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The principles of the theory of quantum groups are reviewed from the point of view of the
possibility of using them for deformations of symmetries in physics models. The R-matrix
approach to the theory of quantum groups is discussed in detail and taken as the basis of
quantization of classical Lie groups and also some Lie supergroups. Rational and trigonometric
solutions of the Yang—Baxter equation associated with the quantum groups GL,(N),

SO ,(N), and Sp,(2n) are presented. Elliptic solutions of the Yang—Baxter equation are also
given. Applications of the theory of quantum groups and Yang—Baxter equations in

different branches of theoretical physics are briefly discussed. © 1995 American Institute of

Physics.

1. INTRODUCTION

In modern theoretical physics, the ideas of symmetry
and invariance play a very important role. As a rule, symme-
try transformations form groups, and therefore the most natu-
ral language for describing symmetries is the language of
group theory.

About 15 years ago, in the study of two-dimensional
integrable systems in the framework of the quantum inverse
scattering method,! new algebraic structures arose, the gen-
eralizations of which were later called quantum groups.
Similar structures also appeared in the solution of some mod-
els of statistical mechanics® and in the study of factorized
scattering of solitons and strings.>* So-called Yang—Baxter
equations became a unifying basis of all these investigations.

The most important nontrivial examples of quantum
groups are Lie quantum groups and quantum algebras, which
can be regarded as deformations or quantizations of ordinary
classical Lie groups and algebras (more precisely, one con-
siders the quantization of the algebra of functions on a Lie
group and the universal covering Lie algebra). The quantiza-
tion is accompanied by the introduction of an additional pa-
rameter g (the deformation parameter), which plays a role
analogous to the role of Planck’s constant in quantum me-
chanics. In the limit g— 1, the quantum Lie groups and alge-
bras go over into the classical ones.

Although quantum groups are not groups in the math-
ematical sense, they nevertheless possess several properties
that make it possible to speak of them as ‘“symmetry
groups.” There are well-known examples of statistical sys-
tems (anisotropic Heisenberg magnets) and also systems of
deformed oscillators with Hamiltonians invariant with re-
spect to the special action of quantum groups (see, for ex-
ample, Ref. 5). In this connection, the idea naturally arises of
looking for and constructing other physical models possess-
ing such quantum symmetries.

We list some of the existing approaches associated with
realization of the idea of the quantization of symmetries in
physics. Some of these approaches use the identity of the
theory of representations of quantum and classical Lie
groups and algebras (for g not equal to the roots of unity). As
a result, we have, for example, identity of the dimensions of
the irreducible representations (multiplets) for the group
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SU(N) and for the quantum group SU ,(N). Thus, we can
use quantum Lie groups both for the classification of elemen-
tary particles and in nuclear spectroscopy investigations. Fur-
ther, it is natural to wish to investigate the already existing
field-theoretical models (for example, the Salam—Weinberg
model or the standard model) with a view to establishing
their connection with noncommutative geometry (see Ref. 6)
and, in particular, the possibility of their being invariant with
respect to quantum-group transformations. A very attractive
idea is that of relating the deformation parameters of quan-
tum groups to the mixing angles that occur in the standard
model as free parameters. One of the possible realizations of
this idea was proposed in Ref. 7. We also mention here the
numerous attempts to deform the Lorentz and Poincaré
groups and the construction of quantum versions of space—
time corresponding to these deformations.®®

The approaches that we have listed above associated
with quantization of symmetries in physics represent only a
small fraction of all the applications of the theory of quan-
tum groups. Quantum groups and Yang—Baxter equations
arise naturally in many problems of theoretical physics, and
this makes it possible to speak of them and the theories of
them as a new paradigm in mathematical physics. Unfortu-
nately, the strict limits of the review make it impossible to
discuss in detail all applications of quantum groups and
Yang—Baxter equations. I have therefore restricted myself to
a brief listing of certain areas in theoretical physics and
mathematics in which quantum groups and Yang—Baxter
equations play an important role. The list is given in the
Conclusions. In Sec. 2, the mathematical foundations of the
theory of quantum groups are presented. A significant pro-
portion of Sec. 3, is a detailed exposition of the work of
Faddeev, Reshetikhin, and Takhtadzhyan,m who have formu-
lated the R matrix approach to the theory of quantum groups.
In this section, we also consider questions of invariant Bax-
terization of R matrices, many-parameter deformations of
Lie groups, and the quantization of some Lie supergroups. At
the end of Sec. 3, we give elliptic solutions of the Yang—
Baxter equation for which the algebraic basis (the type of
quantum Lie groups in the case of trigonometric solutions)
has not yet been clarified. Readers who are not fully ac-
quainted with the theory of quantum groups are advised to
begin reading the review with Subsection 3.3 in Sec. 3.
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FIG. 1. Associativity axiom.

As we have already mentioned, some applications of
quantum groups and the Yang—Baxter equations are briefly
considered in the Conclusions.

2. HOPF ALGEBRAS

This section of the review is based on the publications of
Refs. 11-15.

We consider an associative algebra .4 with identity
(over the field of complex numbers C; in what follows, all
algebras that are introduced will also be understood to be
over the field of complex numbers), each element of which
can be expressed as a linear combination of basis elements
{e;}, where i=1,2,3,... and E'e;=1 (E'eC) is the identity
element. This means that for any two elements e; and ¢; we
can define their multiplication in the form

m

AR A— A=e;-e;=miey,

(2.1)

where mf-‘j is certain set of complex numbers that satisfy the
condition
ik ok pi_
E'm;;=mE —6? (2.2)
for the identity element, and also the condition
I n_ 1 _
m,.jm;'k—m;',mjk—m;'jk, 2.3)

which is equivalent to the condition of associativity for the
algebra _#;

(eiej)ek=ei(ejek)- (2.4)

The condition of associativity (2.4) for the multiplication
(2.1) can obviously be represented in the form of a diagram
(Fig. 1, in which we have in mind the commutativity of the
diagram). In Fig. 1, m represents multiplication, and id de-
notes the identity mapping. The existence of the identity /
means there exists a mapping i:C—._# (embedding of C in

)

k—k-1, keC. 2.5)
d @ Yy,
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FIG. 2. Axioms for the identity.
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For 1, we have the condition (2.2), which is equivalent to the
diagram of Fig. 2, in which the mappings C®.4-_ % and
#%®Ce— 4% are natural isomorphisms. One of the advantages
of the diagrammatic language used here is that it leads in-
stantly to the definition of a new fundamental object—the
coalgebra—if we reverse all the arrows in the diagrams.

Definition 1. A coalgebra & is a vector space (with basis
{e;}) equipped with a mapping A:£—Z® %,

A(e;)=AYe,®e;, (2.6)

which is called comultiplication, and also equipped with a
mapping &: &—C, which is called the coidentity. The coal-
gebra is called coassociative if the mapping A satisfies the
condition of coassociativity (cf. the first diagram with arrows
reversed)

(id®A)A=(A®id) A=A AY = AVAT =AM | (2.7)
i l i l i

The coidentity £ must satisfy the following conditions (cf.
the second diagram)

(e®id)A=(id®&)A=id=e,Ai=A)e;=8]. (2.8)

Here the complex numbers ¢g; are determined from the rela-
tions e(e;)=¢;.

For algebras and coalgebras, the concepts of modules
and comodules can be introduced. Thus, if # is an algebra,
the left _#-module can be defined as a vector space N and a
mapping ¢, : AQN—N (action of £ on N) such that the
relations of Fig. 3 hold. In other words, the space N is the
space of a representation for the algebra 4.

If N is a (co)algebra and the mapping ; preserves the
(co)algebraic structure of N (see below), then N is called a
left _Z-modular (co)algebra. The concepts of right module
and modular (co)algebra are introduced similarly. If N is
simultaneously a left and a right _#-module, then N is called
a two-sided .%-module. It is obvious that the algebra .2
itself is a two-sided ./4-module for which the left and right
actions are given by the left and right multiplications in the
algebra.

A®N
FIG. 3. Axioms for a left .4 module.

N
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FIG. 4. Axioms for a left _4-comodule.

Now suppose that & is a coalgebra; then a left
&-comodule can be defined as a space M together with a
mapping A;: M—Z®M (coaction of % on M) satisfying
the axioms of Fig. 4 (in the diagrams in Fig. 3 defining
modules it is necessary to reverse all the arrows).

If M is a (co)algebra and the mapping A, preserves the
(co)algebraic structure (for example, is a homomorphism;
see below), then M is called a left &-comodular (co)algebra.
Right comodules are introduced similarly, after which two-
sided comodules are defined in the natural manner. It is ob-
vious that the coalgebra & is a two-sided &-comodule.

Let 77,7 be two vector spaces with bases {e;} and {¢;}.
We denote by P* 9* the corresponding dual linear spaces
whose basis elements are linear functionals {e'}: 27—C, {¢'}:
%" —C. For the values of these functionals, we shall use the
expressions (e'|e ;) and (&|é;). For every mapping L:
77— it is possible to define a unique mapping L*:
P* * induced by the equations

(€'|L(ej))=(L*(éV|e;). (2.9)

In addition, for the dual objects there exists the linear injec-
tion

P T QI * (V' RP)*,
which is given by the equations
(p('®é)|er@é))=(e|ex)(él]é)).
A consequence of these facts is that for every coalgebra
(%,Ae) it is possible to define an algebra &*=_# (as dual

object to &) with multiplication m=A*-p and identity I that
satisfy the relations

(aa'|c>=(a®a’|A(c))=(a|c(l))(a'|c(2)),
(Ilcy=¢(c), Va,a'e s, Vce&

We have here used the convenient notation of Ref. 11 for
comultiplication in & A(c)=3 c;y®c(y [cf. (2.6)]. The
summation symbol 2. will usually be omitted in the equa-
tions.

Thus, duality in the diagrammatic definitions of the al-
gebras and coalgebras (reversal of the arrows) has in particu-
lar the consequence that the algebras and coalgebras are in-
deed duals of each other.

It is natural to expect that an analogous duality can also
be traced for modules and comodules. Let 2 be a left co-
module for #. Then the left coaction of & on %~
v—2,00v® (U e®) induces a right action of 4=&*
on 7

YR

(v®a)—v<da=(a|oM)v?,
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(here and in what follows, we omit the summation sign 3,,),
and therefore 7 is a right module for 4. Conversely, the
right coaction of & on 7% v—vP®5® induces the left
action of #4=%* on ¢*

173
(a®v)—al>v=0v{a|6?).

From this we immediately conclude that the coassociative
coalgebra & (which coacts on itself by the coproduct) is a
natural module for its dual algebra .. Indeed, the right ac-
tion &®.4— & is determined by the equations

(c,a)—c<a=(alciy)cey, (2.10)
whereas for the left action A4® % — % we have
(a,c)—abc=c((alcy)- (2.11)

Here a e .4, ¢ € &. The module axioms (shown in the form
of the diagrams in Fig. 3) hold by virtue of the coassociativ-
ity of &

Finally, we note that the action of a certain algebra H on
% from the left (from the right) induces an action of H on
A=&* from the right (from the left). This obviously fol-
lows from relations of the type (2.9).

So-called bialgebras are the next important objects that
are used in the theory of quantum groups.

Definition 2. An associative algebra with identity that is
simultaneously a coassociative coalgebra with coidentity is
called a bialgebra if the algebraic and coalgebraic structures
are self-consistent. Namely, the comultiplication and coiden-
tity must be homomorphisms of the algebras:

1 en Y/ k’ k”
A(ei)A(e,-)=A(e,-e,-)=m,l‘,-A(€k)=>A:- i A;. i Mo M o

_ k ka"
_mijAk ’

A =IxI, e(ee))=¢e(e))e(ey), e()=1. (2.12)

Note that for every bialgebra we have a certain freedom
in the definition of the multiplication (2.1) and the comulti-
plication (2.6). Indeed, all the axioms (2.3), (2.7), and (2.12)
are satisfied if instead of (2.1) we take

— ok
e,--ej—mﬁek,

or instead of (2.6) we choose

A’(e,-)=A{kek®ej, (2.13)
and at the same time the algebra is called noncommutative if
mj;#m¥ and noncocommutative if AY#Af'.

In quantum physics, it is usually assumed that all alge-
bras of observables are bialgebras. Indeed, a coalgebraic
structure is needed to define the action of the algebra of
observables on the state |;)®|i,) of the system that is the
composite system formed from two independent systems
with wave functions |¢,) and |1,). In other words, it is only
for bialgebras that it is possible to construct a theory of rep-
resentations in which new representations can be obtained by
multiplying old ones.

A classical example of a bialgebra is the universal cov-
ering Lie algebra, in particular, the spin algebra in three-
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dimensional space. To demonstrate this, we consider the Lie
algebra g with generators J, («=1,2,3,...) that satisfy the
structure relations

Jodg=Ipla=10p) -
Here ¢} are structure constants. The covering of this algebra
is the algebra U, with basis elements consisting of the iden-
tity / and the elements e; = J 5 ...J a"Vn = 1, where the prod-

ucts of the generators J are ordered lexicographically, i.e.,
a;<a,<..<a,. The coalgebraic structure for the algebra U,
is specified by means of the mappings

A(J ) =T RI+I®],, &(Jl)=0, el)=1, (2.14)

which satisfy all the axioms of a bialgebra. The mapping A
in (2.14) is none other than the rule for addition of spins.

Considering exponentials of elements of a Lie algebra,
one can arrive at the definition of a group bialgebra of the
group G with structure mappings

A(h)=h®h, e(h)=1 (VheG), (2.15)

which obviously follow from (2.14). The next important ex-
ample of a bialgebra is the algebra .4(G) of functions on a
group (f:G—C). This algebra is dual to the group algebra of
the group G, and its structure mappings have the form
(f.f e A4(G); h,h' €G):

(f-f)(R)=f(h)f' (R),
e(f)=fUq),

where I; is the identity element in the group G. In particular,
if the functions Tj realize a matrix representation of the
group G [the functions T can be regarded as generators in
the algebra 4(G)], then we have

Ti(hh')=Ti(h)THh")=>A(T)=Ti®T%.

