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The existence of two different types of particle with unit spin is discussed. They are described
by two inequivalent representations of the Lorentz group, the vector potential and the rank-

2 antisymmetric tensor field. The properties of antisymmetric tensor fields, their role in theory,
and their phenomenological consequences are reviewed. The equations of motion are

given for massless particles of arbitrary spin. The existence of new particles of higher spin
follows from these equations. © 1995 American Institute of Physics.

1. INTRODUCTION

A key concept in all of fundamental physics is that of the
field. The introduction of new fields into a theory unavoid-
ably leads to new physical consequences and must be con-
sistent with the available experimental data. In this review
we shall study the properties of the fundamental rank-2 an-
tisymmetric tensor field. Off the mass shell, it transmits an
interaction with unit spin and is the complement of the pho-
ton. The logical consistency of such a theory and analysis of
recent experimental data lead to the conclusion that such
particles can exist in nature.

The enormous diversity of elementary particles can be
described in quantum field theory by a restricted set of fields.
The scalar, spinor, vector, and symmetric tensor fields are
sufficient for describing all four types of interaction and the
matter particles involved in them which occur in nature. This
is because the parameters of the corresponding fields vary in
very wide ranges. For example, particles can be massless and
have infinite interaction range, or the opposite: they can be
very heavy with mass of order 100 GeV and lead to a nearly
pointlike interaction with a range of 106 cm. Gauge theo-
ries serve as the basis for constructing all four types of in-
teraction: the theories describing the strong, the electromag-
netic, the weak, and the gravitational forces are all gauge
theories.! The particles carrying these interactions are re-
ferred to as gauge bosons.

Gauge symmetry requires the absence of a bare mass
term in the Lagrangian for gauge bosons. Therefore, difficul-
ties arise in quantum field theory when we attempt to make
gauge particles massive “by hand.” This leads to a nonrenor-
malizable theory. The Higgs mechanism is currently used to
preserve the renormalizability of the theory and at the same
time give mass to the gauge bosons.? This requires the addi-
tion to the theory of scalar fields with nonzero vacuum ex-
pectation value { ¢)o=v # 0; so far, these have not been dis-
covered experimentally. Their interaction with gauge bosons
leads to dynamical generation of the boson mass. Since a
nonzero vacuum expectation value of the scalar fields can
also give rise to a mass for matter particles, in the construc-
tion of such a theory it is conventionally assumed that all
particles are massless. This is also good because only par-
ticles with identical masses can be members of the same
multiplet. Therefore, in this case no difficulties arise in the
construction of unified theories. All the necessary masses

5563 Phys. Part. Nucl. 26 (5), September-October 1995

1063-7796/95/050553-20$10.00

appear as a result of spontaneous symmetry breaking, when
the scalar fields acquire nonzero vacuum expectation values.
Scalar fields give masses to all particles with which they
interact.

In addition to mass, the other invariant of the Poincare
group is spin, while for massless particles it is helicity. The
fundamental particles known at present have spin 1/2, 1, or
2. The Weyl spinor ¢, and its conjugate =1, are the
fundamental spinor representations (1/2, 0) and (0, 1/2), re-
spectively, of the Lorentz group. These rank-1 spinors de-
scribe particles with spin 1/2. The dotted and undotted spinor
indices & and « take the values 1 and 2. Weyl spinors with
different types of indices are related by the P transformation
corresponding to spatial reflection and separately are not in-
variants under this transformation. Dirac spinors are con-
structed as the direct sum of a Weyl spinor and its conjugate
and transform as the reducible representation (1/2,0)
@ (0,1/2). They are therefore invariant under the parity trans-
formation. Since P invariance is violated in nature, it is natu-
ral to choose from the start Weyl spinors rather than Dirac
spinors as the fundamental particles of matter.

Spinors of higher rank can be constructed using the fun-
damental Weyl spinors.®> An arbitrary combination of Weyl
spinors is reducible, because the spinor algebra contains the

invariant antisymmetric spinors £*? and £ with undotted
and dotted indices. An irreducible spinor of higher rank can
be formed from a symmetric combination of Weyl spinors
with undotted indices and from a symmetric combination of
conjugate Weyl spinors with dotted indices by multiplication.
All possible irreducible combinations of n undotted and m
dotted fundamental Weyl spinors transform as (n/2,m/2)
representations of the Lorentz group and describe particles
with spin j=(n+m)/2.

The real representation (j/2,j/2) is the best studied and
most commonly used one in the case of integer spin. The
Pauli matrices (0 ™),3=(00,0),3, Where gy is the unit
matrix, can be used to transform from spinor indices to Lor-
entz indices. Here and below we shall use Greek letters for
spinor indices and Latin letters for Lorentz indices. The
traceless tensor g'"l'”2¢,,,1,,,2_“,,, =0, symmetric in the Lor-

J
entz indices of ¢,,,1 s describes Bose particles with spin j

(Ref. 4). In fact, it is easily verified that the dimension of the
(j/2,j/2) representation is equal to (j+1)? and coincides
with the number of components of the symmetric traceless
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tensor ¢, _m: Cy3= CI51=(j+1)%, which is equal to the
number of degrees of freedom off the mass shell. However,
to obtain the physical number of components for particles
with spin j: 2j+ 1, it is necessary to impose on j> additional
constraints like the Lorentz conditions d,, ¢™!"/=0.In the
massless case, in addition, gauge transformations isolate the
physical components with maximum helicity A\==*j. An
analogous procedure for constructing fields with higher spin
is also used for Fermi particles, which are described by the
(jl2+1/4,j2—1/4) and (j/2—1/4,j/2+ 1/4) representations

or the equivalent traceless spin tensors 1//;7,1 m, ,, and
o

z/;,‘f,lmmj_m, which are symmetric in the Lorentz indices.

In this description it is taken for granted that for a mass-
less particle with spin j the physical components are those
with maximum helicity A= *j. In fact, all the known par-
ticles are described by only these representations. The real
photon is transverse, which corresponds to the maximum
value of the helicity A\==*1, and the graviton has physical
components with helicity A= *2. It is natural here to ask
whether or not it is possible for a particle to exist which has
spin j but physical components corresponding to other, non-
maximum values of the helicity A\=x(j—1),x(j—2),... .
These would correspond to particles which are, so to speak,
complementary to the existing, say, photon and graviton, i.e.,
their partners. Such particles can be described by other rep-
resentations of the Lorentz group which are not equivalent to
traceless symmetric tensors ¢,,,1 m, (spin  tensors

lll;l”‘mj—ln)'

In this review we concentrate on representations of unit
spin (1,0) and (0,1), which correspond to rank-2 spinors
symmetric in the spinor indices: ,g and 4, respectively.
We can go from spinor indices to Lorentz ones using the
decomposition of the product of Pauli matrices into symmet-

ric and antisymmetric parts:

l
(0. mé‘.nc)a3=gmncaﬂ_ _2_ € mnab(o.aé.bc)aﬂ,

i
(Cé""a")dl;=g"”'cd,;+§ e ™(C6,04) a4 (1)

where (6,)%=(C7 10l C)%, C,p=€,p is the charge-
conjugation matrix, and & "% is the completely antisym-
metric tensor, with € °'3=+1. We see from (1) that the
three complex components of the symmetric spinor ,z can
be associated with the three complex components of the an-
tisymmetric anti-self-dual tensor T,,=(T,,— f‘,,,,,)/ \/5
(Ref. 5):

Ynu=(iTp—Ty)IV2,
Pn=(iTyp+ T(;l)/ﬁ’
Y1=9u=Ty/V2, (2

where T,,,,,=i/28,,,,mbT“” is the tensor which is the dual of
the real antisymmetric tensor 7°°. The complex-conjugate
components of the symmetric spinor #,; correspond to the
components of the antisymmetric self-dual tensor
T} =(Tput Tpn)/V2=(T,,)*. The antisymmetric tensor
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field as a fundamental field rather than as the Maxwell stress
tensor was first introduced by Kemmer.® The properties of
this field and its interactions with other fields were studied
further by Ogievetskii and Polubarinov.” In their study a
rank-2 antisymmetric tensor field A,,, was introduced as a
gauge field with the gauge transformations
Apn—Apnt 0uN,— 9\, . The authors introduced the very
suitable name “notof”" for this field, because its properties
turned out to be complementary to those of the photon. An-
tisymmetric tensor gauge fields will be studied in Sec. 2 of
this review.

Antisymmetric tensor gauge fields became particularly
interesting after the appearance of Ref. 8, in which it was
shown that such fields arise naturally in the dual models of
string theory. At the present time they are an integral com-
ponent of models of extended supergravity’ and ensure
anomaly cancellation in these theories.'® The efforts to quan-
tize antisymmetric tensor gauge fields led to the discovery of
a new construction: ‘“ghosts for ghosts” or pyramids of
ghosts."! Unfortunately, models of extended supergravity are
rather far from phenomenology, and their study is of purely
theoretical interest. Therefore, antisymmetric tensor gauge
fields have not yet found any physical applications.

There is another important symmetry in elementary-
particle physics in addition to gauge symmetry: conformal
invariance.'? In four-dimensional space-time the free Max-
well action for the electromagnetic field is simultaneously
gauge and conformally invariant. However, this property is
not preserved for the action of an antisymmetric tensor gauge
field

1 4 mnk
./ggauge=2.3! d XankF
4 1 k A mn 1 mky an
= | d%| 7 (B pn) FA™" == (9,A™) T A,
(©)

where F =0, A+ A+, A is a gauge-invariant,
completely antisymmetric strength tensor of rank three. The
conformally invariant action for the antisymmetric tensor
field T, ,,

1
7 L) T "= (3T ™) Ty
@

differs from (3) and leads to different equations of motion.
We shall refer to these fields as antisymmetric tensor matter
fields. They are studied in Sec. 3 of this review.

The Green functions for antisymmetric tensor matter
fields can be constructed uniquely using conformal field
theory.'® They also arise naturally in models of extended
conformal supergravity (Refs. 14—16) and lead to cancella-
tions of axial and conformal anomalies.!” Models con-
structed using such fields are renormalizable and possess in-
teresting properties.'® For example, the coupling constant of
a pseudovector gauge field and an antisymmetric tensor mat-
ter field possesses asymptotically free behavior, even in the
Abelian case.

_ 4
‘/gconformal"‘f d’x
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In contrast to antisymmetric tensor gauge fields, anti-
symmetric tensor matter fields can interact with the known
matter particles of spin 1/2 via an ordinary Yukawa coupling
tpo ""YT,,, , avoiding the problem of self-consistency. If
the antisymmetric tensor particles were massless, this would
lead to a new interaction with infinite range. For such an
interaction to be consistent with the experimental data it is
necessary to assume that the Yukawa constant ¢ is unnatu-
rally small. However, there is another more natural solution
to this problem, in which antisymmetric tensor matter fields
acquire mass dynamically as a result of spontaneous symme-
try breaking.

A massive antisymmetric tensor field leads to a nearly
pointlike effective tensor interaction which can interfere with
the standard weak V—A interaction. There are already ex-
perimental data favoring this possibility.'>*® However, only
extremely precise experiments to measure, in particular, the
electron energy spectrum in muon decay and direct produc-
tion of tensor particles at future accelerators will be able to
answer this question definitively.

