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The dynamics of condensed media with spontaneously broken symmetry is considered on the
basis of the Hamiltonian formalism. A method is formulated for obtaining the Poisson

brackets of dynamical variables based on specification of the kinematic part of the Lagrangian
and interpretation of the integrated terms in the variation of the action as the generators

of canonical transformations. Differential conservation laws associated with the symmetries of
the Hamiltonian of the system are studied. Examples of canonical transformations that

play an important physical role are considered, and their generators are obtained. The connection
between the Hamiltonian and Lagrangian approaches is established. Specific physical

systems studied in the review are liquid and quantum crystals, many-sublattice magnets,
superfluids (“He, *He-B), and nematic elastomers. © 1996 American Institute of Physics.
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1. INTRODUCTION

The Hamiltonian formalism is an effective method for
constructing nonlinear dynamical equations for many physi-
cal systems. The Hamiltonian approach played a most impor-
tant role in the creation of quantum mechanics'? and quan-
tum field theory.?~® It has also been widely used in the theory
of exactly integrable systemsé‘8 and in the construction of
perturbation theory for weakly perturbed nonlinear equations
when an exactly integrable problem is taken as the zeroth
approximation.’ In this last case, the method of averaging
proposed in Refs. 10 and 11 can be used effectively, and also
the idea of a hierarchy of space—time scales, which are the
basis of modern kinetic theory.'? The Hamiltonian approach
makes it possible to investigate the dynamics of both classi-
cal condensed media and macroscopic quantum objects. For
classical condensed media, the Hamiltonian formalism has
been developed for normal liquids,'>'* solids,'*~'7 and liquid
crystals.'®?° For quantum condensed media, the approach
has been applied to superfluids,2'~2* magnets, 2~27 and quan-
tum crystals.28

In the Hamiltonian approach, a decisive role is played by
the definition of the Poisson brackets (PB) of the dynamical
variables. In the case of condensed media, in contrast to or-
dinary mechanical systems, the PB of the dynamical vari-
ables have a nontrivial structure. For normal physical sys-
tems, a reduced description in the hydrodynamic stage of
evolution can be constructed by using the densities of the
additive integrals of the motion, the PB of which are well
known. To describe systems with spontaneously broken
symmetry, one introduces additional hydrodynamic param-
eters, which are not associated with conservation laws but
are due to the existence of the broken symmetry. It is the
construction of the Poisson brackets for these variables (both
with the densities of the additive integrals of the motion and
with one another) that is the main difficulty.

In Ref. 16, the Poisson brackets were derived by consid-
ering the variations of the variables under the group transfor-
mations corresponding to the broken symmetry of the sys-
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tem. In a number of cases, the PB were obtained by replacing
the commutators, calculated in quantum mechanics, by Pois-
son brackets. In the approach proposed here, the decisive
role in obtaining the PB is played by the structure of the
kinematic part of the action (or the Lagrangian); the kine-
matic part is defined as the part that contains the time deriva-
tives of the dynamical variables linearly and homogeneously.
Namely, we shall show how it is possible to obtain the PB
for the variables of several physical systems by proceeding
from transformations that leave the kinematic part of the ac-
tion invariant. The integrated terms in the variation of the
action are interpreted here as the generators of these trans-
formations. An important feature of the approach is the in-
troduction of additional hydrodynamic variables in terms of
the quantities conjugate to the densities of the additive inte-
grals of the motion. In the clarification of the structure of the
kinematic part of the Lagrangian, an important role is played
by the construction of the translation operators and their den-
sities for the various physical fields that appear in the action.

On the basis of this approach, we consider classical con-
tinuous media (elasticity theory, hydrodynamics, some
phases of liquid crystals, nematic elastomers) and also mag-
netically ordered and superfluid systems.?

In the case of the classical continuous media, having
established for them the PB algebra of the dynamical vari-
ables, we separate out in each case from this general algebra
closed subalgebras of variables of the system in order to
describe the considered physical state. A closed dynamics is
then obtained under the assumption that the variables that do
not belong to the subalgebra are cyclic (the Hamiltonian H
does not depend on such variables). This enables us to trace
in a unified manner the way in which it is possible to obtain
the well-known equations of elasticity theory, hydrodynam-
ics, and the dynamics of liquid-crystal phases from the gen-
eral dynamical equations of continuous media.

In the study of magnetically ordered systems, we find the
general PB algebra that corresponds to a magnet with com-
plete symmetry breaking with respect to spin rotations, and
as subalgebras we separate the PB of the variables that de-
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scribe a uniaxial helical magnet and an antiferromagnet. We
also show how it is possible, proceeding from the expression
for the kinematic part of the action in terms of the general-
ized coordinates and momenta, to obtain the PB for the vari-
ables of a quadrupole magnet. We also consider the dynam-
ics of magnetoelastic media for which the dynamical
variables include both variables corresponding to continuous
media and variables corresponding to magnetism.

In the study of systems with broken phase invariance, we
consider quantum crystals and the “He, *He-B superfluid
phases, and we also take into account the spin degrees of
freedom in the dynamical equations of quantum crystals
(quantum spin crystals).

We emphasize that the inclusion of the additional ther-
modynamic parameters not associated with conservation
laws (order parameters) in the complete system of nonlinear
hydrodynamic equations is not a trivial problem. To consider
these problems, we use the Hamiltonian approach, which
makes it possible, without loss of physical transparency, to
obtain consistently nondissipative hydrodynamic equations
that take into account automatically the required symmetry
properties of the Hamiltonian and also to find the flux den-
sities of the additive integrals of the motion in terms of the
densities of the additive integrals of the motion. We now turn
to the fundamentals of the formalism.

1. FUNDAMENTALS OF THE FORMALISM

We represent the Lagrangian of the system in the form

L=Lk(‘P"I:’)“H(‘P)Ef d’xF o(x;0) @ o(x)—H(p),
(1.1)

where L,(, ) is the kinematic part of the Lagrangian, H ()
is the Hamiltonian, and F ,(x;¢@(x')) is some functional of
the dynamical variables ¢,(x). We consider infinitesimal

transformations of the field variables ¢ (x):
Po(X,1) = @o(X,1) = @ o(x,1) + S@,(x,1) (1.2)

(in what follows, we shall not explicitly show the argument ¢
in the dynamical variables and their variations). The varia-
tion of the action W= [ :det due to the transformations (1.2)

has the form

t
5W=G(t2,<p)—G(t1,(p)+f2dtf d’x" Spp(x")
n

X

, SH
fd3x1pa(x’,x;sv)%(x)—m), (1.3)

where

G(t,¢)=f dXF o(%,0) 0 o(%);
OF g(x";9)  OF o(x;9)
0@a(x) Spp(x')

It follows from the principle of stationary action that the
equations for the field components ¢, (x) have the form

Jap(x,x" ;)=
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Here the inverse matrix J ;é(x,x’) is defined by

bul)= [ 3 pex" ) (1.4

f d3x”Ja,,(x,x")J;ﬂl(x",x’) =0,p0(x—x").

By virtue of the antisymmetry of J,5(x,x") with respect to
the substitutions B, x> x', the matrix J,g(x,x") is non-
degenerate only in the case of an even number of the vari-
ables ¢ (x).

We define the Poisson bracket of arbitrary functionals A
and B of the dynamical variables ¢, (x) by

J—l( ’. ) 6B
S (x) " e ) 5o (7Y
(1.5)

Then the equations of motion (1.4) take the Hamiltonian
form

Pa(x)={eu(x),H}.

It follows from the definition (1.5), with allowance for (1.3),
that the PB of the arbitrary functionals A and B satisfies the
relations

{A.B}=—{B,A},

{A,B}= f d*xd*x’
(1.6)

{AB,C}=A{B,C}+B{A,C}
and the Jacobi identity
{A{B,C}}+{B.{C,A}}+{C.{A,B}}=0.
This last identity holds by virtue of the equation
6J o5(0) U g, (@) T yal@) _
Sp(x)  Spu(x)  Seglx)

Note that Hamiltonian mechanics in arbitrary variables
for systems with finite degrees of freedom were studied by
Pauli®® (see also Ref. 31), who, in particular, obtained PB
analogous to (1.5).

We consider finite transformations

(1.7)

The transformations (1.7) are called canonical if the follow-
ing condition holds:

o) = @o(x)= @y (x;0(x")).

f d3xFa(x;¢)5¢a(x)—f d*xF (x;9") 8L (x)=50(p).
(1.8)

Here Q(¢) is some functional of the dynamical variables ¢,
that depends on the structure of the canonical transforma-
tions. Since the relation (1.8) is equivalent to

'
ﬁ; =Fq(x,0)— f d*x\F\(x1,9") %%);(Ti%, (1.9)
we can, by taking into account the formula
5’0 5’0
S0a(x)005(x") ~ Spp(x")6pa(x) ’
represent the condition of canonicity in the form
Isaev et al. 180



Jaﬁ(x’x,;‘)o)

dox(x1) dg,(xy)
= | &3 ,d’x - J X239").
Jy 1 2 6‘Pa(x) 5(,0.3()2") )\V(xl Xy, P )

(1.10)
In the case of infinitesimal transformations
Po(X) = Po(X) = Po(X) + 80 o(x;0(x")),
the relation (1.9) becomes
f X gt '3 0) Spg(x') = s
g A 8¢a(x)’
G=0Q+ f dXF o(x,0)80,(x),
or, with allowance for (1.5),
¢ o(x)={pa(x),G}, (1.11)

where G is the generator of infinitesimal canonical transfor-
mations. It is readily verified that the PB (1.5) is invariant
with respect to the canonical transformations (1.7) and
(1.10).

We now consider transformations (1.7) that leave the
kinematic part of the Lagrangian invariant. Such transforma-
tions satisfy the relation

Spp(x";p)
8pq(x) ’

and, in accordance with (1.9), are canonical with Q(¢)
=const. For infinitesimal transformations, this last equation
can be written in the form (1.11) with the generator
G=[d’xF ,(x;9)8¢,(x), determined by (1.3). The inter-
pretation of the integrated terms in the variation of the action
as generators of infinitesimal transformations was first imple-
mented for the quantum case by Schwinger.

The considered class of variations can be extended by
adding to the Lagrangian a total derivative with respect to
the time of an arbitrary functional x(¢). The corresponding
equation for the extended class of variations has the form

Fa(x;<p)=J d*x'Fy(x';0')

5
d*x'J p(x,x";0) B g(x')— ——
| @xttupteints 080550~ 5255

ox ()
5‘P,3(x')
For finite transformations (1.7), the condition of invariance

of the kinematic part of the Lagrangian can, with allowance
for the indeterminacy in the choice of L,

ox(e) .
) ©a(x),

X G+f dx’

Spg(x')|.

L—»L’=L+fd3x

be written in the form

e [ .oy 2085 0) | Ox(e")
d “(""")_J EHF"0) 5o e
ox(¢)
" 3pa(x) (112)
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The transformations (1.7) and (1.12) are canonical with
0=x(¢")~x(o).

In the framework of the Hamiltonian approach, one can
readily formulate the differential conservation laws associ-
ated with the various symmetry properties of the Hamil-
tonian. The equation of motion for the density of an arbitrary
physical variable A= [d*xa(x) can be represented in the
form

d(x)={a(x),H}={A,e(x)}— Viay(x),

where

(1.13)

1
ay(x)= J d’x’'x;, jo d\{a(x+Ax"),e(x—(1—=N)x")}.

If A is the generator G of a symmetry group of the Hamil-
tonian, then Eq. (1.13) has the form of a differential conser-
vation law (see below). At the same time, the generator G

itself does not depend on the time. Indeed,
G={G,H}=—{H,G}=—-6H, (1.14)

where JH is the variation of the Hamiltonian due to the
transformations (1.11). Hence, if 8H =0, then also G =0.

Setting in (1.13) a(x)=p(x), where p(x) is the matter
density, and assuming that

{M,e(x)}=0, MEJ’ d3xp(x),

we obtain the differential conservation law for the mass den-
sity:

p(x) ==V jp(x),

1
jk(x)=J d3x’x,'cf0 d\{p(x+Ax"),e(x—(1—=N)x")}.
(1.15)

Here j, is the mass flux density.

If a(x)=m;(x), where 7;(x) is the momentum density,
and the energy density satisfies the condition of translational
invariance

{Pi(x),e(x)}=V;e(x), PiEf d*xmi(x),

then from (1.13) we obtain the differential conservation law
for the momentum:

mi(x)=—Viti(x),
1
t,-k(x)=—e(x)6,~k+f d3x'x,'(f dN{m;(x
0

+Ax"),e(x—(1—=N\)x")}. (1.16)

Here ¢ is the stress tensor.

In (1.13), we set a(x)=s,(x), where s,(x) is the spin
density. If the condition of rotational invariance of the en-
ergy density with respect to spin rotations is satisfied,

{Sa-e(x)}=0, S,= f dPxs o x),
then (1.13) leads to the conservation law
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‘s:a(x) : - ijak(x)’

1
Jak(X)= j d3x'x,’cjo dM{so(x+Ax"),e(x—(1

—N)x")}. (1.17)

Here j,; is the spin flux density.
For a(x)=¢&(x), we obtain from (1.13) the differential
conservation law for the energy:

£(x)=—V,qi(x),

qk(x)=%fd3x’x,£foldx{e(x+xx’),s(x—(1—)\)x’)},
(1.18)

where g, is the energy flux density.