(A(f))(h,h")=f(h-h"),

Note that if g is non-Abelian, then U, and G are noncom-
mutative but cocommutative bialgebras, whereas 4(G) is a
commutative but noncocommutative bialgebra. Anticipating,
we mention that the most interesting quantum groups are
associated with noncommutative and noncocommutative bi-
algebras.

It is obvious that for a bialgebra % it is also possible to
introduce the concepts of left (co)modules and (co)modular
(co)algebras [right (co)modules and (co)modular (co)alge-
bras are introduced in exactly the same way]. Moreover, for
the bialgebra .# it is possible to introduce the concept of a
left (right) bimodule B, i.e., a left (right) #-module that is
simultaneously a left (right) #-comodule; at the same time,
the modular and comodular structures must be self-
consistent:

AL(F#>B)=A(F)>AL(B),

(e®id)A;(b)=b, beB.

On the other hand, in the case of bialgebras the conditions of
preservation of the (co)algebraic structure of (co)modules

can be represented in a more explicit form. For example, for
the left .%%-modular algebra .4 we have (a,b € 4; h e %)

h>(ab)=(h(>a)(hay>b), h>I,=g(h),.
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In addition, for the left S#-modular coalgebra .4 we must
have

A(hD>a)=A(h)D>A(a)=hPa(y

e(h>a)=¢e(h)e(a).

Similarly, the algebra 4 is a left #-comodular algebra if
Ap(ab)=Ap(a)AL(b), AL(I4)=14®I,,

and, finally, the coalgebra _# is a left #-comodular coalge-
bra if

(id®A)A(a)=ma(A @A )A(a),

(id®e4)AL(a)=1geq(a),

where
mafAL®A) (a®b)=aVbVeaPeb?),

We now consider the bialgebra #, which acts on a cer-
tain modular algebra 4. One further important property of
bialgebras is that we can define a new associative algebra
JA$H as the cross product (smash product) of 4 and 7.
Namely:

1) As a vector space, 4#.%# is identical to 4®.%.
2) The product is defined in the sense

®h(2)l>a(2) 5

(2.16)

(aag)(buh>=§ a(g)>b)#(g2)h)

=(a#D)(A(g)>(b#h)).

3) The identity element is I#1.

If the algebra % is the bialgebra dual to the bialgebra #,
then the relations (2.17) and (2.11) determine the rules for
interchanging the elements (I#g) and (a$1):

(I#g)(a#D=(an)#D{gnlan)UH#gn)). (2.18)

Thus, the subalgebras .4 and # in 4#.# do not commute
with each other. The smash product depends on which action
of the algebra # on .4 we choose. In addition, the smash
product generalizes the concept of the semidirect product. In
particular, if we take as bialgebra % the Lorentz group al-
gebra [see (2.15)], and as module .Z the group of transla-
tions in Minkowski space, then the smash product 4#.5%
defines the structure of the Poincaré group.

The coanalog of the smash product, the smash coproduct
A$F, can also be defined. For this, we consider the bial-
gebra S and its comodular coalgebra 4. Then on the space
AQ.H it is possible to define the structure of a coassociative
coalgebra:

A(agh)=(agytaiha)®(ad)he),
e(agh)=¢e(a)e(h). (2.19)

The proof of the coassociativity reduces to verification of the
identity

(MmafAL®A 2)®id)(idR®AL)A_Ha)=(id®idDAL)
X(id®A g)A(a),

which is satisfied if we take into account the axiom (2.16)
and the comodular axiom

(2.17)
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(id®A A (a)=(Ax®id)A(a).

Note that from the two bialgebras .4 and . %, which act
and coact on each other in a special manner, it is possible to
organize a new bialgebra that is simultaneously the smash
product and smash coproduct of .4 and # (bismash prod-
uct; see Ref. 14).

We can now introduce the main concept in the theory of
quantum groups, namely, the concept of the Hopf algebra.

Definition 3. A bialgebra .4 equipped with an additional
mapping S: .4—_# such that

(2.20)

m(S®id)A=m(id®S)A=i-¢ (2.21)

is called a Hopf algebra. The mapping S is called the anti-
pode and is an antihomomorphism with respect to both mul-
tiplication and comultiplication:

S(ab)=S(b)S(a), (S®S)A(a)=0c-A(S(a)), (2.22)

where a,b e 4, and o denotes the operator of transposition,
og(a®b)=(b®a). If we set

S(e;)=Sle;, (2.23)
then the axiom (2.21) can be rewritten in the form
AYSIm = AJSTm!, =, E". (2.24)

From the axioms for the structure mappings of a Hopf alge-
bra, it is possible to obtain the useful equations

Siei=¢gj, S;E'=E',

AF(S™N)imy = AL(S™Y)Im), =€, E, (2.25)
which we shall use in what follows. Note that, in general, the
antipode S is not necessarily invertible. An invertible anti-
pode is said to be bijective.

The universal covering algebra U, and the group bialge-
bra of the group G that we considered above can again serve
as examples of cocommutative Hopf algebras. An example
of a commutative Hopf algebra is the bialgebra .4(G),
which we also considered above. The antipodes for these
algebras have the form

Ug:SU)=—J,, G:S(h)=h"",

A(G):S(f )(h)=f(h™"),

and satisfy the relation S2=id, which holds for all commu-
tative or cocommutative Hopf algebras.

From the point of view of the axiom (2.21), S(a) looks
like the inverse of the element a, although in the general case
S?#id. We recall that if a set of elements of & with asso-
ciative multiplication ¥®%—¥ and with identity (semi-
group) also contains all the inverse elements, then such a set
& becomes a group. Thus, from the point of view of the
presence of the mapping S, a Hopf algebra is a generalization
of a group algebra [for which S(k)=h""], although by itself
it obviously need not be a group algebra. In accordance with
Drinfel’d’s definition,'? the concepts of a Hopf algebra and a
quantum group are equivalent. Of course, the most interest-
ing examples of quantum groups arise when one considers
noncommutative and noncocommutative Hopf algebras.

S(D=1I,
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We consider a noncommutative Hopf algebra .4 for
which A#A’,

Definition 4. A Hopf algebra .4 for which there exists
an inverse element R e 4®.4 such that Va e_4

A’'(a)=RA(a)R™', (2.26)

(A®id)(R)=R13R23, (id@A)(R)=Rl3R12 (2.27)
is called quasitriangular. Here the element

R= 2 R(U)e,® €; (2.28)

ij
is called the universal R matrix, and the symbols R |, ... have
the meaning

R12=Z R(ij)e,-®ej®1, R13=2 R(ij)ei®1®ej,

ij ij

R23=2 R(ij)1®ei®ej.

)

The relation (2.26) shows that the noncocommutativity in a
quasitriangular Hopf algebra can be kept ‘“‘under control.” It
can be shown that for such a Hopf algebra the universal R
matrix (2.28) satisfies the relations

(S®id)R=R"!, (id®S)R™'=R,

(id®e)R=(e®id)R=1, (2.29)
and in addition the Yang—Baxter equation

R2R13R3=R3R 3R 5, (2.30)

to which an appreciable part of the review will be devoted,
holds for it. The proof of Eq. (2.30) reduces to writing out
the expression (id®A’)(R) in two different ways:

(id®A’)(R)=Re;@RA(e;)R™'=Ry3(id®A)

X(R)R33'=Ry3R 3R ;RS (2.31)
On the other hand, we have
(id®A')(R)=(id® o)(id®A)(R)
=(id®0)R 3R ;=R 3R 3, (2.32)

where o is the transposition operator. Comparing (2.31) and
(2.32), we readily obtain (2.30).

The next important concept that we shall need in what
follows is the concept of the Hopf algebra .4* that is the
dual of the Hopf algebra 4. We choose in 4* basis ele-
ments {e’} and define multiplication, the identity, comultipli-
cation, the coidentity, and the antipode for .4* in the form

e"ej=m;;je", I=l:3,-ei, A(ei)=Aj-kej®e",
e(e')=¢, S(ei)=5'5-ej. (2.33)

Definition 5. Two Hopf algebras .4 and .4* with cor-
responding bases {e;} and {¢} are said to be dual to each
other if there exists a nondegenerate pairing (..):
A*®.4—C such that

(e'elley=(e'®el|A(e))=(e'|ex ) AX ¥ (] ern),
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(ei|ejek>E<A(ei)|ej®ek>= (eillej)Air,‘rr(eilllek),
(S(eDley=(e'IS(ep), (elD=e(e,
(Ile)y=s(ey).

By virtue of the nondegeneracy of the pairing (|) (2.34), we
can always choose basis elements {e’} such that

(ele)=15-
Then from the axioms for the pairing (2.34) and from the
definitions of the structure operations (2.1), (2.23), and
(2.33) in the Hopf algebras .4 and 4% we readily deduce

mI=AY, m! —Afj, S;=S;, &=E, 3

(2.34)

(2.35)

E i—&;.

(2.36)
Thus, the multiplication, identity, comultiplication, coiden-
tity, and antipode in a Hopf algebra define, respectively, co-
multiplication, coidentity, multiplication, identity, and anti-
pode in the dual Hopf algebra.

We denote by ./ﬁo the algebra &% with oppositive co-
multiplication: A(e’)= mk e/®@ek. At the same time, it fol-
lows from (2.25) that the antlpode for .Z° will be not S but
the skew antipode S™'. Thus, the structure mappings for A
have the form

elel=AJe*, S(e)=(S"1)ie.
(2 37)

The algebras .4 and A are said to be antidual, and for them
we can introduce the antidual pairing ((.|.)): .£°®.4—C,
which satisfies the conditions

((e'elle)y=((c'®e/|A(er))) =AY,
((e'lexe))=((A(e))|e;@ ey =my;,
{(S(eNley=((el1S (e =(s7H);
(e'1S(epn=((ST (e)ep)=S5],

(eN=E", (le))=¢;. (2.38)

Drinfel’d"® showed that there exists a quasitriangular Hopf
algebra Z(#) that is a special smash product of the Hopf
algebras % and 4" G A)=_ 44", which is called the
quantum double. At the same time, the universal R matrix
can be expressed in the form

R=(e;}I)®(Ix¢é'),

A(e') =m};jej®ek,

(2.39)

and the multiplication in 2(_4) is defined in accordance with
(the summation signs are omitted)

k i j
AY = * mf,- = Y
1 ] k

(am1a) (6548) = a( (@3> b) IS (1)) exz)B. (2.40)
where a,Be. 4, a,b e A, AHa)=a@ap®a, and
a>b=b)((albw)), b<La={({albu))bw). (2.41)

The coalgebraic structure on the quantum double is de-
fined by the direct product of the coalgebraic structures on
the Hopf algebras .4 and 4"

A(epe’)=A(e M) A(Ixiel) = AT m] (e >eP)

® (exde). (2.42)

Finally, the antipode and coidentity for 2(.4) have the form
S(axa)=S(a)MS(a), se(axa)=sc(a)e(a). (2.43)

All the axioms of a Hopf algebra can be verified for
9N4) by direct calculation. A simple proof of the associa-
tivity of the multiplication (2.40) and the coassociativity of
the comultiplication (2.42) can be found in Ref. 15.

Taking into account (2.41), we can rewrite (2.40) as the
commutator for the elements (I><a) and (bI4I):

(IMa) (b ={(S(a)|b1))) (b)) (IXa(,))
X{(a@3)|ba))s

or, in terms of the basis elements a=¢’ and b=¢,, we have®
(Inde") (e D) =mj,, AVK(S ™12 (e pal) (e’
=(m},(S™1EAT)(mi AL) (e pal)
X(Ie'), (2.44)

where mk, and AY* are defined in (2.3) and (2.7), and
(S~ 1)” is the matrix of the skew antipode. It follows from
Egs. (2.3) and (2.7) and from the identities for the skew
antipode (2.25) that

(mGAL) (mi (S~ A= 81, (2.45)

and this enables us to rewrite (2.44) in the form
(mE AR (Ixe") (e,4D) = (mE, AL (e D) (Ie’).

This equation is equivalent to R (2.39) satisfying the axiom
(2.26). The relations (2.27) for R (2.39) are readily verified.
Thus, 9(_4) is indeed a quasitriangular Hopf algebra with
universal R matrix represented by (2.39).

In conclusion, we note that many relations for the struc-
ture constants of Hopf algebras [for example, the relation
(2.45)] can be obtained and represented in a transparent form
by means of the following diagrammatic technique:

For example, the axioms of associativity (2.3) and coassociativity (2.7) and the axioms for the antipode (2.24) can be
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represented in the form

l
\
hY

. . ) k
1 ; .
7o j A i
l = >i< X = >i-< 8 =
n " k n PR k
{

We make two important remarks relating to the further
development of the theory of Hopf algebras.

Remark 1. We consider a quasitriangular Hopf algebra
(#%,A,R) for which we can define an element

F=Fijei®8je./g®-/g
that satisfies the conditions

(AQid)F=F3F33, (id®A)F=F3F,,

F2F 13Fy3=F3F 3F 5, F3F5=1Ql. (2.46)
We define

A®a)=FA(a)F~!, R¥F)=F,RF7}},

U=m(id®S)F.

Theorem (Ref. 16). (%,A,R®) is a quasitriangular
Hopf algebra with antipode and coidentity:

S a)=US(a)U™Y, eFa)=e(a).

The new quasitriangular Hopf algebra (.4,A”,R™) is
called a twisted quasitriangular Hopf algebra.