2. ANTISYMMETRIC TENSOR GAUGE FIELDS

The study of various representations of the Lorentz
group and, in particular, representations associated with an-
tisymmetric tensor fields has a long history in field theory.®
However, insufficient attention has been paid to this subject,
owing to the absence of experimental data supporting the
existence of such particles. The basic monographs on quan-
tum field theory?' do not discuss fields which transform ac-
cording to nonstandard representations of the Lorentz group.
Our task will be to study the simplest nonstandard represen-
tations of the Lorentz group which arise even in the descrip-
tion of particles with unit spin. Since particles with unit spin
can transform as a rank-2 symmetric spinor x,g and its con-
jugate x4 or as a mixed spinor 1//2, one can speak of two
types of particle with unit spin. It is well known that the
mixed spinor z/fg corresponds to a 4-vector and describes the
photon in the massless limit. Then what particle is described
by a rank-2 symmetric spinor x,g and its conjugate x;4? To
answer this question it is necessary to write down the equa-
tions of motion for these fields. We shall try to follow the
historical sequence in constructing the equations of motion.

2.1. Massive particles with unit spin

The equations of motion for spinor fields of higher rank
were first obtained by Dirac.?? If the theory contains a mass
parameter m,, it is possible to write down a system of first-
order equations relating the various spinors:

PAaBng=m0‘//f s
ﬁdﬂ‘ﬁf\':moXm ,

where p*=p"(&,)*". Kemmer rewrote these equations in
more usual tensor notation, transforming from spinor to Lor-
entz indices.® He found that these equations are equivalent to
the equations

A f=myAb,
aaAb—abAa:mOfab' (6

©)
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Here the rank-2 antisymmetric tensor f,, corresponds to the
symmetric spinor g, and the vector A, corresponds to the
mixed spinor 1,/1‘/}. If the vector A, is interpreted as the vector
potential of a particle with unit spin and the second equation
in (6) is viewed as the definition of the field strength
F ap=myf 4 for this particle, these equations can be rewritten
as

2
9 F P =m3Ab,

Fop=0,Ap= 0pA,. 0]

These are none other than the Proca equations.”> Owing to
the antisymmetry of the field strength F,; , the first equation
in (7) automatically gives the Lorentz condition d,A*=0.
This condition removes the extra scalar degree of freedom.
Therefore, Eqgs. (7) describe a vector particle with unit spin
and mass mg. It is well known that if the limit my—0 is
taken, these equations together with the Lorentz condition
will describe a massless photon.

Kemmer also gave another interpretation of Egs. (6). He
assumed that a particle with unit spin can be described by an
antisymmetric tensor potential A,,=ig ./ ™"/2, and that
the role of the field strength for this particle will then be
played by the vector A°, or, more precisely, its dual, fully
antisymmetric tensor of rank three, f,,.=i€.5.4A%. The
equations of motion dual to (6) are

aaAbc"' 0bAca + 0cAab = mOfabc s
Ao fPc=moA"". (8)

Equations (6) and (8) for free massive particles are equiva-
lent, because a dual transform relating them exists. However,
this equivalence is lost when an interaction is included.?*

If the field strength for the antisymmetric tensor field
A,y is redefined as F . =mqf ., Eqs. (8) take the form

Fabc': aaAbc+abAca+acAab s
3 FPc=mlAbe, 9

Owing to the antisymmetry of the field strength F ., the
second equation in (9) leads to a Lorentz type of condition:

3,A%=0. (10)

Because of the antisymmetry of A%®, only three of the
four conditions (10) are independent. These conditions allow
the removal of three of the six degrees of freedom of the
antisymmetric tensor field A®®. Therefore, Eqgs. (9) also de-
scribe a particle with unit spin and mass m,.

Owing to the duality of Egs. (6) and (8), they represent
two equivalent ways of describing free massive particles
with unit spin. We shall show that for an antisymmetric ten-
sor field there exists yet another equation, equivalent to the
others, which also describes a massive particle with unit
spin.

It is easiest to show this using the projection-operator
formalism.? The free action is quadratic in the fields, so that
the most general form of the kinetic term for an antisymmet-
ric tensor field is A,,[10%°°9A_,, where the operator
0°°? can be expanded in a complete set of projection op-
erators of unit spin:
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- 1
Pabcd— f[gacwbd_gad'”bc_gbc"rad+gba’77ac]’

P:bcdz labcd— Pa-bcd . (1 l)

The unit operator in (l11) has the form 1,,.,=3
[8ac8ba— €adbc)s and m,,=3,007'9,. This is yet another
way of showing that an antisymmetric tensor field is de-
scribed by the (1,0) ® (0,1) representation. The operators
P* have three properties:

(a) Orthonormality: P, PY; ;=8 P, ,.

(b) They form the decomposition of
labcd= E)\Pt);bcd .

(c) Completeness: 0=\ w\Ph,...

Using the projection operators, we write the equation
OP;,A““=miA,,, which exactly coincides with the
equation for the antisymmetric tensor field following from
(9). If we act on both sides of it by the operator P, owing to
orthogonality (a), we arrive at the constraint P, ,A?=0,
which is equivalent to (10). In the language of projection
operators this implies a “cutting out” of the state with unit
spin from the antisymmetric tensor field. For the other physi-
cal degrees of freedom, which correspond to a particle with
unit spin, because of property (b) we obtain the Klein—
Gordon equation: ((1—m3) P}, ,A%=0.

If we now construct the analogous equations involving
P~ , we arrive at yet another equation for the antisymmetric
field: OP,, ,AY=mlA,, or

0g0°A cp— 00 A a=m3A . (12)

unity:

This equation is used in chiral theory for an alternative de-
scription of the p meson in terms of an antisymmetric tensor
field.?® Using the substitution °Ap=mpA,, we immedi-
ately see that (12) is equivalent to the Proca equations (7).
The property of completeness (c) guarantees that no other
equations exist for massive antisymmetric tensor fields.

2.2. Massless particles with unit spin

We shall be interested in the case of massless antisym-
metric tensor particles. We therefore take the limit my—O0 in
(9). This is the case studied by Ogievetskii and Polubarinov.’
They showed that even the free equations (7) and (9) in the
massless limit describe different particles and are inequiva-
lent. To see this, we write down the equations of motion for
the vector potential A, following from (7) (the Maxwell
equation) in the massless case,

0A,,—d,9,A"=0, (13)
and the equation of motion for the tensor potential A,,, fol-
lowing from (9) (the equation for the notof),

OA = O AX + 9,0, AF™=0. (14)

We note that the last equation (14) can be obtained from the
principle of least action for (3). Equations (13) and (14) are
invariant under gauge transformations JA,,= d,,\ of the vec-
tor potential and

OA yyn= Ay — O » (15)

of the tensor potential, where A (x) and \,,(x) are arbitrary
functions.
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We shall show that the free notof has only one state with
longitudinal polarization, while the physical photon has two
states with transverse polarization. It follows from the auxil-
iary conditions

3,A"=0, J,A™=0 (16)

that all the components of the vector potential A, and of the
tensor potential A, satisfy the d’Alembert equations:

0A,=0, OA,,,=0. (17)

They can therefore be expanded in momentum space in plane
waves with positive and negative frequencies:

Ap(x)= f d’pA,(p)e’P*+H.c.,

Amn(x)=J' dSPAm"(p)eipx+H.c.,

where po=|p|. To count the number of states we expand

A,(p) and A,,(p) in a complete basis ef,,” ) ef,‘z),

Pm=(Po,—P), and p,,=(po,p) with properties

(ePe==08;, (eVp)=(ceVp)=0, p?=p*=0,

(18)

where the vector p,, is obtained from p,, by reversing the

particle direction of motion. The expansions can be written

as

2

Am(p)=§l aieD+ Bp+ Vo,

2
Amn(D)= 8= e+ 3 oi(ellpr=elpn)

2
+2l 74€PPn— P )+ EPmPn—Pnbm)-

The auxiliary conditions (16) eliminate all terms containing
Pm (e, y=7;=¢=0), and gauge invariance makes the
components containing p, unimportant. We introduce the
unit vectors of right- and left-circular polarization
en=(eP*iel?)/V2 corresponding to the spin projections
on the direction of motion (helicities) A=*1. Now it can
casily be shown that the free notof actually possesses a single
polarization state with zero helicity,

Ann(P)=i8[e,(P)e, (P)—e, (P)e,(P)], (19)

while the free photon has two components with helicities
A=*1:

aten(p), (20)

=*1

Am(p)=X

where a.=(a,*ia,)/v2. Therefore, the action (3) corre-
sponds to the gauge theory of a spinless particle.

2.3. The non-Abelian antisymmetric tensor field

Using the method of dual transformations,?’ let us dem-
onstrate in yet another way that the theory of a free antisym-
metric tensor gauge field is equivalent at the classical level to
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the theory of a one-component scalar field. For this we re-
write the action (3), using the first-order derivative formal-
ism:

1 1
Agange= f d&[g Ang"PIF 1ot 5 AnA™ 1)

with the introduction of an auxiliary field A, . The equations
of motion for this field have the form

AM=— %emnqunpq= _ %smnpqanqu . (22)

If this solution is substituted into (21), we again arrive at the
action (3) for the antisymmetric tensor gauge field A,,,. Up
to an integral of a total derivative the action (21) can be
rewritten as

1 1
Agauge= f d“x[gz A ™I+ 2 A,A™|, (23)
where F,,=3d,A,—d,A, is the antisymmetric strength ten-
sor for the auxiliary field A,, . Now varying (23) with respect
to the antisymmetric tensor gauge field A, , we arrive at the
following equations of motion:

Foun=0nAp—9,Apn=0, (24)

which is essentially a constraint on the auxiliary field 4,,.
The solution of (24) is the gradient of an arbitrary scalar
field: A,,=d,,¢. Substituting this solution into (23), we ar-
rive at the usual action for a scalar field,

1
Jgscalarzf f d4x(am¢)6m¢,

which describes a particle with a single degree of freedom
and zero helicity.

The action for the antisymmetric tensor gauge field
A, written in the form (23) admits a direct generalization to
the non-Abelian case:?

1 1
3 A+ 5 (AR, 25)

'/gG= j d4x

= b .

where F:q—apftg—an;-'i-fb‘zApA;, and'the indices a, b,

and ¢ parametrize the adjoint representation of some com-

pact Lie group G with structure constants f3.. This action is
invariant under the gauge transformations

0AL, =V Ea—V,E8, 6A;=0, (26)

where V,,£2=3,,£2+ f2A% £ is the covariant derivative.
To transform to the action which is of second order in
the derivatives for the antisymmetric tensor gauge field
A?, we need to eliminate the auxiliary field Aj, from (25)
using the equations of motion
AL=—3K T I,AL, (27)

where K, 14, is the inverse of the matrix K}"*:

Krbnna=gmn5¢b1+ %emnqugcA’C,q ,

KTk =553 (28)
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The action obtained in this manner is nonpolynomial. On the
other hand, variation of (25) with respect to the antisymmet-
ric tensor gauge field A}, leads to a condition on the auxil-
iary field Ay, :

F®,=0,A%—d,A%+fe AL A=0. (29)

Its solution, as is well known, can be expressed in terms of
the matrix g acting in the adjoint representation of the Lie
group G:

An=8 '8, (30)

where the matrices A,, belong to the Lie algebra of this
group: A,,=iA,T,/2. Here the T, are linearly independent
matrices in the adjoint representation of the Lie algebra, nor-
malized by the condition Tr T,7T,=238,,. Substituting the
solution (30) into (25), we arrive at the action for the o
model:

./5,,:] d*x Tr(d,g~")d™g.

