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The theory of neutrino mixing and oscillations is considered. Besides the old theory of neutrino
oscillations based on K 0, K oscillations, a modified theory of neutrino mixing and

oscillations is presented. A theory of resonant neutrino oscillation (MSW effect) in matter is also
given. A critical analysis is made of Wolfenstein’s equation, from which this effect is

obtained. We consider a theory of the enhancement of the oscillations of neutrinos of different
masses in matter that arises through the weak interaction of a virtually oscillating neutrino

with matter of very great thickness (the sun). We analyze possible ways of solving the problem
of the solar neutrino deficit. We estimate the vacuum neutrino mixing angle under the
assumption that the solar neutrino deficit is due to neutrino oscillations. The following conclusion
is drawn: To demonstrate the existence of oscillations of the solar neutrinos, an experiment

that gives a model-independent test of it is needed. © 1996 American Institute of Physics.
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1. INTRODUCTION

This paper is devoted to a discussion of the problem of
neutrino mixing (oscillations) and the solar neutrino deficit.

The history of neutrino physics began with the letter of
Pauli to the Tiibingen Physical Society,' in which he postu-
lated the existence of a new particle, the neutrino, in order to
explain the observed continuous spectrum of electrons from
nuclear beta decay. Having learnt about this hypothesis of
Pauli, Fermi proposed his famous theory of beta decay.> An
interaction induced by a neutrino was observed for the first
time in the experiment of Reines and Cowan.’

Besides the electron neutrino emitted in nuclear beta de-
cay, two other neutrinos have been discovered: the muon
neutrino* and the tau neutrino.’ The further development of
experiment and theory have led to the creation of the modern
theory of the electroweak interaction,® which in the extended
form including all lepton and quark generations has become
known as the standard model of the electroweak interaction.

The suggestion that, by analogy with K°, K° oscillations,
there could be neutrino oscillations (i.e., that there could be
neutrino—antineutrino oscillations »<7v) was considered by
Pontecorvo’ in 1957. It was subsequently conjectured by
Maki et al.® (1962) and Pontecorvo® (1967) that there could
be mixing (and oscillations) of neutrinos of different species.

Despite the great successes of the standard model, it still
needs extension and generalization, since in its present form
it does not explain the existence of families of quarks and
leptons and does not describe their masses and mixing. Study
of neutrino properties is one of the approaches that can lead
to new physics, and this makes the study of neutrinos very
interesting. One of the interesting questions is that of the
existence of a neutrino mass, for which there are experimen-
tal indications.'® Besides this, the fact that neutrinos partici-
pate symmetrically together with charged leptons in the
charged current of the weak interaction indicates that the
neutrino may be a massive particle.'!

Another aspect of neutrino physics is the problem of
lepton families and the associated conservation laws for the
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lepton number. The conservation laws for the lepton number
can be tested to high accuracy by means of neutrinos.

The problem of solar neutrinos arose after the first ex-
periment performed to measure the flux of neutrinos from the
sun by the *’CI-3’Ar method.'? The flux was found to be
several times smaller than expected from calculations made
in accordance with the standard solar model (SSM)."* It was
suggested in Ref. 14 that the solar neutrino deficit could be
explained by neutrino oscillations.

Bahcall and others made a more accurate determination
of the SSM parameters and calculated the luminosity and
flux of neutrinos from the sun'® that can result from the
nuclear processes'® that take place within it. Subsequently,
when the results of the experiment at Kamiokande'” con-
firmed the existence of the deficit relative to the SSM calcu-
lations, one of the attractive approaches to the explanation of
the solar neutrino deficit became resonant enhancement of
neutrino oscillations in matter.'® Resonant enhancement of
neutrino oscillations in matter was obtained from Wolfen-
stein’s equation for neutrinos in matter.'” It was noted in Ref.
20 that Wolfenstein’s equation for neutrinos in matter is an
equation for neutrinos in matter in which they interact with
the matter not through the weak interaction but through a
hypothetical interaction that is left—right symmetric (for a
more detailed discussion of this question, see Sec. 3). This
then raised the problem of establishing the mechanism of
resonant enhancement of neutrinos in matter.

Experimentalists later there were then obtained the first
results of the Gran Sasso 'Ga-''Ge experiment,21 that
within a 3o limit did not disagree with the SSM calculations.
The new data from the SAGE experiment®? are fairly close to
the Gran Sasso results.

In Ref. 23, the present author proposed a new mecha-
nism of enhancement of neutrino oscillations in matter that is
realized through the weak interaction of oscillating neutrinos
with matter if the thickness of this matter is sufficiently great
(see Sec. 3). Data appeared®* that could be interpreted as a
manifestation of oscillations of atmospheric neutrinos ob-
served through the thickness of the earth. Besides the facili-

© 1996 American Institute of Physics 23



ties mentioned above that detect solar neutrinos, new facili-
ties are currently being prepared (Super-Kamiokande® and
SN026) for detection of neutrinos from the sun, and the data
obtained from them (SNO) can be used for a model-
independent analysis of the neutrino oscillations.

Section 2 is devoted to discussion of the theory of neu-
trino mixing and oscillations: lepton numbers, elements of
the standard theory of the electroweak interaction, the neu-
trino mixing scheme, and neutrino oscillations. In Sec. 3, we
consider aspects of neutrino oscillations in matter: resonant
neutrino oscillations in matter, and the enhancement of the
oscillations of neutrinos of different masses in matter. In Sec.
4, we discuss possible ways of solving the problem of the
solar neutrino deficit. We describe briefly the experimental
facilities that measure the flux of neutrinos from the sun.

2. THEORY OF NEUTRINO MIXING AND
OSCILLATIONS

Before we discuss mixing and oscillations, we formulate
the conservation laws for the lepton numbers and give the
elements of the electroweak theory.

1. Lepton numbers

Up to now, it has been established that there exist three
families of leptons and quarks (we give the quark sector,
since in what follows we shall use the analogy of the lepton
and quark sectors):

uv,; cv tv,; 2.1)

.
de; su; br.

Following the existing experimental data, we shall assume
that each family of leptons has its corresponding conserved
lepton number (/,,! wols) 21

i
Ei I, =const,

Ei: I,,=const, 2.2)

Z I’ = const.

Accordingly, all the lepton numbers—electron, muon, tau—
are conserved separately in processes. It is here supposed
that the conservation of these lepton numbers must be asso-
ciated with definite types of interaction. For example, the
lepton numbers are (separately) conserved in the strong,
electromagnetic, and weak (we have in mind exchange of W
and Z° bosons) processes. However, in the extended theory
of the electroweak interaction with inclusion of a matrix of
Kobayashi—Maskawa type these lepton numbers are not con-
served, since this matrix contains nondiagonal elements that
mix the lepton numbers. A matrix of Kobayashi—Maskawa
type parametrizes processes with allowance for nonconserva-
tion of the lepton numbers, and one naturally assumes that
such nonconservation must be based on dynamical
theories.”

In Table I, we give upper limits for the branching ratios
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TABLE 1. Upper limits for the branching ratios of processes forbidden by
the conservation law for lepton charges.?’

Process R
u—ey <49.107"
u—eee <1.0-107"
u—ey <72-107"
K, —e*+u* <8-1076

p +I-et+Sb <3.10710

of processes forbidden by the lepton-number conservation
law (2.2). These can be used to obtain corresponding bounds
on the parameters of matrices of Kobayashi—Maskawa type
or the corresponding theories with nonconservation of the
lepton numbers.

It can be seen from the expression (2.1) that there is an
analogy between the quark and lepton sectors. Then, pro-
ceeding from the experimental fact of the mixing of the d, s,
and b quarks, one can suppose that the neutrinos v, , v, ,and
v, may also be mixed, i.e., there will be nonconservation of
the lepton numbers that will lead to neutrino oscillations. In
what follows, we shall need to consider the electroweak
theory, and we therefore give the elements of this theory.

2. Elements of the standard theory of the electroweak
interaction

At the present time, all available experimental data agree
well with the standard theory of the electroweak interaction®
proposed by Glashow, Weinberg, and Salam. We give the
main elements of this theory. The Lagrangian of the theory
contains left and right doublets of leptons and quarks,

\I’IL:( l) ’ \I,IR: l=e,/L,T,
L

v, = u\ i=1 Ccy i=2 t\ i=3
iL— d . s s . ’ b B s

tr.br,

(2.3)
Vir=ug,dr; Cr.Sg;

and right singlets of charged leptons and quarks.

The theory is based on the local group SU(2), XU(1)
and contains two coupling constants g, g’. The covariant
derivatives have the form

T
aa‘I,lL_’I:ﬁa_ lg E Ala_ ig’Y;‘epBa}‘I,IL >

T
(9(,\[',1—)[(9&— lg ? A’a_ig,YglmrkBajl\[,iL N

!

(?a‘I’IR—e[&a-i % Y;nga \I’m,

’
ﬁa‘I’iR‘%[ﬂa—l‘ 87 Y%"‘“kBa}\PiR, (2.4)

where A’,, B,, are the gauge fields associated with the groups
SU(2), and U(1); Y is the hypercharge of the leptons and
quarks.
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The analog of the Gell-Mann—Nishijima relation in the
considered case is

Y
Q=T+,

5 (2.5)

where Q is the electric charge, and TY is the third projection
of the isospin.