Remark 2. One can introduce a deformation of a Hopf
algebra, called a quasi-Hopf algebra,'” which is defined as an
associative algebra .4 with identity with homomorphism A:
A— A4, homomorphism &: .4—C, antiautomorphism
S: J#—_4, and inverse element P e 4R 4Q.4. At the
same time, ® and S satisfy the axioms

(idoA)A(a)=P- (AQid)A(a)- P!, ae. 4,
(2.47)
(id®id®A)(P) - (ARid®id)(P)
=(I®®)- (id®A®id)(P) (PRI, (2.48)

(e®id)A=id=(id®e)A, (id®e®id)®=II,

S(a))bapy=e(a)b, aycS(ap))=¢(a)c,

d1)cS(b2)b b =1, S(d1)bdacS(da) =1,
(2.49)

where b and ¢ are certain fixed elements of 4,
A(a)=a(1)®a(2), and

=1 ,®P2)@ b3y, PT'=¢1® P2)® sy -

Thus, a quasi-Hopf algebra differs from an ordinary Hopf
algebra in that the axiom of coassociativity is replaced by the
weaker condition (2.47). In other words, a quasi-Hopf alge-
bra is noncoassociative, although this noncoassociativity can
be kept under control by means of the element ®. In Ref. 17,
an explicit example of a quasi-Hopf algebra associated with
solutions of the Knizhnik—Zamolodchikov equation is given.

507 Phys. Part. Nucl. 26 (5), September—October 1995

k

-0 O——0a

l

On the other hand, it is natural to suppose that by virtue of
the occurrence of the pentagonal relation (2.48) for the ele-
ment ® quasi-Hopf algebras will be associated with multidi-
mensional generalizations of Yang—Baxter equations.

3. QUANTIZATION OF LIE GROUPS AND THE
YANG-BAXTER EQUATION

In this section, we discuss the R-matrix approach to the
theory of quantum groups,'® on the basis of which we per-
form a quantization of classical Lie groups and also some
Lie supergroups. We present trigonometric solutions of the
Yang—Baxter equation invariant with respect to the adjoint
action of the quantum groups GL,(N), SO,(N), and
Sp4(2n). We briefly discuss the corresponding Yangian (ra-
tional) solutions, and also Zy®Z, symmetric elliptic solu-
tions of the Yang—Baxter equation.

3.1. RTT algebras

We shall consider an algebra .4 whose generators are
the identity element 1 and elements of an NXN matrix
T=||T!|, i,j=1,...,N, that satisfy the following quadratic
relations (RTT relations):

iliZleTj2=Ti2'1"il j1j2¢=>R T.T
Rfliz kyTky T leklkZ 125152

:TleRlzﬁRTT,:’IT,R. (3.1.1)

Here the indices 1 and 2 label the matrix spaces;
T=T,=T®I, T'=T,=IQT; I is the NXN unit matrix;
REI%HEPIZRIZ eMat(N)®Mat(N) is a numeric invertible
matrix, and P, = 6;; 6;21 is the transposition matrix. We shall
assume that R, is a lower triangular block matrix and satis-
fies the Yang—Baxter equation

Rz pivis piais _ piais pivis pitia _y p
1112R’°113szk3 R1213R11k3Rk1k2 12R13R3

=Ry3R 3R 1,9 R ,R5'RS,)

=Ry, R3(' Ry (3.1.2)

or, in succinct notation,
RR'R=R'RR’, (3.1.3)

where R’EI%Z3EP23R23 , and the indices 1,2,3 label the ma-
trix spaces in which the corresponding R matrices act non-
trivially. Note that direct consequences of (3.1.3) are the
equations

X(R)R'R=R’RX(R’), RR'X(R)=X(R’)RR’,

(3.19)

which make it possible to carry an arbitrary function X(R)
through the operators RR’ and R'R. The condition (3.1.2)—
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(3.1.3) is sufficient to ensure that on monomials of third
degree in T no relations additional to (3.1.1) arise. We shall
consider the case when the R matrix depends on the numeri-

cal parameter g=exp(h), which is called the deformation
parameter.

Suppose that the algebra .4 can be extended in such a
way that it also contains all elements (T_l)j-:
(T NTj=Ty(T™");= 1.
Then . becomes a Hopf algebra with structure mappings
A(T)=T®T}, &(T)=8&, S(T)=(T""i,
(3.1.5)

which, as is readily verified, satisfy the following axioms
(see the previous section):

(id®A)A(T))=(A®id)A(T)),
(e®id)A(T))=(id®e)A(T}) =T},

m(S®id)A(T)=m(id®S)A(T})=&(T})1. (3.1.6)

The antipode S is not an involution, since instead of
S?=id we have

SXT})=D;T}(D™")}, (3.1.7)

(we shall prove this equation and determine the numeric ma-
trix D very soon), which can be rewritten in the form

D{T,S(T})=Dj. (3.1.8)

The relations (3.1.7) and (3.1.8) can be interpreted as the
rules of transposition of the operations of taking the inverse
matrix and the transpose (#):

Dt(T_l)t=(Tt)_lD'.

It follows from the RTT relations (3.1.1) that the nu-

meric matrix D is, apart from a constant ¢, given by the
equations

1 . ~
5 ki 5 -
- Di=R=Tro(P2R12), Rip=((R})™H1,

(3.1.9)
where 7, denotes the operation of transposition in the first
matrix space, Tr(y is the trace over the second matrix space,
and we assume that the matrix R'l‘2 is invertible. Indeed, the
relations (3.1.1) can be rewritten in the form

—1 i2 il _ ty ot —1 n —1ji2

(T )J.2T].‘1—[R12T1‘T2 (R}, ]i:iz'

In this equation, we set j, =i, sum over i, and multiply the
result from the left by (R',)™'. After this, introducing the
matrix D (3.1.9), we arrive at the relations (3.1.8). Note also

that in accordance with the definition (3.1.9) we can obtain
for the matrix D the equations

1 , o
— Tr)(RD,)]! =(R,,)?1 R*2= "1 (3.1.10)

Ju2 ik Ty

and in addition for the matrix D there always exists an in-
verse matrix D!, and it follows from the Yang—Baxter

equation that ¢D ™ '=Tr,,(P,R1,’) (Refs. 15 and 18).
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The matrix D§ (3.1.9) satisfying the conditions (3.1.7)
and (3.1.8) defines the quantum trace.'®'® To explain the
concept of the quantum trace, we consider the
N2-dimensional adjoint .£-comodule E. We represent its ba-
sis elements in the form of an NXN matrix E=||E}], i,j
=1,...,N. The adjoint coaction is

EinT,S(T))®EL=(TET™ )i, (.1.11)
where in the final part of the expression (3.1.11) we have
introduced abbreviations that we shall use in what follows.
We note that there is a different form of the adjoint coaction:

EimEL®S(T!)T) =(T'ET)!. (3.1.12)

It is clear that (3.1.11) and (3.1.12) are, respectively, left
and right comodules. Both left and right comodules E are
reducible, and the irreducible subspaces in E can be distin-
guished by means of the quantum traces. For the case
(3.1.11), the quantum trace has the form

N

Tr, E=To(DE)= X, D'E]
ij=1

(3.1.13)

and satisfies the following invariance property, which fol-
lows from Egs. (3.1.7) and (3.1.8):

Tr(TET™')=Tr,(E), (3.1.14)

For the case (3.1.12), the definition of the quantum trace
must be changed to

N

Tr,E=Te(D"'E)= 2 (D~Y)IE,
i,j=1

Tr(T™'ET)=Tr (E), (3.1.15)

this also following from (3.1.7) and (3.1.8). Thus, Tr,(E)
and Tr,(E) are, respectively, the scalar parts of the comod-
ules E (3.1.11) and (3.1.12), whereas the g-traceless part of
E forms (N*—1)-dimensional (reducible in the general case
and irreducible in the case of linear quantum groups)
~#-adjoint comodules.

An important consequence of the definition of the quan-
tum trace (3.1.14)—(3.1.15) and the RTT relations (3.1.1) is
the fact that

T7 "Tro(f(R) Ty =Tr h(f(R)),

T,Tr, (f(R)T; ' =Tr,1 (f(R))

[here f(.) is an arbitrary function, and Tr,; and Try, are the
quantum traces over the first and second space, respectively],
which indicates that the matrices Tr,(f(R)) and
Tr,1(f(R)) must be proportional to the identity matrices if
the R matrix acts in a nontrivial representation of the quan-
tum group. In particular, we must have

Trp(R*)=c.lyy, Tr(R*)=érly,  (3.1.16)

where c¢. and c¢. are certain constants related by
¢4C_=c_c, ,and I, is the identity matrix in the kth space.
Note that a direct consequence of (3.1.10) is

Tr(R)=c-1(yy, (3.1.17)

A. P. Isaev 508



which holds for any nondegenerate representation of the R
matrix. As we shall see below, for the quantum groups of the
classical series the fact (3.1.16) does indeed hold. In what
follows, we shall attempt to restrict consideration to either
left or right adjoint comodules with quantum traces (3.1.13)
or (3.1.15). The analogous relations for right or left comod-
ules, respectively, can be considered in exactly the same way.

It can be seen from comparison of the relations (3.1.1)
and (3.1.2) that for the generators Tﬁ- it is possible to choose
the following finite-dimensional matrix representations:

(THI=Ri=R™M);, (THi=R™ =R,
(3118)

Since the R matrix satisfies the Yang—Baxter equation, there
exist linear functionals (Li); that realize the homomor-
phisms (3.1.18), i.e., we have

(Ly .T})=Ryy, (Ly.T})=R3,
or, in general (matrix) form,

T)=R{R ..R).

(3.1.19)

(L*,T\T,...

The Yang-Baxter equation (3.1.2) can now be reproduced
from the RTT relations (3.1.1) by averaging them with the L
operators.

From the requirement that the (Lt)} form the algebra
that is the dual of the algebra .4 (the definition of the dual
algebra is given in Sec. 2), we obtain the following commu-
tation relations for the generators L™;

RL*'L*=L*'L*R, RL*'L =L7'L*R. (3.1.20)

This algebra is obviously a Hopf algebra with comultiplica-
tion, antipode, and coidentity:

AL®)i=(L*)®(L*k, s(L*)=@L*)"!,
e((L*))=((L*)i, 1)=&,

where we have assumed that the matrices L™ are invertible.
As was shown in Ref. 10, for the quantum groups of the
classical series Ay.B,,C,,D, [respectively, SL, (N),
$0,(2n+1), Sp,(2n), SO,(2n)], the relations (3.1.20) de-
fine quantum Lie algebras in which some of the generators
(L™)} play the role of the quantum analog of the Cartan—
Weyl basis. Note that the algebra (3.1.20) is a covariant al-
gebra with respect to the left and right cotransformations

L= (T e )i=L* T
(L= (L®)s (T~ )i=(T"'L*)}. (3.1.21)

Thus, the matrices Lj=(S(L™)L™)} and L=L*S(L") real-
ize, respectively, the left and right adjoint comodules (3.1.11)
and (3.1.12). It is readily verified that the coinvariants

CM=Trq((L)M)— — Tr A((A%0) (3.1.22)

are central elements for the algebra (3.1.20). The last equa-
tion in (3.1.22) is proved as follows:

1
Cy=Tr(S(L™)(LYML"™ )— TrqlTrqz(S(L ")
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X(I:I)MR—IL—I)

1 — -n\R-ly—r(r\M
=E—Trq1Trq2(S(L )R L (L) )

1 — —o—1 /M
= = Tr,i Tro(LR™'S(L7)(L)Y)

= =T ()M,

where we have taken into account (3.1.16) and used Eqgs.
(3.1.20), from which, in particular, we deduce the relations

L;’(I:)M=Rtl(l:’)MR;lL:l,
(LI)MLi=Lthl(L)MR11,
which demonstrate the centrality of the elements (3.1.22).

Note also that the generators L; and I:j- satisfy the reflec-
tion equations

RLRL=LRLR, RL'RL'=L'RL'R. (3.1.23)

The first algebra in (3.1.23) (and similarly the second alge-

bra) decomposes into the direct sum of two subalgebras,

namely, into an Abelian algebra with generator C,=Tr (L)

and an algebra with N2—1 traceless generators:
Tr, (1)

ALi=Li 5=,

st (3.1.29)

where the factor A=g—q ! is introduced to ensure that the
operators L have the correct classical limit as g—1. For the
last algebra, it is easy to obtain the commutation relations
RLRL—-LRLR= % (R’L—LR?), (3.1.25)
which can be regarded (for an arbitrary R matrix satisfying
the Yang—Baxter equation) as a deformation of the commu-
tation relations for Lie algebras. The relations (3.1.23) and
(3.1.25) are extremely important and arise, for example, in
the construction of a differential calculus on quantum groups
as the commutation relations for invariant vector fields.
Note that from (3.1.14), (3.1.15), and (3.1.18) we can
immediately obtain the following useful relations:

Tro(R*'ER*Y)=Tr E- 1y,
Tr, (R*'E'R*)=Tr,E-1 5,

where E=E | =E®I and E'=E,=IQE.
We shall now assume that the R matrix satisfies the char-
acteristic equation

(R=XA)(R—Ap)..(R—Ap)=0 (\;#\;

(3.1.26)

if i%j).

