with the diagonal case (a=0). That is a
formal substitution in all the formulas:

exp 27(\) e {(N)—exp 27N ) =exp 27(\)c ()
a(\’

x ) exp 27(\")

A’

+P()\)j d\’

=exp 27 (\). (8.1)

To have the correct behavior of ' at infinity one must re-
quire that n,>n;+1. All the formulas of Secs. 6 and 7 re-
main correct under the substitution (8.1). We have a hierar-
chy of solutions of the investigated system, which depend on
the arbitrary function a(\).

These solutions can be related to the solutions of the
diagonal case by a certain limiting process. We explain this
for the example of the nonlinear Schrodinger equation. From
the results of the corresponding subsection we have the ex-
plicit form of its solutions:

_ (exp27,exp 27X, ....exp %o SAREES 1 VU Lo

rnl ny

’

(exp 27,exp 27\,...,exp 27A"1; 1,\,...,A\"2)
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(exp 27,exp 27,...,exp 27N"1 " 1 LX,..., A"t
Inyimy™ (exp 27,exp 27X,...,exp 27N LX,... ,A"2)

(8.2)

Let n, have fixed values and n,—% (more precisely,
ny,=n;+1+N, No®).

First of all, we prove the following equality:
(exp 27,exp 27\,...,exp 27\"; L\,...,)A"2)

ny

=W(\, ’)‘2""’)‘"1+"2).2k DN)D(N))...0(N)
iyjye.

XW2AHN; N ), (8.3)

where W(A\A,...\,,) is a Vandermond determinant and
®(\) is defined by the expression

nytny

®D(\;)=exp 27(\;) ’L[ (N =N~

Let n,=1. Expanding the determinant with respect to the
elements of the first column, we obtain
nyt1
(exp 27;1,\,...,A"2)= 21 exp 27(\)
5=
(=1 'W/' (NN, .. N )
nyt1

:W()\] ,)\2’-~~’xn2+l) El CD(XS):
§=

where W' is the Vandermond determinant constructed from
the n, values of \; except \;. Let n;=2. Expanding the
determinant with respect to the minors of the two first col-
umns, we have

(exp 27,exp 27\; 1,\,...,A\"™2)

ny+2

= Zk (—1)°** exp 27(\,)exp 27(A ) (N, — \yg),
s,
n2+2

WAy N) = WAL N 1) Ek D(N,)D(N)
s,

X(KS_)\k)z.

In the case of arbitrary n, the expansion of the determinant
with respect to the minors of its first n, columns and some
regrouping of the factors under the summation sign prove the
validity of the proposition.®**

Now let us return to the expressions (8.2), use Eq. (8),
and take the limit n,—oc. Then for the values

qn:qn,w’ rnzrn,oo

we obtain
®n+1 ®n—l
qdn= ®n > r'n= ®n > (84)
where
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Xexp 27(\})...exp 27(\ ) W2(\, Agseenshy,).
This is just the same result as that obtained if for g, we select
the element of the solvable group of the upper triangular
matrix at the beginning of this section.

Now we shall draw some conclusions from the last ex-
pressions for the solutions of the system of nonlinear Schro-
dinger equations, which after some obvious transformations

can be written in the form

r'=r+2(qr)r=0, q'-4-2(qr)g=0.
From (8.4) we see that
0, 1

n+1 9n

rn+l=®

Let us assume that the system under investigation is invariant
under the substitution R=1/g, Q=?. Then from the first
equation we get Q=g¢g(qr—Inq). By a direct check we see
that the second equation is also satisfied. Thus, we conclude
that our system is invariant under the transformation

1

R=-, Q=q(qr—Ing),

q
which we will call the discrete transformation for this sys-
tem.

In the next sections we shall see that the integrable sys-
tems under consideration have their own discrete transforma-
tion, and by solving them one can find a large class of solu-
tions of an integrable system, including solutions of soliton
type. Thus, the independent construction of discrete transfor-

mations opens up a new, more direct method for solving
integrable systems.

9. DISCRETE TRANSFORMATION FOR THE MAIN
CHIRAL-FIELD PROBLEM"

In this section, for the example of the main chiral-field
problem, we propose a direct method for the construction of
the discrete transformation, using only the form of the equa-
tions of the integrable system.

As was mentioned in Sec. 7, the system of equations of
the main chiral-field problem in n-dimensional space has the
form

(0:i=0)) —7—5

2
7o o] o

0E0E; | 9&” 9E;|

where the function f takes values in an arbitrary semisimple
algebra, and 6, are numerical parameters.

First of all, we describe in detail the calculations for the
algebra A, which allow us to simplify the calculations for
the general case. Let f=X'f,+Hfy+X f_ (here
[X*.X"1=H, [H,X*]=*+2X") be some solution of (9.1),
and F=X*F,+HF,+ X F _ be asolution of (9.1) which is
related to f via the discrete transformation. The explicit form
of this transformation will be given below.

Let F_=1/f,. This suggestion is not accidental, but
comes from the explicit form of the soliton solutions to the
main chiral-field problem (Sec. 7). I'rom (9.1) we have the
following equation for F _:
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PF_ 9F, oF
0x,~(?x j ébc ox;

OF o OF _

0,'_ 0
( ]) t;.xj' ax,'

Substituting F_=1/f, into the last equation and using the
equation for f, which follows from (9.1), we find for
F*=F,f, the equation

X ofe afy,  of
(9x,- —J0 t9x,~ ﬁx,- f+ ‘ ﬂx,- ’ (9.2)
The second mixed derivatives calculated from (9.2) are equal
by virtue of (9.1). Thus, for the derivatives of F, we have

9%, —=(fo— F0+9) 1ﬂf+—‘“-

7, 9.3)

Substituting (9.3) into the zeroth component of Eq. (9.1), we
arrive at

JF , ad
== Fot 002 L2, o Pk ) 2
af -
-~ L 0.4

Finally, substituting (9.3) and (9.4) into the *‘positive’’ com-
ponent of the system (9.1) for F, we conclude that the cor-
responding equations are satisfied identically. Let us rewrite
the relations (9.3) and (9.4) in the matrix form

oF
—— =exp[ X" (fo—

o Fo+0)f+]

Xexp[H In f,] fir_l
P +r6x,-

=exp[—H In f, Jexp[X " (fo—Fo+ 0)f+],  (9.5)

where r is an automorphism of the algebra A, with the prop-
erties rX*r '=—X", rHr '=—H. In what follows rfr "
will also be denoted by f for brevity. We define the element
S with values in the SL(2,R) group:

S=exp[ —X*(fo—Fo)f+lexp H In f, .

By direct calculation we see that

s 1 af ] 1
1 +
X ——X (9.6)
é’x f + [ 0X; L ox; i
In terms of S, Eq. (9) can be rewritten in the form
IF  of
—=S—S5"'+6, — S~ 9.7
ox; = Ix; & 0’ ox; S ©7

Equations (9.6) and (9.7), being equivalent to Egs. (9.3) and
(9.4), realize the discrete transformation for the system (9.1)
in a form which can be generalized to the case of an arbitrary
semisimple Lie algebra.

[n the case of any semisimple Lie algebra for an element
f, which takes values in it and obeys the system (9.1), the
following statement holds:

There exists an element S taking the values in the gauge
group such that
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af

as Jd 1
-1 4 — X} 9.8)

= T
Here Xy is the element of the algebra correspondmg to its
maximal root divided by its norm, i.e., (X3, X 1=H,
[H,XT]=+2X*; f_ is the coefficient function in the decom-
position of f for the element corresponding to the minimal
root of the algebra. To prove the statement it is necessary to
verify that the Cartan—Maurer identity is satisfied. After sub-
stituting (9.8) into this identity, bearing in mind the defini-
tions of f_ and Xj; given above, we obtain the following
expression, which should vanish:

of- of of- of .
— + X5
lax,- ax; ox; 9x; X | +(6,~ 9 3 i0x;

af of

— =X

ax;’ " Lox; M

This fact becomes obvious if one commutes Eq. (9.1) twice
with the element X,;. Now we define the element F taking
values in the algebra by the following relations:

9.9)

To prove the consistency of (9.9), we compare the second
derivatives of F:

o #F  ¢*F
0x;0x;

9x;0x;

L 98 af
&x 0x

,9S of
6x,-’ 6xj

j

d as
+6,— |5 —

" ox; ox;

d (S“ 33)
oxj oxi

02
[(ei_gj) .

9x;0x;
],XL

In the same way, using (9.9), we arrive at the following
equality:

af  of

-(9_x—,-’ 3.x]

=0.

00, #F [oF OF
( )19x(9xj ax;’ dx;
P f
=S5{(6,—0;,) ———
[(’ ) Ax;0x
‘9f .‘9_f. S—l
z9x r?x

This means that (9.8) and (9.9) realize the discrete transfor-
mation for the main chiral-ficld problem in the case of an
arbitrary semisimple Lie algebra.
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As a direct consequence of (9.8) and (9.9) one gets the
discrete transformation for the two-dimensional main chiral-
problem with moving poles:

0
—f.

agasf—[agf oF

In this case the relations (9.8) and (9.9) realizing the discrete
transformation are changed as follows:

2

(&-8) (9.10)

19 _1[3 xt|_g 1o
a8 577 g f x| e G Y
“as—l [&fx} g——l—x 9.11)
ot oo M) TeEf M '
and the discrete transformation itself takes the form
9 E LS
—F=S|—f|S ' —-¢&—S5,
13 13 713
aF S(a )S" —f—S‘ 9.12)
IE agf IE '

10. LIST OF DISCRETE TRANSFORMATIONS FOR
INTEGRABLE SYSTEMS?

Now we present the discrete transformation and its inte-
gration (in some manner) for the most widely known and
applicable integrable systems. Here, the discrete transforma-
tion plays the role of a nonlinear mapping which translates
any given solution into another one. However, we do not
investigate the properties of the transformation, its geometri-
cal interpretation (if any), etc. So far, we have not used the
general method for the construction of the transformation in
question. General properties of the discrete transformation
together with the system of equations which determine it will
be considered in a later section. To prove the validity of all
formulas of this section, one can make a direct check which
uses only one operation—differentiation.

As a hint for obtaining the discrete transformation it is
possible to use a purely algebraic method for the construc-
tion of the soliton-type solutions, which is given in Secs.
6-38.

The starting point of the construction given below uses
the following two facts. The integrable systems under con-
sideration admit the transformation s:

6=0=s0=F(0,0"...07), SV#1.

Here 6 and 6 are unknown functions (variables) satisfying
the corresponding partial differential equations 6{=4°6/dx].
There is an obvious solution of the nonlinear system in
question, which depends on a set of arbitrary functions. The
soliton-type solutions, reductions related to discrete groups,
and solutions with definite boundary conditions are defined
by a special choice of the arbitrary functions mentioned
above. Let us note that 6, is a solution of a system of linear
partial differential equations and can be represented as a
parametric integral in the plane of the complex variable \.
In the case of integrable systems this circumstance is just
the main reason for applying the methods of the theory of
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functions of complex variables, the technique of the Rie-
mann problem, and the methods of the inverse scattering
problem. The results of this section reduce the inverse scat-
tering method to a simple technical rule.

Here we give a list of integrable systems together with

the discrete transformations for them and the corresponding
solutions.