2. DYNAMICS OF CLASSICAL CONTINUOUS MEDIA

We now consider the dynamics of continuous media.*?
In terms of the Lagrangian variables &, the position of a
particle of the medium is characterized by functions x;(&,f)
(the Lagrangian coordinates & can be regarded as the coor-
dinates of the particle in the initial position corresponding to
the undeformed state). We write the Lagrangian of the sys-
tem in the form

L=L;— j dEs(6), (2.1)
where g(&)=¢g(m(&);0x/9€) is the energy density, a func-
tional of the derivatives dx;/d§;, L is the kinematic part of
the Lagrangian,

L= PEa®, Ao=m@wO. @2
and 7r;(£) is the momentum density in the Lagrangian vari-
ables.

In the expression (2.2) for the density of the kinematic
part L (&), we go over to the Eulerian variables x;, . For this,

we introduce the displacement vector of the particles of the
continuous medium in accordance with

xi(1)=&itui(x,1). (2.3)
Noting that
bij(x)jj’__di(x)a bij(x)=5ij_vjui(x), (2.9)

we represent the density of the kinematic part of the La-
grangian in the form

F(x)=m(x)b; (x)i(x), (2.5)
where
J
mi(x)= é‘ i(£)

is the momentum density in the Eulerian variables. Using
this kinematic part, we can obtain the PB for the variables
u;(x),m;(x). In addition, to formulate the equation of adia-
baticity, we need the PB that contain the entropy density
o(x). To find these PB, we rewrite the kinematic part of the
Lagrangian in the form
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Z(x)=p j(x)ii(x)— o(x) (x), (2.6)

where

p(¥)=(mi(x) = a(x)V;h(x))bj;' (x).

The variable ¢(x), which is conjugate to the variable o(x), is
introduced into the kinematic part of the Lagrangian for-
mally, and when we write down the equations of motion will
be regarded as cyclic (the Hamiltonian H does not depend on
i). The origin of the second term in (2.6) is rather transpar-
ent, but the structure of p; requires clarification. For this, we
note that the momentum density r;(x) in (2.5) is associated
with translations in the space of the variables u;(x),;(x).
On the introduction of the new variables o(x), ¥(x), the mo-
mentum density 7;(x) then becomes associated with transla-
tions in the complete space of the variables
u;(x),m(x),0(x),¥(x) and can be represented in the form

mi(x) = (x) + ] (x),

where #¥(x) is the momentum density associated with
translations in the space of only the variables u;(x),m;(x),
while 7r7(x) is associated with translations in the space
o(x),y(x). As will be seen later, 7 (x) is given by

77 (x)= o (x) Vih(x)

[this formula can be readily anticipated by noting that y(x)
and —o(x) are generalized coordinates and momenta].
Therefore, the momentum density 7 (x) associated with the
translations in the space of the variables u;(x),;(x) has the
form

7 (x)=m(x) = o (x) Vih(x),

and it is from this that the structure of p; in (2.6) follows.
These arguments are merely heuristic and not rigorous. Note
that in accordance with the general formalism it would be
necessary to find the inverse matrix J ;,; in order to obtain the
PB of the basic dynamical variables. However, we shall pro-
ceed differently and adopt the following scheme. First, we
find certain infinitesimal canonical transformations 8¢, (x;¢)
that leave the kinematic part of the Lagrangian invariant.
Knowing, on the one hand, their explicit form and, on the
other, representing d¢,, in the form

8¢q(x) ={p(x),G}

with generator

G= f A>XF o(x,0) 5 ()

(we retain here the general notation and for convenience give
once more the expressions of Sec. 1), it is easy, by compar-
ing the left- and right-hand sides of (1.11), to find the PB of
the various dynamical variables.

In particular, it is readily seen that the variations

8pi(x)=60(x)=0, bui(x)=fi(x), Op(x)=x(x)
(2.7)

[where the functions f;(x) and x(x) do not depend on
u;(x),pi(x),0(x),¥(x)] leave the kinematic part of the La-
grangian (2.6) invariant. Representing them in the form
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dp(x)={pi(x),G}, Sux) ={u;(x),G},

oo (x)={o(x),G},  o(x)={¢(x),G},

where G, the generator of the transformations (2.7), is

(2.8)

=f x(pi(x)fi(x)— o(x) x(x)),
we obtain from (2.8) and (2.9) the PB
{ui(x),pj(x")}=08;;0(x—x"), {o(x),¥(x")}=6(x—x")

(2.10)

(2.9)

(we have given only the nontrivial PB). We can now find the
PB of the physical variables u;(x),;(x),0(x),¥(x). It is
readily seen that from

{mf (). p(x")}={m}(x),a(x")}=0,
where

mF(x)=mi(x) = o(x)V;g(x)=p j(x)bi(x)
we obtain

{mi(x),0(x")}=—0(x)V;6(x—x"),

{mi(x), ¢(x")} =V ih(x) d(x—x"). (2.11)
With allowance for (2.10), for 7{(x)=0(x)V;(x) we ob-

tain
{7 (x), 77 (x") =7 (x)V]6(x—x")— 7] (x" )V 6(x—x").
Hence and from
{pi(x),px(x")}=0
we obtain

{m:(x), m(x")} =7 (x) V] 8(x—x") = my(x")V; 8(x—x").
(2.12)
The first of the relations (2.10) leads to the equation

{ui(x),’”k(x')}=bik(x)5(x_x')-

Equations (2.10)—(2.13) determine the system of nontrivial
PB of the continuum:

{o(x),¢(x")}=6(x—x"),
{mi(x),0(x")}=~0o(x)V;8(x—x"),
{mi(x), 9(x")}=V,;(x) 8(x—x’),
{ui(x), m(x")}= by (x) S(x—x7),

{mi(x), m(x")} = (x)V; 8(x—x") —m(x" )V H(x—x").
(2.14)

We now note that if p is the matter density per unit unde-
formed volume, then the true density p is determined by

(2.13)

p=p det(b;;). (2.15)

Taking into account (2.13) and (2.15), we find the PB of the
variables p(x),m;(x):

{mi(x),p(x")}=p(x)V; 8(x—x"). (2.16)
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We now turn to the dynamical equations of the continuous
medium. In the general case, the Hamiltonian of the system
has the form

H= f d*xe(x), e(x)=e(x;0(x"),m(x"),b;j(x)).

Here &(x) is the energy density in the Eulerian variables; it is
a functional of o(x),m;(x),b;;(x) (the variable ¢ is cyclic)
and is related to the energy density in the Lagrangian vari-
ables by

g(§)-

e(x)= ‘0§

Note that by virtue of the invariance of &(x) with respect
to translations of the Lagrangian coordinates [which will be
assumed in what follows; see (3.12) and (3.14)] the energy
density £(x) depends, not on the u;(x) themselves, but only
on their derivatives du;/dx; or, which is the same thing, on
b;;(x). Therefore, as dynamical variables it is convenient to
choose, besides the remaining variables, the quantities b;;(x)
directly. Their nonvanishing PB with the momentum density
ri(x) is

{bij(x), m(x")}=—bi(x")V;6(x—x").

Using the PB (2.14) and (2.17), we obtain the dynamical
equations of the continuous medium in the form

(2.17)

_ SH \ .
o(x)= _Vi( o(x) m) ,» bu(x)=

Woo )
u(x) ](x)

) SH ( S6H
wi(x) Tr(-x)vl 6 J(x) l(x) 57r](x))
OoH
—b(X)V; =—— ) —o(x)V; —— 5o ( )" (2.18)

In the theory of continuous media, it is customary, in place
of the second equation in (2.18), to write down an equation
directly for the displacement vector:

I'ii(x)z l](x)

o (x)

If we assume that the Hamiltonian of the system possesses
the property of Galilean invariance,

— ’ _f 3 772(x)
H—Ho“l"V(b(X )), HO_ d’x zp(x). (2.19)
then from (2.18) we obtain
. [ 7T,-(x)
¢(x)= V.-(a(x) 3 )
. j(x)
bi(x)= =V ( bij(x) ’(x) )
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o m@me
Wi(x)— V_] p(x) bki(x)vj 5bk](x)
%
—o(x)V,; o) (2.20)

If the density of the interaction energy v(x) [V=[ dxv x)1]
depends on b(x), o(x) only locally, v(x)=v(b(x),0(x)),
then for the last of Egs. (2.20) we have

'1T,~’TTj

v
—vto (9_0'. 6,'1'.
(2.21)

#iz_Vjt[j, t,'j=

In what follows, we require the property of invariance of the
Hamiltonian of the continuous medium with respect to rota-
tions, which we write in the form

de(x) 5
{ncgire(x)}=8iklxkﬁ',—’ Zi= | dxeygxpm(x).

(2.22)

3. DIFFERENTIAL CONSERVATION LAWS

We consider the physical interpretation of some transfor-
mations that leave the kinematic part of the Lagrangian in-
variant. Let x;—x] =x](x) be an arbitrary finite transforma-
tion under which the displacement vector transforms in
accordance with the law

(3.1)

[the law (3.1) corresponds to displacement of the particle
with the Lagrangian coordinate § from the point x; to the
point x;]. Since u](x',t)=u;(x,t) [the functions x](x) do
not depend on ¢t] and

ui(x,t)—ui(x' t)=uy(x,t)+x;/ —x;

v, oxg
bij(x )=b;s(x) o
J

[see (2.4) and (3.1)], the density of the kinematic part of the
Lagrangian can be rewritten in the form

l; ’
$k=(7ri'(x’)—0"(x')V;1//'():’))‘72— bl x )i (x")

ax’

| (),

—o'(x")

where we have defined the transformation law of the mo-
mentum density

axg
ox!

4

y(x) (3.2)

ox
‘Nﬂ*ﬁﬁﬂ%av

and of the quantities ¥Ax) and o(x),

o(x)
(3.3)
in such a way that the kinematic part L; of the Lagrangian is

invariant with respect to the finite transformations x;—x/
=x/(x). In the new variables, for L, we have

ox
()= (x")=¥(x), o(x)—o'(x')= l—

ax'
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Le= [ @ o) i)~ ()i (2]

= J d’x{pj(x)uj(x) =o' (x)§' (x)}, (3.4

where

pj(x)=(m(x)— o' (X)V;¢f' (x)b]; ' (x).

It follows from (3.4) that the variations of the dynamical
variables u;(x),;(x),¥(x),0(x) under infinitesimal trans-
formations x;—x; =x;+ x;(x),|x;(x)|<1, must be defined
by

f(x)=f"(x)=f(x), f={u;., 7 ¢¥,0}.

Taking into account (3.1)—(3.3), we obtain for thé variations
(3.5)

5ui(x)=bij(x))(j(x)’ oP(x)=—xi(x)V;(x),
do(x)=—V,(xi(x)o(x)),
omi(x) ==V j(xj(x)mi(x)) = m;(x) V;x;(x). (3.6)

In accordance with the general theory, these variations
leaving the kinematic part of the Lagrangian invariant are
infinitesimal canonical transformations with the generator

(3.5)

G= f dPxm(x)b; (x) uy(x)= f d3x7(x)xi(x).
3.7

We consider the transformations (3.6) for x;=const:

Sp(x)=—xi(x)Vih(x),
dmi(x)=—x;(x)V ;m(x)

(3.8)
The variations (3.8) correspond to infinitesimal translations
of the Eulerian coordinates dx;= yx;, 6§ =0 [with allowance
for the constraint &;=x;—u;(x)] with the generator

Sui(x)=xi— xxViui(x),
do(x)= —xi(x)V;o(x),

G=xiPy, Pk:j d*xmi(x). 3.9
From (3.8) and (3.9), we find
de(x)={e(x),G}=—x;Vs&(x) (3.10)

and, therefore, 6H = 8(fdxe(x))=0. Therefore, in accor-
dance with (1.14), P, is an integral of the motion and can be
interpreted as the momentum of the medium. With allowance
for (1.14) and (3.10), the differential conservation law for the
momentum density of the medium has the form (1.16). If the
Hamiltonian of the system possesses Galilean invariance [see
(2.19)], then for the stress density #;;, we obtain
0 T T

_,0 ’ —
p=tiptty, ;= P

1
tik=—v(x)6,-k+J’ d3x’x,'(f dN{mi(x+Ax"),v(x—(1
0

—=N)x")} (3.11)
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We now consider infinitesimal transformations (2.7) with
fi=const, y=0:

Su(x)=f;, OY(x)=0, dSm(x)=0, 6bo(x)=0.

