Gaussian equivalent representation of functional integrals in quantum

physics
G. V. Efimov

Joint Institute for Nuclear Research, Dubna, 141980, Russia

G. Ganbold

Joint Institute for Nuclear Research, Dubna, 141980, Russia; Institute of Physics and Technology,

Ulaanbaatar, Mongolia

Fiz. Elem. Chastits At. Yadra 26, 459-512 (March—April 1995)

A new method is proposed for systematic approximate calculations of a large class of non-
Gaussian functional integrals beyond the region of the perturbative expansion. This method
provides a good accuracy of the lowest approximation, obtained in a simple way, which
represents a generalization of the variational estimate if the functionals are real. In contrast to the
variational approach, this method is applicable to complex functionals and theories with
ultraviolet divergences. Higher-order corrections to the lowest approximation are evaluated by a
regular scheme. This method is applied to different problems of theoretical physics: the

polaron problem in solid-state physics, the phase-transition phenomenon in quantum field models,
and the investigation of wave transmission in randomly distributed media. © 1995

American Institute of Physics.

INTRODUCTION

In modern theoretical physics the formulation of quan-
tum theory relying on the original classical system is mainly
distinguished in two mutually complementary ways. One of
them is the method of canonical quantization (CQ), where
the field dynamical variables are considered as operators sat-
isfying certain commutation relations and defined on a Hil-
bert space of states. Many papers have been devoted to CQ,
and for the history and details we refer readers to Refs. 1 and
2.

The second formalism of quantization is Feynman’s
method of path integrals (PI).>* The basic idea of the Feyn-
man formulation of PI is that the quantum motion of a par-
ticle is considered as the sum of all quantum transitions
along all possible classical trajectories with amplitudes pro-
portional to

A[x]x exp( i SE,LX] ) R

where S[x] is the classical action taken on a given trajectory
x. The total transition amplitude is assumed to be propor-
tional to the integral :

i
A«J}&r exp[ES(t,x)}, | (1

‘where the classical action

t m?
S(t,r)= Ld’r[ 7

is taken along the given path r(7). The integration in (1) is
performed over the space I' of all possible ‘“path-
trajectories” r(7) with 0<7<t, for which r(0)=x, and r(z)
=x. This representation attracts much attention because it is
close to the classical theory, having both physical clarity and

2—V[l‘(‘r)]} @

r(7)
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an elegant compact mathematical formulation. These advan-
tages stimulated applications of PI to various problems in
quantum physics.*

From a technical point of view, the PI formalism of
quantization represents an essential attempt to go beyond the
perturbation expansion and becomes effective for describing
systems with infinite numbers of degrees of freedom.

In mathematics, Wiener’ was the first to introduce, in
1920, the conception of PI to describe Brownian motion.
Dirac first suggested a representation of a particle propagator
in terms very close to PI techniques.® The systematic devel-
opment of quantum mechanics (QM) within the PI approach
is due to Feynman.

In quantum physics, Feynman® formulated nonrelativis-
tic QM in the language of PI (in other words, functional or
path integrals) and showed that this approach is completely
equivalent to the solution of the Schrodinger equation. One
of the main reasons for the popularity of “path integrals” is
the understanding that classical mechanics becomes an ap-
proximation of QM in Feynman’s formulation if one applies
the method of “stationary phases” to the latter. In the clas-
sical limit #—0 the leading contribution to PI is given by the
stationary points of the phase function S(¢,r) in (1), which is
the solution of Newton’s classical equation of motion.

In 1949 Feynman used the functional integral (FI) for

~ the construction of covariant QED (the Feynman diagrams).*

After then, acknowledging the dignity of this new approach,
Kac (1951) suggested a FI of Wiener’s type for the represen-
tation of the evolution operator in Euclidean space.”

Path integration has come a long way since the 1950s.
Probably the most famous early application of the FI in sta-
tistical physics was to the polaron (a nonrelativistic electron
“dressed” by the surrounding quanta of lattice vibrations in
ionic crystals). In polaron theory, the FI not only helps to
formulate the answer qualitatively, but also remains the best
way to calculate the answer more exactly than by other meth-
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ods. It is a tractable field theory; the benefits obtained from
using the FI are entirely analogous to those obtained in quan-
tum field theory (QFT). But, in contrast to the polaron prob-
lem, all the steps for QFT are more difficult because of the
divergences, the vector character of the fields, and gauge
problems.

A number of investigators®® independently came to the
formulation of QFT in terms of the FI by considering varia-
tional estimates for Green functions.

A relatively simple way to represent the Green function
of a quantized field within the FI was suggested in Ref. 10,
where the equivalence of the FI over bosonic fields to the
process of averaging over vacuum states of these fields was
proved.

A new understanding of the FI was gained in Refs. 11
and 12, where the evolution operator of the model, P(¢),, in
the Euclidean metric was represented in the FI form as

exp{—ﬁH}=f doy exp[—de:P(q:):],
(3)
1
doy=Cdp exp[5 f dx[(V(p)z-i-mztpz]},

where do is a Gaussian measure of integration, generated
by the action Syo(@)=1/2fdx[(Ve)?+m?@*] of a free
bosonic field and fdx:P(¢): introduced for a certain renor-
malization of the classical interaction [dxP(¢p). This defini-
tion of the FI in (3), which allows the removal of interaction
divergences coming from low-order “tadpole-type” dia-
grams, is the essentially new and important feature of the
construction by Glimm and Jaffe.

The next important step in the application of the FI in
QFT was taken in the quantization of Yang—Mills fields. A
consistent scheme of quantization for a massless Yang—Mills
field was constructed in 1967 by Faddeev and Popov13 and
by De Witt'* within the PI approach. The FI turned out to be
the shortest and most convenient method for constructing
Feynman rules for perturbation expansions in gauge field
theories. This method played an important role in the inves-
tigations of Slavnov,'® Taylor,'® Lee and Zinn-Justin,” and ’t
Hooft and Veltman.'® In these papers a generalized Ward—
Takahashi identity was obtained, various methods of invari-
ant regularization were developed, and a procedure for renor-
malizing the perturbation series was given. Within the FI
approach there has also been an attempt to construct a quan-
tum theory of gravitation.'®

In the 1970s, techniques based on the original ideas of
Peak and Inomata®® and of Duru and Kleinert?! for solving
certain non-Gaussian FIs occurring in QM have attracted
much attention. Standard examples of QM considered in this
~ approach are defined by using Bessel- and Legendre-type
diffusion processes, other than the Wiener process often used
in these subjects. These results do not require the machinery
of stochastic analysis and can be treated in a quick, transpar-
ent way. A development of this method is assumed in Ref.
22, where certain non-Gaussian integrals with potentials like
~1/r* or of the Morse type have been derived rigorously by
using techniques of changing the dimension and time in FIs.

199 Phys. Part. Nucl. 26 (2), March—April 1995

Excellent monographs and review papers have been de-
voted to the FI in quantum theory.!>*-%

Although many points concerning the correct math-
ematical definition and practical calculation of FIs still re-
main open, it is becoming clear that the description of a
quantum system within the FI method is as convenient as the
use of linear operators acting on vectors in Hilbert space
within the method of CQ.

Nowadays, the FI method in quantum physics may be
considered in two areas: (i) as a convenient conception for
qualitative consideration of quantum theories® (e.g., gauge
theories, renormalizable field models with fermions, etc.),
which formulates the subject more clearly, with less formal-
ity in a mathematical sense, and more clearly because of the
simplicity of using the quasiclassical (WKB) approximation,
manifest relativistic covariance of the formulation, and ease
in taking into account some specific constraints (e.g., the
introduction of “ghosts” in the Yang—Mills theory); (ii) as a
practical tool for quantitative estimation of characteristics of
quantum systems (e.g., for models in QM and quantum sta-
tistics (QS),>! supernormalizable scalar theories, solutions of
differential equations, wave propagation in randomly distrib-
uted environments, etc.) because of the possibilities of reduc-
ing some dynamical variables by exact integration (e.g., in
the polaron problem), changing space-time (for the inverse-
square potential in QM), and convenience of computer cal-
culations for the imaginary-time sum over paths,32 etc.

In the present paper we consider mostly the second as-
pect of the application of FIs in quantum physics.

1. NONPERTURBATIVE METHODS FOR
CALCULATING FUNCTIONAL INTEGRALS

A large number of problems of modern physics can be
formulated in terms of the FI. Examples of such problems
which will be considered in this paper are:

* investigation of the behavior of the polaron in ionic
crystals in QS;

* phase transitions and phase restructuring in QFT mod-
els;

* propagation of waves in a stochastic medium with sto-
chastically distributed centers.

All these problems have a common feature: their solu-
tion can be found in the form of a functional integral defined
in the Gaussian measure, which by analogy with (3) can be
written in the Euclidean region in the form

Z(g)=fd00 exp{gW[el}, 4)

where g is the coupling constant. Here, the functional mea-
sure

1
doy=Cyo¢p eXp[ 3 (¢(x)Dg ' (x,y) (y)) (5)

is of the Gaussian type and is defined by a Green function D,
corresponding to the differential operator Dy '(x,y). As a
rule, the normalization constant Cj, is chosen in such way
that [doy-1=1 or Z(0)=1.
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The interaction functional W[¢] usually provides the
perturbation series Z(g)=2Xg"Z,, existing in any order
n=0. ‘

Many important problems of quantum physics are re-
lated beyond perturbation theory. Their solution requires al-
lowance for nonperturbative effects. There are many meth-
ods (analytical and computer simulation) for investigating
these problems, but there is no generally accepted, universal
technique.

Therefore, much effort has been devoted to the construc-
tion of methods for calculating these characteristics beyond
the perturbative region. Nowadays the methods mainly used
are: space-time transformations of path integrals, variational
methods, the quasiclassical approximation (WKB), the 1/N
expansion, the instanton approximation, numerical methods
with lattices, and so on. However, these methods have some
limitations. For example, the WKB method cannot be used to
study high-order quantum effects, and the 1/N expansion
gives poor convergence of the approximation series at real
space-dimension numbers N=3. Direct numerical (lattice)
simulation of these problems entails the difficulties of the
continuous limit in lattice discretization and limited com-
puter resources. Thus, the development of the FI method is
continuing.