We have thus shown that at the classical level the theory of a
non-Abelian antisymmetric tensor gauge field is equivalent
to the o model.

2.4. Quantization of the antisymmetric tensor field

Before turning to the quantization of the antisymmetric
tensor gauge field, let us construct the Hamiltonian for the
action (25) and explain the meaning of the auxiliary fields
that have been introduced. For this we eliminate the variable
Ajg by using the equations of motion

ASZVIB? ,

and rewrite the action (25) in explicitly Hamiltonian form:

1 1

J§G=f d“x(A;‘aoB;‘— 7 (A== (ViB))?+AGT] |,
@1

where Bf=— %e,-jkA;k , Ti= %siijjk; i,j,k=123. From
this we see that A7 and B are canonical variables,
H=3A"*+XV,B?%? is the Hamiltonian, A§; are Lagrange
multipliers, and T} are constraints on the canonical variables.
Although the classical theory of the antisymmetric ten-

sor gauge field is equivalent to the theory of the scalar field,
the quantization of antisymmetric tensor gauge fields is not a

simple problem. The reason is that the actions (23) and (25)
describe systems with functionally dependent constraints of

- the first kind. Owing to the Bianchi identities

VT =383V :F5=0,

only two of the three constraints 77 are independent. By
means of these constraints we can eliminate two of the three
components of the canonically conjugate momentum A{,
leaving only a single independent one. The gauge invariance
(26), in turn, also allows us to eliminate two of the three
components of the antisymmetric tensor field
A;‘j= —&;By . Thus, as expected, after canonical quantiza-
tion we are left with only a single pair of independent ca-
nonical variables.
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The canonical quantization of the free (Abelian) anti-
symmetric tensor gauge field was performed in Ref. 29. At-
tempts at covariant quantization of this field!! led to the dis-
covery of a new phenomenon: “ghosts for ghosts.” The
functional dependence of the constraints makes it necessary
to modify the quantization procedure developed for Yang—
Mills fields.® Since the action for the Faddeev—Popov
ghosts is itself gauge-invariant, it is necessary again to apply
to it the procedure for covariant quantization with the intro-
duction of additional ghost fields. The gauge V™A7 =0 re-
quires the introduction of anticommuting vector ghost fields
C% and C% with BRST transformations 8C%= (V™A% )A,
where A is an anticommuting Grassmann variable indepen-
dent of the space-time point. From this we immediately see
that the constraints V"C; =0 are imposed on the vector
ghost fields. Detailed analysis shows that the solution of this
problem requires the introduction of two more commuting
scalar ghost fields ¢ ¢ and ¢ together with a third Nielsen—
Kallosh ghost.!

The fundamental requirement in gauge field quantization
is unitarity of the S matrix.>? For the examples of the theo-
ries of the Yang—M ills field and the gravitational field, Feyn-
man showed that the restoration of unitarity requires the in-
troduction of fictitious particles with anomalous statistics,
essentially ghost fields. The ghost fields introduced above
satisfy the formal unitarity condition, allowing only a single
physical degree of freedom to propagate in loops. The rank-2
antisymmetric tensor field has six degrees of freedom off the
mass shell, the vector ghost fields with anomalous statistics
each have four degrees of freedom, and the scalar ghost
fields have three degrees of freedom, leaving one physical
degree of freedom: 6 —2X 4+ 3 =1. One method of quantiz-
ing systems with dependent constraints was proposed in Ref.
33, where a non-Abelian antisymmetric tensor gauge field
was canonically quantized in the unitary gauge and the cor-
rect transition to covariant gauges was made. Thus, an ex-
plicitly unitary S matrix was obtained in Ref. 33.

Another method of quantization is Becchi—Rouet—
Stora—Tyutin (BRST) quantization.>* The free antisymmetric
tensor gauge field was quantized by this method in Ref. 35. A
general Hamiltonian method of BRST quantization of sys-
tems with dependent constraints of the first kind has been
developed by Batalin and Fradkin.*® However, the proof of
unitarity of the S matrix in the physical subspace is a com-
plicated problem which has not been solved in the general
case. For example, the Lagrangian method of BRST quanti-
zation of a non-Abelian antisymmetric tensor gauge field
proposed in Ref. 37 leads to an S matrix which is not unitary
in the physical subspace. In Ref. 38 the Hamiltonian method
of BRST quantization was applied to the theory of an inter-
acting (non-Abelian) antisymmetric tensor gauge field, and it
was shown that the effective Lagrangians obtained by this
method and by the method of Ref. 33 are equivalent. As
already noted, the latter method leads to a unitary S matrix.
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2.5. Antisymmetric tensor fields in theories of gravity

The best known example where we encounter antisym-
metric tensor fields is quantum gravity. Localization of the
Lorentz group makes it necessary to introduce antisymmetric
tensor ghost fields C%? (Ref. 39).

The interaction of antisymmetric tensor gauge particles
with the gravitational field was first considered in Ref. 40.
The authors studied the renormalizability of this model and
the equivalence at the quantum level of the theory of anti-
symmetric tensor gauge fields interacting with the gravita-
tional field and the theory of a scalar field interacting with
gravity. This study was a continuation of earlier ones on the
renormalizability of Einstein gravity interacting with scalar
fields,"! photons,42 Yang—Mills fields,* spinors without
torsion,** spinors  with torsion,45 and quantum
electrodynamics.*® Using the background-field method, at
the one-loop level the authors obtained the same counter-
terms for an external gravitational field interacting with an
antisymmetric tensor gauge field as for the case of a scalar
field. An essential feature of these calculations was the inclu-
sion of all the ghost fields introduced above in internal loops.
However, for the quantum gravitational field the equivalence
was shown only by using the equations of motion.

An even more interesting property of field-theoretic
models containing fields in nonstandard representations of
the Lorentz group is the different contribution of these fields
to anomalies.*’ For example, a rank-3 completely antisym-
metric tensor field,*® which has no on-shell degrees of free-
dom, gives a nonzero contribution to the anomaly of the
energy—momentum tensor.*’~* The anomalous contribution
to the trace of the effective energy—momentum tensor in
theories of gravity at the one-loop level is proportional to
s"’"“”Rabcdst”"Rm,,pq on the mass shell.*® The integral of
this quantity over all space gives a topological invariant, the
Euler characteristic y:

X= 537 | @ EB R R~ AR 74 R,
™

This integral is nonzero in spaces with nontrivial topol-
ogy. The numerical coefficient A of this anomaly was calcu-
lated for fields transforming as standard representations of
the Lorentz group after gauge fixing and subtraction of the
ghost contribution.’! A simple expression was obtained for
calculating the contribution to this coefficient from a particle
with spin transforming as the (m/2,n/2) representation of the
Lorentz group:*

3604 =(—1)*[8—150s%+90s*+30r2(1 — 2+ 652)],
(32)

where s=(m+n)/2 is the spin of the field and
t=(m—n)/2. For a scalar particle, A=1/90. We note that any
particle with spin from zero to two gives a nonzero contri-
bution to A.

To cancel this anomaly it is necessary to choose a field
multiplet which would give a net contribution of zero to A.
For example, it is possible to choose the field multiplet of
extended supergravity with arbitrary N. However, the stan-
dard set of fields in these theories leads to an anomaly,
except in the case N=3. Let us calculate this coefficient for
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the maximally extended supergravity with N=8. Its stan-
dard field content is one graviton, eight gravitinos, 28 vector
particles, 56 spinors, and 70 scalars. Direct use of
(32) gives A=[848+8X(—233)+28X(—52)+7X56
+4X70]1/360=—5. The solution of this problem appeared
quite unexpectedly. Using the elegant technique of dimen-
sional reduction from a higher to a lower number of
dimensions,” Cremmer, Julia, and Scherk managed to con-
struct N=8 supergravity in four dimensions.>*

It was shown in Ref. 53 that the massless states of the
Neveu—Schwarz—Ramond open string®® give a Yang—Mills
supermultiplet in a space of 10 dimensions, while the mass-
less states of the closed string lead to an N=1, d=10 super-
gravity multiplet. However, Nahm®® showed that N =2 super-
gravity can also exist in d=10, and the maximum number of
dimensions in which a theory with spin 2 can exist is d=11.
Cremmer, Julia, and Scherk found the lost massless states of
the closed string and constructed N=1 supergravity in d=11.
Its superfield content is very simple: a tetrad Vﬁ,, a Majo-
rana spinor with spin 3/2, ¢, and a completely antisym-
metric tensor gauge field of rank three, A yyp, where indices
written as capital letters take values from 0 to 10. The reduc-
tion to four dimensions for the tetrad and the Majorana
spinor does not lead to nonstandard fields. However, the re-
duction of the rank-3 completely antisymmetric tensor gauge
field gives, in addition to known fields, seven rank-2 anti-
symmetric tensor gauge fields A,,,,, (here a=1,...,7 are the
indices of the compactified space), which have the same
number of physical components as seven scalars ¢,, and
also one rank-3 completely antisymmetric tensor field
Anp» Which is auxiliary and has no physical degrees of
freedom.

The maximally extended N =8 supergravity constructed
in this manner contains only 63 true scalars rather than 70;
the other seven physical degrees of freedom are replaced by
the physical degrees of freedom of the seven rank-2 antisym-
metric tensor gauge fields. This set necessarily includes also
a new completely antisymmetric tensor field of rank three. In
Ref. 47 the contributions to the anomaly of the energy—
momentum tensor were calculated for rank-2 antisymmetric
tensor gauge fields (A=1+1/90) and for the rank-3 com-
pletely antisymmetric tensor field (A= —2). Now, recalcu-
lating the contribution to the anomaly of the energy—
momentum tensor from the new supermultiplet, we obtain
identically zero.

This property of nonstandard fields has also been used to
construct anomaly-free superfield models of gravity with
N=3. In Ref. 57 it was shown that such theories of super-
gravity can be constructed from three basis multiplets with
N=3, one of which contains an antisymmetric tensor gauge
field.

The study of Green and Schwarz® has received a great
deal of attention. They demonstrated anomaly cancellation in
supersymmetric Yang—Mills theory in d=10 interacting with
N=1, d=10 supergravity for the particular gauge groups
SO(32) and EgXEg. Antisymmetric tensor gauge fields
play a key role in these cancellations. This study demon-
strated the possibility of constructing a consistent quantum
theory of superstrings based on these special gauge groups.
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Questions related to the use of the low-energy effective
string action in cosmology have recently generated consider-
able interest. This action for the closed string contains three
long-range fields: the dilaton ¢, the antisymmetric gauge
field A,,,, and the graviton, which are massless excitations
of the string. Cosmological solutions with a dilaton and non-
trivial field-strength tensor for an antisymmetric tensor gauge
field were obtained by Tseytlin.” The authors of Ref. 60
gave a general analytic solution for the evolution in the early
(but not too early) string era, where only massless bosonic
fields dominate in the dynamics. The authors showed that the
presence of an antisymmetric tensor gauge field very
strongly affects the evolution of the dilaton in four dimen-
sions and can also lead to anisotropic expansion in models
with a large number of dimensions. Here one wants expan-
sion of only three-dimensional space.