(3.12)

Since x;=§;+u;(x), these transformations correspond to
translations of the Lagrangian coordinates &¢;=—f;
(8x;=0). The generator of the transformations (3.12) has the
form

G=fiR;, Ri=Jd3xPi(x), Pi(x)=’77f(x)bj—,‘l(x)-
(3.13)
Since for the transformations (3.12)
de(x)={e(x),G}=0

and, therefore, 6H=0, it follows that R; in the expression
(3.13) for the generator of the translations of the Lagrangian
coordinates is an integral of the motion. The corresponding
differential conservation law has the form

1
pi(x)=—V,ou(x), Eik(x)=jd3x'xl:fo d\{pi(x

+Ax'),e(x—(1—N)x")}. (3.149)

This conservation law can be called the conservation law for
the generalized momentum [see (2.6)]. We shall show that
the conservation law associated with translations of the La-
grangian variables leads to the concept of the momentum of
quasiparticles. Suppose that the medium contains a scattering
center, whose momentum we denote by g;. In this case,
P;=[dxm(x) will not be conserved, but P;+gq; will be
(since the Hamiltonian is invariant with respect to simulta-
neous shifts of the Eulerian coordinates and the coordinates
of the particle). In contrast, the invariance of the Hamiltonian
with respect to translations of the Lagrangian variables will
be formulated in the previous form. Therefore, R; will be an
integral of the motion. We represent it in the form

Ri=P~9,, -@z:f d3x"i(x):

duj(x)
9¢;

) B_ecause R; is conserved, we arrive at the re!ation
P,=%,, and since P;+¢;=0, it follows that ¢;+%2=0.
Therefore, &%, which is quadratic in the variables u;(x),
a¥(x), can be interpreted as the momentum of quasiparti-
cles. [One can show that on quantization of the mechanical
system &, is transformed into the phonon momentum opera-
tor: =3, ik;c; (k)c;(k).] Thus, the change in the momen-
tum of the medium is equal to the change in the total mo-
mentum of the quasiparticles. Noting that p;(x)= 7 (x)
—k;(x) and taking into account the expressions (3.11) and
(3.14), we find

ki(x)=—Viou(x),

where the momentum flux density o;; of the quasiparticles is
given by

ki(x)=—a}(x)
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1
giu(X)=—e(x)6y+ | d®x'x; | d\{k,(x+\x"),e(x
k o i

—(1—=N)x")}.
It follows from (3.8) and (3.12) that K= x;fd’xk,(x) is
a generator of translation transformations

ou(x)=—x;Viui(x), 6mi(x)=— x;Vimi(x),

oY(x)=—xi Vith(x),

of the dynamical variables u;, ;, ¢, o regarded as field
variables. Therefore, the momentum of the quasiparticles is
equal to the field momentum.

do(x)=—xxVioi(x)

4. ELASTICITY. HYDRODYNAMICS

We now consider how the equations of elasticity theory
can be obtained from the general dynamical equations
(2.20)-(2.21) for continuous media. The assumption of in-
variance of the Hamiltonian of the system with respect to
arbitrary rotations of the lattice [see (2.22)] has the conse-
quence that the interaction energy density will depend on
quite definite combinations of the matrix b;;. Since under
rotations of the body the Euler coordinates x, corresponding
to the positions of the particles of the medium in the de-
formed state are transformed, while the Lagrangian coordi-
nates & remain unchanged, we can choose as invariants

0k,
U oxy axy I

Thus, v(x)=v(K;;(x)), and, as a consequence of the general
equations (2.20)—(2.21), we obtain the equations of motion
in the case of an elastic medium:

7T,'7Tj Jv Jdu
=—+2bm,bu m"*‘ _U+0'3; 5,']'.

(4.1)
If the interaction energy density depends only on the density
p(x), which is related to the invariants K;; by

p=p det(b;;) = pvdet(K;;)
(p is the density of the undeformed medium), then from the

equations of motion of the elastic medium we obtain the
ordinary equations of ideal hydrodynamics:

. . ;5
p+Vk7Tk=0, (T=_V,' aga—,

p
== Viti, f.'k=m17k +p i (4.2)
where
dv dv
pP=p 5;+0£~v. (4.3)

Equations (4.2) can also be derived directly on the basis of
the PB algebra of the variables p, m;, o [see (2.12) and
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(2.16) and the first equation in (2.11)], which is a subalgebra
of the algebra (2.14) of the variables of the continuous me-
dium. To obtain (4.3), we note that, as is well known from
thermodynamics, p =—w (o is the density of the Gibbs ther-
modynamic potential). In a frame of reference moving to-
gether with the fluid, the thermodynamic equation

1
o=z (-wte—pup), (4.4)
where u is the chemical potential, holds. Bearing in mind
that

1
do=— (de—pdp),

we obtain

Br=1T

ap v
from which, using (4.4), we arrive at (4.3). If a solution of
(4.2) for the variables p, m , and o has been found, then the

dependence of the variable u; on the time can be recovered
from the known time dependence of p and m :

5. LIQUID CRYSTALS

In this section it will be shown how one can obtain the
PB for the dynamical variables that describe the state of the
various phases of liquid crystals.*? In doing this, we shall
proceed from the PB algebra (2.14), (2.17) found in the study
of continuous media.

5.1. Nematic liquid crystals

In the nematic phase of liquid crystals, there is sponta-
neous breaking of the rotational invariance, and therefore the
dynamical variables that describe the state of the isotropic
liquid—the mass density p, the momentum density 7, and
the entropy density o—must be augmented by a further
parameter—the unit vector n (director) associated with the
breaking of the rotational symmetry. We shall consider two
possibilities for introducing the unit vector, one of which
corresponds to a nematic with rod-shaped molecules and the
other to a nematic with disk-shaped molecules.

Suppose that the particles of the medium consist of rod-
shaped molecules. Then in the equilibrium state it is possible
to find a family of curves to which the tangents at each point
coincide with the direction of the rods. Let ;= §;(a) be the
parametric equations of one of the curves of this family.
Then the direction of the rods at each point is characterized
by the vector with coordinates d ¢;/da=a; . If the medium is
deformed, the directions of the molecules change, and there-
fore the curves of the family are deformed. Let x;=x;(a) be
the new parametric equations of the already considered curve
of the family after the deformation. Then the direction of the
rods at each point after the deformation is characterized by
the vector dx;/da=b;. Bearing in mind that x;=x;(¢), we
readily see that the vectors a; and b; are related by
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—p1
bi_bij aj,

where b;;=9¢,/dx; [see (2.3) and (2.4)].

It follows from this that the unit vector associated with
the direction of the rods can be introduced in accordance
with

b; 1
n,-=;, bl:bu aj. (5'1)

Here a; is some constant vector. Using the definition of b;;
[see (2.4)] and the PB (2.17), we can readily find the PB

{m(x).b 5" (x")}=8(x—x")V b (x)

= 8ibi (x )V, 8(x—x"). (5.2)

From (5.2) we obtain the PB for the variables 7;(x) and
n;(x):

{mi(x),nj(x")}=8(x—x")V;n;(x)

= 8(x I (x" )V 8(x—x"),  (5.3)

8i(x)= ;= ni(x)n;(x).
The brackets (5.3), together with the brackets
{mi(x),0(x")}=—0(x)V;6(x—x"),

{mi(x),p(x")}=p(x)V;6(x—x"),

{mi(x),mi(x")}=7(x)V[6(x—x")— 7y(x")V;8(x—x")
(5.9

form the algebra of variables of the nematic with rod-shaped
molecules (we have given only the nontrivial PB). We em-
phasize that, on the basis of the method of introduction of
p(x), n;(x) [see (2.15) and (5.1)] it follows that this algebra
is a subalgebra of the algebra (2.14), (2.17) of dynamical
variables of a continuous medium. Using the PB (5.3), (5.4)
and assuming that the energy density of the system has the
form e(x)=¢&(o(x),p(x),m(x),n(x),Vn(x)), we obtain the
dynamical equations of a nematic with ideal rod-shaped mol-
ecules (see also Ref. 20):

. V ( ’n',') . V
o=—V| 0O s =- N
—p P KTk

. Ty A Trj.
n;= —(';' Vk)n,-—*-nkaijvk ;‘,
7= — Vita,

Ty de
tik=p5ik+ T+V,n1 a_Vk_nJ
de de

. (5.5)

— L — 7, —
nk&’](anj VI 19V1nj

If we use the condition (2.22) of rotational invariance of the
energy density £(x), which in our case is given by

de de
eikj +'—_'V

(9—nk n]' 0Vsnk ans) =O, (5.6)

n &
n.4+——
s (9an5
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then we can readily see that the divergence V,t;, can be
represented as the divergence of the following manifestly
symmetric tensor 7 :

- mme 1 1
tix=p Ot T"‘ 3 (8kmV iMm™ 8imOkMm) — 3 (nihy

+nkhi) + % Vm(giknm+gkinm_gimnk_gkmni)-
Here

de " de v de st
g”‘_ﬂV,-nk’ i dnj kﬁanj ij:

We now consider a nematic consisting of disk-shaped mol-
ecules. The direction of their orientation is specified by the
unit vector of their normal. If we introduce a family of sur-
faces for which their tangent planes at each point coincide
with the planes of the disks, then, as follows from the previ-
ous consideration, the two noncollinear vectors d; and f; that
determine the positions of the planes can be represented in
the form d,-=b,-}1mj ,fi=bi}lnj , where m; and n; are certain
constant noncollinear vectors that determine the positions of
the planes in the undeformed state. Then the vector of the
normal to the plane spanned by the vectors d; and f; is
c;=1,0&/ 9x;=1;by; , where I, = (mXn),, and, therefore, the
unit vector of the normal to the plane of the disk-shaped
molecule is determined by
c

n,-=?, cizlkbki' (5.7)
Here [, is an arbitrary constant vector that determines the
direction of the director in the undeformed state. Using the
definition of n; and the brackets (2.17), we obtain for the
variables ;(x), n;(x) the PB

{mi(x),ni(x")}=6(x—x")V;n;(x)

+85(x Ini(x" )V d(x—x").  (5.8)

The PB (5.4), (5.8) form the algebra of dynamical vari-
ables of the nematic with disk-shaped molecules, and this
algebra is a subalgebra of the algebra (2.14), (2.17) of the
dynamical variables of a continuous medium. Note that both
brackets (5.3) and (5.8) were found in Ref. 18 by the use of
the transformation laws of contravariant and covariant vec-
tors under translations. Assuming again that &(x)
=g(o(x),p(x),m(x),n(x),Vn(x)), we obtain the dynami-
cal equations of the nematic with disk-shaped molecules in
the form

T

.=—_V' D =—V ’
o x(Up) p KTk

. Tk . 7Tk.
n;= _(7 Vk)n,-—n,ﬁijvj 7‘,

=~ Vitix,

- 6+1r,-7rk+v de not de - de
Iik=D Ok 5 i; oV, n;0ji on;, 1aVn,)

(5.9)
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Taking into account the condition of rotational invariance for
£(x), which can be written in the previous form (5.6), we
transform the divergence V,t;; to the divergence of the fol-
lowing manifestly symmetric tensor f;;:

mime 1 1
—+ E (gkmvinm+gimvknm)+ E (nihk

1
+nih;)+ 3 Vo (8ixhm™+ 8xitm— &imMk— ExmMi)-

Note that for the nematic the part of the energy density that
is associated with the dependence on the unit vector n and
has the property of rotational invariance can be written in the
form®?

g(n)= % K(V;n;)*+ % K»(n curl n)?

+ L K3(n;Vin)?. (5.10)

For nematics consisting of disk-shaped molecules, it follows
from the definition (5.7) that the invariant n curl n vanishes,
and therefore this term must be omitted for the considered
method of introducing n. The relation n curl n=0 is compat-
ible with the equations of motion (5.9) for the vector n, since
it follows from them that

. ;i )
w=—V;|—=w|+2wn;n;V; —; w=n curl n.
p p

5.2. Other types of liquid-crystal ordering

We briefly consider the description of the dynamics of
other possible liquid-crystal states.

In the cholesteric phase of liquid crystals, the macro-
scopic symmetry group of the phase does not contain an
inversion. The spontaneous breaking of the translational and
rotational symmetry of the equilibrium state leads to helical
ordering of the director in the ground state.>®> In accordance
with Ref. 20, the cholesteric dynamics is similar to the dy-
namics of nematics; a difference appears in the structure of
the expansion of the energy density with respect to the gra-
dients of the director. By virtue of what we have said above,
the energy density of the cholesteric can contain terms odd
with respect to V.

In smectic liquid crystals, the translational invariance
along one of the directions is broken.*? According to Ref. 19,
the hydrodynamic variables for a smectic include the smectic
variable W(x) instead of a director. We define the smectic
variable W(x) by W(x)=m;€;(x), where m; is an arbitrary
constant vector, and &;(x) is the Lagrangian coordinate of the
particles of the medium. Taking into account (2.3) and the
fact that b;;=V ;£;, we find from (2.13) the bracket

{m(x),&i(x")} = 8(x—x")V&;. (5.11)

From this, contracting both sides of (5.11) with the vector
m;, we obtain

{m(x),W(x")}=86(x—x")V,W(x). (5.12)

The algebra (5.4), (5.12) is the basis for constructing the
smectic dynamics. This construction is almost identical to
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the nematic case, and it is merely necessary to take into
account the fact that the energy density is a function of V;W:
e(x)=¢e(o(x),p(x),m(x), VW(x)).

Discotic liquid crystals are characterized by spontaneous
symmetry breaking in two directions. There are two addi-
tional variables W, (a=1,2) associated with translational in-
variance, which we introduce in accordance with
W (x)=m{¢&,(x) (cf. the smectic case). The PB of the mo-
mentum density 7;(x) with W ,(x) has the form

{Wk(X),Wa(xl)}=5(X_X’)V,-Wa(X). (513)

The further construction of the discotic hydrodynamic
equations is done on the basis of the algebra (5.4), (5.13),
following the scheme for nematics and with allowance for
the fact that e(x)=¢e(o(x),p(x),m(x),VW (x)). Note that
for both smectics and discotics the algebras [(5.4), (5.12) and
(5.4), (5.13)] are subalgebras of the continuum dynamical
variables. The closed dynamics for the smectic or discotic
variables is obtained, as in all the previously considered
cases, from the general case of the continuum dynamics by
assuming that the variables in the subalgebra are cyclic.

