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One of the main points of investigations in high-energy physics is to study the following chain:
the law of quark and lepton mass spectra—the puzzles of the quark and lepton family

mixing—a possible new family dynamics. The new family-symmetry dynamics might be
connected to the existence of some exotic gauge or matter fields, or something else. For this it will
be better to study the possible appearance of this gauge symmetry in the framework of the

grand unified string theories. In the framework of the four-dimensional heterotic superstring with
free fermions we investigate the rank-eight grand unified string theories (GUST) which

contain the SU(3)y gauge family symmetry. We explicitly construct GUSTs with gauge symmetry
G=SUS)XU(1)X(SUB)YXU(1))y and G=SO(10)X(SU(3)XU(1))yCSO(16) or
E(6)XSU(3)yCE(8) in a free complex fermion formulation. As the GUSTs originating from
Kac—Moody algebras (KMA) contain only low-dimensional representations, it is usually

difficult to break the gauge symmetry. We solve this problem by taking for the observable gauge
symmetry the diagonal subgroup G¥™ of the rank-16 group GXGCSO(16)XSO(16) or
(E(6)X SU(3)y)>CE(8)XE(8). We discuss the possible fermion matter and Higgs sectors in
these models. In these GUSTs there must exist “superweak’ light chiral matter (m{,< My).

The understanding of quark and lepton mass spectra and family mixing leaves a possibility for the
existence of an unusually low mass breaking scale of the SU(3)y, family gauge symmetry

(several TeV). © 1995 American Institute of Physics.

1. THEORETICAL TRENDS BEYOND THE STANDARD
MODEL

1.1. The family-mixing state in the SM and the origin
of quark and lepton masses

There are no experimental indications which would
compel one to go beyond the framework of the
SU(3)cXSU(2), X U(1)y standard model (SM) with three
generations of quarks and leptons. None of the up-to-date
experiments contradicts, within their limits of accuracy, the
validity of the SM predictions for low-energy phenomena.
The fermion-mass origin, generation mixing, and CP-
violation problems are among most exciting theoretical
puzzles in the SM.

One has ten parameters in the quark sector of the SM
with three generations: six quark masses, three mixing
angles, and the Kobayashi—Maskawa (KM) CP-violation
phase (0<&M<m). The CKM (Cabibbo—Kobayashi—
Maskawa) matrix in the Wolfenstein parametrization is de-
termined by the four parameters—the Cabibbo angle
A=~0.22, A, p, and 7
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In the complex plane the point (p,7) is a vertex of the
unitarity triangle and describes the CP violation in the SM.
The unitarity triangle is constructed from the following uni-
tarity condition for Vegp: VE + V ,~ AN3.

Recently, the interest in the CP-violation problem was
excited again by data on the search for direct CP-violation
effects in neutral K mesons: !
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The major contribution to the CP-violation parameters
ex and ef (K° decays), as well as to the B3—BY mixing
parameter x,; = Am(Bd)/ r (8, is due to the large -quark
mass contribution. The same statement holds also for some
amplitudes of K- and B-meson rare decays. The CDF col-
laboration gives the following region for the top-quark mass:
m,=174%+25 GeV.? The complete fit, which is based on the
low-energy data as well as on the latest LEP and SLC data
and a comparison with the mass indicated by the CDF mea-
surements, gives m,=162+9 GeV.*

The main drawbacks of the SM lie in our nonunder-
standing of the generation problem, the mixing and the hier-
archy of the quark and lepton mass spectra. For example, for
quark masses u~1 GeV we can obtain the following ap-
proximate relations:’

- 2k _ L . -
m,-k~(q?,) mgy, k=0,1,2; iy=u, i;=c, Iiy=t,
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my~(qf)*mo, k=0,1,2; io=d, i,=s, i,=b,
4
where g4~ (qf)?, qf~4-5~1/\, and A\~sin 6.
Here we used the conventional ratios of the “running”
quark masses:®

my/mg;=0.051+0.004,
m,/m.=0.0038+0.0012,

mgIm,=0.033+0.011,

m(u=1 GeV)=1.35+0.05 GeV,
mPY~0.6m,(u=1 GeV). (5)

This phenomenological formula predicts the following
value for the #-quark mass:

mP~180-200 GeV. (6)

In the SM these mass matrices and the mixing come
from the Yukawa sector:

L,=QY,3,h*+QY 4,h+LY I ,h+Hc., (7)

where Q; and L; are three quark and lepton isodoublets, and
9u; 94, and e; are three right-handed antiquark and antilep-
ton isosinglets, respectively; & is the ordinary Higgs doublet.
In the SM the 3X3 family Yukawa matrices, (Y,);; and
(Y p);j, have no particular symmetry. Therefore it is neces-
sary to find some additional mechanisms or symmetries be-
yond the SM which could reduce the number of independent
parameters in the Yukawa sector Ly . These new structures
can be used for the determination of the mass hierarchy and
family mixing.

To understand the origin of the generation mixing and
the fermion mass hierarchy, several models beyond the SM
suggest special forms for the mass matrix of the “up” and
“down” quarks (Fritzsch ansatz, “improved” Fritzsch an-
satz, ‘““democratic”’ ansatz, etc.7). These mass matrices have
less than ten independent parameters, or they could have
some matrix elements equal to zero (“texture zeroes”).8 This
allows us to determine the diagonalizing matrices U; and D,
in terms of the quark masses:

Y§®=D,Y D, Yit=U,Y,Ujf. (8)

For simplicity the symmetric form of the Yukawa matrices
has been taken; therefore D; = D}, U, = Uf. These an-
satzes or zero ‘“‘textures” can be checked experimentally in
predictions for the mixing angles of the CKM matrix:
Vekm=U D} . For example, one can consider the following
approximate form at the scale My for the symmetric “tex-
ture’” used in Ref. 8:
0 A\ 0 0 22* 0
Y,=| A® 0 N y,=| 2a* 223 223 ). (9)
0 N\ 1 0 22 1
Given these conditions, it is possible to follow the evo-
lution down to low energies, via the renormalization-group
equations of all the quantities, including the matrix elements
of the Yukawa couplings Y, ,, the values of the quark
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masses [see (4)], and the CKM matrix elements [see (1)].
Moreover, using these relations, we can compute U, (or D,)
in terms of the CKM matrix and/or the quark masses.

In GUT extensions of the SM with the family gauge
symmetry embedded, Yukawa matrices can acquire particular
symmetry or an ansatz, depending on the Higgs multiplets to
which they couple. The family gauge symmetry could help
us to study in an independent way the origin of the “up” (U)
and “down” (D) quark mixing matrices and, consequently,
the structure of the CKM matrix Vgp=UD*. Owing to the
local gauge family symmetry, a low-energy breaking scale
gives us a chance to define the quantum numbers of quarks
and leptons and thus establishes a link between them in fami-
lies. For the mass fermion ansatz considered above in the
extensions of the SM there could exist the following types of
SU(3)XSU(2,) Higgs multiplets: (1,2), (3,1), (8,1), (3,2),
(8,2), (1,1),..., which in turn could exist in the spectra of
string models.

In the framework of the rank-eight grand unified string
theories we will consider an extension of the SM due to local
family gauge symmetry, Gg=SUQ3)y, SUB)yXU(1)y,
models, their developments, and their possible Higgs sector.
Thus, for understanding the quark mass spectra and the dif-
ference between the origins of the “up” (or “down”) quark
and charged-lepton mass matrices in GUSTs we must study
the Higgs content of the model, which we must use on the
one hand for breaking the GUT, quark-lepton,
Gy=SU3)y,...,.SU(2)  XU(1) symmetries and, on the
other, for Yukawa matrix constructions. The vital question
arising here is the nature of the v mass.

2. TOWARDS A LOW-ENERGY “EXACTLY SOLVABLE”
GAUGE FAMILY SYMMETRY

2.1. The “bootstrap” gauge family models

The underlying analysis for this family symmetry-
breaking scale relies on the modern experimental probability
constraints for the typical rare flavor-changing processes.
The estimates for the family symmetry-breaking scale have
certain regularities, depending on the particular symmetry-
breaking schemes and generation-mixing mechanisms (dif-
ferent ansatzes for quark and lepton mass matrices with 3
or 3+ 1, generations were discussed in Ref. 5). As noted
there, the current understanding of the quark and lepton mass
spectra leaves room for the existence of an unusually low
mass breaking scale of the non-Abelian gauge SU(3)y or
(SUB)®U(1))y family symmetry at about several TeV.
Some independent experiments for verifying the relevant hy-
potheses can been considered: light (7,K) and heavy (B,D)
meson and charged-lepton flavor-changing rare decays (Refs.
5 and 24-26), and family symmetry-violation effects in
e*e”, ep, and pp collider experiments (LEP, HERA,
FNAL, and LHC).

The inclusion in the model of Higgs fields which trans-
form under the SU(3) X SU(2), symmetry like H*=(8,1)
[or H3=(8,2); p=1.2] and X'=(3,1) [or X} =(3,2); p=1,2]
gives the following contribution to the family gauge-boson
mass matrix:
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The lowest bound on My can be obtained from the
analysis of the branching ratios of w,w,K,D,B,... rare decays
(Br=10""1"17),

In Ref. 5 we investigated samples of different scenarios
of SU(3)y breaking down to the SU(2)yXU(1);y4 and
U(1)34XU(1)gy and U(1)gy subgroups, as well as the
mechanism of complete breaking of the base group SU(3)y.
We tried to realize the SUSY-conserving program on scales
where the relevant gauge symmetry is broken. In the frame-
work of these versions of gauge symmetry breaking, we
searched for the spectra of horizontal gauge bosons and
gauginos, and calculated the amplitudes of some typical rare
processes. Theoretical estimates for the branching ratios of
some rare processes obtained from these calculations were
compared with the experimental data. Further, we obtained
some bounds on the masses of H, bosons and the appropri-
ate H gauginos. Of particular interest was the case of the
SU(3)y group which breaks completely on the scale M Hy
We calculated the splitting of the eight H-boson masses in a
model-dependent fashion. This splitting, depending on the
quark mass spectrum, allows us to reduce considerably the
predictive ambiguity of the model—*‘an almost exactly solv-
able model.”

We assume that when the SU(3), gauge symmetry of
the quark and lepton generations is violated, all eight gauge
bosons acquire the same mass M Hy: Such a breaking is not

difficult to obtain by, say, introducing Higgs fields transform-
ing in accordance with the triplet representation of the
SU(3)y group. These fields are singlets under the standard-
model  symmetries [ze(3,1,10) and 7ze(3,1,1,0);
(7%= 8"V, (zf)o= 87V i,a=1,2,3, where V = My ]. We
understand that here we need a more elegant way to break
this symmetry, like a dynamical one. But at this stage it is
very important to establish a link between the mass spectra
of the horizontal gauge bosons and the known heavy fermi-
ons like the ¢t quark. The degeneracy of the masses of the
eight gauge horizontal vector bosons is eliminated by using
the VEVs of the Higgs fields violating the electroweak sym-
metry and determining the mass matrix of the ‘“up” and
“down” quarks (leptons). Thus, there is a set of Higgs fields
(see Table I) H(8,2), h(8,2), Y(3,2), X(3,2), Ky (1,2) which
could violate the SU(2)X U(1) symmetry and could deter-
mine the mass matrix of the “up” and “down” quarks. On
the other hand, in order to calculate the splitting between the
masses of the horizontal gauge bosons, one must take into
account the VEVs of this set Higgs fields.

Now we can turn to the construction of the horizontal
gauge-boson mass matrix M2, (a,b=1,2,..,8):

(M) ap=Mpy Bap+ (AM3) g+ (AM3) gy - (12)

Here (AM?),, and (AM2),, are “known” functions of the
heavy fermions, (AM?2 ;) ,,=F ,,(m,,m,, ...), which mainly
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receive contributions due to the vacuum expectation values
of the Higgs bosons that were used to construct the mass-
matrix ansatzes for the d(u) quarks.

For example, in the case of N,=3+1 families with the
Fritzsch ansatz for the quark mass matrices, using
SU(3)yXSU(2) Higgs fields (8,2), we can write down
some rough relations between the masses of the horizontal
gauge bosons (“‘bootstrap” solution):

2
gnll m.m,
2 M2 a2 g2 4 2 - < '
Mig,~Mig,~ My, ~My,+ 4 Fl—m,/m,/} T
2
8u |1
2 2 2 2 2
MHﬁMHfMHﬁMH,”MHO""; 2 mame o
g
H
M%IBNM%IO—%-:;— ﬁm'm” +..., (13)

where \ and X are Yukawa couplings.

We were interested in how the unitary compensation for
the contributions of horizontal forces to rare processes® de-
pend on the different versions of the SU(3); symmetry
breaking. The investigation of this dependence allows us
first, to understand how low the horizontal symmetry-
breaking scale My can be, and, second, how this scale is
determined by a particular choice of a mass-matrix ansatz,
both for quarks and for leptons.

We would like to stress the possible existence of a local
family symmetry with a low-energy symmetry-breaking
scale, i.., the existence of rather light H bosons:
my=(1-10) TeV.> We have analyzed, in the framework of
the “minimal” horizontal supersymmetric gauge model, the
possibilities of obtaining a satisfactory hierarchy for quark
masses and of relating it to the splitting of the horizontal
gauge boson masses. We expect that with this approach the
horizontal model will become more definite, since it will
allow us to study the amplitudes of rare processes and the
CP-violation mechanism more thoroughly. In this way we
hope to get a deeper insight into the nature of the interde-
pendence between the generation-mixing mechanism and the
local horizontal symmetry-breaking scale.

2.2. The N=1 SUSY character of the SU(3,) gauge
family symmetry

We will consider the supersymmetric version of the stan-
dard model, extended by the family (horizontal) gauge sym-
metry (and, if necessary, we will also extend this model
by the GR=SU(2)y right-hand gauge group). The super-
symmetric Lagrangian of the strong, electroweak, and
horizontal  interactions, based on the SU(3).
XSU2)  XU(1)yXSU(3)y ... group [where the G gauge
group and the Abelian gauge factor U(1)y can also be taken
into consideration], has the general form

GN=1= j d?0 To(W*W*) + f 4405} 228irs,
+ j d*0 Tr(®+ o281 b e~ 281 n)
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+J d*e Tr(H;‘e282V2+)’281VleZEHVHHye_ZSHVH)

+(fd20P(s,-,¢,Hy,n,§,...)+H.c. . (14)

(See, for comparison, 5”2 in Appendix A.) In Eq. (14) the
index k runs over all the gauge groups: SU(3)., SU(2),,
U(l)y, SU3)y, V=T?V?, where V* are real vector super-
fields, and T* are the generators of the SU(3)., SU(2),,
U(1l)y, SU(3)y groups; S; are left chiral superfields from
fundamental representations, and 1=i,1,2;
S;=Q,u‘,d,L,e,v° are matter superfields; S,=%, S,=¢ are
Higgs fundamental superfields; the Higgs left chiral super-
field ® transforms as the adjoint representation of the
SU(3)y group, and the Higgs left chiral superfields H,
(Hy-4,=H, Hy_ _,;;=h) transform nontrivially under
the horizontal SU(3) 4 and electroweak SU(2), symmetries
(see Table I). The quantity P in (14) is a superpotential to be
specified below. To construct it, we use the internal U(1),
symmetry which is customary for a simple N=1 supersym-
metry.

