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On the basis of a microscopic approach, a constructive method is proposed for constructing
explicitly basis functions of the nuclear model of two axial rotors. The model is interpreted as a
generalization of Elliott’s SU(3) model, the basis of which is extended to a basis of the

direct product SU(3)XSU(3). The solution to the problem is facilitated by the procedure of
mapping the functions and operators to the Fock—Bargmann space. Explicit expressions are
obtained in this space for the second-order Casimir operators of the group SU(3) and the
Bargmann—Moshinsky operator. Ultimately, the wave functions of the model are expressed in
terms of hypergeometric functions and spherical Wigner functions. A procedure for

separating ‘‘Elliott states’’ from the complete set of constructed functions is also considered. A
possibility of extending the region of applicability of the obtained basis is noted in the

final part of the paper. © 1996 American Institute of Physics. [S1063-7796(96)00202-X]

1. INTRODUCTION

In this paper, we consider a method for constructing
wave functions in the two-rotor nuclear model on the basis
of a microscopic approach, and we investigate the main
properties of these functions. The main attention is devoted
to the formal aspect of the problem, except in the Introduc-
tion and in part in Sec. 2, in which the physical formulation
of the problem is also considered.

An important aspect of the .approach presented below is
the use of the Fock—Bargmann space, in which the basis
functions of the model have a simple form. The transition to
this space is made by means of wave packets that generate a
complete basis of the model, the two vector parameters of
the wave packets becoming independent variables in the
Fock—Bargmann space.

In a phenomenological interpretation, the model of two
axial rotors was proposed by Palumbo!~3 and was later con-
sidered in various studies of other authors (see, for example,
Refs. 4-7). We call the approach proposed in the present
paper microscopic, since the original constructive elements
of the nuclear wave functions are, as in Refs. 6 and 7, single-
particle harmonic-oscillator functions that depend on the spa-
tial coordinates and the spin—isospin variables of the indi-
vidual nucleons. Depending on their classification, the
nuclear states are described by definite linear combinations
of products of such single-particle states.

It was shown in Ref. 8 that the dynamics of a single, in
general nonaxial, rotor can be described on the basis of El-
liott’s microscopic SU(3) model.® This offers hope that in
our case too it will be possible to make effective use of a
classification of the states in accordance with their (\,u)
symmetry. However, Elliott’s model describes the dynamics
of just three collective degrees of freedom of valence nucle-
ons, whereas in the case of two rotors the number of degrees
of freedom can vary from four (axial rotors) to six. It is
therefore necessary to extend the basis of Elliott’s model and
introduce a new classification of nucleon configurations. In
the classification that we propose, we use the SU(3) symme-
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try indices separately for the system of neutrons (\,,u,)
and for the system of protons (A,,u,). The set of states
constructed in this manner forms a basis of the direct product
SU(3)XSU(3) of the two groups. The subsequent reduction
of SU(3)XSU(3) with respect to the group SU(3) makes it
possible to label the wave functions by the quantum numbers
(A,u) that characterize the SU(3) symmetry of the neutron—
proton system as a whole. Thus, in the considered model the
states are identified by the following set of quantum num-
bers: (A,,1,), (Np,ap), (\,u), and K, L, M. The KLM
quantum numbers are analogous to the quantum numbers of
the states of a rigid rotor, for which L is the angular momen-
tum, K is the projection of the angular momentum onto the
axis of the rotor, and M is the projection of the angular
momentum onto an external axis. In general, K is not an
integral of the motion in the considered model, and therefore
the wave function is a superposition of states with different
K values. To ensure axial symmetry of the neutron and pro-
ton subsystems, the values of the quantum numbers that
characterize the SU(3) symmetry of the subsystems are cho-
sen in the form (X, ,u,)=(n,,0) and (A, ,1,) =(n;,0). The
pair of numbers (\,u) characterizing the symmetry of the
complete proton—neutron system can take the values
(ny+n,0),(n,+n,—2,1),...,(ny—ny,n,;). (For definite-
ness, we shall assume that n,<n,.)

As Elliott showed,? the irreducible representation (\,u)
can be reduced to irreducible representations of the group R,
of three-dimensional rotations with the following values of
the angular momentum:

L=N, N+1, N+2,.., N+B,

where N=min{\,u}, min{A\,u}—2, min{\,u}—4,...,1, or 0;
B=max{\,u}, except for the case when N=0, in which
L=B,B-2,..,1, or 0.

The listed quantum numbers are sufficient for unique
identification of the wave functions if A<2 or u<2. If A=2
and u=2, the need for an additional quantum number arises.
It can, for example, be taken to be the Bargmann—Moshinsky
integral @ (Ref. 10). In what follows, the required wave
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TABLE 1. Order of filling by nucleons of nuclear shells in the considered model.

Nucleus Ordering of filling of shells
8Be [000]; [100];
‘ [000; [100];
2056 ([000]% [100J; [010F; [001] [200T;
N [000F; [100]3 [010F [001]; [200]2
s (0007} [100T; [010} [001T} [200} ...[011]% [300]2
2! [00013 [100]2 [010]% [00113 [200]3 ...[011]2 [300]?

functions will be denoted by |(\,u)L M), the quantum num-
bers \,=n, and A\ ,=n, being omitted for brevity.

2. THE METHOD OF GENERATING FUNCTIONS AND
THE FOCK-BARGMANN REPRESENTATION

As we noted above, the wave functions |(\,u)LM) are
definite linear combinations of products of oscillator func-
tions that depend on the spin coordinates and on the spin—
isospin variables of the individual nucleons. It is well known
that the explicit determination of many-particle wave func-
tions with given quantum numbers is, in general, a nontrivial
problem. The adequate description of nuclear states is con-
siderably simplified by going over from functions that de-
pend on the coordinates of the particles to the images of
these functions in the Fock—Bargmann space.!! Essentially,
the mapping of the functions to their images has the effect of
separating the dynamical variables of the model and, as it
were, ‘‘freezing’’ the degrees of freedom that are not af-
fected by the excitations considered in this model.

The procedure for mapping the functions and operators
can be represented in general form as follows.

We denote by {u,,u,,us} a triplet of mutually orthogonal
unit vectors, and by {v,,v,,v;} another such triplet. Using
these vectors, we write in invariant form the normalized
three-dimensional single-particle harmonic-oscillator func-
tions with allowance for their dependence on the nucleon
spin—isospin variables:

\I’ql 4 ,q3(ul ‘I,Uy-T,u3- l‘)

1

V20702t 10,1 q,! -

_2

XH, (u;-1)-Hy (uy1)-Hy (u3-1)-e "y 7y,

(2.1)

v

4y 43 "13("1 -T,Vy-TI,V3-T)

1
- V24t atas. g 1g,1g,1 -

XH,“(vl ‘1) -qu(v2~ r) 'an(v3 -T)

)
Xe " Xy T2 2.2)

where H 4,(2) are Chebyshev—Hermite polynomials, and u=
*1/2 is the projection of the nucleon spin onto the quantiza-
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tion axis. The functions (2.1) and (2.2) describe the proton
and neutron states, respectively, in accordance with the pro-
jection of the isotopic spin in them (7, is the isospin func-
tion). Note that in the coordinate system in which the x, y,
and z axes are directed along the vectors u,, u,, and u; the
coordinate part of the function (2.1) is a product of three
one-dimensional oscillator functions, each of which depends
on one of the Cartesian coordinates x, y, or z. If, however,
the directions of the axes are specified by the vectors v, v,
and v, then it will be the coordinate part of the function
(2.2) that has such a form.

As is standard in the nuclear shell model, we shall as-
sume that all the single-particle states (2.1) and (2.2) with the
same total number g=gq,+¢,+¢q; of oscillator quanta be-
long to the same shell. In this paper, we consider only the
configurations in which only the outermost shell, i.e., the
shell with the largest value of the quantum number ¢, is
unfilled (open). As an illustration, Table I gives the order of
filling of the shells for the nuclei $Be, 20Ne, and 73Ti, for
which there are two protons and two neutrons in the outer-
most shell. To each pair of square brackets in Table I there
corresponds a definite form of the single-particle wave func-
tion with a definite set of oscillator quantum numbers
q1,9,,93- The superscript outside the square brackets indi-
cates the number of nucleons in the given state, and the
subscript is equal to 1 or 2 according as the single-particle
function has the form (2.1) or (2.2).

We list the main properties of the single-particle func-
tions:

» Two functions with different spin or isospin quantum
numbers are mutually orthogonal.

» Two functions belonging to different shells are or-
thogonal.

» The coordinate parts of two functions with different
sets of numbers g,,g,,9; are mutually orthogonal if they
both have the form (2.1), and the same is true if they both
have the form (2.2).

* The coordinate parts of two functions for which one
has the form (2.1) and the other has the form (2.2) are not in
general mutually orthogonal if they belong to the same shell,
i.e., if they have the same total number g of oscillator quanta.

It is obvious that closed shells with the single-particle
functions (2.1) and (2.2) are spherically symmetric. There-
fore, the shape of the nucleus is completely determined by
the configuration of the nucleons in the outermost unfilled
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shell. It is usual to call the nucleons of the outermost shell
valence nucleons, by analogy with valence electrons in at-
oms.