Usually, problems of this kind are studied by means of
variational methods, which are popular because of their clear
physical meaning and relatively simple calculations.

If the FI (4) is real, then variational methods can be used
to estimate it. In the FI formulation, the principle of varia-
tional methods may be demonstrated following Feynman’s
simple example in QS. The partition function is written as

e_ﬁF=J Sxe Sx], (6)
x(0)=x(B)

where F, B, and S are the free energy, the inverse tempera-
ture, and the action of the system, respectively. The integra-
tion is performed over paths x(u) defined on the interval
. u€[0,B]. Suppose that we have another action, S, that is
easier to work with. Then (6) can be rewritten as

[ éxe Soe=(S=S0)

—BF — .e PFo
i T o
where
e BFo= f Sxe~Solx] (8)

The first factor of (7) has the form of an average of
e~ (5750 with e S0 as the weight of a certain path x(u). We
can then write (7) as

e_'BF=<e_(S_S°)>SO€_BF0. (9)

Now we suppose that S and S are real and use Jensen’s
inequality

(e N=e N, (10)
Applying (10) to (9), we obtain

e—BF>e—(S—So>e—BF0, (11)

where
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J6x(S—8p)e 5o

($=S0)= (52050 (12)
Thus, we have a variational theorem:
1
F<F,+ B (S=So)s, (13)

When a trial action S, is introduced with some free param-
eters, which are then varied, we obtain a variational estimate
of F in (13).

However, the variational technique does not provide a
regular prescription for choosing the trial functional S, nor
does it allow one to control the accuracy of the estimate.
Moreover, there is a class of problems (most of the QFT
models with ultraviolet (UV) divergences, complex and non-
Hermitian functionals, and so on) to which the variational
methods cannot be applied at all because the Jensen inequal-
ity no longer holds for these nonreal actions S and S,.

2. GAUSSIAN EQUIVALENT REPRESENTATION OF
FUNCTIONAL INTEGRALS

The main content of this section is the development of
the method of Gaussian equivalent representation (GER) of
FIs and its application to the investigation of the ground state
(vacuum) of various QFT and QM models in order to study
nonperturbative phenomena such as the strong-coupling re-
gime, phase structure, and phase transitions.

The GER method is a type of generalization of the varia-
tional technique, but in contrast to the latter, it is efficient for
QFT models with UV divergences and for theories with non-
Hermitian and nonlocal actions (stochastic and dissipative
processes), where variational methods cannot be used.

This method is characterized by a high accuracy of the
lowest approximation, which can be obtained by simple and
rapid calculations. It gives a regular prescription for the cal-
culation of higher-order corrections to the lowest approxima-
tion and can be considered as the next step in the develop-
ment of approximate-calculation methods.

.2.1. General formalism

The study of many theoretical problems in statistical
physics,* quantum field theory, and mathematical physics
deals with a class of functional integrals defined on a Gauss-
ian measure. We shall consider functional integrals of the
general type (4) as follows:

1
Ze(@)=Co | 50 exp{~5<¢Do‘<p>+gWo[<p]}

ZJ’ dog exp{gWl ]} (14)

Here we have introduced the following notation for the
Gaussian measure:

1 _
doy=Cydp CXP[ =3 (¢Dy 1‘.0)}

1
= JaeiD, IT de(x) (15)
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1
Xexp[ -5 | frdxdywxwal(x,y)so(y)}.

The Gaussian measure is normalized in such a way that
Jdoy-1=1. The integration in (14) is performed over func-
tions ¢(x) defined in a region T'CR? (d=1,2,...). Usually, the
region I' is chosen as a multidimensional box:
I={x:a;<x;<b; (j=1,...,d)}.

A differential operator Dy !(x,y) is defined on functions
¢(x) with appropriate boundary conditions. For example, the
operator

2

Dgl(x,y)=(—%+m§)6(x—y) (16)

acts on functions satisfying certain periodic boundary condi-
tions. The corresponding Green function D(x,y) satisfies
the equation

frdyDal(x’y)DO(y7Z): 5(x—-z)

and ensures definite boundary conditions.
The parameter g is a coupling constant. The interaction
functional Wy[¢] can be written in the general form

Wolel= f dp,e?, 17)

where we have introduced the notation
(a)= | dvatrew),

and du, is a functional measure. For example, for a potential
having a Fourier transform one can write

Wolel= deU[<p(x>]= frdx f % Ul(k)

Xexp{ ijrdykqu(y)ﬁ(x—y)] .

The FI in the representation (14) is well defined as a
perturbation expansion in the coupling constant g. Thus,
physically acceptable results can be obtained only in the
weak-coupling regime g<<1. In this case the Gaussian mea-
sure do (15) gives the main contribution in the FI and cor-
rections can be calculated by using a perturbation expansion.

The task is to give a representation of this integral in the
strong-coupling regime.** Our idea is that the FI beyond the
perturbation regime remains of the Gaussian type but with
another Green function in the measure. In other words, we
want to obtain a representation in which all the main contri-
butions of the strong interaction are concentrated in the mea-
sure.

Let us perform the following transformations of the in-
tegral (14):

e(x)—@(x)+b(x),
Dyl (x,y)—D(x,y), ‘ (18)

where b(x) is an arbitrary function and D(x,y) is an appro-
priate Green function of the differential operator D',
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[ D= D2 =802,

providing the same boundary conditions.

The transformations (18) represent in a certain sense a
functional analog of the standard canonical transformations
made in the Hamiltonian formalism. The functional integral
(14) takes the form

D 1
Zr(g)= detD—Oexp “E(bDo b)

x [ do explgWile.0 (19)

where
1
do=Cop eXp‘ ) (‘PD_1<P)},

gWil[¢,b,D]=gW[p+b]—(bDy ' p)
— 3 (¢[Dg'=D"Mo), (20)

with the normalization condition [do-1=1.

The tadpole Feynman diagrams give the main quantum
contributions to the background energy of the system under
consideration or, in other words, to the formation of the
background state or vacuum. The mathematical problem is to
take them into account correctly. In the quantum theory the
main divergences given by tadpole vacuum diagrams are ef-
ficiently eliminated from consideration if the normal-ordered
product of operators is introduced in the interaction Hamil-
tonian. Following this, the interaction functional in (19) must
be written in the normal-ordered form. Thus, we must intro-
duce in W, the concept of the normal product according to
the given Gaussian measure do. This can be done as fol-
lows:

-ei(a9). — pilag) ,1/2(aDa) (21)

This definition leads to the relations

jdo-:ei("‘*’):=1, fda:qo(xl)...cp(xn)::O.

After these transformations the functional in the integrand
can be rewritten as

gW1 :gf dﬂaei(ab)—l/Z(aDa):e;(a(p) .

—+

_ 1
gfdﬂael(ab)_l/Z(aDa)_E([D()I_D 1]D)j|

+

lgf dﬂaei(ab)*l/z(aDa)(a(p)__ (bD(;l‘P):l

1 .
_ 5 [gj d“aet(ab)—l/Z(aDa)(a(p)Z

+(¢[D51—D“1]¢)}:, (22)
where e=¢’—1—z—2%/2.
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Now we introduce the concept of the ““correct form” of
the action in the FI. We demand that the linear and quadratic
terms in the integration variables ¢(x) should be absent in
the interaction functional W, in (22). This requirement is
argued in the same way. The system under consideration
should be near its equilibrium point, so that any linear terms
in the variable ¢(x) must be absent. The quadratic configu-
rations ~¢° determine the Gaussian oscillator character of
the equilibrium point, and all of them are concentrated in the
Gaussian measure do only. Therefore, they should not ap-
pear in the interaction functional, and

W,~¢* for ¢—0.

Thus, the “correct form” requirement is satisfied if the fol-
lowing equations hold:

gf dﬂaia(x)ei(ab)_l/z(aDa)_frdyDal(X,y)b(y)zo,

gf dpga(x)a(y)e’@?=12@Da) 4 p "1(x y)

—D Y(x,y)=0. (23)

These equations ensure the removal of the linear and qua-
dratic terms from the interaction functional. Let us introduce
the following functional and its correlation functions:

W[b]=f du, exp[i(ab)—%(aDa)],

o A
WX ) = e T by ML) @4
Equations (24) can be written in the form
b(X)=gJdeDo(x,y)W1()'),
(25)

D(x1,x3)=Dg(x1,x;)

+gf jrdY1dYZD0(x1 Y1)Wa(y1,y2)

XD(yz,xz).

These equations determine the new Green function D(x,,x,)
and the function b(x) in (22).

Finally, the new representation for the FI in (14) can be
rewritten in the form

Zr(g)=explEq)- | do explaWilol, 6)

where

1 D\ 1 .1
Eq=3 In det| 1| = 5 (6D 'b)~ 5 ((D; ' ~D~'1D)

Dy
+gWb],
ng[@D]:gf dp,e'(eb)~112aba), llae) . 27

The representation of the interaction functional in the
normal-product form means that
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J' doW [¢]=0.

The function E defines the “energy” of the zeroth ap-
proximation. The next corrections to the leading term in (26)
can be calculated by using a perturbation expansion over the
new interaction functional W, . .

It should be stressed that the representations (14) and
(26) are equivalent. Therefore the mathematical object Zr(g)
has at least two different representations (14) and (26). In
principle other representations may exist if Eq. (26) has a
more distinct solution. In this case we give preference to the
representation in which the perturbation corrections con-
nected with gW or gW,; are minimal for the given param-
eters. :

All our transformations are valid for real and complex
functions and functionals in the FI.

In the case of real Fls the representation (26) leads to
following conclusion. Using Jensen’s inequality, one can get

Zr(g)=exp{E,}, (28) -

so that E defines a lower bound for our FI.

On the other hand, one can easily check that (26) deter-
mines the minimum of the function E,. Thus, the inequality
(28) is the variational estimate of the initial FI. Moreover, the
representation (26) makes it possible to calculate the pertur-
bation corrections to E, by developing the functional integral
(26) over W;,.