5.3. Nematic elastomers

Here we consider some features of the dynamics of nem-
atic liquid-crystal elastomers, which were synthesized at the
beginning of the eighties.>* There has recently been a strong
growth of interest in them®3® on account of the new possi-
bilities for experimental study of them.3”® Nematic elas-
tomers are characterized by spontaneous breaking of rota-
tional symmetry and of the symmetry with respect to spatial
translations. Further hydrodynamic variables are associated
with these broken symmetries: a director n; (as in nematic
liquid crystals) and a displacement vector u; (as in crystalline
solids). Physically, the fact that the displacement vector is a
dynamical variable corresponds to the circumstance that in
nematic elastomers there exists a certain lattice of polymer
chains possessing a finite shear modulus in the hydrody-
namic limit (as w—0). For the director to be a well-defined
hydrodynamic variable, the mean separation between the
sites of neighboring chains must be sufficiently great and,
therefore, the coupling between the chains must be weak.

Assuming that the Hamiltonian of the system is invariant
with respect to homogeneous rotations (and, therefore, that
the energy density depends on the displacement vector only
through the quantities K;;; see Sec. 4), we represent the
Hamiltonian in the form

)
H= J d*xe(x), &= 2_p- +v(o,n;,Vn; K. (5.14)
The PB algebra of the dynamical variables of the system can
be written down on the basis of the brackets (2.14), (2,16),
(5.3), and (5.8) already obtained and has the form

{mi(x),0(x")}=~0(x)V;8(x—x"),
{b:(x), m(x")}=—bu(x")V;0(x—x"),
{mi(x),p(x")}=p(x)V;S(x—x"),

{mi(x), m(x" )} = () V] 8(x—x") = m(x")V 8(x—x"),

(5.15)
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{mi(x),nj(x")}=6(x—x")V;n;(x)— 6,-lj(x' Dng(x" )V, 8(x

-x'), (5.15a)
{mi(x),nj(x")}=8(x—x")V;n;(x)+ 5]l~k(x’)ni(x’)V,:5(x
—x"). (5.15b)

The brackets (5.15a) and (5.15b) correspond to rod- and
disk-shaped nematic elastomers, respectively. The equations
of the low-frequency dynamics corresponding to the energy

functional (5.14) and the PB (5.15) have the form

(T=_V‘((Tﬂ), b.ikZ_Vk(bijﬁ)’ ’;=_Vk7Tk,

p p

. 7Ti'7rj du ~

7T’-=*Vjtij, t”=p§’]+ T+2bm,bl} Fl+t,-j(n),
(5.16)

. T 7j

ni=“(7 Vk)n,-+nk5,-ljvk ;] s (5.163)

. Tk wk

n,-=—(7 Vk) ni—nkﬁfjvj —5_ (516b)

Here

ti(n)= 3 (8amVim+ 8imVin,) F 5 (nihy+nihy)

+ % Vm(giknm +gkinm_gimnk_gkmni),

and the upper and lower signs correspond to the rod- and
disk-shaped molecules, respectively. The actual structure of
the energy functional v=v(o,n;,V i K; j), which is rather
cumbersome, is given in Ref. 36.

6. MAGNET WITH COMPLETE SYMMETRY
BREAKING WITH RESPECT TO SPIN ROTATIONS

In this and the following sections, we shall study mag-
netically ordered systems with broken symmetry with respect
to spin rotations. The case of complete symmetry breaking
with respect to spin rotations in magnetic media was first
considered in Ref. 39. Linear dynamical equations for such
systems were obtained in Refs. 40 and 41, and a nonlinear
generalization of them in the framework of the method of
phenomenological Lagrangians is given in Refs. 25 and 42,
and in the Hamiltonian approach in Refs. 16 and 27. The
possible spectra of spin waves are analyzed in Refs. 25, 41,
and 42 without allowance for relaxation processes and under
the assumption that the equilibrium state of the magnetic
systems is translationally invariant.

For an adequate description of the thermodynamics and
kinetics of systems with spontaneously broken symmetry, it
is necessary to introduce into the theory additional thermo-
dynamic parameters associated, not with conservation laws,
but the physical nature of the phase of the investigated state.
It is well known® that in the case of systems with complete
spontaneous symmetry breaking with respect to spin rota-
tions these dynamical variables are the rotation angles ¢,
that parametrize the group of three-dimensional rotations of
the spin space or the real rotation matrix a(¢p) associated
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with them (2a=1, where here and in what follows the tilde
denotes the transposition operation). In the exponential pa-
rametrization, this matrix has the form

(6.1)

With the rotation matrix a(¢) there are associated the right
W and left w,, differential Cartan forms defined by

a(p)=exp (—e¢), (£¢)ag=€a8,P,

(Pakz';' eaﬁyaﬁ)\vkay)\ »  Wap= % Saﬁya)\yvka)\ﬁ'
(6.2)

To obtain the PB algebra of the dynamical variables of the
magnet, we write the kinematic part of the Lagrangian in the
form

L= [ x50, ZW=-sugn, 63
where w, is the left Cartan form associated with the time
derivative:

W,= % € aﬁy(ad) vB*
We shall determine which transformations leave the kine-
matic part invariant. To this end, we consider variations 64 g

of the rotation matrix for which the orthogonality condition
aa=1 is preserved:

Saa+ada=0.

Since the variations da g are determined by three infinitesi-
mal parameters [for example, by the variations of the angles
¢, in (6.1)], these parameters can be taken to be

R,p=a,,0a,3, R=—R.

The variation of the left Cartan form for the transformations

da=aR (6.4)

8w,=R,+(®XR) o, R,=3e.p,R 5. (6.5)

We consider time-independent (R=0) variations (6.5) and,
besides them, the transformations of the spin density:

05,=(sXR),. (6.6)

The transformation law for the spin density is defined in such
a way that the kinematic part of the Lagrangian is invariant
with respect to the given class of variations, 6L, =0.

In accordance with the general theory, the generator of
the transformations (6.4) and (6.6) is

éw,=(wXR),,

1 -
G=- 2 SaBYJ' deSa(x)awaa#B(x)z

- f d3x5 (X)R 4(x).

We represent the canonical transformations (6.4) and (6.6) in
the form

0a,5(x)={ayp5(x),G}, 854(x)={s,(x),G}.

Expressing the variations da and &s in terms of R,

(6.7)

0aop=—0anpEppyRy, O5,=8qpySpR,y
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and comparing the left- and right-hand sides of (6.7), we
find, R, being arbitrary, the PB

{anﬂ(x)ssy(x,)} =aap(x)8pﬂ'y§(x_xl)s

{sa(x),55(x" )} =¢4py5,(x)(x—x"). (6.8)

To obtain the PB {a,g(x),a,,(x")}, we use the exponential
parametrization (6.1) of the rotation matrix and, by calculat-
ing the derivative g in w,, represent the density of the kine-
matic part of the Lagrangian in the form

. 1 _da
gk(x)=g)‘(x)go)\(x), ng_Esaﬂysa(a 5) -
Moy
(6.9)
Besides (6.9), we also consider the density of the kinematic
part:
Zp(x)=—@r(x)gr(x) (6.10)
[the expression (6.10) differs from (6.9) by the total time

derivative (¢, -g,)]. We consider the variations

Op\(x)=0, dg)\(x)=xr(x) (6.11)

(the functions x, do not depend on ¢, ,g,) that leave the
kinematic part invariant. To the variations (6.11) there cor-
responds the generator

G=- f d3x¢a(x)/\/a(x)'
Since

3¢ o(x)={@4(x),G}=0,

we obtain from this
{ea(x),@,(x")}=0.

It follows from this relation, with allowance for (6.1), that
{aap(x),a,,(x")}=0. (6.12)

The relation x,(x)={g)(x),G} is automatically satisfied by
virtue of (6.8) and the definition (6.9) of g, .

The system of Poisson brackets (6.8) and (6.12) forms
the algebra for the variables of a magnet with complete sym-
metry breaking with respect to spin rotations—the spin den-
sity 5,(x) and the rotation matrix a,z(x).

We now consider the construction of the generator of
spatial translations in the space of the variables s,(x),
a4p(x). For finite transformations

x—x"=x"(x)

we define the law of transformation of the dynamical
variables s,(x), a,g(x) in such a way that the kinematic part
of the Lagrangian remains invariant, L(s(x),a(x))
=Li(s(x"),a(x")):

Sa(x): aaﬂ(x)_*a;ﬂ(x,) =aaﬁ(~x)'
(6.13)

iy ox
Sa(x)—s,(x")= Py

Indeed, it follows from (6.13) that

@ ap(X) = @hg(X") = @ (%)
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and therefore

Lk=—f d3x’s,',(x')w;(x')=—j d>xsl(x)wl(x).
(6.14)

In accordance with (6.14), the variations of the dynamical

variables s, a under infinitesimal transformations x;—x;
=x;+ Ox;(x) must be defined by

85 o(X) = 54(%) = 54(x),  Bagp=agp(x)—aup(x).
(6.15)

With allowance for (6.13), for the variations (6.15) we obtain
05 o(x) = =V (54(x) 0xx(x)),
(6.16)

The generator of the transformations (6.16) has the form

6aaﬂ(x) == 6xk(x)vkaaﬁ(x)-

1 —
G=— ) s,,ﬁyj d3xs,,(x)(a5a)y,,

= f x5 (%)@ (%) Sx(x)

or

G=f Bxmy(x) Oxp(x), TI=5,04- (6.17)

Here m;(x), which determines the generator of the spatial
translations in the space of the variables s and a, is the
momentum density of the magnons. Since for canonical
transformations we have the representation

5sa(x)={sa(x)rG}’ 5aaﬂ(x)={aaﬁ(x)vG},

we obtain, substituting here the expressions for the variations
(6.16) and remembering that the functions &x;(x) are arbi-
trary, the PB

{sa(x), m(x" )} =5a(x") Vi S(x—x"),
{aap(x), m(x")} == 8(x—x")Via,p(x).

To find the PB {r}(x),7](x)}, we write down the variation
of the left Cartan form under the transformations (6.16). It
follows from the definition (6.2) that

8w (%) = = 8x)(x) V10 i(X) = 0qi(%) Vicx)(x). (6.19)

(6.18)

Taking into account the expression for 7}, we obtain from
this

Sm(x)=—m)(x) Vi 0x)(x) = V (my(x) 8x,(x)).

On the other hand, representing the variation &, in the form

Smy(x)={my(x),G}, G=Jd3x7rf(x)5x,(x) (6.20)

and comparing the left- and right-hand sides of (6.20), and
using the arbitrariness of the functions dx;(x), we find the
PB

{mi(x), m(x" ) }=7](x)V 8(x—x")— mi(x" )V, 6(x
—x). (6.21)
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As follows from (6.21), the PB for the magnon momentum
density have the standard form [see (2.12)].

In the general case, the energy density of the considered
magnetic system is a functional of the spin densities s,(x)
and of the orthogonal rotation matrix a(x):

e(x)=ge(x,s(x"),a(x")). (6.22)

The equations of motion corresponding to the PB (6.8),
(6.12) and to the functional expression (6.22) can be written
in the form

. 6H SH
Sa=Eapy 5_5‘,3- s, t E’; apyls

1 il (6.23)
o= 04p€pBy o .
B~ “ap®pBy 5&,

and are a generalization of the Landau-Lifshitz equation to
magnetic systems with complete spontaneous symmetry
breaking. As follows from (6.23), in the general case s2is
not conserved. Note that from the algebra (6.8), (6.12) we
can separate the subalgebra of the PB of only the spin vari-
ables s,(x). This corresponds to consideration of a ferro-
magnet. A closed dynamics for the variables s, is obtained
under the assumption that the Hamiltonian of the system
does not depend on the rotation matrix a,g. Formulation of a
Hamiltonian approach solely for the variables s,, without
inclusion of the rotation matrix aaﬁ(cp), is not possible, since
in this case the number of independent dynamical variables
54 1s odd.

We now write the dynamical equations in local form [in
contrast to Egs. (6.23) in nonlocal form]. We shall assume
that the energy density is a function of the variables s, a, Va
or, which is the same thing, a function of the variables s, a,
Wy :

e(x;s(x"),a(x"))=e(s(x),a(x),w(x)). (6.24)

In addition, since the main interactions in the system have an
exchange nature, we shall assume that the energy density is
invariant with respect to homogeneous rotations in the spin
space that are described by the matrix b:

e(x:bs(x"),a(x")b)=e(x;s(x"),a(x")). (6.25)
It follows from (6.25) that
B(S,(Uk ’a)=e(as’awk’l)58(§v‘£)k)a (6'26)

where s=as, ®=aw, . Taking into account (6.2), (6.8), and
(6.12), we obtain the relations

{Sa(x),@ﬁk(x’)}zaﬁa(x')V;ﬁ(x—x'),

{sa(x),55(x")}=0,

which lead to the property of invariance of § and @, with
respect to global rotations:

{Sa s@ﬂk(x)}:{sa ,Qﬂ(x)}=0,

and this corresponds to invariance of the energy density
(6.26):

{S..e(x)}=0, S,= f dxs o(x). (6.27)
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Using (6.27), we can write down a differential conserva-
tion law for the spin density s,(x) in the form (1.17). Cal-
culating the PB in (1.17) and using (6.24), (6.8), and (6.12),
we obtain for the spin flux density j,; the expression

. de
J ak™ a wak *
The differential energy conservation law of the system

has the form (1.18). Calculation of the PB in (1.18) leads to
the following expression for the energy flux density:

de Jde

Qk=:9s_a awak'

Earlier, we obtained an expression for the generator of
the infinitesimal spatial translations (6.16). From (6.16) and
(6.19) we obtain the condition of translational invariance of
the energy density:

{Pr.e(x)}=V,e(x), PkEj d>x5 4 .