When discussing the low-energy phenomenology of the
antisymmetric tensor gauge field it is necessary to indicate
the mechanism by which this field becomes massive. Such a
mechanism was actually found in supersymmetric gauge
theories of gravity with nonzero topological mass parameter
h (Ref. 61). In such theories the antisymmetric tensor gauge
field A,,, from the gravitational supermultiplet always enters
in the combination A, +AF ,, involving the strength tensor
F,, for the vector gauge field A,, of the vector supermultip-
let. As a result of the gauge transformations (15) for the
antisymmetric tensor field with \,,=—h~'A,,, this field ab-
sorbs the vector field and becomes massive. This mechanism
of acquiring mass is in many respects the analog of the Higgs
mechanism. A similar phenomenon has also been discovered
in other generalized models of gauged supergravity with
nonzero mass parameter m (Ref. 62).

3. ANTISYMMETRIC TENSOR MATTER FIELDS

In this section we shall study the antisymmetric tensor
field not as a gauge field with the transformations (15), but as
a matter field. We shall also give up the constraint (10). This
allows us to introduce the action for the Abelian antisymmet-
ric tensor field and the interaction with the antisymmetric
tensor current J,,,, free from the condition 3 ™J,,,=0. Since
there is no gauge symmetry, we can write the conformally
invariant action (4) for the antisymmetric tensor field. The
Green functions for such fields are uniquely determined in
conformally invariant field theory.!> Such fields were first
used as auxiliary fields in N=2 conformal supergravity'*!>
for closure of the superconformal transformations for the off-
shell field multiplet. Antisymmetric tensor matter fields can
be introduced into the standard model of electroweak inter-
actions as physical fields analogous to the Higgs doublet.
Recent experiments on semileptonic three-particle decays of
mesons'®?® support this possibility.

3.1. Massless particles of arbitrary spin

The simplest spinor representations of the Lorentz group
are the undotted ¢, and conjugate dotted i, fundamental
Weyl spinors. The Pauli matrices (&,,)%? couple the spinor
and Lorentz indices. The simplest action for a free massless
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spinor particle with spin 1/2 can be found as an invariant
bilinear combination of fundamental spinors and the
4-momentum p,, :

ngzj d'p %&ﬁdﬁl//ﬂ, (33)

where p%=p™(G,)*. For the standard representation of
the Pauli matrices

0 1 0 —i 1 0
17 o) 2T\ o) 9T lo 1)

the equations of motion take the form®

g P+ 4-\( ¢
By, — -
P (q+ p-)(‘h) 0 84

Here we have introduced the longitudinal p.=py*p; and
transverse g+ =p;*ip, components of momentum relative
to the third axis, the spin projection on which has the definite
values *1/2. The operator p has two eigenvalues A\
=po—|p| and X\ _=p,+|p|, corresponding to solutions with
positive py=|p| and negative p,= —|p| frequencies, respec-
tively. These two branches of the solutions describe a mass-
less particle with left-handed chirality and an antiparticle
with right-handed chirality. Such particles exist in nature and
are called neutrinos. The equation of motion for the conju-
gate spinor has the form

PP =(C~1)*Pp g;C*Py=0.

The charge-conjugation matrices C*? and C%f raise the
spinor indices of the operator p,3=p,(0 ™) a5.

To generalize the equations obtained above to the case of
higher spins, we consider arbitrary representations of the
Lorentz group (m/2,n/2) and (n/2,m/2). The spinor
Vay...apf,.., and its conjugate Ys 4 g which are
symmetric in both types of index, describe a particle and an
antiparticle with spin j=(m+n)/2. By analogy with the pre-
ceding discussion, we can construct a very simple invariant
action if the operator p%# (p®P) is used to associate each
undotted (dotted) index of the first spinor with a dotted (un-
dotted) index of its conjugate spinor:

12n12) _ A A
A" )—Jd4p¢o}l...a}mpl...,@,,Pa‘al---l’a’”a'”

Xpﬂlﬁl_‘_pﬂ"ﬂnl//al...amﬁlv'ﬁn' (35)

A particle with spin j has 2j+1=m+n+1 compo-
nents. However, the spinor Yay..anp, .., has
(m+1)X(n+1) independent components. The number of
components is equal to the number of degrees of freedom of
a particle with spin j only in the case when it contains indi-
ces of a single type (m or n equal to zero). Therefore, in this
case no auxiliary constraint like the Lorentz condition on the
spinor components is necessary. Using this most economical
description of particles with spin j, Weinberg, on the basis of
the most general principles of quantum field theory—Lorentz
invariance and causality—found the Green functions for the
2j+1 component functions.* If we change from our spinor

560 Phys. Part. Nucl. 26 (5), September—October 1995

notation to 2j+1 component functions, the kinetic term in
(35) exactly reproduces the operator structure of the Green
functions obtained by Weinberg.

When the spinor contains both types of index, it is nec-
essary to impose the auxiliary condition of transversality:

PPy, a5, =0 (36)

which leads to the necessary reduction of the degrees of free-
dom: (m+1)X(n+1)—mXn=m+n+1. Varying (35), we

obtain the equations of motion for the spinor
Vo, a .
ﬁdlal---PAdmampﬂlﬁl"'pB"B"‘//al...amﬁl...Bn=0' 37

For particles with spin greater than unity, the equations of
motion contain derivatives of higher than second order and
we encounter the problem of unitarity, which is still not
solved. We shall therefore restrict ourselves to unit spin and
study the equations of motion arising in this case.

3.2. Massless particles of unit spin

Let us first consider the usual (1/2,1/2) representation
for a particle with unit spin. We rewrite the action

A= [ pyogiipiy,,, (8)

following from (35), in the form more usual for us, introduc-
ing the vector potential A,,: ¥, 4= Ho ™) apAm - Summation
over the spinor indices leads to the trace of four ¢ matrices:
Tr popO=4puPn—28mnp"- Therefore, (38) takes the
form

A=t paz oA, (9

where €,,(P)=8mn— 2P mPn/p?. We note that the operator
8mn(P)=PL,—P%  can be represented as the difference of
two projection operators of unit spin P,l,m=g,,,,,— PmPnlD?
and zero spin P?,m= PmPn/p?. Thus, all the components of
the vector potential A, contribute to the action (39).

Using the Fourier transform

1 .
An(p)= @n? j d*pA,(x)e™ "%,
we write the action (39) in x space as

1 1
Jg(ll/z,m):f d*xl — 7 anan+5 (3,A™?2|. (40)

Here F,,, is the gauge-invariant strength tensor of the field
A,,. We see that the action (40) is not gauge-invariant and
corresponds to the action for the electromagnetic field in a
certain gauge. If the Lorentz condition 3,,A™=0 is imposed,
we arrive at the usual description of a massless transverse
particle, the photon.

Let us for the moment forget about this condition and
construct the Hamiltonian for the action (40) without using
any sort of constraints. We shall need the solutions of the
equations of motion following from (39) or (40). For this it is
convenient to work in p space, and therefore we shall use the
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action (39). We introduce a reference frame attached to the
vector p and write A,,(p) as the sum of transverse, longitu-
dinal, and time components:

A.(p)= e,l,,al(k) + e,2,,a2(k) + e,3,,a3(k)+ eg,ao(k). (41)

Here e! and e? are polarization unit space vectors, orthogonal
to each other and to the axis €3 of the momentum vector:

(e'-el)=5,;, [eXe]=g " (i,j,k=123),

j»

e3=m, el(“P)z_eZ(p)a ef)=0, (42)

and € is the unit time vector: €2 = 8,,9. Then the action (39)
takes the form

1
Jg(lm’m):z-fd4p{ai“(p)(p(2>—p2)a1(p)+a§‘(p)

X(pa—pHaxp)+ad(p)(pi+pDac(p)
+a¥(p)(pg+p)as(p)
—2polpllad(p)as(p)+a¥(plao(p)l}.

This action can be diagonalized by introducing the following
linear combinations of the time and longitudinal compo-
nents: a+=[ay(p)*a;(p)])/v2. In this notation we have

1
A =3 f a*pla}(p)(pg—p")ai(p) +a(p)

X(p3—pPay(p)+a*(p)(po—|pl)2aL(p)
+a*(p)(po+|p)2a-(p)}. (43)

Now we can easily write down the equations of motion by
varying the action (43):

(po—IpD)(Po+|pl)a(p)=0,
(pot|p)(Po—Ipl)asx(p)=0,
(Po—IpD%a+(p)=0, (po+|pl)?a_(p)=0. (49)

The solutions of (44) for the transverse components, taking
into account the reality of the field A ,,(x),

a1(po,p)=8(po+t|p)a,(p)— (po—Ip)as(—p),

ay(po,p)=8(po+|pl)as(p)— 8(po—|p|)aF(—p),

contain both positive-frequency and negative-frequency
parts, a’l",z(—p) and a,,(p), respectively. The solutions for
the linear combinations of time and longitudinal components
that we have introduced are

a4(po.p)=8(po—|pl)as(p)+ &' (po—|p)a;(p),

a_(po.p)=8(po+|ph)af(—p)— & (po+|p)a,*(—p).

These solutions, first of all, contain only single-frequency
parts for each of the components a. and, second, contain
derivatives of & functions, which causes the solutions to
grow linearly in time. If we restrict ourselves to the class of
functions falling off at infinity, we must require that such
solutions be absent, i.e.,
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a,(p)=0. (45)

This condition exactly coincides with the Lorentz condition.
In this case we obtain solutions for A. (x) in the form of
single-frequency plane waves.

Now we can write down the expression for the Hamil-
tonian and substitute the solutions that we have obtained into
it. Direct calculations give

%% j d*x[(90A)*+(9,A)*+(80A0)*— (:A0)

1
+2(8:Ai)2]=;Jd3pp2[ai"(p)a1(p)

+aj(p)ay(p)]. (46)

From this we see that, first, the Hamiltonian is positive-
definite and, second, that only the transverse components
contribute to the energy. The longitudinal and time compo-
nents are, so to speak, unphysical in this gauge. If we calcu-
late other dynamical invariants like the total momentum and
spin of the system, we again find that the unphysical degrees
of freedom cancel. Of course, we have not discovered any-
thing new here; we have only again confirmed the fact that
the photon is transverse. However, this example will help us
in analyzing the physical degrees of freedom for an antisym-
metric tensor matter field, to which we now turn.

The action for fields transforming as the (1,0) and (0,1)
representations of the Lorentz group follows from (35):

A= f d*pspp PP g (47)

As in the case of the electromagnetic field, we transform
from spinor to Lorentz indices. The symmetric spinor ¢,z in
(47) can be expressed in terms of the rank-2 antisymmetric
tensor field 7, :

i n
¢aﬂ=§ s“bm”(aaabC)aBTm,, (48)

[see Eq. (2)]. Summing over the spinor indices and taking
the trace of the six o matrices, we arrive at the action for an
antisymmetric tensor matter field:

1
A= f dpTH(PIP TP ()T ,n(p),  (49)
where

M opmn(P)= A &°"(P)E""(P)— " (P)E""(P)].  (50)

As in the case of the electromagnetic field, we can write the
operator for the kinetic term II(p)=P*(p)— P (p) as the
difference of projection operators of unit spin (11). From this
representation we see that all six components, vector and
pseudovector, of the antisymmetric tensor matter field con-
tribute to the action.