10.1. Hirota equation
v+a(v"—6uvv')—iB(v"—2v%u)+y' +idv=0,

u+a(u”—6uvu')+iB(u' —2u’v)+yu'—idu=0;

p— (9 I — (;
ot ox’
v=sv=—, u=su=u(uv—_Inu))", vy=0,
Uyt auy +iBug+ yuy—iduy=0. (10.1)

In this and in the other cases the main role will be played
by the principal minors of the following matrix:

¢s ¢s+1 ¢s+2

¢S +1 ¢s +2 ¢s +3

¢s+2 ¢s+3 ¢s+4
The principal minors of these matrices will be denoted by the
symbol D}. Here n is the rank of the matrix, and r is the
symbol of its element at the left upper corner. For the solu-

tion of the discrete transformation in the case of the Hirota
equation we obtain

n—1 n+l
0 0
v,=(—1)" D un=(—1)"+lw. (10.2)

The methods of the theory of functions of complex variables
lead to the same expression, with Dg given by the nonlocal
integral

Dg=fdxl...dx,,c(xl)...c(x,,)wf,(x,,...,x,,), (10.3)

where W ,(\) is the Vandermond determinant and c(\) is the
integral in the representation for u,.

10.2. Nonlinear Schrodinger equations

10.2.1. Simple nonlinear Schrodinger equation
1
G+q"—2rq?=0, q= o r=r[rg—(Inr)"];

—F+r"=2qr*=0, qo=0, ro=rg. (10.4)
The solution of the discrete transformation is the same as in

the last subsection.
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10.2.2. Modified nonlinear Schrodinger equation

r ’
(rq)+(ln r_’) };

(10.5)

The solution of the discrete transformation is as follows:

. n ’ ~. 1 honed
q+q"+2(rq)q' =0, ==, r=r

=FH=2rg)r =0, go=0, Fo=r.

n—1 n+1
—(— n ! —(— n+1 0
g,=(=1) Dy (-1) DT (10.6)
10.2.3. Nonlinear Schrodinger equation with
derivative
1 ’
G+q"=2(rg")'=0, g=r, ’~=q_(7);
—F+r"+2(r?q)' =0, qo=0, Fo=r(. (10.7)

The solution of the discrete transformation is as follows:

. _D;'“D’,' . _Dg“Dg
=T A2 2n= " N2
2 (Dp)? " (D))?

Dy 'D} D 'pt

q2n+l='(—D—3)_2—, r2"+1=mT)2. (10.8)

10.2.4. Nonlinear Schrodinger equation with cubic
nonlinearity

G+q"—2q%r' +r?q)=0, —r+r"+2r¥(q' —q*r)=0.

The discrete transformation in this case is a little more com-

plicated:
qg=(r'+qr)7 Y, r=—(r"+qr®) +r Y(r' +qr?2

As in the last cases, go=0, —Fo+rg=0, and the solution of
the discrete transformation under these boundary conditions
has the form
1 0
Dar o _Dana
qn D,l, ’

10.3. One-dimensional Heisenberg ferromagnet in the
classical region (XXX model)

S=[5,5"], S=(S-.50.8:), Sg+S_S,.=1;
~ o 1 d
S_=S_+2 Uk S,=85,+2 (-—sj——)',— s
1+SO I—SO
- ~ S .
SO+1=—S_1++SO, s°=0, %=1, S$,=25",
,_py'Dy DIt
= "+ =) —
STopr TR onn
D;—1D8+l D8+1D8
Sg—1=2——5—, Si=—4——75. (10.9)
0 (Drll)iz + (Dl)2
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10.4. XYZ model in the classical region. The
Landau-Lifshitz equation

(S)=SXS"+8%(JS),

$=(S,.5,.53), (S)’=1, J=diag(J,,J,,J3).
Under the stereographic projection
85—,

1+8;

S,+iS,
1+S; °

u=

and the substitution —ir—¢ we obtain the following system
of equations:

g1y VTR R O
utu UT— 23 (u)=
- (v')2+R(v) 4
—v+tv"—2u -—lm 5(9 R(v)=0, (10.10)
where R(x)= ax*+ yx2+ a, AR/ dx=4ax*+ 2yx

=2[R+a(x*~D/x, a=J,—J )4, y=(J,+Jy)2—J5.
The system (10.10) is invariant under the transformation
u—U,v—-V:

1 1 1

U:;’ 1+VU 1+uv

vu"—(v") 2+ a(v*—1)
(')+R(v)
(10.11)
which is the discrete transformation for this system. The

reader can find the corresponding solution in Refs. 40 and
41.

10.5. Lund-Pohimeyer—-Regge model

y' —4y+2(xy)y=0, f=(y'+xy2)‘1,
"+xy?2)?
¥ —4x—2(xy)x=0, y~=~(y’+xy2)'+(y yy ) :
(10.12)
x0=0, y;=4y,.
n=1 prtl
= (= ey = (1) (10.13)

D}~
It is interesting to note that the discrete transformation of the
LPR system is identical to the nonlinear Schrodinger equa-

tion (10.2.4). Indeed, these two systems belong to the same
hierarchy.*?

10.6. The main chiral-field problem in a space of n
dimensions (the case of the algebra A,)

The main chiral-field problem in n-dimensional space is
described by the system of equations

Pf of af

(6= 0)z9x(9x (9x

(10.14)

where the function f takes values in the algebra A,, and 6,
are numerical parameters.
This system is invariant under the transformation'®
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f+’
%—(fo—mm In £~ ';ff
=t For 0 =2 f o Fot 0) f;f—°
P ‘;J;- (10.15)

These equations can be rewritten in the matrix form

oOF .
EZ"CXP[_X (fo—Fot0)f+]

Xexp[H In f,]r ﬁr_1
1% 7 ox,

=exp[—H In fJexp[X " (fo—Fo+ 6))f+], (10.16)

where r is an automorphism of the algebra A, with the prop-
erties

rHr '=—H;

fi=a’,

rX*rl=-Xx*%,

f(l=0, f8=r,

where
I 0 0—6 3*a® ar da® It da°
z?xi&x,-- > )3 a'!x] dx; dx; 0x; ox;|
(10.17)

To solve the discrete transformation, let us consider the sys-
tem of linear equations

aal+l

l=
el e (10.18)

da or

From these equations it follows that each function o/ is a
solution of the equation for a’. We have an explicit expres-
sion for o'

=3 i), f—fdx(xfc(x)exp(z ‘“"))
(10.19)

In terms of the o the discrete transformation has the solution

5o Dg_l 7o 08 " D"H (10.20)
0=——, O:T__, . N
Dy Dy’ 7t D

In the determinant D} the number of indices of the last row
is increased by one. Applications of the results of this sub-
section to the problem of constructing multisoliton solutions
of sigma—chiral models can be found in Ref. 43.

10.7. The main-chiral field problem for an arbitrary
semisimple Lie algebra

For a semisimple Lie algebra and for an element f which
is a solution of (12), the following statement holds:'® There
exists an element S taking values in a gauge group such that
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, 98 J 1
0, ——
ox; f_ Yox; f_
Here X} is the element of the algebra corresponding to its
maximal root, divided by its norm, i.e.,
[Xy.X"1=H, [HX*]=%2X*,

and f_ is the coefficient function in the decomposition of f
for the element corresponding to the minimal root of the
algebra. In these terms the discrete transformation becomes

IF  of ds

E—SES 0;9—5

(9f

o Xy (10.21)

(10.22)

The system of equations in the case under consideration
can be written as an equality between the group g and the
algebra of f-valued functions as

“1=0,f, .

The discrete transformation for a group-valued function
takes the form

G=298g,

8x8

where the group element is determined by the above rela-
tions. The explicit expression for the group element g, after
n applications of the discrete transformation can be found in
Ref. 7.

10.8. The system of self-dual equations in four-
dimensional space (the case of the algebra A,)

The self-dual equations for an element f with values in a
semisimple Lie algebra have the following form:

» & af 9

=t ;}[% é} (1023)
The discrete transformation for this system is+45

1
F_—f——,
d d

5F0='&—Z—lnf—“'£fo+(fo Fo) lnf_

iFoz—leﬂf—‘ifo‘F(fo Fo) lnf_

0z dy a9z

J
5F+=—f—[(fo Fo) o (fo Fo)+ —(fo Fo)]

_p 2
f— éyf-}-’

0 0
0_ZF+=‘f—[(fo Fo) (fo Fo)‘g;(fo—Fo)}

F
- pei s (10.24)

Substitution of (12.20) into the density of topological charge
yields

Qr=q,+00 Inf_.
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For the integration of the discrete transformation we have the
system of linear equations

dal  or e 't 9al a7 da'*!
—+2—a'= y ——=—2— a=-—
ay oz ¢ dz 9z dy ay
(10.25)
In these terms the solution of the self-dual system is given by
D(’;_ 1 DO II+ 1
f’lz——lf’ 0= D" y f1= ,, 5 (10.26)

10.9. The system of self-dual equations for an
arbitrary semisimple algebra

The following statement holds:***

There exists an element S taking values in the gauge
group such that

98 1 af 3 ( 1) .

oy =7 Loy | \ o X

s 19 1

13_Z=f_[:9£, ;; +(9y (f_)XM (10.27)

Here X, is the element of the algebra corresponding to its
maximal root, divided by its norm, i.e.,

(X)X 1=H, [HX*]=%x2X*,

and f_ is the coefficient function in the decomposition of f
for the element corresponding to the minimal root of the
algebra. The discrete transformation has the form
o ﬁs— s*l, ailil af a{s_
dy 9z 9z 8z dy
(10.28)

10.10. The main chiral-field problem with moving
poles

Many integrable systems arise from the equations
(10.23) by imposing symmetry requirements on their solu-
tions. The cylindrically symmetric condition in four-
dimensional space restricts the form of the function f:

l _ = +_2 172 _
- feh, ="+ (Z—Z-) +yy| . E=—g*,
y 2 2
(£~ > _ f= [if if] (10.29)
oEdE" ot 9E| '

This is the equation for the main chiral-field problem with
moving poles.
The result of integration of Eq. (10.9) is given by

S=5(£.Eexp X f—

. aS_l[a XJr_alX+
€ ST 7 |aEXm| S g - X
S*‘-&—s— ! [afx g'-&—LX* (10.30)
o fo oM CeEF. T N
A. N. Leznov 491



and the discrete transformation has the following form:

J
—F=S§

2 )S_ e B
8§f 13

9 - S( f)S"—_§S‘1
3 J¢ o

The relations (10.10) and (10.31) describe the discrete trans-
formation for the main chiral-field problem with moving

poles.??

(10.31)

10.11. The self-dual equation with cylindrical
symmetry in three-dimensional space

The condition of cylindrical symmetry in three-
dimensional space leads to the following form of the solu-
tion:

1 . +z —
=S AED. £= o HOD E=-en
_ @f 1[of af) of af]
- —_— — ——. 10.32
L 0§6’§ 2 (5§ &) 9§ ¢ ( )

The discrete transformation for Eq. (10.32) arising from
(10.9) and (10.28) has the form®

S—li l[ fXM} (L_f;f—iL)X;“
o€ " f- |9 f- 2 9 f-
s"i_s : [ - f.X
& f-|9¢

iH(i )S
o agf

7
—F=§|—
9E
In the case of the algebra A the system (10.32) arises in

the integration problem of general relativity with two com-
muting Killing vectors.'?

10.12. The cylindrically symmetric solution invariant
under two orthogonal four-dimensional axes

82F+ J*F [oF OF
T T2 5T T axy oy

(10.33)

o"xz

In the case of the algebra A, the explicit form of the
discrete transformation is*

F 1
=7

IF , dnf.  dlnf. af
= 1 +(fo—F + 20
%, (fo—Fo) TR Ton, Tk,
dF, dln f_ dlnf_  df,
=1 4(fy—F -0
x, (o= Fo) 50 =% —5 =" oo
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aF , A fo—Fo) fo—Fo)
ax, =—f- [(fo—Fo) 9x, +x 9%,
of +
_f—— (9)61
oF Fy) é’(fo'"Fo)_ 3(fo"Fo)]
= | Vo Fo) =55 =
af +
-2 —. 10.34
I (1034)
The system of linear equations has the form
da' | ) ot ga't!
1 17) 1 « « 3x2_ (9.X2
da' | 07 9a't!
290 YT o Tox,
a—’+1=71+x‘2x2 (10.35)

The solution of the discrete transformation is identical to the
result in the self-dual case [see (10.25) and (10.26)].