In models with a global supersymmetry it is impossible
to have simultaneously a SUSY breaking and a vanishing
cosmological term. The reason is the semipositive definite
nature of the scalar potential in the strict supersymmetry ap-
proach (in particular, in the case of broken SUSY we have
Vmin=>0). The problem of supersymmetry breaking with a
vanishing cosmological term A=0 is solved in the frame-
work of the N=1 SUGRA models. This may be done with an
appropriate choice of the Kahler potential, in particular, in
“mini—maxi” or “maxi”-type models.”’” In such approaches,
the spontaneous breaking of the local SUSY is due to the
possibility of obtaining nonvanishing VEVs for the scalar
fields from the “hidden” sector of SUGRA.? The appear-
ance in the observable sector of the so-called soft breaking
terms is a consequence of this effect.

In the “flat” limit, i.e., neglecting gravity, one is left
with the Lagrangian (14) and soft SUSY-breaking terms,
which on the scales u<Mp, have the form

1 1 1
Fsp=5 2 mi| b+ 5 m} Th*+ 2 m3 TH|?

1 1 1
— 224 = 21824 — g2 2
+5 will’+ 5wl 6P+ 5 M* Tr @]
1
+—2— > M\gN;+H.c.+trilinear terms,  (15)
%

where Ij \=H,H ~2=h, and i runs over all the scalar matter
fields Q,u‘,d°, L,e,1, while k runs over all the gauge
groups SU(3)y, SU@3)c, SU2),, U(l)y. At energies
close to the Planck scale all the masses, as well as the gauge
couplings are correspondingly equal (this is true if the ana-
lytic kinetic function satisfies f, 5~ 6a3),27 but at low ener-
gies they have different values, depending on the corre-
sponding renormalization-group equation (RGE). The
squares of some masses may be negative, which permits
spontancous gauge symmetry breaking.
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TABLE 1. The Higgs superficlds with their SU(3y), SU(3)¢, SU(2),,
U(1)y (and possible U(1) factor) quantum numbers.

H C L Y Yy
@ 8 1 1 0 0
H 8 1 2 -12 —Ym
h 8 1 2 12 Y
¢ 3 1 1 0 0
7 3 1 1 0 0
Y 3 1 2 112 ~Yua
X 3 1 2 -1/2 Yo
K 1 1 1(2) 0(1/2) ~Yus
Ky 1 1 12 0 (—1/2) Yus

Considering the SUSY version of the SU(3), model, it
is natural to ask why we need to supersymmetrize the model.
On the basis of our present-day knowledge of the nature of
supersymmetry,””?8 the answer will be as follows:

(a) First, it is necessary to preserve the hierarchy of the
scales: Mpw<Mgysy<Mpy<....<Mgyr. Breaking the
horizontal gauge symmetry, one has to preserve SUSY on
that scale. Another hierarchy to be considered is
Mew<Mgysy~My . In this case, the scale My should be
rather low (M =< a few TeV).

(b) To use the SUSY U(1) degrees of freedom to con-
struct the superpotential and to forbid undesired Yukawa
couplings.

(c) Super-Higgs mechanism—it is possible to describe
Higgs bosons by means of massive gauge superfields.?®

(d) To connect the vector-like character of the SU(3)y,
gauge horizontal model and N=2 SUSY (see Appendix A).

Since the expected scale of the horizontal symmetry
breaking is sufficiently large, My>Mgyw, My>Mgygy
(where Mgy, is the scale of the electroweak symmetry break-
ing, and Mgygy is the value of the splitting into ordinary
particles and their superpartners), it is reasonable to seek
SUSY-preserving stationary vacuum solutions.

Let us construct the gauge-invariant superpotential P of
the Lagrangian (14). With the fields given in Table I the most
general superpotential will have the form

1 .1 . .
P=X, -3-Tr(d)3)+§M, Tr(D?) |+ N\ [ pPE+M' 7é]

+\, Tr(ﬁ@[fl )+ (Yukawa couplings)
+(Majorana terms v°), (16)

where the Yukawa couplings can be constructed, for ex-
ample, by using the Higg fields, H and &, transforming under
SUB)yXSU(2,) like (8,2):

Py=N;QHd+\ ,LHe +\sQhut. 17)
One can also consider other types of superpotential Py, us-
ing the Higgs fields from Table 1.

Note that the fields ®,H,h can be obtained at level 2 of
the Kac—Moody algebra g or effectively at level 1 of the
algebras g!, g!' after “integration” over the heavy fields,
when G'XG"—»G¥™™ (see Sec. 2). The Higgs fields X and Y
are very important in models with a fourth SU(3)y-singlet
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generation. In the construction of the stationary solutions,
only the following contributions of the scalar potential are
taken into account:

V=2 |F|*+ 2 |D*=V+Vp>0, (18)
1] a

where

oPg .,  9Pp , OPp,  OPp .,

The case (V)=0 of a supersymmetric vacuum can be
realized within different gauge scenarios.’. By switching on
the SUGRA, a vanishing scalar potential is no longer neces-
sarily required to conserve the supersymmetry. The different
gauge breaking scenarios do not result in obligatory vacuum
degeneracy, as in the case of the global SUSY version. Let us
write down each of the terms of (19):

i fabcq)a(l)b(bc

PF(q),g’”):)\O 4%X3

+ —1- docpePpPPpc+ l M PP€
4x3 41!

F
+N [T, ED+ M 785
+A _i__fabchaq)bHC ij

2| i j€

abc

3

+H.c. (20)
F

h{® H e

The contribution of the D terms to the scalar potential will be
Vp=gul 7" T*n— £ T+ (1/2) f*< Pt
+(i/2)f*Ph°het +(i12) f*PHPHE|?
+g2|\nt (712)h+H (712)H|?
+(g")?3(1/2)h*h—(1/2)H* H|%. (21)

The SUSY-preserving condition for the scalar potential (18)
is determined by the flat F; and D“ directions:
(F;)=0=(D%,=0. It is possible to remove the degeneracy
of the supersymmetric value solutions by taking into account
the interaction with supergravity, which was attempted in
SUSY GUTs, e.g., in the SU(5) one?’ [SU(5)—SU(S),
SU(4)XU(1), SUB)XSUR)XU(1)].

The horizontal-symmetry spontaneous breaking to the
intermediate subgroups in the first three cases of Ref. 5 can
be realized by using the scalar components of the chiral com-
plex superfields @, which are singlets under the standard
gauge group. The @ superfield transforms as the adjoint rep-
resentation of SU(3)y. The intermediate scale M; can be
sufficiently large: M,>10°-10° GeV. The complete breaking
of the remnant symmetry group Vj on the scale My will
occur as a result of the nonvanishing VEVs of the scalars
from the chiral superfields 7(35) and &(3y). The value V ;,
again corresponds to the flat directions: (F,, ¢)o=0. The ver-
sion (iv) corresponds to the minimum of the scalar potential
in the case when (P);=0.
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As for the electroweak breaking, it is due to the VEVs of
the fields » and H, providing masses for the quarks and
leptons. Note that the VEVs of the fields # and H must be of
the order of My, as they determine the quark and lepton
mass matrices. On the other hand, the masses of the physical
Higgs fields # and H, which mix the generations, must be
some orders higher than My, so as not to contradict the
experimental bounds on FCNC. As a careful search for the
Higgs potential shows, this is the picture that can be attained.

2.3 The superweak-like source of CP violation, and
the baryon-stability and neutrino-mass

problems in GUST with the non-Abelian gauge family
symmetry

The existence of horizontal interactions might be closely
connected to the CP-violation problem.’ This interaction is
described by the relevant part of the SUSY SU(3)y La-

grangian and has the form
Fu=gual W(D(A“/2)D*) 40425, . (22)

Here we have (a,b=1,2,...,8). The matrix O,, determines
the relationship between the bare, H Z, and physical, ZZ,
gauge fields and is calculated for the diagonalized mass ma-
trix (M%) 455 $a=(¥4,%s,¥); g is the gauge coupling of
the SU(3)y group.

After the calculations in the “bootstrap’ model with the
Higgs fields H=(\,¢,)/2, h=(\,¢,)/2 the expressions for
the (K?—K3), (By,~ B3s), B(3,— Bys), (D} —DS),... meson
mass differences (pure quark processes) at the tree level take
the following general forms:

)\a
‘f’a( P3 D+) )
ij

[(Mlz){i} =l g;‘, [
mg |, 2 Mf,o
a

A
> pt
D2D

2

+| g4

2
]f?(URK’

t
2

(M12)iDjj| 1 g
mp H

T2 M,

- A¢
QDa(U P U+)
ij
a

2
+ U A vt 2 R (23
(Pa 2 fDij Dij’ )
ij

where i,j=(1,2),(1,3),(2,3) for the K or D, B, or T, , and B,
or T, meson systems.

The coefficients in (23) are calculated from (22), using
(10) and the useful relation

1 1
; (DTaD+)ik(DTaD+)mn=5 ( 6in5km— 5 5ik6mn) .

(29

For example, for K-meson systems we find the following
contribution (if D, =Dg=D):

1
(gl )(DNOD™) 13 iy (DAO“D ™)1
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8H

4M0 7 (DNO“D ™) 1,(1-AM}M})

X(D\CO®DY),,

2
8H
= 4M4 (D)\“D+)12AM (D)\CD+)12

= 4M4 (D)\a+D+) 7j*kalfkcl' ) l(D)\cD+)12

8H
4M4

(DINI™ID ) 1,00t (DINIA™ 1D ),

& (DA 25)

M,

It is interesting that if a difference between the gauge-
boson masses is generated by Higgs fields in the representa-
tion (3,2) [see (11)], then the contribution in [Am/m]y is
equal to zero in the considered order (for the case D, =Dy),
since we will use Higgs fields (8,2) for these calculations.
However, for processes including three equivalent indices
(like u—3e) the Higgs fields (3,2) give nonzero contribution
~(¢D™);-(D@);.

Note that (25) also holds for the case when D; differs
from Dy by a diagonal phase. For us the case D, =—Dy,
which corresponds to axial-vector terms, is important. In
general, if D;#Dg (or U, #Upg), then in (23) there is a
quadratic term g3/ M3(D D), (DgD});;, with i# j.

Substituting in (23) the expressions for ¢, ¢ and the
elements d;; of the D mixing matrix (“bootstrap” solution),
we can obtain a lower limit for the value of M H, (M Hy < O
(several TeV)]. Thus, we could analyze the ratios (similar
ones for the B, ;-meson system)

[Am g
_me _ﬁ’;— Re[Cx1f2Rx<7-10715 (26)
and
-Iliz \1 gH
-~ H=2 7 Im[Cx]faRg<2-10717. (27)

In these formulas the expressmns for Cx p are known
functions in “bootstrap” models,’ namely,

o gk m (mE
= —— X fl —-
K.D 2)\}’2 MZIO m;}pv mlaown H

(28)

where the f are known complex functions, whose forms de-
pend on the quark fermion mass ansatzes.

Here we note the following two points:

(a) The appearance of the phase in the CKM mixing
matrix may be due to new dynamics operating at short dis-
tances (r<<1/M ). Horizontal forces may be the source of
this new dynamics.’ Using this approach, we might have
CP-violation effects due to both electroweak and horizontal
interactions.

(b) CP is conserved in the electroweak sector (6M=0),
and its breaking is provided by the structure of the horizontal
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interactions. Let us consider the situation when 6*M=0. In
the SM, such a case might be realized just accidentally. The
vanishing phase of the electroweak sector (&=0) might
arise spontaneously as a result of some additional symmetry.
Again, such a situation might occur within the horizontal
extension of the electroweak model.

In particular, this model gives rise to a rather natural
mechanism of superweak-like CP violation due to the CP
=—1 part of the effective Lagrangian of the horizontal inter-
actions: (€'/€)x<10"*. That part of %, includes the product
of SU(3)y currents 1,,; (i=1,4638; j=2,57, or vice
versa, i« j).> In the case of a vector-like SU (3)y gauge
model the CP violation could be due solely to the charge
symmetry breaking.

In the electroweak and horizontal interactions we might
also have two CP-violating contributions to the amplitudes
of B-meson decays. But it is possible to construct a scheme
in which CP violation will occur only in the horizontal in-
teractions. The last fact might lead to a very interesting CP-
v1olatlon asymmetry A () for the decays of neutral BY and
B° 4 mesons to final hadron CP eigenstates, for example, to

f= JI'PKY or (wm):

Pf=AaB=f) (29)

A ,(t)msin(Adet)Im(’;’x pf),

In the standard model with the Kobayashi—Maskawa
mechanism of CP violation the asymmetry of the decay of
BY and BY mesons to J/WK?, averaged over the time, is

AUITK)~ X — xsin 2y = — —2
ST A U1
27(1—-p)
(1-p)+ 7>

where 7=—1 for a CP-odd J/\I'Kg final state; ¢s=arg V,,
is one of the angles (¢;, i=1,2,3) of the unitary triangle. Let
us compare this asymmetry with the analogous asymmetry of
the B® and B° decays to the CP-even final state (7r+,7r_),
which is known to depend on the phase magnitudes of V
and V,;. Then

Xa

Xsin 2
2 $2= 1 +x3}

A(mtw )~—7;f><1

: 29[(p*+ n*)—p]
[(1-p)*+ 721 p*+ 7°]°
where ¢y=7—p,— Py and @, = arg V¥, = 6,3 (M=, + ;).

The contributions of CP-violating horizontal interac-
tions to the asymmetries for both B® decays could be very
large (10-30%). They are identical for both decays, but the
signs are opposite.

The space—time structure of the horizontal interactions
depends on the SU(3), quantum numbers of the quark and
lepton superfields and their C-conjugate superfields. One can
obtain vector (axial) horizontal interactions if the G, particle
quantum numbers are conjugate (equal) to those of the anti-
particles. The question arising in these theories is how such
horizontal interactions are related to the strong and elec-
troweak ones. All these interactions can be unified within
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one gauge group, which would allow us to calculate the
value of the coupling constant of the horizontal interactions.
Thus, a unification of the horizontal, strong, and electroweak
interactions might rest on the GUTs G=GXSU(3) y (where,
for example, G=E(8), G=SU(5), SO(10), or E¢), which
may be further broken down to SU(3)y
XSU@3)cXSU(2) XU(1)y. To include “vector”-like
horizontal gauge symmetry in GUTs we must introduce
“mirror” superfields. More precisely, if we want to construct
GUTs of the G=GXSU(3)y type, each generation must
encompass double G-matter supermultiplets, mutually con-
jugate under the SU(3)y group. In this approach the first
supermultiplet consists of the superfields f and f;, €3,
while the second is constructed with the help of the super-
multiplets f° and f,, € 3;;. In this scheme, proton decays are
possible only in the case of mixing between ordinary and
“mirror” fermions. In its turn, this mixing must, in particu-
lar, be related to the SU(3)y symmetry breaking.