We now draw attention to the circumstance that for all
three nuclei §Be, 2Ne, and 5, Ti the configurations of the
outermost shell given in Table I have the form [g,00]. There-
fore, the Chebyshev~Hermite polynomials in (2.1) do not
depend on the vectors u, and us, and, since the exponential
part of this function is spherically symmetric, the function
(2.1) as a whole is invariant with respect to rotations around
the axis directed along the vector u,. This means that the
spatial distribution of the set of all the protons of the nucleus
has axial symmetry with the orientation of the symmetry axis
given by u,. Similar arguments enable us to conclude that
for the considered configurations the distribution of the neu-
trons is also axisymmetric with symmetry axis along v,. The
numbers n; and n,, in terms of which the quantum number A
can be expressed, are equal to the product of the number g,
of oscillator quanta in the corresponding (neutron or proton)
outermost shell and the number of the corresponding nucle-
ons in this shell.

We now consider many-particle functions in the form of
Slater determinants whose elements are single-particle oscil-
lator functions of the type (2.1) and (2.2). For each particular
nucleus, the set of different single-particle functions in the
determinant is determined by the corresponding shell con-
figuration. An undoubted advantage of a many-particle func-
tion expressed as a Slater determinant is the automatic ful-
fillment in it of the fundamental Pauli principle and the
possibility of separating the center-of-mass coordinate of the
system of nucleons, so that the model can be treated as trans-
lationally invariant. For the concrete shell configurations
considered here, the determinant functions are characterized
by a definite SU(3) symmetry of the neutron and proton sub-
systems with quantum numbers of the form (A,,0) and
(A, ,0), but at the same time the neutron—proton system as a
whole does not possess a definite SU(3) symmetry, and,
therefore, the quantum numbers (\,u) are not integrals of the
motion. In addition, in these states the total angular momen-
tum L of the system and its projection M onto the external
quantization axis do not have definite values.

However, it is known'? that a Slater determinant formed
from single-particle functions is a generating function that
““generates’’ states |(\,u)LM) with the quantum numbers
that are necessary in the considered model. For shell con-
figurations with axisymmetric neutron and proton sub-
systems, the generating function depends on two unit vectors
u=u, and v=v,, i.e., on four independent parameters.

As a new set of parameters, we choose the three Euler
angles a,(,y, which determine the orientation in the space of
the ‘‘internal’’ coordinate system constructed on the basis of
the vectors u and v, and also the parameter t=cos 6, where 8
is the angle between the directions of the vectors u and v.
We denote the set of variables {r;.r,,....,r4} on which the
wave functions of the nucleus depend by r, and the set of
parameters {a,B,7%,6} by Q. Then the expansion of the
proton—neutron generating function W(r,Q2) with respect to
states with definite (\,x) symmetry and a definite value of
the angular momentum can be expressed in the form
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U(r,0)=2 -2 (rl(\w)LM)-((\,u)LM|Q).
(\p) LM
(23)

We shall call the function {((\,x)LM|Q), which depends
on the collective dynamical variables a,8,7,0, the ‘‘image’’
of the function (r|(\,x)LM), which depends on the coordi-
nates of the individual nucleons. The ‘image’’ contains that
part of the information about the original that relates to the
dynamics of the valence nucleons in the framework of the
model of two axial rotors. The space in which the images are
defined is called the Fock—Bargmann space.!! The transfor-
mation of the functions brings with it a transformation of the
operators, and it is therefore necessary to formulate the rule
that enables us to associate with each operator a certain im-
age that acts on functions depending on the variables ().

By definition, we shall say that the operator F(Q) is the
image of the operator F(r) if the following equation holds
identically:

<~If(r,ﬁ>|F”<ﬂ)|~If(r,0>>=<‘If<r,6)|ﬁ<r)l~1f<r,0>(>2, Y

where the brackets denote integration over the coordinates
r,,ry,...r, and summation over the spin—isospin variables of
the nucleons, and the function ‘I’(r,ﬁ) is identical to the
generating function W(r €}) apart from the formal renotation
Q-Q. We simplify the form of the mathematical expres-
sions by replacing the notation for the set of quantum num-
bers {(\,u)LM} by the single letter N. Then Eq. (2.3) takes
the simple form

xp(r,n)=§ (r|NYN|Q). (2.5)

Using this expression, and also taking into account the or-
thonormality of the functions (r|(A w)LM) (written in abbre-
viated form as (r|N)), we write down the value of the over-
lap integral of the generating invariants ¥(r,Q) and ¥(r,Q):

JE(‘I’(r,ﬁ)N’(r,Q)): % % (ﬁlN) - Oyry- (N|Q)

=3 (M-(No). (26

Note that the overlap integral J is expressed as a binary sum

of the images of the orthonormal functions {r|(\,u)LM).
We now transform the left- and right-hand sides of the

relation (2.4) with allowance for the expansion (2.5):

((r,Q)|E(r)|¥(r,Q))=2 ; Fyi{QIN")-(N|Q),
Nl
2.7

where F -+ are the matrix elements of the operator F (r) on
the states (r|(\,u)LM);
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(W (r,D|F( Q)W (r,Q)=F(Q) - (¥(r,D)|¥(r,Q))

Il

f(ﬂ)-§ (QIN")-(N'|Q)

g (QIN'Y-(N'|F(Q)|Q)

=2, 2 Fun(QIN')- (NI,
(2.8)

In Eq. (2.8), F, ~'n are the coefficients of the expansion with
respect to_the functions (N | Q) of the result of applying the
operator F () to (N'|Q):

F(Q)-(N'|0)=2 Fy(NIQ). (2.9)
It follows from Eqs. (2.7) and (2.8) with allowance for (2.4)
that

FN'N=fN’N‘ (2.10)

On the basis of the obtained relations, we now list sche-
matically the sequence of operations for constructing the re-
quired functions, and, where necessary, we make appropriate
commentaries:

1. Regarding the coordinates of the vectors u and v as
generator parameters, we construct the second-order Casimir
operator of the SU(3) group of the proton—neutron system.
Since the dynamical variables of the model are ¢,a,8,y, the
Casimir operator must also be expressed in terms of these
variables.

2. Since the quantum numbers L and M are integrals of
the motion, we shall seek the eigenfunctions of the Casimir
operator in the form of products of functions that depend on
the variable f=cos @ and a Wigner D function:
(()\,/.L)KLMIQ)=F(t)-DI,}M(a,B,'y). Since the eigenval-
ues of the Casimir operator of SU(3) are known, the deter-
mination of the explicit form of the functions F(¢) reduces to
the solution of a quite definite second-order differential
equation. The problem of finding the eigenfunctions of the
Casimir operator and analyzing their properties will be con-
sidered below.

3. We obtain the required functions ((\,u)LM|Q)) in the
form of linear combinations of the functions ((\,u)K LM |Q))
by summing over the quantum number K. The coefficients of
the linear combination are found from the additional require-
ment that the required function be an eigenfunction of the
Bargmann—Moshinsky operator. Therefore, this operator
must also be constructed in terms of the variables #,a,8,7.

Note, however, that the normalization of the function
found in this manner remains undetermined. Moreover, the
very concept of a normalized function needs to be reconsid-
ered in this case, since the concept of a scalar product of
functions that depend on the variables «,B,7,t is not defined.

We shall assume that the functions {(\, )L M |QQ) are cor-
rectly normalized (or simply ‘‘normalized’’) if the matrix
elements of the transformed operators F((2) on these func-
tions are equal to the matrix elements of the operators F (r)
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on the corresponding original functions {(r|(Ax)LM) nor-
malized to unity. By the matrix elements of the transformed
operators in this definition, we must understand the expan-
sion coefficients Fyy in the relation (2.9). Thus, the concept
of normalization of the wave functions that depend on the
collective variables a,B,7,t is based on Eq. (2.10). It follows
from this that in order to obtain normalized functions it is
necessary to calculate the overlap integral of the generating
functions and to represent it in the form of a binary linear
combination (2.6). In this expansion, the functions
((\,u)LM|Q) are then obtained automatically in normalized
form. Note that if all the functions ((\,u)LM|QQ) are simul-
taneously multiplied by the same numerical factor, the values
of the matrix elements F 'y are not changed [see Eq. (2.8)].
This means that the numerical factor with which the gener-
ating function is written down has no fundamental signifi-
cance.

We now consider the procedure for calculating the over-
lap integral (¥ (r,Q)| ¥ (r,Q)). We formulate some propo-
sitions, which need no proofs, since they are obvious.

1. The overlap integral (W (r, )| W (r,Q)) for a system
of A nucleons can, apart from a numerical constant, be rep-
resented as the determinant of an A XA matrix. The elements
of this matrix are overlap integrals (scalar products) of
single-particle functions of the form (2.1) or (2.2).

2. The overlap integrals of two single-particle functions
with different spin—isospin quantum numbers are equal to
Zero.

3. The overlap integrals of two single-particle functions
belonging to different shells are equal to zero.

4. The overlap integrals of single-particle levels belong-
ing to the same shell do not, in general, vanish.

5. The overlap integral (‘If(r,ﬁ)l\lf(r,ﬂ)) can be rep-
resented as the product of analogous overlap integrals for the
individual shells; moreover, the factors of this product cor-
responding to closed shells are constants.

6. For every separately taken shell, the overlap integral
decomposes into factors, each of which is characterized by a
definite value of the spin—isospin state of the nucleon.