From this, we obtain for the magnon momentum density
the differential conservation law (1.16). Calculation of the
PB leads to the expression

de

ai awak.

de
tik=— E— S8, E 5,-k+w
Here t;; is the magnon momentum flux density (stress ten-
sor).
Thus, the dynamical equations for magnets with sponta-
neously broken symmetry have in the long-wavelength case
the form

de . de
Aap=qap€ppy E

S:a:._Vk Jw k’
a

From this and (6.24) we obtain

. de de
BTk 95, dwa’

in agreement with the expression for the energy flux density
9k -

By virtue of the definition of the energy density (6.26), it
is expedient to choose as independent variables s and @, , in
terms of which

Jde Jde oe

E=— -

» Gag=€ =,
y a§a a(_uak a# ap'yapﬁ 3-!7

. de de

$.=—V, m"'saﬁy §'BE+(_U'BI‘@—— (6.28)
From the equation of motion for the matrix a in (6.28) there
follows the equation of motion for @ 4 :

. de de
W= _Vk 8_§; +8aBy‘.‘.)/9k (9_.2‘-;

(6.29)

Equations (6.28) determine the dynamical properties of the
system with neglect of the dissipative processes and describe
the low-frequency dynamics of a many-sublattice magnet
with exchange interaction when at sufficiently long times the
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strong exchange results in the formation of rigid spin com-
plexes that are practically subject to no deformation and have
orientation given by the rotation matrix a.

7. UNIAXIAL HELICAL MAGNET

We consider the case of a uniaxial helical magnet when
the energy density as a function of the spin vector s, and @ 4;
has the form

e=&(laSa lawar) =8(5,P1), (7.1
where [, is the unit vector of spontaneous ‘anisotropy’’ and
is independent of the coordinates and the time [we empha-
size that, as before, the energy density (7.1) is invariant with
respect to spin rotations]. The algebra of the dynamical
variables—the component of the spin s along the anisotropy
axis and the helical vector p,—can be obtained with allow-
ance for the definition (7.1) from the more general algebra of
the variables s, and @ 4,

{82(3),85(x")}= = € s, B(x—x"),
{ou(x),0p(x")}=0,
{$a(%),0p1(x")} = € 41p@ i (X) 8(x—x") + 8,5V H(x—x"),
and has the form

{s(x),pu(x")}=V;d(x—x"),

{s(x),s(x")}={px(x).pi(x")}=0.

In accordance with (6.28) and (6.29), s and p; satisfy the
equations of motion

de . de

5s=-=V; e’ Pi=—Vi 5 (7.2)

The transverse values of the spin, s, and of the Cartan form,
w%y, defined by

§a=51a+§ﬁ’ ‘_oak=lapk+@tk
satisfy equations of the form

de , 0e ) N de

1 __ 1 1
‘—‘a—gaﬂvlv(-—"ﬁ a5 T8 Gp

Dak=Eapyly 55 Vpi -
Using the restrictions imposed on the Cartan forms w ,;
by the Maurer—Cartan relations
V04— Viou= € apy® k¥ yis
we readily obtain the equations
- Lol
Vipi—Vipy= Saﬁyly@ak@ﬁi >
1 L 1
Viwyi—Viou=(,— lyl)\)s)\aﬁ@ik‘i’ﬂi
+ &8 Wil ppit 0pilaP)- (7.3)

It is easily seen that the final relation contains the trivial
solution (gfﬂ-:O, as a consequence of which the condition
(7.3) for the helical vector p; takes the form

curl p=0.

For the transverse component s, of the spin, we have the
equation of motion

Isaev et al. 191



de

ol _ 1
ia—-eaﬁylrsﬂ P (7.4

Linearization of Eqs. (7.2) and (7.4) with respect to the equi-
librium values s=5°, p,=p) leads to the two Goldstone

modes*
d*e N /ﬂis P e bk
“opid,~ N ds* apiop,

w.(k)=k;

and the one activation mode

8. ANTIFERROMAGNETS

We now consider the case*® when a dependence on the
rotation matrix a,g in the Hamiltonian of the system enters
only through the combination lga g,=1, (I4is a certain con-
stant vector)

(8.1)

The antiferromagnetism vector /,, and the spin density s, are
the main dynamical variables in terms of which the hydro-
dynamic (low-frequency) theory of antiferromagnets is con-
structed. The algebra of the variables s, and /, can be ob-
tained with allowance for the definition (8.1) from the more
general algebra (6.8), (6.12) of the variables a4 and s, and
has the form

e=8(85q,lpa8,)=8(5,.14).

{Sa(x)’sﬂ(x’)}=saﬂysy(x)5(x—xl),
{sa(x)’lﬁ(x,)}=eaﬁ‘yly(x)‘s(x_x')’
{la(x),15(x")}=0.

Setting  successively in  (1.6) @ (x)=s5,(x) and
¢.(x)=1,(x), we obtain the equations of motion for the spin
s, and for the antiferromagnetism vector /, in the form

(8.2)

lazeaﬁy '6';; ly. (83)
The integration of (8.3) is significantly simplified in the
long-wavelength limit, in which the spatial inhomogeneities
of the dynamical variables are weak. Note that in obtaining
the algebra (8.2) we assumed that the antiferromagnetism
vector has arbitrary length. Such a description is equivalent
to the description of antiferromagnets in terms of a unit vec-
tor [, if it is assumed that the energy functional of the system
depends on [/, only through the ratio /,/l. In what follows,
we shall everywhere make the explicit assumption that [, is
a unit vector: /2=1. At the same time, since /2 is an integral
of the motion, the PB (8.2) also retains the same form for the
case I2=1. Assuming that the energy density is a function of
SqgslasVil, or, which is the same thing, a function of
“EapylpVily,

e(x;s(x"),1(x")) =&(s(x),l(x),v4(x)),

Sa ’la Vo=
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we obtain dynamical equations in local form. Since the
variations of /, and v ,; are not independent,

laﬁla=0, laﬁvak+vak5la=0,

we fix the derivatives da/dl,,daldv,; (a is an arbitrary
function of s,/,v;) by the additional requirements
da da

a3 =0 lag—=0.

l
@ ¢9v,,k

With allowance for this and the expressions (1.17) and
(1.18), we represent the dynamical equations of antiferro-
magnets in the long-wavelength limit in the form

de . de Jde . de y
Y 0Sq Vo’ a=Capy 5oty
(8.4

ja=_vk dv k,
a

It follows from this that

X e de
Uak= _(8aﬂ_lalﬂ)vk E'{’Saﬁy E U.yk-

The complete system of equations (8.4) determines the dy-
namical properties of antiferromagnets with neglect of dissi-
pative processes. Equations (8.4) admit helical solutions for
which the dependence on the coordinates and time of the

quantities s,(x) and /,(x) are determined by
I(x,1)=la(x,t), (8.5)

where s and ] are certain constant vectors, and the matrix
a(x,t) has the form

s(x,1)=sa(x,t),

a(x,t)=exp e(px—ht)b. (8.6)
Here
=€y, hn\= ‘jsi ,
S\

in which n, is a unit vector, and b is an arbitrary rotation
matrix that does not depend on the coordinates or the time.
In (8.6), p; is the helical vector. From (8.4), we obtain re-
strictions on the independent values of p;,$ 450U 0k

de de —0
Eapylty) Sp| N ‘9‘2)\ Pk ank T
Note that for the helical solutions (8.5) and (8.6) we have
Vak=0apVpr=(0ap—Lalg)n gpi-

Linearization of (8.4) near the equilibrium state /,=19,
Px=0, 5,=0 leads to the spin-wave spectrum®

Pe e
2_ 2,2 2_ _
w'=c%k*, c lzm(&w lalg) Foadsy’

and this agrees with the result of Ref. 46.

9. MAGNETS WITH A QUADRUPOLE ORDER
PARAMETER

In this section, we show how, proceeding from the stan-
dard expression for the action
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13
W= j "t J Bx{cap(x)dga(x)—H(c,a)} 9.1)

h
(cop and a,g are dynamical variables, and H is the Hamil-
tonian), we can construct the dynamics of magnetically or-
dered systems with a quadrupole order parameter and relat-
ing the formal dynamical variables c,g4(x), a,g(x) with the
physical dynamical variables that are used in the theory of
magnetism.*’ In contrast to the previous treatment, in (9.1)
the matrix a,g is understood as the matrix of an arbitrary
affine transformation. Our reason for using the same notation
will become clear from the following exposition. Using the
known expressions for the PB of the dynamical variables a
and c,

{aap(x),a,,(x")}={cap(x),c,(x")}=0,
{aaﬁ(x)’cy.v(x’ )}= 6av6ﬁp,6(x—xl),

we can find the PB for the physical dynamical variables of
the quadrupole magnet.

We first obtain relations between the dynamical vari-
ables a and ¢ and the dynamical variables that have direct
physical meaning. We introduce the spin of the system as the
generator of homogeneous infinitesimal rotations character-
ized by the angle d¢,. Since under the rotation described by
the matrix b the matrices a and ¢ transform in accordance
with

9.2)

a—a'=ab; c—c'=bc

[under these transformations, the kinematic part of the action
Wi=f :fdt I d3xcaﬂ(x)d pa(x) remains invariant], it follows
that, setting b=1+¢, €,,=€ ,m,&p,\, we obtain

0a,p=€18,Aay0P,, OCap=E€yayCyp0P,. 9.3)

It is readily seen that the variations (9.3) can be represented
in the form

da 4p(x) ={apg(x),G},

where

8¢ qp(x)={cap(x),G},

G= &paj A*XE gy C 1 (X)a,5(X)

is the generator of the transformations (9.3). Writing it in the
form

G= &paf d3xs (%),

we obtain for the spin density s,(x) the expression

sa(x)=saﬁ'ycyv(x)a vﬁ(x)° (94)

In what follows, we shall find it convenient to introduce the
tensor g,4:

gaB= Cay@ vB: (95)

Then the spin density can be expressed in terms of the anti-
symmetric part of g ,4:
sa(x):‘saﬁyg;ﬁ(x), gsz%(guy'fng)- 9.6)
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In its turn, as follows from (9.6), the antisymmetric part of
the tensor g,z is uniquely determined by the spin density:

8ap™ ~ 2 apySy
Denoting

gipsfaﬂ ’ gfzﬂ= %(gaﬁ.*_gﬁa)’ (9.7)

we write

ga,BzfaB_ %saﬂysy'
Thus, as dynamical variables of the system it is necessary to
choose the spin density 5 ,(x), the matrix a,g(x) of arbitrary
affine transformations, and the symmetric matrix fap(x) (in
what follows, we shall show that the matrix f,z is the matrix
of the quadrupole moment). Taking into account the repre-
sentation (9.5) of the matrix g, and the expression (9.2), we
readily obtain the following algebra for the variables

Aqp(X), 8ap(x):
{anﬂ(x)aguv(x,)}= aﬁuaav(x) 5(x—x'),

{gaﬂ(x)vg,u,u(x’)}= (gav(x)aﬁp,—guﬁ(x)ﬁav) a(x—x,)'
9.8

The variables s,(x), fqg(x) are related to the variables
8ap(x) by (9.6) and (9.7). Hence and from (9.8) we find the
PB for the dynamical variables 5,(x), aqg(x), fag(x):

{faB(x)’fy,v(x,)}': % (eayvaﬁu+sﬁyu6av+eﬁyv6ap
+ 8ayuOpy)sH(X) 8(x—x"),
{Sa(x)7fﬁy(x’)}=(Eaﬁpf-yp(x)+eaypfﬁp(x))ﬁ(x_xl),

{sa(x)’sﬂ(x,)}___eaﬁ‘ys‘y(x)a(x_x’)’ (9'9)

{aaB(x)7sp(x’)}= eﬂupaap(x) ox—x"),
{aﬂlﬂ(x)’ay,v(x,)}z 0,

{aﬂﬂ(x)’f/l.l'(x’ )} = %( 5B,u.aav(x) + 6ﬂvaap,(x)) 6(x_x,)~
(9.10)
The first three expressions (9.9) determine the subalge-
bra of the dynamical variables s and f. We give the physical
interpretation of this subalgebra. To this end, we replace, in
accordance with the general rules of quantum mechanics, the
dynamical variables s, ,f,g by the operators §,,f,z and the
Poisson brackets {...,...} by the commutators (1/i)[...,...]. Then
the relations (9.9) take the form

A A i
[faﬁ(x)’fp,v(x,)]= Z (eayvaﬁ,u_'_sﬁ'yyaav-'-eﬂ'yvsap
* €ayu0py)S (X)H(x—x'),

[5a(x).Fay(x)1= (€ appf yp(X) + Eayal pp(X)) S(x—x"),
[§a(x)9§3(x, )}= ieaﬁ‘y‘;y(x) 5(X—X').