The GUST spectra also predict the existence of new neu-
tral neutrino-like particles interacting with the matter only by
“superweak”-like coupling. It is possible to estimate the
masses of these particles, and, as will be shown further, some
of them have to be light (superlight) to be observed in mod-
ern experiments.

A variant for unusual nonuniversal family gauge interac-
tions of the known quarks and leptons could be realized if for
each generation we introduce new heavy quarks (F=U,D)
and leptons (L,N) which are singlets (it is possible to con-
sider doublets also) under SU(2), and triplets under
SU(3)y . [This fermion matter could exist in string spectra.
See all three models with SU(3,)XSU(3y) family gauge
symmetry.] Let us consider for concreteness the case of
charged leptons: ¥,=(e,u,7) and ¥, =(E,M 7). Primarily,
for simplicity we suggest that the ordinary fermions do not
take part in SU(3) interactions (“white” color states). Then
the interaction is described by the relevant part of the SUSY
SU(3)y Lagrangian and takes the form

~ Aa6x6 b
gHng\I,z‘yll. _2_ \I,Zoabzp, > (30)
where
Al = S(L\°LY)S —S(L\°L*)C
6X6—\ —C(LN’L*)S C(LA\°LH)C |°

Here we have ¥ go=(V¥,;¥,). The matrix O, (a,b
=1,2,3,...,8) determines the relationship between the bare,
HZ, and physical, ZZ, gauge fields. The diagonal 3X3 ma-
trices S=diag(s,,s,,s,) and C=diag(c,,c,,c,) define the
nonuniversal character for lepton horizontal interactions, as
the elements s; depend on the lepton masses as s;
~ \m;/My (i=e,u,7). The same suggestion might be
adopted for local quark family interactions.

For the family mixing we might suggest the following
scheme. The primary 3X3 mass matrix for the light ordinary
fermions is equal to zero: M?fv—O. The 3X3 mass matrix for
the heavy fermions is approximately proportional to unity
MY p~M¥ X1, where M{~0.5-1.0 TeV and might be differ-
ent for the F, and F g, quarks and for the F; leptons. We
assume that the splitting between the new heavy fermions in
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each class Fy (Y =up, down, L) is small and, at least in the
quark sector, can be described by the ¢-quark mass. Thus, we
think that in the first approximation it is possible to neglect
the heavy-fermion mixing. The mixing in the light sector is
completely explained by the coupling of the light fermions to
the heavy fermions. As a result of this coupling the 3X3
mass matrix M?,: can be constructed in a “democratic” way,
which can lead to the well known mass family hierarchy:

0 0
M’ =(M£f M({F)
6x6 MFf MFF ’
where
Mpyp~M"+ M5 31)

The diagonalization of the M?F mass matrix XM?FX +
(X=L,D,U are mixing matrices) gives the eigenvalues,
which define the family mass hierarchy n} <n)<n¥ and the
following relations between the masses of the known light
fermions and a new heavy mass scale:

n,y= \/miMy, i=1g,2, ,3g; Y =up,down fermions.

In this “see-saw’’ mechanism the common mass scale of
the new heavy fermions might be not very far from the en-
ergy ~1 TeV, and, as a consequence, the mixing angles s;
might be not too small. There is another interesting relation
between the mass scales n,y that might be in this mechanism,
at least for the quark case:

nidn.=n./n,=q}, qh~1/\2,

n,,/ns=ns/nd=q,'f,, q?,N 1/\.

An explicit example of nonuniversal SU(3,)XSU(3y)
local family interactions will be considered later (see model
3 in Sec. 2).

3. THE HETEROTIC SUPERSTRING THEORY WITH
RANK 8 AND 16 GRAND UNIFIED GAUGE
GROUPS

3.1. Conformal symmetry in the heterotic superstring

In the heterotic string theory in the left-moving (super-
symmetric) sector there are d—2 (in the light-cone gauge)
real fermions #, their bosonic superpartners X*, and 3(10
—d) real fermions y/. In the right-moving sector there are
d—2 bosons X* and 2(26—d) real fermions.

In the supersymmetric sector, world-sheet supersymme-
try is realized nonlinearly via the supercharge

Tr= "X .+ frixx'x' x5, (32)

where f;;x are the structure constants of a semisimple Lie
group G of dimension 3(10—d).

The possible Lie algebras of dimension 18 for d=4 are
SU(2)%, SU(3)XS0(5), and SU(2)XSU(4). However,
N=1 space—time supersymmetry cannot be attained in the
last two cases.

If we take the moments of the energy—momentum op-
erator, we obtain the conformal generators with the following
Virasoro algebra:
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(Lo Lpl= (=)Lt T (8= )3 . (33)

Using the Virasoro algebra, we can construct representa-
tions of the conformal group in which the highest-weight
state is specified by two quantum numbers, the conformal
weight 4 and the central charge c, such that

Lo|h,c)=h|h,c)
L,|h,c)=0, n=1,2,3,.... 34)

For a massless state the conformal weight is A=1.

A Sugawara—Sommerfeld construction of the Virasoro
algebra in terms of bilinear quantities in the Kac—Moody
generators! '3 allows us to obtain the following expression
for the central Virasoro “charge’:

2kdimg x dimg
Co= = —.
¢ 2%+Q, x+h

In heterotic string theories™'® (N=1 SUSY)gpr
X (N=0 SUSY)grigur @ JécL icq with d=<10, the conformal

anomalies of the space—time sector are canceled by the con-
formal anomalies of the internal sector .Z, where

(35)

€L R
¢, =15-3d/2 and cg=26—d are the conformal anomalies
in the left- and right-moving string sectors, respectively.

In the fermionic formulation of the four-dimensional het-
erotic string theory, in addition to the two transverse bosonic
coordinates X, X w and their left-moving superpartners ,,,
the internal sector //éCL ;cy coNtains 44 right-moving

(cg=22) and 18 left-moving (¢, =9) real fermions (each real
world-sheet fermion has ¢ ,=1/2).

For a couple of years superstring theories, and particu-
larly the heterotic string theory, have provided an efficient
way to construct grand unified superstring theories (GUSTs)
of all known interactions, despite the fact that it is still dif-
ficult to construct unique and fully realistic low-energy mod-
els resulting after decoupling of the massive string modes.
This is the case because only 10-dimensional space—time
allows the existence of two consistent (invariant under rep-
arametrization, superconformal, modular, Lorentz, and
SUSY transformations) theories with the gauge symmetries
E(8)XE(8) or spin(32)/Z, (Refs. 9 and 10), which after
compactification of the six extra space coordinates (into
Calabi—Yau'""'2 manifolds or into orbifolds) can be used to
construct GUSTs. Unfortunately, the process of compactifi-
cation to four dimensions is not unique, and the number of
possible low-energy models is very large. On the other hand,
the construction of the theory directly in 4-dimensional
space—time requires inclusion of a considerable number of
free bosons or fermions in the internal string sector of the
heterotic superstring.”‘16 This leads to a large internal sym-
metry group, such as a rank-22 group. The way of breaking
this primordial symmetry is again not unique and leads to a
huge number of possible models, each of them giving differ-
ent low-energy predictions.

Because of the presence of the affine Kac—Moody alge-
bra (KMA) g (which is a 2-dimensional manifestation of
gauge symmetries of the string itself) on the world sheet,
string constructions yield definite predictions concerning the
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representation of the symmetry group that can be used to
construct low-energy models.'””'® Therefore the following
long-standing questions have a chance to be answered in this
kind of unification scheme:

1. How are the chiral matter fermions assigned to the
multiplets of the unifying group?

2. How is the GUT gauge symmetry breaking realized?

3. What is the origin and the form of the fermion mass
matrices?

The first of these problems is, of course, closely con-
nected to the quantization of the electromagnetic charge of
matter fields. In addition, string constructions can shed some
light on questions concerning the number of generations and
the possible existence of mirror fermions which remain un-
answered in conventional GUTs."

There are not so many GUSTs describing the observable
sector of standard models. They are well known: the SM
gauge group, the Pati—Salam [SU(4)XSU(2)XSU(2)]
gauge group, the flipped SU(5) gauge group, and the SO(10)
gauge group, which includes flipped SU(5).'¢

There are good physical reasons for including the hori-
zontal SU(3)y group in the unification scheme. First, this
group naturally accommodates the three fermion families
presently observed (explaining their origin); second, it can
provide a correct and economical description of the fermion
mass spectrum and mixing without invoking a high-
dimensional representation of the conventional SU(5),
SO(10), or E(6) gauge groups. Construction of a string
model (GUST) containing the horizontal gauge symmetry
provides additional strong motivation for this idea. More-
over, the fact that in GUSTs high-dimensional representa-
tions are forbidden by the KMA is a very welcome feature in
this context.

3.2. Possible ways of E(8)-GUST breaking leading to
the Ng=3 or N;=3+1 families

All this leads us naturally to consider possible forms for
horizontal symmetry Gy, and the Gy quantum-number as-
signments for the quarks (antiquarks) and leptons (antilep-
tons) which can be realized within the GUST framework. To
include the horizontal interactions with three known genera-
tions in the ordinary GUST it is natural to consider rank-
eight gauge symmetry. We can consider SO(16) [or E(6)
X SU(3)], which is the maximal subgroup of E(8) and
contains the rank-eight subgroup S0(10)
X (U(1)XSU(3))y .2° We will therefore be concerned with
the following chains (see Fig. 1):

E(8)—S0(16)—SO(10)X(U(1)XSU(3))y

—SU(5)X(U(1)y X (SU3)XU(1))y
or
E(8)—E(6)XSU(3)—(SU(3))**.

According to this scheme, one can obtain
SU@B)yXU(1)y gauge family symmetry with N,=3+1
[there are also other possibilities, e.g., E(6)
XSU(3)yCE(8) N,=3 generations can be obtained by the
second method of E(8) gauge symmetry breaking via
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E(6)XSU(3)y; see Fig. 1], where a possible additional
fourth massive matter superfield could appear from 78 as a
singlet of SU(3) and transform as 16 under the SO(10)
group.

In this note, starting from the rank-16 grand unified
gauge group (which is the minimal rank allowed in strings)
of the form GX G (Refs. 21 and 22) and making use of the
KMA which selects the possible gauge-group representa-
tions, we construct string models based on the diagonal
subgroup GY™MCGXGCSO(16)XSO(16)(CEgXEg).”!
We discuss G¥™=SUS)XU(1)X(SUB)XU(1))y
C S0(16), where the factor (SU(3) X U(1))y is interpreted
as the horizontal gauge family symmetry. We explain how
the unifying gauge symmetry can be broken down to the
standard-model group. Furthermore, the horizontal interac-
tion predicted in our model can give an alternative descrip-
tion of the fermion mass matrices without invoking high-
dimensional Higgs representations. In contrast with other
GUST constructions, our model does not contain particles
with exotic fractional electric charges.?’?® This important
virtue of the model is due to the symmetric construction of
the electromagnetic charge Q.. from Q' and Q" the two
electric charges of each of the U(5) groups:?!

Qm=0"a0" (36)

We will consider the possible forms of the
Gy=SU3)y,SUB)yXU(1), Gy X Gyp ,... gauge family
symmetries in the framework of the grand unification super-
string approach. We will also study the matter spectrum of
these GUSTs, and the possible Higgs sectors. The form of
the Higgs sector is very important for GUST, Gy, and SM
gauge symmetry breaking and for constructing Yukawa cou-
plings.
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SO(10) x SUB)y x U(1)y

ne. Nt e(1s,1)?

FIG. 1. Possible methods of E(8) gauge sym-
metry breaking leading to the 3+1 or 3 genera-
tions.

3 — (20,1)@(1.1) ®(10,1) (1D, 1)
18 — (1) 3072 ®(S)ay3 B(10) 45
18— (Vg B{S)yayy ®(1V)_yyy

SU(5) x U(1) x SU3)y x U(1)x

3.3. Superstring-theory scale of unification and
estimates of the horizontal coupling constant

Estimates of the My scale depend on the value of the

family gauge coupling. These estimates can be made in
GUST by using the string scale

Mgy=~0.738ing X 10'8 GeV (37)

and the renormalization-group equations (RGE) for the
gauge couplings, ., @3, a,, to the low energies:

aem(MZ)%l/lzgs
a3(Mz)NO. 11 .
sin? Oy (M 7)~0.233. (38)

The string unification scale can be contrasted with the
SUB)YXSUR)XU(1) naive unification scale,
Mgyr= 10'® GeV, obtained by running the SM particles and
their SUSY partners to high energies. The simplest solution
to this problem is the introduction of new heavy particles
with SM quantum numbers, which can exist in string
spectra.'®

However, there are some other ways to explain the dif-
ference between the scales of string (Mgy) and ordinary
(Mgyy) unifications. If one uses the breaking scheme
G'XG"5GY™ [where GM=U(5)X U(3)yCEjg] described
above, then the unification scale MGUTNIO16 GeV is the
scale of breaking the GXG group, and string unification
supplies the equality of the coupling constants of GXG on
the string scale M g;~10'® GeV. Otherwise, we can have an
additional scale of symmetry breaking, M ,,>M gyr- In any
case, on the scale of breaking GX G—G™™ the gauge cou-
pling constants satisfy the equation

82 m=(1/4)(g}+8}). (39)
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Thus, in this scheme acknowledge of the scales M g; and M
gives us a fundamental possibility of tracing the evolution of
the coupling constant of the original group GXG to low
energy and estimating the value of the horizontal gauge con-
stant g4p;.

The agreement of sin’ 6y with experiment will show
how realistic this model is.

Let us consider some relations which determine the
value of sin? 6 for different unification groups and for dif-
ferent methods of breaking.

First, let us consider the case of SO(10)XU(3)
—SUS)XU(1)X[SU@3)XU(1)]y breaking, which can
be illustrated by model 2. In this case matter fields are gen-
erated by world-sheet fermions with periodic boundary con-
ditions. Consequently, all the representations of the matter
fields can be considered as the result of destruction of the
16 and T_6 representations of the SO(10) group.

If we write the general expansion for a world-sheet
fermion in the form

flo,7)= ,Zo

11—«

bt 1—ar €XP “i("+ )(0""7')

1+a
i(n+T)(0'+T) }, (40)

+dyi 1+ a2 €XP|

where the quantization conditions are given by the anticom-
mutation relations

{ba bt ={dg .dp}=

then the representation ﬁ of SO(10) in terms of the creation
(b *) and annihilation (bo) operators will have the form

5ab »

16=1+10+5=(1+b5" by +bL i bE b1 0),

(41)

where i,j,k,[=1,

The Clifford algebra is realized via the y matrix for the
SO(10) group, y,=(by+b{), and ys, ;= —i(b,—b;). The
generators of the U(5) subgroup can be written in terms of
bf, as T[U(5)] =(1/2)[b,-,bf]. Then the operator of the
U(1)5 hypercharge is

Ys=1/22 [b;,b]1=5/2—2, b} ,b;. (42)

But this generator is not normalized, since Ys(1,10,5)
=5/2,1/2, — 3/2,respectively,and Tr; Y 2 = 20.
In our scheme the electromagnetic charge is

Oem=Ts—2/5Ys, (43)

where Ts=diag(1/15,1/15,1/15,2/5,—3/5). For the represen-
tation 5 of SU(5) this means that

Qem(5)=[diag(03,1/2,—1/2)+diag(2/303,—3/30?%)]
—(2/5)-(—3/2)=diag(03,1/2,— 1/2)
+(1/2)[diag(2/153,—3/152)+6/5]=1,
+( 1/2)[?0—(4/5)Y5]=t3

+(1/2)diag(4/33,1%)=1t;+(1/2)y, (44)
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where y is the electroweak hypercharge.
Now let us write down the principal equation for the
coupling constants:

8stoA,+(kgs)YA,=g,yB,+g\y'B,. (45)

In this equation (kgs) is the U(1); coupling constant on the
scale where U(5) is breaking down [on the SO(10)— U(5)
scale, k=1]; the operators t0~?0, Y ~Y 5 have equal norm; A
and B are gauge fields.