Suppose that a certain configuration of a system of
nucleons is specified. To calculate the overlap integral

(¥ (r,Q)|¥(r,Q), it is necessary to perform the following
sequence of operations:

a) Distinguish the single-particle states relating to indi-
vidual unfilled shells (in the concrete examples given above,
there is one such shell in each nucleus).

b) In each unfilled shell, distinguish the groups of single-
particle functions with the same spin—isospin part.

c) For each group, form determinants from the overlap
integrals of the corresponding single-particle functions.

d) Multiply the determinants obtained in this manner.

As an illustration, we calculate the overlap integral
(¥ (r,Q)|¥(r,Q)) for the nucleon configurations in the nu-
clei §Be, 79Ne, and 73Ti. All four single-particle functions of
the outermost shell in each of these nuclei differ from each
other in the spin—isospin quantum numbers. The coordinate
parts of these functions have the following form [see (2.1)
and (2.2); in the following, the vectors u,,u;,v,,v; are not
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encountered in the text, and for simplicity we shall write u
and v instead of u, and v,]:

1
Y1) = ——=H, (u-1)-e "2, (2.1")
V24 g2
1

‘I'(Z)Oo(v r)= qu(v-r)-e_'z/z, (2.2

\’2‘1] “q l. 71'3/2

where ¢,=1 for the nucleus §Be, q,=2 for 2Ne, and ¢,=3
for 5,Ti. Taking into account the recommendations formu-
lated above, we can write the required overlap integral in the
form

(T, )| (r,Q))=[(F( 0 TG 00T

4,0,
X [Tl T 2012, (2.11)

where W) - and W) , are obtained from the correspond-
q,0,0 4,0,0 P

ing functions without a tilde by the replacement of u by u

and v by 0. We find the value of the overlap integral of the

single-particle functions:
f j j H, (u r)

H, (u-r)- e~ Y gxdydy

S j [ —

Xe"("2+y2+z2)dxdydz

S]ll)ool\p(l)o()) 2q1

ot [ [0

XH, (x) e dx=(u-W).

We note that the calculations of the integral are conveniently
made in a coordinate system with the x axis along the vector
u,. By analogy, we write down the overlap integral of the
functions ‘I'( )00 and \I’ff),o,oz

<‘I’(2)0 0|\It(2)0 o=V,

Substituting these values of the overlap integrals in (2.11),
we obtain

(P (r, Q)| ¥(r,Q))=(u-u)291- (v-¥)21,
or
(u-u)%-(v-¥)* for ﬁBe
(u-w)*. (v-v)* for 3Ne
(u-‘ﬁ’)6.(v_;)6 for 4Ti

(P, (r,Q0))=
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Note that in the model of two axial rotors the overlap
integral in the most general case has the form

(¥(r,Q)|¥(r,Q))=(u-w)"-(v-V)"2.

Thus, the overlap integral is a homogeneous polynomial of
degree n, in the components of the vector u and of degree n,
in the components of v.

3. GENERATORS OF THE SU(3)xSU(3) MODEL

As we noted above, we restrict ourselves in this paper to
the case in which the indices of the irreducible representa-
tions of the group SU(3) of each of the two subsystems have
the form (\,,u,)=(n;,0) and (\,,u,)=(n,,0). Each of
these irreducible representations can be realized on tensor
products of the vectors u and v:

uXuX...Xu for the first subsystem,
n, times
vXVX...XV for the second subsystem.
| I—
ny times

The direct product (n,,0)X(n,,0) contains all irreducible
representations of SU(3) having the symmetry indices

\,u)=(n+n,—2m,m), m=0,1,2,...,n,

Suppose that we are given a Cartesian coordinate sys-
tem, which in what follows we shall call the ‘‘laboratory’’ or
““fixed’’ system. We take the six components {x,y;,z;;
X5,Y2,22} of the vectors u and v in this system as the original
generator parameters and associate with them in the usual
manner generators of the group SU(3) for each of the two
subsystems. In what follows, we shall also use, besides the
Cartesian coordinates of u and v, their spherical components:
{u,6,.015 v,6,02}-

From the Cartesian or spherical generator parameters,
we can form different combinations of them that have differ-
ent meanings. For example, the angle 6 between the vectors
u and v is related to 6,,¢,,0,,¢, by

cos f=sin 6, sin 6, cos(p,— @)+ cos 6; cos 0,

3.1

Following Refs. 1-3, we construct by means of the vec-
tors u and v the “‘intrinsic,”” or ‘‘moving,’’ rectangular co-
ordinate system with unit vectors

_ n1+n2 _ m—mn _ nIXnZ
T MR T R PN
where
_u v
M TR

In the intrinsic system, the components of the vectors u
and v can be written in the form
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u={§1,§2,0}, v={n1,7,.0},

0

&i=u- cos5, 7=V cos 3, (32)
0 0
Er=—u- sm2, M=V sing .

Of course, £, ,n,,n, can be expressed in terms of the
spherical components u,0,,¢,,0,6,,¢, if we use the relation
(3.1). The orientation of the moving (intrinsic) coordinate
system with respect to the laboratory system can be specified
by means of a rotation matrix, the elements of which are
direction cosines:

d=(i-e))= ] -(sin @, cos ¢, +sin 6, cos ¢,),
ZCOSE
1 . . .
dy=(j-e)= 9 -(sin 6, sin ¢, +sin 8, sin ¢,),
2cos§
1
dy;=(k-e))= 7 -(cos @,+cos 6,),
20035
1 .
dp=(i-e))= 7] -(—sin 6,-cos ¢, +sin 6,-cos ¢,),
25in-2-

1
dyp=(j-e)= 7] -(—sin ,-sin ¢, +sin 6,-sin @,),

2 sin =

2
dy=(k-e;))= i -(—cos 8,+cos 6,),
2 sin )
di;=(i-e;3)= ey -(sin @;-sin ¢,-cos 6,—cos 6, -sin 0,
Xsin ¢,),

1
dy3=(j-e;)= pemay -(cos 6,-sin 6,-cos ¢,—sin 6,

Xcos - cos 6,),

1
dy=(k-e3)= pray -sin ;- sin 6,-sin(@,— ¢@;).

Equating the elements of the rotation matrix expressed in
terms of 6,,¢,,6,,p, to the corresponding elements ex-
pressed in terms of the Euler angles «,8,y (Ref. 13) and
taking into account the relation (3.1), we can establish the
relationship between the variables {6, ,¢,,6,,p,}, on the one
hand, and {6,a,8,7}, on the other. Thus, in what follows we
shall use the following equivalent sets of independent vari-
ables:
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([ x;) ([ u ) ((u

Y1 0, v

\ ilif—)( Py 0?. (3.3)
2 v a
Y2 0, B

\22)  \¢2) V)

In the final column in (3.3), we have explicitly separated the
dynamical variables 6,a,8,y of the collective maotions in the
nuclei in the framework of the model that we are consider-
ing.

One of our tasks in this paper is to construct the
Bargmann—Moshinsky operator in terms of the variables
0,a,8,y. For this, we first find the generators of SU(3) in the
intrinsic coordinate system, doing this both for each of the
subsystems and for the complete system. In (3.2) above, we
have already given the Cartesian coordinates & and 7, of
the vectors u and v in the intrinsic system, and, therefore,
to construct the group generators it is now necessary to
write down the expressions for the derivatives /¢ and
d/d7; . Since d/d¢; are the components of the nabla operator
in the moving coordinate system, they can be expressed
in terms of the corresponding components o/dx{V
={d/9x,0/ dy 0/ dz,} of this vector in the laboratory system
by means of a rotation matrix:

Z . (1), 2 dy;i

a_gl : ax“)’

:9_‘2; =2’_ ds, ax_(z‘” (3.4)
Similarly,

5(:7—1=2i dxia_;;'y; %; Z dziK(ZZF;

aiﬂs—E 3i(97ii$ (3.4)

Equations (3.4) and (3.4’) in conjunction with (3.2) en-
able us to express the derivatives d/d¢; and d/dz; in terms
of the variables u,v,6,a,B,y. Making the necessary calcula-
tions, we obtain

7] 6 o0 1 /] 3+1M
96 2 o w2\ 2")
(9_ 6 o9 1 /] 3+1M
ST T w7 \gg T 2 Ms)
! M
6§3 0' 21>
sm cosa
6 9 1. a 1
En—l—cosz-a— —smE- —0—0-+5M3,

- v %3 TR

g 0 9 1 0 J 1
375 sm2-0 = —+-M
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d 1 1 1

J 73 2v . (/]
sin 2 Ccos 5

My, (3.4

where M, ,M, ,M are, apart from a factor i (the imaginary
unit), the operators of the projections of the angular momen-
tum of the complete system onto the moving coordinate
axes, and they are determined by the equations

. (g d ; d N d a)
7152 98 %3 9, ™ 35 " 9m
. J
= —sin vy- 0—/§
_ 0 0 + J J
M,=—\& ;g:l‘—ﬁlgg " J " G

]
=—cos y- B’
J d a a 7]
M3=—(§1 a—gz—fz 0_§1+ Pl 6’—771) =Ty
We now write down all the group generators associated with
the vector u in the moving coordinate system:

9,0 a9 8 6 (2 1.
§1a—5—cos2-uau sin 5 -cos 5 | 25t 7 M3,
d .0 0 d , 0
§la§2— sin 5 -cos 5 - U o cos” 5
0+1M
oo 273
0_1M+1 0M
§1 663—5 2 200t2 ° 1s
a 0 6 2., .,0 (3 1
52&—1- sin 5 -cos 7 ~u —otsin” > - 2o+ 5 M3 ),
d ., 0 0+‘ 0 0 (6 IM
52352—sm2~u5; sin 3 - cos 5 - 5+ 5 My,
9 1M+ 0M
gZa_gi; 2 1 2tm1§" 2>

J _ J _ 7] _
& P &; P & 6_53—0'

We can write down similarly the generators associated
with the vector v. It is obvious that the expressions for the
generators 7,/ d7; can be obtained from §;0/9¢; by the for-
mal substitutions u—v,0——6.