For the lepton and quark hypercharges, we obtain from
the expression (2.5)

lej uark l
Y P=—1, Y}*=x3

3 (2.6)

YgP=—2, Y¥**=2e,,

where e, is the electric charge of the corresponding quarks.

Using the standard scheme, we can pass from (2.4) and
(2.6) to the following expression for the interaction Lagrang-
ian:

1

Si=igjtAgtig' 5 "By, 2.7

where

3
3 7 ) T
jor= 2 Uy =Vt X Vi Y5 Vi,
i=1 2 I=e,u,7 2
(2.8)

and

1 sem, 3.

— Y.a_ jema_
5 J J (2.9)
(j™* is the electromagnetic current of the quarks and lep-
tons).

On the transition from the fields A2, B, to the fields Z,,,
A .

«
Z,=A> cos Oy —B, sin 0y,
. 2.1
Aa=Ai sin &y + B, cos Oy (2.10)
the interaction Lagrangian for the fields Z,,, A, acquires the
form

20 __ g =0, s sem,a
Bl =i —————— jZ T iej™ A,

2 cos By : @10

where j**=2j**—2 sin? ,,j°™* is the neutral current of the
standard model.

Note that the Lagrangians (2.7) and (2.11) are obtained
for Dirac (particles) leptons and quarks with charges g, g’ or
e, g, using the principle of local gauge invariance. If
SU(2) X U(1) gauge invariance is required, the masses of all
the particles must be equal to zero (i.e., in this theory par-
ticles cannot have masses”®?). To obtain masses of the par-
ticles, the standard theory of the electroweak interaction
based on the assumption of SU(2); XU(1) gauge invariance
is broken spontaneously [down to U(1)] through the Higgs
mechanism.>® We briefly consider this mechanism.

A doublet of scalar Higgs fields

Pt
“’:( <1>°)
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with hypercharge equal to unity (2.5) is introduced. It is as-
sumed that this doublet interacts with the vector and fermion
fields in such a way that local gauge invariance is not bro-
ken. To the Lagrangian of the electroweak theory there is
added the Higgs potential V(d*,®),

V(OF,®)=k(P,P)2—u2(D+,D), (2.12)

(k and u? are positive constants), which leads to vacuum
degeneracy and to a nonvanishing vacuum expectation value
(D% of the field °:

(@)= \/5

This means that (fixing the vacuum state) we can generate a
mass term of the fields of the intermediate bosons, fermions,
and Higgs boson. As an example, we consider the scheme for
obtaining quark masses. For this purpose, we use a Lagrang-
ian of Yukawa type that is an invariant:

(2.13)

9% V2 ST, (1) T
Fi=- 2 Yy MPDgp¥+He. (2.14)
qg=d,s,b
V2 _ _
,(ZZ'_— - T Z \PILMSZ)qR\I,—i_ H.C.,
q=u,c,t
where M “), M are complex 3X3 matrices, and
_ (I)O*
<I)=i’rz<l>*=(_(p+*) (2.15)

is a doublet of Higgs fields with hypercharge —1.

Taking into account (2.13) and using the gauge invari-
ance of the Lagrangian (2.12), (2.14), we can choose (in the
unitary gauge)

0 N+HOx)
d(x)=| \HH’(X) |, I= V2 , (2.16)
V2 0

where H°(x) is the neutral scalar Higgs field.
Substituting (2.16) in (2.14), we obtain for the quark
masses the expressions

"(f;l= '_p_LM;pR+H.C.,

!/)’2: _ﬁLMénR‘i‘H.C., (2.17)
where
Up R dL,R
PLRr=\| CLR], nLRr=|SLR
fLR bir

Thus, the elements M ; ,M; of the quark mass matrix are
equal to the constants of the quark—Higgs-boson Yukawa
coupling up to the factor v2/\.

The matrices M| and M in (2.17) can be diagonalized
in the standard manner:

M\=UmUys, M5=V,m,Vy, (2.18)

where U\ g and V| p are unitary matrices, and m, and m, are
diagonal matrices with positive elements. Then the expres-
sion for the mass Lagrangian (2.17) acquires the form
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!

F=F+Sa=—p'mip'—n'myn

= m,g'q, p'=p,+pgr, n'=n;+tng,

q=u,...

(2.19)

where
PLr=UlrpLr: nLr=VignLr (2.20)

and ¢'(x)—d'(x),s'(x),...,t' (x) are quark fields with defi-
nite masses.

If (2.20) is taken into account, the expression for the
charged and neutral quark currents takes the form

J=2pLyYn=2p LY Umny,»

~r a1 Il . 2 1 2 p' v*p'
Jo*=piypL— ALy n,—2sin® Oy 3PP +

l'lal
3|7 von

where Uygy=U; V. . The subscript KM of the matrix U is in
recognition of Kobayashi and Maskawa, who first obtained
the form of this matrix in parametrized form.3!

In principle, the entire procedure (2.14)—(2.21) with the
quark masses can be repeated for the leptons if it is assumed
that the neutrinos are massive and if right components are
introduced for them. Before we proceed to the next subsec-
tion, we note that the entire above procedure for the quark
masses is purely formal, since in a more rigorous approach it
is necessary to formulate a common group that unites the
quarks and bosons, and it is in the framework of this group
that the nonconservation of the flavor numbers must occur
and, in principle, the masses of the quarks and leptons must
be calculated (or relations between the masses must arise).
Much work has been done in this direction,? but the prob-
lem with the quark and lepton masses is still not yet solved.
For this reason, it is evidently more correct to regard matri-
ces like Ugy, as phenomenological matrices that parametrize
the quark mixing (as we have already noted, the same phe-
nomenological matrix can be introduced for the leptons). As
an example of the construction of a dynamical theory with
quark mixing, we mention Ref. 33, in which this problem
was solved by the introduction of three doublets B*,C*,D*
of heavy vector bosons.

, (2.21)

3. Scheme of neutrino mixing

Following the established tradition, we describe neutrino
mixing by means of the introduction of a mass Lagrangian.
In addition, for the reason given in Ref. 34, we shall not
consider Majorana neutrinos. (From the complete set of
available experimental results, it appears that all the existing
fermions are Dirac particles.) The interaction between the
fermions in the electroweak theory is introduced by means of
the principle of local gauge invariance (2.4), i.e., through this
principle the fermions acquire a charge. In the case of a
Majorana particle its neutrality (i.e., the fact that this particle
has no charge) means that it cannot be given an electroweak
interaction.
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We first consider the case of mixing of two neutrino
species [the mixing is constructed by analogy with K°, K°
mesons (Pontecorvo)], and we then consider the more gen-
eral case.

The mass Lagrangian of the two neutrino species (v, ,v,)
can be written in the form

- mye,,ev,,ve+m,,ﬂ,,“v#v,u+m,,e,,ﬂ( vy, tv,v,]

= (5,3 || Ve
>\ m, ,m v,

vuv Y, ©n

(222)

In the expression (2.22), the third term is responsible for the
neutrino mixing and does not conserve the lepton numbers /,
and [,,. It is obvious that the introduction of such a term is
equivalent to the introduction of an interaction that does not
conserve lepton numbers. By means of the substitution

v,=cos fv,+sin Ov,,

v,=—sin v, +cos Ov, (2.23)

N
we can diagonalize the mass Lagrangian .%},, and then

FEu=—[m v v, +m,y,v,], (2:29)

where

[ - 2 2 1/2
ml,2_2 [(mveve-'_mvuvﬂ)i[(mveve mvﬂvﬂ) +4mv#v¢] ]

and the angle 6 is determined by

tan 20=2m,,e,,”/(m,,u,,u—m,,e,,e). (2.25)

It can be seen from the expression (2.25) that if my .y,
=My, then the mixing angle will be 7/4, irrespective of
the value of My,

We now turn to consideration of the general case. In it,
the mass Lagrangian will have the form

gMz—]_/RMVL"'H.C.E 2
L'=e,u,T

VIIRMII’VIL"' H.C.,
(2.26)

where M is a complex 3X3 matrix. It should be noted that
vp is absent in the Lagrangian of the electroweak interaction
(2.3), (2.4). By means of the transformation

M=VmUT, (2.27)

where V and U are unitary matrices, we reduce %), to diag-
onal form:

3

Fy=—vgmv,+Hc.=2, mv,+He., (2.28)
k=1
where
my=mSi,
4|
vi=U%, vg=Vtug, v»'=|nr (2.29)
V3
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We note that the Lagrangian (2.26) is invariant with respect
to the global gauge transformation

vi(x)— et vp(x)
or
I(x)—e™(x),

i.e., the lepton numbers are separately not conserved (i.e., the
neutrinos are mixed), but there does appear the lepton num-
ber [, which is associated with the gauge transformation
etiA, and this will be conserved.

l=e,u,,

4. Neutrino oscillations

The theory of neutrino oscillations is constructed by
analogy with K% K° oscillations (a more detailed study of
K%< K° oscillations will be given below). We assume that
the state vector of the neutrinos (v, ,v,,v,) participating in
the weak interactions is a superposition of state vectors with
different masses. We then ask: How will a neutrino beam
behave? It is clear that at a certain distance from the source
the neutrino state vector acquires additional phases due to the
fact that the different neutrinos have different masses. Then
the probability of finding a neutrino of a definite species will
be a periodic function of the distance between the source and
the detector. This effect is called neutrino oscillation.”