The diagonal generators can be written in terms of cre-
ation and annihilation operators as

5
diag(A)=2, A(1—bi'b)=—2, Ab]b;. (46)
i=1

Consequently, Tr,6t0 = 8/15. If we normalize the gener-
ators as Tr16t0 TrmY =8, then Y(5)= \/TY5(35)—
—3/410 and t,=(1/15)diag(2, —32) Now after rewrit-
ing Eq. (45) separately for the three *“up” components and
the two ‘“down” components, and the substltutlon B,
=cA +sAM B”— —sA, +cA , where ¢ +s2=1, weﬁnd
from Eq (45) the relatlon

gl 156> | _3
grtgr 16k2+24|

sin? Gy = (47)

K2=1
Now let us consider the breaking Eq—U(5)XU(1),
which corresponds to models like model 4. The expansion of

the matter representation 27 of the E4 group under the group
SU(5)XU(1)s is

27=(53,+10_ 1,51 _5)+(5,+5_ )+ 1o=[(b5"
+b6+bj+bk++b b]+bk+bl+bm+)
bi/,)+1]|0). (48)

The generalization of Eq. (42) to the case when the represen-
tation contains states from different sectors with different
boundary conditions is

+(di,+

Ys=2 (% +23 [di(f)de(f)—b (f;")bE(f:")])
(49)
and, similarly for Eq. (46),

diag(A;)= 2’ [Ai' ; (dg(fi)dE(fi)

—bE(f?‘)bE(f?‘))} (2 A,-=0).

Now we have TrﬁYg = 30 and Trﬂ_f(z, = 4/5. By com-
parison with the preceding case, both norms are 1.5 times
greater; hence (47) holds for this case too. But now B/’l- is
some linear combination of gauge fields.

Further, let us consider model 1. This case corresponds
to the breaking SO(16)—U(8)— U(5) X U(3). The matter
fields arise from sectors with @=7+1/2 and correspond to
chips of the SU(8) representations
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8—[(1,3)]+(5,1)
56—[(1,1)+(10,3)]+(10,1)+(5,3)
56—[(10,1)+(5,3)]+(1,1)+(10,3)
8—[(5,1)]+(1,3)

~12850(16) »

where only the fields in square brackets survive after the
GSO projection.

For this model it is necessary to make the replacement
Ys—Ys=—(1/4)(Y5s+5Y5) in Eq. (44). Now we can cal-
culate the norms of the operators #, and Y s for this model:

Try,5Y2=160=20X8,

, 64 8

Trlzgto—Tg— GX 8.

Hence we find again the formula (47), but now A,’L is a linear
combination of gauge fields, which corresponds to Y 5 hyper-
charge, and kg5 is its coupling constant.

Finally, let us consider the model with following chain
of  gauge-group breaking: E¢X SU(3)H—>SU(3)3
XSU(3)y . Then the representation 27 of the E4 group
takes the form 27=(1,3,3)+(3,3,1)+(3,1,3).

Let us write down the quantum numbers for the
breaking: SU(3)XSU@3)  XSUQB)g—SU3)cX[SU(2)
XU(1)],XU(1)§ (we consider one generation). For this
construction the electromagnetic charge is

Qem=15+(1/2)(Y L+ Y g)=15+(1/2)yw,

where  t5=diag(1/2,—1/2,0), Y =diag(—1/3,—1/3,2/3),
Y r=diag(2/3,2/3,—4/3). This corresponds to the following
set of fields:

(v I)L Vg
(1,3,3)~| LY L], (33,1)~3x[(d
LY L2 €5
Dy
—u)LDL]7 (571’3)~§X d;‘? ’
ug

where capital letters correspond to additional heavy quarks
and leptons.

Now we can calculate the norms of Y; , Yp,
Tr27Y,2‘=4, Tr27Y%= 16,

and write down the equation for the gauge coupling con-

stants,
gLYLAiL+(1/2)gRYRA leEwB'u"'g y'B'#, (50)

where gr=kg, and, on the scale of the breaking
SU@3) XSU@B)g—SUR2)  XU(L)  XU(1)g, k=1.

For example, for (v,e,v}) we have
Y, =diag(—1/3,—1/3,2/3), Yr=-2/3, and
yew=diag(—1,—1,0). Then from Eq. (50) [by analogy with
(45) and (47)] we find

2 2
. 81 k
2 —_ —m—————— LD ————
sin? Oy il yerwe (51)
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The analysis of the RG equations allows us to state that
the horizontal coupling constant g,; does not exceed the
electroweak one g,.

For example, if below the M gyt scale in the nonhorizon-
tal sector we have effectively the standard model with four
generations and two Higgs doublets (as in models 1 and 2),
then the evolution of the gauge coupling constants is de-
scribed by the equations

ag ' (n)= a5 (Mgyr)+87b; In(u/ Mgyr), (52)
a”!(w)sin® Oy = a5 '(Mgyr)+8mwb, In(u/Mcyr),

15
K*+24

a”!(p)cos® Oy=(k*as(Mgyr)) ™'

+8wb ) In(w/Mgyr), (54)
where

1 3 21

bi=1g72 2=~ 162 1T 0.7

From these equations and from (38) we find
Mgyr=1.3-10'% GeV, £2=0.9, a35'=14. (55)

Now we can obtain the relation between g, =g and
M, from the RG equatlons for the gauge running constants

g¥M=gs, g!, and g¥ on the Mgy—M gy scale. For example,
for model 1,
3 5
pYM= — __ _ = n__- _
3 47%’ bs 1672’ bs 167’
and from the RGE we find the relation
g3 _
477+ 622 In(Mgur/Mym)  ©
8 'ﬂ' g ln(M /Msu)
[877 - 58 lrl(stym”uSU)] [877 +3g ]n(Msym/MSU)] '

(56)

According to this equation, we find that if Mg ~10'® GeV
and if the scale of breaking down to the symmetric subgroup
changes in the region M, =1.5- 10°-10"® GeV, then
g~ O(1). Note that these values agree with (37).

Using the RG equations for the running constant g3y
and the value of the string coupling constant g, we can
estimate the value of the horizontal coupling constant at low
energies. For model 1 we have

o g 2113
3H 2727 U3H 16m2° U5 1672’

and, taking into account the relation (39), we find from the
RGE for g3y that

g3,(0(1 TeV))~0.05,
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and this value depends very slightly on the scale My,
However, note that for all our estimates the presence of the
breaking of the GX G group down to the diagonal subgroup
G gym played a crucial role.

The above calculations show that for evaluation of the
strength of processes involving gauge horizontal bosons at
low energies we can use the inequality

ayp(pu)s ay(p).

4. WORLD-SHEET KAC-MOODY ALGEBRA AND
MAIN FEATURES OF RANK-EIGHT GUST

4.1. Representations of the Kac—Moody algebra and
vertex operators

Let us begin with a short review of the KMA results.!”!®

In the heterotic string the KMA is constructed by means of
the operator product expansion (OPE) of the fields J¢ of the
conformal dimension (0,1):

1 1
a b - b - cabc yc
J42)J°(w) P ko°® +z—w if*ecJc+.... (0D

The structure constants f°*¢ for the group g are normalized
so that

fﬂCdbeszwéab=ﬁl/lzéub, (58)

where Q, and ¢ are the quadratic Casimir and the highest
weight of the adjoint representation, and 4 is the dual Cox-
eter number. The quantity ¢/¢? can be expanded as an inte-
ger linear combination of the simple roots of g:

. (// rank g
pry S 2 m;a;. (59)
’:b i=1
The dual Coxeter number can be expressed in terms of the
integers m; in the form

rank g

h=1+ 2 m;, (60)
i=1

and for the simply laced groups (all roots are equal, and
W¥=2) A,,D,, Eg, E;, and E, they are equal to n+1, 2n
—2, 12, 18, and 30, respectively.

The KMA ¢ allows us to grade the representations R of
the gauge group by a level number x (a non-negative integer)
and by a conformal weight 2(R). An irreducible representa-
tion of the affine algebra g is characterized by the vacuum
representation of the algebra g and the value of the central
term k, which is connected to the level number by the rela-
tion x=2k/y#. The value of the level number of the KMA
determines the highest-weight unitary representations which
can be present in the spectrum by the relation

k g
2k ran
x=?2 21 nm;, (61)
=
where the sets of non-negative integers {m;=m,,...,m,} and

{n;=n,,...,n,} define the highest root and the highest

weight of a representation R, respectively:'”!8
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rank g

Moo= _21 n;a;. (62)

In fact, the KMA at level 1 is realized in the
4-dimensional heterotic superstring theories with free world-
sheet fermions which allow a complex fermion
description.'*~'® One can obtain the KMA at a higher level
by working with real fermions and using some tricks.? For
these models the level of the KMA is equal to the Dynkin
index of the representation M to which the free fermions are
assigned,

x—xM—Wdi—[ng- (63)

(Qp is the quadratic Casimir eigenvalue of the representa-
tion M) and is equal to 1 in cases when real fermions form
the vector representation M of SO(2N), or when the world-
sheet fermions are complex and M is the fundamental repre-
sentation of U(N).1718

Thus, in strings with a KMA at level 1 realized on the
world-sheet, only a very restricted set of unitary representa-
tions can arise in the spectrum:

1. Singlet and totally antisymmetric tensor representa-
tions of SU(N) groups, for which m;=(1,...,1).

2. Singlet, vector, and spinor representations of SO(2N)
groups with m;=(1,2,2,...,2,1,1).

3. Singlet, 27, and 27-plets of E(6) corresponding to
m;=(1,2,2,3,2,1).

4. Singlet of E(8) with m;=(2,3,4,6,5,4,3,2).

Therefore only these representations can be used to in-
corporate matter and Higgs fields in GUSTs with a KMA at
level 1.

In principle it might be possible to construct explicitly
an example of a level-1 KMA representation of the simply
laced algebra g (A,D,E types) from the level-1 representa-
tions of the Cartan subalgebra of g. This construction is
achieved by using the vertex operator of the string, where
these operators are assigned to a set of lattice points corre-
sponding to the roots of a simply-laced Lie algebra g. In the
heterotic string approach the vertex operator for a gauge bo-
son with momentum p and polarization { is a primary field
of conformal dimension (1/2,1) and can be written in the
form

Ve={u,(2)J exp(ipX), p,p*={,p*=0.  (64)

Here X, is the string coordinate, and ¢/ is a conformal
dimension-(1/2,0) Ramond—Neveu—Schwartz fermion.

4.2. Features of the level-1 KMA in matter and Higgs
representations in rank 8 and 16 GUST
constructions

For example, to describe chiral matter fermions in
GUSTs with the gauge symmetry group SU(5)
XU(1)CSO(10), one can use the sum of level-1 complex
representations 1(—5/2)+5(+3/2)+10(—1/2)=16. On
the other hand, as real representations of SU(5)
XU(1)CSO(10), from which Higgs fields can arise, one
can take, for example, 5 + 5 representations arising from

Maslikov et al. 485



the real representation 10 of SO(10). Real Higgs repre-
sentations like 10( — 1/2) + 10( + 1/2) of SU(S5)X U(1)
originating from 16+ 16 of SO(10), which has been used in
Ref. 6 for further symmetry breaking, are also allowed.
Another example is provided by the decomposition of
SO(16) representations under SU(8)>< U(1)CSO(16).
Here, only singlet, v=16, s=128, and s’ =128’ represen-
tations of SO(16) are allowed by the KMA [s— 128 and s’

=128’ are the two nonequivalent, real spinor representa—
tions with the highest weights
m18=(1/2)(g,t&,t... +&,F&g), £;8;= &;;]. From item 2 we
can obtain the following SU(8)XU(1) representatnons sin-
glet,8+8(=16),8 + 56 + 56 + 8( = 128),and 1+28+70
+ +§+l(~_l§ ). The highest weights of the SU(8) rep-
resentations m; =8, m; = g and m3=56, 75 = 56 are

m,=1/8(Te,—e,—€3—£4—E5—Eg— &7~ Eg),
—mm N e N

7T7=(1/881+82+83+84+85+86+87_788),
——TT T — N~ —

m3= 1/8(58[+5€2+583—384_385~386_387_388),
W ——TN T ——

Ts= 1/8(_381—382_383_384_385+586+587+5€8).
W — N ————

(65)

Similarly, the highest weights of the SU(8) representations
m,=28,m¢=28,and 7w, = 70 are

my,=1/4(3e,+3e,—e3— 84— &5— 86— E7—€3),
— T —— —— N ——

we=1/4(g,+e,te3testesteg—3e,—3¢€g),
——T N " it N~

ma=1/2(g+e,+e3te,tes—e4—e7—¢g), (66)
\__/W\/v\—/

However, as we will demonstrate, in each of the string
sectors the generalized Gliozzi—Scherk—Olive projection
(the GSO projection in particular guarantees the modular in-
variance and supersymmetry of the theory and also gives
some nontrivial restrictions on the gauge group and its rep-
resentations) necessarily eliminates either 128 or 128'. It is
therefore important that, in order to incorporate chiral matter
in the model, only one spinor representation is sufficient.
Moreover, if one wants to solve the chirality problem by
applying further GSO projections (which break the gauge
symmetry), the representation E which otherwise, together
with 10, could form a real Higgs representation, also disap-
pears from this sector. Therefore, the existence of E—I/Z
+ 10,,,, needed for breaking SU(5) X U (1), is incompatible
(in our opinion) with the possible solution of the chirality
problem for the family matter fields.
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Thus, in the rank-8 group SU(8) X U(1)CSO(16) with
Higgs representations from the level-1 KMA only, one can-
not arrange for further symmetry breaking. Moreover, con-
struction of realistic fermion mass matrices seems to be im-
possible. In old-fashioned GUTs (see, e.g., Ref. 19), not
originating from strings, the representations of level 2 were
commonly used to solve these problems.