The action (4) for the antisymmetric tensor matter field
in x space is conformally invariant. Therefore, just as in the
case of gauge symmetry, here the fact that this field is origi-
nally massless is important. We shall show that the physical
components of the antisymmetric tensor matter field are the
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longitudinal components of the vector A;=T,; and the

pseudovector B;= 3£, Tj; (Ref. 65). For this we calculate
the full Hamiltonian of the system, taking into account the
equations of motion.

Let us expand the vector A(p)=eq;(p) and the
pseudovector B(p)=e'b;(p) in a complete set of orthonor-
mal vectors €' (42). Then the action (49) can be written as

2
/g(ln,m:f d4p[§l [af(p)(p5+PYar(p)+bi(p)(p]

+p2)b\(p)]+2polpllat(p)by(p)
+b§k(P)al(P)“a?(P)bl(P)‘bT(P)az(P)]

+a¥(p)(p§—pHas(p)+b¥(p) (P}

—p2)b3(P)}- : (51

The linear substitution

1
a(p)= ‘72" [ci(p)+dy(p)],

1
az(p)=‘72-[C2(p)+d1(p)]’ as(p)=c3(p);

1
bn(p)=—‘5[d1(p)—02(p)],

1
by(p)= 5 [da(p)—ci(p)], b3(p)=ds(p)

diagonalizes the action (51):
V%W=ffﬂﬁWXm—Mfﬁ@)

+cF(p)(potIpl)?ca(p)+c¥(p)(po—Ipl)
X(pot|pl)es(p)+(c—d)]. (52)

From the minimum of the action we find the following equa-
tions of motion for the ¢ components:

(Po—1p)2c1(Po-P)=0, (po+|p))%ca(po.p)=0,
(Po=IPD)(Po+Ip)c3(po.p)=0. (53)

The same equations of motion are valid also for the d com-
ponents. Taking into acount the reality of the field 7,,,, the
solutions of (53) are found to be

ci(po-P)=8(po—Ipcr(p)+ 6 (po—Ipl)cr(p),
¢2(po.p)=8(po+|pl)cE(—p)+ 8 (pot+|pl)er*(—p),
c3(po.p)=8(po+|p))cr(p)— 8(po—IpD)cF(—p). (54)

Here we note that only the longitudinal components con-
tain positive-frequency and negative-frequency parts; the
transverse components ¢, and d; contain only solutions with
positive frequency po=|p|, and ¢, and d, contain only so-
lutions with negative frequency po=—|p|. In addition, the
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solutions for the transverse components contain derivatives
of & functions, and this leads to solutions which grow lin-
early in time. Therefore, if we want to restrict ourselves to
solutions only in the form of plane waves, it is necessary to
require that the components ¢ and d; be zero:

c7(p)=0; dj(p)=0. (55)

Substituting the solutions (54) into the Hamiltonian
1
H=3 f d*x[(9,A)*— (9;A)2+2(9;A;)*+(A—B)]

1

~~ [ Crplat ey @b 56)
we find that it is positive-definite and contains the contribu-
tion of only the longitudinal components of the vector and
pseudovector fields. Similarly, it can be shown that the con-
tribution of the transverse components also cancels in the
calculation of other dynamical invariants and that the total
spin is zero. Therefore, the antisymmetric tensor matter field
describes scalar and pseudoscalar degrees of freedom.

The antisymmetric tensor matter field describes one de-
gree of freedom more than the antisymmetric tensor gauge
field. This follows from the fact that the condition (10) elimi-
nates the two transverse and one longitudinal component of
the vector field A;, whereas the conditions (55) eliminate
only the two transverse components. In order to write (55) in
covariant form, we must introduce a single auxiliary scalar
field ¢ and generalize the condition (10):

" yn= 0 ®. (57)

Owing to the arbitrariness of the field ¢, the condition (57)
leads to the two independent conditions (55). Therefore, in
the covariant quantization of the antisymmetric tensor matter
field it is necessary to introduce an auxiliary scalar field and
the constraints (57). We also note that the conditions (55)
select only two of the four transverse components of the
vector and pseudovector; fortunately, the other two compo-
nents cancel in the calculation of dynamical invariants. This
is completely analogous to the case of the electromagnetic
field, where one Lorentz condition or the condition (45)
leads to the elimination of the contribution to the dynamical
invariants of one additional scalar degree of freedom.

The antisymmetric tensor matter field, like the electro-
magnetic field, possesses unphysical degrees of freedom
which are not manifested at all on the mass shell. However,
we know from experience in working with gauge fields that
unphysical degrees of freedom can contribute to closed
loops, leading to unitarity violation.*? Even in the case of the
Abelian electromagnetic field interacting with gravity, it is
necessary to introduce ghost fields®® which would cancel this
contribution. Therefore, also in our case it is apparently nec-
essary to introduce the corresponding ghost fields, because
all the components of the antisymmetric tensor field contrib-
ute to the action. Like the antisymmetric tensor gauge field,
here again a pyramid of compensating ghost fields arises.
Naive counting of the degrees of freedom when the required
unitarity condition is satisfied leads to the following set of

ghost fields: a pair of anticommuting vector fields C,,,C,,
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and two pairs of commuting scalar fields D,D and E,E (Ref.
65). However, there is still no systematic quantization of an
interacting antisymmetric tensor matter field. The main dif-
ficulty is the lack (or lack of knowledge) of a symmetry
principle like gauge invariance which would allow a system-
atic quantization to be done.%” Nevertheless, this does not
prevent us from calculating processes in the lower orders of
perturbation theory: tree level plus one-loop quantum correc-
tions with external and nonclosed lines corresponding to an-
tisymmetric tensor matter fields.

3.3. Interactions of the antisymmetric tensor field

There is a one-to-one correspondence (2), (48) between
the components of a rank-2 antisymmetric tensor field 7,,,
and rank-2 symmetric spinors ¥,g and ;. Let us write
down the simplest Lorentz-invariant Hermitian bare interac-
tion of this field with the fundamental Weyl spinors, using
spinor notation:

Fim= LWt P+ PP 3. (58)
Owing to the requirement of Hermiticity, the interaction (58)
contains Weyl spinors ¢, and their conjugates ;. Let us
define the Dirac bispinor ¥ and the y matrices in the helicity
representation as

[ Y | _(VL [0 "
‘I'_(icd”w,;)_(%)’ ""‘(&m 0)’

o= 17"y . (59)

Using these definitions and (2) and (48), we rewrite (58) in
the more usual form

! = _ —
Q%m::\/:z— (q’RU mnTmn‘I’L_}_\pLa' mnT;nqu)

t —
=7 VYo ""WT,,, - (60)
In obtaining the last equation we have used the identity

! mnab — A5 mn

7€ Tp=v0"". (61)
Now we can easily compute the one-loop quantum correc-
tion (Fig. 1a) to the action of the antisymmetric tensor matter
field (4), (49), assuming that the Dirac particles are massless.
The divergent part of the polarization operator,

t\2r 4l .
‘@mnab(p)zi Z f (2_1_’,)—4Tr[0-mn(ﬁ_f) aabi 1]

/e 1 t 2
= E (:1_7;) Hmnab(p)v (62)

determines the renormalization of the classical action (4),
(49) and exactly reproduces the structure of its kinetic term
(50), which is a sign of renormalizability. The ability of
quantum corrections to reproduce the structure of the classi-
cal action has been used as the foundation of the dynamical
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theory of composite particles.®® Thus, it is yet another way of
obtaining the classical free action for the antisymmetric ten-
sor field.

The bare interaction (58), (60) at the quantum level also
generates the action of the antisymmetric tensor matter field
(Fig. 2b):

4

ML=~ 185 1602

! mny2 na bm
Z (TmnT ) - TmnT TabT .
(63)

This action possesses the extremely important property of
symmetry under dual transformations:

Tun— Tmn COS(AN)+iT,,, sin(AN);
Tn—iTpmp sin(hN) +T,,, cos(h\). (64)

Conversely, the requirement of symmetry under the transfor-
mations (64) leads uniquely to the action (63). The free ac-
tion (4) is also invariant under the global transformations

Ao VY
A
o V
a
a2V 4
A - 4
LA V VaVaVaVall 4
bi c
FIG. 2.
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(64), when the parameter A is independent of the spacetime
point. This can easily be seen by rewriting the action (4) in
terms of the self-dual and anti-self-dual tensors 7)., and
T,,:

A conformal = _j d4x(‘9mT;k)anT;k » (65)

for which the transformations (64) acquire multiplicative
form:

T, ,—exp(Xih\)Ts, . (66)

Localization of the transformations (66) makes it neces-
sary to introduce the pseudoscalar gauge field A,, and to
replace the ordinary derivatives d"TZ, by covariant deriva-
tives D™T,,,=(6™+ihA™)T,.,, which ensure that (65) is
invariant under the transformations (66) with arbitrary func-
tions A(x). The gauge field A,, transforms in the usual way:
A, — A, +d,\. Invariance of the bare interaction (60) under
the transformations (64) requires the transformation law for
the Dirac spinor ¥ —exp(—ihN/2)¥ and the corresponding
covariant derivatives in the kinetic term:
D, ¥=(d,+ihA,/2)¥. We note that the axial charge of
the Dirac spinor is half that of the antisymmetric tensor field.
A detailed analysis of the renormalizability of the interac-
tions introduced above at the one-loop level has been given
in Ref. 18.

For physical applications it is necessary to add to the
fields listed above at least one vector field V,, (the photon)
and the scalar Higgs field H*. As usual, the vector field is
introduced through the covariant derivative (d,,—ieV,,)V.
As is well known, the simultaneous introduction of vector
and pseudovector fields leads to Adler—Bell-Jackiw axial
anomalies,”” which can spoil the renormalizability of the
model. Axial anomalies were discovered in the calculation of
the triangle fermion loop with two vector vertices and one
axial vertex (Fig. 2a). The presence of such quantum correc-
tions makes it impossible to ensure simultaneously conserva-
tion of the vector current, 4, V" =0, and of the axial current,

2
A

Here F,,,=9,V,— 3,V is the vector field strength.

The simplest way of struggling with these anomalies is
to introduce additional fermions with opposite axial charges
in order to cancel the contributions from these graphs. Here
the story would end if there were no antisymmetric tensor
fields. Through their new interaction (Fig. 1c)

F=g(H*T,,,+H T, JF™ (67)

A" mnabp F o #0.

with scalar fields and the vector field strength, they lead to
anomalous graphs (Figs. 2b and 2c) of a new type. Omitting
the details of the calculations, we give the final nonzero re-
sult for the divergence of the pseudovector field:
2
9. A™=h € Sm'me F
m W mnl ab
h ez mnab
TR FonF ap - (68)
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The first term on the right-hand side of (68) corresponds to
the contributions of the graphs of Fig. 2b, in which the scalar
field interacts directly with the pseudovector field, and the
second term comes from the graphs of Fig. 2c, where the
antisymmetric tensor field forms an axial vertex.

Here it should be stressed that whereas the formal reason
for the anomaly in the case of the fermion loop (Fig. 2a) was
its linear divergence, in our case the graphs in Figs. 2b and
2c converge. This confirms the view that the appearance of
anomalies and violation of the classical conservation laws is
not related to the regularization procedure, and that the clas-
sical and quantum symmetry properties are, in general,
different.”