10.13. The (2+1) matrix Davey—-Stewartson system

The matrix Davey—Stewartson equation is the following
system of two equations for two unknown s X s matrix func-
tions u,v:

u,+auxx+buyy—2auj dy(uv)x—2bf dx(uv),u=0,

_vt+avxx+bvyy_2aj dy(uv)xv—vaJ dx(uv),=0,
(10.36)

where a,b are arbitrary numerical parameters, and x,y are
the coordinates of two-dimensional space. For s=1, the or-
der of the factors is not essential and (1.1) is the usual
Davey—Stewartson equation in its original form. '’

By direct but not very simple computations one finds
that the system (10.36) is invariant under the following
change of the unknown functions:

1

= = v=[vu— (v, "), Jv=vluv—(v""v,),].

(10.37)

The substitution (10.37) is the discrete transformation under
which all the equations of the matrix Davey—Stewartson hi-
erarchy are invariant.*s In the case of one-dimensional space
this substitution was mentioned in Ref. 47.

The substitution (10.37) can also be rewritten in the form
of an infinite chain

|
-y -1 -1 —
((U,,)xl}“ )_\'—vnvn—l_er-lvn (un+l—v_')’

n

(10.38)

where (v, _,u,_) denotes the result of n applications of
(10.37) to given matrix functions (v, ).
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Under the boundary condition v}j=vy=0 (the so-
called matrix Toda chain with fixed ends) the general solu-
tion of (10.38) takes the form'®

N
v0=§) BX) D),

where ¢,(x),®,(y) are arbitrary s X s matrix functions of the
corresponding arguments.

In the scalar case s=1 the general solution of the Toda
chain with fixed ends was found in Ref. 48 for all series of
semisimple algebras except E,,Eg. In Ref. 49 this result was
reproduced in terms of the invariant root technique appli-
cable to all semisimple series.

11. THEORY OF INTEGRABLE SYSTEMS FROM THE
POINT OF VIEW OF REPRESENTATION THEORY

OF THE DISCRETE GROUP OF INTEGRABLE
MAPPINGS50-53

Here we consider the results of the preceding section
from a more general point of view. We will start with a short
historical discussion. Our aim is to find a place for the dis-
crete transformation in the usual, more traditional ways of
investigating the theory of integrable systems.

Liouville introduced the term ‘‘integrability’’ for dy-
namical systems. He proved that if a dynamical system pos-
sesses a sufficiently large number of integrals of the motion
in involution, then the system is integrable. But neither gen-
eral methods for the construction of a solution in explicit
form nor any mention of the symmetry of the system under
consideration are contained within Liouville’s criterion.

In the case of Lie symmetries the theorem of Noether
fills this gap. It teaches us that the number of conservation
laws coincides with the dimension of the Lie group and
makes it possible (in the case of Lagrange theory) to obtain
explicit expressions for the integrals of the motion.

Roughly speaking, the modern theory of integrable sys-
tems up to now has maintained the Liouville definition (an
integrable system must contain an infinite number of inte-
grals of the motion in involution), and many people have
found various consequences which follow from this fact.

The aim of this section is to show in a deductive way
that the theory of integrable systems can be understood as a
theory of the linear representation of the discrete group of
integrable mappings. This does not mean that we can pro-
pose at present a complete theory of this connection from the
mathematical point of view. We only demonstrate that all
known results of the theory of integrable systems are consis-
tent with this hypothesis.

11.1. Discrete transformation of integrable systems

Let us consider a local invertible transformation de-
scribed by the substitution

a=¢(u,u’ u",....u")=p(u), (1L1.1)

where u is an s-dimensional vector function, and u’ ,u”,... are
its derivatives of the corresponding orders with respect to the
“‘space’’ coordinates (the dimension of the space can be ar-
bitrary).
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The property of invertibility means that Eq. (11.1) can
be solved, and the ““old’’ function u can be expressed locally
in terms of new functions i and their derivatives. The con-
nection (11.1) with integrable systems is illustrated by the
examples of the preceding section.

The Fréchet derivative ¢'(u) corresponding to the sub-
stitution (11.1) is the sXs matrix operator defined as

&' (u)=¢,+ ¢, D+ ¢, D*+..., (11.2)

where D™ is the operator of differentiation m times with
respect to the corresponding space coordinates u,u’,u”,....d.
More detailed information about this construction can be
found in Refs. 47 and 50.

Let us consider the equation which in another notation
first appeared in Ref. 51:

F(d(u))=¢" (u)F,(u), (11.3)

where F,(u) is an unknown s-component vector function,
each component of which depends on u and its derivatives
up to a maximal order n.

For each substitution Eq. (11.3) possesses one obvious
trivial solution, F,(u)=u'. To prove this, it is sufficient to
differentiate Eq. (11.1) once with respect to one of its space
coordinates.

If Eq. (11.2) possesses some solution [for given ¢(u)]
other than the trivial one, then we will call such a substitu-
tion an integrable substitution or mapping.

We specially emphasize that Eq. (11.3) contains two un-
known functions ¢(u) and F,(u), and only for a narrow
class of integrable substitutions does it possess nontrivial
solutions for the function F,(u).

Each nontrivial solution of (11.2) generates an equation
(system) of evolution type,

u,=F (1), (11.4)

which is obviously invariant under the substitution u— ¢(u).
(In this connection, we emphasize that the equation u,=u' is
indeed invariant under an arbitrary substitution.)

Let us now compare Eq. (11.3) with the definition of a
linear representation 7(g) of some group (for definiteness
one can have in mind a Lie group):

D (gx)=T(g)P(x),

where g is the group element, T'(g) is the group operator for
some representation, and ®(x) is the basis of the correspond-
ing representation space.

An obvious correspondence occurs whenever the defin-
ing relationship (11.5) is compared with Eq. (11.3):

T(g)—¢'(u).

Using this correspondence, let us interpret Eq. (11.3) at
the group-theoretical level. We have some discrete group of
transformations, the group element of which is exactly the
substitution u— ¢(u); ¢'(u) (the Fréchet derivative) is a
linear representation of the group element; and F,(u) (the
equations of the hierarchy) is a basis in the representation
space. If this representation is irreducible (it is necessary to

(11.5)

Q(x) > F,(u),
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verify this by independent methods), then all possible bases
of this representation [solutions of Eq. (11.3) with different
n] must be related by some operator W, ,.:

Fn(u)=wn,n’Fn’ (11-6)

Indeed, the same situation occurs in the theory of (1+1)
integrable systems. All equations of the same hierarchy are
connected by the *‘raising’’ operators constructed from the

skew-symmetrical  (nonlocal)  Hamiltonian  operators
J,=—J%
Wow=Jul (11.7)

11.2. Equations for ‘“‘raising”’ and Hamiltonian
operators

Two equations will be important for our further consid-
erations:

@' ()W(u) ¢’ (u)~'=W(p(w)),
@' (u)J ()¢’ (u)'=J(¢(n)),

where ¢'(u)T=¢I—D@., +D?*¢],—.., and W(x), J(u)
are unknown sXs matrix operators, whose elements are
polynomials of some finite order in the operator of differen-
tiation D (of both positive and negative degrees).

From (11.3) and (11.8) it follows immediately that if
F ,(u) is some solution of the principal equation (11.3), then
WP(u)F ,(u) (p is an arbitrary natural number) will be an-
other solution of the same equation.

The solution of the second equation of (11.8) under the
additional restriction of skew symmetry may be connected
(interpreted) as a Poisson structure which is invariant under
the transformation of discrete symmetry. Skew-symmetrical
operators J(u) are known as Hamiltonian ones. Two differ-
ent solutions of the second equation of (11.8) (if it is possible
to find them), say, J,(#) and J,(#) in the combination
JJJ5!, obey the first equation of (11.8). The operator
J1J5 ' ,(u) is again a solution of the second equation of
(11.8), and so on. This is the way in which Hamiltonian
operators usually arise in the theory of integrable systems. It
is necessary, from some independent assumptions, to find
two different Poisson structures. All other objects can then
be constructed by the above scheme.

In the problem of the construction of Hamiltonian opera-
tors for integrable systems, the equations (11.8) were used
for the first time in Ref. 52.

(11.8)

11.3. Conditions under which the evolution equation
can be rewritten in Hamiltonian form

Let us consider some scalar function H(u) locally de-
pendent on u and its derivatives, obeying the equality (equa-
tion)

H(¢(u))—H(u)=Kere i

o (11.9)

In other words, the difference between the function after one
application of the discrete transformation and its original
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value is a divergence with respect to the space coordinates.

Let us compare the variational derivatives H(u) before and

after the discrete transformation. We have
5H(u) OH(¢(u))

op(u)

This equality is a direct corollary of (11.9) and the obvious

fact that the variational derivative of a divergence vanishes

(11.10)

=¢' (1) ————

identically.
Let J(u) be any solution of (11.8). Then we have
p o OH((w))
¢(u)1(u) —45( Wu)o' (u) —77—~— B(u)
oH
=J(d(u)) —%;2 (11.11)

Thus, we see that the function F(u)=J(u)dH (u)/ éu is just
a solution of our main equation (11.3), and the corresponding
evolution equation (11.4) takes a Hamiltonian form (cf. Ref.

5).

11.4. Conservation laws

All known integrable substitutions in one-dimensional
space [(1+1) integrable systems] obey all the conditions of
the preceding section. This means that it is possible to find in
explicit form an infinite number of Hamiltonian functions
H,(u) and an infinite number of Hamiltonian operators
Jn(u). Thus, in the (1+1)-dimensional case all integrable
systems of the evolution type (11.4) can be written in Hamil-
tonian form. As a consequence, it is possible to determine
the Poisson brackets between two local functions by the rule

ON oM
(.= T 1) 2L

(11.12)

and to prove, using technical manipulations, that all con-
served integrals are in involution:

)
{H,(u),H,(u)}=Kere —.

= (11.13)

This result is usually interpreted as fulfillment of the Liou-
ville criterion of integrability.

In the case of (1+2)-dimensional integrable systems it is
impossible to write the investigated systems in Hamiltonian
form (except for some trivial cases). But whenever in the
(1+2)-dimensional case functions obeying Eq. (11.9) can be
found, they are in general nonlocal, the number of them is
infinite, and they are invariant under time evolution in the
sense that

(Ho)),= 2 (),

where x; are the independent space coordinates of the prob-
lem.

[t is true that we can present an infinite number of con-
crete examples of the validity of the last propositions, but
also it is true that at present we have no idea how to prove
them at the group-theoretical level in the general case.
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11.5. The general hypothesis

To conclude our discussion, we are able to formulate the
following general hypothesis about the structure of a future
theory of integrable systems: The problem of integrable sys-
tems is equivalent to the theory of representations of the
discrete group of integrable mappings.

Indeed, if from independent considerations it turns out to
be possible to obtain a solution of our main equation (11.3),
then we automatically produce an integrable equation of evo-
lution type (11.4), and each space of irreducible representa-
tions of (11.5) will give us the exact solution of it. We are
well aware that the form of our main equation (11.3) is not
very suitable for obtaining direct conclusions from it. In this
connection we can note that, by analogy with the difference
between the original definition of semisimple algebras (in the
sense of the absence of nontrivial ideals) and the Cartan clas-
sification into A,B,C,D,E,F,G, and E, it may be of compa-
rable magnitude to the problem of classification of the solu-
tions of our main equation.