(3.1.27)
In this case, the pairings (3.1.19) are automatically degener-
ate. For R matrices satisfying (3.1.27), we can introduce a set
of M projectors:

P= H (R- )\])

II oy (3.1.28)

which can be used for the spectral decomposition
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M

F(R)=2, FO\)P, (3.1.29)
k=1

of an arbitrary function F of the R matrix. In particular, for

F=1 we obtain the completeness condition. Finally, we note

that it is sometimes helpful to use in place of the projectors

(3.1.28) the operators

o =1-2P,, ol=1, (3.1.30)
which are related by
M
(M—-2)1=, o;. (3.1.31)
k=1

3.2. The semiclassical limit

We assume that the R matrix introduced in (3.1.1) has
the following expansion in the limit #—0 (g—1):

R;=1+hr;,+O0(h?). (3.2.1)

Here 1=IQ1I denotes the (NZXNZ) unit matrix. One says
that such R matrices have quasiclassical behavior, and r, is
called a quasiclassical r matrix. It is readily found from the
quantum Yang—Baxter equation (3.1.3) that r, satisfies the
so-called classical Yang—Baxter equation

[ri2.riztral+riz.ras]=0. (3.2.2)

Substituting the expansion (3.2.1) in the RTT relations
(3.1.1), we obtain

[Tl ,T2]=h[T1T2,r12]+O(h2). (3.2.3)

This equation demonstrates the fact that the RTT relations
(3.1.1) can be interpreted as a quantization (deformation) of
the classical Poisson bracket (Sklyanin bracket'g){

{T,,T}=[T\T,,r ]

The classical Yang—Baxter equation (3.2.2) guarantees ful-
fillment of the Jacobi identity for the bracket (3.2.4). From
the requirement of antisymmetry of the Poisson bracket
(3.2.4), we obtain

{TI’T2}=[T1T29_r21]-

(3.2.4)

(3.2.5)

Thus, the semiclassical r matrix r{;’=—r, corresponding
to the representation RO (3.1.18) must also be a solution of
Eq. (3.2.2), as is readily shown by making the substitution
31 in (3.2.2). On the other hand, comparing (3.2.4) and
(3.2.5), we obtain

T \Ty(rip+r)=(riz+r)T\T,. (3.2.6)
Thus,
1
t12=5(r12+r21) (3.2.7)

is an invariant with respect to the adjoint action of the matrix
T T, (it is an ad-invariant). We introduce the new semiclas-
sical r matrix

~ 1
T12=5 (ria—ra1). (3.2.8)
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Then the Sklyanin bracket can be represented in the mani-
festly antisymmetric form

{T\.T}=[T\T,.7 ;] (3.2.9)

and the matrix 7 (3.2.8) satisfies the modified classified
Yang—Baxter equation

[Fla,F 13t Fo3]+H[F13,F3]1=(1/4)[ryz+rsy,ri3+7s]
=[ty3,t13]). (3.2.10)

Note that the algebra (3.1.23) can also be regarded as the
result of quantization of a certain Poisson structure. For ex-
ample, for the first of these algebras we have

{La,Ly}=[Ly,[Ly,F )]+ Lyt Ly —Loty,L,,

where again we must assume that [L,L,,t,,]1=0 [cf.
(3.2.6)]. On the other hand, the relations (3.1.25) in the ze-
roth order in & give the equations

[L~1 ’£2]=[t12 ’El]’

and this enables us to regard (3.1.25) as a deformation of the
relations of a Lie algebra.

3.3. The quantum groups GL/(N) and SL,(N) and
the corresponding quantum hyperplanes

In this subsection, we discuss the simplest quantum
groups, which are the quantizations (deformations) of the
linear Lie groups GL(N) and SL(N). We begin with the
definition of a quantum hyperplane. We recall that the Lie
group GL(N) is the set of nondegenerate N X N matrices Tj-
that act on an N-dimensional vector space, whose coordi-
nates we denote by {x’, i=1,...,N}. Thus, we have the trans-
formations

X =@ =T, (3.3.1)

which we can regard from a different point of view. Namely,
let {T}} and {x'} (i,j=1,...,N) be the generators of two
Abelian (commuting) algebras

[x' X 1=[T%, TS ]=[T’ ,x*]=0. (3.3.2)

Then the transformation (3.3.1) can be regarded as an action
of the algebra {T} on the algebra {x} that preserves the Abe-
lian structure of the latter, i.e., we have [£,%/]=0.

We introduce a deformed N-dimensional “‘vector space”
whose coordinates {x} commute as follows:

xxi=qxixi, i<j (3.3.3)

where g is some number (the deformation parameter). In
other words, we now have a noncommutative associative al-
gebra with N generators {x'}. In accordance with (3.3.3), any

element of this algebra, which is a monomial of arbitrary
degree

(3.3.4)

can be uniquely ordered lexicographically, i.e., in such a way
that i, <i,<...<iy. Of such algebras, one says that they
possess the Poincaré—Birkhoff—Witt (PBW) property. An al-

x’lx’Z- --x’K,
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gebra with N generators satisfying (3.3.3) is called an
N-dimensional quantum hyperplane.?*?! The relations
(3.3.3) can be written in the matrix form

R;‘l'jzx“xh*qx'2x’l©R12x1x2 gxx<Rxx' =qxx’.
(3.3.5)
Here the indices 1 and 2 label the vector spaces on which the
R matrix, realized in the tensor square Mat(N), ® Mat(N),,
act. Thus, the indices 1 and 2 of the R matrix show how the
R matrix acts on the direct product of the first and second
vector spaces. We emphasize that the R matrix depends on
the parameter g and, generally speaking, its explicit form is
recovered nonuniquely from the relations (3.3.3). However,
if we require that the R matrix (3.3.5) be constructed by
means of two GL(N)-invariant tensors 1,5, and P, i.e.,

R}1%2=(5] 5’2) a; +(a"5‘2) b;

1112 iyiy iy

and also satisfy the Yang—Baxter equation (3.1.1) and have
lower-triangular block form (R;i'fz = 0,i,<j,), then we ob-

tain the explicit representation

= ili2= . il . i2 xS ‘.l s iz
R12 lejz qz (eu)jl®(eu)j2+§j (eu)jl®(e]])j2

+)\gj (ﬁf);:@(eﬁ);i: 5;11 52( 14(g—1)8172)

#\51520, (33.6)
Here i,j=1,...,N, (e,,), dj1, and A\=g—gq ~1 1t can be

verified (usmg the dlagrammatlc technique of Sec. 3.4) that
this R matrix satisfies the Hecke relation [a special case of

(3.1.27)]
R?=\AR+1<R-R1-21=0. 3.3.7)

The following helpful relations also follow from the explicit
form (3.3.6) for the GL,(N) R matrix:

tlt2 ! -1
R5°=Ry, Ry 2 =Ry, (q).

In the semiclassical limit (3.2.1), the relation (3.3.7) can be
rewritten in the form

(3.3.8)

Thus, for the Lie—Poisson structure on the group GL(N) the
transposition matrix t;,=P;, can be taken as the ad-
invariant tensor. For the r matrix (3.2.8) determining the
Sklyanin bracket, we obtain from (3.3.6) the expression

r12+r21=2P12.

r = il iz— as ,.1 o i2
rlz_i§>:j [(eij)jl®(eji)j2 (ejl)jl®(elj)j2]

e gl(N)A\gI(N). (3.3.9)

In accordance with (3.3.7), (3.1.28), and (3.1.29) for
g*#—1 the matrix R has the spectral decomposition

R=gP*—gq~'P~, (3.3.10)

with projectors
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P =(q+q ")"Yq"'1=R]}, (3.3.11)

which are the quantum analogs of the symmetrizer (P*) and
antisymmetrizer (P~), as can be seen by setting g=1 in
(3.3.11). Using the projector P~, we can represent the defi-
nition (3.3.3) of the quantum hyperplane in the form

P xx'=0. (3.3.12)
Note that the relations
P xx'=0e(x")?=0, xix'=—q Wi (i<))
(3.3.13)

define a fermionic N-dimensional quantum hyperplane that is
a deformation of the algebra of N fermions: x‘x/= —x/x'.

For the given R matrix, the quantum trace (3.1.13) and
the matrix D (3.1.9) can be chosen in the form

N
Tr, A=Tr(DA)= Y, g V-1+2igl
i=1

DEqNTr(Z)(P12ﬁl2) =diag{g "*',q V"3, ¢V 1}
(3.3.149)

We also note the useful relations [cf. (3.1.16)]

Tr,o)R*'= Tr,(I)=Tr(D)=[N],,
(3.3.15)

where [N1,=(¢"—q")/(q—q™"). Further, by virtue of the
diagonality of the D matrix, we can readily obtain the cyclic
property

Tr, 1 Trgo(RE ) =Tr,

qiN'I(l)’

1Trgr(E2R) (3.3.16)

for any quantum matrix E , € Mat(N) ®Mat(N).

A natural question now is that of the properties that must
be satisfied by the elements of the N XN matrix T; that de-
termine the transformations (3.3.1) of the quantum bosonic,
(3.3.3) and (3.3.12), and fermionic, (3.3.13), hyperplanes in
order that the transformed coordinates % form the same
quantum algebras (g hyperplanes) (3.3.12) and (3.3.13). It is
readily seen that the elements of the N XN matrix T; must
satisfy the conditions

PETT'P*=0,
which are equivalent to the RTT relations (3.1.1).

Definition. A Hopf algebra with N2 generators T} that
satisfy the relations (3.1.1), where the R matrix is defined in
(3.3.6), is called the algebra of functions on the quantum
group GL,(N) and is denoted by Fun(GL ,(N)).

For the quantum group GL ,(N), we can define the quan-
tum determinant det (7)), which is a deformation of the or-

dinary determinant, and is also a central element for the al-
gebra Fun(GL (N)):

(3.3.17)

_ iy i, pin
detq(T)gylfz---l}v_ iliz---isz;l T;'Z TJ'N’
det,(T) &4 ~in=T). T2 ..V gaiia-in, (33.18)
J1 J2 IN
Here the g-deformed antisymmetric tensor 8;11 Jpeerdn

= &91i2--iN is defined as follows:

&l n=1, (&2 NPrss1=0, 1<k<N, (3.3.19)
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where in the second equation we understand the indices
1,2,...,N as the numbers of the vector spaces, and
Py =I12® DRPYRI®M XD defines the symmetrizer
(3.3.10) acting in the spaces k and k+ 1. Using such a form
of expression, we can represent the definitions of the quan-
tum determinant (3.3.18) in the form

dety(TH( & 12, x=(& 12 #T1 T2 Ty,
det,(T)| &%) 2. w=Ty T2 Tn|ED12..n- (3.3.20)

Here T,,=1°"" D@ T®I®™~™. The fact that det(T) is in-
deed a central element in the algebra GL,(N) can be ob-
tained by using the definition (3.3.20), the RTT relations,
and the equations

gy (& 12 v=(& 12 wR1N+1" Ron+1" " Run+1s
a Uy (& 10 n=(&Y lZ...NRI;'}'l,l

XRyi12 " "Rysin (3.3.21)

where the indices 1,2,...,N+1 are understood as the ordinal
numbers of the spaces. The relations (3.3.21) follow from the
expressions for the quantum determinants

) _ *+1
det(R™))=g*!, (3.3.22)

where the R‘™)-matrix representations for T;- are given in
(3.1.18). In their turn, the relations (3.3.22) follow from the
fact that R™ and R are, respectively, upper and lower
triangular block matrices with diagonal blocks of the form

(R©)i= sig*on.

The dual relations for the tensor [£7),, y can be readily
obtained from (3.3.21) and the identity for the GL,(N) R
matrix (R;,)'1"2 = R|,. Note that it is sometimes convenient
to use Egs. (3.3.21) and their duals in the form??

g (W (& 23, v+
=<'/’|N+1<gq|12...NR1$l'"Rfl'Rnil’

= )& 23, N1
=R1ﬂ‘R§1‘"R§l|*/f)1v+1|gq)12...1v,
where

R,=1°¢"D@ReI®V M eMat(N)EWN D, (3.3.23)

The algebra Fun(SL,(N)) can now be obtained from the
algebra Fun(GL/(N)) by imposing the subsidiary condition
detq(T)=1 and, in accordgnce with (3.3.22), the matrix rep-
resentations (3.1.19) for T;-eFun(SLq(N)) have the form

1 _ _
(L;,T1>=;I‘17NR12, (Ly ,T1)=q" Ry

We now consider how it is possible to define the com-
plexification of the linear quantum groups. We first consider
the case of the group GL,(N) and assume that g is a real
number.

We must define an involution operation * on the algebra
Fun(GL,(N)) or, in other words, we must define the dual
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algebra Fun(mq(N)) with  generators T=("H"!
(T'=(T*)") and structure relations identical to (3.1.1):

R12i1f2=f21‘:1R12. (3.3.24)

We now introduce the extended algebra with generators
{T,T} that is the smash product of the algebras (3.1.1) and
(3.3.24) with subsidiary smash commutation relations (see,
for example, Refs. 9 and 10)

RTT' =TT'R. (3.3.25)

It is natural to relate this algebra to Fun(GL ,(N.0)).

The case of SL,(N,C) can be obtained from GL ,(N.C)
by imposing two subsidiary conditions on the central ele-
ments:

det(T)=1, det(T)=1. (3.3.26)

The real form U (N) is separated from GL (N,C) if we re-
quire

T=T=(TH", (3.3.27)
and if in addition to this we impose the conditions (3.3.26),
then the group SU (N) is distinguished.

In the case |q|‘1=1, the definition of involutions on the
linear quantum groups is a nontrivial problem that can be
solved? only after extension of the algebra of functions on
the quantum groups to the algebra of functions on their tan-
gent bundles.

3.4. Many-parameter deformation GLq,,”(N)

In this subsection, we consider a many-parameter defor-
mation of the linear group GL(N) (Refs. 16, 21, and 24-27).
A many-parameter quantum hyperplane is defined by the re-
lations

xixI=rxdx, i<j, (3.4.1)
which can be written in the R-matrix form (3.3.5) if we
introduce an additional parameter q. Thus, we have N(NV
—1)/2+1 deformation parameters: r;;, i<j, and q. The
corresponding R matrix has the form?’