We note that antisymmetric tensor fields are also a
source of anomalies, and, in principle, for some special
choice of internal symmetry group and particle multiplets it
is possible for the contributions of the graphs in Fig. 2 to
cancel each other. However, we shall proceed much more
simply: we require that the number of Higgs particles and
antisymmetric tensor fields be doubled in order to cancel the
anomalous contributions in the graphs of Figs. 2b and 2c. We
shall use this principle for introducing antisymmetric tensor
matter fields into the standard model of electroweak interac-
tions.

Finally, let us discuss one of the most important prob-
lems in phenomenology: how to make particles massive. We
note that the direct method of giving mass to an antisymmet-
ric tensor matter field, i.e., writing the mass term as
M?T,,, T™"=M?*(B2— A?), does not work. Because the posi-
tivity of the Hamiltonian (56) is spoiled by the indefinite sign
of this mass term, tachyon solutions appear and the original
consistent formulation of the theory for the massless anti-
symmetric tensor matter field completely loses its good prop-
erties. Therefore, to preserve the symmetry properties we
must make the antisymmetric tensor matter field massive dy-
namically, using the mechanism of spontaneous symmetry
breaking. In contrast to the usual Higgs mechanism, here in
addition to the scalar field H* with nonzero vacuum expec-
tation value (H *),= M/2g we also need the massless vector
field V,,. The interaction (67) leads to the polarization op-
erator 2 (p?)=—((H)o)*/p*+0(g® (Fig. 3a) with the
necessary pole 1/p? (Ref. 71), which effectively ensures a
mass term in the denominator of the propagator of the anti-
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symmetric  tensor matter field: p1+ 4g%ApH]
=(p*—M")+0(g?.

However, the inclusion of only the graph in Fig. 3a
spoils the structure of the operator I1(p?) in the kinetic term
for the antisymmetric tensor matter field. In order to preserve
the conformally invariant form of the structure of I1(p?), it
is necessary to add the interaction arising from radiative cor-

rections (Fig. 1d),
Fy=—\N(HT,,)"+(HT,,)"], (69)

with a fixed constant A =g?/2. Then the effective propagator
for the antisymmetric tensor matter field takes the form

2illnpap(P)
<T( TmnTab)>0= _l;T__A;2_p (70)

Of course, this relation between the interaction constants in
(67) and (69) cannot be ensured without some symmetry
principle. Actually, exactly the same relation between the
constants arises in extended theories of conformal supergrav-
ity interacting with the superconformal extended Yang—Mills
theory.”? It should be noted that the vector gauge field in this
case also becomes massive,'> owing to exchange of antisym-
metric tensor particles (Fig. 3c). Now we are ready to turn to
the extension of the standard model of electroweak interac-
tions by the inclusion of antisymmetric tensor matter fields.

3.4. An extended model of electroweak interactions

The introduction of antisymmetric tensor matter fields
into the standard model of electroweak interactions is of both
theoretical and purely practical interest. Up to now not a
single phenomenological model with unusual matter of this
type has been constructed. The interpretation of certain re-
cent experimental data'>? also requires the introduction of
new tensor interactions.” The detailed analysis performed in
Ref. 74 makes it possible to eliminate the contradictions and
to reconcile all the previous experimental data’ on the semi-
leptonic radiative decay of the pion, w7~ —e” vYy.

We assume, as usual, the local SU;(2) X Uy(1) symme-
try of the weak interactions’® with the gauge fields A,, and
B,,. The fermionic sector of the matter fields contains sev-
eral generations of two-component Weyl spinors: left-handed
leptonic doublets L;=(v;e;); and right-handed leptonic sin-
glets (eg);, left-handed quark doublets Q;=(u;d;);, and
right-handed quark singlets (ug); and (dg);. Here i is the
generation index, and we have omitted the color indices on
the quark fields. The prime on a field means that it is a gauge
eigenstate.

Let us now consider the bosonic sector of the matter
fields. The standard model of electroweak interactions con-
tains a single doublet of scalar Higgs fields. Let us extend
this sector by adding antisymmetric tensor matter fields.
These fields, like the scalar Higgs fields, interact with left-
and right-handed fermions (60). For this Yukawa interaction
to be SU(2)X U(1)-invariant, the antisymmetric tensor mat-
ter field must be a doublet. The requirement that anomalies
be absent in the extended model of electroweak interactions
forces us to double the number of fields and to introduce two
doublets of Higgs scalars H1=(H(1)Hl_) and H2=(H2+Hg)
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and two doublets of antisymmetric tensor fields
Upnn=(U%,Uny) and Ty =(T;,T,0,) with opposite hyper-
charges: Y(H)=Y(U)=—1, Y(H)=Y(T)=+1. Their
minimal interactions with gauge fields are introduced
through the covariant derivative D,=d,—ig/2T-A,
—ig'/2YB,,, where g and g’ are the interaction constants
and T and Y are the generators of the groups SU(2) and
U(1), respectively.

Extension of the Higgs sector of the standard model of
electroweak interactions by yet another Higgs doublet does
not lead to any violation of the relation p=mj,/
(m% cos? fy)=1 at tree level, which, as is well known, cor-
responds to the experimental value po=1.0004
+ 0.0022%0.0020 (Ref. 77). However, there is yet another
difficulty associated with extension of the Higgs sector. If we
allow arbitrary interactions of Higgs particles with fermions,
it is possible for flavor-changing neutral currents to appear
when the symmetry is broken. An elegant solution to this
problem was found by Glashow and Weinberg.”® Transitions
involving flavor-changing neutral currents at tree level will
be absent if the neutral components of one Higgs doublet
interact only with quarks of the upper type with charge 2/3,
and the neutral components of the other Higgs doublet inter-
act with quarks of the lower type with charge —1/3 and with
charged leptons. Naturally, this involves an additional sym-
metry, such as supersymmetry. The most general form of
such an SU(2) X U(1)-invariant Yukawa interaction is

Fu=h{01(ug); Hi+[h{;0,(dp);
+h{; Li(eg);H,+He., (71)
where k%, h%, and h° are, in general, arbitrary nondiagonal
matrices.

We can also write down a similar interaction with spinor
fields for antisymmetric tensor fields:

$T=t:"jéio- mn(u;z)ijn+[t:'ijQio- m"(dl’e)j
+1{,L;0 ""(eg);1Tmat+ Hee. (72)

The absence of a symmetry principle leads to a large

number of arbitrary parameters. This is a weak spot in the
standard model. Let us simplify the model as much as pos-
sible, requiring universality of the tensor interaction:

t
t:-‘j=t;1j=tfj=‘72 8. (73)

After spontaneous symmetry breaking the neutral com-
ponents of the Higgs fields acquire nonzero vacuum expec-
tation values: (H{)o=v, and (H9)o=0,. In supersymmetric
generalizations of the standard model of electroweak inter-
actions with two Higgs doublets a parameter S is introduced
which characterizes the ratio of their vacuum expectation
values: tan 8=v,/v,. The substitution

(ui)iz[su]ij(uL)jv (ulle)iz[Tu]ij(uR)j ,
(dp)i=[84)ij(d,);, (dp)i=[T4lij(dRr);,

(ell.)i"—'[se]ij(el,)j, (e;z)i=[Te]ij(dR)j-
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diagonalizes the quark and charged-lepton mass matrices. In
our very simple case (73) such transformations can generate
flavor-changing neutral currents in (72) if equality of the
unitary matrices S, 4,=7, 4. for left- and right-handed
quarks is not required. From this it follows directly that the
matrices of the Yukawa coupling constants 4*%¢ must be
Hermitian, so that they can be diagonalized. That is, the re-
quirement (73) that the Yukawa couplings be equal for anti-
symmetric tensor fields and that flavor-changing neutral cur-
rents be absent invokes a higher symmetry of the Yukawa
constants for the Higgs particles. Actually, this possibility is
now being actively discussed in connection with the search
for symmetries for Yukawa coupling constants.”
Introducing the Cabibbo—Kobayashi—Maskawa matrix
Vij= [S,‘:Sd]i j» we can study the mixing for the quarks of the
upper or lower type in charged currents. We shall assume
that the neutrinos are massless. Therefore, using the degen-
eracy of the neutrino states, it is possible to factorize
[Sf,S,_.],- ; in the lepton sector from the mixing matrix.
Interactions of the type (67),

Fy=(g{H ,T""+g3H,U™)F
+(g,H 7 T""+g,H,7U™")G,,,+H.c., (74)

where H=HTir, are transposed doublets and
Fpn=0mB,—9,B,andG,,= d,A,— d,A, +gA, X A,are
the gauge-field strength tensors, give masses to the tensor
particles and gauge fields when the symmetry is broken. For
the photon to remain massless after the symmetry breaking,
it must be required that the equations
g1/8,=—g,/g,=tan 6y hold, where 0y is the Weinberg
angle. We note that the interactions (74) lead to mixing of the
tensor fields T',, and U, .

Now we have everything needed to discuss phenomeno-
logical consequences. We again note that our model, com-
pared to the standard model of electroweak interactions, con-
tains an additional Higgs doublet and two doublets of
antisymmetric tensor matter particles. Their minimal interac-
tions with gauge fields are introduced uniquely in terms of
covariant derivatives. We have also written out their funda-
mental interactions with fermions and their nonminimal in-
teraction with gauge fields which must lead to the physical
mass spectrum when the symmetry is spontaneously broken.
Here the main criterion was the absence of flavor-changing
neutral currents. Of course, there exist many other interac-
tions on which we will not dwell here, since we want to
analyze low-energy processes.

3.5. Phenomenological consequences

Interactions of antisymmetric tensor fields with fermions
(72) generate new effective interactions of the current-times-
current type, in addition to the known interactions arising
from electroweak gauge boson exchange. These interactions
also contain charged and neutral currents. To avoid contra-
dictions with the experimental data, we must assume that
these interactions are relatively weak compared to the stan-
dard electroweak interactions. The new tensor interactions
turn out to be as though screened. Charged weak currents
were discovered long before neutral weak currents, which in
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the case of charged-particle interactions were screened by
electromagnetic interactions. Therefore, the first experimen-
tal confirmation of the existence of new tensor interactions
should be sought in the background of weak interactions of
charged currents.