We hope that something of this kind will be achieved in
the case of the representation theory for discrete groups of
integrable mappings.

11.6. Conclusion

The main result of the present section is contained in the
new equation (11.3). Its solution will provide the answers to
two of the most important questions of the theory of inte-
grable systems. The first question can be regarded as the
‘‘quantization’’ of substitutions, i.e., the choice from among
the infinite number of invertible substitutions of only the one
that is integrable in the above sense. Except for the obvious
remark that this will depend essentially on the dimensions of
the spaces involved, the author knows almost nothing about
how to solve this problem and concludes that it is not going
to be resolved quickly.

The second, more tractable problem from our point of
view is the question of the solution of the main equation
(11.3) for a given (ad hoc) integrable substitution ¢(u) (in
this connection, see the next section). It is possible to sup-
pose that the solution to this problem is closely connected
with the theory of representations of the discrete group of
integrable mappings. From known examples of integrable
systems it follows that the discrete group of integrable map-
ping possesses a rich store of different irreducible represen-
tations. Each of these representations may be connected with
a definite class of exact solutions of the corresponding inte-
grable system. In a sense the soliton-like solutions (which
will be discussed below) correspond to finite-dimensional
representations of such groups.

12. TWO-DIMENSIONAL INTEGRABLE MAPPINGS
AND EXPLICIT FORM OF EQUATIONS OF
(1+2)-DIMENSIONAL HIERARCHIES OF INTEGRABLE
SYSTEMSS54-%7

Here we shall complete the second part of the general
program of the last section: we shall find the explicit form of
the solution of our main equation (11.3) for an ad hoc given
integrable mapping. The equations of (1+2) intcgrable sys-
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tems belonging to the Darboux—Toda, Heisenberg, and
Lotka—Volterra hierarchies which are invariant with respect
to discrete transformations of the corresponding integrable
mappings will be presented in explicit form.

12.1. Two-dimensional integrable mappings

Below, we will discuss three concrete examples of two-
dimensional integrable mappings which can be considered
by similar methods.

12.1.1. Darboux-Toda substitution

The explicit form of the direct and inverse DT integrable
substitution is as follows:

| S
=5 v=v(uv—(Inv),),

St

(12.1)

<,

= u(vu—(In u),,).

The result obtained from the function f(u,v) after s appli-

35
cations of the direct transformation will be denoted by f,
and that after s applications of the inverse transformation by

s—

f, with the following convention:
—(—m) m—
f=f

As a direct corollary of (12.1) one finds a Toda-like

recurrence relation for the function To=wuv, which will be
important for our further considerations:

for m=0.

(In To)xy=—To+2To—Tp. (12.2)

The Fréchet derivative corresponding to (12.1) has the
form

1
0 _UT
¢'u)= v, U v ’
2 x“y x y
v 2(“0)_ 02 +;'Dy+?Dx“ny

(12.3)
where D,=4d/dy, D=0/ ox.
The system (11.3) in the concrete case of the DT substi-
tution can be rewritten as

- 1 - U,V v
Fl:_F’FZ’ F2202F1+(2(MU)_ ;2y+;x‘Dy

+Pv—ny—ny)F2. (12.4)
It is not difficult to verify by direct calculation that
Fy=(u,—v) is a solution of this equation, and so the sub-
stitution (12.1) is integrable in the sense of Ref. 51.
After the introduction of the new functions F | =uf,,
F,=vf,, the system (12.4) takes the form of a single equa-
tion for only one unknown function f,:

(@0)(fa—f2) =~ (uo)(fo=f)=—Dyfa, f1=—Fa.
(12.5)
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The notation in this equation is explained after Eq. (12.1).

In further transformations of (12.5) we will use the fact
that the condition of invariance of a function with respect to
the discrete transformation F=F is equivalent to the condi-
tion F=const. This is in a sense analogous to Liouville’s
theorem in the theory of analytic functions. Using this fact
for the function T [f,=[dy(T—T)], we obtain the Toda
chain-like equation

—Tx=T0J dy(i’—2T+7:), To=uv. (12.6)

In terms of the solution of (12.6) the evolution-type
equation (11.4) [invariant with respect to the DT substitution
(12.1)] takes the form

v,=vf dy(T—T), u,=ufdy(i—r). (12.7)

12.1.2. Two-dimensional Heisenberg substitution

By this term we will mean the direct and inverse trans-
formations of two functions (u#,v) of the form

1 1 )
p—— | =] Xy =
U 1@ Tru | gy’ ¢=lnv,
1 1 ]
-‘: _1 — xy t—1
V=UT T =TT e bty Yy=Inu. (12.8)
One can check that the functions t

m

[tl=u%,vx/(1+uv)2=—(J)yvx/(5+v)2, L=v,u,/(1
+uv) =—(J)xvy/(6 + v)2 obey the Toda-like recurrence
relations

(t,,,)x=t,,,jdyA,,, (m=12), (12.9)

where A, =7,—2t,+,.
The explicit form of the Fréchet-derivative operator
reads

2

—1

_. 2| VR

0—v R

! — —1
b’ (u) —(1+(vuR)/R2

—1

2 -1 -1y U
+(R)*6| ¢, D,t+¢, D, o D,,
xy

VU, - -
6=——, R=1+uv, R=1+uv.
v,y

(12.10)
By a short calculation it is possible to show that Eq. (11.3)
possesses a nontrivial solution F\=u, F,=—v, so that the
Heisenberg substitution is by definition integrable.

Now we can rewrite Eq. (11.3) in a more transparent
form. Let us introduce the notation F|=uB, F,=vA. From
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the first equation of (11.3) we immediately obtain B=—A.
The second equation, after some transformations, can be re-
written in the form of a single equation for the function A:

uv - uv _A
((1+uv)2 (A=)~ Gz A4
=(¢x¢,)"(¢;" A+ Z"y A=Ayl (12.11)
x y

As we know, the main equation (11.3) always possesses
the trivial solution F|=u, ,(uy); F2=vx,(vy) or
A=¢,,(¢,). Let us seek a solution of (12.10) in the form
A= ¢, a. Instead of (12.10) we obtain the following equation
for a:

(] e =(
(l+uv) (a_a)_(1+uv)2 (a_ a)_ x,

_%
o= (12.12)

Making in (12.12) the substitution

H) 7o
(%) =#-r.

x

we arrive at the following equation for T

Tx=Tof dy[6(T-T)— &(T—T)], (12.13)

where

uXUX
To=r—"—7.
O (1+uv)?

12.1.3. Lotka—Volterra substitution

In this case the direct and inverse transformations have
the form

u=u+(nv),,
(12.14)

u=u—(Inv),, v=v-—(In u),.
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As in the previous case, the functions t,=uv, t,=iv
obey Toda-like recurrence relations (12.9).
The Fréchet operator in this case has the form

-1
D,

- . 12.1
1+Dy(u)"'Dw™! (12.15)

¢'(u)=( P
D, (i)™
By the same technique as in the previous subsections we
obtain a single equation for the unknown function 7 and

expressions for the equations of the hierarchy in terms of this
solution:

Tyzvf dx w (T-T) +u(T—1)], (12.16)

and, finally,

w=u(T-T), v,=D,T.

12.2. Solution of the main equation

In spite of essential differences in the form of the Fré-
chet operators in the three cases considered above, the main
equations of the problems, (12.6), (12.14), and (12.16), have
the same structure and can be solved by similar methods. We
shall demonstrate these methods for the more complicated
example of the Heisenberg substitution and present the re-
sults of calculations for the other cases.

First of all, we note that Eq. (12.14) has the particular
solution

T= To,

as can be seen with the help of the following equality, which
is a direct corollary of (12.8) and (12.9):

. 1 ¢, 1
TO—T0=2¢x m x+2¢xy$ym'
%) g bty
+¢*( RN N

Let us now seek a solution of (12.14) as T=T,fdya,.
Instead of (12.14) we obtain an equation for the function ay:

(ag)t+ aof dy[fi—t,+5— 1]

=ii [ ay@-ap+is [ dv@-ap. (217

As will be shown later, this equation will arise many times,
and it will be important for us to consider two possibilities
for its further evolution. Let us use the following ansatz:

ap=fa;+1,B.

After substituting this expression into (12.17) and equating
to zero the coefficients in front of the terms 7},7; (this is an
additional assumption), we find equations for the unknown
functions «,, B,:

-2
(al)x+a[fdy[tl ‘ﬁ+5—’2|=ffl)’(&_o*‘fo)»
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2
(Bl)x+ﬂlf dy[fi—t,+t, _G]zf dy(dy— ayp).
(12.18)

Summing the directly transformed second equation of
(12.18) with the first one, we obtain

- - =2
<a1+ﬁl>x+<a1+ﬂ,>f dy[ 1y — T+ 55— 1,]=0.

This means that the system (12.18) has a particular solution
a, +B—1=0. We will use this solution in what follows.

For this solution the system (12.18) is equivalent to a
single equation for the unknown function a:

—2
(al)x"'alf dy[ t; —fi+5—1,]

—2 —1
=J dy[(t, @;—tya))—(t) ay—Ha))].

This equation has the obvious solution a;=1. As a corollary,
we obtain a second particular solution of our main equation:

T1=TOI dy(fi—13).

Further evolution of the equation for «; is connected
with the representation of the unknown function in an inte-
gral form a;—[dya, (we retain the same symbol for the
unknown function because this cannot lead to misunder-
standing),

—2
(anta [ sl ~Fit 0]

2

=1 Jd)’(&—l“al)‘*'f;“‘ dy(d,—ay). (12.19)

~ <2 . L
Apart from the obvious replacement f;— ¢, , this coincides
with Eq. (12.17) for ay.

We can repeat the same trick for this equation as for the
equation for «y, and after k steps we will come to the sub-
stitution

—(k+1) I

Q= b} Qpy T Qg

and the equation for a, |,

—k+2

(ak+1)x+ak+lde[ 1

—k+1
tl +12—12]

—k+2 —k+1 e
=jd)’[( ty ar —ha)—( 4 a—hHa))l,

with the obvious solution a;,=1.
Collecting all the results together, we obtain a particular
solution of the main equation in the formula

—(i+1)d;

n
T,=Tol | (I—L,- exp
i=1

—1 —2 —n
)jdytl dytl"'fdytl’ (1220)

where the symbol exp d, denotes the shift of the argument of
h— h+1—
the s-fold integral (...fdyt,...—...fdy ¢, ...) in (12.13)

- > d

k=i+1
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by 1, and the symbol L, mdlcates the exchange of tl with

t2 in the p-fold integral .. fdytl —.Jdytgr...

The expression (3.20) is directly applicable to the
Heisenberg and Lotka—Volterra integrable hierarchies. In the
case of the DT hierarchy it is necessary to put all the opera-
tors L;=1 and use the equality ¢, =t,=T.

12.3. Examples

In this subsection we present the simplest integrable sys-
tems for the usual unknown functions u,v corresponding to
the lowest solutions T, of the main equation for the DT,
Heisenberg, and LV substitutions.

12.3.1. Darboux-Toda substitution
n=0:

To=uv, u,=au,+bu,, v,=av,+bv,.

In the examples below we shall choose a=1, b=0, bearing
in mind that it is always possible to add a term (with an
arbitrary numerical coefficient) in which x is replaced by y
and vice versa.

n=1:

Ti=vu,—v,u,

ut=uxx_uj dy(uv),, —vtzvxx—vj dy(uv),.