4. THE CASIMIR OPERATOR G,

The Casimir operator G, is the quadratic scalar contrac-
tion of the generators A;;=u;d/du;+v;8/dv; of SU@3) [or
the group U(3)]: G,=A;;A;;. Our next task is to transform

the Casimir operator from the Cartesian components {u; ,v;}
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of the vectors u and v to the dynamical variables {6,a,8,7}.
For this, we make some preliminary transformations:

. a + /] d + J
2=\ ou; vir v “i" ;7 Gu;
/] 7] 4 J J + 7] a
—Hi c?uj “j 0u,~ i 6uj Vi al),' Vi z9vj “i au,-

d d

—_— g — (a1
dvj U] 6v,~ ( )

+U,'

By a simple commutation of the operators, the first term
on the right-hand side of Eq. (4.1) can be transformed as
follows:

(4.2)

We recall that in the considered problem all the operators
(including G,) are defined in the space of homogeneous
polynomials of degree n,+n, with respect to the compo-
nents of the vectors u and v, where n; is the sum of the
degrees of the components of the vector u, and n, is the
same for v. Such polynomials are eigenfunctions of the op-
erators

a d
v —

0
SU e WdVigs=U

W
K3

with eigenvalues n; and n,,

respectively. Therefore, in (4.1) the operator (4.2) can be
replaced by its eigenvalue:

a

a
u,' 'a—u—J u-——=n1(n1+2),

J (9u,~
and similarly

d

v._v.
lan y

d
El;—i=n2(n2+2).

Further,

d a a [ 4 s
Ui ¢9u1 Uj av,'_ui (914] 6v,~vj ij
d 7} d
—H dv; v u; " du;
=(u-V°)(v-V*)—n,.
Having made analogous transformations in the following

term of the expression (4.1), we obtain

J /] _ v v
v; avju,- o,mi——(v- Y(u-V?)—n,.

The right-hand side of this last equation can be written dif-
ferently as
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3 4 )
Y150, w1 B0,

J s d
=4\3w, 1 %) o,

=(u-V)(v-V*)—n,.
Therefore, in the considered function space the commutator
of the operators (u-V”) and (v-V*) is simply equal to the
difference of the numbers n, and n,:
[(w-V°),(v-V)]=n,~n,. (43)
Thus, the Casimir operator can be represented by one of
the following expressions:
G,=2(u- V) (v- V) +n?+n,(n,+1),
G,=2(v-V¥)(u- V) +ni+n,(n,+1),
G,=(u-V¥)(v- V¥ +(v-V*)(u-V?)

+n(n+1)+ny(ny+1). (4.9

In what follows, we shall use the third form of the op-
erator G, given here; it is symmetric with respect to the
interchange of u and v.

Taking into account the relations!

Jd i Jd i
vu=nu E;_;[nuxlu]; Vv:nu _v_;[nquvL

where n,=u/u, n,=v/v, and 1, and 1, are the operators of the
orbital angular momentum acting on the variables u; and v;,
we transform the scalar products (u-V,) and (v-V,):

Jd u
(u'vu)=u(nu'nu) %_i ; (nu'[anlv])

u
=t-u a_v'—i ;([nuxnu]'lv)

J u
=ty —— — J1—2703)
tuav tv 1=,

where t=cos 6, and [{> is the projection of the angular-
momentum operator 1, onto the third axis of the moving
(intrinsic) coordinate system.

Proceeding similarly, we obtain

7 v
. = —_— ;] — 42 (3)
(v-V)=tv ¢9u+l » V1=¢1.
Therefore
(u'vv)(v°vu)

2 m:w] .[w RN e
=ny(ny+1)2—in 1= 21Ot +i(ny+ 1) 01— 24P
+V1=PIONT=721;
(v-V,)(u-V,)
=ny(n+1)2=i(n+ 1)N1=21 +iny 1= 21Ot
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FIG. 1. Relation between the degrees of freedom ¢, and @, of the two
subsystems with variables 6, ¢ characterizing the position of the system as a
whole.

+V1T=2IPV1-1Y.

We now obtain the explicit form of the operators I{> and
I, 1t is obvious that they can be represented in the form

(4.5)

1 1
— . = 3
=5 LA 1D (D=2 L4,

u s
where Lj is the projection of the total angular momentum
onto the third axis of the intrinsic coordinate system, and %>’
and I$ are the projections onto the same axis of the angular
momenta of the *‘intrinsic’” motion of the subsystems.

Since in the considered model there is only one degree
of freedom, @ of the intrinsic motion, it is obvious that

1 0 J 1 9 d
[ N AL RTC ) S AL
l l( 5 c ), AN 1(26)/ 6(90)’

where ¢ is a constant. The value of this constant can be
found by considering the relationship between the degrees of
freedom ¢, and ¢, of the subsystems and the variables 6 and
7 in the simple case of motion relative to a fixed axis (see
Fig. 1):

0 1
P1=7"7 =5 (@1t¢)
EEN
0
‘P2=7’+§ 0=p,— ¢,
1(3)=_ii=_i iﬁ_‘y iﬁ_@
“ dp, dy dp, 90 d¢p,

(1o o
==\23," %)’

(3) . d (1 aé 9
L=—i—=—il-—+—]|.
dp, 29y 96

Thus, it follows from the last equation that the constant ¢
is equal to zero.
Bearing in mind that

=—\1-1%1t, we finally obtain

19 J
B _ | _ —_ 2 _|.
L, l(2ﬂy+\/l t ),

at

9/90=—sin @ d/d(cos 6)
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1 9
oL gn
by ‘(2 9y Vit 3t)

Substituting (4.6) in (4.5), we write down the required
expression for the Casimir operator G,:

G,=2(1 226'2+2 + (1 2y 9
2=2( l‘)gt'f (ny+n, )t(_t)b—t

(4.6)

a 1 &
- 2 (1—12). —
+(ny—ny)ty1 ? 3y 2(1 t%) 77

—2n,ny(1 =2 +(ny+n,)2+2(n,+n,).  (47)

5. EIGENFUNCTIONS OF THE CASIMIR OPERATOR
G,

We consider the problem of finding the function
¢(t,a,B,7), which depends on all four dynamical variables of
the model and is an eigenfunction of not only the operator of
the square of the angular momentum and its projections onto
the external and internal axes but also the Casimir operator
G,. We shall seek the solution to this problem in the form

¢(1,2,8,7)=y(1)-Diy(a,B,7).

Independently of the choice of y(t), the function ¢(t,a,8,7)
is characterized by the quantum numbers K,L,M. If these
functions are to transform in accordance with an irreducible
representation of SU(3), they must be eigenfunctions of the
Casimir operator G,. The eigenvalues g, of G, are known
and can be expressed simply in terms of the indices (\,u) of
the irreducible representations of SU(3) [or the group

18/6) ) Bt
g2=NH2Ap+2u+ 20+ 2u.

In the model that we consider, A=n;+n,—2m and

pu=m, and therefore
g2=(n1+ny)*=2(m—1)(n;+ny—m).

We note that the Wigner D functions are eigenfunctions of
the operators d/dy and 88y, which occur in G,, since the
dependence of the D functions on the variable vy is deter-
mined by the factor &X7. Thus, the problem of finding the
eigenfunctions of the Casimir operator reduces to the solu-
tion of the second-order ordinary differential equation

2

d
(1—2)2. y+(n,+n2 1):(1—:2)(1—?

+[(% K2—n1n2)(1 —12)—i %K(nl--nz)t\ll—t2

+m(n1+n2—m+1)}~y(t)=0. (5.1)

We consider the symmetry properties of Eq. (5.1). We
note, first, that for K=0 it is unchanged by transposition of
the parameters n, and n,. In the general case K+#0, this
equation is complex, and it is invariant with respect to simul-
taneous application of any pair of the following three opera-
tions: the transposition n <> n,, the substitution K— —K,
and the operation of complex conjugation.

143 Phys. Part. Nucl. 27 (2), March-April 1996

Making in (5.1) the substitution

y(O)=(1=%)"u(1), (52)
we write down the equation for the new unknown function
u(t):

2,

1
p +(N,+N,— — K?2—N)|N,

(1—t2)d 7

1 du+
LR

1
=1 EK(NI_Nz) (5.3)

L |un=0
~u(t)= N
Vy1— 12
where Ny=n,—m, Ny=n,—m.

All the arguments given above concerning the symmetry
of Eq. (5.1) are also true for Eq. (5.3) if for it we use in place
of the transposition n+>n, the transposition N ;<> N,.

We rewrite the last equation, replacing N; and N, in it

by the integer parameters A=N,+N,=n,+n,—2m and
g=N,—Ny=n;—ny:
=) 2 1 d+ K2+q2—)\2
t
—i2Kq- \/1_7]~u(t)=0. (5.3)
—t

It follows directly from this form of the equation that it is
invariant with respect to transposition of the parameters K
and q.