The way out of this difficulty is based on the following
important observations. First, all higher-dimensional repre-
sentations of (simply-laced) groups like SU(N), SO(2N), or
E(6), which belong to the level-2 representation of the KMA
[according to Eq. (61)], appear in the direct product of the
level-1 representations:

R(x=2)CRs(x=1)XR5(x=1). (67)

For example, the level-2 representations of SU(5) will
appear in the corresponding direct products of

15,24,40,45,50,75C5X35, 5X5,5%10, etc. (68)

In the case of SO(10) the level-2 representations can be
obtained by suitable direct products:

45,54,120,126,210,144C10X10,16X10,1

X16,16X16,16X 16. (69)

|o|

The level-2 representations of E(6) are the correspond-
ing factors of the decomposition of the direct products:

78,351,351',650C27X27 or 27X27. (70)

The only exception for this rule is the E(8) group, two
level-2 representations (248 and 3875) of which cannot be
constructed as a product of level-1 representations.?’

Second, the diagonal (symmetric) subgroup G¥™" of
GXG effectively corresponds to the level-2 KMA g(x
=1)®g(x=1) (Refs. 21 and 22) because by taking the
G X G representations in the form (R¢ ,R() of GX G, where
R and R belong to level 1 of G, one obtains representa-
tions of the form R; X R when one considers only the di-
agonal subgroup of G X G. This observation is crucial, be-
cause such a construction allows one to obtain level-2
representations. This construction was used implicitly in Ref.
22 [see also Ref. 21 where we constructed some examples of
GUSTs with gauge symmetry realized as a diagonal sub-
group of a direct product of two rank-eight groups U(8)
XU(8)CSO(16)XS0(16)].

In strings, however, not all level-2 representations can be
obtained in that way because, as we will demonstrate, some
of them become massive (with masses of the order of the
Planck scale). The condition ensuring that states in the string
spectrum transforming as a representation R are massless is

_ 9% _ 9r _
MR = 2+ 0npy 20y 1 {70

where Q; is the quadratic Casimir invariant of the corre-
sponding representations, and M has already been defined

before [see Eq. (63)]. Here the conformal weight is defined
by Lo|0)=h(R)|0),
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dim g

L, > (TST3+2’Z,I T“_,,Tz)), (72)

a=1

“2%+0,”

where T4|0)=0 for n>0. The condition (71), when combined
with (61), gives a restriction on the rank of the GUT groups
(r=<8) whose representations can accommodate chiral matter
fields. For example, for antisymmetric representations of
SU(n=1+1) we have the values h=p(n—p)/(2n). More
precisely, for the SU(8) group, h(8)=7/16, h(28) = 3/4,
h(56) = 15/16, h(70) = 1; for SU(5), h(5)=2/5 and
h(10) = 3/5; for the SU(3) group, h(3)=1/3, although for
the adjoint representation of SU(3), h(8)=3/4; for the
SU(2) doublet representation, we have A(2)=1/4. For the
vector representation of the orthogonal series D;, h=1/2,
and for the spinor representation A(spinor)=1/8.

There are some other important cases. The values of the
conformal weights for G=S0(16) or E(6)XSU(3), the
representations 128, (27,3) (#(128) = 1,h(27,3) = 1), re-
spectively, satisfy both conditions. Obviously, these (impor-
tant for incorporation of chiral matter) representations will
exist in the level-2 KMA of the symmetric subgroup of the
group GXG.

In general, the condition (71) severely constrains mass-
less string states transforming as (Rg(x = 1),R5(x = 1)) of
the direct product GX G. For example, for SU(8)XSU(8)
and for SU(5)XSU(5) constructed from SU(8)XSU(8)
only representations of the form

Ryn=((N,N)+Hc), ((NN)+Hc.) (73)

with A(Ry y)=(N—1)/N, where N=8 or 5, respectively,
can be massless. For SO(2N) X SO(2N), massless states are
contained only in the representations

Rv,v=(2_N’2ﬂ) (74)

with (R, ,)=1. Thus, for the GUSTs based on a diagonal
subgroup G¥™CG X G, GY™™, the high-dimensional repre-
sentations, which are embedded in Rg(x = 1) X Rg(x = 1),
are also severely constrained by the condition (71).

For spontaneous breaking of GXG gauge symmetry
down to G™™ (rank G®Y™™=rank G) one can use the direct
product of representations Rg(x=1)XRg(x=1), where
Rg(x=1) is the fundamental representation of G=SU(N)
or the vector representation of G=SO(2N). Furthermore,
GY™CGXG can subsequently be broken down to a
smaller-dimensional gauge group (of the same rank as
G*Y™™) through the VEVs of the adjoint representations
which can appear as a result of GXG breaking. Alterna-
tively, the real Higgs superfields (73) or (74) can directly
break GX G gauge symmetry down to GY™CG™™™ (rank
GY™"<rank G®™™"). For example, when G=SU(5)XU(1)
or SO(10)XU(1), GXG can be directly broken in this way
down to SU(3°) X GEwXGhwX....

The above examples show clearly that within the frame-
work of GUSTs with the KMA one can get interesting gauge
symmetry-breaking chains, including realistic ones when the
G X G gauge symmetry group is considered. However, the
lack of the higher-dimensional representations [which are
forbidden by (71)] for the level-2 KMA prevents the con-
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struction of realistic fermion mass matrices. That is why we
consider an extended grand unified string model of rank
eight, SO(16) or E(6)XSU(3) of E(8).

The full chiral SO(10)XSU(3)X U(1) matter multip-
lets can be constructed from the SU(8) X U(1) multiplets.

(8+56+8+56)=128 (75)

of SO(16). In the 4-dimensional heterotic superstring with
free complex world-sheet fermions, in the spectrum of the
Ramond sector there can appear also representations which
are factors in the decomposition of 128’, in particular,
SU(5) decuplets (10 + 10) from (28 + 28) of SU(8). How-
ever, their U(1)s hypercharge does not allow us to use them
for SU(5)XU(1)s symmetry breaking. Thus, in this approach
we have only singlet and (5 + 5) Higgs fields which can
break the grand unified SU(5)XU(1) gauge symmetry.
Therefore it is necessary (as we already explained) to con-
struct rank-eight GUSTs based on a diagonal subgroup
GY™MCGXG of the primordial symmetry group, where in
each rank-eight group G the Higgs fields will appear only in
singlets and in the fundamental representations [see (73)].

A comment concerning U(1) factors can be made here.
Since the available SU(5)XU(1) decuplets have nonzero
hypercharges with respect to U(1)s and U(1)y, these U(1)
factors may remain unbroken down to low energies in the
model considered, which seems very interesting.

5. MODULAR INVARIANCE IN GUST CONSTRUCTION
WITH NON-ABELIAN GAUGE FAMILY SYMMETRY

5.1. Spin basis in the free world-sheet fermion sector

The GUST model is completely defined by a set = of
spin boundary conditions for all these world-sheet fermions
(see Appendix B). In a diagonal basis the vectors of & are
determined by the values of the phases a(f )e(—1,1) that
the fermions f acquire [f— —exp(ima(f ))f] when they are
parallel-transported around the string.

To construct the GUST according to the scheme outlined
at the end of the previous section we consider three different
bases, each with six elements B=b,,b,,b;,b,=8S,bs,bg
(see Tables II, V, and VIII).

Following Ref. 15 (see Appendix B), we construct the
canonical basis in such a way that the vector T, which be-
longs to 5, is the first element b, of the basis. The basis
vector b,=S is the generator of supersymmetry'® respon-
sible for the conservation of the space—time SUSY.

In this section we have chosen a basis in which all left
movers (!/I’L;Xi ,Yi-w;; i=1,...,6) (on which the world-sheet
supersymmetry is realized nonlinearly) as well as the 12
right movers (¢;; k=1,...,12) are real, whereas the (8+8)
right movers \TIA , @, are complex. Such a construction cor-
responds to the SU(2)° group of automorphisms of the left
supersymmetric sector of a string. Right- and left-moving
real fermions can be used for breaking the G°™ symmetry.'®
In order to have a possibility of reducing the rank of the
compactified group G°™P, we must select the spin boundary
conditions for the maximal possible number, N;zp=12, of
left-moving, X3456.Y125.6®1234 and right-moving, o2
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TABLE II. Basis of the boundary conditions for all world-sheet fermions. Model 1.

Vectors Y12 Xi,..6 V1.6 @6 Q1.2 ¥, .8 @, 8

b, 11 111111 11111 111111 112 18 18

b, 11 111111 000000 000000 0" 1/28 0®

b, 11 111100 000011 000000 0*18 0® 18
by=S 11 110000 001100 000011 0'2 0® 0®

bs 11 001100 000000 110011 112 1/4#-3/48 -4 34
bg 11 110000 000011 001100 120M1° 18 0?
(= ®,,p=1,...,12) real fermions. The KMA based on 16 riodic fermions, for which we find F,-(f)

complex right-moving fermions gives rise to the “observ-
able” gauge group G° with

rank(G°®)<16. (76)

The study of the Hilbert spaces of the string theories is
connected to the problem of finding all possible choices of
the GSO coefficients Z[3] (see Appendix B) such that the
one-loop partition function

127,
7By
and its multiloop counterparts are all modular-invariant.
In this formula ‘E[g] are GSO coefficients, @ and B are (k
+ l)-component spin vectors a=[a(fD),...,
a(ﬁ);a(f‘l),...,a(i)], the components a;,B; specify the
spin structure of the fth fermion, and Z[...] is the correspond-
ing one-fermion partition function on the torus:
Z[..]=Tr exp[2miH (et )-
The physical states in the Hilbert space of a given sector

« are obtained by acting on the vacuum |0), with the bosonic
and fermionic operators with frequencies

n(f)=1/2+(1/2)a(f), n(f*)=1/2—(1/2)a(f*)
(78)

and subsequently applying the generalized GSO projections.
The physical states satisfy the Virasoro condition:

M}=—1/2+(1/8)(ay- ay) + Ny =—1+(1/8)(ag

(77)

z=aE,/3 8

X ag)+Ng=M3, (79)

where a=(a; ,ay) is a sector in the set 5, N;=X2,(freq),
and N =2 p(freq).

We keep the same sign convention for the fermion-
number operator F as in Ref. 16. For complex fermions we
have F (f )=1, F (f*)=—1, with the exception of the pe-

TABLE III. Choice of the GSO basis ¥{b; ,b;]. Model 1. (i labels the rows,
and j labels the columns.)

bl bZ b3 b4 bS b6
b, 0 1 1 1 1 0
b, 1 172 0 0 1/4 1
by 1 -172 0 0 12 0
b, 1 1 1 1 1 1
bs 0 1 0 0 -1 0
bg 0 0 0 0 1 1
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=—(1/2)(1-ys5), where s JQ)=|Q), ysb5 |Q)=—bg |Q).

The full Hilbert space of the string theory is constructed
as a direct sum of different sectors 2;m;b; (m;=0,1,...,N};),
where the integers N; define additive groups Z(b;) of the
basis vectors b;. The generalized GSO projection leaves in
sectors a those states whose b; fermion number satisfies the
relation

a

exp(imh;F )= 6,%5* b.

, (80)

where the space—time phase d,=exp(ima(y,)) is equal to
—1 for the Ramond sector and +1 for the Neveu—Schwarz
sector.

5.2. SU(5)x U(1)x SU(3) x U(1)—Model 1

Model 1 is defined by the six basis vectors given in
Table II, which generates the Z,XZ,XZ,XZ,XZgXZ,
group under addition.

In our approach the basis vector b, is constructed as a
complex vector with the 1/2 spin boundary conditions for the
right-moving fermions ¥, , with A=1,....,8. Initially, it gen-
erates chiral matter fields inthe 8 + 56 + 56 + grepresenta-
tions of SU(8) X U(1), which subsequently are decomposed
under SU(5)XU(1)XSU(3)XU(1), to which SU(8)
X U(1) becomes broken by applying the b5 GSO projection.

Generalized GSO projection coefficients are originally
defined with an ambiguity of 15 signs, but some of them are
fixed by the supersymmetry conditions. Above, in Table II,
we present the set of numbers

[b,- 1 | %bi]

which we use as a basis for our GSO projections.

In our case of the Z3X Z,X Zg model, we initially have
256X2 sectors. After applying the GSO projections we have
only 49X2 sectors containing massless states, which, de-
pending on the vacuum energy values, E)* and EZ*, can be
naturally divided into certain classes and which determine
the GUST representations.

In general, the RNS (Ramond—Neveu—Schwarz) sector
(built on the vectors b; and S=b,) has high symmetry, in-
cluding N=4 supergravity and gauge SO(44) symmetry. The
corresponding gauge bosons are constructed as follows:
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N=2SUSY: v = .hH + ¢im Su(8)
§ ]
N=1SUSY : Vnoy -2 Vi, + Skoy SU(5) x SU(3) x U(1)
J=1 J=1/2 J=1/2 J=0
Eryge = (63) - (63)
-1/2; -1}
S sector
E = [0; 1] (63) x 2 (63) x 2 —
SI'TSY sector
__Gauge multiplets
U b GSO pojection
J=1""1""J=1]2 J=1/2 J=0
E\ee = (2N sy = (5.3)+(5.3)
-1/2; 1]
S sector
Eree = [0, -1] wLnansa)x 2 f| (3.94(330x 2 -
SUSY sector o
Gange multiplets Higgs multiplets

TABLE IV. List of quantum numbers of the states. Model 1.

FIG. 2. Supersymmetry breaking.

No. b1,by,bs,by.bs b SOy us)y @) us" U Ys Yy 1% 1%
1 RNS 5 3 1 1 -1 -1 0 0
1 1 5 3 0 0 -1 -1
o 02012(6)0 5 1 5 1 -1 0 -1 0
1 3 1 3 0 1 0 1
5 1 1 3 -1 0 0 1
1 3 5 1 0 1 -1 0
2 010000 1 3 1 1 52 -1 0 0
5 3 1 1 -32 -12 0 0
¥ 10 1 1 1 12 32 0 0
030000 1 1 1 1 512 3/2 0 0
5 1 1 1 -3/2 3/2 0 0
10 3 1 1 112 -1/2 0 0
3 001130 -1%2 1 1 1 3 0 —3/2 0 -12
001170 —-1x2 1 3 1 1 0 12 0 312
\i’H
021130 +1%2 1 3 1 3 0 12 0 -12
021170 +1+2 1 1 1 1 0 -3/2 0 +3/2
4 111011 F1+3 1 1 1 3 0 -31 0 112
111051 F1+3 1 3 1 1 0 12 0 =312
(f)H
131011 F1£3 1 3 1 3 0 12 0 12
131051 F1%3 1 1 1 1 0 -3/2 0 —-3/2
5 01(3)102(6) 1 -123 1 3(3) 1 1 +5/4 +1/4 *+5/4 ¥3/4
. +1+3 5(5) 1 1 1 +1/4 +3/4 +5/4 ¥3/4
& 01(3)1041 —1%3 1 1 L 3(3) +5/4 ¥3/4 +5/4 +1/4
+1+3 1 1 5(5) 1 +5/4 F3/4 +1/4 F3/4
6 1200305 1 +1—4 1 1 1 1 +5/4 +3/4 ¥5/4 F3/4
o 113)015@3) 1 +1¥4 1 1 1 1 +5/4 +3/4 +5/4 +3/4
00102(6)0 F3+4 1 1 1 1 +5/4 +3/4 +5/4 ¥3/4
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TABLE V. Basis of the boundary conditions for model 2.