This is the Davey—Stewartson equation in its original form.
n=2:

T2=(uv)xx_3uxvx—3uvj dy(uv),,
== [ (a0 =3u [ dy(uo),,
Ut=vxxx_3vxf dy(uv)x—:;vf dy(vxu)x-

This is the Veselov—Novikov equation.
n=3:

T3= —(Tl)xx—z(uxvxx-vxuxx)+2uvf dy(Tl)x
+4T1f dy(uv),,

v,=—vxxxx+4vxxf dy(uv)x—'ZUX(fdy(Tl)x

J dy(uv)xx J dy (U0 )

[ o[ fascan |
_U dy(uu)xr)-

The equation for u can be obtained from the one for v by the
substitutions u—v, v-—u, t——1.

—2[ dy(uv)xx) +2v
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12.3.2. Heisenberg substitution
n=0:

uv,
1+tuv
X

vy
1+uv) -~
X

’

v,= —vxx+2vxj dy

—u,= —un+2uxf dy

n=1:

uvy
vt+vxxx_3vxx dy 1+uv

X

+3 fd 2l Jd e
Ux N T+uo Ux) @Y (1+uv)
X X
uv,
30",[ dy 1+uv| °
xx
vu,
ut+uxxx—3uxx dy 1+uv
X
+3 fd Oty 2+3 Jd ———fv"u’
“x N1+uw Ux | @Y (14+uv)
X

vu,
~3ux ] dy 1+uv|

12.3.3. Lotka—-Volterra substitution

n=0:
In the case Ty=v we obtain a trivial system with the
help of (12.2):

U=uy, V=0,

n=1:

In this case,

Sl=vJ dx(t'[—t_g)=vy+v2+2vj dx(u,y).

The corresponding integrable system has the form

u,=- uyy+2(uv)y+2uyf dx(uy),

v,=(v2+vy+2vfdx(uy)) .
y

In the one-dimensional case D,= D, this system is a particu-
lar case of the more general integrable system described in
Ref. 25.

n=2:

In this case,

S2=u3+3vvy+vyy+3vD;l(uv)y+3(vy
+vH)D; (u,)+3v(D; '(u,))%
The corresponding integrable system can be written as

u,=Dy(u)y—3(vuy)+302u—3(uy—uv)D; l(u)y)
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+D, (3D, (u,)D ' (uv),+ (D} \(u,))?),
v,=Dy(v3+3vvy+vyy+3vD;l(uv)y+ 3(v,

+v?)D; (u,)+30(D; '(u,))?).

13. FORMALISM OF THE SCALAR LA PAIR APPLIED
TO PERIODIC TODA LATTICES'"12:3

Now we consider concrete realizations of the general
results of Sec. 4 and apply them to the case of the system of
equations of the periodic Toda lattice related to the classical
A, series. The case of the algebra A (the sine—Gordon equa-
tion) has been considered in detail in the preceding subsec-
tion.

We use the following formulation of the equations for
the generalized Toda lattice in two-dimensional space:

2

X; ~
(a) azaz_—exp(Kx)i,
P
(b) 02(92,_=CXP (Sa—t‘,,W;l exp( —2 5,,t,,),
S8oa=(kp) o, (13.1)

where in case (a) the index i takes the values 1,2,...r+1;
here r +1 is the rank of the simple infinite-dimensional alge-
bra of finite growth with the generalized Cartan matrix K. In
case (b) the number of values taken by the index « is one
less than in case (a); k is the Cartan matrix (corresponding to
K) of the finite-dimensional semisimple algebra, and the 7,
are the coefficients of the expansion of the maximal root of
the algebra over the set of its simple roots. The system (a)
admits the transformation x;—x;+(©(z) + O (z))N;, where
N is the null vector of the generalized Cartan matrix: (KN)
=0. Equation (b) is equivalent to (a) after eliminating the
trivial solution of the homogeneous Laplace equation by
means of a conformal transformation. Equation (b) is a direct
consequence of the Lax representation

r
A,=(hp,)+\ Zl Xi+Xy,

a=

b

r

Az=>\“( 2. exp(—8,X,)+exp(Mp)X,,

a=1

’

[0Z—Az,(92—_Az—]=0, (132)

where X and Xj; are the root vectors of the simple and
maximal roots of the algebra; (Mp)=2t,5,, and \ is the
spectral parameter. For X;; we take the normalization

(X3 X 1= t, W, 'h,, Wk=(kw)T.

The algebra whose local part consists of the subspaces

goz(ha)

is an infinite-dimensional semisimple algebra of finite
growth. The degree of the parameter N\ distinguishes the
identical elements of the finite-dimensional algebra, relating
them to the subspaces with whose grading index they are

goi=(NTIXL N TIXG), 8= (AKX ),
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compared. Thus, they eliminate the degeneracy of the repre-
sentations of algebras realized by finite-dimensional matri-
ces. The Cartan elements of the finite-dimensional algebra
appear in the subspaces whose grading index is the product
of some integer and the height of the maximal root m=3t¢,
increased by 1. The only element that is not distinguished by
the degree of X\ is the element H of the null subspace,
H=[Xy;,Xy1=2t,, W, 'h,. This circumstance explains
why the number of unknown functions in (b) is smaller than
in (a). Thus, the operators of the LA pair (13.2) should be
treated as operator-valued functions of the finite-dimensional
representation of an infinite-dimensional algebra of finite
growth. The spectral parameter N\ here plays the role of a
grading parameter. The algebra of internal symmetry of the
equations of the generalized Toda lattice is infinite-
dimensional and coincides with the solvable part of such an
infinite-dimensional semisimple algebra.

Equations (13.2) imply a ‘‘gradientness’’ of the LA pair
operators:

g8~ =(hp) = 2 XN Xy,

g:8 "= 2 exp(—8,X,)+N""" exp(Mp)Xy
(13.3)

[(13.3) differs from (13.2) by a gauge transformation
g—exp 3 InH, which results in the change A—\—1 for the
generators of the simple roots); g is an element of the com-
plex hull of the group spanned by the elements of the semi-
simple algebra. Equation (13.3) can be regarded as a system
of equations for the parameters of the element g. This system
is naturally invariant under the choice of the concrete repre-
sentation of the algebraic elements X, in (13.3). We param-
eterize the element g by the Gauss decomposition
g=Z exp(hT)Z". Then (13.3) has as a consequence an es-
sentially nonlinear system of equations relating the param-
eters of the elements Z*, Z~, 7. It seems quite remarkable
that the equations for the parameters 7 split from the general
system, remaining essentially nonlinear. However, they split,
in their turn, to a linear differential equation for the functions
W,=exp27,/,, which are equal to the matrix elements of the
group element g between the highest states of the represen-
tation (/,,l,,...,/,). However, in order to obtain the scalar
LA pair equations of the given representation, one does not
need to write the complete system of equations for the pa-
rameters of the element g and then single out the linear sys-
tem for W, from it. It would be sufficient to calculate the
derivatives of the ¥, up to the order N;,—1, using (13.3), and
then to express them in terms of linear combinations of the
matrix elements (| g||/) as follows (see Sec. 4):
)

Analogously, for the derivative of order s we obtain

r

(hp)— > XZ+N"H1X,,
a=1

‘i',=<lng'||1>=<l

=(lp)V,+ 2 filalgl).
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N,

W= 3 fialell)

Inverting this equation, we find the equality
N-1 Ni-1
(algly= 3 FewfI= 3 (e,

The matrix elements (| g||/) can be calculated by means of
(13.3) in two forms, i.e., they can be expressed in terms of
the derivatives with respect to the argument z or with respect
to the argument z. As a result, one obtains two forms of the
matrix element (a| g||/), which are N;—1 equations for the
scalar LA pair in the representation /. Two missing equations
appear if one excludes the N, matrix elements (| g||/) from
the N,;+1 linear relations connecting them with the deriva-
tives of W, up to the order N, with respect to both arguments.
These are two spectral equations of the representation /. In
the general case, the structure of the spectral equations is as
follows:

Oy (D)¥,=\""1Oy,_  (D)V,

where © ,(D) denotes the differential operator of nth order
whose coefficient functions are homogeneous (with respect
to differentiation) polynomials in p, (13.3). For Nj=m+1,
the right-hand side of the spectral equation does not contain
the differentiation at all. Such a situation occurs only in the
case of the simplest representations (of the lowest dimen-
sions) of the algebras A;, C;, (AB), . For the classical series
B, and D, the degrees of the differential operator on the
right-hand side of the spectral equation are one and two,
respectively.

14. SOLUTION OF THE SINE-GORDON EQUATION IN
A FORM INVARIANT UNDER THE CHOICE OF
THE REPRESENTATION'

Now, for the example of the sine—Gordon equation, we
demonstrate the method of constructing the solutions without
using a concrete realization of the algebra. This is a particu-
lar case of the general construction of the preceding section.

The sine—Gordon equation results from the compatibil-
ity of the linear system (the Lax pair)

g8 '=hp+N(XT+X"),

8'g '=N"U X" exp2p+ X~ exp(—2p))
with g being an element of the SL(2,C) group, and where
X*,X",h are the elements of its algebra, [X * X"1=h,
[A, X" ~]1=2X™*. The internal symmetry algebra of the sine—
Gordon equation is connected with the graded algebra of
finite growth SL(2,C)XZ,=A that has the background el-

ements X li,z,hm from which the whole algebra is con-
structed. The commutation relations are

[Xa Xp1=Saphas [ha:X3 1=kapXp™

"=(—22 _22)
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«,B=1,2,

By a direct check we confirm that the algebra A has a mul-
tidimensional representation with the spectral parameter and
generators

X =\X*, X;=AX", X;=\"'X",
X, =\"'X*, h=—hy=h,

where X,k are the elements of the algebra SL(2,R) intro-
duced above. Here the algebra as a whole consists of the sets
of elements

R™=(\"TIX*\"%h), R°=(h),

R+=(A25+1Xt,)\2sh), S>0,

i.e., the positive, negative, and zero subalgebras of the initial
algebra. Going back to the LA pair representation, we
see that the element g can be considered as belonging not
to the group SL(2,C) but to some degenerate representation
of the A, group. An arbitrary element of the SL(2,C)
group can be represented as the Gauss decomposition
g=exp X "aexp hTexp X B. Consequently, from the Lax
representation, there appears a system of equations connect-
ing the functions a, B, 7, which is obviously invariant under
the choice of a certain representation of the algebra SL(2,C).
Thus, we have

g8 =hp+N(XT+X7)=(d—2ai—a’B exp(—27)X*
+(7+aB exp(—27))h+ B exp(—27X7),
where

p—7

Bexp(—2m)=\, a=——, —F+(D)’=N"=5+(p)".

Similarly,
B exp(—27)=\"lexp2p, a=-—1"exp(—2p),
—7+27p+(p)?=\"2

As a result of these equalities, we have a system of three
equations

T=(\2=p+(p))P,
(¥ exp p)"'=(\"2=p"+(p"))V¥,
W' exp(—2p)=A"X¥+p¥), (14.1)

where W=exp(—17), a exp(—7). Now we seek a solution of
this system in the form

n
‘If=<:xp()\z+)\_lz_)kljl (A—ay),

where the a; are unknown functions defined from the system
of equations which arise after substituting ¥ into the previ-
ous equations and comparing the terms with the same powers
of \:

; ) a;a

d+2a;a,+2, ak‘—a,-:o’

—p+(p)2=22 ;. (14.2)
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The last equality can be satisfied by the substitution
exp(—p)=I1a,/TI\, [see the recurrence relations which fol-
low from the system (7.3)]. The system (14.2) contains n

first integrals, which give expressions for the first derivatives
of ay:

P.(a}) '
G=——>—>, P, (ad)= a;—al), x=0.
Clad-ay Pred=l .