We first consider oscillations of two neutrino species, v,
and v, , and we then give the expressions for the oscillations
in the case of three neutrinos. The particles v;,v, [see (2.23)
and (2.24)] with masses m, and m, evolve in time in accor-
dance with the law

vi()=e F1'v(0);  wy(1)=e E2'py(0)

where E,f=(p2+mi), k=1,2.
If these particles propagate without interaction, then

v,(t)=cos fe ‘Et'v (0)+sin e E2'p,(0), (2.31)

(2.30)

v,(t)=—sin Oe " "Evy (0)+cos BeE2'p,y(0).

Using the expressions for v| and v, in (2.23) and substituting
them in (2.31), we obtain

v, (t)=[e EV cos? @+e £ sin® 0]v,(0)+[e E
—e "2']sin @ cos Ov,(0), (2.32)

v, (1)=[e 1" sin> 0+e 2’ cos® O]y, (0)+[e EV
— e~ E2'sin @ cos 6v,(0).

The probability that a neutrino produced as v, at the time
=0 will be in the state v, at time ¢ is given by the square of
the absolute magnitude of the amplitude v,,(0) in (2.32), i.e.,

P(v,—v,)=|(v,(0)/ v (1)|?

L., 22
== sin” 20[ | —cos((m3—m{)/2p)t],

3 (2.33)

where it is assumed that p>m |, m,; Ek'—Vp-i-m,z(/Zp.

The expression (2.33) describes oscillations of the neu-
trino flavor. The mixing angle @ characterizes the degree of
mixing. The probability P(v,—v,) changes in accordance
with a periodic law with the distance, with periodicity deter-
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mined by the expression Ly=2m(2p/|m3—m?|). These os-
cillations are a typical interference effect due to the nondi-
agonal form of the mass matrix (2.22).

The probability P(v,— »,) that the neutrino v, produced
at the time +=0 is still v, at time ¢ is given by the square of
the absolute magnitude of the amplitude »,(0) in (2.32).
Since the states (2.32) are normalized,

P(v,—v,)+P(v,—v,)=1 (2.39)

Thus, we see that the flavor oscillations due to the nondiago-
nality of the neutrino mass matrix lead to nonconservation of
the lepton numbers /, and [, . However, the total lepton num-
ber [=1,+1, is conserved, as can be seen from (2.34).

We now consider oscillations of three neutrino species.
To this end, we shall use an expression of the type (2.20) and
write it in components:

3
Ve=k21 Ukve, l=e,pu,7, (2.35)
where v, is the state vector of a neutrino with momentum p
and mass m, . The expression (2.35) is based on the fact that
the mass differences of the neutrinos v are so small that a
coherent superposition of state vectors of neutrinos with dif-
ferent masses can be formed in the weak interactions:

vi(t)=e "y, (0). (2.36)
Then
3
V,(t):kZl e B % p(0). (2.37)

Using the unitarity of the matrix U, we can rewrite (2.37) in
the form

3

Vl(t): 2 Vlr(())z Ulrke_iE"’U?;( (238)
U'=e,p, 1 k=1
and, introducing the notation
3
a,,I:,,[(t)ZkZl Upe EvU%, (2.39)
we obtain
v()= 2 ay (0 (0), (2.40)

U'=e,u,t

where a,, (1) is the probability amplitude of the transition

v,— ;. The corresponding probability of the transition
v— vy is

3 2
P”IIVI([): I(Zl U”keﬁiEktUﬁ( (2.41)
It is obvious that
2 Puyy(D=1 (2.42)
l'=e,,u.,7'

Using E,=p+m/2p, we can rewrite the expression (2.41)
in the form
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reactor atmospheric v - solar v
accelerator ¥ -

L 1 1 | 1 | L ﬁ\ % ] ]

102 10" vy 100 102 103 10* 100 qoM
R/E, m/MeV FIG. I. Ranges of values of R/E and Am? (eV?)
’ accessible in different experiments.

v 1 1 1 1 1 1\ ‘;l ] 1

102 10 1 10! 10f 103 10t 107
Am?, eV?

3
Pu,'u,(R,P):kzl lUlklleI'k|2+2k§>:_ U URUL U
= J

miomi
—— R-Dy; v
2p I(j,l I]s

X cos (2.43)

where R is the distance from the source to the detector, and
(ij,]q: arg(U,:kU;';U;k,jU,j).

The expression (2.43) can be rewritten in the form

Py u(Rop)=8ut2 2, U UEUS Ul
J

mjz-—m,f
X cos TR_q)jk,l'l —COS q)jk,l'l :

(2.44)

It can be seen from the expressions (2.33) and (2.44) that the
neutrino oscillation length is determined by

248E (MeV)

LT (o

k#j;, kj=1-3, (2.45)

where E=pc is the energy.

It can be seen from (2.33), (2.43), and (2.45) that the
neutrino oscillations depend on the ratio of the distance R to
the energy E. For clarity, Fig. 1 shows the sensitivity ranges
of the different oscillation experiments with axes (R/E) and
Am? (the square of the mass difference).

So far, we have considered the standard theory of neu-
trino oscillations. However, it must be noted that this theory
describes neutrino oscillations purely kinematically, i.e., all
the parameters of the mass matrix M in (2.26) are constants
and do not depend on the time. However, as we noted earlier,
such a nondiagonal mass matrix must correspond to a dy-
namical theory in which the lepton numbers are not con-
served. If this is the case, then the constant parameters of the
nondiagonal mass matrix are averaged quantities obtained
from a dynamical theory. Then the picture of the neutrino
oscillations that we have given above is a rough averaged
description of the actual picture of neutrino oscillations. In a
more detailed dynamical description of the neutrino oscilla-
tions, new features of the oscillations are manifested. We
now turn to a qualitative dynamical analysis of the oscilla-
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tions of K°,K° mesons, since this process has been studied
fairly well, and we then turn to the application of our results
to the case of neutrino oscillations.?®?%?*

K O,k 0 oscillations. We shall assume that K 0 K are pro-
duced in strong interactions (we shall discuss the case when
K 0, K° are produced in weak processes below); then the mass
matrix of the K°, K® mesons will have a diagonal form (i.c.,
strangeness is conserved in the strong interactions). The pro-
duction time of the K°, K° mesons is the characteristic time
Aty =102 s of the strong interaction:

mg0go 0
.|, mgogo=mgogo=myo. (2.46)
0 mgogo

However, besides the strong interaction there is also the
weak interaction of quarks, which leads to nonconservation
of strangeness, and then the mass matrix (2.46) becomes
nondiagonal:

MO0 Myg0g0

(2.47)

MEogo  mMgogo
[estimates of the nondiagonal term of the mass matrix (2.47)
and corresponding references can be found in Ref. 34]. We
now see that since the mass term m gogo arises dynamically, a
certain time is needed for it to occur, and this time is the
characteristic time Af ., =10"%s of the weak interaction. As
a result, the more detailed consideration of the process of
evolution of the K%, K® mesons shows that the process of K©,
K° production and the process of nonconservation of strange-
ness, leading to oscillations of the K°, K mesons, take place
with their own separate characteristic times, and it is obvious
that these processes must be considered separately (as we
have already noted, in the standard approach™®* only an
averaged kinematic description of the K°, K° oscillations is
given).

Taking into account the dynamics, we now give a phe-
nomenological description of the process of K°, K° oscilla-
tions. We treat the process of the production of K°, K° me-
sons as a quasistationary process with characteristic time
Atg.=107% s. During this characteristic time, the weak in-
teraction will give rise to strangeness nonconservation, and
as a result the K°, K° mass matrix will become nondiagonal.
We estimate the probability of this process:
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( |—e™ ’/A’wcak)

( | — e—I/AISm)

AISII'.
At

=1 =q- 1071,

(2.48)

where 1 —e¢ is the probability of decay of the quasista-
tionary state during the characteristic time At. Thus, after a
time t=10"27 s the K 0, K° will become nondiagonal with
probability 7 10713, In this case, to determine what will hap-
pen to the quasistationary system it is necessary to diagonal-
ize the mass matrix (2.47):

W(t=mAty)=

weak

— /At

- m 0,0 O
Mgogo Mg0g0 KIKI
— , (2.49)
MEox0 M RORO 0 mgd?
K°+K° K°—K°
o__ Kg:———
1 > >
V2 v2

myOk9= M 00+ m xogo,
mygog0= (’"K?K‘l)+ ngKg)/2,

and the mixing angle is §=/4, since mgogo=m gom go. It can
be seen from (2.49) that in this case the mass eigenstates will
be the states K9, K9. Thus, with probability 710~ 15 there
will be production of K, K, while in the remaining cases
there will be production of K 0 K° mesons.