Vectors ha Xi...6 V1.6 w6 Q1,12 V.8 Qs
b, 11 16 18 18 112 18 18
b, 1 16 0° 0° 0" 1°1/3° 0®
by 1 1%0%12 0° 0%1%? 0% 14 1/2° 1/6° -1/2° 1/6?
b,=5 11 12 0* 0%1%0? 0*1? 0" (i 0®
bs 11 1“0 01’ 0° 1 0* 1’0’ 0 1°
b 11 0%1%? 120* 0412 120%150? 18 0®

! . r . - _ _ i

P10y, 0P, Wl ,10)g, with the space—time chirality ys, . land ysy = 1,re

P]0) @ W], W H 0N, 1, (81)

While the U(1); charge for the Cartan subgroups is given by
the formula Y = a/2 + F [where F is the fermion number; see
(80)], it is obvious that the states (81) generate the root lat-
tice for SO(44):

€;,(I#J); (82)

The other vectors break N=4 SUSY down to N=1, and the
gauge group SO(44) down to SO(2)3,3XS0(6),
X [SU5)XU(1)XSU(3)yXU(1)y]?%; see Fig. 1.

In general, additional basis vectors can generate extra
vector bosons and extend the gauge group that remains after
applying the GSO projection to the RNS sector. In our case
the dangerous sectors are 2b,+nbs, n=0,2,4,6; 2bs: 6bs.
But our choice of GSO coefficients cancels all the vector
states in these sectors. Thus, gauge bosons in this model
appear only from the RNS sector. _

In the NS sector the b; GSO projection leaves (5,3) +
(5.3) Higgs superfields (see Fig. 2):

X150 @W Wik WKW ,|Q)k

J=1,...,22.

+€[ iEIIE].

and Voo,
(83)
where a,b=1,...,5, with i,j=1,2.3.

Four (35+ 1) generations of chiral matter fields from
the (SU(5)XSU(3)); group forming SO(10) multiplets
(1,3)+(5,3)+(10,3) and (1,1) + (5,1) + (10,1) are con-
tained in the b, and 3b, sectors. Applying b; GSO projection
to the 35, sector, we obtain the massless states

b¢12bx34bx56|Q>L

®{‘I’3/4 ’ ‘11/4\1'11)/4\1’%4 NSNS /4‘1'1/4}|~Q>
b;l2b;34b;56'Q>L

b i i i Ak
TR S/ ST ST ST I ST ST (84)

TABLE V1. Choice of the GSO basis ¥ b; ,b i Model 2. (i labels the rows,
and j labels the columns.)

b, b, b, b, bs be
b, 0 1 112 0 0 0
b, 0 273 ~1/6 1 0 1
b, 0 1/3 5/6 1 0 0
by 0 0 0 0 0 0
bs 0 1 ~1/2 1 1 1
be 0 1 112 1 0 1
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spectively In these formulas the Ramond creation operators
bn/q , and b - of the zero modes are constructed from a pair
of real ferrmons (as indicated by the double indices): x4,
with (a,8)=(1,2),(3,4),(5.6). Here, as in (83), the indices
take the values a,b=1,...,5 and i,j=1,2,3.

We stress that without using the b; projection we would
get matter supermultiplets belonging to real representations
only, i.e., “mirror” particles would remain in the spectrum.
The b¢ projection instead eliminates all chiral matter super-
fields from the U(8)" group.

Since the matter fields form the chiral multiplets of
S0(10), it is possible to write down the U(1)y_ hyper-
charges of the massless states. In order to construct the right
electromagnetic charges for the matter fields, we must define
the hypercharge operators for the observable U(8)" group as

0 a 0 i

and analogously for the U(8)" group.
Then the orthogonal combinations
Ys=5(Ys+5Y3), Y3=5(Y;—

3Ys) - (86)

play the role of the hypercharge operators of the U (1 )y5 and
U(1 )Y groups, respectively. In Table IV we give the hyper-
charges Y5 ,Yg ,YII Y[I

The full list of states in this model is given in Table IV.
For fermion states only the sectors with positive (left) chiral-
ity are written. Superpartners arise from sectors with the
S=b, component changed by 1. The chirality under the hid-
den SO(2)3,,XS0(6), is defined as *,,*,,%5,%,, re-
spectively. The lower signs in items 5 and 6 correspond to
the sectors with the components given in brackets.

In the next section we discuss the problem of rank-eight
GUST gauge symmetry breaking. The point is that according
to the results of Sec. 4 the Higgs fields (10,,, + 10_,,,) do
not appear.

5.3. SU(5)x U(1) x SU(3) x U(1)—Model 2

We consider now another [U(5) XU (3)]2 model which,
after breaking the gauge symmetry by means of the Higgs
mechanism, leads to a spectrum similar to that of model 1.

This model is defined by the basis vectors given in Table
V with the Z}X Z¢X Z,, group under addition.

The GSO coefficients are given in Table VI.
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TABLE VILI. List of quantum numbers of the states. Model 2.

No. by.by.by.by.bs b LYo UGy u@) U™ U@ vi YL y! Yy
1 RNS 6,2, 1 1 1 1 0 0 0 0
2,2, 1 1 1 1 0 0 0 0
5 1 5 1 1 0 -1 0
004100 1 3 1 3 0 -1 0 -1
008100 1 3 1 3 0 1 0 1
2 010000 5 3 1 1 -3/2 -12 0 0
1 3 1 1 512 —1/2 0 0
030000 10 1 1 1 112 31 0 0
3 0110000 1 10 3 0 0 12 12
036000 1 1 5 0 0 —3/2 =312
1 1 1 0 0 512 —3/2
4 023000 —3+4 1 3 1 1 —5/4 —1/4 5/4 3/4
5 003000 +3+4 1 1 3 1 -5/4 3/4 1/4 3/4
6 009000 +3+4 1 1 5 1 5/4 -3/4 —1/4 —3/4
7 049000 -3*4 1 3 1 1 5/4 1/4 —5/4 —3/4
8.9 050101 —1%3 1 3 1 1 0 -1 0 0
030101 +1+3 5 1 1 1 1 0 0 0
+1-3 5 1 1 1 -1 0 0 0
—1+3 1 1 5 1 0 0 1 0
-1-3 1 1 5 1 0 0 -1 0
058101 +1+3 1 1 1 3 0 0 0 1
10 033001 +1+4 1 1 1 1 -5/4 3/4 5/4 3/4
11 103001 +2-3 1 1 5 1 -1/4 3/4 —-5/4 —-3/4
1211001 +2-3 1 1 1 3 -5/4 3/4 —-5/4 1/4
12 109001 +2+43 5 1 1 1 1/4 —3/4 5/4 3/4
149001 +2+3 1 3 5/4 1/4 5/4 3/4
13 000111 +2+43 1 1 1 1 0 -3/2 0 32
020111 +2-3 1 3 1 1 0 12 0 312
028111 +2-3 1 1 1 3 0 -3/2 0 -1/2
048111 +2+43 1 3 1 3 0 1/2 0 -1/2
103111 +1+3 1 1 1 1 5/4 3/4 —-5/4 3/4
109111 +1+3 1 1 1 1 —5/4 —3/4 5/4 —3/4
133011 -1-3 1 1 1 1 —5/4 —3/4 —5/4 3/4
139011 —1+3 1 1 1 1 5/4 3/4 5/4 —3/4

The model corresponds to the following chain of gauge
symmetry breaking:

Ei—50(16)2—U(8)2—[U(5)XU(3)]%

TABLE VIII. Basis of the boundary conditions for model 3.

Vectors 5 X6 V1.6 w6 P2 Yis Pigs

b, 1 1t 1 1 1 18 18
b, 11 11111 000000 000000 o2 13 e®
b, 11 000000 111111 000000 0814 o’ 01
b,=S 11 110000 001100 000011 o 0t (vd
bs 11 111111 000000 000000 o' 08 1°1/33
b 11 001100 110000 000011 1%0%*1°%0> 1® 0®
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Here the breaking of the U(8)> group down to
[U(5)X U(3)]?is determined by the basis vector b5, and the
breaking N=2 SUSY—N=1 SUSY is determined by the
basis vector bg.

It is interesting to note that in the absence of the vector
bs the U(8)* gauge group is restored by the sectors 455, 8b,,
2b,+c.c., and 4b,+c.c.

The full massless spectrum for the given model is given
in Table VII. By analogy with Table IV only fermion states
with positive chirality are written, and obviously vector su-
permultiplets are absent. The hypercharges are determined
by the formula
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TABLE IX. Choice of the GSO basis {b;,b;]. Model 3. (i labels the rows,
and j labels the columns.)

b, b, b, b, bs bg
b, 0 1 0 0 1 0
b, 0 23 1 1 1 1
b, 0 1 0 1 1 1
bs 0 0 0 0 0 0
bs 0 1 1 1 23 0
b 0 1 0 1 1 1

n
Y,= 2, (ap/2+F;).
k=1

The given model possesses the hidden gauge symmetry
S0(6),X SO(2)3,3,4. The corresponding chirality is given in
the column labeled SO,;4. The sectors are divided by hori-
zontal lines and without the b vector form SU(8) multiplets.

For example, let us consider row 2. In the sectors b, and
5b,, in addition to the states (1, 3) and (5,3), the state
(10,3) appears, and in the sector 3b,, besides (10,1), the
states (1,1) and (5,1) survive too. All these states form 8
+ 56 representations of the SU(8)" group.

Similarly, we can obtain the full structure of the theory
according to the U(8)'X U (8)" group. (For correct restoration
of the SU(8)" group we must invert the 3 and 3 representa-
tions.)

In model 2, matter fields appear in both the U(8)" and
U(8)" groups. This is the main difference between this
model and model 1. However, note that in model 2, as in
model 1, all the gauge fields appear in the RNS sector only,
and the 10+10 representation (which can be the Higgs field
for gauge symmetry breaking) is absent.

5.4. SO(10) x SU(4)— Model 3

As an illustration, we can consider the GUST construc-
tion involving SO(10) as a GUT gauge group. We consider
the set of six vectors B=b,,b,,b;,b,=8,bs,bg given in
Table VIIL

The GSO projections are given in Table IX. It is inter-
esting to note that in this model the horizontal gauge sym-
metry U(3) extends to SU(4). Vector bosons needed for this
appear in the sectors 2b, (4b,) and 2bs (4bs). For further
breaking of SU(4) down to SU(3)X U(1) we need an addi-
tional basis spin vector.

Thus, the given model possesses the gauge group
G™PX[SO(10)X SU(4)]? and matter fields appear both in
the first and in the second group symmetrically. The sectors
3b, and 5b,+c.c. give the matter fields (16,4;1,1) (first
group), and the sectors 3bs and 5bs+c.c. give the matter
fields (1,1; 16,4) (second group).

Of course, for a realistic model we must add some basis
vectors which give additional GSO projections.

The condition for generation chirality in this model re-
sults in the choice of Higgs fields as vector representations
SO(10) (16 + E are absent). According to (74), the only
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Higgs fields (10,1;10,1) of (SO(10) X SU(4))*? appear in
the model (from the RNS sector), which can be used for
GUT gauge symmetry.

6. MORE EXPLICIT METHODS OF MODEL-BUILDING

In previous models we had to guess how to obtain cer-
tain algebraic representations and select boundary-condition
vectors and GSO coefficients solely according to basis-
building rules. Below, we will develop some methods that
help to build models for more complicated cases such as
E¢XSU(3) and SU(3)XSU(3)XSU(3)XSU(3).

6.1. Normalization of algebra roots

It is known that the U(1) eigenvalue when acting on a
state in the sector @ is a;/2+ F;. Thus, the square of a root
represented by a state in the sector a is Z;(a/2+F;).

Consider now the mass condition. It reads (for the right
mass only)

M12€= -1+ % (aR‘aR)+NR:0.
In general we can write ny as

2
n(f)=F2 1_+F5a_(.f_)=%+pg_

for any F=0,*=1 (F 3=F for those values).
Now the formula for M% reads
F2 a )
l

2 (a2)+2

Mi=—1+—

Clearly, this is the square of the algebra root and is equal to
2 for any massless state. Obviously, for massive states the
normalization will differ from this value.

On the other hand, if we wish to obtain a gauge group
like G'XG™X G, then the sectors that give the gauge group
should be

(0'%a'0%0%) for G,
(0'908a"0%) for G,
(0 10|0808ahid) for Ghid,

where we assume that both of G"" are rank-eight groups (the
symbol | divides the left and right movers). With other vec-
tors we will get roots that mix some of our algebras.

With all this in mind, we can develop some methods of
building GSO projectors (vectors that apply appropriate GSO
projections on the states in order to obtain certain represen-
tations) for several interesting cases.

6.2. Building GSO projectors for a given algebra

When we follow a certain breaking chain of Eg, it is
very natural to take the Eg construction as a starting point.
Note that the root lattice of E arises from two sectors: the
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NS sector gives 120 of SO(16), while the sector with 1%
gives 128 of SO(16). This corresponds to the following
choice of simple roots:

m=—ete,,
my=—eyte;,
my=—e3tey,
4= —eqtes,
ms=—esteg,
me=—e€gteq,
m=—e;teg,
778=% (ejteytestestes—eg—e;—eg).

On the basis of this choice of roots it is very clear how to
build a basis of simple roots for any subalgebra of Eg. One
can just find appropriate vectors 7; of the same form as in Eg
with the necessary scalar products or build a weight diagram
and break it in the desired fashion to find roots correspond-
ing to certain representations in terms of the Eg roots.

After the basis of simple roots is written down, one can
build GSO projectors in the following way.

A GSO projection is defined by the projector (b;-F)
acting on a given state. The goal is to find those b; that allow
only states from the algebra lattice to survive. Note that
F;=v,— a;/2 (7, are the components of a root in the basis of
e;), so that the value of the GSO projector for the sector a
depends only on v;. Thus, if the scalar products of all the
simple roots that arise from a given sector with the vector b;
are equal, mod 2, they will certainly survive GSO projection.
Taking several such vectors b;, one can eliminate all the
extra states that do not belong to a given algebra.

Suppose that the simple roots of the algebra have the
form

I+

—1
'n’,~—7(iel ezie3i64iesie6ie6te7teg),

mi=(Xertey,).

With this choice we must find vectors b which give O or 1 in
a scalar product with all the simple roots. Note that
(b-a;)=(b-m;)mod 2 for all i,j, so that ¢;=(b- ;) are ei-
ther all equal to Omod2 or equal to 1mod?2 [for
m;=(*er*e,) it should be O mod?2 because they arise
from the NS sector]. Values O or 1 are taken because if root
are algebra lattice, then — 17 is also a root. With such a choice
of simple roots and scalar products with b, all the states from
a sector like 1® will have the same projector value. Roots like
*e;*e; arise from the NS sector and are sums of roots like
m=1/2(*e ,*e,*e;re,Festegte,;teg), and there-
fore they have scalar products equal to 0 mod 2, as required
for the NS sector.