It is easy to realize this algebra in the language of spin ma-
trices corresponding to spin s=1 [(s,) w=1€aul, namely

A

faﬁ=5 9.11)

§a§ﬁ+§ﬁ§0_ 5‘ 6“B§2 .
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Since the operator f‘aﬂ is the operator of the quadrupole
moment (see Ref. 48), we shall, on the basis of this, assume
that f,g in (9.9) is the matrix of the quadrupole moment of
the spin s=1, and at the same time Tr f,5=/fo,=0 [the
relation f,,=0 is compatible with the subalgebra (9.9)]. Us-
ing the PB (9.9), we obtain the dynamical equations for s,
and f,g (quadrupole magnet):

_ SH oH
sa(x) =€aBy 38_/3(x5 sy(x)+28aﬂpfp.p(x) m;

. 1 6H
faﬂ(x) = _2_ m (6yﬂ£vya+ 6aueyp;1,)sp(x)

SH
+(&pypfap(X) + & ayafpp(x)) 85, (x)"

From the general algebra (9.9)—(9.10), we can separate the
subalgebra of the dynamical variables a,g and s, (this sub-
algebra does not contain f,g), which is compatible with the
subsidiary condition aa=1. This subalgebra determines the
low-frequency dynamics of a many-sublattice magnet (see
Sec. 6).

The quantum-mechanical dynamics of a quadrupole
magnet with spin s=1 was studied in Refs. 49 and 50. How-
ever, the authors considered only the dynamics of pure states
in terms of four independent variables. In contrast, to de-
scribe the dynamics of a quadrupole magnet, we use, taking
into account the representation (9.11), the complete set of
expectation values of the eight operators §, and f 4 that form
the Lie algebra of SU(3). This agrees with the number of
variables used in Ref. 51 to study the ground state and spec-
trum of a magnet with single-ion anisotropy for spin s=1.

10. CONNECTION BETWEEN THE HAMILTONIAN
AND LAGRANGIAN FORMALISMS

As we have already noted, the dynamical equations for
magnetic systems with complete spontaneous symmetry
breaking with respect to spin rotations were formulated using
model phenomenological Lagrangians in Refs. 25 and 42. In
this section, we shall obtain the dynamical equations of such
systems in the Lagrangian approach in general form without
the use of any model assumptions.

The Lagrangian approach is extremely convenient for
formulating the symmetry properties of a system. Introduc-
ing any particular symmetry, we obtain in explicit form in-
tegrals of the motion for the considered magnetic systems.

The Lagrangian of magnetic systems with complete
symmetry breaking with respect to spin rotations is a func-
tional of a rotation matrix a and also Cartan forms w, and
Wop '

L=f dxHa(x),w(x),wi(x)). (10.1)
In the exchange approximation, the Lagrangian density % is
invariant with respect to right homogeneous rotations in the
spin space:

Hw,0,a)=H wb,wib,ab), (10.2)
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where b is an arbitrary rotation matrix. Setting b=a, we
obtain

F=Ho,01,1)=Fw,0;).

We introduce R, which is related to the variation da of the

Sa>

rotation matrix by

Rn= %saﬂy( saa)yﬁ'

In terms of the introduced quantity, the variations dw, and
0w of the Cartan forms are

5@a:lia+(8><@)a’ 6wak=VkBa+(Rx (l,k)an

(10.3)

Using (10.3), we write down the total variation of the action
W= fjder:

1 d A
6W=f dtfcﬁx — R,
1 ot 0w,

t Eb
+§;( t)

+f'2djd3R xa + xag
L) R | 95 O P
d & 0%
Ea@n ¥ 01‘_"ak ’

Setting 6t=0 and 6a(t)|,l= 6a(t)|,2=0, we obtain from the
principle of stationary action the Lagrange equations

0 0¥ v 0Z _ Xo" + » 0Z
at ac_‘.)a k 3‘_‘)ak @ a—‘ﬁ; a = a
(10.4)

oy
Near the actual motion of the system, the variation of the
action has the form

0%
W=G(t,)—G(t,), G(t)sfd%c(@aa +$5t).

Wy

(10.5)

We consider infinitesimal transformations associated with

time translations. In this case SW=0 (since L does not de-

pend explicitly on the time ¢) and R ,= — w,6t. Therefore,
from (10.5) we deduce the energy conservation law

3 9% 3
H= | d&’x| —Z+o, —|=| d’xe(x). (10.6)
dw,
Under infinitesimal spatial translations, SW=0 and
R ,= — w,;6x,; . The corresponding integral of the motion—

the momentum P;—has the form

f " 07
Pk:— d’xo

Y ak a@a'

We now consider infinitesimal spin rotations. Then
08\ = A, 009, and R ,= —a,56¢p . In terms of the La-
grangian, the corresponding conserved quantity—the spin
S ,—has the form

0%
So= —f dx

dw,

By virtue of the relation (10.6), the energy density & is re-
lated to the Lagrangian by
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e(s,wp,a)=—H(s,0;),0;,0) =5 ,wo(5,0),

from which we obtain the expressions

(as) ( de ) ( az) _
—_— =—W,, = — =J ak-
08 o o dwg] | 0o/ , ak

Therefore, Eqs. (10.4) are equivalent to the system of equa-
tions

de : de

Aop=0a,,E —, S,=— .
apf ap®pBN 3S)\ a k awak

which were obtained earlier in the framework of the Hamil-
tonian approach.

Under infinitesimal left spin rotations, da,g
=E€aup0P,a,p and R ,=— ¢, . If the Lagrangian is simul-
taneously invariant with respect to right and left spin rota-
tions, then in accordance with (10.2) and

Hlw,0;,0)=F(bw,bw;,ba)

we have

Xa +

and in the considered magnetic system not only the spin S,
but also

0F
Sa= _f d*x

v,

Xag =0
=% Jwy ,,— ’

is conserved. As a concrete example of a phenomenological
Lagrangian of magnetic systems with complete spontaneous
symmetry breaking, we give the Lagrangian proposed in Ref.
25:

F= ) (a0p@a®pt2b,®0— Cai gk P ai®pr— 2d 0k @ ak)»

where a,g,04,Cqipr-dar are certain phenomenological
constants. The actual structure of these constants, corre-
sponding to different magnetic media, is given in Ref. 42.

11. MAGNETOELASTIC SYSTEMS

In Secs. 1-5, we considered the PB algebra of the vari-
ables of a classical continuous medium and, as special cases,
subalgebras of this general algebra and also the dynamics
corresponding to these brackets. A similar treatment was
given in Secs. 6—9 for a number of magnetically ordered
systems. In the present section, we shall study magnetoelas-
tic systems, the dynamical variables of which include both
variables corresponding to continuous media
[u;(x),m;(x),0(x),¥(x)] and variables corresponding to
magnetism [ 4(y) ,dq8(x)]-

We represent the density of the kinematic part of the
Lagrangian in the form

Fr(x)=mF(x)by; i j(x) — o (x) r(x) = 5 o X) @),
(11.1)

where

% _
TF=mi— oV 5w
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For the expression (11.1) we can make the same clarifying
comments as for the expression (2.6). Namely, the final term
in (11.1) is the density of the kinematic part of the Lagrang-
ian for the magnetic systems. Accordingly, the momentum
density r; is the generator of spatial translations in the space
of the variables u;,m;,0,,5,,a,5, the momentum density
7{ =0V, is the same in the space of the variables o, , and
the momentum density 7} =s,w,; is the same in the space of
the variables s,,a,g [see (6.17)]. Therefore, the momentum
density associated with translations in the space of the vari-
ables u; and m; has the form

X — — il
=T Uviw SaWq; 5

and from this the structure of the density of the kinematic
part (11.1) follows. To obtain the PB of the variables of the
magnetoelastic medium, we rewrite the density of the kine-
matic part of the Lagrangian in the form

Zi(x)=p j(x)1(x) = 0(x) () = 5 o(x) o %),
where
pjz(’”i—O'Vil//_sawai)bi;la’";kbi;’l' (11.2)

Then, considering variations (2.7), (6.4), and (6.6) that leave
the kinematic part of the Lagrangian invariant, we find the
PB (2.10), (6.8), and (6.12), in which the generalized mo-
mentum p; is now defined by (11.2). From the relations

{7 (), e(x")}={7f(x),o(x")}={m}(x),s(x")}
={7f(x),a(x")}=0

and the PB (6.18) we obtain the relations (2.11) and the PB
{mi(x),a,p(x")}=8(x—x")V,anp(x),
{mi(x),5(x")}= = 54(x)V;8(x—x").

In turn, from the relations

{pi(x).pj(x")}=0,

{m (), ()} = mf(x) V] S(x—x") = ] (x") Vi S(x—x"),

b=(o,s)

we find the PB (2.12). Combining the results, we write the
PB algebra of the dynamical variables of the magnetoelastic
medium in the form

{mi(x),0(x")}=—0o(x)V;8(x—x"),

{mi(x),(x")}= 8(x—x")Viip(x),
{o(x),p(x")}=d(x—x"),

{ui(x), m(x")}=bi(x) S(x—x"),

{mi(x), m(x")} = m(x)V; 8(x—x") = m(x")V; 8(x—x"),
{mi(x),a0p(x")} = 8(x—x")Va,p(x),
{mi(x),52(x")}= =5a(x)V;6(x—x"),
{5a(X),58(X" )} =€ 4y5H(X) O(x—x"),
{sa(x).ap,(x")} =€ aypap,(x) (x—x") (11.3)
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(we have given here only the nontrivial PB). As in the case
of continuous media, we shall assume that the variable ¢ is
cyclic. Assuming that the Hamiltonian of the system is in-
variant with respect to spatial translations, we represent it in
the form

H= f d’xe(x),

e(x)=e(x;0(x"),m(x"),b;j(x"),54(x"),a,p5(x")).

(11.4)
The equations of motion for the variables of the magneto-
elastic medium that correspond to (11.3) and (11.4) have the
form

. oH :
U(x)=—V,-(0(x) 5,”.()‘)), ui(x)=
oH
—b;j(x) m .
_ oH SH
ﬁi(x)= ](x)vl S ( ) Vj( 11',-(x) m)
7§ J
OoH OoH
bkl('x)vj 6b ( ) 0’( ) laa,(x)
6H o6H
(X)V, 6Sa(x) 5(10,5(1) Viaaﬁ(x)’

. 6H
sa(x)=_ ( (X) ( )) aﬂ'y(ms'y(x)
OoH
+ 6—%;(7) ap'y(x)) ,

. _ OoH v OoH
aaﬁ(x)_ _5_7-".(_4\’7 iaaﬂ(x)"'aap(x)eppym-

(11.5)

The structure of (11.5) simplifies appreciably in the long-
wavelength limit, in which the spatial inhomogeneities of the
dynamical variables are weak. Assuming that the energy
density is a function of the variables
O, ,bix S >80,V iaap (o1, which is the same thing, not
Va,g but the left Cartan form w,;), we obtain dynamical
equations in local form. If we assume that the energy density
is invariant with respect to spin rotations, {S,,e(x)}=0,
then we obtain a differential conservation law for the spin
density s,(x) with flux j,; given by (1.17). Calculation of
the PB in (1.17) gives

. de de
Jak=Sa ‘—9;1"

s',,=-ijak, awak. (11.6)
The differential conservation law for the energy density has

the form (1.18). On the basis of the algebra (11.3), we find

-y de 078 ge oe + oe

. Kk qk_&’n' T o0 Mo om, Sa 954
N de de N de de 117
00k \ s ¥ dm;) Y by om, (11.7)
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Finally, if the energy density &(x) has the property of trans-
lational invariance, {P;,e(x)}=V,;e(x), we obtain from this
the differential conservation law for the momentum density
(1.16). Calculation of the PB leads to the result

Vit tix=pout a8 + B +b =
= kiks lLixk=POjpT T I W i EY ji by
—eto g, 118
p=—eto —+m o—ts, E (11.8)

Here t;; is the stress tensor.

If the energy density £(x) does not depend on the rota-
tion matrix a,g, then the equations of motion (11.6)-(11.8)
are identical to the corresponding equations of motion in
Ref. 52 if in the latter we ignore the influence of electromag-
netic fields.

For an energy density invariant with respect to spin ro-
tations, we have [see (6.26)]

e(...,s,0p,a)=¢(...,5,0;)

(we indicate the dependence on only the variables that
change under the considered transformations), and therefore
it is expedient to choose as independent variables the right
variables s and w, . Then, using the PB (11.3), we obtain the
dynamical equations of the magnetoelastic medium in the
long-wavelength limit in the form

. de de
o=-V, U-;r-k- s =—Vilpout+m — Fy=
+ de + de
Wi P ji b )’
de e de
blk vk bU 9 i s Sa Vk §a¢9_11_k 0wak
de Je
+80B7 Sﬁa wﬂk ‘9(071‘ ,
oe Je oe
Oox=—Vy a_—+@ala—ﬂ__l tEapyWpr| 35
de
+ = ‘yI (—?;; ’ (11.9)
where
_ 4 de i de i de
P=m8% 0 5 T M g, e s

is the pressure. The complete system of equations (11.9) de-
termines the dynamical properties of the magnetoelastic me-
dium when dissipative processes are ignored.