Let us now consider what will then happen to the K ° K°
mesons (we shall assume that they move in vacuum) owing
to the presence of the strangeness-nonconserving weak inter-
action.

As we have noted, the K 0 K° mesons produced in the
strong interactions are an eigenstate of this interaction, and
they are produced on definite mass shells:*

2 2 2 2
Pro=myo, Pgo=mg

0= 5o (2.50)

Because of the presence of the weak interaction, strangeness
will not be conserved, as a result of which the mass matrix
becomes diagonal [see (2.49)]. Diagonalization of this mass
matrix leads to the occurrence of the states K© and K 3. Fur-
ther, since the K° K° mesons are produced and move in
vacuum and are on the corresponding mass shells, the K 0, KO
states are transformed into a superposition of K¢ and K3, and
this process must be dynamical (it is obvious that such a
process can be approximately described by characteristics
that are kinematic averages, but one will then lose informa-
tion about the details of the process). Further, the K % and K9
will decay,’” and on the background of these decays there
will be oscillations of the K°, K° mesons. The oscillation
length will be given by [see (2.33) and (2.45)]

2.48p(MeV)

L =—.
ose(m) 4m gogom go(eV?)

(2.51)
It is interesting to note that because the K © and K° mesons
consist of §, d and d, s quarks (the masses of the s and d
quarks are different) the masses of the K 0 and K° mesons are
equal, and there will be a real and not virtual oscillation of
the K°, K° mesons.

We now briefly discuss the mixing and oscillation of the
K°, K° mesons in the case when they are produced in weak
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interactions. It should be noted that such production channels
of these mesons are difficult to observe because of the com-
petition of other channels. However, in principle the produc-
tion of K°, K® mesons in weak interactions is possible. This
is due to the fact that the charged current

o d
j‘F‘=(uc)L'y”‘V(s) , (2.52)
L
where V= |c_°S.0C sin HC| is the Cabibbo matrix,*® can be de-
sinf-  cos f¢

composed into two terms: a diagonal term proportional to
cos O and a nondiagonal term proportional to sin 6. Thus,
we have the weak interaction without allowance for quark
mixing and with allowance for quark mixing. In the weak
interactions without quark mixing (with conservation of
strangeness) the mass eigenstates are the K 0 K° mesons, and
these are identical to the mass eigenstate of the strong inter-
action. In contrast, in the weak interactions with quark mix-
ing the mass eigenstates are the K 9. K9 states. Decomposing
the weak-interaction current in this manner, and knowing
that the contributions of these parts are in the ratio tan 6 (6¢
is the Cabibbo angle), we can estimate the probability with
which the states K °, K%and K 0, K 2 are produced in the weak
interactions. The ratio of the amplitudes of these processes
will be proportional to

A(K0.K9)

—— " =~tan’® 0, (2.53)

A(KO,K%) ¢

and the probability will be
2
A(K].K9)
=|————| =tan* 6. 2.54

AR c (2.54)

Thus, in the weak interactions the K9, K mesons are pro-
duced with probability P, while the K 0, K mesons are pro-
duced with probability 1—P. The oscillations of the pro-
duced K°, K° mesons will proceed in the same way as the
oscillations described above.

The following question arises: How would the oscilla-
tions of the K°, K® mesons in vacuum occur if the masses of
the K° and K° mesons were different? A detailed discussion
of this question with allowance for the decay widths was
given in Ref. 36.

In order to apply our results to the case of neutrino os-
cillations, we here discuss briefly a well-known example
from particle physics, the vector-dominance model, in which
mixing of particles with different masses occurs.

y—p” oscillations. Let us now consider the mixing (os-
cillations) that occur in the vector-dominance model.*® In
this model, one considers mixing of the vector fields of the
strong, V'u(po), and electromagnetic, A, interactions. The

. e ~ |4 N
original fields ( A“) are mixed when the strong and electro-
N

magnetic interactions are included:*

V,=cos ¢V, ,—sin pA,,,
A, =sin ¢V, +cos @A, (2.55)

where cos ¢= G/ JG?+e?, and G and e are the strong and
electromagnetic coupling constants.
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By virtue of the gauge invariance of the electromagnetic
interaction and isospin conservation in strong interactions,
the mass matrix of the fields V,, and A, must be diagonal:

22
My K

p* omy

0 0

0 ’";23 (2.56)

How will yp° oscillations occur? Since the fields A, and
Vv, have very different masses, there cannot be real oscﬂla—
tlons between them as happens between K° and K° (mgo
=mpgo). There must be virtual oscillations between these
ﬁelds (particles). This means that the transitions to the fields

and V must be v1rtual (there cannot be a real transition
of a photon into a p° meson with subsequent decay of the
meson). To make such a transition (y—p°) real (and not vir-
tual), the photon must participate in an interaction in order to
go over to the mass shell of the p° meson.

Let us consider the system of oscillating particles as a
bound system. Phenomenologically, the extent to which the
particles are bound will be determined by the nondiagonal
terms of the mass matrix [this is the mass matrix (2.49) in the
case of K° K° mesons, and M in (2.27) in the case of neu-
trinos] or, more precisely, by the ratio of the nondiagonal to
the diagonal terms of the mass matrix:

Ayp=mylmy, i¥k, ik=1-2(3). (2.57)
If A;;<1, then the given system can be regarded as a weakly
bound system and the physical states v s Vr OF K% K°
will be realized as real states (and not virtual states), i.e., it is
mainly these states that will be produced. If A;;<1, then it
will be mainly the eigenstates of the corresponding diagonal-
ized mass matrix that are produced, i.., v, v,, v; and K,
K9. The asymptotic states (i.e., when v,, v,, v;and K°, K°
become superpositions of v, v,, v; and K9, K9) appear
when A;;<<1. Whether these asymptotic states and oscilla-
tions are real or virtual will be determined by the ratios of
the diagonal elements of the mass matrix (for example, in the
case of K° K° when mgo=mpo, the oscillations will be
real).

Knowing that the lepton numbers [,./,,l, are well-
conserved in the standard theory of the weak mteractlon,6 we
can conclude that the neutrino system [see the mass matrix
(2.27)] is a weakly bound system (i.e., m;;/m;<1, where
i#k,i, for k=1-3). Then it is the physical states of the neu-
trinos v, ,v,,v, that will be mainly produced (the mass ma-
trix is diagonal). The asymptotic states (i.e., when v, VyoVs
are superpositions of v|,1,,v; and there is nonconservation
of 1,10 ;) will be realized in the case of motion of the
produced neutrinos v, ,v,,v, in vacuum.

We now turn to the question of the neutrino oscillations,
taking as an example K%~ K° and v« p° oscillations, and we
classify the possible types of neutrino oscillations.

1) If the v, »V,,,V, masses are equal, then there must be
real oscillations between these neutrinos, in complete anal-
ogy with K°, K° oscillations. In this case, the asymptotic
states (i.e., the states v,,»,,v;) will be realized in vacuum as
real states (by analogy with K9, K9 mesons).

2) If the v, ,v,,v, masses are different, then there must
be virtual oscillations between them by analogy with the
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ye>p° oscillations (the asymptotic states will also be realized
as virtual states). To observe in this case real oscillations of a
neutrino, it must participate in an interaction for its transition
onto the corresponding mass shell. For example, if the neu-
trino v, oscillates into the v, ,v, neutrinos and these neutri-
nos have decay modes, then these oscillations and decay
modes can be observed if v, participates in an interaction and
there is a transition to the corresponding v, .V, mass shells.

On this basis it is not difficult to analyze intermediate
cases in which the masses of two neutrinos are the same. The
above analysis shows that if the masses of the neutrinos

v, .V, are different, then the oscillations described by the
expressions (2.33) and (2.43) will be virtual and the oscilla-
tion lengths L [see the expression (2.45)] will be determined
by the squares of the differences of the v;,v,,v; masses. An
important difference between this picture of the neutrino os-
cillations and the old picture of the oscillations is that a
neutrino remains on its mass shell if it moves in vacuum.

In the following section, we shall discuss the conse-
quences of this difference.

3. NEUTRINO OSCILLATIONS IN MATTER

We consider the theory of resonant neutrino oscillations
in matter'®*! (the MSW effect) obtained from Wolfenstein’s
equation.! We make a critical analysis of Wolfenstein’s
equation. We then give the theory of the enhancement of the
oscillations of neutrinos of different masses in matter.”>

1. Theory of resonant neutrino oscillations in matter
To describe neutrino oscillations in matter, Wolfenstein??

proposed the equation

2

M
=\ pl 2p w

dV(p
i —

dt Vo, (31)

where p, M?, and W are the momentum, square of the neu-
trino mass matrix in vacuum, and the matrix that takes into
account the interaction of the neutrino with matter;

v\ . |1 0
Vp= V,,'u N I= 0 l

The mixing in (3.1) is due to the fact that the matrix M2
is nondiagonal. If the neutrino energy is not too high,
S<Gr', and the thickness of the layer of matter is less than
the absorption length, then interactions of neutrinos with
matter reduce to elastic forward scattering through angle ¢ .
Expressions for W, and W, can be obtained by considering
the change in the wave function during the time dt. It is due
to the appearance of an additional wave, which is the result
of the addition of the waves resulting from scattering by
particles in a layer dR=cdt:

dv,=—iW,v, - dR,

Wo=2 fXON;-p~' (a=e,p), (3.2)

where f{(0) is the amplitude for v, scattering by the ith
component of the matter (i=e,p,n), and N; is the concen-
tration of the distribution of the components.
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The physical consequences for the oscillations are deter-
mined by the difference of the diagonal terms in the matrices
M? and W, namely

W=W,~W,=2 AfNip~", (3.3)
where Af;=f;(0)— f4(0).