. . o q Tiyi,
—piia_ ¢ g2 i 1 o
Rn—le,jZ—a}l(s;.z q8"2+0, ;. ril.~2+®"’2 .
_ =1y si1 &2
+(g—¢q )5;-25;-1@,'1.'2, (3.42)

where @;; is defined in (3.3.6). By direct calculation we can
show that the R matrix (3.4.2) satisfies the Yang—Baxter
equation (3.1.3) and the Hecke condition (3.3.7), which is
the same as in the one-parameter case. In these calculations,
it is convenient to use the diagrammatic technique,

+
ilizailiz)

R=R'1"2= g1 6i.2(a?15ili2+® a;; +0

J1sda Tia iy i %y,

+b, . 81620

10%7,%5, 7 B2l

(3.4.3)
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o, 2 u o1
1 I‘ll‘2

I J2 ] J2
It turns out that not all solutions of the Yang—Baxter
equation (3.1.3) that can be represented in the form (3.4.3)
are exhausted by the many-parameter R matrices (3.4.2). In-
deed, if we substitute the matrix (3.4.3) in the Yang—Baxter

equation (3.1.3), we obtain the following conditions on the

coefficients a ,aj; ,b;;:

b,=b,

ij ata;=c, (a?)z—ba?—c=0

ij“¥ji

(Vi.)).
(3.4.9)

We choose for convenience, in place of the parameter c, a
different parameter g, setting c=q(gq—b). After this, we or-
thonormalize (3.4.3) in such a way that b=g—q~'. Then
c=1, and a? can take the two values +¢~1. For such a
normalization, the R matrix (3.4.3) satisfies the Hecke rela-
tion (3.3.7). If we set a’=g (or a?=—g ') for all i, then we
arrive at the many-parameter case GLq’,ij(N) (3.4.2). If,
however, we set
al=q (l<i<K), a’=—q' (K+1<i<N),
(3.4.5)

then the R matrix (3.4.3) does not reduce to (3.4.2) and will
correspond to a many-parameter deformation of the super-
group GL(K|N—K) (we consider this case below in Sec.
3.6).

By virtue of the fulfillment of the Hecke identity (3.3.7)
for the many-parameter case, we can introduce the same pro-
jectors P~ and P as in the one-parameter case (3.3.10), the
first of them defining the bosonic quantum hyperplane
(3.4.1) [the relations (3.3.5) with R matrix (3.4.2)], and the
second defining the fermionic quantum hyperplane

P+x1x2=04:>(xi)2=0, qzxixj= —r,-jxjxi (i>)).

(3.4.6)

Regarding (3.4.1) and (3.4.6) as comodules for the many-
parameter quantum group GLq,,'_j(N ), we find that the gen-

erators Tj. of the algebra Fun(GLq,,’_j(N)) satisfy the same
RTT relations (3.1.1) but with R matrix (3.4.2). Note, how-
ever, that the quantum determinant det,(7) (3.3.18) is not
central in the many-parameter case.?® This is due to the fact
that for the many-parameter R matrix equations of the type
(3.3.21) do not hold. Therefore, reduction to the SL case by
means of the relation det,(T)=1 is possible only under cer-
tain restrictions on the parameters g and r;;. A detailed dis-
cussion of these facts can be found in Refs. 26 and 27. Note
that by an appropriate twisting of the R matrix (3.4.2) it is
possible to reduce the many-parameter case to the one-
parameter case (see Refs. 16 and 27 and Remark 1 at the end
of Sec. 2).
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3.5. GL (N)-invariant Baxterized R matrix

By Baxterization, we mean the construction of an R ma-
trix that depends not only on a deformation parameter g but
also on an additional complex spectral parameter x. If we
wish to find a solution R(x) of the Yang—Baxter equation
(with spectral parameter x) satisfying the condition of quan-
tum invariance

T\T,R(x)(T,T,)"'=R(x), (T;eFun(GL,(N))),
then we must seek it in the form

R(x)=b(x)(1+a(x)R) (3.5.1)

[here a(x) and b(x) are certain functions of x], since by
virtue of the Hecke condition (3.3.7) there exist only two
basis matrices 1 and R that are invariants in the sense of the
relations (3.1.1). The Yang—Baxter equation with depen-
dence on the spectral parameter is chosen in the form

R(x)R'(xy)R(y)=R’(y)R(xy)R’(x). (3.5.2)

Only the function a(x) is fixed by this equation. Indeed, we
substitute here (3.5.1) and take into account (3.1.3) and the
Hecke condition (3.3.7); we then obtain the equation

a(x)t+a(y)+ra(x)a(y)=a(xy),

which is readily solved by the change of variables a(x)=(1/
A)(a(x)—1). After this, we obtain for a the general solution

(3.5.49)

(3.5.3)

a(x)=(1/\)(x*-1),

where for simplicity the arbitrary parameter & can be set
equal to —2. For convenience, we choose the normalizing
function b(x)=Ax. Then the Baxterized R matrix satisfying
the Yang—Baxter equation (3.5.2) will have the form

R(x)=b(x)(1+(1/\)(x"2—1)R)=x"'R—xR™ ..
(3.5.5)

It is a remarkable fact that the relations (3.1.20) can be
represented as follows:

R(x)L'(xy)L(y)=L'(y)L(xy)R(x),
where the spectral parameters x and y are arbitrary, and
(3.5.7)

(3.5.6)

L(x)=x"'L*—xL".

Moreover, if we average the relation (3.5.6) with matrix 7" j
acting in the third space, we obtain the Yang—Baxter equa-
tion (3.5.2). Thus, in a certain sense (3.5.6) generalizes
(3.5.2). We also recall that (3.5.2) is the condition of unique
ordering of the monomials of third degree L;(x)L,(y)L3(z)
for the algebra (3.5.6) (“diamond” condition):
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L{y)L(r)L(z) —= L(y)L(z)L(r)

L(z)L(y)L(z)

L(z)L(2)L(y) — L(Z)L(I)L(y)/

L(z)L(y)L(z).

We now note that from the algebra (3.5.6), disregarding the particular representation (3.5.7) for the L(x) operator, we can
obtain a realization for the Yangian Y (gI(N)) (see Ref. 13). Indeed, in (3.5.2) and (3.5.6) we make the change of spectral

parameters

1 1
x=exp(—§)\(0— 0’)), y=exp(—-2— )\0’).

Then the relations (3.5.2) and (3.5.6) can be rewritten in the form

R(6—6")R'(OR(E')

=R'(0")R(OR'(0—0')=R3(6— 0')R3(0)R 2(0') =R 5(0")R 3(0)R,3(6—6"),

R(6—60')L'(0)L(8')=L"(6")L(O)R(6—0').

Note that Egs. (3.5.9) have a beautiful graphical representation in the form of the triangle equation’

~

e
3

1

}

e

where Rij(e) =

In (3.5.10) we now go to the limit \=g—g~'—0. On
the basis of (3.5.5), choosing b(x) =1, we readily find that in
this limit the R matrix is proportional to the Yang matrix:

R(6)=(1+6P ;). (3.5.11)

For the operators L(6), we shall assume the validity of the
expansion

L(0)j= 5§-+kZl T o7k, (3.5.12)

where Ty‘)i are the generators of the Yangian Y (g/(N)) (Ref.
13). The defining relations for the Yangian Y (gI/(N)) are
obtained from (3.5.10) by substituting (3.5.11) and (3.5.12).
The comultiplication for Y (gI(N)) obviously has the form
A(L(6)))=L(6);®L(6)}. (3.5.13)

The Yangian Y (sI(N)) can be obtained from Y(gl(N)) after
the imposition of a subsidiary condition on the generators

det,(L(6))=1.
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(3.5.8)
(3.5.9
(3.5.10)

1

7

- g’ ,
2 (3.5.9")
316 -9

The relations (3.5.10) play an important role in the quan-
tum inverse scattering method.! The matrix representations
for the operators (3.5.7) satisfying (3.5.6) lead to the formu-
lation of lattice integrable systems (see, for example, Ref.
28). Equations (3.5.9) are the conditions of factorization of
the S matrices in certain exactly solvable two-dimensional
models of quantum field theory (see Ref. 3). These questions
will be discussed in more detail in the final section of the
review.

3.6. The quantum supergroups GL,(N|M) and
SL,(NIM)
We choose the R matrix (3.4.3) in the form (cf. Ref. 29)
R=I§;ll :22= (—1 )(il)(iz)é;;a;zl(ql—2(i1)(i2)3i1i2+ ®izi1

+0,,)+(q—q7")5 570 (3.6.1)

ijiy

i.e., we have set
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a?=(=)0g' 20, af=(a;)"'=(~1)?,

b=q—q "
Here (i)=0,1, and, therefore, a? can take the two values
iqt'. Thus, as we assumed in Sec. 3.4, the R matrix (3.6.1)
must correspond to some supergroup. Indeed, suppose that
the R matrix acts in the space of the direct product of the two
supervectors x’t ® y/2 and (j)=0,1 (mod(2)) denotes the par-
ity of the components x’ of the supervector. For definiteness,
we will assume that (j)=0 (1=<j=<N) and (j)=1 (N
+1<j<N+M). In the limit g— 1, we find that R tends to
the supertransposition operator:

iyip i3y s §i2 —

Rf[fz__)( )t 6;25;1_?”'
As was noted in Sec. 3.4, the R matrix (3.6.1) satisfies the
Yang—Baxter equation (3.1.3) and the Hecke relation (3.3.7).
In place of the matrix R, we introduce the new R matrix

R ;=P ,R=R=P R 1= (—) VPP R ;5.

Then from the Yang—Baxter equation (3.1.3) there follows
the graded form of the Yang—Baxter equation’? for the new
R matrix:

Rip(—) PR 3(—) PRy,
=Ra3(—) PR 3(—) PR, (3.62)
Here we have set (—)(”(2)=(—1)("1)("2)5;-.1162 and taken
into account the fact that R, is an even R matrix, i.e.,
REZ#0 if (i) +(j)+(i2) +(j2)=0=
(- )(3)((1)+(2))R 12=R,(— )(3)((1)+(2))_

Finally, the quantum multidimensional superplanes for the R
matrices that we have introduced have the form (see, for
example, Refs. 30 and 31)

(R=q)x1x,=0exx/=(—)DVqxix  (i<)),
(x)*=0 if (i)=1,

(R+q ™ Dx x,=0egxix/=—(—)DWxixi  (i<j),
(x)?=0 if (i)=0. (3.6.3)

The second hyperplane can be interpreted as the exterior al-
gebra of differentials dx’ of the coordinates x' for the first
hyperplane.

We consider the coaction (3.3.1) of the quantum super-
group on the quantum superspaces (3.6.3). From the condi-
tion of covariance of the supermodules (3.6.3), we readily
deduce the graded form of the RTT relations:

RT,(—) VAT, ) DD =T (=)D, (—)D@Re

R,Ti(— )(”(2)T2( — )( l)(2)=(_ )( l)(2)T2( — )(l)(2)TlR12 ,
(3.6.9)

which are the defining relations for the generators Tj- of the
algebra Fun(GL,(N|M)). The matrix ||T%]| can be repre-
sented in the block form
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T (3.6.5)
T:=\ . , .6.

I \c D
where the elements of the N XN matrix A and of the M XM
matrix D form the algebras Fun(GL,(N)) and
Fun(GL ,(M)), respectively. It follows from this that the
noncommutative matrices D and A —BD ™ 1C are invertible,
and therefore so is the matrix [|T}], as follows from the
Gauss decomposition

A B 1 BD"Y\[A-BD'C 0
c b/ \o 1 ) 0 D)
1 0
X(D“C 1). (3.6.6)

Thus, the algebra Fun(GL (N |M)) with defining relations
(3.6.4) is a Hopf algebra with structure mappings (3.1.5),
where in the definition of A the tensor product is understood
as a graded tensor product.

We now compare the relations (3.6.4) with the graded
Yang—Baxter equation (3.6.2). From this comparison we
readily see that the finite-dimensional matrix representations
for the generators Tj- of the quantum algebra
Fun(GL (N |M)) [the superanalogs of the representations
(3.1.18)] can be chosen in the form

T, = (=) VPR 4(—)DD=R(),

T,=(R™")3,=R"). (3.6.7)

From this we obtain in an obvious manner definitions of the
quantum  superalgebras of the dual algebras
Fun(GL ,(N|M)) [cf. Egs. (3.1.19)]:

(LY, T))=(—)VOR ,(—)VD, (L T))=R;.

(3.6.8)

Note that for GL,(N|M) we can define the quantum
supertrace (see Ref. 31) and the quantum superdeterminant.*®
The algebra Fun(SL (N |M)) is distinguished by the relation
sdet,(T)=1.

The quantum supergroup GL (N |M) was studied in de-
tail from somewhat different positions in Ref. 33. The sim-
plest example of a quantum supergroup, GLq(lll), has been
investigated in many studies (see, for example, Refs. 31 and
34). The R matrices (3.4.3) can be used to construct the
supersymmetric Baxterized solutions of the Yang—Baxter
equation (3.5.5) obtained for the first time in Ref. 35. The
Yangian limits of these solutions have been used to formulate
integrable supersymmetric magnets.’® The universal R matri-
ces for the linear quantum supergroups were constructed in
Ref. 37.