12. QUANTUM CRYSTALS

Hitherto, we have considered normal systems. We now
turn to the study of superfluid systems for which the equilib-
rium state is a state with spontaneously broken symmetry
with respect to phase transformations. We first consider the
derivation of the PB algebra of the variables of a quantum
crystal, and from this algebra we then separate the subalge-
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bra corresponding to superfluid “He. We shall then take into
account the effect of spin degrees of freedom and describe
the dynamics of a quantum spin crystal in the ground state of
which invariance with respect to spin rotations and also the
translational and phase invariance are broken. As a subalge-
bra, we shall here separate the PB algebra of the variables of
superfluid *He—B.

Let us consider a quantum crystal. The phenomenon of
superfluidity of a quantum crystal arises from the possibil-
ity of two forms of motion. The first of them is the motion of
the sites of a lattice characteristic of a solid, and the second
type is the transport of mass by quasiparticles with fixed
lattice sites that is characteristic of a superfluid liquid. Linear
dynamical equations of a quantum crystal were obtained in a
phenomenological approach in Ref. 53, and the studies of
Refs. 54 and 55 were devoted to a nonlinear generalization
of them. We shall obtain nonlinear dynamical equations of
quantum crystals on the basis of the Hamiltonian approach.

The variables that describe the breaking of the phase and
translational invariance of the equilibrium state of a quantum
crystal are the superfluid phase ¢(x) and the displacement
vector u;(x) of the lattice sites in the configuration space.
Therefore, the energy density e(x) in the general case is a
functional of the following variables: the superfluid phase
¢(x), the displacement vector u;(x), and the densities of the
entropy o(x), mass p(x), and momentum 7r;(x). Thus,

e(x)=e(x;0(x"),p(x"), mi(x"), P(x"),ui(x")). (12.1)

We now obtain the PB of the dynamical variables of the
system. We first make the following remark. It is well
known’® that in continuum mechanics the variables p(x) and
u;(x) are not independent but are related by

p=ﬁdet"6,!_vju,", (12.2)

where p is the density of the undeformed matter. However,
since we consider the quantum-crystal phase, for which the
number of atoms and the number of lattice sites are not
equal,” the variables p(x) and u;(x) must be regarded as
independent, so that the relation (12.2) no longer holds for
them. Therefore, the PB of these variables must also be
specified independently.

We write the density of the kinematic part of the La-
grangian in the form

F(x)=mF(x)b; (%) — o(x) h(x) — p(x) $(x),
(12.3)

where
mf=mi—oV(x)—pV;¢.

The expression (12.3) is constructed in the same way as was
done in the case of classical continuous media (see the ex-
planation on the inclusion of the term at/}). Namely, the final
term in (12.3) takes into account the effect of the superflu-
idity; accordingly, in the momentum density 7 associated
with spatial translations in the space of the variables u; and
ar; it is necessary to take into account the additional term
pV;é. To obtain the PB, it is also necessary, as for classical
continuous media, to consider variations (2.7) with general-
ized momentum p ;= w?b,}l and, besides them, variations
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3p(x)=0, S(x)=g(x).

To these variations there corresponds the generator

G= f &x(pifi—ox—pg).

Making the further calculations like those in Sec. 2, we ar-
rive at the following PB algebra of the variables of quantum
crystals:

{mi(x),u(x")} == (8= Viug(x)) 8(x—x"),
{m(x),0(x")}=—0(x)V,;8(x—x"),

{m(x),p(x")}=—p(x)V;8(x—x"),
{mi(x),d(x")}=8(x—x")V;p(x),

{mi(x), ¥(x")}=8(x—x")V;p(x),

{o(x), ¥(x")}={p(x),(x")} = 8(x—x"),
{mi(x),m(x" )} =m(x) V] 8(x—x") = mi(x" )V, 8(x—x").

(12.4)

In all that follows, the variable ¢ will be assumed to be
cyclic. Note that by virtue of the invariance of e(x) with
respect to global phase transformations and spatial transla-
tions, the energy density &(x) depends not on the variables
@(x) and u;(x) themselves but only on their derivatives
Vi¢=p;,Vu; (or, in the last case, on b;= 8;,— V,u;):

e(x):S(X;U(x,)’p(x’)swi(x’)vpi(x,)’bik(x,))' (125)

The vector p is the superfluid momentum. It is therefore
convenient to choose as the dynamical variables, in addition
to the remaining variables, p; and b;; directly. Using the PB
(12.4), we obtain nonlocal dynamical equations of the quan-
tum crystals in the form

. 6H . 6H 6H
=5 g o= 5o gt o)
_ SH SH SH SH
m=—aV; o m;V; 5—77]_— Vj( ™ 5—7‘_}) —-pV; g
—piV; _H—bkiv' 6—H,
Y op, 1 &by,
. o0H OH . oH
pi= —Vi(pj 5—17]_"‘ ‘57), bu= _Vk(bij 5_7,,])
(12.6)
The structure of (12.6) simplifies appreciably in

the long-wavelength limit, in which the spatial inhomogene-
ities of the dynamical variables are weak. Assuming that
the energy density is a function of the variables o, p, 7;, p;,
and b;;, we write the dynamical equations in local form.
To do this, we use the results of Sec. 1. For an energy den-
sity that satisfies the conditon {M,e(x)} =0,
M={ d3xp(x), we obtain the differential conservation law
(1.15) for the mass density. Using (12.4), we obtain for the
mass flux density j, the expression

de de

=p — + —. :
Jk P&wk 2P (12.7)
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The calculation of the PB in (1.16) and (1.18) leads to the
following expressions for the energy flux density q; and the
momentum flux density ?;;:

de de de de de [ de
dk

= — tp—+T — |+ — | =
amy rr pﬁp i am;]  dpx \dp
- e B de de
p.—— fy———
! (977,' H abik 197TJ
- Je N de +b de
Lixg=Pp O T 7; Fy Di apy i b’
b, (12.8)
pP=-—¢ 036_- ﬁ,am pﬁp. .

Thus, the dynamical equations of the quantum crystals in the
long-wavelength limit have the form

. . de . v de 4 e

4= k ank » P= . p(97Tk 017]‘ ’

Y de + de +b Je
T="Vi| P ik+77i‘_9;; Pigp- i b )"

5 =—V 08+88 b V.l b % ). (12.9
pPi= i ”fa_w,- ap)’ ik= k ija—,n_j . 9)

These equations are identical to the ones obtained earlier
by the phenomenological method in Ref. 54 and on the basis
of a microscopic approach in Ref. 55.

Note that the expressions (12.8) for the flux densities can
be expressed in compact form by introducing the density of
the thermodynamic potential:

=Y {,—0, a=(0,i4); (,=(e,m,p), (12.10)

where Y, are the thermodynamic forces defined in accor-
dance with

de 1 _
do Y, dm Y, dp  Yq
It follows from (12.10) and (12.11) that

oe _ Yi de Y4

(12.11)

w

(9Ya - {a

and, since w=w(Y ,,p;,b;;), the second law of thermody-
namics has the form

Jw Jw
do={dY ,+ — dp,-+mdb,-k. (12.12)
i ik

ap;

With allowance for (12.8) and (12.12), we represent the flux
densities in the form

d (()Yk+ Jw J Y4+Y,'p,‘
bak= Y, Yo dppdY, Yq
dw 0 b;Y
+ Jitl
by Y, Y,

(12.13)

Here {ox=qx{ix="1ix »{4x=Ji . The dynamics of the densi-
ties of the additive integrals of the motion and of the param-
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eters that describe the broken symmetry is determined in
accordance with (12.9) and (12.13) by the equations

. Y +Yp;
P.'—Vi( Yo s

b=V (b Y )
ik k| Yij YO .
In order to interpret the thermodynamic forces Y ,, we write

down the fundamental thermodynamic identity for the en-
ergy density e=&(o,p, T ,p;,b):

(o= Vk(ak s

ds=Tdo+ pdo+vidm+ 2o dp+ 22 ab
e=Tdo+pdp+vdm+—dp,+——dby,
kAT 6p,-p abik k

(12.14)

where T is the temperature, w is the chemical potential, and
v is the normal velocity. It follows from (12.11) and (12.14)
that

- 1 Y; Y,
Y Y ATy
Let us assume that the considered system has the property of
Galilean invariance. Then the thermodynamic potential w de-
pends only on the following combinations of the thermody-
namic forces Y, (Ref. 55):

w=w(Y(') ’YI’( 9Y4’1 sbik)s

2
' ’ Pk p
Y0=Y0, Yk=Yk+Y0;l', Y!‘:Y4+Ykpk+Y0m’

(12.15)

With allowance for (12.15), for the flux densities we obtain
the expressions

1 do p; do
jk=_ I+——I’
madY, m Y,
0} piPy 0w p; dw Y, dw
==y Out — ot Ty oy
0 m 9Y, mdY, Y,dY;
bji Jw
+__7
Yo dbj
_ Y4+Y1p1 Yk y w bjIYl Jw
Tk m¥o % Y2\7T N ay]) T TYE by
(12.16)

The expressions (12.16) are identical to the analogous ex-
pressions in Ref. 55.

13. SUPERFLUID *He

In the equilibrium state of superfluid *He, phase invari-
ance is broken. The energy density £(x) is a functional of the
densities of the entropy, o(x), mass, p(x), momentum,
7;(x), and the superfluid phase ¢(x):

e(x)=¢e(x;0(x"),p(x"),m(x"),d(x")). (13.1)

The algebra of the dynamical variables of superfluid “He
forms a subalgebra of the algebra (12.4) of the variables of
quantum crystals and is determined by the brackets
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{mi(x),0(x")}=—0(x)V;8(x—x"),
{m(x),p(x")}=—p(x)V;8(x—x"),
{mi(x),p(x")}=(x—x")V;p(x),
{7i(x),¥(x")}=6(x—x")V;¥(x),
{o(x),p(x")}={p(x),p(x")}=d(x—x"),

{mi(x), m(x")}=m(x)V{ 8(x—x")— m(x" )V, 8(x—x").
(13.2)

We give here the interpretation of the variables x; and u;
introduced in Sec. 2. Since we were there considering a nor-
mal system, x; and u; were, respectively, Eulerian coordi-
nates and the displacement vector of the particles of the me-
dium. In the case of superfluid “He, it is necessary to clarify
to which component these variables correspond. First of all,
the normal velocity is determined by

_ 6H
vi(x) - 571‘,-()6)'
We obtained the equation of motion for the displacement
vector earlier [see (2.18)] and, with allowance for (13.3), it
has the form

(13.3)

(13.4)

We define the function x=x(&,t) implicitly by means of the
equation

xi(&,0) =&t ui(x(£,0),1). (13.5)

Differentiation of both sides of (13.5) with respect to the
time leads to the relation

u,-=b,-jvj.

Li,=bux1. (13-6)

Hence, comparing Egs. (13.4) and (13.6), we obtain
bikj=bi;

and, therefore,

xj'=Uj.

Thus, we conclude that the function x;(£,t) defined by the
relation (13.5) and u; are, respectively, the Eulerian coordi-
nate and the displacement vector of the particles of the nor-
mal component.

If the variable i is cyclic, then the local dynamical equa-
tions corresponding to the PB (13.2) have the form

— de vy de + de
7= qd (97Tk » P k\ P ﬂ’ITk (9pk ’

v 5 e de
Ti= " V| P 1k+7rt 9 +pt% s

v ( de 88) (13.7)
14 i FYNE .

where
de de oJe

=—g+o—+m —+p —
p T %0 mt?'rr, pﬁp

is the pressure and p;=V ;¢ is the superfluid momentum.

199 Phys. Part. Nucl. 27 (2), March-April 1996

We note the following interesting circumstance. If the
energy density &(x) contains a dependence on the variable ¢,
then on the right-hand side of the equation of motion for the
entropy density an additional term appears. Indeed, under the
assumption that

e(x;...,(x"))=g(...,Vi(x))

and, therefore,

SH de
7 Vi Vi
we obtain
. de Jde
0'=—Vk(0' -O_E_—l:+ 5Vk'/’).

The second term in the brackets need not be associated with
motion of the normal component, and in the expression for
the entropy flux density there arises as a consequence a term
due to the superfluid motion.