It can be seen from (3.3) that if the interaction of v, and
v, were the same, there would be no effect of matter. If an
effect is to exist, nonsymmetric interactions of the neutrinos
v, and v, are needed. Since at low energies there is no scat-
tering through the charged current for v, ,v,, it follows that

Af,(o):‘/jGF[), W:\/QGFNe. (3.4)

Mikheev and Smirnov'®* showed that Eq. (3.1) has a
solution of resonance nature (MSW effect), and this leads to
large neutrino oscillations. This enhancement of neutrino os-
cillations in matter stimulated great interest in connection
with the possibility of explaining by means of it the discrep-
ancy between the experimentally measured neutrino fluxes
from the sun and calculations made in accordance with the
SSM.

In vacuum, W =0, and then (3.1) has the form

Vo - (35)

The relationship between v and v=(v;,1)) (2.23) is es-
tablished by diagonalizing the mass matrix M 2

cos 8 sin @
cos 6/’

ve=U(0)v, U(t9)=(_Sin p

m; O
U(0)*MU(8)=m?= 5] (3.6)
0 m;
The neutrino oscillation length will be determined by the
expression (2.45):

4mp

Lo E=pc. 3.7

mi—m3]”

If allowance is made for the contribution of the neutrino
interaction with matter (3.3), Eq. (3.1) can be rewritten in the
form

H, —-H
AT where =]
i——=Hvy, where H=| ,
PR
_ Am? sin 26
A= TR
R Amzcos20+2Af,-N,- -
— e 7 2p 2]7 . ()

In a medium with variable density, N;=N;(x), and Eq.
(3.8) is a system of differential equations with variable coef-
ficients.

The intrinsic length (diffraction length) is defined as
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SAFO)N;\ !
L°=27aw"! =277(—f-——)
p
=2mmy(V2GpY,) !
=(3-10" m)(p(g/cm’)-2Y,) ", (3.9)
where Y, is the number of electrons per nucleon.
Using (3.9), we can write H and H in the form
0 Ly

H=-2mL, | cos 26— 70/
H=2wLg " sin26. (3.10)

We determine the matrix U,(8,,) that diagonalizes the
mass matrix for the case of neutrino interaction with matter:

R . cos 8,, sin 0,
Vp= Um( om) Vi s Um( 0m) = s

—sin §,, cos 6,

U} (6,)HU,(6,)=H,=diag(H{ HY), (.11)
where 6, is the mixing angle in matter.

It follows from (3.8) and (3.11) that

sin20,=H(H*+H*)~ 1?2, (3.12)

a1 2 Fp2\-1/2
H1,2=§ [H,+H,*(H*+H")" "],
M}=2p-H{, (3.13)

where v, and M? are the analogs of v; and m? in matter.

The dependence of the mixing parameter sin” 26,, on the
neutrino energy or on the density of the medium has a reso-
nance nature. It follows from (3.12) and from the expression
(3.10) for H and H that

sin? 260,,=sin® 20-[(cos 20— Lo(L%) )2 +sin? 26] !,
(3.14)

if (resonance condition!)

Lo 2
cos 20=F, sin® 260,,=1, 6,= (3.15)

Z.

We recall that from (2.45) and (3.9) it follows that
Ly/L°~pE (E=pc).

The half-width of the resonance at half-height is deter-
mined by the mixing angle in vacuum:

0 LO .

A(Ly/L )ZFtan 260=sin 26. (3.16)

It can be seen from (3.16) that the smaller the vacuum

mixing angle, the narrower the resonance peak.
As can be seen from (3.15), the resonance density

(pR:pYe) is

pr=—myAm? cos 20(2V2GzE) . (3.17)

We rewrite (3.17) in the form

Ep

En% = —my(2VIGy) . (3.18)
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It can be seen from (3.18) that if the medium has a variable
density (for example, for the sun), the resonance condition
will be satisfied for neutrinos in a wide energy range.

The probability of detecting the neutrino v, at the dis-
tance R from the source is

2mR
L b

m

P(E,R,...)=1—sin? 20,, sin (3.19)

where L,,=sin 26,/sin 26.

It can be seen from (3.14) that as LO/L0—>0
sin® 26,,=sin” 20,

and as Ly/L%—o0

0\ 2

sin? 26,,= sin’ 20(—) .

Lo

A more complete exposition of the theory of the MSW
effect can be found in the review of Ref. 41.

In the studies of Ref. 20, an analysis was made of
Wolfenstein’s equation (3.1). This is a Schrodinger equation
(or, rather, Pauli equation) for the function vg= (::‘), where
V=Vt Vg, V,=V1, T Vg, . Thus, this equation is a left—
right symmetric equation for spinor functions. This equation
contains the term W, which arises from the weak interaction
(contribution of W bosons) and contains only a left interac-
tion of the spinors (2.8) (neutrinos), and is substituted in the
left—right symmetric equation (3.1) without indication of its
left origin. We then see that Eq. (3.1) is an equation that
includes a term W that arises not from the weak interaction
but from a hypothetical left—right symmetric interaction.
Moreover, the obtained effect of resonant enhancement of
neutrino oscillations in matter is due precisely to this hypo-
thetical left—right symmetric interaction. To take into ac-
count correctly the left-handed nature of the weak interac-
tion, it is evidently necessary to formulate an equation, not of
Schrodinger type, but of Dirac type.

As can be seen from Eqgs. (3.1) and (3.13), if enhance-
ment of neutrino oscillations is to occur in matter, the result
of the interaction of the neutrinos with matter must reduce to
a change in the effective mass of the v, neutrino. If the
effective mass of the v, neutrino increases in matter as a
result of the contribution of the hypothetical interaction and
m,=m, , then the mixing angle 6 will be of order f=/4.
In this connection, it will be interesting to see whether the
contribution of the weak interaction of neutrinos in matter
leads to a change in the effective v, mass.

The standard fermion mass Lagrangian has the form

Ly,=—¥MqV. (3.21)

In all the existing methods and approaches in nonrelativ-
istic and relativistic quantum theory® used to obtain (calcu-
late) masses (or self-energies) of particles, it is assumed that
the left and right components of the fermions participate
symmetrically in the interactions. Then with allowance for
the contribution of the interaction to the fermion mass, M, ’>
the mass Lagrangian takes the form
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Ly=—VYMW—VYM, Y=V (My+M,)¥V=—-VYM'V.
(3.22)

We now determine the fermion (neutrino) mass Lagrang-
ian with allowance for the fact that the right component of
the fermion (neutrino) does not participate in the (weak) in-
teractions (2.8). Then the fermion (neutrino) mass Lagrang-
ian will have the form

LM:_\T,MO\P—\T,LMef\yR—\T,RMef\[,R' (3.23)
Since Wy, W, do not participate in the (weak) interactions,
we obtain

Ly=—VYMy¥+0; M=M,. (3.24)
Thus, the weak interaction cannot contribute to the mass La-
grangian.

It is then natural to pose this question: What happens to
a neutrino as it passes through matter? From the previous
discussions, we arrive at the following conclusion. As it
passes through matter, the left component of the neutrino,
interacting with the matter through W bosons, acquires an
additional kinetic energy, which we cannot convert into an
effective mass (as, for example, can be done for an electron
in a metal, in which the effective electron mass can change),
since the right component of the neutrino does not interact
with the matter through the W bosons.

A more complete discussion of the issue associated with
the neutrino mass can be found in Refs. 28 and 29.

We return to Wolfenstein’s equation and consider
whether this equation, with the hypothetical (left—right sym-
metric) interaction contained in it, can lead to the existence
of resonant enhancement of oscillations in matter. The an-
swer is evidently clear. In such a form, this equation leads to
resonant enhancement of the oscillations in matter. However,
a question again arises regarding the equation itself: Is it
possible to substitute simultaneously in this equation the
nondiagonal mass term M/2p responsible for the neutrino
mixing and the term W associated with the hypothetical left—
right symmetric interaction? This question arises because in
the region of action of the hypothetical interaction (an action
identical to the weak interaction), i.e., at distances of order
I/my , no appreciable nonconservation of lepton numbers is
found. It may then be concluded that the nonconservation of
the lepton numbers occurs at shorter distances, i.¢., the non-
diagonal mass term M? must arise at shorter distances. We
then have the following question: Can this mass term, arising
at shorter distances, be sensitive to a mass that arises at dis-
tances of order 1/my? The answer to this question is again
evidently clear: The mass term M? can be sensitive only to
the masses that arise at distances comparable with the dis-
tance at which this mass term itself arises. In other words, if
we wish to take into account the contribution of the hypo-
thetical interaction in Eq. (3.1) to the neutrino mass, we must
take into account only the part of the mass that arises from
this hypothetical interaction at distances of the order of the
distances at which the mass term M? arises. Thus, we have
arrived at the conclusion that Eq. (3.1) in such a form does
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not take into account the fact that the terms M> and W arise
at different distances and that for the correct formulation of
the equation they should be the same.