Now the vectors b are obtained very easily. Consider

ci=(b-m)=bAj,
where A j;=(;); is the matrix of root components in the e;
basis. Hence b=A""!. ¢, where either all ¢ =0 mod 2 or
¢;=1 mod 2. One must try some combination of c¢; to obtain
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an appropriate set of b. The next task is to combine those b;
that satisfy the modular-invariance rules and do not give ex-
tra states in the spectrum.

6.3. Breaking a given algebra by using GSO
projectors

It appears that this method of constructing GSO projec-
tors allows us to break a given algebra down to its subalge-
bra.

Consider the root system of a simple Lie algebra. It is
well known that if 7,7, €A, where A is a set of positive
roots, then (7, — (- m,)) €A also. For simply laced alge-
bras this means that if m;, we A and (7;- w)=—1, where =, is
a simple root, then 7r+; is also a root. This rule holds
automatically in the string construction: if a sector gives
some simple roots, then all the roots of the algebra and only
these roots also exist (but some of them may be found in
another sector). Because the square of every root represented
by a state is 2, it follows that if (7r;-m)#—1, then
(m+m;)?#2. Thus, one must construct GSO projectors by
checking only the simple roots. On the other hand, if one
cuts out some of the simple roots, the algebra will be broken.
For example, if a vector b has a noninteger scalar product
with a simple root m; of E¢, we obtain the algebra SO(10)
XU(1) [(b-m,) can even be 1 if the other products are equal
to 0 mod 2].

More complicated examples are EgX SU(3) and SU(3)
XSUB)XSU(B)XSU(3). For the former we must forbid
the 7, root but permit it to form the SU(3) algebra. Note that
in the Eg root system there are two roots with 3,. We will
use them for SU(3). Thus, the product (b-m,) must be 2/3,
while the others must be 0 mod 2.

We can also obtain GSO projectors for all the interesting
subgroups of Eg in this way, but so far the choice of the
constant for the scalar products (c; in the previous subsec-
tion) is rather experimental, so that it is more convenient to
follow a certain breaking chain.

Below, we will give some results for E¢X SU(3), SU(3)
XSUB)XSUB)XSU(3), and SO(10)XU(1)XSU(3).
We will give the algebra basis and the vectors that give the
GSO projection needed for obtaining this algebra.

E¢XSU(3). This case follows from Eg, using the root
basis from the previous subsection and choosing

2
c,.=( -2,— 5;0,2,—2,—2,2,0).

This gives a GSO projector of the form
1 1111
b1=(1"’ 37333 5)-
The basis of simple roots arises from the sector with 1% in the
right part and has the form

m=3(+e teytestestestestesteg),
—1

m=7(+eiter—e3—es—es—eg—e;ey),
—1

m=3(te —e;—e;—estestes—e;+eg),

1T4=%(—el+ez+e3—e4—e5+e6+e7—es),
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TABLE X. Basis of the boundary conditions for Model 4.

Vectors s Xi..o o 9 P16 V.8 LT
b, 1 1° 1° 16 18 18
11 1 3 3 h 3 3 223 > _ 26 2 16
by 3.1;—-5%0.,0,5 3.1;-%,0;0,5 373 0" —3 173
bs 00 0’ 0> 06 18 0®
b4 11 1,1;0,0,0,0 1,1;0,0,0,0 (' 0? 0?

775=';' (+el_82+83+€4+e5'—€6_e7_68),
me=3(—e,+e,—e;+e,—esteg—e t+eg),
m=3(+e —eyte;—es—es—egtesteg),
7T8=%(_el+€2—€3_€4+€5—€6+67+€8). (87)

SO(10)XU(1)XSU(3). This case follows from
E¢XSU(3). In addition to b, we must find a vector that cuts
out 7r5. Using

¢;=(0,0,1,0,0,0,0,0)

and the inverse matrix of the E4X SU(3) basis, we obtain a
GSO projector of the form

o0 1 211 21

b,=\0, °3°73°3°3°3°3)"

The basis of simple roots is the same as for E¢XSU(3),
excluding 5.

SUB)XSUB)XSUB)YXSU(3).
X SU(3)-basis inverse matrix with

1 1
c={1,—-1,—1, 3-,1,5,—1,—1 s

"we obtain a GSO projector of the form

Using the Eg

b 1 1 11 11 1 1
2= 3 > E sl,1, 3 ) 3 ’ 3 s 3 .
It is easy to see that this c; cuts out the m, and g roots, but

owing to an appropriate combination in the E4 root system
two SU(3) group will remain. The basis of simple roots is

m =% (+e +e,testestestegte;+eg),
m=%(+e,te,—e3—e,—es—eg—e;—eg),
m=1(+te,—e,te;—es—es—egteqst+eg),
ma=3(—e+e,tes—estestes—er—eg),
ms=4%(+e,—e,te;testes—eg—e;—eg),

71'6=%(—e,+e2—e3—e4+e5—e6+e7+es),

TABLE XI. Choice of the GSO basis fb; ,bj]. Model 4. (i labels the rows,
and j labels the columns.)

b, b, by by
b, 0 13 1 1
by 1 1 1 1
by 1 1 0 1
b, 1 13 1 1
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m=5(—e testestes—es—este;—ey),
778:;‘(+€1“62_63—€4+e5+e6+€7'—68). (88)

Using all these methods, we can construct the model de-
scribed in the next section.

6.4. EgxSU(3) model
Model 4

with three generations—

This model illustrates a branch of Eg breaking
Eg—EgXSU(3) and is an interesting result on a way to
obtain three generations with gauge horizontal symmetry.
The basis of the boundary conditions (see Table X) is rather
simple, but there are some subtle points. In Ref. 34 the pos-
sible left parts of the basis vectors were worked out; see that
paper for details. We just use the notation given in Ref. 34 (a
hat on the left part means a complex fermion, the other fer-
mions on the left sector are real, and all the right movers are
complex) and an example of a commuting set of vectors.

The construction of the E¢X SU(3) group compelled us
to use rational values for the left boundary conditions. This
seems to be the only way to obtain such a gauge group with
appropriate matter content.

The model has N=2 SUSY. We can also construct a
model with N=0, but, according to Ref. 34, by using vectors
that can give rise to E¢X SU(3) (with realistic matter fields)
one cannot obtain N=1 SUSY.

Let us give a brief review of the model content. First, we
note that all the superpartners of the states in the sector « are
found in the sector a+b,, as in all previous models. How-
ever, the same sector may contain, say, matter fields and
gauginos simultaneously.

The observable gauge group (SU(3)}, X EL) X (SU(3)}
X Eg) and the hidden group SU(6) X U(1) arise from the
sectors NS, b5, and 3b,+b,. Matter fields in the represen-
tations (3,27)+(3,27) for each SU(3)yXE4 group are
found in the sectors 3b,, b;+b,, and b,. There are also
some interesting states in the sectors b,, b,+b;,
2b,+bs+b,, 2b,+b, and 5b,, 5b,+bs, 4by+b3+b,,
4b,+ b, that form the representations (3,3) and (3,3) of the
SU(B)L X SU(3)g group. These states are singlets under
both E¢ groups but have nonzero U(1)y;gqen charge.

We believe that the model permits further breaking of Eg
down to other grand-unification groups, but the problem of
supersymmetry breaking (N=2)—(N=1) is a great ob-
stacle for this approach.

Maslikov et al. 494



7. GUST SPECTRUM (MODEL 1)
7.1. Gauge symmetry breaking

Let us consider model 1 in detail. In model 1 there exists
a  possibility of breaking the GUST group
(US)XU(3))'X(U(5)XU(3))" down to the symmetric
group by the ordinary Higgs mechanism:’

G'xGlsgoymm_, | (89)

To achieve such breaking one can use nonzero vacuum ex-
pectation values of the tensor Higgs fields (see Table IV, row
1) contained in the 2b,+2(6)bs(+S) sectors, which trans-
form under the (SU(5)XU(1)XSU(3)X U(1))¥™™ group
in the following way:

(5.1:5, D) —1,0:-1,00— (24, 1) 0,00+ (L, D0,0) 5

(1,3;1,3)0,1;0,1)—(1,8) 0,00t (L, 0,0) 5 (90)
(5,1:1, 3)( 1,0;0, 1)_*(5 3)(1 1)
(liil)(o,l;—1,0)‘*(22)(—1,—1)- 91)

The diagonal vacuum expectation values for the Higgs

fields (90) break the GUST group (U(5)XU(3))"

><(U(5)><U(3))II down to the ‘“‘skew’-symmetric group

with generators Ay, of the form
Agymm(t)=—t*¥X1+1X1, 92)

The corresponding hypercharge of the symmetric group has
the form

y=y"-yL (93)
Similarly, for the electromagnetic charge we get

Qem=0"-Q'=(T5-TY)+ } (F3-V5)=Ts+ } Vs,
94)

where Ts=diag(1/15,1/15,1/15,2/5,—3/5). Note that this
charge quantization does not lead to exotic states with frac-
tional electromagnetic charges (e.g., Q.,=*1/2,+1/6).

Thus, in the breaking scheme (92) it is possible to avoid
color-singlet states with fractional electromagnetic charges,
to achieve the desired GUT breaking, and, moreover, to ob-
tain the usual value for the weak mixing angle at the unifi-
cation scale [see (47)].

The adjoint representations which appear on the right-
hand side of (90) can be used for further breaking of the
symmetric group. This can lead to the final physical symme-

try
(SUB)XSUQRpw)XU(1y)XU(1)")
X(SUBH)XU(1y)) 95)

with low-energy gauge symmetry of the quark—lepton gen-
erations with an additional U(1)’ factor.

Note that when we use the same Higgs fields as in (90)
there exists also another interesting way to break the G'XG!
gauge symmetry:

G'XG"-SU(3)XSUQ2)LywXxSsU(2)L
XSUQBR)'XSUBR"™XU(15,)—... . (96)

X U(17)
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This is attractive because it naturally solves the Higgs
doublet—triplet mass-splitting problem with a rather low en-
ergy scale of GUST symmetry breaking.*

In turn, the Higgs fields A y, from the NS sector

(5.3)(-1,-1+ (5.3 97

are obtained from the N=2 SUSY vector representation 63
of SU(8)' [or SU(8)"] by applying the bs GSO projection
(see Fig. 2 and Appendix A). These Higgs fields [and the
fields (91)] can be used to construct chiral fermion (see Table
IV, row 2) mass matrices.

The b spin boundary conditions (Table II) generate chi-

ral matter and Higgs fields with the GUST gauge symmetry

G compX (G"™XG") gy [Where G oo, =U(1)*X SO(6) and G
have already been defined]. The chiral matter spectrum,
which we denote by W1 v, with ['=1,5,10 and N = 3,1,
consists of N,=3,+ 1y families. See Table IV, row 2 for
the ((SUGB)XU(1))X(SUB)XU(1));)¥™ quantum
numbers.

The SU(3}) anomalies of the matter fields (row 2) are
naturally canceled by the chiral “horizontal” superfields
formmg two sets: \I’(l -N:1,n) and (I)(l NNy, With =1, N
= 1,3 [with both SO(2), chiralities; see Table IV, rows 3and
4.

The horizontal fields (rows 3 and 4) cancel all the SU(3)"
anomalies introduced by the chiral matter spectrum (row 2)
of the (U(5)XU(3))" group [owing to the b4 GSO projec-
tion, the chiral fields of the (U(5)X U( 3))lI group disappear
from the final string spectrum]. Performing the decomposi-
tion of the fields (rows 3 and 4) under
(SU(5)XSU(3))¥™™, we obtain (among others) the three
“horizontal” fields

(lé)(o,—l), (L,Do-3, (L,6)o1)» (98)

commg from \ifﬁj_ll) (or \[1”1 11D ‘I’fi“_), and
‘I'( 1,1;1,3)> respectively, which make the low-energy spectrum
of the resulting model (96) SU(3)*™"-anomaly free. The
other fields arising from rows 3 and 4 of Table IV form
anomaly-free representations of (SU(3 ) X U(1))¥™™:

2(_1_’1_)(0,0), (l’z)(o.—l(z))
+(1.3)0,1(-2))> (1.8)(0,0)- (99)

The superfields <;5(F,N)+H.c., where I'=1,5 and N=1,3,
from Table IV, row S5, forming representations  of
(UGB)XUB))M™, have either Q' or Q" exotic fractional
charges. Because of the strong G“"P gauge forces, these
fields may develop the double scalar condensate (¢¢)
which can also serve for U(5)XU(5) gauge symmetry
breaking. For example, the composite condensate
(¢(5 L1 I)q§(1 1:5,1)) can break the U(5)X U(5) gauge symme-
try down to the symmetric diagonal subgroup with genera-

tors of the form
Agymm()=tX1+1X1, (100)

so that for the electromagnetic charges we would have the
form

Qen=0"+0', (101)
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leading again to no exotic, fractionally charged states in the
low-energy string spectrum.

The superfields which transform nontrivially under the
compactified group G®™P=S0(6)XSO0(2) X3 (denoted by
o+H.c), and which are singlets of (SU(5)XSU(3))
X (SU(5)XSU(3)), arise in three sectors (see Table IV, row

6). The superfields & form the spinor representations 4 + 4 of
S0(6) and are also spinors of one of the SO(2) groups. They

have following hypercharges ig“,i&“:

Y=(5/4,%3/4;5/4,%3/4),
Y=(5/4,3/4;—5/4,—3/4). (102)

With regard to the diagonal G®™™ group with generators
given by (92) or (100), the fields o from sets (a), (b), or (c)
are of zero hypercharge and can therefore be used to break
the SO(6)X S0(2)™> group.

Note that for the fields ¢ and for the fields ¢ any other
electromagnetic charge quantization different from (94) or
(101) would lead to “quarks” and “leptons” with exotic
fractional charges; for example, for the 5 and 1 multiplets,
according to the values of the hypercharges [see (102)] the
generator Q" (or Q") has the eigenvalues (+1/6,%1/6,*1/6,
+1/2,%1/2) or *=1/2, respectively.

The scheme of breaking of the gauge group to the sym-
metric subgroup, which is similar to the scheme of model 1,
works for model 2 as well. In this case vector-like multiplets
(5,1;5,1) from the RNS sector and (1,3;1,3) from 4b;
(8b3) play the role of Higgs fields. Then the generators of
the symmetric subgroup and the electromagnetic charges of
the particles are determined by the expressions

(5) — 4(5 5
AS =X 101X,

AB®) = (M) x1@1x1D),

sym

Qem=1—2/577,
(103)

After this symmetry breaking the matter fields (see Table
VII, rows 2 and 3), as usual for flip models, occur in repre-
sentations of the U(5) group and form four generations (1
+ 5+ 10; 3 + 1)y The Higgs fields form the adjoint rep-
resentation of the symmetric group, as in model 1, which is
necessary for breaking of the gauge group to the standard
group. Moreover, owing to quantization of the electromag-
netic charge according to (103), states with exotic charges in
the low-energy spectrum also do not appear in this model.

where 1$¥=(1/15,1/15,1/15,2/5,-3/5).