The parameters x; independent of z in fact represent the first
integrals of the system (14.2). Calculating g, from the last
expression for a,, we confirm that (14.2) is valid. Further
integration of the system is connected with the following
identity from the theory of the symmetric functions of n
arguments:

S

0’(x;)= E =0,

t# j(x ])
if 1<s<n—2 and ©""!(x;)=1. In fact, when reduced to a
common denominator, O°(x ;) represents a ratio of two ho-
mogeneous symmetric functions. Here the denominator is
the Vandermond determinant, which is antisymmetric under
permutation of all its arguments. Hence, the numerator
should be characterized by the same property, which is pos-
sible only when s is not less than n—1. In this way we can
carry out a further integration, with the result

n n
day Vs arp—

—— =+ —
k=1 ap—Xg -xs

X
=1 ak+x —exp[Z(sz+ys)]
Thus, the last n relations mainly determine the general solu-
tion of the system (14.2), depending on exactly 2n param-
eters. So far only the first equation of the system (14.1) has
been integrated, and to obtain the explicit dependence of the
parameters x;,y, on the argument z, one must use the re-
maining two equations. As far as exp(—p)=Ila,/TI\; the
function ¥ exp p has the form

n
¥ exp p=\" exp()\z+)\'lakll (X"l—ak_l),
=1

i.e., with respect to the argument z the function ¥ exp p has
the same structure as ¥ with respect to z, with the obvious
substitution a;—aj !, A—\"!. Thus, the second equation of
(14.1) entails the system of equations involving differentia-
tion with respect to the argument z:

—1\r F’l(ak_2)

Pyag )= H(ak —a;h), (x)'=

or

-~ -2
Il(a ) 2
ak T .2 a.
Hl#k(ak az) l#k

=(—1"

We have not yet used the third equation of the system (14.1).
After simple transformations it can be written as
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dy=exp 2paza;, exp 2p( 1+ a,’c) =

p=exp2p2, ajay,

which in turn, after a corresponding substitution, lead to

P(ap)=(—1)"a;"P,(a; exp 2p][ a}.

This means that a; and a; are defined by the same polyno-
mial, whose roots x? depend neither on z nor on Z, i.c.,
—~ (—p) Ia,
x;=x;, exp(—p)=+=—.
=X PL=P)= 11 X
It is easy to see that the system of equations is invariant
under the substitution z— 7, az—a; ', x;—x; '. Then from
our previous results we find
n

k=1 ak+xs

—exp[2(xsz+xs z+y,)] exp 2z,,

where the parameters x;,y; are independent of both z and z.
From the last equality we obtain a linear algebraic system for

the homogeneous symmetric functions
$;=Zi4j#. .+ka;a;...a; in the form
sinh z;5,— x; cosh zks,,_l-i-x,f sinh z;5,_,—...=0,

s=12,...,n

Solution of this system for s,=Ila, yields the well-known
n-soliton solution of the sine—Gordon equation in the form
of the ratio of two determinants of order n.

15. GENERALIZED BARGMANN POTENTIALS™

In this section we establish a condition for the nth-order
ordinary differential equation
k=1
WL S wlhil= kg (15.1)
i=0

to have a solution with the following analytic dependence on
A:

n
¥ =exp )\zH (ax—N\).
k=1

A problem of this type, applied to the quantum-mechanical
one-dimensional Schrodinger equation, was first considered
by Bargmann. For this reason, the coefficient functions u; of
the last equation will be called generalized Bargmann poten-
tials. To solve the Bargmann problem, we need an expres-
sion for the coefficient functions of an ordinary differential
equation in terms of the full set of its linearly independent
solutions. The following statement generalizing the Wiett
and Gauss theorems for the case of polynomials holds: The
equation

k-1

\I,[.k+ l]+ 2 ui\I,[.i]=O
i=0

can be represented in the form
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VO VAV (VEVE VvV (v ) ) L) =0,

where the V; are the principal minors of the matrix of the
Wronskian V‘g:\lf%"*l (1<a, B<k+1) and generate the full
set of k+1 linearly independent solutions of the equation.
This is the Frobenius theorem. The condition that the
Wronskian is a constant, V=1, is solved as follows:

Z
1] dz,¢,,

z 2 Z5—1
‘I's=¢1j le‘sz de‘P3---J dz,_ 9., (152)

Vi=¢,, Vi=¢

where the functions ¢; obey the single condition
Mt ek*2 =y, ,=1. The set of (k+1) functions ¥,
manifestly obeys the equation

(o1 (er (a7 (@1 W) ) )..) =0,

All that remains is to express ¢; in terms of ¥;. As a con-
sequence of the definition of the matrix V and of ¥, we find

s
-1 —_y—2
].:.[ +1’ (P1=V1, (Pz—Vl Vz,...,

_ -2
Cre1=Vi-1V; Vi

The substitution of the expressions obtained for ¢ into the
previous equation completes the proof of the theorem.

The problem concerning the generalized Bargmann po-
tentials is solved according to the following theorem:

The solution of Eq. (15.1) has an analytic dependence on
the parameter \ of the form W=exp NzII7_ (a,—N\) if the
functions a. are defined from the condition of the vanishing
of the function

k+1

V= 2 c(Ng)exp xazH (ac—

a), )\k‘l‘l )\k+l

at n different points of the \**! plane, \*! (1<b<n). The
generalized Bargmann potentials u; are expressed in terms of
symmetric combinations constructed from a, and their de-
rivatives via quantities B!, which are defined from the ex-
pressions for the derivative of order s of the function W,

s—2 s
Al
‘I'[s]-()\s+23)\+2 o )\If
c=1

-\

as follows:

i—2
_pl —=_|pi _ I pi
=—Bi1= ( k+1 l__zoBk+lBl’

Bi=0, j<i+2. (15.3)
Equation (15.1) can be represented in the form
exp Si(exp 8 (...(exp &y(exp(—p¥))"...)’

=\t exp p W, (15.4)

where exp p,=J%_ | T1"_ 4, the J9 are the principal minors
of the matrix of the conserved integrals, and
652 _px—l+2psﬁps+l! p0:pk+l=0’
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. Al gk
Jij= 6i,_i+B{+CZl ngTC"_C)\_HT (15.5)
- c

for the null value of the parameter \.
After calculating the logarithmic derivative of ¥, we

obtain
( =1

For the sth derivative we have, by induction,

)‘I’ o'W,

\I,[.S:I:‘PS-\I,’ ‘Ps+l= ¢x+¢s¢l‘
With the help of these equalities we find recurrence relations
for AS and Bj.

Substituting the proposed form of W into the general
equation (15.1) and equating the quantities for different pow-
ers of A, we obtain expressions for the Bargmann potentials
according to the conditions of the theorem.

From the condition of the vanishing of the residues at the
poles at the points A=a_, we obtain a system of nonlinear
differential equations for the functions a.:

k-1 k-1
X,;HEA,;H_; Bj A=A - ,=21 Bis Ap=0.
(15.6)

We shall show that the a., as defined by the conditions of
the theorem, obey the relations (15.6). For this purpose, we
consider the Wronskian constructed from the functions ¥,,.
In the notation of the preceding sections, we obtain

n
Vi =¥, ¥,..., vl = H1 (ak+1—pk+),
e~

(15.7)

+EB)\+2

l)\+

n
= H1 (@ = NFHYWON N e gy ) et J
o

where W is the Vandermond determinant. The calculations in
(15.7) were performed by the standard procedure, i.e., by
subtracting the first column from the remaining one and re-
moving the factor ITXX} (A ,—\,), etc. It follows from (15.7)
that, up to W, ,V;4, is a polynomial of order n in the
argument \**! that vanishes as a result of the linear depen-
dence of ¥, in accordance with the conditions of the theo-
rem, at n points \i*! ie.,

n

Ve =Wee [T OG7 =24,

Consequently, V,, =W, W¥,... WUy lk+1l| = o Calcu-
lating this determinant in the same way as (15.7), we verify
that it has (15.4) as its consequence. To prove (15.5), we
make use of the fact that neither the Bargmann potentials u;
nor the equations (15.6) for A’ depend on the parameter \.
According to the Frobenius theorem, we have
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n
<p1=~1'.<>~=0)=H1 a,

e1p2=lim (A, — ) "W, W)= lim(A\,—\ ;) | 1A
A—0 A—0
n Al n
+2 : H (ac_)\l)(ac_)\Z)
c=1 ac )\ c=1

n

=1im [] (a.—\))(a—)y)
A—0 =1

Al
c=1 (ac_)\l)(ac—)\Z))

A n
) e H agJ(l’.

c=1

Continuing the reduction procedure, we find

s n
IT o5 et =timw (|, ¥,..., Wl =]] a2s°_,.
a=1 A—0 c=1

From this we see that all the statements of the theorem are
fulfilled, and the other form of the Bargmann potentials can
be found after the differentiation in Eq. (15.4).

16. SOLUTION OF THE PERIODIC TODA LATTICE
FOR THE A, SERIES'123

In this section a system of equations is constructed for
the scalar LA pair of the first fundamental representation
(k+1 dimension) of the algebra A, . Using the results of the
preceding section, its ‘‘wave function’’ and the solutions of
the periodic Toda lattice are obtained.

The highest vector of the first fundamental representa-
tion [|Z) ({/|]) satisfies the conditions

X:Ill):()’ <1“X;=Ohn“l>=8a,l’ <l||hn: 5(1,1'
The set of its basis vectors is as follows:

15, X718, x;xiln, X ..X;X7[);

L Xy, xyxy, (xTXS, X

We introduce the wave function {/||g||/) and, using (13.3),
calculate its derivatives with respect to z:
k

W= (llgly=(l| hp+ 2 Xa N1 gl
=p, W+ (IIX] glll)
or
exp pi(exp(—p W) =(lIX gll1).
Next,
(exp pi(exp(—p ®)) =(lIX{ gll)=(lX] (hp)gl1)
(X7 X5 gl

has as its consequence
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exp p,— pi(exp 8(exp(—p,¥))) =(I||X] X g|lI).

Continuing the reduction procedure up to the sth step,
we obtain

exp p;— ps—1(exp &, (exp J;—,...(exp Jy(exp
(=p1¥))) ) =X X5 .. X glll).
Finally, the (k+1)th step
(UIXY X5 X (hp+ N1 X))

(16.1)

=—pi(LIXT X5 . X gl +\
leads to the spectral equation

(exp Si(exp &i_;...(exp &y(exp(—p ¥))) ...)")

=\*1exp p V.

Similarly, by differentiation with respect to z we obtain
exp O;41(exp &;42...(exp Si(exp(—(p;
+p)¥))) ) =R DX XS LX), (16.2)

Eliminating the matrix elements of the element g from (16.1)
and (16.2), we obtain
exp ps— ps—1(exp &_(exp J;_,...(exp &,
X(exp(—p1¥)))"...))
=N*1exp 8,4 1(exp 8542...(exp S(exp(—(py
+p)¥))")' ),

(exp Sx(exp F—y...(exp 8 (exp(—p,¥))) ...)")

=\ exp p ¥,

(exp Sy(exp 8;...(exp Si(exp(—(p1+p)¥))") ..)")
=\"K*+D exp(— 8, V). (16.3)

The system of k+2 equations (16.3) is, in fact, a scalar LA

pair of the first (vector) fundamental representation of the

algebra A . The system (16.3) is invariant under the substi-
tution

-7, ‘I’——)CXP(—pI\I’), A—>A_y,

P17 P1> Pr+2-s—Ps—P1

(I1<s<k+1, pg+1=0), i.e., under the Weyl reflection of the
first simple root of the algebra A .