In confirmation of this problem, we give an example
associated with quark mixing. In the considered example, the
analog of the hypothetical left—right symmetric interaction in
Eq. (3.1) is the strong interaction, and the analog of the mass
term M’ responsible for the neutrino mixing (we can evi-
dently assume that there is an interaction that does not con-
serve the lepton numbers behind this matrix) is mixing of the
s and d quarks or the weak interaction responsible for this
mixing. We consider weak A° decay.’” The matrix element of
this decay is proportional to sin 6. (6. is the Cabibbo
angleSS). Since the strange quark in the A° hyperon is a con-
stituent quark (as is well known,44 constituent quarks have
masses of the order of 300 MeV) and m?zmz, the mixing
angle 6, which can be expressed in terms of the masses of
these quarks [sin -~ \/mg/mg (Ref. 45)], must be large be-
cause of the contribution of the strong interaction to the
masses of the s and d quarks in the A® hyperon (60=/4).
Indeed, since the weak interaction, which mixes the d and s
quarks, acts at short distances and is not sensitive to the
masses generated by the strong interaction at the distances
characteristic of it, the mixing angle 6. must be determined
by the quark current masses m, and m (Ref. 45), and as a
result this mixing angle 6 is not increased by the contribu-
tion of the strong interaction.

In conclusion, we note that the oscillation enhancement
effect obtained from Eq. (3.1) is a beautiful effect, but, un-
fortunately, the two shortcomings of this equation noted
above make it necessary to examine further the possible ex-
istence of this effect.

We now discuss a different mechanism® of neutrino os-
cillation enhancement in matter.

2. Theory of the enhancement of the oscillations of
neutrinos of different masses in matter

As we noted in Sec. 2, if the masses of the different
neutrino species are different, then only virtual neutrino os-
cillations are possible, and if real neutrino oscillations are to
occur, the neutrinos must participate in interactions in order
to go over to the corresponding mass shells, by analogy with
transition of a photon into a p° meson in the vector-
dominance model.

We estimate the probability of transition of a neutrino of
one species v; into a neutrino of a different species
vy (m,,laﬁ m ,,l,) as the neutrino passes through matter. Tran-

sitions to the mass shell of the corresponding neutrino will
occur in the case of weak interaction of neutrinos in matter
(by analogy with the y—p° transition). We shall assume that
the mass difference of the neutrinos v; and v/ is fairly small,
and, therefore, it can be assumed that the probability of tran-
sition to the v;» mass shell will be proportional to the total
elastic cross section o°'(p) of weak interaction of the neu-
trino (for simplicity, we shall consider oscillations of two
neutrinos). Then the elastic interaction length of neutrinos in
matter with density, charge, and atomic number p, z, A and
momentum p will be determined by the expression
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1

1\0 W (3.25)
If the mass difference between the neutrinos is sufficiently
large, then this can be taken into account by using the tech-
nique of the vector-dominance model.*® As noted above, we
shall assume that this difference is a very small quantity, and
therefore we shall use the expression (3.25).

The elastic scattering of neutrinos in matter corresponds
to the real part Re f;(p,0) of the forward scattering ampli-
tude, which is related to the refraction coefficient by

27N fi(p,0)

p(ni—l)zf, i= Ve7Vﬂ7VT’ (3.26)

Noting that'®

V2 M}
fi(P,O):ﬁ GFP(M—%”) ,

if i=v,, M’=M},

if i=v,,v,, M}=Mk, (3.27)

we obtain

M2
p(n;— 1)'—“VprNe(M—3{)-
The phase of the elastic scattering amplitude changes by 27
over the length

2w

= =270 (3.28)
V2Gp(z/A)

Ao
(The absorption, or the imaginary part of the forward scat-
tering amplitude, can be ignored for neutrinos that do not
have high energies.)

Now, knowing that the elastic interaction length of neu-
trinos in matter is Ay, we must estimate the probability of
oscillation of a neutrino when it passes through matter of
thickness L. This probability is

P(L)=1—e 2"/, (3.29)

Further, using the expressions (3.28) and (3.29), we can de-
termine the neutrino oscillation probability Py, (L) for dif-

ferent thicknesses L. For this, we average over R the expres-
sion for the neutrino oscillation probability:*

vy

1 R
Py, (R)= 5 sin? 20%,( 1—cos 27 Z;)’ (3.30)

where Lo=47p/Am?, as a result of which we obtain

- |
— — «in?
Py, (R)= 7 sin 20,,,,-
Then the oscillation probability p,,l,,l,(L), or the mixing
angle B, for the case Ay=L, will be determined by the fol-
lowing expressions:
a) for thicknesses L comparable with A,

o, - o,
p,,l,,l,(L):— sin 2,82P,,l,,1,=— sin” 26

) ) wppr (331)
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where =0

V[VII;

b) for very large thicknesses L, L/Ay> 1/sin’ 29,,[,,[,

>1,
I, 1

Puyy(L)= 5 sin” 2= > (3.32)
with B=/4;

c) for intermediate thicknesses L,

L, |

5 sin 20y, <Py, (L)< 3 (3.33)
or

< << ™
BVIVII\B\ Z

In the case Ly=A,, we also have expressions of the type
(3.31)—(3.33), but in this case it is necessary to replace A, by
L, and then the thickness of the matter will be determined in
units of L. In addition, since the oscillation length L in this
case increases with increasing neutrino momentum [see
(3.30)], the number of oscillation lengths n=L/L that fit
into the given thickness L will decrease with increasing neu-
trino momentum, and, accordingly, the neutrino oscillation
probability p, , (L) will decrease with increasing momen-
tum.

We consider in more detail the question of the neutrino
oscillation probability for intermediate values of the number
of interactions n. The probability distribution of n-fold elas-
tic interaction of neutrinos for thicknesses L with mean value
n=L/Ag will be determined at not too large n by the Poisson
distribution

IO
fln,n)=——e"", (3.34)
which at large n becomes the Gaussian distribution
f(n,ii i) = —— ¢~ (W27 (3.35)

mn

The probability of transition of the neutrino v; into v; and v,
as a result of n-fold elastic interaction of the neutrino is
determined by the recursion relations (6=4,,,,,)

1
pV=1—(1—¢75) 5 sin’ 20,

il

I
Py, = (1—€™?) 3 sin’ 26,
(n) (n—1) -B I -2 (n—1)
Py, =Pup, I—(l—e )Esm 20| +p,,, (1
—e B L sin® 26)
2 9’

(n—1)
pV,V,I vp +leV, (l

|
(n) :p(n—n( 1—(1—¢ %) 5 sin? 26
|
*e_B) E Sinz 20). (336)
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If we set B=2r, then the term ¢ % in (3.36) can be ignored.
For average estimates, we can use the fact that

ﬁ=ff(n,n',ﬁ)dn=ﬁ. (3.37)

Then the mean probability of neutrino oscillation will be

P(VI—WI):P(V':),,I s

p(vi—vp)=p\) . (3.38)
From (3.36) and (3.38), if sin” 26 is a sufficiently small

quantity (sin?26<1), we can obtain the expression [in

(3.36), we have retained the terms of first order in sin® 26]

|
p(v,—v,)=1—n 5 sin® 20,

1
p(v,—v,)=n = sin’ 2. (3.39)

2

In deriving the expressions (3.31)-(3.33), we have used

the approximation (which is good at high energies)
L0=LS=L22L2. In fact, the interaction lengths of v, and
v,, v, differ at low energies, since the v, scattering occurs
through the neutral and charged currents (2.8) and (2.11),
whereas the v,,, v, scattering occurs through the neutral cur-
rent. The ratio of L?L(Lg) to LY can be found from (2.8) and

(2.11) and is

L0
0 0 2
L#:LT; o= L—222.49. (3.40)
Then the ratio of the mean numbers of interaction
lengths of the v, ,v,,v, doublets will be

Rolf,=h,|7,~=2.49. (3.41)

If we take into account (3.40) (i.e., at low energies), then the
picture of the neutrino oscillation enhancement in matter will
depend strongly on the vacuum mixing angle 6. If
1

sin? 260= 5 (3.42)
then there will be a predominant transition into a v, neutrino.
This means that when the v,,v,,v; neutrinos pass through
matter there will be a predominant transition to the v, neu-
trino, while the v, neutrino will mainly remain in the same
state (this effect of neutrino oscillation enhancement will
have a strong effect on the neutrino composition in the case

of supernova explosions).
In the case when

sin? 26< 1 (3.42)

there will be an enhancement of neutrino oscillations in mat-
ter (i.e., there will be a transition of v, into v,,,v,), but at the
same time it must be borne in mind that the mean number of
interaction lengths of the v, and », will be reduced by a
factor & and, accordingly, 71 in the expression (3.39) will be
replaced by n,,,n .