We shall consider interactions arising only from the
charged antisymmetric tensor fields 7,,, and U, . The most
general structure of the propagators for these particles after
symmetry breaking is
(T(T"T™))o (T(T"U*)),
(T(UTT™))o (T(UU))o

4i ((g*=mHI"(q) p1-

A wr* (¢>= M) (g))’
(75)

where Aq=(q2—m2)(q2—M2)—u4 and u, m, and M are

arbitrary mass parameters with M/m = tan B, because the di-

agonal mass terms for T, and U, arise from the vacuum

expectation values v, and v,, respectively. From the form of

the interaction (72) and the identities (61) it follows that the

fields 7 and U~ are self-dual and T~ and U™ are anti-self-
dual, so that the operator (75) contains self- and anti-self-

Aq)=

q

duai operators :nab:' %( lmnabi i/zemnab) and Hinab
=1l ktan -

The main difference between tensor interactions and the
standard V—A interaction is related to the change of helicity
of the fermions involved in the process. Since the standard
weak interactions conserve helicity, the decay of the pseudo-
scalar 7r meson is strongly suppressed.?® We can therefore
obtain the very first condition on the parameters of the new
tensor interaction from the experimental limits derived from
these decays.81 Neglecting the momentum transfer,
q?<u’m*,M?, we write the effective Lagrangian for semi-

leptonic tensor interactions as

2
geff=—z—0ﬁ i "Im*(1+ )+ (1= )]

4 n
XV, —qff— (éx0,vy) +Hec. (76)

The first term in the quark current arises from the exchange
of T,,, particles, and the second term arises from the mixing
of the T, and U,,, fields. To obtain the final form of the
interaction (76) we used the useful identities

K159 ™0 K1%5)0,,

449"
=:1=£y)0 Moyl y)o, — 7,

H(1*x9)o ™R3 1F ¥°)0p,=0. (77)

For kinematic reasons, the tensor interaction (76) does
not contribute to the semileptonic two-particle decay of the 7
meson . However, in Ref. 82 it was shown that, owing to

electromagnetic radiative corrections to the tensor interaction
(76), the pseudotensor term #0,,,y°d leads to generation of
an interaction between the leptonic and pseudoscalar quark
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curents, to which pion decay is very sensitive.®® This leads to
a strong limit on the tensor interaction constant and practi-
cally excludes the possibility of it appearing in any current
experiment. This, naturally, makes it impossible to explain
the recent experimental data'>?° in terms of the presence of a
new tensor interaction. Our model®* allows us to avoid this
difficulty if we assume that the two mass parameters
p2=m? arising in spontaneous symmetry breaking are equal.
Then the pseudotensor quark term o,y d disappears from
(76), and the tensor term u o ,,,d does not contribute to pseu-
doscalar pion decay because of parity conservation in elec-
tromagnetic interactions.

Let us now consider the mass matrix for antisymmetric
tensor fields:

2
, M

" tan? B

2 H+ l+
tan’ B ) 78)

1~ In

which is parametrized by only two parameters: the dimen-
sional mass parameter M and the ratio of the vacuum expec-
tation values tan 8 of the neutral components of the two
Higgs doublets.

The transformation to new fields,

T} n=Tpmn c0s @+11,,,,U% sin ¢,

Upp=—,ppapT sin ¢+ U, cos ¢, (79)

leads to a diagonal mass matrix

A= M*diag(\ 1" A\ yI17) with the eigenvalues
A=Y 1+tan? B+ J(1—tan® B)’+4]/tan® B,
Ay=Y1+tan® B—/(1—tan? B)2+4]/tan? B,

when tan ¢=11—tan? B+(1 —tan’ B)*+4]. The non-

negativity of the eigenvalues of the squared mass matrix
leads to the condition 0=<cot?> 8 =< 1. The curves for the ei-
genvalues Ar and Ay in this mixing-parameter range are
shown in Fig. 4.
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A remarkable feature of these curves is the presence of a
maximum in the mass of the tensor field U,,, . Therefore, the
energy of the interaction of spinor particles via U,,, ex-
change has a minimum at cot’ 8y=0.4 in the static limit.
Since the current-times-current interaction is always gener-
ated by a pair of tensor particles U,,, and T,,, and the mass
of the T,,, particles increases monotonically with the mixing
parameter cot® 8, the energy minimum

U 1 1
~— + JR—

Ay Ar
is reached for a slightly larger value of the mixing parameter
cot’ B=v2—1~ 0.41. In other words, we have quite unex-
pectedly fixed the value of the ratio of vacuum expectation
values

tan B=\1+v2~1.55 (80)

of the neutral components of the two Higgs doublets.

The value of tan B is in excellent agreement with the
recent results of analyzing possible values of the parameters
of a minimal supersymmetric model with unified coupling
constants and masses® for f-quark mass in the range
m,=174%16 GeV (Ref. 86). It is also interesting to note that
this value of tan B8 corresponds to mixing angle ¢ of the
Up, and T, fields sin? <p=(1——1/\/§)/2~0.211, which is
surprisingly close to the Weinberg angle 8y, . It is impossible
to understand this coincidence of the numerical values of the
mixing angles in the gauge and matter sectors while staying
within the framework of the standard model. This fact can
probably be explained within a unified supersymmetric
model containing antisymmetric tensor matter particles.

For phenomenological applications at low energies, let
us write down all the effective interactions of leptons and
quarks arising from exchange of antisymmetric tensor par-
ticles. For example, in the case of muon decay into an elec-
tron and an (anti)neutrino, in addition to the ordinary V—A
interaction it is necessary to include also the tensor interac-
tion

— -~ 4qmq" 5 nl
gu.e_ —ﬂGFfTVy,Lo-mlﬂ’R _qT €Ro VeL+H.C.,
(81)

where ¢,, is the 4-momentum transfer between the muon and
electron pairs, and the positive dimensionless constant

V2 12
fT—G—F (1 —cot? ,B)M2>0

determines the relative strength of the new tensor interac-
tions in relation to the ordinary weak interactions. The addi-
tional interaction for semileptonic decays has the form

4q™
Fre=—VIG pf it id” qqzq"

éro™v,+He., (82)

where d?= V;jd; are mixed states for quarks of the lower
type. The richer structure of the tensor interaction arises in

the purely quark—quark sector:
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— - 0 6 1 -~ 0
Zya=~V2Gpfrl i Opmdy - dgo™u +i 0, dp

Xdio" up+iigo,d?- d,‘:a"'uL +tan? Biigo,,dy

] aq™
Xd’o"ug —q?ﬂ. (83)

All the effective tensor interactions contain only one un-
known interaction constant f7. It is natural to try to fix its
value from the experimental data on the semileptonic radia-
tive decay of the pion,'® the results of which cannot be in-
terpreted within only the standard model®” and supersymmet-
ric extensions of it.3® The standard matrix element for this

decay can be written as®
M=Mpp+Mgp, (84)
where
 eGrVuq [k p\" ic™q,
M=t = Frmeent (k" pa) ~ 2k
X(1=y)w (85)

are the quantum electrodynamical corrections (bremsstrah-
lung) to pion decay w—ev, and

eGVyg ab_:
MSD=~‘/2—MWS € [Fyemnapp®q” —iF \(Pq - &mn
—pmqn)]yn(l_ys)v (86)

are structural-dependent amplitudes parametrized by two
form factors Fy and F 4 ;&™ is the photon polarization vector;
and p, k, and g are the pion, electron, and photon
4-momenta, respectively.

In order to find the matrix element My of the tensor
interaction (82) for this decay, it is necessary to calculate the
matrix element { 7|% ,,,y’d|y) for the tensor quark current.
Using the hypothesis of partial conservation of the axial cur-
rent and the sum rules of quantum chromodynamics, it can
be written as®®
(0lg g0}

—F. (qmEn—qnEm)s

m™

. e
(7|t 0ppyd|y)= 3 X

where F_,=131 MeV is the pion decay constant and
X=—5.7+0.6 GeV~? is the magnetic susceptibility® of the
quark condensate (0|G g|0)=—(0.24 GeV)>. Then the ma-
trix element of the additional tensor interaction has the form

eGpV, (ep)qg"—(pq)e™
X(P_Q)" éUmn(l_YS)V, (87)
where
4 (0|qql0
=3 X <“—F—>'fr- (83)

The first term in (87) coincides with the tensor matrix ele-
ment proposed in Ref. 73. In our case a characteristic non-
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local matrix element also appears as a result of exchange of
antisymmetric tensor matter particles T,,,. It should be
noted that the two terms in (87) exhaust the possible gauge-
invariant structures.

When the electron mass is neglected, the dominant con-
tribution to the pion decay amplitude comes from the squares
of the matrix elements Mz and M, and also from inter-
ference between the matrix elements of the tensor interaction
M 1 and bremsstrahlung M p:

dr

mz E Fw—»eV{IB(x,)\)+a§D[(FV+FA)2
XSD*(x,\)+(Fy—F,)2SD~(x,\)]
—aSDFTI(XJ\)} (89)

where asD=Mf, 12F .m,,

I-x (1—x)%+1

IB(x,\)= X S ,

SD*(x,N\)=N%(1—x)x3,

SD~(x,N\)=(1—N)?(1—x)x%, I(x,\)=(1—\)x%

In the pion rest frame the variables x and \ are defined as
x=2E,/M, and N\=2E,/M ,sin%(8,,/2).

The experiment on the semileptonic radiative decay of
the pion'® was carried out in a large kinematical region:
0.3<x<1.0, 0.2<A<1.0. The measured total decay prob-
ability B*P=(1.61=0.23)X 10"’ turned out to be smaller
than the value expected theoretically:
B‘h=(2.41i0.07)>< 1077, Detailed analysis of the experi-
mental data for the differential cross section (89) neglecting
the last term gives a negative coefficient in front of the
SD ™ (x,\) term. Since the functions I(x,\) and SD ™ (x,\)
have roughly the same form, this result can be attributed to
destructive interference between the tensor interaction and
bremsstrahlung. We note that our model also predicts the
sign of  the interference. If we choose
Fr=(1.57%£0.45) X 1072, the differential cross section (89)
will adequately describe the experimental data. From (88) we
obtain the numerical value of the effective tensor interaction
constant:

fr=(1.96+0.56) X 10 2. (90)

The presence of the tensor matrix element was also dis-
covered experimentally in the semileptonic three-particle de-
cay of the kaon, K* — 7% * v (Ref. 20). In Ref. 84 the rela-
tivistic quark model was used to analyze the semileptonic
radiative decay of the pion, #~ —e~ vy, and the semilep-
tonic three-particle decay of the kaon, K*— 7% * v. It was
shown that the results of these experiments can be simulta-
neously described by the single constant fr of the effective
tensor interaction (82).

Naturally, the new tensor interaction will also contribute
to nuclear B decay. Careful analysis of the experimental
data”®® shows that the tensor interaction with constant fr
~ 1072 is consistent with the available data. It would be
interesting to perform new experiments in connection with
this. For example, in the DA®NE laboratory®! almost half of
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the decays of ¢ mesons created in ¢* e~ annihilation will be
into K*K~ mesons. This offers a good possibility of study-
ing semileptonic three-particle decays of kaons.

The inclusion of a new tensor quark—quark interaction
(83) in purely nonleptonic processes is difficult, owing to the
presence of nonperturbative quantum chromodynamical ef-
fects. However, the success of the standard model in explain-
ing the K; — K5 mass difference®? presents a challenge to any
extension of it. Although the uncertainty in the theoretical
estimates of the K; — K¢ mass difference is rather large (up
to 50%; Ref. 93), this difference remains a fundamental
source of constraints on the parameters of new interactions.
In Ref. 94 it was shown that the contribution to the
K — K g mass difference from the new tensor interaction (83)
with constant f; (90) and parameter tan B (80) has the cor-
rect sign and amounts to half of its experimental value. We
think that the problem of analysis of the AT=1/2 rule in the
light of new tensor quark—quark interactions (83), which so
far has not been studied, is quite interesting.

The most direct method of seeking manifestations of ten-
sor interactions may be analysis of the electron energy spec-
trum in muon decay.”® It should be noted that this decay has
been bypassed both theoretically and experimentally. As it is
free from the difficulties associated with the inclusion of
strong interactions, it can be calculated with any accuracy.
However, up to now electromagnetic radiative corrections to
this decay have been calculated only to one-loop order,’® and
the main decay parameter, the p parameter of Michel,”” has
not been measured since 1969 (Ref. 98). Moreover, even the
status of the one-loop electromagnetic corrections is not
completely clear.”