We first consider the solution of Eq. (5.3) in some spe-
cial cases.

Solution of Eq. (5.3) for ny=n,

Let N,=N,=N (or, which is the same thing,
ny=n,=n). Then after the introduction of the new indepen-
dent variable x=12 and the substitution K =21, we obtain

2

d*u [1 du N*-I?
x(1—x)- d2+ —(1—=N)x|- e

4

-u(x)=0.
(5.9

It is obvious that (5.4) is the hypergeometric equation,
the canonical form of which is usually written as
Zu du
+[7 (a+B+1)x]- ——aB u=0.
(5.5)

If y is not an integer, then as the two linearly indepen-
dent solutions of Eq. (5.5) we can choose

u(x)=F(a,B,y;x),
uy(x)=x'""F(a—y+1,8—y+12-y;2),

where F(a,B,7;2) is the hypergeometric function.
Comparing the coefficients of Egs. (5.4) and (5.5), we
determine the values of the parameters a,8,y in (5.4):

x(1—x)-

N-1 n—m-—1
T T 2
N+1 n—m+l .
B_ 2 - 2 ’ Y= 2.
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Therefore, the linearly independent solutions of Eq. (5.4)
are

n—-m—-1 n—-m+l 1 2
ul(t)=F - 2 s 2 ,2,

n—-m—I[—1 n—m+il—1 3 5
u2(t)=t-F — 2 s 2 E‘t

In the considered model, the only solutions of interest
are those that are polynomials of finite degree in ¢, and /
must vary in the following ranges:

—(n—m)<l<n—m
if / is an integer of the same parity as n—m, and

—(n—m—-1)<l<n-m-—1

if the parity of / differs from that of n—m.

Thus, with allowance for the factor (1—¢ intro-
duced in (5.2), the required solutions of Eq. (5.1) are the
functions

2)m/2

y() =y (1)

( n—m-—1 n—m+I 1
(1 __t2)m/2F( _ 3 = : , ‘2',t2)
) if n—m—1 is even,
- n—-m—I-1 n—-m+l-1 3
_2ami2, | _ _ .2
(1—15)""* F( 2 , 2 , 2,t )

\ otherwise.
(5.6)

Note that by virtue of the symmetry of the hypergeomet-
ric function F(a,B,7v;z) with respect to the transposition
a«— f3 the function "™ (¢) is unchanged under the substitu-
tion [——1.

We now rewrite (5.6), going over from n,m,l to the
standard indices (\,u) that characterize SU(3) symmetry and
to the parameter K =21:

( A—K A+K 1
2\ul2p| Y
( t ) F( 4 k] 4 ’ 2,t )!
A—K
if is even,
YR ()= 2
A—K-2 A—K+2 3
__2\ul2 _ _ .42
{ otherwise.

For fixed values of the indices (\,u), the set of functions
Yi*(t) with different admissible values of K can be re-
garded as a multiplet with given SU(3) symmetry. The num-
ber K, which takes only even values (K=2I[), varies in the
range —A<K=N\. Thus, for given X\ there are A+1 functions.
Note, however, that in the considered case n;=n,=n the
functions y}'# are identical to y*'£. Therefore, there are just
N2+1 different functions. Invariance of the functions
Yi*(t) with respect to the substitution K— — K follows di-
rectly from the invariance of Eq. (5.4) under the substitution
I— —1 and from the fact that this equation for given N and /
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(or, which is the same thing, for given \ and K) has a unique
polynomial solution. In the general case n,#n,, the func-
tions ¢)* and y*¥ are not equal, as we shall show below.

Solution of Eq. (5.3) for n,# n, and K=0, K=+1

For n,#n,, the parameter A\=n,+n,—2m=N,;+N,
takes even values if the numbers n; and n, (or, which is the
same thing, N, and N,) have the same parity. In this case, K
takes even values in the range —A<K<\. For K=0, Eq.
(5.3) can be reduced by the substitution 2=x to the hyper-
geometric equation (5.5) with parameters a=-—N,/2,
B=—N,/2, y=1/2. Therefore, the following functions are
two linearly independent solutions of this equation:

N N, 1

ul(r>=F( S gt 2);

Nl_l

u,(t)=t- F( it

N 2= 1 3 2

2 I 2 7t
where, as above, F(a,B,v;z) is the hypergeometric func-
tion. Choosing from the two solutions only functions that are

finite polynomials in the variable ¢, we write down the form
of the functions y(?):

( ni—m n,—m 1
_2ymp 2V T 72 _.p2
(1-17) F( ) ,2J)
(=1 if n)—m and n,—m are even numbers,
)= o —m—
(1= Py F _n—m l_n m—1 i-tZ
2 ’ 2 ’ 2’ ’
\ if ny,—m and n,—m are odd numbers.

We rewrite this function, using in place of n,, n,, and m the
parameters \, u, and q:

y(£)=yhH(t)

( Ag A—g 1
_ 2\ul2 ot - 1 ~ .2
(l t) F( 4 I 4 ,2’t),
. Atg
J if > are even numbers,
- Atg—2 \—g-2 3
2\ ul24 _ _ .42
(1—1¢%) tF( N > ,2,t),

. Mg
if = are odd numbers.

\

For fixed values of n; and n,, the parameter ¢ also re-
mains unchanged (in particular, ¢=0 for n,=n,=n),
whereas A\ can take the values

)\=n1+n2, n1+n2'—2,...,1, or 0.

The set of functions «,k;"“ for fixed values of the parameters
(\,u) but with different values of ¢ can be regarded as a
multiplet with definite SU(3) symmetry. The parameter g
takes the values g=A\—2,...,—\+2,—\ (A+1 values in all);
at the same time, the functions zﬁ;"“ are equal to W:,’;. Recall
that we are now considering the case K=0.

Note also that |//\ *# can be obtained from the analogous
functions y}'* by the formal renotation K—q. This is due to
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the fact that Eq. (5.3') in the two considered special cases
has the same form, provided that K is replaced by gq.

Finally, we give the solution of Eq. (5.3) for one further
special case: when N, and N, are numbers of opposite parity
and at the same time K=1. It can be directly verified that if
N;=n,—m is even and N,=n,—m is odd, Eq. (5.3) is sat-
isfied by the function

N, N
)’(f)=(1*t2)'”/2-[F(-71,— 22 = t2 (V1+t
_ Mi=2 Mol 3,
+z\/T——t)+N1t-F(— —5 5 ’2”)

X(\/1+t—-i\/1—t)].

6. SOLUTION OF EQ. (5.3) FOR ARBITRARY VALUES
OF K

To find the solution of Eq. (5.3) for arbitrary admissible
values of K, we make the change r=cos 6 of the independent
variable in it:

2

1
TF —(N, +N2)cot0 +|— K?—N,N,

d0 {4
1
IEK(NI—NZ)cot 0]14:0. 6.1)

We transform Eq. (6.1), replacing u(6) by the new function
w(6) defined by

u(0)=w(0)e'®™1=K2) (6.2)
After the substitution of (6.2) in (6.1), we obtain
d*w
W+[i(2N1—K)—(N1+N2)COK 0]
X E_{NI(N1+N2)_KN1+I COt 0
X[NI(N1+N2)_KN2]}'W=0. (6.3)

After the introduction of the new independent variable
z=e 2% Eq. (6.3) takes the form
2

1
z(l—z) + = [(2+K N;+N,y)+ (3N, +N,—K—2)z]

dw 1
X——+ 3 Ni(K=N,

dz —N2)w=0.

(6.4

It is readily seen that (6.4) is the hypergeometric equation, a

solution of which in the form of a polynomial of finite degree

in z can be written as

N,+N,—K N;—N,—K
2 ’ 2

w(z)=F| —N,,— +1;z].

(6.5)

The case when the parameter vy of the hypergeometric func-
tion F(a,B,7;z) is equal to zero or some negative integer is
singular. Let y=1—s, where s is a natural number. Then the
hypergeometric equation will be solved by the function'*
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w(z)=2°-F(a+m,B+m,1+m;z).
Therefore, in our case
N,+N,+K
w(z):ZNI_NI—Klz.F( ‘—Nz,"_l—§2——,
NI—NZ_K .
——'2_——+1,Z . lf N1~N2_K>0.

Substituting these expressions in (6.2) and returning to the
variable 6, we obtain

u(6)
( N1+N2'—K NI_NZ_K -6
F( Nl’ 2 ’ ) +1,e
i X e!®W1=K2) if N\—N,—K<0,
- N1+N2+K NZ_N1+K .
— — — +1: —i20
F( N,, 3 , > 1;e
L X el 0WN2+KD) if N —N,—K>0.
(6.6)

The expressions on the right-hand side of (6.6) can be
transformed by means of the well-known relations'* in such
a way that at =0 the hypergeometric functions are equal to
unity:

u(6)
( N,+N,—K .
F(—Nl,——%—,—Nl—Nz;i—e“'”)
% i N1 =K12)
_ (6.6a)
- N;+N,+K Lo
F| =Ny,—————,—N;=Ny;l—e
X g1 0N +K/2)
\ (6.6b)

Despite the superficial difference, the expressions (6.6a) and
(6.6b) represent the same function, as is readily seen by tak-
ing into account the well-known identity

F(a,B,7)=(1—2)" " PF(y—a,y—B.¥:2).