3.7. The quantum groups SO,(N) and Sp,(2n)
(B, C, and D series)

In Ref. 10, quantum groups with the defining relations
(3.1.1), which are quantum deformations of the Lie groups
SO(N), where N=2n+1 (B, series) and Sp(N), SO(N),
where N=2n (C, and D, series), were studied. It was
shown that the R matrices for the groups SO,(N) and
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Spy(N) (their explicit form'® is given below in Sec. 3.8)
satisfy the cubic characteristic equation (3.1.27):

(R—g1)(R+¢~'1)(R—eq®~"1)=0, (3.7.1)

where the case é=+1 corresponds to the orthogonal groups
S0 ,(N) (B and D series), while the case £=—1 corresponds
to the symplectic groups Sp ,(2n) (C series). The projectors
(3.1.28) corresponding to the characteristic equation (3.7.1)
can be written as follows:!°

_(R=g™'1)(R-1)
T (gtq N 'FY)

+

1 _
= = (xR+¢* "1+ u.K), (3.7.2)

-
(R—g)(R+g7'1) |
= — =u K.
(v—q)(q~ '+v)
Here v=c¢®" ",

(g—v)(q ' +v) _ Ay l-yp
A IR

=(1+¢e[N—-¢],),

. A =Ivi‘q:l
M IET ) u

We also give the relations between the parameters v, u, g+
that we introduced:

-1
qtq
mitp_=— ,

7
which are very convenient in various calculations that use
the projector (3.7.2). For convenience, we have introduced in
(3.7.2) the renormalized projector K (K?=uK), which
projects R onto the “singlet” eigenvalue v:

=g 'po=v(pitp),

KR=RK=7vK. (3.7.3)
Note that for K we have the equation [cf. (3.3.7)]
R-R!-A+\K=0, (3.7.9)

which is none other than the characteristic equation (3.7.1)
rewritten in a different form. Note also that the projector P*
(3.7.2) can be represented in the convenient form

1 . 1
P* (iR+q“1)—§;(lie)K, (3.7.5)

Tgtq !

where the matrix
- 1
R=R—>[p-(1+e)tpu.(e—- 1)K

satisfies the Hecke condition (3.3.7).
In the semiclassical limit, the characteristic equation
(3.7.4) can be rewritten as follows:

Hriz+ry)=P,—eK9, (3.7.6)

i.e., as in the GL,(N) case (3.3.8), the semiclassical limit
(3.7.6) of the characteristic equation fixes the ad-invariant
part of the semiclassical r matrix. We have here used an
expansion of the matrix K=K(°)+hK“)+0(h2), the first
term of which is
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(K‘°’)}‘l}22=(Co)“'2(C6 l)j1j2=>K(lg)= 1Co)12(Co |12
where the matrices (Cp): (Cp)?=¢l, (Cy)'=€C, are the
metric (symmetric) and symplectic (antisymmetric) matrices,
respectively, for the groups SO(N) and Sp(2n). The semi-
classical expansion for the projectors (3.7.2) and (3.7.5) has
the form

§=§((1tP)thr"—(1:s)P?,),

e
P°= ¥ (KO +pKD), (3.7.7)
where P=P,, and the semiclassical matrix 7, which satis-
fies the modified classical Yang—Baxter equation, is defined
in (3.2.8) and is equal to

f=r12—P12+eK(lg)=—r2l+P12—8K(lg).

The ranks of the quantum projectors (3.7.2) are equal (for g
not equal to the roots of unity) to the ranks of the projectors
(3.7.7), which are readily calculated in the classical limit
h=0. Accordingly, we have:!°

1) for the groups SO ,(N)

N(N+1 N(N—-1
rank(P(+))=¥—l, rank(P(_))=¥,
rank(P©)=1; (3.7.8)

2) for the groups Sp,(2n)

N(N+1 N(N—-1

rank(P(*)) = (——), rank(P‘ 7)) = NN-D) 1,
2 2
rank(P(?)=1. (3.7.9)

The number of generators for the algebras Fun(SO o)
and Fun(Sp,(2n)) must be equal to the number of genera-
tors in the undeformed case, since for the generators T;-
(3.1.1) the following subsidiary conditions are imposed in
the quantum case:

TCT'C '=CcT'C 'T=1I> (3.7.10)

TiT)|C)12=|C)1z, (C7 1T\ T,=(C~'|}5, (3.7.11)

these being a direct generalization of the classical conditions
on the elements of the groups SO(N) and Sp(2n). The ma-
trices C/ and Cy;!, which are understood in (3.7.11) as ob-
jects in Vect(N)®Vect(N) (1 and 2 label the spaces) are the
q analogs of the metric and symplectic matrices C, for
SO(N) and Sp(N), respectively. The explicit form of these
matrices, which is given in Ref. 10 (see also Sec. 3.8) is for

us as yet unimportant, but we note the equation
C '=ecC. (3.7.12)

Substituting the matrix representations (3.1.18) for Tj- in the
relations (3.7.10), we obtain the following conditions on the
R matrices:

R,,=C(R)'CT'=Cy(R,))2Cy Y, (3.7.13)
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where, as usual, C;=C®I and C,=I®C. As consequences
of (3.7.13) we have subsidiary conditions on the generators
of the dual algebra (3.1.20):

LyLT[C)12=C) 12, (CTY 1Ly Li=(C 72,
and also the equation

RY?=C7'C7'R,C,C,, (3.7.14)

which we shall need below. The semiclassical analogs of the
conditions (3.7.13) and (3.7.14) have the form

;2= _(Co)lrlllz(co)l_l= _(Co)z"'lzz(co)z_l

=(C0)1(Co)2rtllzt2(co)1_I(Co)z_l-

It follows from Egs. (3.7.10) and (3.7.12) that the anti-
pode S(T)=CT'C™! for the Hopf algebras Fun(SO,(N))
and Fun(Sp,(N)) satisfy the relation

S¥T)=(cchHT(cchH™?, (3.7.15)

which is analogous to (3.1.7). Thus, the matrix D that defines
the quantum trace for the quantum groups of the B, C, and D
series can be chosen in the form

D=CC'eDi=C*Ci*. (3.7.16)

We now note that the matrix |C);(C ™|, € Mat(N)
®Mat(N) projects any vector |X);, onto the vector |C),,,
i.e., the rank of the projector [C)XC ™! is 1. In addition, from
(3.7.11) we have

|CKC|TT' =TT'|C){C|.
Therefore |C)YC™!|~P", and, as was established in Ref. 10,
|c){Cc™ =K. (3.7.17)

Using this relation, we can represent Egs. (3.7.10) and
(3.7.11) in the equivalent form

TT'K=KTT' =K. (3.7.18)

We now give some important relations for the matrices
R and K; many of them are given, in some form or other, in
Ref. 10. We note first that in accordance with (3.1.4)

KR'R=R'RK’'&RR’'K=K'RR’. (3.7.19)

R=X R —_—X I.I,=l ‘ sz

We now give some important relations for the quantum
trace (3.1.13) corresponding to the quantum groups SO ,(N)
and Sp,(N). Similar relations for the ¢ trace (3.1.15) can be
derived in exactly the same way. From the definitions of the
matrix K (3.7.17) and the matrix D (3.7.16), we obtain

Trqz(K)=81(1) . (3.727)
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Further, from Egs. (3.7.13) and (3.7.17) [or substituting the

matrix representations (3.1.18) in (3.7.18)], we obtain
R*R'*'K=PP'K=K'PP’,
KR'*IR*!=KP'P=P'PK’'. (3.7.20)

where P=P,, and P'=P,;. A consequence of these rela-
tions is the equations

RI ilKthl=R11KIR11<___>RRIK=KIR— lR! -1
R'RK'=KR’'" 'R (3.7.21)
In particular, taking into account the characteristic equation
(3.7.4), we obtain the identity
RK’'R=R’'"'KR’'"!'=R’KR’+A(RK’'-KR’'—R’'K
+K'R)+\}(K-K’), (3.7.22)
which will be used in Sec. 3.9. Equation (3.7.17) leads to the
identities
KK'=KP'P=P'PK’', K'K=PP'K=K'PP’,
(3.7.23)

from which we immediately obtain
KK'K=K, K'KK'=K'. (3.7.29)
We now compare the relations (3.7.20) and (3.7.23). The
result of this comparison is the equations
R111R11K1=KK1 =KRIilRil

RTIR"*IK=K'K=K'R*'R’*!, (3.7.25)

We now apply to the first of the chain of equations in
(3.7.25) the matrix K from the right (or K’ from the left) and
take into account (3.7.3) and (3.7.24). We then obtain

K;Rth1=u$le’ KR *IK=p*1K. (3.7.26)

As we shall see in Sec. 3.9, the relations (3.7.19)—(3.7.26)
will be sufficient for the construction of SO, (N)- and
Sp,(2n)-symmetric Baxterized R(x) matrices. The relations
(3.7.19), (3.7.21), and (3.7.24)—(3.7.26) have a natural
graphical representation if we use the diagrammatic tech-
nique

A

' (3.7.26")

We use the relations (3.7.14) and the definition of the quan-
tum trace (3.1.13) with matrix D (3.7.16); then, for an arbi-
trary quantum matrix E’, we obtain the relations (E=E)

R"EK=¢Tr,,(KER"K,
KER"=¢KTr(R"EK), Vn. (3.7.28)
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KEK=¢Tr,(E)K. (3.7.29)

Calculating the Tr,, of (3.7.28), we deduce the equation
Tr(R"EK) =Tr,,(KER"), Vn. (3.7.30)

Further, from the first identity of (3.7.26), averaging it by
means of Tr,, we readily obtain for the algebras
Fun(S0,(N)) and Fun(Sp,(N)) analogs of (3.1.16). These

take the form
Tro(R¥)=Try(CC'R*)=q* ¥ \y=ev™ 1 ,,.
(3.7.31)

Using this relation and Eq. (3.7.4), we can calculate

Tr(I)=e+[N—¢],=¢p. (3.7.32)

We now separate irreducible representations for the left
adjoint comodules (3.1.11). For an arbitrary NXN quantum
matrix E’;, we have

E=gTry,(EK)=¢Tr(P°EK+PYEK+P™EK)
EE(1)+E(+)+E(—)’

E=¢Tr,(KE)=gTr,(KEP’+KEP* +KEP")

(3.7.33)

It is obvious that the tensors E®), (i==,1) are invariant
with respect to the adjoint coaction (3.1.11) and
Tr,,(PPEVK)=0 (if i#j) by virtue of (3.7.28). Thus,
(3.7.33) is the required decomposition of the adjoint comod-
ule E into irreducible components. It is clear that the com-
ponent EW s proportional to the wunit matrix,
(E(”)j:E(l)-éj-, and, thus, applying Tr,;, to (3.7.33), we
obtain

(1 =
Tr(E)=EMTr ()= pEW,

=EW+EM+EC),

(3.7.34)

i1 i o
R=R1!"2=§162a

J1+J2 Ja I iyiy J1 L

1 iz

where ®5-= 0;;,j'=K+1—j, K=N for the groups SO(N),
Sp(N), and K=N+2m for the groups Osp(N|2m). The
expression (3.8.1) is a natural generalization of the expres-
sion (3.4.3) for the many-parameter R matrix corresponding
to the linear quantum groups. Namely, the third term in

(3.8.1) is constructed from the SO-invariant tensor
& 1"55]-1 iy which takes into account the presence in the in-

variant metrics for the considered groups. The functions ®
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i g2 iy s ,42@%2
+ 8, 5;.2b,~1,-2®- it o' zajljzdh@fl

where we have used the property (3.3.16), which also holds
for the case of the quantum groups SO ,(N) and Sp ,(2n).

To conclude this subsection, we note that, as in the case
of the linear quantum groups, we can define fermionic and
bosonic quantum hyperplanes covariant with respect to the
coactions of the groups SO, (N) and Sp,(N). Taking into
account the ranks of the projectors (3.7.8) and (3.7.9), we
can formulate definitions of the hyperplanes for SO ,(N)
(e=1) and for Sp,(N) (=—1) in the form

(P +(e—1)K)xx'=0 (3.7.35)

for the bosonic hyperplane [number of relations N(N—1)/2]
and

P +(e+ 1DK)xx'=0 (3.7.36)

for the fermionic hyperplane [number of relations N(N+ 1)/
2]. For all these algebras, the elements Kxx' are central el-
ements, and it is obvious that for Sp ¢(N) bosons and
SO ,(N) fermions we have Kxx'=0. Note that the conditions
(3.7.10) and (3.7.11) can be understood as conditions of in-
variance of the quadratic forms x(,)C_lx(z) and y;,Cy,
with respect to left and right transformations of the hyper-
planes x ;) and y 4, :

X Ti®x(y s Yo, Yw, BT}

3.8. The many-parameter case of the soq,,.,”(N) and
qu,a,-,-(N) groups and the quantum supergroups
Osp,(N|2m)

In this subsection we show that it is possible to define
many-parameter deformations of the groups SO(N) and
Sp(2n) and also the quantum supergroups 0qu(N|2m) if
we consider for the R matrix the ansatz

(3.8.1)

are introduced in (3.8.1) in order to ensure that the matrix
R ,=P,R has lower triangular block form. This is neces-
sary for the correct definition of the operators L® by means
of the expressions (3.1.19).

We substitute the R matrix (3.8.1) in the Yang—Baxter
equation (3.1.3). It is obvious that the first two terms in
(3.8.1) make contributions to the Yang—Baxter equation that
are analogous to the contributions to the Yang—Baxter equa-
tion for the many-parameter case of the linear quantum
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groups (see Sec. 3.4). It is therefore clear that for the param-
eters a;; and b;; we reproduce the conditions (3.4.4), which
in the convenient normalization c=1, b=¢—q~! have the
form

bijzbzh, a,-,-=a(-)=iqil (Vi,j),

1]
i#j,i#j"). (3.8.2)

Note that the final condition in (3.8.2) is somewhat weaker
than in (3.4.4) (because of the restriction i# j’). This is due
to the fact that the contributions to the Yang—Baxter equation
proportional to a;; begin to be canceled against the contribu-
tions from the third term in (3.8.1). The corresponding con-
dition on a;; fulfilling the Yang—Baxter equation can be ex-
pressed as follows:

aijaj,‘=l (for

Ajjr1=aAj;= Kj(a?—b)(f#j')@a?a”,
(3.8.3)

where for the constants «; we have k;==*1. With allowance
for Eqs. (3.8.2), the relations (3.8.3) are equivalent to two
possibilities (j#j'):

=a]Qaj’ = Kj(j#:j’),

1) a°=q—>—‘ll——q"l,
J K;
ai;;r
2) a)= —q_l—>%= - (3.8.4)
J

We shall see below that if we restrict consideration to just the
first possibility (or only the second), then we obtain the R
matrices for the quantum groups SO (N) and Spqy(2n). If,
however, we consider the mixed case, when both possibili-

Note that the relations (3.8.9) automatically lead to the
characteristic equation (3.7.4) and are equivalent to Egs.
(3.7.3) if we define the metric (symplectic) matrices C [see
(3.7.17)] in the form

1
G i L
Cli=¢gé" C—j, (C7Y)ij=gd;jc;.

(3.8.10)

Here the parameter e=*1 (see Sec. 3.7) is introduced in
order to match the definition of the matrices C to the study of
Ref. 10. Note also that the constant v is fixed by the relations
(3.8.9) uniquely.