2.2. The GER method for calculating the partition
function

In this section we develop the main techniques of the
GER method, especially for calculating the partition function
in QM and QS. In other words, we deal with integrals where
the field variable is the coordinate of a particle r(t), which is

" parametrized by the one-dimensional parameter ¢. For sim-

plicity one can choose the symmetrical interval —T<<t<<T.
The parameter T is connected with the time in QM or the
inverse temperature 27= in QS.

The partition function plays an important role in QS. For

_a large class of quantum-mechanical and quantum statistical

problems describing the interaction of a quantum particle
with a field or the propagation of waves and quantum par-
ticles through media with random or stochastic admixtures,
the partition function can be represented in the form of a FI
of the following general type:

ZT(g)ZCOJ'

1 (7
or expi — = f dir’(t)
H=T)=KT) 2 )-r

The standard normalization is Z;(0)=1. The integration in
(29) is performed over all “paths” in a d-dimensional space
satisfying periodic boundary conditions.

The kinetic term in the Gaussian measure can be written
in the form
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T T
f dii(t)= f f dtdsr(t)Dy ' (2,5)x(s),
-T -T

62
_1 _
DO (t,S)——W J(t—s). (30)

The Green functlon D(t,s) corresponding to the differential
operator DO 1(t,s) and satisfying the periodic boundary con-
ditions is

ts T—w

1 1
Dy(t,s)= ——|t s|— 2T—>—§|t—s|. (31)

The Fourier transform of this Green function is
Do(p?)= f dte'?'Dy(t)

1

1 1 1
T2

(p+i0) " (p-i0)’

The parameter g is a coupling constant. In QM and QS,
the potentials describing the influence of a field interaction or
media on a quantum particle usually have a general form like
V(r—r';t—t'). Therefore we will consider this class of po-
tentials further. The potential V(r(¢)—r(s);¢—s) in (29) is
assumed to have the Fouricr representation

(32)

V(r(t)—r(s);t—s)= fﬁV(kt 5) e KR(Es)
=J d%(k;t_s)eim(t,s)’

dk _
dA(Kkt—s)= W V(k;t—s),

R(t,s)=r(t)—r(s). (33)
Thus, the initial FI in (29) can be rewritten as

ZT(g)= j dO'O eXp{gWO[l‘]}, (34)
where

1 T _
doy=Cyor exp[ 3 J j_Tdtdsr(t)D0 1(t,s)r(s)] ,
(35)

T
gWO[r]:g' f j dtdsf d,%(k;t—s)eim(t’s) (36)
=T

and the normalization condition is [doy-1=1.

~ Now we are ready to apply the GER method to this FL
Note that for the potentials V(r;t) of type (33) having their
maximum at r=0 we do not need to introduce the function
b(¢), i.e., b(¢)=0. According to the GER method, a new
Gaussian measure should be introduced into the integral (34)
as follows:

do=Cér exp{——fj dtdsr(t)D " (t—s)r(s) .
(37)
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" The normalization constant C is fdo-1=1.

Second, we introduce the “normal-ordered” form of the
potential (33) in the following way:

e MR(18) = . o IKR(6:9): ex o — K2F(t—35)], (38)
where

F(t—s)=D(0)—D(t—s), f doR(t,5)R;(¢,s)
In particular, the following relations are valid:

f do:e™R59) . =1,

rit)ri(s)=:r{t)ri(s):+ 6;D(t—s),
The functional W[b] in (24) becomes

i,j=1...d.

W[b]=% f f_TTdtds J dF(K;t—s)

X exp[ — K2F (t—s)]e ™ PO b)), (39)

Its second correlation function is
2

5b,—(t)5bj(s) W[b:”b=0= - 51][ 5(t—s) f.mdf(p(’r)

—@(t—s)], (40)

where
1
D(r)=+ f d.%(k; 7)k* exp[ —K*F(7)].

Equation (26) defining the “correct form” of the inter-
action functional becomes

- 1 (=
3(pH)= 7 J_wdr[l—cos(pf)]f d.#(k; 7)K*

X exp[ —K°F(7)], (41)

Fin= f 7 p*+g5(p?)

Equations (41) and (42) define the Green function D (7).
For the asymptotic cases of weak (g—0) and strong (g—)
interaction regimes, these equations may admit analytic so-
lutions because one requires only that their behavior be
within the accuracy of the first few leading-order terms such
as ~g,g% or ~1/g,1/g*. In general, these are not solvable
analytically, as they are nonlinear integral equations over
functionals, but their solutions may be obtained by develop-
ing some numerical techniques. For example, the fixed-point
method of successive iterations can be used. Starting from a
trial function Eo(pz), we can calculate the iterations:

dp 1- cos(p T) “2)

Sunp)=y [ dr1-cospr] [ d kiR
X expl ~IF (1),
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© d, 1—cos(pr
Fonin= [ 2. 500, 3)

o 7 pit+gZ,(p?)
This procedure can be developed for numerical solutions of
(41) and (42). In this case, however, the initial trial functions
Fo(7 and 3 4(p?) must be chosen reasonably, i.e., the itera-
tion process (43) has to converge to solutions

3(p?)=3..(p?)=lim3,,(p?), (44)
F(t)=F,(t)= limF,(t). (45)

For a reasonable choice of the trial functions, it is useful to
investigate the asymptotic behavior of the solutions for Eqs.
(41) and (42). An example of an analytic and a numerical
solution of (41) and (42) is given in Sec. 3.3 for the polaron
problem.

Substitution of (37)—(42) into (34) and the requirement
that the new interaction functional be written in the “correct
form” (see Sec. 2.1) lead to a new representation of the
initial FI:

Z1(g)=exp(—2TE(g))-J1(8),
I1(8)= | dor explgWel), (@0

where the interaction functional takes the form
g T
gW/r]= 3 J- f dtdsf dF(k;t—s)
-T

Xexp[—kzF(t—s)]:egkR("s) . 47

The function E(g), being the “leading-order energy” or the
energy in the zeroth approximation, is

Do(Pz)
D(p?

@ d
Eo(g)=df 2
0 2

+p*D(p?) - 1}

+§ J_o;dr f A (K 7)exp[ —I2F(7)].  (48)

Thus, the Gaussian equivalent representation of the ini-
tial FI in (34) is defined by (46)—(48). For a given potential
V(r) we have a purely mathematical problem to solve [(41)
and (42)] to find the Green function D(t,s). Then we can
compute the leading-order energy E(g) (48) and the highest
corrections to it by perturbation calculations over the new
interaction functional W; (47).

3. THE POLARON PROBLEM

The polaron problem embraces a wide range of ques-
tions concerning the behavior of the conduction electron in
polar crystals.>>>” The first field-theoretical formulation of
polaron theory was proposed by Frohlich®® to describe the
interaction of a single band electron with phonons, the
quanta associated with the longitudinal optical branch of lat-
tice vibrations. Since that time, the Frohlich polaron model
has attracted interest as a testing ground of various nonper-
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turbative methods in quantum physics. One of the main qua-
siparticle characteristics of the polaron is its ground-state en-
ergy (GSE) E(a).

Historically, the GSE of the polaron has been investi-
gated in the weak,*® intermediate,® and strong coupling
regimes, ‘4! using different methods. The first attempt to
construct a polaron theory, valid for arbitrary values of a,
was made by Feynman® within the path-integral (PI) formal-
ism, using variational estimates. As a result, Feynman’s PI
approach gives good upper bounds on E(a) in the entire
range of « in a unified way.

There arises the question of whether Feynman’s esti-
mates of the polaron GSE can be improved by introducing
some trial actions more general than the quadratic action
with two variational parameters used in Ref. 35. This ques-
tion, in particular, has been studied in different variational
approaches.*** But in giving variational answers it could
not estimate the next corrections to the values thus obtained.

Traditionally, the polaron problem has been investigated
in three-dimensional (d=3) space.‘“”45 In recent years, how-
ever, polaron effects have been observed in low-dimensional
systems,*S and certain physical problems have been mapped
into a two-dimensional (d =2) polaron theory.*’ The possibil-
ity that an electron may be trapped on the surface of a di-
electric material has attracted much interest.*® The GSE of
the polaron for d=2 was discussed in Refs. 49 and 50.

. In this section, we investigate the GSE of the polaron in
the case of arbitrary space dimensions (d>1) and try not
only to improve Feynman’s result, but also to estimate the
next corrections that allow one to test the accuracy and reli-
ability of the values thus obtained.

3.1. Polaron path integral in d dimensions

The Frohlich longitudinal—optical (LO) polaron model
for d=3 is determined by the Hamiltonian

1

1 ;
H=— p2+ﬁw2 a};ak+ —_ E gk(a;r(e_'k"
2m N o) "

—a e™), (49)

which describes the interaction of an electron (position and
momentum vectors X and p, band mass m) with the phonon
field (creation and annihilation operators a,T(, ay, quantiza-
tion volume (), Planck constant %) associated with a LO
branch of lattice vibrations (wave vector k and frequency )
in a polar crystal. The electron—phonon interaction coeffi-
cient for coupling with the wave vector k in (49) is defined
as follows:

ihw(h/2mw)'*(47a)!/?
k= Ikl > (50)

where the dimensionless Frohlich coupling constant « takes
the value a@~1-20 in most of the real ionic crystals (e.g.,
a=5 for sodium chloride). In the following, units will be
chosen such that i=m=w=1.

Until now, no nontrivial solution of the equation
HVY,=E,¥, was known. It has been shown’! for general-
ized Frohlich models that the function Ey(a) has no points of
nonanalyticity for arbitrary @=0. Various methods®>40-52
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have been used to calculate approximately the spectrum of
H, especially to obtain its GSE E, for selected (weak, inter-
mediate, or strong) regions of a.