Note that if N, and N, have the same (respectively, op-
posite) parities, then the parameter X in (6.6a) and (6.6b) can
take only even (respectively, only odd) values in the range
—(N{+N,)<K<N,+N,.

Returning to the expression (5.2), we now write down

the eigenfunction of the Casimir operator with a fixed value
of K:

y=sin" 6
(
Ny+N,—K .
F(—Nl,——‘z;—,—N,—Nz;l—e"”)
X giO(N1=KP2)
X4 or
N\ +Ny+K .
F( -Nz,——l—;—,—Nl—Nz;l—e—'”)
L X g 0N +K12)

6.7
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7. THE BARGMANN-MOSHINSKY OPERATOR

By the Bargmann—Moshinsky (BM) operator, we shall
understand the scalar contraction of generators defined by

(7.1)

where L is the operator of the total angular momentum, i.e.,
the sum of the angular momenta of the two subsystems:

L=lu+lv, and A,-j=u,~V;f+v,~V;?, (7.2)
where V is the nabla operator. In what follows, we shall
make some refinements in the definition of the BM operator
in order to bring it into correspondence with the analogous
definition used in the book of Ref. 15.

Substituting (7.2) in (7.1) and bearing in mind that
(F-u)=0, (P

-v)=0, (V“1*)=0, and (V°-I’)=0,

(7.3)
we obtain
Q=u-P)(I-V)+(v- 1) (1“- VY).

Taking into account the identity (7.3), we can replace the
operators 1“ and I on the right-hand side of this equation by
the operator of the total angular momentum L:

Q=(u-L)(L-V*)+(v-L)(L-V?). (7.4)
We rewrite (7.4), making the substitution L=iM:
—-Q=(u-M)(M-V*)+(v-M)(M-V?). (7.5)

We express the scalar products in this last equation in terms
of the components of the vectors in the intrinsic coordinate
system:

0
(u-M)=u-cos = -M;—u- sin= -M,,

2 2
[ .0
(v-M)=v- cosi -M1+v'sm§ -M,,
M-V¥)=M i +M i +M g +4
BT TR T T
M-V)=M +M i +M i +46. (1.5
Yam TP om0 oy T T

The presence of the additional terms & in the last two
equations is due to the fact that the operators M do not com-
mute with the matrices of the transformation to the intrinsic
coordinate system. In the intermediate calculations, we omit
these terms; their contribution will be taken into account
below when we write down the final expression for the BM
operator.

We substitute in (7.5') the values of the derivatives d/d¢;
and d/d7; in the variables {a,B,y,0u,v} (3.4") and rewrite
(7.5) in the form
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Q0=

2 0 A
—1{(n,+n,)| cos® M +sin? 0 -M; +5(n2—n1)
Xsin 8-(M,-M,+M,-M,)+sin 0 (M2 M?)

+

s 2 o 2 6
s’ 5 'M2M1M3_‘COS E 'M1M2M3

+M1M3M2—M2M3Ml] . (7.6)

We again make the substitution M=—{L, cos =t and
introduce in place of the operators L,,L,,L; the operators
L,=L,+iL,, L_=L,—iL,, Ly=L,. Taking into account
the well-known commutation relations for the projections of
the angular momentum onto the intrinsic axes,
[L;,L;1=—ig;pLy, we obtain

Q= (n1+n2)—t(L2+L2)+ (L2- L)+t—(n1—n2)

X 1—1X (L% - L2)+ (1—:2) (L2 L%)

1
2 [#(L%3—L%)+2Lo]Lo+L2—2L2+ . (1.7)

On the right-hand side of the last equation, ¥y is the cor-
rection that brings (7.7) into correspondence with the BM
operator in the book of Ref. 15. In the direct determination of
this correction, it must be borne in mind that in Ref. 15 the
trace of the generators A;; is equal to zero and that in the BM
operator the factors are written in a manner somewhat dif-
ferent from (2.1), namely, Q=A;;L;L;. In addition, it is nec-
essary to take into account the correction é mentioned above.

However, v can be found in a different way (since there
is every reason for assuming that it has a simple form),
namely, by the choice of a y for which the eigenvalues of the
operator (7.7) for the lowest values of L are equal to the
corresponding eigenvalues of the BM operator in Ref. 15.

We represent the final expression for the Bargmann—
Moshinsky operator as a sum of three operators,
Q=R ,+R_+R,, where

1 J
=7 (ny+ny)t+i(n,—ny)V1 —t7+2(1—t2) 5]

1 2
+=1-L% L,

x L% "

=Z (n1+n2)t—i(nl—n2)\ll—t +2(1_12) %]

1
XL2 — 7 t-L2 Ly,

1
= (ny+ny+3)LE  (7.8)

1 1
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The basis functions between which we shall in what fol-
lows calculate the matrix elements of the operators are eigen-
functions of the Casimir operator and are products of Wigner
D functions and functions ¢g(#) that depend only on the
variable ¢ [see (6.7)]. The functions @x(#)-Dix are eigen-
functions of the operator R:

Ro‘Px(')'DILuK:'[ %("1‘*‘"2)"‘ %] -L(L+1)

ox(1) 'Dliu(-

1 2
'—'5 ’(nl+n2+3)K

The operators R, and R_, when applied to the functions
@k () Dk, change the quantum number K by two units:
R, @(t)-Dyg=const- ox_5(#)-Diyx 5,

R_(pK(t)-DlMK=conSt- ‘PK+2(t)'DIA‘lK+2' (7.9)

8. MATRIX ELEMENTS OF THE
BARGMANN-MOSHINSKY OPERATOR

We calculate the matrix elements of the Bargmann—
Moshinsky operator on the functions ¢ (t) - D4 . Bearing in
mind that the D functions are eigenfunctions of the operator
L, we can write the operators R .. in (7.9) in factorized form:

R,=1% -L2+-R+, R_=4% -L2.R_,

where

_ 3
Ry=(n+ny+K)t+i(n,—n)V1-£2+2(1—12) e

~ a
R_=(n1+n2—K)t—i(n2—n1)\jl—t +2(1_t2) E,
or

R,=(n;+ny+K)cos 6—sin -

0d
l(nl“nz)“'zﬁ],

R_=(n;+n,—K)cos 6+sin 0-

. /]
t(nl—nz)—2§—0- .

In what follows, we shall, when it is expedient, denote
functions that depend only on the variable ¢ and correspond
to a definite value of K simply by |K), and the D functions
by |LK). _ _

Since the operators R, and R_ when applied to the func-
tions |K) change the value of the parameter K by two units,

Ri|K)=c\||K-2),

R_|K)=c,|K+2), (8.1)

it follows that for each given value of the quantum number L
the set of matrix elements of the BM operator forms (for
L<max{\,u}) a tridiagonal (L+1)X (L+1) matrix having
on the principal diagonal the matrix elements of the operator
R, and on the two side diagonals the matrix elements of the
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operators R , and R _. At the same time, it is obvious that the
nonvanishing matrix elements of the last two operators can
be represented in the factorized form

(Ry)= 5 (LK—-2|L}|LK)-(K~2|R(|K),

(R_)=§ (LK+2|L%|LK)-(K+2|R_|K). 82

The calculation of the matrix elements of the operators
R, and R_ reduces to determination of the coefficients c,
and c, in the relations (8.1). To find the latter, it is sufficient
to compare the first terms of the expansion in powers of 6 on
the left- and right-hand sides of (8.1). Bearing in mind that
for small values of 6 we have

a

R+=(n1+n2+K)_20' "a_é'*'...,
R_=(n,+n,—K)-20 9 +
—-=(ny+n,—K) "5t

we obtain from (8.1)

7]
(n,+n2+K)—20-a—0 -0"=c,-0",

ad
(n1+n2_K)_20 %jl' em_—_Cz' 0"'.

It follows from this that
(K=2|R,|K)=n;+n,+K—2m=N,+N,+K=\+K,
(K+2|R_|K)=n;+n,—K—2m=N,;+N,—K=\—K.

Taking into account the known values of the matrix elements
of the ladder operators L., we write

(LK—2|L2|LK)=[(L+K)(L+K—1)(L—K+1)
X(L-K+2)]"?,

(LK+2|L%|LK)=[(L—K)(L—K—1)(L+K+1)
X(L+K+2)]"2

The diagonal matrix elements of the BM operator are
readily found, since the functions @y (t)- D% are eigenfunc-
tions of the operator R,. The final expressions for the matrix
elements of the Bargmann—Moshinsky operator () are

(K'|Q|K)

[ (K+2|R_|K)=§ (\=K)-[(L-K)(L—K~1)
X(L+K+1)(L+K+2)]"?
1 1
(K|R0|K)=[ 3 (AN 2u)+ E}-L(L+1)

— 3 (N +2u+3)K?

(K—2|R,|K)=5(\+K)-[(L+K)(L+K—1)
\  X(L—K+1)(L—-K+2)]"

As an example, we give the table of matrix elements of the
operator () for odd values of \ and angular momentum L=1
(Table II). In this case, K can take the values 1 and —1.
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We also write down the table of matrix elements of the
operator () for even values of \ and angular momentum L =2
(Table III). In this case, K can take the values 2, 0, and —2.