We now consider the solution of Egs. (3.8.9), which we
write in the form
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ties are satisfied (for different j), we are justified in expecting
(by analogy with the linear quantum groups; see Sec. 3.6)
that the corresponding R matrix will be associated with the
supergroups Osp (N |2m). The case j=j' is obviously real-
ized only for groups of the series B [SO,(2n+1)] and for
the supergroups Osp (2n+ 1|2m), and it follows from the
Yang—Baxter equation (3.1.3) that

ajj,|j=j:=$= . (3.8.5)
For the groups SO,(2n) and Sp,(2n), the parameter a;;
(j=j") is simply absent. Further allowance for the contribu-
tions to the Yang—Baxter equation from the third term in
(3.8.1) leads to the equations

Ki=(l(il)_1=i1,

(3.8.6)
(3.8.7)

(there is no summation over repeated indices). The general
solution of Eq. (3.8.7) has the form

a,-]-ai:j=K2, aj,-aj,-,=l(j,

Ndx;+didi=0
Cj

i _ A
d]_ )\Ki C-’

1

(3.8.8)

where c; are as yet arbitrary parameters. The remaining
terms in the Yang—Baxter equation that do not cancel when
the conditions (3.8.2)—(3.8.8) hold give recursion relations
for the coefficients c;:

c
leajll‘{‘h(,']@jlj_)\c]z X; —=VC]'. (3.8.9)

il
i>j C;

These relations can be represented graphically in the form

Cy!
+ d =v r&’ﬁ
| i
J J

(3.8.11)

y=—=—. (3.8.12)

In what follows, we shall consider only the case «;=+1,
since the case x;=—1 gives the same R matrices. Equation
(3.8.11) is readily solved by the ansatz

X;=q%2 v,

i>j
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after which we find the parameters 'yj=q—2j(q2Xj_,-—Xj)
and fix » by taking into account the properties (3.8.12).
A) For the groups SO (N) (e=+1) and Sp,(N) (e=
—1), we use possibility 1 in (3.8.4) (possibility 2 gives an
analogous result except for the substitution g— —g~"'). The
corresponding solution of (3.8.11) has the form

o

‘yJE L = qu(N—j)‘*-l
J

(G>j"), v=eq* M. (3.8.13)

B) For the groups Osp(N|2m), we choose a grading in
accordance with the rules (j)=0 for m+1<j<m+N and
(H=1 for I<jsm, m+N+1<j<N+2m. Thus, for (j)
=0, possibility 1 is realized, and for (j)=1 possibility 2 [we
are referring to the possibilities in (3.8.4)]. Accordingly, we
obtain

y;=(- 1)Ppg= 1)(.i)2(N—j)+l—(j)4m, y=g'tm-N
(3.8.19)

It is obvious that for the groups SO, (2n+1) and
Osp,(2n+ 1|2m) we have yj=vj=1 for j=j'. Note that
if in (3.8.14) we set m=0 or N=0, g——q~ !, then we re-
produce (3.8.13).

In order to determine from the conditions (3.8.13) the
parameters ¢; and, thus, to fix the matrices C (3.8.10), we
require fulfillment of the relation (3.7.12). Substitution of
(3.8.10) in (3.7.12) gives the equation c;c;=g, which to-
gether with (3.8.13) enables us to choose c; in the form'©

ci= _qj~(l/2)(N+g+l)(j>jr)=>cj:8jq—pj’

j (3.8.15)

where g;=+1 Vi [the groups SO (N)], &;=+1 (I<i<n),
g;=—1 (n+1=<i<2n) [the groups Sp,(2n)], and
(pl ""’pN)
(n—3.n—3,..., 5,0,— §,...,—n+ DB:(S0,(2n+1)),
=\ (n,n—1,...,1,—1,...,—n)C:(Sp,(2n)),
(n—1,n-2,...,1,0,0,— 1,...,—n+1)D:(S0 (2n)).

The analog of the relation (3.7.12) for the groups
Osp,(N|M) is the equation

Cl=(—=1)NC™ ;= (= D=1,
and with allowance for (3.8.14) we have

c;= _q(—l)‘f)(j—m—zwz)—1+(j)(1v+1) G>i"),
where (j)=0,1.

To conclude this subsection, we give the final expression
for the R matrix (3.8.1) corresponding to the many-
parameter deformation of the groups SO(N) and Sp(2n)
(Ref. 27):

_1 . il
A B TRTA

— pitsia _ g1 g2 i iy
Riz le’jl 5;15;.2(q5'

+0;; a,~2,-l

iy il;ei;"'@

P P
i,¢i5+6'1’16‘2'2)

[2%3
21 q. .
iz

+1 61520,
1 2

P H
- 128, 40O g, . gPi,” Pi
ifiy \O 5Jl1£®jls,lshq 1 1.

(3.8.16)
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We have here taken into account the relations (3.8.2), (3.8.4),
(3.8.5), (3.8.8), and (3.8.15) and set x;=-+1. It is also neces-
sary to take into account the conditions (3.8.6), which show
that the independent parameters are g and a;; for i<j< J'
(the numbers of these parameters are n(n—1)/2+1 and n(n
+1)/2+1, respectively, for the groups of the series C, D and
B). Note that the last term in the round brackets in the ex-
pression (3.8.16) is present only for the groups of the series
B. If we set a;;=1, then the R matrices (3.8.16) are identical
to the one-parameter R matrices given in Ref. 10.

The R matrices constructed in this subsection for the
quantum supergroups can be obtained on the basis of the
results of Ref. 35, in which Baxterized trigonometric solu-
tions of the Yang—Baxter equation associated with the clas-
sical supergroups Osp(N|2m) were obtained. Rational solu-
tions, some special cases, and other questions relating to the
subject of the quantum supergroups Osp (N |2m) are also
discussed in Refs. 36 and 38.

3.9. SO,(N)- and Sp,(N)-invariant Baxterized R
matrices

Arguing as in Sec. 3.5, we conclude that the SO (N)-
and Sp,(N)-invariant Baxterized matrices R(x) must be
sought [by virtue of the fact that the characteristic equation
(3.7.1) is cubic] in the form of a linear combination of the
three basis matrices 1, R, R2 Expressing R? in terms of K,
we can represent R(x) in the form

R(x)=c(x)(1+a(x)R+b(x)K), (3.9.1)

where a(x), b(x), and c(x) are certain functions that depend
on the spectral parameter x. We determine the functions a(x)
and b(x) from the Yang—Baxter equation (3.5.2), for which
we consider the expression

X(a;,G;,bj,b))=(1+a,R+b,K)(1+a,R’ +b,K’)
X (1+a;R+b;K)— (1+a;R’ +b;K’)
X (1+a,R+5b,K)(1+a,R'+b,K’).

(3.9.2)

Here 1=1%, K=K,;, K'=K,;. Using Egs. (3.7.19)-
(3.7.26), we obtain for X(a,a,b,b) (3.9.2) the expression

X(a,d,b,b)=(a,a;—a,a3)+(k+\2p)K—(k+\2p)K’
+(a;+az+\aa;—a;)R
—(a@,+as+\a,a;—ay)R’' +(8— B)KK'
+(y— P)K'K+(a,a,— a,a,)RR’
+(aza3—aza;)R'R+(p— A 7)KR’
—(p—Ap)RK' +(c—Ap)R'K—(&

—An)K'R+(a,a,a3—a,a,a;)
XRR'R+(7— 7)R’KR’. (3.9.3)
Here

k=b3—by+a;(vb3—\va;—\bybs)

+b1(1+ va3—)\a3b2)+b1b3(,u.+ v_1a2+b2),
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ﬁ=blb2+a2a3b‘+7\a3blb2 N

Y= b2b3+0102b3+ Xalb2b3 .

p=a2b1+a3blb2—alb2, 0'=a2b3+a1b2b3—a3b2,

n=a,ab,. (3.9.9)

and we set K(a,d,b,E) = K(d,a,b_,b), etc.
We consider the equgtion X(a,a,b,b)=0, where we
shall assume that a;=a;, b;=b; and set

a,=a(xy), az=a(y), b,=b(x),

b3=b(y).

Then the equation X =0 reduces to the Yang—Baxter equation
(3.5.2), and the following relations arise for the variables a;
and b;:

a=a(x),

by=b(xy),

a,tas;+\aaz;=a,,
b3—by—ANvaay;+vabs;—\a b,b,
+b,(1+vas;—\azb,+pubs+ v abs+b,ybs)
+\2a,a;b,=0,
ayb,+a3bb,=a,b,+\aaszb,,
abs+a byby=asb,+\aasb,. (3.9.5)

These four relations are equivalent to the three functional
equations

a(x)+a(y)+Aa(x)a(y)=a(xy),
b(y)—b(xy)+a(x)[vb(y)—\va(y)—\b(xy)b(y)
+22a(y)b(xy)1+b(x)[1+va(y)—Na(y)b(xy)

+ub(y)+ v la(xy)b(y)+b(xy)b(»)]=0,
(3.9.7)

(3.9.6)

a(xy)b(y)+a(x)b(xy)b(y)
=b(xy)(a(y)+\a(x)a(y)), (3.9.8)

since the third and fourth relations in (3.9.5) give the same
equation (3.9.8). As was to be expected, Eq. (3.9.6) is iden-
tical to Eq. (3.5.3) obtained in the GL (N) case, and its
general solution is given in (3.5.4). By means of (3.9.6), we
can transform the right-hand side of Eq. (3.9.8) in such a
way that (3.9.8) reduces to the equation

a(x) __b(xy)=b(y) _ _ by)(+bk)”!
a(xy)  b(xy)(b()+1)  blxy)(1+b(xy)) "
(3.9.9)

We now note that Eq. (3.9.6) can be rewritten in the form

a(x) a(y)(Na(y)+1)”!

a(xy) T a(xy)(Na(xy)+1)~! (3.9.10)
and, comparing (3.9.9) and (3.9.10), we arrive at the result

a(y)(b(y)+1) _a+l

M)+ D) T TN (3.9.11)
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where a denotes an arbitrary parameter. The specific choice
of the constant on the right-hand side of (3.9.11) is made for
convenience in what follows. Substituting the solution
(3.5.4) in (3.9.11), we obtain the following general expres-
sion for b(y):

yé-1

b(y)= TR (3.9.12)

It is a remarkable fact that Eq. (3.9.7) is satisfied identically
on the functions (3.5.4) and (3.9.12) if the constant « satis-
fies the quadratic equation

A 1
a?— = a——=0, (3.9.13)
v 1%
the two solutions of which are readily found:
q *+1
at=i7=i8qN_8il. (3.9.14)

Thus, the solutions of the Yang—Baxter equation (3.5.2) can
be represented in the form

R il nre 2L k) ous
()=c()| 1+ £ (x*=1) ol S (3.9.15)

and we have the two possibilities a=a. (3.9.14), which are
inequivalent [both for the SO 4(NV) case and for the Sp,(N)
case], since these solutions cannot be reduced to each other
by any functional transformations of the spectral parameter.
For convenience we choose ¢(x)=Ax and £&=—2 in (3.9.15);
then for the R matrices (3.9.15) we can propose four equiva-
lent forms of expression:

ast+1 1
wx Tx

=y~ IR= -1 =
R(x)=x"'R—xR +)\a wor T

X(—R7 2+ (R—a.R '+ \(a.+1)K)
+ain_2)

x—x"1 - _ AMas+1)
=—— | xR —a.x” R+ ——————
Xtasx X—Xx

=(x"1g—xq " HP* +(xq—(xq)"HP~

-2 _ 2
jlasts )(miﬂ_): ves)X) po. (3.9.16)

X+atx

The last expression determines the spectral decomposition of
R(x), from which, for example, we can readily obtain

R(1)=\1, R()==i(qg+q )(1-2P%)
=*i(g+q ")o*,
R()R(x™H=(A2—(x—x"1H?). (3.9.17)

The relations (3.9.17) agree with the Yang—Baxter equation
(3.5.2). The second relation in (3.9.17) gives a connection
between R(i) and the operators introduced in (3.1.30) (the
signs * correspond to the parameter choice a=a.).

The Baxterized R matrices (3.9.15) and (3.9.16) must
determine algebras with the defining relations (3.5.6). How-
ever, a realization of the operators L(x) in terms of the gen-
erators L™ of the quantum algebras U (so(N)) and
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U,(sp(N)) [analogous to (3.5.7)] is, unfortunately, not
known to me. Such a realization would be extremely helpful
for many applications.

To conclude this subsection, we give the expressions for
the R matrices of the Yangians Y(so(N)) and Y (sp(N)).
These R matrices can be obtained from (3.9.15) after the
ansatz

£=-2,

an appropriate choice of the normalization function c(x),
and passage to the limit 2#—0 [g=exp(k)—1]. Further, it is
easy to see that the cases a=a,, =1 (SO,(N)) and
a=a_, €=—1 (Sp,(2n)) reduce to Yang’s R matrix
(3.5.11). The nontrivial SO(N)- and Sp(N)-symmetric Yan-
gian R matrices for Y(so(N)) and Y (sp(N)) correspond to
the choice in (3.9.15) of c(x)=2—&(N+28), and

£=1(50,(N));

x=exp(—\6/2),

a=a_,
a=ay,
e=—1(Sp,(N)).

and have the form
R(6)=(2—&(N+260))1+0(2—c(N+26))P,,

(3.9.18)

+8260K'9. (3.9.19)

Then all the expressions for the Yangians Y(so(N)) and
Y(sp(N)) are identical to the expressions (3.5.10), (3.5.12),
and (3.5.13).