To extend the Frohlich Hamiltonian (49) written for d=3
to arbitrary spatial dimensions d>1, we follow a physical
approach®™* inspired by the formulation of a lower-
dimensional polaron problem obtained from the Frohlich
" Hamiltonian of a higher-dimensional system by integrating
out one or more dimensions. Following Ref. 54, we assume
that the form of the Frohlich Hamiltonian in d dimensions is
the same as in (49), except that now all the vectors and
operators are d-dimensional, and the electron—phonon inter-
action coefficient g is redefined as follows:

2
d —
- d- d-1)12,
|gwl*= |k|d 1> F( )2 qd=D2g,  (51)
Accordingly, we write the FI representation of the free
energy F(B) of a polaron with a given temperature ®=1/8 as
follows::

exp(— BF) =Tl exp( — BH)], (52)

where the Hamiltonian H in (49) must be written in terms of
the coordinates and momenta. The “trace” Tr=Tr,Tr,, here
is assumed to be taken over the whole space of states of the
“electron+phonon” system. '

It is well known from the famous paper by Feynman
that the path-integral approach to the polaron has an advan-
tage because the phonon trace Try, in (52) can be adequately
eliminated and, as a consequence, the polaron problem is
reduced to an effective one-particle problem with a retarded
interaction. The result reads

35

Zg(a)=exp(— BF)= ox exp(S[x]), (53)
x(0)=x(B)

where the action S[x] is

S[x]=— % f:dnkz(t)

A3 B 1 e
* 3 f fo dids T —x(s)]
(54)

The free energy F(B) tends to the GSE as B—x (zero-
temperature case):

le=s] 4 oB—lt=s]
ef—1

1
Ey=— lim Eln Zg(a). (55)
ﬂ-;oo

The path integral in (53) is not explicitly solvable, owing
to the non-Gaussian character of S. For its variational esti-
mation for d=3, Feynman proposed35 a quadratic two-body
trial action S instead of S:

1 (8 C B
S[x]—Se[x]=— ) fo drx*(t)+ > f fo dtds[x(t)

—x(s)]* exp{—w|t—sl}, (56)

where the constants C and w are variational parameters.
With the trial action S one gets an exact solution for the
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path integral in (53). A variation for finding the absolute
minimum of E{(@)=Fg(a) for B— in the parameters C
and w leads to a rigorous upper bound on the polaron GSE at
arbitrary «, which is Feynman’s well known result.3

Here we will show that the application of the GER
method improves Feynman’s estimate. We consider the po-
laron GSE in the case of arbitrary space dimension d>1 and
start again from the FI in (53) and (54).

For further convenience, to get a symmetrical reglon
over ,°° and we change the variable of the FI in (53) to

x(t)—r(t—T), T=p/2, (57)

with the electron motion r(t) embedded in d-dimensional
space. Accordingly, the GSE of the Frohlich polaron E ((a)
[it will hereafter be denoted by E ()] can be determined as
follows:

E(a)=— lim

T—x

1
57 In Zr(), (58)

where a FI is introduced in the form

1 -1
ZT(a)=C0J or exp —5(rD0 r)

(—T)=r(T)
o T
+-—JJ dtdsV[r(t)—r(s);t—s]],
2 -7
Co=+det D; ', (r,D;'r)
= J f ! dtdsr(t)Dy ' (1,5)x(s). (59)
-T

The standard normalization E(0)=0 in (58) is satisfied under
the condition Z(0)=1.

The free-electron system is described by the kinetic term
(rDg'r), where the differential operator Dy ! and its Green
function D, are given by (30) and (31) in the previous sec-
tion for T—oo.

The Coulomb-like interaction part, the electron self-
interaction, is given by the retarded potential

rdr-12) ., dk
V[Rt S]_We fWTleXp(lth)

with the electron position vector r(t) embedded into d di-
mensions.

The path integral in (59) is not explicitly solvable, owing
to the non-Gaussian character of V[R;t—s] in (60).

3.2. Bounds for the polaron ground-state energy in d
dimensions

2?? For « not too large, the PI in the initial representa-
tion (59) can be estimated by using a perturbation expansion
in @. The problem is to estimate Z;(«) beyond the weak-
coupling regime. Accordingly, we can apply the GER
method to this problem.

Our key steps will be the same as those in the prev10us
section. We recall that these are:
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FIG. 1. Behavior of the coefficients C,,; and C,,, of the polaron ground-
state energy E(a)=a-C,,+a*-C,,+0(a’) in the weak-coupling limit
a—0, in its dependence on the number of space dimensions d.

(i) the introduction of a new Gaussian measure do (20)
standing for the kinetic part of the FI, which forms a new
representation of the initial FI;

(ii) the requirements of the “normal-ordered” and “cor-
rect” form of the interaction part of the FI in this represen-
tation, which is reached by introducing the constraint equa-
tions (41) and (42).

This scheme results in a new representation of the initial
FI: an exponential with the leading term of energy factored
out as a free multiplicand (48), and all the corrections to it
defined by another FI (47).

|
o°
o
o

|

-0.15

-0.26

FIG. 2. Some known results for the polaron ground-state energy E (in
three-dimensional space), displayed as a function of the electron—phonon
coupling constant a. For clarity, the ratio R=(E , — E ,rn)/|E harm| is shown,
where E , are estimates obtained in Refs. 52, 86, 89, and 97, and E,, is the
“harmonic-oscillator” approximation.?® In these units the curve for E
coincides with the abscissa axis. The curves correspond to the estimates:
1—Feynman’s upper; 2/3—Larsen’s upper/lower; 4/5—Smondyrev’s upper/
lower; 6—our Eo(a); 7—our E@(a).
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Performing the operations of this scheme and using Egs.
(41), (42), and (46)—(48), we obtain the new representation
(47) of the GSE of the optical polaron in the GER method as
follows:

E(a)=Ey(a)+AE(a), (61)

where the function E (), being the “leading-order energy”
or the GSE in the zeroth approximation, is [see Eq. (48)]

1
Eo(a)= —d{ . J dk[In(k*D(k))—k*D(k)+1]
ay exp(—1)
HEN- fo 4 F ] ©2)
The function F(¢) in (62) is defined by the equations
[see Egs. (41) and (42)]

© dk . .
F(t)=f_oc ;D(k)(l—e’k')

1 f 1- cos(kt) 63)
k2+ad§:(k)
- o . 1 o
E(k)=f_mdte_lkt2(t)=m J;) dt
1—cos(kt)
Xexp(—t) 'FTZ(I)— (64)-

Here we have introduced the “effective coupling constant”

3Jal(d/2—-1/2)
2dT(d/2)

a;=a'R;, R;= (65)
Our leading term (the zeroth-order approximation) E j(a)

gives an upper bound on the exact GSE of a polaron E(a).

Actually, applying Jensen’s inequality to (61), we obtain

exp{—2T-E(a)}=exp{—2T-Ey(a)}. (66)
Consequently,
Eo(a)=E(a). (67)

The high-order corrections AE(a) in (61) can be ob-
tained by evaluating the PI

exp{—2T~AE(a)}=Cf or
H(~T)=xT)

1 T
- = f f dt ds r(t)D!
2 -7

X(t,s)r(s)+W[r]J. (68)

X exp

Here, the interaction functional written in the new represen-
tation is

I'(d/2)d e
Wir]=ay,- Svaa T dt dse | Id 1
X exp{ —K2F(t—s)}: ) 7r)] (69)
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where ef=e*—1—x—x%/2.

Owing to (64) and (63) in the new representation, all the
quadratic terms in the polaron action functional are concen-
trated only in the new Gaussian measure do and do not enter
into W[r].

It should be stressed that the representation (61) is com-

pletely equivalent to the initial representation (58) for as-
ymptotically large T—o. The Gaussian equivalent represen-
tation (61) gives the origin of various approximations
differing from each other in the accuracy of deriving Egs.
(63) and (64).

As a simple approximation to 3.(k) obeying the neces-
sary asymptotic conditions, one can take the function
#‘2 k2

S(k)= o, ETi

(70)

where w and ¢ are parameters. Then (62) becomes

d u?
Eo(a)=—5 -1+ 5=
a\3?d (> ~dt exp(—1t)

~3um Jo Vi—exp(—ne) Nt u?

A=VuZ+E (71)

Minimizing this energy in the parameters u and £, one easily
finds a variational upper bound in d dimensions. For d=3
(as=a) it explicitly reproduces the well-known Feynman
variational upper bound on the polaron GSE:*

EFeynman( a)=min minE,(a,d=3). (72)

n 3

We stress that the extremal conditions on the parameters u
and ¢ in (72) are equivalent to a particular choice of the
functions i(k) in (70). However, the function in (70) is not
an exact solution of (63) and (64). This means that Feyn-
man’s trial quadratic action does not represent entirely the
Gaussian part of the polaron action for d=3. Exact numeri-
cal solution of Egs. (63) and (64) by the iteration procedure
allows us to obtain FE y(a) more exactly, which improves Fey-
nman’s result EX (@) in the entire range of a. The numerical
results Ey(a) for d=2 and d=3, as compared with Feyn-
man’s variational estimation, are displayed in Tables I-VIL.
The correction AE () must be evaluated from the func-
tional integral in (69) by expanding e" in (68) in a series:

AE(a)= 2, AE,(a)=
n=1

o

o1 1 n
~ lim 5~ > — f do{ W]} omeced- (73)
T n=1 X
We stress that (73) is not a standard perturbation series in the
coupling constant ay, as a, enters into W not only explicitly
as a factor, but also implicitly through the function F(¢). The
first term in (73) with n=1 is equal to zero, owing to the
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normal ordering. Nontrivial corrections are given by the
terms with n=2. For the second-order correction to E o(a) we
get

['(d/2)d* <
AEy(a)=—aj- Tl 2 QR (a), (74)
n=2
where

3 2n)!'T(n+1/2)
" 16"(n!) T (n+d/2)’

R,,=Jf fdadbdc[e_“_c
0

o [Fatb)+F(b+c)—F(atb+c) —F(b)]*"
[F(a)-F(c)]"*172

+e—a—2b—c

[F(a)+F(c)—F(a+b+c)—F(b)]*"
[F(a+b)-F(b+c)]"*'"?

+e—a—2b—c

[F(a+b)+F(b+c)—F(a)—F(c)]*"
[F(a+b+c)-F(b)]"*"?