We shall seek the wave function of the system in the
“‘soliton’’ form

n

\y:exp(xzﬂ-lz)l_]l (@, —MAEFL

Eliminating W*) from the Wronskian || ¥, ¥,..., ¥ 4|, us-
ing the equation relating V¥, UlE and ¢ [the equation
with s=k in (16.3)], we obtain the equality

W, .. WK = A5+ exp(—(p,
+p)llw W, WAl
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Continuing the procedure of further elimination of the de-
rivatives with the help of (16.3), we get the following chain
of equations for the determinants:

W, W, WA=\ 1 exp(—(p,
+p)IW, .., w1 w )
= \2(k+1) exp(— (2p,
+pe NI, WA U )| =

=N E+D exp(—(sp,

Fppr - NIW W, Whh=s] sl |

=N exp(— (k+1)p)) W, WUA, @ | Nk

X (= 1)HEED|g g WU

where W =exp(—p,¥). The chain of equations (16.4), com-
pleted with two spectral equations, is completely equivalent
to the system of equations of the scalar LA pair (16.3). It
follows from the explicit form of the spectral equation with
respect to the argument z that the first term in the equality
chain (16.4) does not depend on z, and the last one does not
depend on z, and therefore each term of the chain is equal to
some constant.

As for the equations of the scalar LA pair in the form
(16.3), the following theorem, which generalizes the results
of the preceding section in a natural way, is valid.

The solution of the system of equations for the scalar LA
pair (16.4) is the wave function
W=exp(A\z+\"'2)I7_ (a.—\), where the a_(z,7) are de-
fined by the condition of vanishing of the function

(16.4)

k+1

V= Z c(xa>exp<xaz+x“>ﬂ (a,—Ng)
k+1

EE c \I, Ak+1:)\k+l
a=1 * ’

at n different points A *! of the \**'! plane (1<b<n). The
solutions of the equations of the periodic Toda lattice are
given by the relations

B a, s o n a, s—k—lwoo
CXPPs=H ()\_) -’s~1=H ()\_) Js—r-1>
c=1 c c=1 ¢

where the J? are the principal minors of the conserved inte-
gral matrix (see the preceding section) when A=0, and
Js_j—y are the principal minors of the matrix
J aJ(a~",\"'o) for an infinite value of \ [o is the con-
stant (k+ 1) X (k+ 1) matrix with 1 on its antidiagonal and O
in the other positions].

It follows from the results of the preceding section that
the first spectral equation (with respect to the argument z)
(16.3) is satisfied when the first expression for exp p, from
the formulation of the theorem is used; the second spectral
equation, which is obtained from the first one by the Weyl
transformation, is satisfied if the second expression for p is
used. Thus, all that remains for us to do is to prove the
consistency of these identifications. For this purpose we cal-
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culate the determinants in the equality chain. The first deter-
minant was calculated in the preceding section, with the re-
sult

n
[, =W T 05T =AY

For the simplification of all the following formulas we pro-

pose IT"_ A+ 1=1,
For the function ¥ =exp(—p,¥), we have

n n
¥=]I1 a7 expOretn'D]] (ac-))

c=1

—12—)];[1 (a;l

=(—1)"\" W (zoZ AN La—a™h).

=(—1)"\" exp(Az+X\ -\ hH

A common term in (16.4), rewritten in the adopted notation,
is calculated by the general scheme and leads to the result

exp(— pr+1-s

X(— 1)\ EED) | W, whE=s] sl |
n

=Wier exp(=pie1-s) [I 5T =2\F+ 1) det 4,

where the first k+ 1 —s rows of the matrix J¥* coincide with
those of the integral of the motion matrix J, with elements

no Akl k=14
- Sk+1—j ¢ c
Ji,j:5i,j+Bk+1—{+E D RN T

c=1 ac A
The quantities A,B are obtained from the corresponding
quantities A,B by a Weyl transformation. By virtue of the
condi_tion of the theorem, the determinant
W, W,..., wtk=sl glsl || vanishes at n points of the
A*1 plane. Thus, the determinant (which is a polynomial of

the nth degree in A™!) can differ from the Vandermond de-
terminant only by some factor. Finally, we have

n k+1 )\k+l

exp per1-s= 11 S

T det J*5.
c=1

(16.5)

This expression does not depend on \, and it is convenient to
calculate it when A=0, N=cc, In the first case, the matrix J
becomes an upper triangular matrix with 1 on the principal
diagonal; for this reason, from the last equality we obtain

n

k+1—s
exp pevi-5= 11 af™' =,

In the second case, J becomes a lower triangular matrix, and
so (16.5) results in

n

exp s =11 a;
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Thus, the theorem is proved, and one more expression (16.5)
is obtained for the solution of the periodic Toda-lattice equa-
tions for the series A,.

Let us now write some relations that are useful for con-
crete calculations. Introducing the function
F=3%t1c(\Jexp(\oz+\") and the notation s, for the el-
ementary symmetric functions constructed from a,,
1= tps... #2404y -..a4, We Tewrite the expression for the

function ¥, which appeared in the formulation of the theo-
rem, in the form

So= 1,

{I”,z E (_ l)csn—sF[.c],
c=0

F'(k+1):)\k+1F F’(k+1):)\—k_1F.

The system of equations for s; can be written in the form
n
2 (= 1), FiI=0, 1<b<n,
c=0

where each of the n functions F,, satisfies the equations
F(k+1) )\k+1F F(k+l) N, g,

For the matrix J ? j» we have a recurrence relation that relates
every row to the preceding ones and thus allows us to recon-
struct the matrix as a whole, using only the elements of its
first row. To do this, we take into consideration the fact that
in accordance with the definition of J° [see (15.5) and the
following formulas] the matrix elements J% appear in the

expansions of the functions ¢’ in powers of \. That is,
s s—=2

< s iy i
=N+ B
oS B

‘Psz)\:

s

n A © n As n As

c ; c 0 c

+§, —-+2 )\"z, '—]'+—['=BJ+E —T
c=1 4, j=1 c=1 a, c=1 a,

+E JONi= g} +2 JONL

The recurrence relations connecting the functions ¢* make it
possible to establish the dependence of interest,

F . . l
<P”‘=<p?>+21 JIN'=6"+ o' 0! = G5+ o) pg

+ ‘P(l)zl TN+ ‘Pf)zl IO

i—1

+Z A Z JoI0 k+2 JONE,

i—1
70
JO"‘POJ +‘P0"st+‘, +E ‘,s kt k*

In the last equation, the first two terms, being proportional to
the elements of the first and the sth rows, do not contribute to
the principal minors (one can show that they may be omitted
in the recurrence procedure as well)

Finally, we obtain
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i—1

0
S+ll +2"sk"kl k*

As in the case of the Toda lattice with fixed end-points, from
the solutions of the periodic Toda chain for the A, series it is
possible to construct solutions for some other series. The
system of equations of the periodic Toda lattice is invariant
under the substitution p,—p;;;-4, and, consequently,
among its solutions there are those such that p,=p;;1-4- A

direct check shows that in the case k=2n+1 the system of
equations of the periodic Toda-lattice series A,,,, goes over
into the system of equations of the periodic Toda-lattice se-
ries C,; and in the case k=2n, to the series (AB);.

17. GENERAL SOLUTION OF THE PERIODIC TODA
LATTICES637

Here we will consider the problem of constructing the
general solution of the systems under consideration: the so-
lution which possesses a sufficient set of arbitrary functions
for the solution of the Cauchy or Goursat problems. We use
the methods of construction of the general solution of the
Toda chain with fixed end-points. As is well known, the
algebra of the internal symmetry of the Toda lattice with
fixed ends is finite, and therefore we have a finite number of
terms in the expression for exp(—p) in its solution; in the
periodic case, the algebra of the internal symmetry is
infinite-dimensional and thus the number of terms in the cor-
responding expression is infinite. But it may be possible to
prove that as a consequence of the properties of the semi-
simple infinite-dimensional algebras of finite growth these
series converge absolutely.

From the beginning, for convenience we restrict our-
selves to the case of the one-dimensional equations which
arise from the general system of the Toda lattice:

r

f&=2

K, 5ex ,
929z f=h P PPs
%, d
m:expgl Ka,ﬁxﬁ,

where K, g coincides with the generalized Cartan matrix of
the semisimple infinite-dimensional algebra of restricted
growth. The generalized Cartan matrix for the graded alge-
bras of second rank brings this system of equations to the
form

d 2x,—2 i 2x,+2
azé'z_—exP( x1—2x,), 8zaZ_eXp( x1+2x3),
2, i P, s )(17.1)
zar SXP(2x1— X)), oe==exp(—4x,+2x)),
which, if the variables x,—x,, 2x,—x, are introduced,

yields the sine—Gordon equation %x/dzdz: =exp(2x) —exp(
—2x) and the Dodd-Boullow—Jeber—Schabat equation
Px/ dz07=exp x—exp(—2x), respectively, in the first and
second cases. Note that these equations together with the
Liouville equation 3%x/ 3zdZ=exp 2x are exceptional among
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all equations of the form §”x/dzdz=f(x) because of the
presence of the nontrivial internal symmetry group.

We know that in the case of the Toda chain with fixed
end-points a solution for exp(—x,) can be expressed, apart
from factors dependent only on z and z, in terms of powers
of repeated integrals of arbitrary functions. Let us assume
that such a structure is also valid for the solutions in the
contragradient case and rewrite the system (17.1) in the form
(henceforth we will use only the first system)

62x1 _

8Zaz—:‘Pl‘Pl exp(2x;—2x,),
(92x2

9207 = @,¢, exp(—2x;+2x,),

where ¢, ,¢p, are arbitrary functions of the argument z, and
@, ,p, are the same for the argument z. We have introduced
arbitrary functions into (17.1) (which can be done by the
substitution x,—x,+In ¢,+In ¢, and a further conformal
transformation), which play the role of inhomogeneities. Af-
ter the substitution exp(—x;)— X, the previous system be-
comes

#X, X, X,

1 "__—<P1<P1X2 (X3),

dzdz dz Iz

#X, 09X, X, . "
—_— = X7).

20202 07 9z P20:X7 (X))

In the brackets in these equations we give the right-hand side
for the second system of (17.1). In the finite case, X; are
polynomials in the repeated integrals, the first term being
equal to unity. Therefore, we assume that in the zeroth ap-
proximation in ¢; we have X, =X,=1. Then the equations
can be solved by iteration, where the small quantities are the
corresponding powers of ¢, ,¢,. The first-order approxima-
tion gives

_J dwljdzalz—ux?),

- [ dze. [ azr=- 222,

The results of calculations up to the eighth order are listed
below. It is worth noting that the proposed procedure for
solving the systems with the exponential interaction is also
applicable in the case of finite semisimple algebras. The only
difference from the case of infinite graded algebras is the
finiteness of the series in powers of the repeated integrals.
The results are as follows:

X,=2, (- xkxk=1-x!X1+2x2x2 - 4x3X}
k=0 s=1
K7 4v/4 44 S5vS SvS
—2X3X5+4X X+ 8X5X5— 8X3X] — 8X5X;
S¢S 66 66 66 66
— 16X5X 5+ 8X5X 6+ 16X5X5+ 16X5X5 +32x5X8
— 16X X | — 16X,X]— 16X X7 — 32X, X1 — 64X X
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+32X8X5+ 32X5 X5 + 64X X5 + 64X X g+ 64X X
8y8
+128X¢Xe.