The Yangian R matrix (3.9.19) for the SO(N) case was
found in Ref. 3, and that for the Sp(2n) case in Ref. 39.
These R matrices were used in Ref. 28 to construct and in-
vestigate exactly solvable SO(N)- and Sp(2n)-symmetric
magnets. Baxterized trigonometric R matrices (3.9.15) corre-
sponding to the parameter values (3.9.18) were first found by
Bazhanov in 1984 and were published in Ref. 40. The same
R matrices were independently constructed in Ref. 41.

3.10. Elliptic solutions of the Yang—Baxter equation

In this subsection, we consider Zy® Zy-symmetric solu-
tions of the Yang—Baxter equation (3.5.9) (Ref. 42). The el-

ements R;‘li.zz(O) of the corresponding R matrix will be ex-

pressed in terms of elliptic functions of the spectral
parameter 6.

We construct this solution explicitly, following the
method of Ref. 42. We consider two matrices g and 2 such
that gV =hr"=1:

1 0 0 .. 0
0 w O 0
&= ) )
0 0 O ol
0 1 0 0
0o 01 ... 0
h= . . (3.10.1)
1 0 0 ... O
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where w=exp(27i/N) and hg = wgh. The matrices g and h
are Zy-graded generators of the algebra Mat(N), the graded
basis for which can be chosen in the form

Io=1, 0, =8%h%, @, ,=0,1,. N-1. (3.10.2)

On the other hand, the matrices (3.10.2) realize a projective

representation of the group Zy®Zy: 1,15 = w“2ﬂ11a+p . Any

matrix R ,(6) = R;’l'jzz( 6) can now be written in the form
RIZ( 0) = Wa,,B( G)Iﬂ,@IB .

We consider the Z,®Zy-invariant subset of such matrices:

R1(0)=W (0,01, ", (3.10.3)

where I;1 = h™*2g™ % = @*1%]_ . The invariance of the
matrices (3.10.3) is expressed by the relations

Ri2(0)=15’R 5 (0)(13%) 7!, (3.10.4)
which obviously follow from the identity
LI =0l M, (a,9)=a,7,~ay,.
It was noted in Ref. 42 that the relations
Riy(6+1)=g] 'R 2(0)g1=8:R15(0)g7 ',
R,(0+ 1) =exp(—imr)exp(—2mi0)h] 'R, (0)h,
=exp(—imr)exp(—2mi0)hyR ,(O)h; ",
R (0)=1,81,'=P,,, (3.10.5)

where 7 is some complex parameter (period), are consistent
with the Yang-Baxter equation (3.5.9) and can be regarded
as subsidiary conditions to these equations. Moreover, for the
Zy®Zy-invariant R matrix (3.10.3) the conditions (3.10.5)
determine the solution of the Yang—Baxter equation
uniquely. Indeed, substitution of (3.10.3) in (3.10.5) leads to
the equations

Wo(6+1)=0"1W,(6),
W (0+7)=exp(—imT)exp(—2mif)w™ “2W (0),
W (0)=1, (3.10.6)

the solution of which can be found by means of an expansion
in a Fourier series and has the form

W (0)= %, (3.10.7)
where
o 2
@,,‘(u)=m_zco exp i7r7-(m+ %)
a, a;
+2ri m+ﬁ (u-i—ﬁ)] (3.10.8)

The parameter 7 in (3.10.7) is arbitrary. For N=2, the solu-
tion (3.10.7) is identical to the solution obtained by Baxter®
in connection with the investigation of the so-called eight-
vertex lattice model.

A. P. Isaev 522



Direct substitution of the expression (3.10.3) in the
Yang—-Baxter equation (3.5.9) shows that the functions
W ,(6) must satisfy the relations

27‘, Wy(60—0")W o ()W 5, (6')

X (7P — @fe= 7B =0, (3.10.9)
It is interesting to note that apparently there does not yet
exist a direct proof of the fact that the identity (3.10.9) holds
when the functions (3.10.7) and (3.10.8) are substituted. All
proofs43 known to the author use, in some form or other,
indirect approaches.

4. CONCLUSIONS

In the previous sections of the review, we have presented
the fundamentals of the theory of quantum groups. We have
also considered how it is possible to obtain trigonometric and
rational (Yangian) solutions of the Yang—Baxter equation on
the basis of the theory of quantum Lie groups. Unfortunately,
in the previous sections it was not possible for us to discuss
in detail the numerous applications of the theory of quantum
groups and the Yang—Baxter equation in both theoretical
physics and mathematics. In this final section, we shall
merely give a brief list of such applications that, in the au-
thor’s opinion, have definite interest.

Before we do this, we recall that in the physics of con-
densed media two-dimensional exactly solvable models are
used to describe various layered structures, contact surfaces
in electronics, surfaces of superconducting liquids like He II,
etc. Two-dimensional integrable field theories are used to
describe dynamical effects in one-dimensional spatial sys-
tems (such as light tubes, nerve fibers, etc.). In addition, such
field theories (and also integrable systems on one-
dimensional chains) can also arise on the reduction of mul-
tidimensional field theories (see, for example, Ref. 44).

1. We have already mentioned that the quantum inverse
scattering method' (an introduction to this method that can
be readily understood by a wide circle of readers can be
found in Ref. 45) is designed as a constructive procedure for
solving quantum two-dimensional integrable systems. In ad-
dition, the quantum inverse scattering method makes it pos-
sible to construct quantum integrable systems on one-
dimensional chains (see, for example, Refs. 28, 36, and 46).
The point of departure is the relation (3.5.10) for the L op-
erators, which can be rewritten in the form

R (60— 0" )Ly (6)L 1 (0")
=L (0" )Ly (O)R (06— 6"). (4.1)

Here L;;(6) are NX N matrices in the auxiliary space V; with
matrix coefficients that are the operators in the state space of
the kth site of a chain consisting of M sites:

Li(0)=1**"VRL(9)RI®M O, L, L]
=0 (k#k'). (4.2)
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In (4.2), the symbol ® denotes the direct product of the
operator spaces. It is clear that from the Yang—Baxter equa-
tion (3.5.9) there always follow representations for the L
operators in the form of R matrices:

Li(0)=(Ru(6)™", Li(0)=R(6). (4.3)

In the given case, L;(6) act nontrivially in the space V,QV,.
To construct an integrable system, we introduce the mono-
dromy matrix

() =D Li(O)DM VLipy_1---DVL;1(6). (4.4)
If the matrices D® satisfy the relations
(k) iy (k) — y (k) 5 (k)
R;(0)DPDP=DPDMR (9),

[D{Y,D{"1=[D",L;,]=0,

then it follows from (4.1) that
Ri{(0—0")T(O)T{(0')=T{0')T:(O)R;(6—8"). (45)

The trace of the monodromy matrix (4.4) over the auxiliary
space i forms the transfer matrix ¢(6)=Tr;,(T;(6)), which
gives a commuting family of operators: [£(0),t(8')]=0, as
follows directly from (4.5). From this family, we choose a
certain local operator H, which is interpreted as the Hamil-
tonian of the system. Locality of the Hamiltonian is a natural
physical requirement and means that H describes the inter-
action of only nearest-neighbor sites of the chain. The re-
maining operators in the commuting set ¢(6) give an infinite
set of integrals of the motion, this indicating the integrability
of the constructed system. In many well-known cases, the
local Hamiltonians are identical to the logarithmic deriva-
tives of the transfer matrices:

d
H= 720 In(#( )] 9=o-

For example, if we choose as L operators (4.3) the Yangian R
matrices (3.9.19), then we obtain SO(N) (e=+1) and
Sp(N) (N=2n, e=—1) invariant models of magnets with
Hamiltonians™®

ol 2
=2 Pl o Ky |+
H lé:l LI+1 N_28 L1+1 M7

Oume1=0um,1»

— (i — sil S
where K1J+1 = C!l I+1lej1+1, and Pl,l+l = 6-17.l+15;[ are the
transposition matrices. These models are generalizations of
the XXX models of Heisenberg magnets.

2. The Yang—Baxter equation (3.5.9):
S23(0—0")813(6)S12(0')=512(0")S13(0)S23(6—6"),
(4.6)
in conjunction with the subsidiary relations of unitarity and

crossing symmetry

$12(0)S21(=0)=115, S81,(0)=(Sy,(im— 6))", (4.7)

uniquely determine factorized S matrices (with a minimal set
of poles) describing the scattering of particle-like excitations
in (1+1)-dimensional integrable relativistic models.> The

matrix sj.ll’;?z(e) is interpreted as the S matrix for the scatter-
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ing of two particles with isotopic spins i; and i, to two
particles with spins j, and j,, and the spectral parameter 6§ is
none other than the difference of the rapidities of these par-
ticles. The many-particle S matrices decompose into prod-
ucts of two-particle matrices (factorization). In this sense, the
Yang—Baxter equation (4.6) is the condition of uniqueness of
the determination of the many-particle S matrices.

The reflection equation,‘”’48 which depends on the spec-
tral parameters,

S12(60—0")K,(6)S,,(0+6")K,(0")

In (4.8), we now go to the limit 8, # —* in such a way
that — @' —+oo, and at the same time we set

K(0)]p—w=L, S12(8)|su=Ra.

K(O)|go—w=L"", $12(0)|sm-u=(R12)" "

Then (4.8) goes over into (3.1.23), and this is the reason why
all algebras with defining relations of the type (3.1.23) are
called algebras of the reflection equation.

Note that every solution of the Yang—Baxter equation
(4.6) with the conditions (4.7) determines an equivalence
class of relativistic integrable systems with the given factor-
ized S matrix. Thus, every classification of solutions of the
Yang-Baxter equation is, to some degree, a classification of
the integrable systems with the properties indicated above.

3. The Yang-Baxter equation expressed in the form
(3.1.3) shows that the matrices R; (3.3.23) satisfying the

locality conditions
[Rk 9 Rk ' ] = O N

realize representations of the braid algebra By, (see, for

|k—k'|>1

J2
SN

.
I

=K (0')S12(0+6')K,(0')S,,(6—0'), (4.8)

determines in conjunction with the relations (4.6) and (4.7)
factorized scattering of particles (solitons) on a half-line.*’*®
In this case, the operator matrix K 1(0)=K;.:(0) describes
reflection of a particle with rapidity 6 at a finite point of the

half-line. Graphically, the relation (4.8) can be represented in
the form

example, Refs. 10 and 49). An arbitrary braid (with N+1
filaments) can be constructed by multiplying the matrices R;
and their inverses. Graphically, a braid can be represented by
using the diagrammatic representation of the R matrices
(3.7.26"). After this, the given braid can be closed to a site by
means of the (N+1)-th quantum trace Tr, and Tr, . The re-
sulting expression will obviously be an invariant of the cor-
responding site.

Considering besides the R matrices (3.3.23) R matrices
acting in the dual spaces (see Ref. 18), we can generalize the
construction given above and construct invariants of knotted
ribbons. '

4. We mention the application of the Yang—Baxter equa-
tion in multiloop calculations in quantum field theory. There
is a form of the Yang—Baxter equation (see Refs. 2, 50, and
51) that can also be represented in the form of the triangle
equation (3.5.9’), but the indices are ascribed, not to the
“lines,” but to the ““faces”:

I

4.8)

-
.

T2

i
where RY(8) =Xj= Rf‘]’ (6), and there is a summation over the index I.
K
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The relation (4.8'), like (3.5.9'), gives the conditions of integrability of two-dimensional lattice statistical systems with
weights determined by the R matrices R})(6). We now note that the Yang—Baxter equation (4.8') has a solution in the form

RY(0)=G(0)G](m— 0), where the matrices G, = G satisfy the star triangle relation (see, for example, Refs. 2 and 50)

£(8,6)G;(6+6)G X (m—0")G X (w—0)=2, G;(8')G ()G (m—0-0),

(4.9)

where f(.,.) is an arbitrary function. The relations (4.9) for f=1 can be represented graphically in the form

We now consider the massless Feynman propagator
I'(a) I'(a)

Golx='le)= o=y = (=) =P

where a=D/2—1+ 3; D=4—2¢ is the dimension of space—
time, x, are its coordinates, and & and B are, respectively, the
parameters of the dimensional and analytic regularizations.
The propagator (4.10) satisfies the relation

D D
Gp|x,—x, '2__0‘3 Gp| x3—x3 7““1
D Za;=D
XGD(x3—xl —2——012) (4.11)

dPx 3
=f Wll;[l Gp(x—x|a;)

which can be readily obtained if on the right-hand side of
(4.11) we choose x;=0 and make a simultaneous inversion
transformation of the variables of integration, x*—x*x?,
and of the coordinates x{',. The relations (4.9) and (4.11) are
equivalent if we set

. _ ,|D Dé N
G, (0)=Gp|x—x L f(6,6')=1. (4.12)
Thus, the analytically and dimensionally regularized mass-
less propagator (4.10) satisfies the infinite-dimensional star
triangular relation (4.9) and accordingly, on the basis of
(4.10) and (4.12), we can construct solutions of the Yang—
Baxter equation (4.8'). This remark was made in Ref. 50, in
which calculations were made of vacuum diagrams with an
infinite number of vertices corresponding to a planar square
lattice (¢* theory, D=4), a planar triangular lattice (¢°
theory, D=3), and a honeycomb lattice (¢* theory, D=6).
The star triangular relation (4.11) (known also as the unique-
ness relation) was used in addition for analytic calculation of
the diagrams that contribute to the 5-loop S function of the
&5 4 theory and of massless ladder diagrams, and also to
investigate the symmetry groups of dimensionally and ana-
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(4.10)

lytically regularized massless Feynman diagrams (see Ref.
52). We emphasize that an extremely interesting problem is
that of massive deformation of the propagator function (4.10)
and the corresponding deformation of the star triangular re-
lation (4.11).

5. Note that we have not considered at all the numerous
applications of quantum Lie groups with deformation param-
eters g satisfying the conditions ¢"¥ =1, i.e., when the param-
eters q are equal to the roots of unity. These applications
(see, for example, Ref. 53) are associated with the specific
theory of representations of the quantum groups that, gener-
ally speaking, can no longer be regarded as the deformation
of classical Lie groups.
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