In the expression (3.39), we can restore the time depen-
dence over which the averaging in (3.30) was done. Then
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27R
) . (3.43)

Ly
In conclusion, we note that the considered mechanisms
of neutrino oscillation enhancement in matter lead merely to

a change of the neutrino mixing angle, and for their realiza-
tion there must exist a vacuum neutrino mixing angle.

p(v,—v,)=n sin® 20 sinz(

4. POSSIBLE WAYS OF SOLVING THE PROBLEM OF
THE SOLAR NEUTRINO DEFICIT

Before we proceed to a discussion of possible ways of
solving the problem of the solar neutrino deficit, we give
material needed for this: the elements of the standard solar
model (SSM) and results calculated in this model; a brief
description of experimental facilities to study the neutrino
flux from the sun together with measurements with them of
the neutrino fluxes.

1. Elements of the SSM

It is well known'® that the luminosity of the sun (and
stars) derives from nuclear processes that take place within
the stars. In the simplest form, the equation of the balance of
the gravitational forces and the pressure forces that arise be-
cause of the energy release is

dP(r)_ GM(r)p(r)
dr r? ’

(4.1)

where r is the distance from the center, and P(r), p(r), T(r),
and M(r) are, respectively, the pressure, density, tempera-
ture, and mass. The values of M(r) and p(r) are related by
dM(r)

dr

=47rip(r). 4.2)

The flux L(r) of energy (at given r) per unit time through the
sphere of radius r is

ac dT*(r)
3kp(r) Codr
where & is the opacity, which depends on the nuclear com-
position of the star, a is the Stefan—Boltzmann constant, and

c is the speed of light. The total generated energy (without
allowance for the entropy term, which can be ignored) is

L(r)=— Aqr?

dL(r) =4ap(r)e. (4.3)
dr
Finally, the observed total luminosity is
Lo= [ O (4.)
0 dr

In (4.3) and (4.4), ¢ is the energy produced per unit time and
mass:

1
82% (Q—(g))ini(r)ngr){ov);;- m, (4.5)
where Q is the energy from the reaction of nuclei i and j,
{q,) is the mean energy carried away by neutrinos, n;(r) and

n;(r) are the densities of nuclei i and j, o is the total cross
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TABLE II. The solar pp cycle.

Reaction Fraction as a % Energy v (MeV)

p+p—"H+ety, 100 <0.420

pte +p—H+v, 0.4 1.442

2H+ p—>He+y 100

*He+ He—a+2p 85

He+*He—Be+y or 15

"Be+e —'Lit+w, 15(90%) 0.861
(10%) 0.383

Li+p—2a 15

Be+p—B+y 0.02

8B—®Be*+et+, 0.02 <15

"Be*—2a

section, v is relative velocity between i and j, §;; is the
Kronecker symbol, and (ov) denotes an average over the
Maxwell-Boltzmann distribution.

The cross section o(E) can be written in the form

S(E)

O'(E): e(_z'n”’]),

2
The function S(E) depends weakly on the energy, and there-
fore

8 1”2 e E
(00)=[W] fofo dES(E)exp(—qun— ﬁ)’
4.7)

where w is the reduced mass of nuclei i and j, and f is a
quantity that takes into account the effect of screening.

When Eq. (4.4) is solved, it is necessary to specify the
initial temperature of the sun, which is usually assumed to be
of order 10" K, or 1 keV.

In Tables II and III, we give lists of the two pp and CNO
reaction cycles, which are the main sources of the energy and
neutrino fluxes from the sun.

In addition, to solve Eq. (4.4) we need detailed informa-
tion about the opacity k and the chemical composition of the
sun. Then, knowing L, M, and R, we can numerically
solve Eq. (4.4) and obtain all the output parameters of the
sun. Figure 2 gives the energy spectrum of neutrinos" from
various sources. Estimates were also made' of the tempera-
ture dependences of the neutrino fluxes, which were found to
be proportional to T8 78 and 772 for 3B, "Be, and pp-

TABLE III. Main reactions of the CNO cycle in the sun.

Reaction Energy v (MeV)

'2C+1)——>'3N+7

BNSBCt+e +7, <1.199
'3C+p-> l4N+y
MN+p~>150+y
BO—-BN+et +u, <1.732
l5N+1)—»12C+af
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e FIG. 2. Spectrum of solar neutrinos calculated in the standard solar
model. The ordinate is the flux density of the solar neutrinos at the
surface of the earth. The flux densities of monoenergetic neutrinos
1 (pep,"Be) are given in units of cm~2-s7!, and those of neutrinos
with a continuous spectrum in units of cm 2.s™'-MeV ™",
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neutrinos, respectively. In Table IV, we give the calculated
fluxes of solar neutrinos from various sources, and also an
estimate of their error (30).

2. Brief description of experimental facilities to
measure the flux of neutrinos from the sun

We give the neutrino fluxes measured at these facilities
and as calculated in accordance with the SSM.

The 7CI1-*"Ar experiment (Homestake, USA). Since the
seventies, Brookhaven National Laboratoryu’46 has mea-
sured the solar neutrino flux using a detector that is a large
reservoir filled with 3.8-10° liters of perchlorethylene
(C,C1y) (2.2-10°° atoms) at a depth of 1400 m (4000 m water
equivalent). The *’Ar isotope produced by interaction of neu-
trinos with *’Cl nuclei is periodically extracted to determine
the number of its atoms. The half-life of *’Ar is T,~35
days. The neutrino detection threshold is E;,=0.814 keV.
Table V gives the mean number of produced *’Ar atoms in
SNU together with SSM calculations (1 SNU represents 1
capture per second in 10°® target atoms). It can be seen from
Table V that the discrepancy between the calculation and
experiment is more than three units.

Kamiokande (Japan). The Kamiokande detector is a cyl-
inder of height 16 m and diameter 19 m filled with 3000 tons
of water (H,0) (Ref. 17) situated at a depth of 2700 m water
equivalent (the useful volume of the detector is 680 ton). The

TABLE 1V. Calculated fluxes of solar neutrinos (the errors correspond to the
30 level).

detection threshold is 7.5 MeV. Neutrinos are detected
through the process of neutrino scattering by electrons:
v+e —e +v.

The measured flux of solar neutrinos relative to the cal-
culated data in the SSM and other models is:

Data/SSM=0.5+0.04+0.06, Bahcall (Ref. 15),
Data/SSM=0.66+0.05%+0.08, Turch—Chieze (Ref. 47),

Data/SSM=0.80%+0.06, Dar—Shaviv (Ref. 48).

The Gran Sasso "'Ga-"'Ge experiment (Italy). The
"'Ga-""Ge GALLEX detector?' in Gran Sasso is a tank filled
with 29.5 tons of "'Ga (in a solution of gallium hydrochlo-
ride GaCl,). The neutrino detection threshold is E,,=0.233
MeV. The 7'Ge atoms produced in the tank are periodically
extracted (the half-life is 7|,,=11.43 days) and counted.

The "'Ga-""Ge SAGE experiment (Baksan, Russia). The
Baksan "'Ga—"'Ge detector®® contains 55 tons of metallic
gallium and consists of seven reactors. As in the GALLEX
experiment, the produced 7'Ge atoms are periodically ex-
tracted from the reactors and their numbers are counted.

TABLE V. Reaction rates (in SNU) for a chlorine detector calculated in the
SSM and the mean number of atoms (in SNU) detected in the *’Cl->"Ar

Sources Flux (10" cm™2s7") experiment at Homestake.

rp 6.0 (120.2) Sources pep "Be ] 0 Total

pep 0.014 (1%+0.05)

"Be 0.47 (1%0.15) Fluxes 0.23 1.7 6.1 03 =~79+26
B 5.8-107% (1+0.37) (calculation)

BN 0.06 (1+0.50) Fluxes - - - - 2.55(+10%)
Bo 0.05 (1%0.58) (experiment)
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TABLE VI. The mean neutrino fluxes measured in the GALLEX and SAGE
experiments and the neutrino fluxes (in SNU) calculated in the SSM.

Sources SSM calculation GALLEX SAGE

pptpep 74

"Be 36

%8 14

N+ 50 8

Totals 132 79+ 73+
10 stat. 18 stat.
+6 syst. +5 syst.

Table VI gives the data obtained in these experiments on
the neutrino flux together with SSM calculations. From this
table, it can be deduced that there is a definite solar neutrino
deficit.

Super-Kamiokande (Japan). The super-Kamiokande
detector? will contain 50000 tons of H,O (useful volume
22000 tons). The detection threshold will be Ey,,=5-7 MeV.
The observations are based on neutrino scattering by elec-
trons. The energy spectrum of the neutrinos will be deter-
mined with this detector. Commissioning of the facility is
planned for the end of 1996.