We stress that the expression (74) can be further simplified,
but we keep this form for clarity. ’

Finally, we get the following expression for the GSE of
the polaron: ‘

E@(a)=Eq(a)+AE,(a), (75)

which can be evaluated numerically for arbitrary a and dif-
ferent space dimensions d.

Notice that Eq(a) in (62) is of order o/ (i=0,1,2,...),
while AE,(a) in (74) is only of order o (j=23,.).

The theory under consideration has two parameters a
and d. In general, all our expressions should depend on both
of them. Notice that the key expressions in (63) and (64),
completely defining the functions F(¢) and i(k), depend

only on the effective coupling constant ;. This means that
the relations

F[n](am ’t) =F[m:|(an 7t), i[”]((Ilrl ’k) = 2‘-':[’n]( an ’k)’
n,m>1, (76)

hold, where the numbers of space dimensions # and m are in
square brackets [...]. In the particular case of d=2 and d=3,
we found

3mTa -
F[Z](a,t)=F[3](T,t), 3 (a k)

3ma
). 77

=3B)==
e

Then, considering (62), one easily finds that this scaling re-
lation is also valid for (1/d)Ey(a,). We have

553]( 32) . | (78)
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Note that the relation (78) was -obtained earlier in Refs. 50
and 54. But this scaling is not valid beyond E, because the
interaction functional W[r] depends not only on e, but also
on d in a complicated way.

Let us consider the asymptotic limits of spatial dimen-
sions d at fixed finite . We get

3a\/_7;

a
limay,=——-—0, a2z —0.

lima,;=
d—1 .
d—1 dﬂco

(79)

Taking into account (79), we can conclude that as d becomes
larger, a; decreases rapidly and in fact we are dealing with
the effective weak-coupling regime a,;<1 even for a not too
small. For example, the second-order corrections AE,(a) be-
have as follows:

1
AE,(a) —— — e a3—0. (80)

d—o»

In other words, our leading-order energy term E () tends to
the exact GSE E(a) as d grows because the role of AE(a)
becomes insignificant.

3.3. Numerical results

In this section, we present numerical values of E () and
E@(a), estimated by the GER method, and compare them
with known results obtained in various (weak, strong, and
intermediate) ranges of . The results are given in Tables
I-VL

A. Weak-coupling limit

Among the known numerical results concerning the GSE
of the polaron, the more accurate ones are those obtained for
a—0. Below, we¢ calculate the exact GSE of the
d-dimensional polaron for the order o in the weak-coupling
limit and compare the accuracy of the results with exact per-
turbation estimates presented in Refs. 49 52, 54, and 58-60
for d=2 and d=3.

For a not too large, the polaron self-energy E(a) has the
form

E(a)=a-C,;+a?C,,+0(a%). (81)

The coefficients C,,; and C,,, are known with good accuracy
for d=2 (Ref. 54) and d=3 (Refs. 54 and 58). In our ap-
proach, the coefficient C,,; arises only from Ey(a) in (62),
whereas the C,,, come from both E(a) and AE,(a) in (74).
We get the coefficients C,,; and C,,, exactly as follows:

R
Cur==5d (82)
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TABLE 1. Comparison of known weak-coupling results for the polaron
ground-state energy E(a)=a-C,,;+a?-C,,+0(a?) in two dimensions.

Authors Cy1 C,2
Das Sarma and Mason>® —m/2 —0.062
Feynman’s theory>® —m/2 —0.04569
4th, 6th order pert. theory™ — /2 —0.06397
Hipolito® -2 —0.0245
Present Ey(a) —7/2 —0.046626
Present Eq(a)+AE, —m/2 —0.063974
and
c R3d . 8
w27 36 3w
RIT(d/2)d? i (2n)!T(n+1/2)
9732 A 4"(n))’T'(n+d/2)
n=
e [Canay L[ ”
= X
n i y (x+y)2 (x_y)n+l/2

1

For comparison, in Table I we give the known results for
d=2 as a—0. One can see from Table I that our C,, ob-
tained only from Ey(a) improves Feynman’s estimate by
about 2%. Addition of the next correction calculated from
AE, results in C,,,=—0.063974, which is in good agreement
with the exact value.* Note that AE , contributes about 40%
to the total value of C,,,.

For three dimensions, the results are displayed in Table
IT together with the known results of the polaron GSE for the
weak-coupling limit. Our leading term of the energy E ()
improves the Feynman variational estimate of C,, by 2%.
The next correction results in C,,,=—0.015919, which is in
good agreement with the exact value.* Note that for d=3
our AE, contributes about 29% (smaller than for d=2) to the
total value of -C,,,. Comparing the results for d=2 and d=3,
we conclude that the higher-order corrections (the second-
order one in our case) coming from Jr(a) are much more
important for d=2 than for d=3. In other words, the polaron
effect is stronger in low space dimensions [see Eq. (80)].
This effect was noted earlier in Refs. 50 and 54.

TABLE II. Comparison of known weak-coupling results for the polaron
ground-state energy E(a)=a-C,,+a*-C,,+0(a) in three dimensions.

Authors Co1 C.»
Das Sarma and Mason’® -1 —0.016
Feynman’s theory> -1 —0.012347
Roseler®™ -1 —0.0159196*
Lee et al.>? -1 -0.014
Larsen® -1 —0.016
Present E o(a) -1 —0.012598
Present Ey(a)+AE, -1 —0.015919
*Exact value.
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TABLE III. Comparison of estimates obtained for the coefficient C; of the
polaron ground-state energy E(a)= a*.C,+0(1) for d=2 as a—.

Authors ' Cs

Das Sarma and Mason®® —0.392699
Feynman’s theory* —0.392699!
Xiaoguang et al.>® —0.4047*
Hipolito® —0.392699
Present E((a) —0.392699
Present Eg(a)+AE, —0.400538

'Estimated in Ref. 59.
2Adiabatic approximatior.

B. Strong-coupling regime

The GSE of the polaron in the electron—phonon strong-
coupling regime has been considered in Refs. 41 and 56-59.
It is well known that in this limit

E(a)=a*-C,+0(1). (84)

For large a, (75) becomes

d 2I'(d/2)d?

E(Z)(a)= —a? 9372

9\ 97

5 _emTer)
X & 16" (n)?nT (n+d]2)

+0(1). (85)

For comparison, in Table III we give our result together
with the known results of the polaron GSE for d=2 in the
strong-coupling regime a—.

For three dimensions the estimate of the next higher-
order corrections for the coefficient C; was obtained by the
present authors earlier in Ref. 56:

C,<—-0.108431. (86)

A comparison of the known results for the coefficient C for
d=3 is displayed in Table IV.

C. Intermediate-coupling range ’

In the intermediate-coupling regime the main tool for
obtaining polaron properties is the variational approach.>>*?
For d=3, the Feynman variational method based on a trial

TABLE IV. Comparison of estimates obtained for the coefficient C; of the
polaron ground-state energy E(a)=a?-C +0(1) for d=3 as a—®.

Authors C,
Feynman and Schultz® —0.1061
Pekar (by Miyake)*! —0.108504!
Miyake*! —0.108513%
Luttinger and Lu®? —0.1066
Marshall and Mills®’ —-0.1078
Sheng and Dow® —0.1065
Adamowski et al.%’ —0.1085128

Feranchuk and Komarov®® —0.1078

Efimov and Ganbold —0.10843
Estimated in Ref. 41.

ZExact value.
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oscillator-type action gives an upper bound on the polaron
free energy, valid for arbitrary «. Generalizations of the
Feynman action for d=3 to an arbitrary density function*?
and an arbitrary quadratic action®® have improved this upper
bound. In our opinion, the result*> obtained for d=3 is the
best variational upper bound in the whole range of a. But
this variational method does not give the next corrections to
this bound. Other numerical methods dealing with this
problem6z’63 require specific complicated schemes of calcu-
lations which may introduce statistical errors. The estimates
of both the upper and lower bounds for the polaron self-
energy obtained in Refs. 39 and 64 should be improved.

Considering intermediate values of a, we have derived
Egs. (63) and (64) numerically, by the following iteration
scheme:

Fo()=®{3,],
3,(k)=Q[F,],

starting from reasonable assumed functions F(¢) and So(k)
[see (70)]. Both of the series F,(¢) and 2 ,(k) turn out to be
rapidly convergent, and the value of the leading term E (a)
does not change after n=6. The results for Ey(a) and E (29(01)
in two dimensions are presented in Table V.

The values of Ey(a) and E @(a) for d=3 are given in
Table VI, in comparison with the known data 39436465 Qur
E(a) for d=3 coincides with the upper bound obtained in
Ref. 43 and improves the variational results calculated in
Ref. 71.

We have made preliminary estimates which indicate that
the decreasing series in (73) is alternating. Then one can
expect that the third-order correction AE;(a) may slightly
increase the value of E®(a), and inclusion of higher-order
corrections AE,~,(a) might result in an insignificant oscil-
lation of E">?(a) between E(a) and EP(a). In other
words, the value obtained for E @(q) may be accepted as a
lower bound on the ground-state energy of the polaron. Note
that the numerical results obtained in Ref. 66 at three points
(@=1,3,5) by the method of “partial averaging” lie exactly
between our curves for Ey(a) and EP(a). Recent exact
Monte-Carlo calculations’? are in good agreement with our
results for d=3.

Our results obtained with the proposed method provide a
reasonable description of both two- and three-dimensional
polarons for an arbitrary coupling a. Our considerations
could be extended to computing the other characteristics of
the polaron, the effective mass and the average number of
phonons, as well as to estimating the energy of the polaron in
the presence of a magnetic field, in view of the validity of the
proposed method for the complex functionals.

n=0, (87)

4. CHARACTER OF PHASE TRANSITION IN THE
TWO- AND THREE-DIMENSIONAL ¢* THEORY

The phenomenon of spontaneous symmetry breaking, or,
in other words, the vacuum-structure rearrangement, is an
important part of many quantum field constructions. In this
section, we will investigate this phenomenon within the GER
method. The problem, of course, can also be studied within
the canonical-quantization method. However, the functional
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TABLE V. Estimates obtained for the polaron ground-state energy E(a) and E‘®(a) for d=2 in the intermediate range of @, compared with known results

obtained in Refs. 58, 60, and 70.