14. QUANTUM SPIN CRYSTALS

When we considered the dynamics of quantum spin
crystals, we did not take into account the effect of the spin
degrees of freedom, which can be important for quantum
solid *He. Bearing in mind that in the superfluid liquid
phases of *He there is spontaneous breaking of the symmetry
with respect to homogeneous spin rotations, we consider the
case of complete breaking of the spin invariance (the param-
eter that describes such breaking is a real rotation matrix);
this corresponds to the B phase of He. In other words, we
consider a quantum spin crystal in the equilibrium state of
which the phase, translational, and spin invariances are si-
multaneously broken.?®

If in the ground state there is not complete breaking of
the symmetry with respect to spin rotations, then the spin
dynamics of the quantum crystal can be described in terms of
just the spin density in the framework of the well-known
Landau—Lifshitz equation with a convection term.>

The dynamical variables of a quantum spin crystal with
broken symmetry with respect to spin rotations are the den-
sities of the entropy, o(x), the mass, p(x), the momentum,
;(x), and the spin, s,(x), and also the orthogonal rotation
matrix a,4(x), the superfluid phase ¢(x), and the displace-
ment vector u;(x). Therefore, in the general case the energy
density (x) is a functional of these variables:

e(x)=e(x;0(x"),p(x"),m(x"),50(x"),

aaﬁ(x’)’¢(x,)!ui(x,))-

The density of the kinematic part of the Lagrangian of quan-
tum spin crystals can be written in the form [see (6.3) and
(12.3)]

F(x) = mF(x)b ;i (x) = o (x) gh(x) — p(x) b(x)

= Sa(X)wy4(x),

(14.1)

(14.2)

where

7Tl* =;— UV,(/I— pV,-tﬁ—Sawai-
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The density of the kinematic part of the Lagrangian (14.2)
corresponds to the following PB algebra of the dynamical
variables:

{mi(x),ux(x")} == (8= Viur(x)) (x—x"),
{m(x), p(x")} =V p(x) (x—x"),
{mi(x),0(x")}=—0(x)V;8(x—x"),
{mi(x),p(x")}==p(x)V;8(x—x"),
{m:(x),5.(x")}=—54(x)V;8(x—x"),

{7i(x),a0p5(x" )} = 8(x—x")V,ap(x),
{mi(x),m(x")}=mp(x) V] 6(x—x")— m(x") Vi H(x—x"),
{mi(x),p(x")}=8(x—x")V;p(x),
{p(x),d(x")}={o(x),¥(x")}=8(x—x"),
{5a(x),5p(x")} = apys,(x) 8(x—x"),
{5a(2),a5,(x")} = Eayy5,(x) 8(x—x"). (14.3)

Note that by virtue of the invariance of £(x) with respect to
global phase transformations and spatial translations the en-
ergy density &(x) depends not on the variables ¢(x) and
u;(x) themselves but only on their derivatives V;¢=p;,V,u;
(or, in the last case, on the variables b;;= 8;;— Vu,):

e(x)=e(x;0(x"),p(x"),m(x"),50(x"),

aaﬂ(xl)7pi(x')’bik(x’))-

The vector p has the meaning of the superfluid momentum.
As dynamical variables, it is therefore convenient to choose,
in addition to the remaining variables, the variables p; and
b;; directly. Using the PB (14.3) and the general functional
expression (14.4), we obtain nonlocal dynamical equations
of the quantum spin crystal in the form

(14.4)

, A T .
(T(x)- KO 677]( s PT kP 877)‘ 5pk ’

. v 6H v oH v oH oH
Ti=TO0Viss T iE;T;"‘ j Wi},’;;_ “Sa igs_;
+ 6H v v 0H v 6H bV oH
8a 05 iGap— P i(sp Pi japj ki jabkj’

) S6H 6H S6H

Sq= _Vi(sa 371—,) +8aﬂy(:§£ syt _5:1; am,) (14.5)
and also equations for the parameters that describe the bro-
ken symmetry:

- S6H oH

Qap= ™~ 5_7,.1 Viauptase,py -5s—7;

o, S 2, 22,

i i\ Fj 577}' 59 ’ ik k| “ij 671']'
(14.6)

The dynamical equations (14.5) and (14.6) and the general
functional expression (14.4) for the energy density describe
the nonequilibrium properties of a quantum spin crystal with
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arbitrary nature of the spatial inhomogeneities. Assuming
that the energy density is a function of the form

s(x)=2&(0(x),p(x),7(x),Pi(%),bik(x),5o(X), @ ax(x)),
(14.7)
we obtain dynamical equations in local form. Using the ex-

pressions (1.15)—(1.18), we find for the mass, spin, energy,
and momentum flux densities

. de de . Jde de
J=p 5}:"’% Jak=Sa Zomt 50
de de de de de de [de
qk:ﬁr}(“5+p3?+"’a_m+s“a)+5l(55
+p~—‘zf-)+ de (f—e—+w f—s—)
Yom;) Qo \ds, ¥ dm;
+by, S8 %8
Y by om;’
tik=p5ik+'”i—as—+pi'3i+waii—'f-b'i—af;—,
amy opx dwar 7" b
pE—a+0’£+1Tl-ai+p'aﬁ+saie—. (14.8)
do am; ap 95,

Here p is the pressure. Assuming that, as before, the energy
density has the property (6.25) of rotational invariance in the
spin space, we obtain

e(...,s,0p,a)=¢(...,as,ao,1)=¢(...,s5,w).

As independent variables, it is therefore convenient to
choose, besides the remaining variables, s and w;. Then,
calculating the flux densities in the new variables using the
PB algebra (14.3), we obtain the dynamical equations of
quantum spin crystals in the long-wavelength limit in the
form

. v de . v de N de
TG ATV G o)

e vl st (98+ 0s+ ¢9s+b de
= k\ POik ™ T Ers Pi EP Wqi EP ji t?b,-k s

. Jde de de
§s=—Vils +——|+e,sy

om0 gﬁ_‘E
+wgy 6,68 )’ (14.9)
Dy
where
de de de de
p=—¢to %+W15?1+p (—9;+__vaa—§a-,

and equations for the parameters that describe the broken
symmetry:

e de

Gag=¢ —+—w,la,s,
aB™ ©apy 0.57 aﬂ.i—ﬂ) B
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vy de + oJe 5o —v.lp de
pPi= i\ Pj 377,- ap)’ k= k\ 9ij 87rj -( )
14.10

A consequence of Egs. (14.9) and (14.10) is the following
differential conservation law for the energy density:

ae( de de de as)

§=—

—\|o—+p—+m —+s,—
K o, o P ap m dmr fa 0S4
de (de de Je de . e
I \9p P om,) "t G \ s, ¢ G,
+b de e 14.11
ij ‘9bik 0771 ) ( ) )

To obtain compact expressions for the flux densities (14.8),
we introduce the thermodynamic potential w:

w:Yaga_o" a:(09i7a94); £a=(87ﬂ-i,saap)’

(14.12)

where Y, are the thermodynamic forces determined by the
expressions

de 1 de Y, de Y, 0e Y,
00' YO (?71',-_ YO’ o"sa* YO’ 0p YO
(14.13)
(o'=—wlY, is the Gibbs potential). With allowance for
(14.12) and (14.13),

Jw
aYa - ga

and the second law of thermodynamics for the potential w
can be written in the form

do=1,dY 422 ap+ 22 ap. + 204
w=_dY, ap; pit+ ¢9b Kt 5 W W yk-
(14.14)
It follows from (14.8) and (14.14) that
(9 ka+ (9(0 (9 Y4+Y"pi
=T 3¥. Yo T apr ¥, Yo
do 3 by¥, o 4 Y ot Y10

&bjk 17Y YO (9(!)ak (9Y Y()
(14.15)

The dynamics of the densities ¢, of the additive integrals of
the motion and of the parameters that describe the broken
symmetry is given by the equations

YO ’ xk k UY

R |
dap=7y, (YiViaop=&ap,Y ya,p).

éaz —Vilak I5i=Vi

In order to interpret the thermodynamic forces Y ,, we write
down the fundamental thermodynamic identity for the en-
ergy density:

de
=Tdo+ pdp+uvdm+h,ds, +—

ap; dp;
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—— dwgy. (14.16)
Here h, is the magnetizing field. From (14.13) and (14.16),
we obtain

1 Y; Y, Y,
7 S AR A T
Let us assume that the considered system has the property of
Galilean invariance. Then the thermodynamic potential w de-
pends only on the following combinations of the thermody-
namic forces Y, (Ref. 55):

w= (()(Y(') ’Y/: ,Y; ,Y‘It ’bik ,wak),

Yo=Y,, Y,§=Yk+Y0%", Y, =Y,,
p?

Y=Yt YipitYo o

Noting that

dw Y, dw P\ dw

—=— VY o

dp; m Y, Y,

w w

ar] Pigy;

we obtain for the flux densities the expressions

. 1 do  pp dw . Y, dw 1 dw
==t — =7 Ja=— oty
mé’Yk m&Y4 YoaYa Yoa(!)ak
p__ @ s PP pid0 Y S0
¥, R m ooy, may, Y,oY!
Wy dw b dw
Yo 6wak Yo (9bjk’
Y4+Ylpl Yk w b}lYl Jw
U™ "y, ™ YI\TT Moy T YT by

Yar+ Y,w,,, w
Yo ﬂwak'

At the same time, the second law of thermodynamics can be
written in the form

I ’ ’

Y, 4
Tdo= d£+ — d7rk+

+_
Y, = ds S o Yy dp
1 dw d 1 dw b
YO (9wak Oak Yo 3bik ik

15. SUPERFLUID *He-B

In the case of the superfluid B phase of 3He, there is
spontaneous breaking of the symmetry with respect to phase
transformations and spin rotations. The parameters that de-
scribe this breaking are the superfluid phase ¢(x) and the
orthogonal rotation matrix a,g(x). Accordingly, the energy
density is a functional of the form
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e(0)=e(r;0(x"),p(x"), m(x"), $(x'),54(x"),a ap(x")).
(15.1)

The PB of the dynamical variables of the superfluid *He B
phase form a subalgebra of the PB algebra (14.3) of quantum
spin crystals. For them, we have

{mi(x), ¥(x")}=6(x—x")V;(x),
{mi(x),0(x")}=-0(x)V;8(x—x'),
{mi(x),p(x")}=—p(x)V;6(x—x"),
{mi(x),54(x")}=—54(x)V;0(x—x"),
{mi(x),a0p(x")}= 8(x—=x")V;a,p4(x),
{mi(x),p(x")}=(x—x")V;¢(x),
{p(x),¢(x")}={o(x),(x")}=8(x—x"),
{sa(x),58(x" )} =€ apysH(x) (x—x"),
{sa(x).ap,(x")}=€aypapy(x)6(x—x"),

{mi(x), m(x")} = mp(x) Vi S(x—x") = mi(x" )V 8(x—x").
(15.2)
By virtue of the global phase invariance, the dependence of
the energy density (15.1) on the phase ¢(x) occurs only
through p;=V,;¢. The nonlocal dynamical equations for the

densities of the additive integrals of the motion of superfluid
3He-B have the form

SH _ SH 6H
o(x)==Vilo=—]|, p=—Vilp—+ ,
577](

oy B—p;
6H OoH 6H 6H
1i',~=—1eri6—Trj—Vj(1r,~:S—7T—j)—o'V,- %—savim
+ O g v g O
danp B PYiTgp PiVigy

SN i IO AP 153
Sa= il Sa 571,’_ Saﬂ'y 5sﬂ s‘y 5apﬂ ap'y ’ ( . )

while the equations for the parameters that describe the bro-
ken symmetry have the form

oH 6H

dop=— o V,—a,,ﬁ+aapsp,37(—>‘§;

SH oH
) . (15.4)

pi= "Vi(Pj 5_7_‘_j+ 7
In the long-wavelength limit

S(X)z B(O'(X),p(X),Wi(X),pi(X),Sa(X),aaﬂ(X),wak(X)),

and the flux densities of the integrals of the motion are, in
accordance with (1.15)—(1.18),

. O + de S de + de
Jk=P Ay c?Pk’ Jak=Sa a1y awak,

_0g oe £ de de + de de [ oe
D om\T a0 Pap " am T2 9s,) " apr \ap
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de oe de oe
i)t 35, Dai G|
1 a ]

3wak
St 49, 2, 2E
Lix=Dp Oy 77'1"9—7; Pi . W4y dwgg’
oe oe e oe

=—gto — M —tp — 5, —. 15.5
P= 8T G T M gm TP 5 T gs, (15.5)

If the energy density is invariant with respect to spin rota-
tions, then
(15.6)

The local equations of motion for the superfluid He B phase
that correspond to the energy density (15.6) have the form

. de . de s
o=—-V, Ua—m(-, p=—Vip—+ ;

e(...,s,0p,a)=¢e(...,8,0).

I, 0Pk
. Vil ps.+ de + de + de
™= k| POix ™ T; oy Pi pr WDgi P
. v de 4 de + Jde + de
Sa= k| Sa oy dagk Eapy| I8 aé'y Wgk &@yk s

(15.7)
while the equations for the parameters that describe the bro-
ken symmetry have the form

i de Ode
Aap=Eapy (9_57'*':;;“-"71' pB>
. de de
pi=-V; Pja—;r‘}j“'g"; .

Equations (15.7) and (15.8) are identical to the ones obtained
earlier in Ref. 43.

(15.8)

CONCLUSIONS

Thus, we have constructed a systematic method for ob-
taining the Poisson brackets of dynamical variables based on
specifying the kinematic part of the Lagrangian and inter-
preting the integrated terms in the variation of the action as
the generators of canonical transformations. In the construc-
tion of the kinematic part of the Lagrangian, the order pa-
rameters are defined in terms of quantities conjugate to the
densities of the additive integrals of the motion. In the ap-
proach that we have considered, the entropy density is a
dynamical variable, and this requires the introduction of an
additional conjugate variable (the variable ¢), which, how-
ever, does not occur in the equation of motion, owing to the
assumption that it is cyclic. An important role in finding the
kinematic part of the Lagrangian is played by the definition
of the operators of spatial shift associated with the various
physical fields that occur in the Lagrangian such as the en-
tropy field, the field of the phases of the order parameters,
etc. On the basis of the approach developed here, we have
been able to treat from a unified point of view very varied
physical systems, beginning with classical continuous media
and ending with macroscopic quantum objects (various mag-
netically ordered systems, superfluid liquids, quantum crys-
tals). The generality of the treatment is achieved both by the
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universality of the formalism and by the device of using
separation of the PB subalgebras of the dynamical variables
from a more general algebra with the subsequent assumption
that the variables that do not occur in the subalgebra are
cyclic.
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