SNO (Canada). The SNO detector,”® which contains
1000 tons of heavy water (D,0), is placed in a shaft in Sud-
bury at depth 2073 m water equivalent (Sudbury Neutrino
Observatory). The detector is planned to start working in
1996.

Observation of neutrinos is based on the reactions

Em=6 MeV,
Ep=1.45 MeV,

l. vo,+e —v,te,
2. v,td—pt+pte,

3. vy+d—p+ntv,, Eu=~223 MeV,

xX=e,ur.

Reaction 1 will proceed through the charged current if
x=e and through the neutral current if x=gu, 7, while reac-
tion 2 will proceed only through the neutral current. Com-
parison of the results obtained in these two reactions (or
other pairs) will make it possible to test in a model-
independent manner the existence of neutrino oscillations.

Borexino (Gran Sasso, Italy). The new form of this
detector® will use =300 tons of liquid scintillator in a
spherical vessel placed within a cavity filled with ultrapure
water (H,0). The useful volume of the detector will be =100
tons of liquid scintillator. The observation of neutrinos will
be based on elastic scattering and excitation of the scintilla-
tor nuclei. The energy threshold of neutrino detection will be
E;,>0.4 MeV (at purity 10~'® g of uranium or thorium im-
purity for 1 g of the detector). Commissioning of the facility
is planned for 1996-97.

3. Possible ways of solving the problem of the solar
neutrino deficit

The most traditional ways proposed for solving the solar
neutrino problem are:

a) vacuum neutrino oscillations;

b) neutrino oscillations in matter;
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¢) neutrino spin rotation in the magnetic field of the sun;

d) modification of the SSM;

) neutrino decay.

We shall briefly discuss these ways of solving the solar neu-
trino problem.

Vacuum neutrino oscillations. The above experimental
results obtained at Homestake, Kamiokande, Gran Sasso
(GALLEX), and Baksan (SAGE) show that the relative neu-
trino fluxes (Px,/Pueo) depend on the neutrino detection
thresholds, i.e., on the neutrino energy. It is therefore evi-
dently very difficult to explain these results by vacuum neu-
trino oscillations.

Neutrino oscillations in matter (in the sun). There now
exist numerous publications in which the MSW effect is used
to explain the solar neutrino deficit.

The critical analysis of Wolfenstein’s equation given in
Sec. 3 shows that this effect was not theoretically estab-
lished. Therefore, we shall regard the expression used to de-
scribe the solar neutrino deficit [i.e., the expression (3.19)] as
a parametrization formula.

Using this neutrino-oscillation parametrization formula
for simultaneous analysis of the *’CI-3’Ar results and the
Kamiokande and "'Ga—"'Ge (GALLEX) experiments in a
comparison with the neutrino fluxes calculated in the SSM in
Ref. 50, the following values were obtained for Am? and
sin? 26:

a) Am?=6-10"% eV?, sin?20=7-1073,

b) Am?=8-10"°% eV?, sin?20=0.6.

Using the mechanism of enhancement of the oscillations
of neutrinos of different masses in matter (Sec. 3.2), we can
estimate the vacuum mixing angle. For this, we determine
the mean number of elastic interactions of electron neutrinos
produced within the sun in accordance with the expression
(4.3)

ri,,e=40.
Then n, and n, can be obtained by using the expression
(3.41):

n v~ n, =16. 4.9
For the probability of the v,—v,, v, transition, we obtain
from (3.39)

1
P(v,—v)=h, 5 sin? 26. (4.10)

2
If we assume that the solar neutrino deficit is due to neutrino
oscillations, then, using the data of the GALLEX
experiment?! and the SSM predictions'® for the neutrino flux
(P ex/ P ineor=0.7) and the expression (4.10), we obtain

sin® 20=3.75-10"2. 4.11)

The expression (4.11) was obtained under the assumption
that sin? 26<1. For the dependence of n (or 72) on the neu-
trino momentum when Ly> A, see Eq. (3.30) and the ac-
companying text.

Neutrino spin rotation in the magnetic field of the sun.
The results obtained in the *’Cl->"Ar experiment (Home-
stake) indicate the existence of an anticorrelation of the neu-
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trino fluxes with the solar activity.*® A possible explanation
of this observation could be the existence of a magnetic mo-
ment of the neutrino,”' which must be fairly large: u,=10""
mp (up is the Bohr magneton). Then as neutrinos pass
through the magnetic fields in the upper layers of the sun, the
neutrino spin can be rotated, and as a result the neutrinos will
become sterile. However, the experimental results at
Kamiokande'” do not confirm the existence of this anticorre-
lation. On the other hand, it is difficult to justify theoretically
the occurrence of such a large magnetic moment of the
neutrino.”” In principle, it is evidently necessary to take into
account the possibility of a contribution of such a mechanism
to the flux of active neutrinos.

Modification of the SSM. Generally speaking, we cannot
rule out the possibility that the SSM'® requires some correc-
tions, and then the SSM calculations of the neutrino fluxes
may be changed. This, in its turn, will entail a change in the
interpretation of the experimental results.*®3

Neutrino decay. Neutrino decay can exist only in a
theory with real vacuum neutrino oscillations (for a criticism
of the old theory of neutrino oscillations, see Sec. 2.3). Neu-
trinos can decay as they pass through the sun in the mecha-
nism of enhancement of the oscillations of neutrinos of dif-
ferent masses, i.e., when v, go over into v,, v,. Then if on
the decay of v,, v, into v, the v, have a low energy, so that
they pass below the threshold of neutrino detection in the
existing experimental facilities, a solar neutrino deficit may
be observed. However, because of the fact that neutrinos
have a long lifetime,>>** it does not appear to be possible to
explain by means of such a mechanism the significant reduc-
tion in the solar neutrino flux.

5. CONCLUSIONS

1. We have analyzed the old theory of neutrino oscilla-
tions constructed by analogy with K°, K° oscillations. In this
theory, the neutrino oscillations are also real when the neu-
trinos have different masses. This is a consequence of the
assumption that the neutrinos are produced with noncon-
served lepton numbers (i.c., in a mixed state). It has been
shown that such a possibility can be realized with low prob-
ability and, moreover, in this case it is not the physical neu-
trinos (v, , v,, v,) but the v, v,, v; neutrinos that are pro-
duced.

It has been shown that when the neutrinos have different
masses there must be virtual neutrino oscillations (see Sec.
2). This conclusion is based on the fact that the neutrinos
(v, v,, v,) are produced in weak interactions and are on
their mass shells and that if, in addition, there exists (acts) an
interaction that does not conserve the lepton numbers, i.e.,
neutrino oscillations exist, this will occur without departure
from the mass shell (i.e., the oscillations will be virtual), by
analogy with y—p° transitions in the vector-dominance
model.

In the framework of this approach, we have constructed
a theory of the enhancement of neutrino oscillations in mat-
ter. The mechanism of this enhancement is as follows: As a
result of the weak interaction of a (virtually) oscillating neu-
trino with matter there is a transition to the mass shell of the
corresponding neutrino (for example, v, goes over into v,,).
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If the thickness of matter (the sun) is sufficiently great [see
(3.39) and (4.10)], then there will be an accumulation of
neutrinos (v, v,), and this can occur if the thickness of the
matter is very great, even going so far as to establish equi-
librium between the different neutrino species.

2. We have shown that Wolfenstein’s equation, from
which the effect of resonant neutrino oscillation enhance-
ment (MSW effect) is obtained, has no relation to the weak
interaction, which is a left interaction. This equation contains
a contribution of a hypothetical left—right symmetric interac-
tion, i.e., the MSW effect arises from this hypothetical inter-
action. In addition, the derivation of this equation did not
take into account the fact that one can use only part of the
effective mass generated by this hypothetical interaction,
namely, the part that arises at the distances at which the
nonconservation of the lepton numbers occurs (see Sec. 3.1),
and not the complete effective mass.

3. Of the total energy released in the sun, only a few
percent (2-4%) is carried away by neutrinos (the accuracy
with which the flux of thermal energy from the sun is deter-
mined is ~1%). If we take into account the very strong tem-
perature dependence (T'®) of the fluxes of high-energy solar
neutrinos and the uncertainty that may be present in the
SSM, it is evidently difficult to draw unambiguous conclu-
sions from comparison of these calculations with the mea-
sured fluxes of these high-energy neutrinos.

4. All the existing indications of the possible existence of
neutrino oscillations are based on comparison of the mea-
sured neutrino fluxes with calculations in the SSM. There-
fore it is of fundamental interest to refine and confirm the
SSM.

S. To prove the existence of neutrino oscillations, we
evidently require a direct experiment for its detection. There-
fore the SNO experiment (Canada), in which a direct (model-
independent) test of the existence of neutrino oscillations
will be possible, is of fundamental interest.

6. As we have already noted, the analogy with quark
mixing offers hope of the possible existence of neutrino os-
cillations. The detection of neutrino oscillations would be a
stimulus to the choice of the further path for the development
of high-energy physics and the physics of elementary par-
ticles beyond the framework of the standard model.
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