Present
a Feynman* Hipolito® Huybrecht™ Das Sarma® E, Ey+E,
0.6364 —1.0198 —1.0266 -1.0201 —1.0405 —1.020 —1.028
1.909 —3.2247 —3.2263 —3.2263 —3.5690 —3.231 —-3.250
3.183 -5.9191 —6.0902 —5.9193 —6.9688 —5.928 —6.039
4.450 —9.6935 —9.8723 —9.7154 —11.388 —9.710 —9.871
*Our estimation by Feynman’s variational method.
representation has the advantage of calculating the whole clusions disagree with mathematical theorems®>%* proving

effective potential (EP) in this theory, which allows one to
obtain more information about the phase structure and phase
transitions in the system under consideration.

4.1. Statement of the problem

The scalar ¢* theory in two and three dimensions has
been intensively investigated’>’* as a simple but nontrivial
example for which the problem of spontaneous symmetry
breaking or, in other words, the phase structure of quantum
field models is studied. It has been found’ that the highest-
order quantum corrections can give rise to instability of the
classical symmetric vacuum. There are two phases in this
system, and PT phenomena take place at certain coupling
strengths. The most difficult problem here is to determine the
order of the PT.

The simplest example in which the vacuum exhibits a
nontrivial structure is the @3 theory. Many papers”>~7 are
devoted to investigation of the nature of the PT in this model.
We briefly treat some nonperturbative methods that seem to
be basic among the investigations on this subject. An original
approximation’> using a Hartree-type renormalization exhib-
its a first-order PT in this theory. A similar result was
obtained”” within the Gaussian EP approach. The dimension-
less critical coupling constant for which the first-order phase
transition takes place is G=1.62 in both papers. These con-

that a second-order PT should occur in the ¢ model. There
are papers’°~% in which different variational methods have
been used for solving this problem and a second-order PT
has been observed in the region G~1. In previous
studies,?3% we have shown that the critical coupling constant
leading to a second-order PT cannot exceed the value
G=1.4392 and may be found near G;,~0.53.

We study this problem by using the method of the EP.
The absolute minimum of the EP V(¢g,) at the point @y=¢,
determines the true ground state (vacuum) of the theory. If a
PT takes place at a certain coupling g=g,, then for g<g,
the system is still in the original unbroken-symmetry phase
with ¢.=0. On reaching g= g, the origin ¢,=0 is no longer
the absolute minimum of V(¢,), and the system goes to a
new state with ¢.#0 corresponding to lower energy. The
first-order PT means that the point ¢=0 remains local, but is
not the absolute minimum of V(¢,). In other words, the first
derivative of V(¢y) is zero, and the second one is positive at
the origin ¢y=0. In the case of the second-order transition,
the point @3=0 is a local maximum of the EP at g>g_. The
second derivative of V(¢g,) at ¢,=0 becomes negative. Thus,
the coefficient a(g) in the representation of V{(¢,) for small

‘P() >

V(go)=E(g)+alg)- ¢3+0(¢}), (88)

TABLE VI. Estimates obtained for the polaron ground-state encrgy E(a) and E®() for d=3 in the intermediate range of @, compared with known results

obtained in Refs. 39, 57, 64, and 65.

Osc.”’ Feynman®® Smondyrev® Larsen® Present
3 upper upper upper lower upper lower E, Ey+E,
0.5 -0.5 —0.5032 —0.5041 —0.5041 —0.5040 —0.5052 —0.504 —0.5041
1.0 -1.0 —1.0130 —1.0167 —1.0175 —1.0160 —1.0270 —1.014 —1.017
1.5 -15 —1.5302 - - —1.5361 —1.576 —1.532 —1.539
2.0 =20 —2.0554 - - —2.0640 -2.172 —2.058 -2.071
2.5 —25 —2.5894 - - —2.5995 —2.872 —2.593 —2.614
3.0 -3.0 —3.1333 —3.1645 —3.2122 —3.1421 - —3.138 —3.167
4.0 —4.0 —4.2565 - - -4.2771 - —4.265 —4.305
5.0 -5.0 —5.4401 —5.4945 —5.7767 - - —5.452 —5.528
7.0 —7.356 —8.1127 —8.0406 —8.8832 - - —8.137 —8.255
9.0 —10.72 —11.486 —10.834 —12.654 - - —11.54 —11.69
11.0 —14.94 —15.710 —13.905 —17.165 - - —15.83 —16.04
20.0 —44.53 —45.283 - - - - —45.33 —45.99
30.0 —97.58 —98.328 - - - - —98.52 —99.86
40.0 -171.9 —172.60 - - - - —-1734 —-175.1
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plays an important role in the determination of the character
of the phase transition. If a(g) is zero at a certain g=g,. and
negative for g>g,. up to g—, then one can say that a
second-order PT appears here. On the contrary, positiveness
of a(g) for any g excludes a second-order transition. Rigor-
ous calculation of a(g) for an arbitrary coupling constant is
a complicated problem. However, we know that at large g
the coefficient a(g) remains negative in the case of a
second-order PT and is positive if the transition is of first
order.

We study this problem qualitatively by using the GER
method described in Sec. 2.1. We will show the possibility of
a second-order PT in the g3 theory and give an estimate for
the corresponding critical coupling constant g_. For the g<p§
model our result excludes the occurrence of a second-order
phase transition.

4.2. Renormalized Lagrangian of the ¢3; model

We consider the g¢* scalar-field model in two and three
dimensions. We will use throughout this section the Euclid-
ean form of the model.? This theory contains ultraviolet di-
vergences, but it is super-renormalizable, i.e., it has only a
finite number of divergent Feynman diagrams. In order to
remove these divergences, we must introduce appropriate
counterterms in the Lagrangian. In this section we consider
the super-renormalized scalar field theory with the Lagrang-
ian

L=} o[ #~mo(x) = 5 Nafo ()} =Rp,  (89)

where we have introduced a “normal-ordered” form of in-
teraction as follows:

N, {@*(x)}=¢*(x)— 69*(x)D,,(0)+3D2%(0),

d’k  expf{ikx}
Pa)= | Gyt e 20

Here x €(), where () is a large but finite volume in R* (d
=2.3), and m and g are the mass and the self-coupling con-
stants, respectively. In two dimensions (d=2) all the diver-
gences are only of the “tadpole” type and are readily
removed by introducing the normal product N, of the fields
@(x) in (89). In this case R, =0. In the three-dimensional
theory there are additional divergences, which are canceled
by counterterms

Rp=5AnN{@*(x)}+ 6E, 1)

where

A= 6ng d*xD3(x),

3
OEn=7 g’ f d*xD? (x)

3 a’k o 3
—§g3 o)’ U' d3xe’kxD,2,,(x)] . (92)
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At small g the Lagrangian (89) describes a system that is
invariant -with respect to the transformation @< —¢. The
question is whether this symmetry remains for increasing g.
4.3. Effective potential in the ¢3 ; theory

The EP is defined as

1
V(gp)=— lim a In Ig( o),

o

Ia(¢)=C,,,j 5405[43

1
-g J d”xw(x)]eXp jﬂdde[w(X)],
C,,= Vdet{ — 6>+ m?2}. (93)

All the integrations are performed in the Euclidean metric.
According to the GER method, we transform the field
variable as

@(x)=do+b(x)+ $(x), (94)
where the new field variable ¢(x) corresponding to the new
mass u and the function b(x) satisfy the conditions
f dx p(x)=0, J dxb(x)=0, b%*(x)=b%*=const.

0 : Q
(95)

Let us go over to the normal ordering in the new fields ¢(x),
using the well-known formula™

Nm{exp{Bw(X)}}=N,L{ CXP{ B( o+ b(x)+ p(x))

2
+%A(m,m]],

A=A(m,u)=D,(0)—D ,(0),
dk explikx} 1
v Q2m)? p+k> Q-
First we substitute (94) and (96) into (93) and perform the

integration over d¢y. Then, following the key steps of the
GER method, we obtain

D, (x)= (96)

In(pg)=e®Votew f do, exp[ fndde,L[ 2 [6°(0)
+4¢3(x)(@o+ b(x)) +12¢0b(x) $*(x)]

1
—[EA,L¢2(x)+A,Lb(x)¢(x)
1 .
+OE,+ > (b?*+ <pg)A,,m,
Q

f dU#-1=Cﬂj 8¢ exp[—% f dx p(x)

><(.—32+,L2)¢(x)}=1, 97)
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where the new counterterms concentrated in the second
square brackets in (97) coincide with (92) if we substitute
m—pu. The leading-order term of the EP is obtained as the
“cactus’’-type part V(¢,) of the EP as follows:

1 d‘k
.V0(<P0)=_Ef 2
m2

+ 5 (93 b))+ § (@t 603>+ bt

mZ__MZ

[L2+k2

m?— 2
-;L2+k2

ln(1+

2 2 -

¢t

—6A(@3+b2)+3A2)+

1
+| BEp—6E,~ 5 A |. (98)

The requirement that the linear term N M{q&} must not
arise in the interaction and that the quadratic field configu-
rations be concentrated in the Gaussian measure do, leads to
the following constraint equations for the parameters b(x)
and u:

b(x)[—m*+3g(A—¢))—gb*—A,+A,]=0,
wr=m?+3g(A—@;—b*)—A,+A,=0. (99)

Thus, we finally obtain the formula for the effective poten-
tial:

V( (PO) = VO(‘PO) + Vsc( QDO),

1
Vi o)== lim = InJqo(¢y), (100)
Q-
where a new path integral is introduced in the form
JQ(<P0)=C_QVSC“”0)=f do, exp[ f dx XN,
Q
x{ 2 16%(0) +46* () (9o + b(x))
4 o x

(101)

1
+12¢0b(x) $°(x)] - | 5 4, 67(x)

. ,
+A,b(x)(x)+ SE ,+ 3 (b*+@p)A,

i

Equations (98) and (99)—(101) define completely the EP for
an arbitrary coupling g. Below, we will investigate the EP in
(100), whose parameters b(x) and u are restricted by the
constraints (96).