9. EIGENFUNCTIONS AND EIGENVALUES OF THE
BARGMANN-MOSHINSKY OPERATOR

We consider the procedure for finding the eigenvalues
and eigenfunctions of the BM operator in detail for the spe-
cial example for which L=2 with L <max{\,u}. For even \,
the eigenfunction of the BM operator is to be sought in the
form of a linear superposition of functions with all admis-
sible values of K:

|4//)=C0|K=0>'D)2wo+C2|K=2>'D%n

—2|K=-2)- DM 2 9.1)
and the problem then reduces to finding the coefficients
Cy,C,,C_, of the superposition. Since the matrix elements
of the BM operator between functions with given values of
K have been found (see Table III), the eigenvalues and
eigenfunctions can be found by the usual matrix diagonaliza-
tion method.

We denote by w the eigenvalues of the BM operator and
write down the secular equation for finding them:

Vi
'k
\/— ‘(A+2) (At+2p+3)-o J (A+2)
3
: N
7 N
This algebraic equation of third degree represented as a de-

terminant factorizes, and as a result its roots are readily
found:

—Atut+3)-w

—-Atput+3)-ow

=0.

(01=_‘()\+/.L+3);

wy3= V2N +u+3)2+3u(u+2)

Substituting, as usual, w; in the system of homogeneous
equations, we find the required coefficients C,,C,,C _,:

V3 oy €
C=C2mNG Rz re 0

If o;=w,=—M\+2u+3), then C;=0 and C_,=-C,. In
what follows, if C, is not equal to zero, we shall normalize
the functions (9.1) in such a way that C=1. Thus, the eigen-
functions of the BM operator have the form

w;= w2‘3 .
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|¢’)1=|K=2>'D12wz_|K=_2>'D12w—2’

2 3
|4)25=1K=0)-Dijo+ \/5 -
X[|K=2)-D}y,+|K=~2)-D},_,].

We rewrite the expression on the right-hand side of the equa-
tion in terms of the functions

A
(K +2[L)+ (02,3

1
D}yy=—(Dip*+Dy_5)
V2

1
and Di,2_=—vzz— -(D%,—D%_,):

|0)1=|K5_)-Dips +|K54)- Dy,
A
(A+2ﬂ+3)+(l)2,3

X[|K34) Dy +|K2_)-Diyp 1.

In the last equation, we have introduced the notation

|¢)23=|K=0)-D};o+V3-

1
1Kz4)= 5 -(K=2)+[K=~2))

1
and [K, )= -(K=2)-[K=—2).
For =0 and even \, the wave functions have the form
2 1 A 2
|¢)2=|K=0)'DM0+73 "0 F2) ‘[1K2+)-Diyz+

+|K,-)-Djy,_1,
|#)3=|K=0)-Djq
XD%,_1.

~V3-[|K;4)- Dy +|K22)

If N is odd (i.e., if n; and n, are numbers with opposite
parity), then the set of matrix elements of the BM operator
for a given even value of the angular momentum L (this can
be only in the case when u#0) forms an L X L matrix. For
L=2, K can take only two values, K==*1, and the matrix
elements are given in Table IV.

Solving the secular equation, we find the eigenvalues of

the Bargmann—Moshinsky operator:
w1=2h+ﬂ+3, w2=—7\+,u,.

In the considered case, the corresponding eigenfunctions of
the BM operator have the form

|¥)1=IK=1)-Djy, +|K=—
=V2(|K14)- D31+ +1K1-))-Diyi,
|‘/’>2=|K=1>'DM1_|K=
=V2(|K1-) Dy +|K1-)) Dy ©.2)

It can be seen from (9.2) that the coefficients of the super-
position in the considered special case do not depend on A
and pu.

1)-Djy-y

_1>'DM—1
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The functions |[K =0), |K,.), |K,_), |K,4+), and |K,_) for
each set of concrete values N, ,N,,m,K can be readily writ-
ten down in explicit form by using the expressions (7.9). We
give the form of these functions for the lowest values of N,
and N, (Table V). Since all the functions |K) with m#0
contain the same factor (1— t2)”'/ 2, for brevity we shall omit
this factor in the expressions for the functions. We take into
account the fact that for even \ the numbers N, and N, have
the same parity, while for odd \ they have opposite parities,
since these numbers are related by A=N;+N,.

The eigenvalues and eigenfunctions of the BM operator
for angular momenta L=0, 1, 2, and 3 are given in Table VI

As an example, we give the explicit form of the eigen-
functions of the BM operator in the cases L=2 and L =3 for
some particular values of A and u. Note that for ©=0 the
parity of X must be equal to the parity of L.

The eigenfunctions of the BM operator are given explic-
itly in the cases L=2 and L=3 in Tables VII and VIIL.

10. TRANSFORMATION OF THE WAVE FUNCTIONS
UNDER ROTATION OF THE COORDINATE
SYSTEM AND SELECTION OF “ELLIOTT STATES”

The coordinate system that we have chosen (for conve-
nience) in the present paper differs from the system chosen
earlier by Elliott.” Therefore, to compare our eigenfunctions
of the BM operator with Elliott’s functions, it is first neces-
sary to transform these functions from one coordinate system
to another.

The transition from Elliott’s coordinate system to our
system is made by transforming the unit vectors that define
the directions of the axes in accordance with the scheme
e, e, e, €, e, e, with subsequent rotation around
the new z axis through the angle /2. If the matrix that
transforms the Cartesian components of a vector on the tran-
sition from the ‘‘tilded’’ Elliott coordinate system to the un-
tilded system is denoted by

a; ap apg

D=|ay aypn axy|,

az djzp adz

then the transition from the tilded Elliott system to our coor-
dinate system is made by means of the matrix

TABLE II. Matrix elements of the operator () for angular momentum L=1.

TABLE III. Matrix elements of the operator {) for angular momentum L =2
(N even).

K=2 K=0 K=-2
K'=2 —(A+2u+3) \/;)\ 0
, 3 3
K'=0 E.(H.z) A2u+3 .2..()\+2)
K'=-2 0 \/;)\ —(A+2p+3)
D"r
6 0 .9 9
a3 cos >—ap sing T 3 SIZTap OS5 X3
13 7% ) 2 2
0 .0 0 0
=| @y cos T—ay siny — sins—ajpcosy @
23 2 22 ) a3 2 22 2 23
0 .0 0 6
@33 COS 5~ a3 SM > — 35 sin 5”@ cos 5 a3

The transition from the untilded Elliott system to our
coordinate system can also be specified by the three Euler
angles a=, B=—m/2, and y=6/2, and therefore the trans-
formation of states with definite angular momentum L will
then be made by means of the Wigner functions
D (mr,—7n/2,6/2).

We consider some concrete examples of transformation
of the Elliott functions on the transition from the original
(Elliott) coordinate system to our system.

Example 1. Let (\,u)=(\,0) and A=N,, N,=0. Then the
overlap integral (u-u)”1-(v-V)"2, represented as a superpo-
sition of expressions with definite values of the quantum
numbers (\,u), will contain the unique term (u-w)™!. Since
(u-w)M1=(cos B)"! does not depend on the angles « and 7,
it can be represented as a sum of Wigner D functions with
zero values of the projections of the angular momentum:

(u-WN=, C,-Dk,

Representing D5, as a sum of products of the tilded and
untilded states, D5y== D %5(Q) - D%0(Q), we arrive at the
conclusion that the required Elliott function is equal to
D% () except for a normalization factor.

The transformation of this function to our coordinate
system is made in accordance with the scheme

TABLE IV. Matrix elements of the operator ) for L=2 (A odd, p#0).

K=1 K=-1
K=1 K=-
- 1 3
o1 | K'=1 7 (\+2u+3) 7O+
=1 — -
K 2[1+§()\+2p)] 3 (A+1)
1
' 1 1 1 3 —.
K'=-1 - — r—_ (N+2p+3)
3 (A+1) 3 [1+§()\+2p,) K 1 E.()\+l) 2
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TABLE V. The functions [K=0), |K,.), |K,-), |K\+), and |K,_) for some values of N| and N,.

\ even
i K=0)=1; K2y =r; K- y=i JT=77
,=
N= —0\= =1. -
N,= |K=0)=¢ L2 )=1; |K,-)=0
N;=2 1
=0)==- . Ky )=t K,_)=0
N,=2 IK=0y=35-(1+21); IK24) |K2-)
N,=4 1 , X 11 1+ 12 1 ,
N,=2 |[K=0)=z-(1+4s%); Kz )=13- |Ky-y=—i gx(1+4s y-V1I—12
N,=3 1
K=0)=t = e 1=
N,=1 |k=0) Ky 2(1+ﬂ) IRp-)=ig T
N,=3 3 2 1
Ny= |K—0)—§ r~( 1+3 :2) ]K2+)—§(1 +47%) |K,-)=0
\ odd
N, odd 1
N,=0 Ky sy=—=-V1+1 K y=i-—=V1—t
2 h \/E
N =2 1 1
No=1 Ky 4)= S(1428)-V1+1; |K_y=—i- . 21)-V1—¢
2 32 3\2

TABLE VLI. Eigenvalues and eigenfunctions of the Bargmann—Moshinsky operator for angular momenta L=0, 1, 2, and 3.