Muon decay is a fundamental process of weak interac-
tions. The Fermi constant G is determined from the theo-
retical equation'® for the muon lifetime obtained in the stan-
dard model and is used as the fundamental parameter in
analyzing the radiative corrections of electroweak interac-
tions. However, its accuracy depends on the accuracy of
measuring the fundamental parameters of muon decay, which
is very often forgotten, and at present it is unjustifiably
overestimated.'?!

New tensor interactions (81) lead to new parameters in
muon decay which earlier were not taken into account in
theoretical analyses and data processing. It has often been
assumed that the effective four-fermion interaction of leptons
is independent of the momenta. However, since it arises as a
result of exchange of an intermediate boson with
4-momentum q,, , nothing prevents it from depending on the
momentum transfer. It is interactions of this type which gen-
erate antisymmetric tensor particles.

The most general form of the Hamiltonian for muon de-
cay is parametrized by 12 constants f;X, which, in general,
are complex:

{ffx[ésFivf,][ v ﬁF",u.X] +H.c.}, (91)
where the scalar, vector, and tensor interactions are defined

as
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rfers=101; I’elfs=y,®y"
1 449"
r'er’= i "o -q—qiq— 92)

If we use the old definition '"®I'"=10 "®0d,,,, the nor-
malization of the constants f X~ and f %% does not change,
owing to the identities (77), and the two constants f 5 and
f ’;L can be taken to be identically zero. In this sense the new
definition (92) is a generalization of the old one and intro-
duces new parameters.
The tensor interaction (81) corresponds to a completely
defined choice of constants: f§-=f3*=f1l=0,
XR=fr. We also assume that in addition to the standard
V—A interaction f =1 there are no other interactions and
that the corresponding constants are equal to zero. Then the
electron energy spectrum in polarized muon decay has the
form

a’T G%mi 3—2x+ 1+ 2(15— 14
dxd cos 0 1927 x+rfr o+ %)
+ -2 fx)+cos 6] 1—2 2x
-2—;f(x) cos —2x+rfr o
2 a 2
+fr(13x—14)+ﬁg(x) ]x , (93)

where we have kept terms of first order in the small quantity
r=12m,/m,~5.8X 1072, 0 is the angle between the mo-
mentum of the emitted electron and the muon spin,
x=2E,/m,, and f(x) and g(x) are known functions of the
one-loop electromagnetic corrections.”®

The new terms are effectively manifested in the electron
energy spectrum by a deviation of the measured old param-
eters of muon decay from their standard values. The Michel
parameter p is determined from the isotropic energy spec-
trum of the electrons, and the experimental accuracy for it,
p=0.75182+0.0026 (Ref. 98), is much better than that for
other parameters. However, the smallness of the tensor con-
stant fr still does not permit the contribution of new struc-
tures to it to be discerned. It is therefore necessary to carry
out new precision experiments which would include process-
ing of the experimental data with allowance for the new pa-
rameters.

4. CONCLUSION

We have reviewed the literature devoted to the introduc-
tion and use of antisymmetric tensor fields of rank two in
quantum field theory. We have not set ourselves the task of
giving a complete list of publications on this topic. Our goal
was to give a sequential historical outline of the introduction
of such fields. We have used the generalizations to obtain
new results which supplement and deepen the connections
between various approaches. The questions which in our
opinion are of key importance have been studied in sufficient
detail that complete understanding of them does not require
recourse to the original literature. On the other hand, indi-
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vidual facts which help to explain some point are given as
references, so that if necessary the details can be found in the
original literature or reviews.

The triumph of the standard model of electroweak inter-
actions has temporarily eclipsed the interest in the study, and
introduction into the theory, of new fields transforming as
nonstandard representations of the Lorentz group. Phenom-
enological models of elementary particles, including their su-
persymmetric extensions, use only fields subject to the stan-
dard equations of motion. However, outside this area there is
still a large class of fields which have not been studied. A
real need for the introduction of such fields arises, for ex-
ample, in the construction of extended theories of supergrav-
ity and string theories. The rank-2 antisymmetric tensor field
appears naturally in such theories.

Fields transforming as nonstandard representations of
the Lorentz group describe particles with nonmaximum val-
ues of the helicity. They can therefore play the role of par-
ticles with lower spin. For example, the antisymmetric tensor
field can replace a scalar particle. On the mass shell they
have the same number of purely scalar degrees of freedom
and are equivalent. However, off the mass shell the addi-
tional degrees of freedom of the antisymmetric tensor field
come into play, leading to a richer interaction. As an on-shell
scalar, in an interaction this field carries unit spin and is
manifested as a vector particle.

The representations of the Lorentz group for unit spin,
(1, 0), (0 1), and (1/2, 1/2), describe a scalar and a vector
particle on the mass shell. Off the mass shell the former
particle leads, in addition to scalar forces, to a vector inter-
action, exactly as an off-shell photon leads to scalar forces—
the Coulomb law. We shall show this by using the argument
of Feynman.’?> The Coulomb law arises from the Lorentz-
invariant current interaction

"I I

¢ @ 4
if the current transversality condition g, J™=0 is used and
the longitudinal component J; =g,/ |q| is eliminated. In

|

3 V3piq- V3p.q>

exactly the same way, the interaction of the antisymmetric
tensor fields J,,, (Jo;=A;, J;;=¢€;; B;) with the condition
qm J™"=0(AL=0,Br = goA7r/|q)),

1 Jhad™  AJAr BiB,

2 L q2+q2’

leads to the 1/r law for the transverse components of the
vector current.

Let us now turn to higher spins. The equations of motion
for the wave functions are usually sought in the form of
first-order differential equations. This is due to the desire to
write the wave equations like the Schrodinger equation in the
hope of avoiding negative solutions. For example, a particle
with spin 3/2 can be described both in the Rarita—Schwinger
formalism'® and in the Bargmann—Wigner formalism'%? by
first-order differential equations. The wave functions for spin
3/2 in the Rarita—Schwinger formalism transform as the (1,
1/2) and (1/2, 1) representations, and those in the
Bargmann—Wigner formalism transform as the (3/2, 0) and
(0, 3/2) representations. In the case of free massive particles
these descriptions are equivalent.

However, even using first-order differential equations it
is not possible to get rid of negative solutions which, we
know, describe antiparticles. Therefore, there is no need for a
restriction to first-order differential equations. In our case,
particles with spin 3/2 satisfy third-order differential equa-
tions [see (37)]. The equations for wave functions transform-
ing as the (1, 1/2), (1/2, 1), and (3/2, 0), (0, 3/2) representa-
tions of the Lorentz group are inequivalent and describe
different particles. Third-degree equations for wave functions
transforming as the (1, 1/2) and (1/2, 1) representations are
used in conformal supergravity'” to describe the gravitino
with helicity 3/2 and are equivalent to our equations.

Let us consider the equations of motion for the wave
function ¥, transforming as the (3/2, 0) representation of
the Lorentz group. The four components =,
¥2=V3413), $3=V3¢(120), and 4= iy, satisfy the ma-
trix equation

3

e U

V3piqs pi(pep-+2949-) q-(2pip-+tqiq-) V3p_qi || y,

V3p.+di 4+(2p4p-+q.q-) p_(pip-+2q.q9-) Vipiq_ || ¥s

7 V3p_q’ V3piq.

where the symbol {aBy} denotes complete symmetrization
of the indices with a factor of 1/3!. When the momentum
vector p is directed along the third axis (¢ + =0), the matrix
becomes diagonal and the analysis of (94) is simpler. The
wave functions ¢, and i, correspond to the maximum val-
ues of the helicity *3/2 and satisfy the equations of motion
with frequency of one sign. These components are analogous
to the longitudinal and time components of the electromag-
netic field or the transverse components of vector fields
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3
pl

transforming as the representations (1, 0) and (0, 1) and are
unphysical. Here the physical components are ¢, and i
with helicity *1/2, which satisfy the Weyl equations but
with an additional factor of p2.

If we go from spinor to Lorentz indices, a given particle
will be described by a spinor AU with two Lorentz indices
in which it is antisymmetric and anti-self-dual: I;nabA[a"b]
=0. The spinor A[a’""] has six components. The condition
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(cr,,,&,,)gAE;'""]=O removes the two extra components which
appeared in going to Lorentz indices and leads to the four
components of the spinor field introduced above. This new
field can be used in extended N=3 conformal theories of
supergravity instead of the spinor A ,, in the same way that
antisymmetric tensor fields are used instead of scalars.

The spin-2 representations of the Lorentz group contain,
in addition to the (1, 1), also the (3/2, 1/2), (1/2, 3/2) and
(2,0), (0,2) representations. In our case the wave functions
transforming as these representations satisfy fourth-order dif-
ferential equations. The wave function transforming as the
first representation in conformal supersymmetric theories of
gravity describes a graviton with helicity *2. It can be
shown that of the eight components

Ui=v¥z U= Yoi

U3=V3ipp  Ye=V3umyi
Ya=V3¥ugi  Ys=V3¥Ppa3y3

of the wave function transforming as the (3/2, 1/2) represen-
tation, only the two components 3 and ¢ corresponding to
the two transverse degrees of freedom of a vector particle
with helicity 1 are physical on the mass shell, since only
these components satisfy the equations (P®)*¢¥=0. In the
notation using Lorentz indices, such a particle is described
by a real tensor of rank three which is antisymmetric in one
pair of indices: V,,u,;. The conditions g*"V ;(,,,)=0 and
g®™V ;imny=0 remove the extra components of the field
V atmn) Which unavoidably appear in this description.

Yet another spin-2 field which can be introduced in this
manner is the five-component wave function ¥,=¢,,
0 =2¢nny, = \/gl//{uzz}’ Ua=2¢p2), and
s= 1, transforming according to the (2, 0) representa-
tion. Only the one component 3 with zero helicity is physi-
cal on the mass shell. Therefore, in the free case this field is
equivalent to the scalar field ¢ which appears in conformal
N=4 supergravity and satisfies the equation (p®)%e=0.

Off the mass shell this field has another four degrees of
freedom and carries spin 2. Its wave function with Lorentz
indices can be represented as a real rank-4 tensor @[4pj[mn]
which is antisymmetric in two pairs of indices and symmet-
ric in two pairs. This field has exactly the same symmetry
properties as the Riemann tensor R p,,, - In order to reduce
the number of degrees of freedom to 10, with 5 for a particle
with spin 2, #,g,5 and 5 for its antiparticle, #4455, it is
necessary to impose the auxiliary conditions
gam(lp[ab][mn]= 0 and eabmn(P[ab][mn]z 0.

Thus, antisymmetric tensor fields arise naturally in the
analysis of spinor representations of the Lorentz group with
spin j=1. Off the mass shell the number of components of
their wave function is equal to the dimension of the space of
the given spin. On the mass shell the number of degrees of
freedom is reduced, and their massless excitations are
equivalent to particles of lower spin. This equivalence is lost
when an interaction is included. Exchange of antisymmetric
tensor fields leads to a richer elementary-particle interaction.
The unusual properties of these fields deserve further study.

In conclusion, the author has the pleasant duty of deeply
thanking Prof. M. D. Mateev for his interest in this study and

b= Y= 0
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useful discussions, and also Prof. V. G. Kadyshevskii for
suggesting the writing of this review, which led to a deeper
understanding of the topics touched upon here.
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