The upper indices of x* (x*) indicate the order of the ap-
proximation, while the lower ones stand for the order num-
ber in it. The values of X are as follows:

I=(1), Xi=(12), X{=(122), X;=(121),

=(1212)+(1221), X;5=(1221),

X3=(12122)+(12212),
X5=(12121)+2(12211),
=(12211),
=(122121)+(121221),
X5=(121211)+3(122111),
X$=(121212)+(122121)+(21221) +2(122112),
X5=(122112),

where (ij...k)=[*dz,¢;[*'dz;¢j...[**~'dz,¢; and the X
are obtained from the X by the substitution ¢,—¢, z—2Z.
The term X, is obtained from X, by the replacement of in-
dices 1—2 in the expressions for Xj The number of terms in
X' will be called the length of X, L(X ). Thus, L(X?)=1,
L(Xz) =3, L(X3) =5, etc. Taking into account the fact that
(i,i,...,i)=(i)*/s! (where s is the number of repeated inte-
grals) and the obvious solution X; = X,=exp(—(1)(1)) when
¢1=¢,, we find from the definition that

> o(L(xb)?=k1,

from which it follows that for arbitrary functions ¢;, and
¢, bounded on the intervals (z¢,z) and (zy,z) we can es-
timate the term of the kth approximation as
kask
M _
o (a2 (=),

2 Cs Xka

where M is the supremum of the functions ¢, , on the inter-
val (z,z¢), and M is the same for the functions ¢, , on the
corresponding interval (z,zp). The series which gives the
solutions X, , converges absolutely. For this estimate it is
essential that all the terms of the kth approximation, as well
as all the terms in Xj-, enter with the same sign. This is a
direct consequence of the properties of the contragraded al-
gebras of restricted growth. To obtain closed expressions for
X5, which would allow one, in particular, to calculate any
term in the series, it is necessary to have some information
about the representation theory for such algebras.

The set of simple roots of the graded algebras of finite
growth X and its Cartan elements k , satisfies the system of
commutation relations

(X5 . X51=80p.hp, [hpg. Xy

where K is the generalized Cartan matrix. Classification
theorems and the explicit form of the matrix K for the alge-

Tl= KXY, (172)
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bras under consideration are well known. The Cartan matrix
for the considered equations (a,b) has the form

2 =2\ 2 -1

-2 2 -4 2/
In complete analogy with the finite case, the graded semi-
simple algebras possess a set of fundamental representations.

Each of these representations is determined by its highest
vector a) with the properties

X;a>=0, hﬁa>=6a,ﬂa),

and all the other basis vectors of the representation, which is
infinite-dimensional in this case, are constructed by succes-
sive applications of the generators of the negative simple
roots to the highest vector. The properties of the graded se-
misimple algebras allow one to construct an invariant bilin-
ear form in the representation space. To calculate the scalar
products of basis vectors of the representations with the
highest vector it is sufficient to know only the background
commutation relations (17.2).

Now we describe the method of constructing the solu-
tions for the case of arbitrary semisimple graded algebras of
finite growth. First of all, two equations of the S-matrix type
must be solved:

9z

oM _ ~
—==M_L"(2),

- +
M+L (Z), 82—

where

r r
Lt= 21 ea()X), L™= 21 Pu(DX, .
a= a=

The functions ¢,(z), ¢,(z) contained in the definition of the
Lagrangians L™ are arbitrary functions of their arguments.
The solutions of the S-matrix equations can be represented in
the form of ordered integrals, but the number of terms in this
expansion will be infinite. With our notation and definitions
for the X ,, for arbitrary semisimple algebras of finite growth
we have

X,=(a|MI'M_|a). (17.3)

The results of the beginning of this section obtained by the
methods of perturbation theory are in fact special cases of the
general formula (17.3).

Coming back to the beginning of this section, for the
solution of the sine-Gordon equation we have

exp 1= 0{761 XX,
where in the expressions for X, which follow from (17.3)
we must put ,=¢; ', ¢,= @ '. For the solution of the sec-
ond equation we obtain
expx=¢, 8 X2X1 %, =91, =6,
It should be noted that at present we have no proof of (17.1)
except for the series expansion in powers of repeated inte-
grals and a direct check of the validity of (17.3) in each
order.
Thus, in the considered case the form of the general
solution of the periodic Toda lattice is the same as for the
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Toda chain with fixed end-points. The main difference is that
in the case of finite-dimensional algebras the series (given by
perturbation theory) are finite, while in the case of infinite-
dimensional algebras they are infinite. But the requirement of
restricted growth guarantees their absolute convergence.

Now it is not known how to choose the ‘‘creating’’ func-
tions ¢, for constructing the soliton solution of the preced-
ing section, and what is the criterion for summation of the
series corresponding to this situation. This is an interesting
unsolved problem.

18. SOLUTION OF THE MAIN CHIRAL PROBLEM
WITH MOVING POLES BY THE METHODS OF THE
RIEMANN PROBLEM?38:3°

In this section, by a special choice of the coefficient
function of the homogeneous Riemann problem we show
that its solution is connected with the main chiral-field prob-
lem with moving poles. This approach is by no means
unique; the method of the Backlund transformation leads to
the same results.

The main chiral-field problem with moving poles is de-
scribed by the equation

#*F |9F JF
dEIE | 9E™ IE
We illustrate the general scheme of its integration by the
example of the simplest case of the SL(2,C) algebra. Let the
homogeneous Riemann problem on some contour have its
usual form (2, =Q_, where (). are the boundary values

of two functions analytic outside and inside the contour, re-
spectively. The element () is chosen in the form

a b(-)-\;‘f:)
A—¢&

c()\—{) d
A—=¢

where a,b,c,d (ad—cb=1) are arbitrary functions of the
argument N with no singularities under analytic continuation
inside the contour; the points A=¢, >\=E, A=0 lie there. The
condition in the neighborhood of infinity in the A plane is
Q,—1+fI\

Let us rewrite the Riemann problem in the following
form, which is more useful for our purpose:

“ g | PN

c d + = EXp| niin )\T§ —2' -
where ﬁ+=exp[-n ln[()\zf_)/(}\-g)](H/2)Q+] with the
new asymptotic condition ), — L +[f+(n/2)(§—&)1/A=1
+ F/\. The problem (18.1), rewritten in differential form,
becomes

(£-9) +

(18.1)

5 -5 H
A=8(Q)(Q) = -5 Q) +07! 22_ a._,
R = H
A=) "D =(A-H Q) ;-7 ”_2_9‘_
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Taking into account the Liouville theorem and the properties
of the Riemann problem, we conclude that both of these
expressions are polynomials in the whole complex plane.
The additional asymptotic condition is that the degrees of the
polynomials are zeros. Calculating these polynomials in the
neighborhood of infinity and at the point A=0, which lies
inside the contour, we have

F=—£G™'G;, Fy=—&G™'Gy,

n ¢
G=exp[— 5 In z HQ(O)}.

Making use of the Maurer—Cartan identity, we now conclude
that F satisfies the equation of the main chiral field with
moving poles.

Let us find the solution of the Riemann problem in the
form

n n £,
Z (A= E)s 21: ()\—f):

g -
Z (A=8)* 21:

(A — §)s

where e;,f;,8,,h; are 4n parameters, chosen so that the
element {)_ has no singularities at the points A=¢, A\=§. We
denote by ¢ (y) the first s terms of its expansion in a Taylor
series near the point A=y, i.e.,

(A y)s

A—
es(y)=0()+— w(y)‘”+ A+ ().

For the matrix element (€2-);,; we have

Qo) .—a(x)+21 c;\_(‘)g—e)sf

" b)),
1D e

a(M)—a,_(§)e;

’a()\)+2 ()\ g)s
S BNA=E"T = (BNA= "), -1 (£)g;
2 0"
a,—(&)e; (BONA=E)"),-1(8)g,
@ =2y E 0" '

Within the contour C, the singularities may have only the
terms of the last line of the previous equality. The absence of
them in (Q0_),, is equivalent to the zero values of the resi-
dues up to the nth order in the above-mentioned expression.
The same conditions on the matrix elements
(Q2)12,(Q-),,,(Q),, lead to systems of linear algebraic
equations which determine the unknowns ¢;.g,.f,,h;. [n
what follows we shall write them in the form of n-ordered
columns. We have

508 Phys. Part. Nucl. 27 (5), September- October 1996

T (¢ e+T_(££)8=0

[ (e Hf+T_(£HR=T
(T_(£8) 'e+T(@)g=-T
(T_(&,8) ' f+T . (9)h=0

where I',(¢) (I'(¢)) are upper triangular matrices all of
whose elements parallel to the main diagonal are the same
and equal to (1/s1)e®(9 ((1/s!)@'(£)), where s is the
distance from the main diagonal. On the main diagonal there
is the function @(&) (@(£)) by itself; in the next place, its
first derivative, and so on. The functions ¢(§), @(&) are re-
lated to the matrix elements of the homogeneous Riemann
problem by the expressions

a __ d —
<P(€)=3(>\=§), <P(§)=;(7\=§),

Fi(e)l 1 (0)=T 1 (p102).

The :vth oW _of the lower triangular matrix,
I_(&&€)=T_(¢—&=T_(x), consists of terms of the bino-

mial expansion (1+x)° [[_(—x)=("_(x))"~ :

¥}
N
=
—

- o O O o O

n n—1n1 n—22
xt X", x"TTOC

(—nc,™!

Y
(-0

(-0 ich
(—x)"
In accordance with the previous results, the solution of the
main chiral-field problem with moving poles is determined

by the asymptotic form of the homogeneous Riemann prob-
lem, and its explicit form is

H+fX,.

F=g1x_+(el+<f—£)§

The explicit expressions for ¢,=—h,,g,.f, as a solution of
the system of linear algebraic equations can be represented
as a sum of elements of an nX n matrix, which we denote by
the letters corresponding to e,g,h,f:

1
G=(p_—¢4)"", E=- 3 (p-+o)(e-—ey) !,

F=—¢_(¢-—9:) oy,

where ¢_, ¢, are the lower and upper triangular matrices
with equal elements at equal distances from the main diago-
nal. They can be written as

s __ 1 (9s_ s
Q= D) e T (&— f) ag
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R T A ~, 0
=G ng(f*f) I
s=12,...,0° = (&), &)=¢(%).

Now we consider some more simple examples. Let n=1.
In this case, all the matrices G,E,F are one-dimensional, and
the solution of the main chiral-field problem takes the form

1 1l oto o
X ‘P‘PH PP

This is no more than (apart from a gauge transformation) the
’t Hooft solution in the spherically symmetric case.
Let n=2. All the matrices in the problem are two-
dimensional. The matrices ¢. have the form
¢ x¢

— |, P_= P >
0 ¢ —xo' ¢
where the dot and the prime denote differentiation with re-

spect to the independent arguments & and £, respectively; as
before, x= (¢ — ¢). For the solution F we obtain

P+=

L8+ 2(p" + $DX  +(8(5+ @)+ x(G9' +oPNH

—(2¢pd+tx(¢*¢'+0*9))X ],

where D=8*—x2¢¢’ and 6=¢—@. The expression for the
““instanton’’ charge density for the main chiral-field problem
with moving poles was established in Sec. 1. For arbitrary n,
the solution of the present section becomes
Det(p_—¢,) 1 F (=97

— 2 - — —

(§-8)" (-8 |oko¢ 2

& : Det(¢_— @)

q°In

—In =2
(2123 (£-9)
If the functions ¢ and ¢ are chosen in the ‘‘pole’” form
Y c y c
s —_ S
=2 D
1 &+iag 1 é+iag

where c; ,a; are real parameters, then after substitution into
the charge density and integration over the invariant measure
we find the whole charge equal to N (N=n).
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