For further consideration, it will be convenient to work
in units of m when dealing with numerical results. We define

E=(u/m)*~4,

and BZ=4m7m? 2

di=4mm? "¢},
(102)

4.4. The “cactus’-type potential as the leading-order
term of the effective potential

In two dimensions, the “cactus-type” part of the EP be-
comes
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FIG. 3. The Gaussian part V(®,) (in units of m?%/8) of the effective po-
tential as a function of &, for different values of the coupling constant:
crosses, G =0.5; triangles, G =1.5; squares, G=1.6251; diamonds, G =2.0.
The dashed lines represent the ““nontrivial” branches. The “trivial”’ branches
are denoted by the solid lines.

2

m
Vo(®y)= 37

G
—1¢-1-In E+ @5+ B2+ 7 [®5+B*

+3 In? £+ 6(B?®2—B? In ¢~ ®2 In &)]1.
0 0

(103)

We note that the potential (103) is invariant for ®y—B.
The parameters ¢ and B in (103) are restricted by the
following equations:

B*(¢-GB?)=0,

26-2+3G(In £é— d2—B2)=0. (104)

Let us consider the constraint (104). A pair of “trivial” so-
lutions

3G )

B=0 and §=1—7(ln E—Dy) (105)

can be found for an arbitrary coupling constant G. Since
G>G(y=1.4392, an additional pair of “nontrivial”’ solutions

¢ 3G )
B=—= and {€=-2+ > (In £—®y)

G (106)

also appears here. Thus, for G<G, the only solution to be
substituted into (103) is the ““trivial”” one, but since G>G,,
there is an alternative: one can choose either (105) or (106).
We choose the pair with the lowest value of V_(®,) for some
fixed @,.

All the necessary calculations can be performed numeri-
cally. The resulting potential V.(®,) is plotted in Fig. 3. Near
the origin ®y=0 the potential V .(®,) is represented by the
“nontrivial” branch (if G>G,) B#0, as it is situated below
the “trivial” one. But for larger values of ®, the “trivial”
solution B =0 provides the lowest value of the potential. This
picture leads to an interesting result. Let us consider the local
minima of both branches. For B=0 the minimum point
®y=A in Fig. 3 is given by the equations

B=0,

2-3G In £+GD2=0. (107)
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On the other hand, the minimum of the “nontrivial”’ branch
B#0 is fixed at the origin ®,=0 for any G>G, and (104)
- becomes

(DO:O,

2-3G In £+GB2=0. (108)
Owing to the invariance of the potential V (®,B) in (103)
for ®y—B, our expressions (107) and (108) are identical. In
other words, the minima of the potential (103) corresponding
to different solutions of (104) are equal. The vacuum with
(P(x))=Dy#0 is not lower than the initial one located at the
point (®(x))=®,=0. There is no reason for the occurrence
of a first-order phase transition.

4.5. Non-Gaussian correction in the ¢3 model

In the previous section, we derived an expression for the
EP consisting of two parts. Considering only the “leading”
term V(¢,), one can say nothing about the nature of the PT
in'the theory. To answer this question one must also consider
the remaining part V. (¢,) of the effective potential, defined
in (100). In the weak-coupling limit one can estimate it by
expanding the exponential in (97) in a perturbative series.
But explicit calculation of the non-Gaussian functional inte-
gral Jo(¢p) in (97) for arbitrary values of the coupling con-
stant g and ¢, is a complicated problem. However, we
are able to estimate it for infinitesimal values of ¢, for arbi-
trary g.

We rewrite (97) in a form that is correct for infinitesimal

%o:

Jﬂ(‘Po):f do, exp[ —i—’_ fnd’ixN,L[#(x)

2
g*op

2

+4b(x) ¢ (x)]+

f Qdl‘ixN w(¢°(x)

+3b(x) $*(x))

2
] . (109)

This representation can easily be obtained, in view of the
validity of the following transformation in the integrand of
(97):

1
exp(— o W)= cosh( (pOW)=exp{ 3 ¢§W2+O(<p3)}

for infinitesimal ¢, and a finite functional W.
Applying to (109) Jensen’s inequality, we get an upper
bound

Vsc( QDO)s V:;((PO) =

&% f d”xf d fdo- (N, (XN, $°(y)
2Q Jq " y w Y p wP

+9b(x)b(y)N ,¢*(x)N ,6*(y)}.

(110)
It is easy to show that
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f 4o, N, 6 CON,, 6% (3) =6D3 (x—y),

f do,N,#*(x)N ,¢*(y)=2D%(x~y). (111)
Then we rewrite (110) in the form
m? 3G®}]
+ - 2
Vsc(q)()) 8 2§ (Q+3B )9
Jdmh? 4f1 2 in(1-u?)=2.3439
=3 0u2+3n( u°)=2.
(112)

Substituting the parameters ¢ and B in either (105) or (106)
into (112), we find the behavior of V3(®,) for small values
®,~0. Omitting the details of the calculations, we write the
results:

2( 3
V;(‘D0)=—m_{——QG2¢§+O(<D3)] for G<G,
8w 2
(113)
and
m? 30G* 9G
+ - _ ] _ 2
Vsc(q)O)_ 877'{ [ 25 + 2:| 0
+0(c1>g)} for G>G,,
3G In £—¢-2=0. (114)

‘From (103) we get the following asymptotic behavior:

2
_Mm a2 4
Vo( @)= 5 {®F+O0(PY)} (115)
as ®,—0 for any G.
Finally, taking into account (100), we obtain the follow-

ing behavior of the upper bound for the EP in the region of
small ®,~0:

V[ ®@g]= Vo[ D]+ Ve[ D]
2

e G)D2+0(d 116
=g [2(G)P+0(Py)], (116)
where
a(G)
_[ea(G)=1-30G?*/2, G<1.6251,
T | @a(G)=1-30G?*(2£)—9G/2, G>1.6251,
3G In é—¢-2=0. (117)

One can easily check that the coefficient ay(G) in (117)
becomes negative for G >G ;=0.5333 and remains negative
for increasing G. But a,(G) is negative at arbitrary
G >1.4392. In our opinion, this indicates the occurrence of a
second-order PT in the model under consideration.
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- 4.6. Strong-coupling regime in the ¢3 model

In the three-dimensional case the counterterms defined
by (92) play an important role in the behavior of the EP in
the strong-coupling regime. We have

exp{ — ulx[}
4r|x|

m
D)= A= (1), (118)

Substituting (118) into (99), we get
B(x)[2+3G(®2—¢+1)+GB*+3G? In £]=0,
—282424+3G(®5—£+1)+3GB?>+3G% In £€=0.

' (119)

A nontrivial solution B#0 exists only for 0<¢<1. Let us
consider the solution B=0. In the strong-coupling regime we
obtain

g:Gﬂ%ln G+0O(Gyln In G).

In other words, the effective coupling constant

g G

_ 2 140 InlnG
€ N3me InG

Geﬁzzwu = g

(120)

J o

is small for G—, and we are actually dealing with the
weak-coupling regime. This means that the effective cou-
pling constant

g G 1 140 lnlnG) -
O™ a2~ € 3G In G (122)

becomes small for G —, and one can successfully develop a
perturbation expansion in G4 for the functional integral

(101):

sc( ‘PO) - E Geffv(n)( (P())

n=1

(123)

Here Vgi)=0, owing to the normal ordering in the exponen-
tial in (101). After some calculations we obtain

V(@) =V P (pg)=0,
m? 18C,

V(oo =5 ; G D, (124)
where the constant is
1
C1=75s
dErd®pdq

“THFRA+ P+ )L+ k)DL + (k+q))
16 du -
=7 ), 75422 (arctan u)“=1.7593..

Taking into account the “cactus”-type potential
3

3G
Vo(®o)= [ Eo(G)+ (G In&- £)®;

+0(<bg)], (125)

214 Phys. Part. Nucl. 26 (2), March—April 1995

we finally obtain the effective potential
V(@)= V(Do) + V(Do)
3

m 2 4
= o= {E(G)+ a®}+0(BY)}, (126)

where the desired coefficient

2

3
a(G)=—In Gj1

, 96, ( L
(ln G)3/2 + (In G)5/2
(127)

is positive. This result excludes second-order phase transi-
tions in the ¢} model. This can be accepted as an argument
in favor of either the existence of only a first-order transition
or the absence of any PT in the three-dimensional case.

Comparing the results (117) and (127) for d=2 and
d=3, we find that the effective mass renormalization is cru-
cial for this problem. In two dimensions the mass renormal-
ization includes “tadpole” divergences only, and the behav-
ior of ®(G) in (117) favors a second-order PT in ¢;. For
d =3 the mass renormalization contains an additional term of
the second perturbative order which has the opposite sign
from a “tadpole” contribution. As a result, the function &(G)
in (127) remains positive for all G>0.

5. WAVE PROPAGATION IN RANDOMLY DISTRIBUTED
MEDIA

The theoretical investigation of the propagation proper-
ties of waves in a randomly distributed environment reflects
certain interest due to its many practical applications, includ-
ing calculations of electronic conductance in crystals,” wave
localization,”! and dumping of signals in the atmosphere or
in water.”> A series of different methods has been applied to
this problem, among which path-integral techniques®~** are
of considerable interest.

In this section we investigate wave transmission in ran-
domly distributed media, using the GER method.

5.1. The Green function of the wave equation

The propagation of a wave u(x) (e.g., electromagnetic)
in a time-independent environment can be described by the
wave equation given in real 3-dimensional space xeR>:

[A+w2(1+e(x)]u(x|e)=J(x),

w#0. (128)

The notation is as follows. The constant w is the “dielectric
constant” and defines the frequency of unperturbed waves;
J(x) is the source function.