Momentum Eigenvalues of BM operator Eigenfunctions of BM operator
L=0 =0 [¥)=|Kk=0)
— — 1
w=1+'§'()\+2p.) |¥)=|K=0)-Dy,
L=1 w=—[1+%(2)\+ﬂ-)] |q'>=|K|—>'D1{11++|K1+)'D}m—
|‘P>=|K1+>'Dal41++|K1—)‘Dllm—
w=30\—p)
W=2A+p+3 [¥)=|K1+) D+ +|K;y-)- DMl—
L=2 w=—Atp [W)=|K,_)- Dy K1) DMl—
w;=—(A+2u+3) [W)=|K;-)-D¥,+|Ky1) Dy
wy3=*V2N+pu+3)2+3u(pu+2) 3
[¥)=K=0)-Dio+ \5 W(ll(u)ﬂ%{uﬂlfz—)'l)in_)
©,;=0 |¥)=|K;-): Dz +1K2+) Dz
wy3=A+2u+3% (N +22+3)2+ 15A(A +2) A5
? |‘I')=|K=0)'D:10+7‘)—2'3—[|K2+>'D§n++'K2~)'D13u2—]
L=3
wy5=—(2\+p+3) VI5(A—1)
1 |\I,>:|Kl‘>'Dill++|K1+P)'D:ll—+5()\+2#+3)+2a)
+2J(N+8u+9)Z+15(A—1)(A+3) 4.5
X[IK3—)‘D13;13++!K3+)'D;13—]
ws7=N—p \/ﬁ()\—l)
; |‘P)=,Kl*>'Dill+|K1—)'Dl:tll—+5()\+2‘u'+3)+2w [IK3+)'DI:I;I3++|K3—>
+3V(IN+8u+15)2+15(A—1)(A +3) 6.7
XDjy5_1
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TABLE VII. Eigenfunctions of the Bargmann—Moshinsky operator in explicit form for angular momentum L=2,

Values of
Eigenvalues of BM operator m, N\, N, N, Eigenfunctions of BM operator for L=2
_ p=0 N,=0 1N, .
w=2\+3 A=N, even |‘I')=D§:o+75'm'(“0fn++'\“_' -Djp;-)
w=—(2\+3) #=0 N,=0 [¥)=D2—\3-(t- Dy +iNT—1-D2,_)
A=N, even
1
0=2+3=7 u=0 N;=1 [w)= "Dlzuo“"w;l)}zwh
A=2 N,=1
w=—(A+3)=—7 ? [¥)=1:D}so=\3:Diz
1 2
w=2+3=11 ¥y==(1421%)-DYy+ —pm=-1-D}
u=0 N,=2 [¥) 3( )-Djyq 353 D
A=4 N,=2 1
w=—Q2\+3)=—11 |\p)=§.(1+2;2).D§{o_\[§.;.p}m+
3 2 3
w=2\+3=15 == —12|.D% +——. 2). p2
u=0 N,=3 1¥)=5 r(1+3 r) Dyot5(1+47%)- Dy,
A=6 N,=3 3 2 3
0=—(2A+3)=-15 ]‘I’)=§- r( 1+3 :2) -D},o——s\/:-(l +41%).D%,.
u=1 N= |¥)=V2-1=7%-D},
A=2 N,=
w=—(\+2u+3)=-7 2
w=1 N;=2 [¥)=2[i(1-1%)- Dy, +1-1—-12-D%,_
A=2 N,=0
w=VA+p+3) 2+ 3u(p+2)=105 |¥)=(1-1)-|r-D2 +__2_‘_/_§_. 2
u=2 N,=1 MOT g4 J105 M
A=2 N,= 243
w=—105 VyY=(1—1¢2)-|t-D?+——=-D?
| ) ( ) MO 9“% M2+
=105 [¥)y=(1—%)-| D> +i(m2 +iV1-12-D},_]
MO 9+\/TE M2+ M2-
n=2 N;=2
A=2 N2=0 2\/5
w=—105 [¥)y=(1-1%)- ;-Di,0+9_ = D%, +i1—12-D%,_]

D% o(Q)=(LM|D(a,B,7)|LO)

—><LM‘DA(a,,B,'y)-DL( T, — g, g)‘LO>

0
=§ Dli,K(a,B,y)-Df‘m( ™, — g 5). (10.1)

For L =1, this transformation has the form

1, 1,
D},,O(Q)—az -2 Dy () - - “02.Dy_ 1 (Q)

= — [VTFE-Dlyy_(@)+iNT 7

XDL, ., (Q)].

The right-hand side of the last equation is equal to one of the
functions given above in the table.

Example 2. Let L=2, N,=0, u=0, and \ be an even
number. Then the corresponding transformation of the Elliott
function is made in accordance with the scheme D%,
= uDjio(()- Dlyo(Q):
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T 0 1
2

D2, (Q)—>, D},K(a,ﬂ,y)-pﬁm( =53
K
X{D3yo—V3-[#-Digp, +iN1=1*-Diy,_1}.
(10.2)

This function is also equal to one of the functions in Table
VIII.

Example 3. We write down the pair of functions with
L=2, A=y given in the Elliott coordinate system:

v3 2 1
‘I’1="2_ 'DMO_E ‘Dz +»

1, ., B 5
¥,=5 ‘Dot 5 D+

On the transition to our coordinate system, D%,o transforms
in accordance with (10.2), and the transformation of D3,
can be found by using the general rule (10.1):
DM2+2=DM22+DM—22
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TABLE VIII. Eigenvalues of the Bargmann—Moshinsky operator in explicit form for L=3.

Eigenvalues of Values of
BM operator M, N, N, Ny Eigenfunctions of the BM operator for L=3.
u=1 N,=1 N3
A=2 N,=1 [¥)=Vi-1 '["Dlablo+2 5 ‘Dipas
@,=20 u=1 N,=0 3
A=2 N,=1 [W)=1-7. DL0+7-2 5-[1-Di,2+i\/i—17-D,3,,2h]
A=2 N,=1 |wy=y1~1 t'Dlsno_Vg’D?wu
w;=—6 u=1 N,=0 NG
A=2 N,=2 [¥)=v1-1* Dﬂo—w‘[miu“\“" ‘D]
=1 N,=0 ,
";=2 Nf=2 [W)y=\1=12-[t-D}y,_+iV1—12-D3,,]
=0 =0 N,=1
s No=l [¥)=yT-12-D},,_
#=0 N,=0 3 . 3 1 3 . 3
A=3 N,=3 I‘If)={\/1+tDMl_+n/1—r'DM,+}+7-I?-{(2t—1)\/1+t-DM3~+:(21+1)\/1—t-DM3+}
W= u=0 N,=1 1 1
A=3 N,=2 Y=3{(2r+ 1)\/1+t~D,3m,+i(2t—1)\/1—t-D:,H}+W5-~{\/1+tvDi,3_+i\/1—t-D:,3+}
#=0 N,=0 , . , V15 \ . \
A=3 N,=3 |\F)={\/l+1-DM|*+1\/1——t-DMH}+T-{(21—1)\/1+t~DM3_+t(2t+1)\/l—t~DM3+}
ws=—18 ’)f:g 11:,2:; W={2+ )T+1-Dyy_+i(2t—= 1)NT=1-D3y .} = 15 {NT+1-Dlys_+iNT—1-D3ys, }
#=0 N,=0 s ) 5 V15 3 , 3
\=3 N,=3 |‘I’)={\/l+t-DMH+h/1—t-DM,_}+3(6i 41)-{(21—1)\/1+t-DM3++1(2!+1)\/1—-t-DM3_}
we7=3(1=41) u=0 N,=1 N
A=3 N,=2 ‘P={(2t+1)\/1+t~D:,1++i(2T—-1)\/l*tonmﬁ}+(6t 41)-{\/1+t~DA3,3++i\/1—t-DA3,,3_}

3 1
- \/; D%+ v [t-D%,, +iN1—1*-D%, 1.

Therefore, the functions ¥, and ¥, are transformed to

' ‘/3 2 1 2
q’l—*q’lz_—z‘ ‘DM0+‘2‘ [#- Dz
+iV1-12-D%,_],
Vo W=t D2+ 2 (1.D2,, +iVToF-DY, ]
22Ty PmoT ‘[t Dpgp i HMma-1-

The transformation of the coordinate system without ro-
tation through the angle 6/2 is tantamount to the following
transformation of the unit vectors:

(10.3)

In the new coordinate system, the functions ¥, and ¥, then
take the form

e —e3, €,——€, e;—e.

V3
‘I’l—>‘p’1’= b

2 2 —
) ‘Dyo— 5 ‘Diypy —_‘I’l,

2

v \If"z—l-'DZJrﬁ-Dz =¥
271 ) MO 5 M2+ 2-
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We elucidate our result. For A\=p, the expression a};- o, is
invariant with respect to the transformation (10.3). Since
;-4 can be expanded in a series in which each term is a
product of functions of the type W, or W, with the same
functions (in complex-conjugate form) of the tilded vari-
ables, invariance of the left-hand side of the equation entails
invariance of its right-hand side. Therefore, under the coor-
dinate transformation (10.3) the functions ¥, and ¥, are
unchanged. However, there may be a change in the sign of
the function due to the fact that the expansion is a binary
expansion.

11. CONCLUSIONS

Thus, the problem of constructing basis functions of the
model of two rotors from products of single-particle
harmonic-oscillator functions can be carried through to the
end, and in the Fock—Bargmann space these functions can be
represented explicitly by expressing them in terms of hyper-
geometric functions, spherical Wigner functions, and the
eigenfunctions of the matrix of the Bargmann—Moshinsky
operator. The calculation of the matrix elements of the op-
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erators in the Fock—Bargmann space reduces to a simple
recursive procedure for hypergeometric functions and
Wigner functions.
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