7.2. Superpotential and nonrenormalizable
contributions

The ability to give a correct description of the fermion
masses and mixings will, of course, constitute the decisive
criterion for selection of a model of this kind. Therefore,
within our approach one must:

1) study the possible nature of the Gy horizontal gauge
symmetry (N, =3y or 34+ 1p);

2) investigate the possible cases for the Gy quantum
numbers for the quarks (antiquarks) and leptons (antilep-
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tons), i.e., whether one can obtain vector-like or axial-like
structure (or even chiral Gy X Gy structure) for the hori-
zontal interactions;

3) find the structure of the sector of the matter fields
which are needed for the SU(3), anomaly cancellation (chi-
ral neutral “horizontal” or “mirror” fermions);

4) write out all possible renormalizable and relevant
nonrenormalizable contributions to the superpotential W and
their consequences for the fermion mass matrices.

All these questions are currently under investigation.
Here we restrict ourselves to some general remarks.

With the chiral matter and “horizontal” Higgs fields
available in model 1 constructed in this paper, the possible
form of the renormalizable (trilinear) part of the superpoten-
tial responsible for the fermion mass matrices is well re-
stricted by the gauge symmetry:

Wi =gV2[¥ (1 35¥;5 )heis5+Ya, Ve ks
+W 10,3 Y5306, Y03 Yo, nhs3) (104

From the above form the Yukawa couplings it follows that
two (chiral) generations have to be very light (in comparison
with the My, scale).

The construction of realistic quark and lepton mass ma-
trices depends, of course, on the nature of the horizontal
interactions. In the construction described in Sec. 5 there is a
freedom in choosing the spin boundary conditions for the
N gr=12 left and right fermions in the basis vectors b3, b5,
bg,..., which in the Ramond sector 2b, may yield other
Higgs fields, denoted by h (r.yy_and transforming as
3,31,y + (5,3)1,-1)C28 * 28 of SU(8). Using these
Higgs fields, we obtain the following alternative form of the
renormalizable part of the superpotential W:

Wi=gV2[ ¥ Wi 3hs.3+ Yo V6 0kG 5
+¥ 10,3 Y010,3)865,3)F Y03 Y6, 10)h65,3)]
(105)

To construct realistic fermion mass matrices one must also
use the Higgs fields (90) an (91) and Table IV, row 5, and
also take into account all relevant nonrenormalizable
contributions.'®

The Higgs fields (90) can be used to construct Yukawa
couplings of the horizontal superfields (rows 3 and 4). The
most general contribution of these fields to the superpotential
is

_ AH AH A
W2_g‘/2[(b(1,1;1,3‘)¢(1,5;1,1)¢(1,3;1,3)

AH AH A
@00 151,0P 0 505 P

~H 2 H s
+q)(n,s';1,3‘)(1’(1,5;1,3')‘1)(1,3;1,3)

AH AH ~
+\P(l,3;l,l)q,(1,3;1_3-)¢(1,3;1,3)

H -
(1,1;1,3)

A A H A

+‘p \I,(l,3;l,3‘)q>“v3-;l*j)‘ (106)
From this expression it follows that some of the horizontal
fields in (99) (rows 3 and 4) remain massless at the tree level.

This is a remarkable prediction: the fields (99) interact with
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the ordinary chiral matter fields only through the U(1,) and
SU(3y) gauge boson and therefore are very interesting in
the context of experimental searches for new gauge bosons.

AH AH
The superfields &, 3., ;) and ¥, 5., |, (see rows 3 and

4) can be used to construct the nonrenormalizable contribu-
tions in the superpotential W. For example, the term

_083 2 H 2 H
AWl—_TMPl \I'(10,1)‘1'(10,1)(D(1.3;5,1)(D(1,3;1,1)(1)(1,3;l,l)

(107)

can give a contribution to the mass of the fourth-generation
down-type quark [c=0(1); see Ref. 16). To get a reasonable
value of the mass for this quark we must arrange for
SU3p)! gauge symmetry breaking at an energy scale near
the Planck scale, i.e., ((i)fld:l,l)) = ((i):j;l,l)) ~ Mp,. Inthis
case one can get the SU(3,)" family gauge group with a
low-energy symmetry-breaking scale. Finally, we remark
that the Higgs sector of our GUST allows conservation of the
G, gauge family symmetry down to low energies (~O(1
TeV). Thus, in this energy region we can expect new inter-
esting physics (new gauge bosons, new chiral matter fermi-
ons, and superweak-like CP violation in K-, B-, and
D-meson decays with (1074 (Ref. 5)).
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APPENDIX A. SHORT INTRODUCTION TO N=2 SUSY
MODELS

Let us consider a gauge interaction of the vector (gauge)
hypermultiplet and the Fayet—Sohnius (matter) hypermultip-
let. In the language of N=1 SUSY these hypermultiplets
consist of N=1 superfields as follows: vector
hypermultiplet—vector superfield V=(V,,;\) and chiral su-
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perfield ®=(N;¢); Fayet—Sohnius hypermultiplet—two chi-
ral superfields: X=(X;4) and mirror Y=(¥;x). (In brackets
we have written the bosonic components in the first place.)
Suppose that we have matter multiplets in some repre-
sentations of a gauge group G with generators 7, :

Te(taty)=kbap, [tatp]l=ifapctc-
Then the N=2 gauge Lagrangian in the language of N=1
superfields takes the form

=i +H.c.+[(1/k)

F

1
a
WTI‘W Wa

X Tr(P+e?8Vde~22Y) + X}LezgvXj
+Y; e 2YY,+[iVIg Y/ OX/] s+ Hee.
(108)

Here the superstrength is W, = — (1/4)D_dl._)"'e_23vDae2gv,
V=V%,, and similarly for @. It is interesting that the
Yukawa couplings of N=2 theories are entirely determined
by the gauge structure.

Under the following gauge transformations this Lagrang-
ian is invariant:

e?8Vexp(igA ) t,)e*8Y exp(—igA,t,),
DP—exp(igAyt,)P exp(—igAyty),

X—exp(igAyt,)X, Y—oexp(—igA, tF)Y. (109)

We can see that the ordinary fields (superfields X) and the
mirror fields (superfields Y) are transformed as mutually
conjugate representations of a gauge group.

After excluding the auxiliary fields the Lagrangian
FV=2 takes the form (we suppose that k=1/2)

FV=2=TH(—1/2V,,,V"™ = 2iN 0"V A+ 2N V2N
+2iV, 0" d+2vV2ighN[ N1+ 2v2igh[ $N]
— g INN 1) +XTV2X+iV, o y+Y VY +
XiV o xd™"x+V2ig(XTNy—Y ' NTxy—xTdX
—YTdpy—x"Ny)+He.—g?X {NTN}X
— g2 YNNIV *—(gX4) (XX ) (X[ X;)— (g%/4)
X(YFY YY)+ 2)(Y[X) (X[ YF)
—gX(YTYH)(X/ X)), (110)

where i and j label the matter hypermultiplets. Note that the
covariant derivative for the X fields is VX=4,,+igV,,, but
for the Y fields V),=4,,—igVZX. Since the N=2 SUSY has
been presented, this Lagrangian possesses a hidden global
internal SU(2) symmetry. The component fields (\,— ¢) and
(X,Y*) are doublets under the internal SU(2) group, and the
remaining fields are singlets.

The attractive feature of the N=2 SUSY theory is that
the B function is nonzero at the one-loop level only,

3
Blen=g3| 2 TaR)~C1(Gy) . (a1
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where
firfig=Co(G) 8y, T LD =T(R,)8,,

and we suppose that gauge groups like G=11,8G4 and R,
are representations for chiral superfields.

We can see that this theory can be made finite for some
gauge group through a certain choice of representations of
the matter fields if the following relation holds:*!

Co(Ga)=2, Ta(R,). (112)

Let us write down the representations of some subgroups
of Eg which guarantee the finiteness of the N=2 thoery:3

SU(5): p, q, and r matter multiplets in the representa-
tions (5 + 5), (10 + 10), and (15 + 15), respectively, for
which p+3qg+7r=10.

SO(10): p and g matter multiplets in the representations
(10+10) and (16 + 16), respectively, for which p+2g=8.

E: four multiplets in the representation (27 + 27).

E: three multiplets in the representation (56+56).

Eg: one multiplet in the lowest (adjoint) representation
(248+248). This implies the existence of N=4 SUSY.

There are five types of soft SUSY-breaking operators,
and addition of them to the Lagrangian does not destroy the
finiteness of the theory.*33

1) Any gauge-invariant N=1 supersymmetric mass ad-
dition. For example, m Tr ®*|+H.c., mY'X;|+H.c. The
first addition can be written in component fields as

Te(—mpdp—m* pd—2|m|>N*N)+iv2gmX*NY*

—iv2gm*YTN*X. (113)
This addition breaks N=2 down to N=1 SUSY.

2) Any gauge-invariant masses for scalar fields of the
form A2—B?. We assume that the scalar is (A+iB)IV2.

3) Certain mass terms of the form A2+ B2.

U\N*N,+ 2 (USX] X+ ULy Y)) (114)
if for each i we have U,+ Ub+ U5 =0.

4) Certain combinations of mass addition and trilinear
scalar addition:

Tr(—mAN—m*\\—2|m|>N*N)—iv2gmY'NX

+iv2gm*XtTNtY*, (115)
This combination is simply the addition of type 1 under the
transformation exp(i rt,) of the internal SU(2) group. It also
breaks N=2 down to N=1 SUSY.

5) Gauge-invariant scalar trilinear operators of the form:

a kM XXX, +YFYFYE) +Hes

b. x74(X XY, + Y}Y¥X}) + H.c., together with a cer-
tain scalar mass A2+Bi and scalar trilinear addition
Tr N3+H.c., where X and Y do not lie in the adjoint repre-
sentation, and the gauge group must be SU(n) with n=3 or
their direct product. However, these terms lead to a potential
that is unbounded from below.
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APPENDIX B. RULES FOR CONSTRUCTING
CONSISTENT STRING MODELS FROM FREE WORLD-
SHEET FERMIONS

The partition function of the theory is a sum over terms
corresponding to world-sheets of different genera g. For con-
sistency of the theory we must require that the partition func-
tion be invariant under modular transformations, which are
reparametrizations not continuously connected to the iden-
tity. For this we must sum over the different possible bound-
ary conditions for the world-sheet fermions with appropriate
weights.®

If the fermions are parallel-transported around a non-
trivial loop of a genus-g world-sheet M, they must trans-
form into themselves:

x'=L(a)ix’,

and similarly for the right-moving fermions. The only con-
straints on Ly(a) and R, (a) that they be orthogonal matrix
representations of (M) in order to leave the energy—
momentum current invariant and the supercharge (32) invari-
ant, apart from a sign. This means that

(116)

Yr— -6y, d6,==*1, (117)

L;l,L;];L:K,fIJK=—6afIIJIKI (118)
and, consequently, —&,L4(a) is an automorphism of the Lie
algebra of G.

Further, the following restrictions on L ,(a) are imposed:

(a) Ly(a) and R (a) are Abelian matrix representations
of m(M,). Thus, all the L,(a) and all the R (a) can be
simultaneously diagonalized in some basis.

(b) There is commutativity between the boundary condi-
tions on surfaces of different genera.

When all the L(a) and R(a) have been simultaneously
diagonalized, transformations like (116) can be written as

f——exp(imayf. (119)

Here and in Egs. (117) and (118) the minus signs are con-
ventional.

The boundary conditions (116) and (117) are specified in
this basis by a vector of phases

a=[a(f}),...,a(fH)]a(fY),...,a(fNH].

For complex fermions and d=4, we have k=10 and [=22.
The phases in this formula are reduced mod(2) and are cho-
sen to be in the interval (—1,+1].

Modular transformations mix the spin structures
amongst one another within a surface of given genus. Thus,
by requiring modular invariance of the partition function we
impose constraints on the coefficients %[;: ;g] [weights in

(120)

the partition-function sum; see, for example, Eq. (77)],
which in turn imposes constraints on what spin structures are
allowed in a consistent theory. According to the assumptions
(a) and (b), these coefficients factorize:

i
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ap...a

gl __ o] &1
Bl.../sg}‘ B, : (121)

a
B



The requirement of modular invariance of the partition func-
tion thus gives rise to constraints on the one-loop coefficients
% and hence on the possible spin structures (a,) on the
torus.

For rational phases a(f ) (we consider only this case) the
possible boundary conditions a form a finite addition group
B = ZL, ® Zy, which is generated by a basis (&,,...,b),
where N; is the smallest integer for which N;b;=0 mod(2).
Multiplication of two vectors from E is defined by

- Bz(alLB’L_ a{iﬁ )complex+ ( 1/2)(aLBL_ aRBR)real
(122)

The basis satisfies the following conditions, derived in Ref.
15:

(A1) The basis (b,,...,b;) is chosen to be canonical:

>, mb;=0&m;=0 mod(N,), Vi.
Then an arbitrary vector a from E is a linear combination
a=23a;b;.

(A2) The vector b, satisfies (1/2)Nb,=1. This is clearly
satisfied by b,=1.

(A3) N;b;- b;=0 mod(4), where N;; is the least common
multiple of N; and N;.

(A4) N; b2 0 mod(4) however, if N; is even, we must
have N;b2=0 mod(8).

(A5) The number of real fermions that are simulta-
neously periodic under any four boundary conditions
b; ,b] ,by b, is even, where i, j, k, and [ are not necessarily
distinct. This implies that the number of periodic real fermi-
ons in any b; must be even.

(A6) The boundary-condition matrix corresponding to
each b; is an automorphism of the Lie algebra that defines
the supercharge (32). All such automorphisms must commute
with one another, since they must be simultaneously diago-
nalizable.

For each group of boundary conditions = there are a
number of consistent choices for the coefficients #7...],
which are determined from the requirement of invariance
under modular transformations. The number of such theories
corresponds to the number of different choices of g[ b, 1. This
set must satisfy the following equations:

(B1)

g{b"] =5, e2TIVNj= §, ¢iTbir b2 2mimIN;
b] 1 J
(B2)

by|
by

The values of ZTg] for arbitrary , B = can be obtained by
means of the following rules:

(B3)
— yim(a-at+1-1)/4 @
¢ ?{bl

a
o
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.2
iet‘n’blm.

Ny/2

(B4)

z Z}=eiw(a-ﬁ)/2g§ *

(BS)

ol
B+7 Bl v

The relative normalization of all the #7...] is fixed in
these expressions conventionally to be Z[3]=1.

For each ae E there is a corresponding Hilbert space of
string states %, that potentially contribute to the one-loop
partition function. If we write a=(a;|ag), then the states in
%, are those that satisfy the Virasoro condition:

M,%= —ct(1/8)ar-a;+ 2 (freq.)=—cpg
L—mov.

+(1/8)ag-ag+ >, (freq.)=M2. (123)
R—mov.

Here ¢;=1/2 and cg=1 in the heterotic case. In the %,

sector the fermion f(f*) has the oscillator frequencies

1*a

—Z(f_) + integer. (124)
The only states |s) in .5, that contribute to the partition

function are those that satisfy the generalized GSO condi-

tions

*

for all b;. Here F ,(f ) is the fermion-number operator. If «
contains periodic fermions, then |0), is degenerate, trans-
forming as a representation of an SO(2n) Clifford algebra.
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