The random noise is described by a random stationary
field £(x) which is assumed to vary stochastically with a
certain correlation function (e(x)e(y)). For simplicity we
shall consider the Gaussian noise

(X—y)z)

((x)e(y),=AP(x-y) =) exp( -7

dk : -y
:)\f 377 " eXP -k +lk— , (129)
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where the interaction coefficient A describes the intensity of
the noise given by the distribution function P(x—y) with a
correlation length /. These two constants define the influence
of the Gaussian noise on the propagation of waves in media.
The solution of (128) can be represented in the form

u(X|8)=f dyG(x,yle)J(y), (130)

where G (x,y|e) is the Green function of the wave equation

(128):
[A+w*(1+&(x))]G(x,y|e)=d(x—y). (131)
The problem is to find the solution of (128) and then

average it over the random fields &(x) to find the wave am-
plitude:

u(x)={(u(x|e)),.

For this the Green function must be averaged over the ran-
dom fields &(x):

G(x—y)=(G(x,y|¢)), .

Thus, we consider this problem solved if the averaged Green
function G(x) is found and its asymptotic behavior for large
distance |x|—o can be calculated.

Let us proceed to solve Eq. (131) for the Green function.
It is essential that the operator

K=A+w?(1+&(x))

(132)

(133)

(134)

is not positive definite. We shall consider the solution

1
G(xyle)= g Hx-Y), (135)

corresponding to the so-called causal Green function. This
solution can be written in the integral representation

i (= . .
Guﬂw=—5kduam“m%arw)

_ ifde if"d A
_20uTeXp2()TaXT

} o(x—y),
where we have used the “time-ordering” operator T,. Re-
peating all the calculations of Sec. 2.8, which will be omitted
here, we obtain

+ w?(1+&(x,)) (136)

G _ lfm du i '2
(x,y|e)— 2 0 WCXP 2 wu_

(x—y)?
+ uy T(xy]e), (137)
where a FI is introduced:
I —fd i zjud Tiyl1-2
«(x,y|€)= To expj 5 @ A e Xty ”
+( r)) ] (138)

215 Phys. Part. Nucl. 26 (2), March-April 1995

with the measure defined as

i fu
do-0=C05yexp(i-f dTilz(T)}. (139)
0

The integration in (138) is taken over “paths” v obeying the
condition

v(0)=v(u)=0.

Here the normalization is chosen so that the following con-
dition is satisfied:

fdo'(yl:l or I,(x,yle)|,—o=1. (140)

Now we can average the functional I,(x,y|e) over the
random fields &(x):

Iu(x—y)=<1u(x,y|s))s=fdcro
4 u

X exp —)\w— drd7' Pl v(1)—v(7")
8 0

77
+(x—y) )}

(141)
u

The averaged Green function is

c 1 F du i, N x? ;
(x)= 2 |y Gy Pz || u(X),
(142)
where ’
i u
Iu(X)=Coj ov exp[ = f dri*(r)
¥(0)=v(u)=0 2 Jo
w* u
-\ = J' f drdr' P| v(1)—v(7')
8 0
T—7
+x ) ] : (143)
u
For further convenience we introduce the notation
_ _ r . _ z
r=|x|, u=_—z, B=ro, r=—1t,
=2 Az 144
T = F S, 8= 4 ( )
and change the variable of the FI:
= \/; 145
v(r)= = p(o). (145)
Then we have
G _ w ® dz
(B)—— 2\/§ 0 (27”-2)3/2
X ] B + 1 I 146
exp|i > |z+ |- (B.2), (146)
where
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_ i (B
I(,B,Z)=C0J’ op eXP[ - f dep*(t)
p(0)=p(B) 2 Jo

B

-8 f fo dtdsP(g (p(1) = p(s))
t—s)]
+n7 s

., (m)=1
n=—, (nn)=1.
|x|

(147)

with

5.2. The Green function at large distances

We now consider wave propagation for large distances
B—oe. Then by analogy with the polaron problem, where

similar asymptotics have been studied, we can expect the.

following behavior of the FI:

1
I(B,z)~ W exp{— BE(z;\,wl)}. (148)

( :

® dz
372 exp{BS(2)},

Consequently,

R [
(B)~ '30(1) =377 €xp) B

—E(z;\ wl)”

(149)

where

S(z)= ;—.'(z+ ;) —E(z;\,wl).

The main contribution to the FI in (149) for large B can
be obtained by using the saddle-point method:

S(2)=5(z9)— 5 §"(20)(z—20)*+0((z~2)%), (150)
with the conditions
S'(zg)=0, 8"(z9)>0.
Finally, one gets
1
G(B)~ o0 exp{BS(z¢)}. (151)

5.3. The zero-order Green function

In order to apply the formulas of Sec. 2.2, let us intro-
duce in (147) symmetrical limits by redefining

2T=pB, p(t)—p(t=T).

Then we rewrite (147) as
i (T
I(z)=C, f Sp-expi = f dtp?(t)
p(~T)=p(1)=0 2 )7

T
—5ff dtdsP vz
2 -7

o [p()—p(s)]

t—t—T, s—s—T,
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+nS 152
B N (152)
Let us introduce the operator

2

1 .9
Dy (t—s)=i 52 o(t—s).

The Green function D(t,s) corresponding to this operator
satisfies certain periodic conditions and reads

i
Do(t,s)=—-|t—s| Elt—sl.

2T
Its Fourier transform is
- i

DO(P)zp_z-

Then we rewrite

In(z)=Cy f 5p
p(—=T)=p(T)=0

1 T
XCXP(—E f f_Tdtdsm(t)Dal(t—s)p(s))

—gW[p]],
Co=(det D)~1/2, (153)
The free “kinetic” term is diagonal:
(p()Dg ' (t=5)p(s))=(b(1) 8;Dy ' (1= 5)b/(s)).
(154)
The interaction is given by
g ([T Vz t—s
gWlpl=7 f detdsP(—(; (p()—p(s))+n T)
(155)

Substituﬁng (129) here, we get
g T dk . .2
gW[p]=§ f f dtdsf —77 expj —k
-1 m

k
+im(&(p(r)—p(wwn(t—s))]. (156)

Comparing this with (33), we find that the measure d. % of
the momentum integration now becomes

dk i
dF(k,t—s)= — exp{ -K*+ o (kn)(t—s)].
(157)

Following the GER method, we define the new measure

1 T
do=Cébp exp[ 5 j f dtds(p(¢)D ™!
-T

X(t—S)p(S))], (158)

where

G. V. Efimov and G. Ganbold 216



(p(OD ™ (1=5)p(s))=(p()D ;' (t=s)pj(s)). (159)

Note that the operator D;; ! has nondiagonal elements due to
the presence of the vector n in W[p]:
In the following we will use the relation

f do eXp[i X—jk(pm—p(s))’

z
=exp[ - W (kF(t—s)k)], (160)
where
(KF(t—s)k) = (k;F;;(t—s)k;), (161)
and
F(t—s)=D(0)—D(t—s)
= fm ap [1—cos p(t—s)]D(p?). (162)
o
‘We introduce
gWb]=2 f f dtdsf —7 exp[ (k[l
N
(l )2 F(t— s)] )]e_xp(i P k(b(t)
t—s
—b(s))+ikn U] (163)
Then we get
PW[b]
willl=$)=8 G yew, o),
= _[(Dij(o)_(bij(t_s)]’
so that
()= —#p)= [ af1-cosprl@).  (69)
Here we have introduced the notation
B(t—s)= —lyf f 7z la)(q- exp[ ( {
z t—s
+ (IT)zF(t—S) q +iqn U],
(|q><q|)ij:qiqj- (165)
One obtains
D(p)=Dy(p)+Dy(p)Z(p)D(p),
which leads to
. Dy(p) il
D(p)= = = : . 166
O D) i) (160

Then (162) becomes
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dp 1—cos p(t)

- W (167)

F(t)=i J:

Following all the steps in Sec. 2.2, we finally obtain
I(z)=e7?TE®. 1 1(2),

JT(z)=Cf op exp{ —% f ffrdtds

X(pD‘lp)—g:W[p]:], (168)

where the leading-order term (or the zeroth approximation of
the GER method) is

3 o
Eo(l)=ﬁj
o dq
_g f_wdtf 773/2 Cxp{—(q[l
ot
(l )2 F(2) )+1qnal.

The interaction functional in the new representation has the
form

ln(1+ 2(p))]

(169)

W[p]=—§ f f_TTdtdsfd%n(q,t—s)exp{—(q[l

(l )2 F(t— S)] )

t

+lqll _l} iVz/lo[q(p(6)— P(S))] (170)

where: e}:=e*—1—z—2%/2.

The initial (143) and the new (168) representations are
equivalent. The next step is to solve (164) and (167) and to
calculate the function E((z). The explicit form of the inter-
action functional (170) allows one to calculate higher correc-
tions. In principle, these calculations are similar to those in
the polaron problem, except that now all the functionals are
complex. Nevertheless, all the transformations of the GER
method applied here are valid. In the future we plan to solve
these equations and to investigate the behavior of the Green
function G (x) for different values of the parameters \ and .

CONCLUSION -

We have formulated a regular method for calculating a
large class of functional integrals beyond the region of the
perturbative expansion. Providing a good accuracy of the
lowest approximation, this method has advantages over the
variational approach: the possibility of obtaining higher-
order corrections in a regular way, and the validity of com-
plex functionals and theories with divergences.

We have applied this method to different problems of
theoretical physics, namely:

(i) the polaron problem in QS;

(ii) the PT phenomenon in the QFT model;

(iii) the solution of the differential wave equation.
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These subjects show the efficiency of the GER method.
High accuracy is achieved in the calculation of the ground-
state energy of the d-dimensional polaron. An effective
scheme of mass renormalization in the g(p3,3 theory, sug-
gested within the GER method, leads to a correct prediction
of the nature of the PT in this theory. Finally, an estimate of
the non-Hermitian path integral for the Green function in the
theory of wave propagation in media with a Gaussian distri-
bution is made.

The approach developed here opens up new possibilities
for estimating, with high accuracy, the bound states of few-
body systems under any potential, as well as for investigat-
ing static characteristics of the polaron in magnetic fields,
when the action of the system is complex and any variational
method becomes inapplicable.

The authors are grateful to Profs. V. K. Fedyanin, H. M.
Fried, H. Leschke, L. V. Prokhorov, and M. A. Smondyrev
for useful discussions.
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