Macroscopic model for magnetic resonances in spherical nuclei
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A quantum-macroscopic nuclear model is described which interprets magnetic resonances in
terms of the torsional elastic vibrations of a spherical nucleus. A summary is given of

the basic predictions of this model for the energies, the transition current densities, the total
excitation probability, the magnetic oscillator strength, and the spread width as functions of the
multipole order and the atomic and masss numbers. The cross sections computed in the

PWBA and the DWBA are presented for M\ resonances excited by means of (e,e’) scattering.
Strong emphasis is placed on comparison of the theoretical predictions with the
experimental data on magnetic resonances with A=2 excited by electrons inelastically scattered
on spherical nuclei. © 1995 American Institute of Physics.

1. INTRODUCTION

Theoretical studies of collective excitations of nuclei us-
ing the methods of the macroscopic physics of continuous
media have been directed toward the ultimate goal of con-
structing an adequate dynamical theory of nuclear matter.
The fact that many of the integrated characteristics of the
ground state and collective excitations of the nucleus such as
the binding energy, the centroids of the resonance energies,
the total excitation probabilities, and the spread widths vary
smoothly with increasing mass number indicates that the
“size effect”—the dependence of these typical parameters
on the nuclear radius and shape—plays an extremely impor-
tant role. Study of the nuclear response using collective mod-
els based on specific assumptions about the macroscopic
properties of nuclear matter has precisely the goal of deter-
mining these “size” laws. By treating the nucleus as a mac-
roscopic particle of condensed matter and comparing the
theoretically predicted mass-number dependences of, for ex-
ample, the energiess and probabilities with experiment, it is
possible to judge how well the continuum model reflects the
properties of real nuclear matter.

As is well known, the initial study of nuclear dynamics
was based on representation of the nucleus as a drop of in-
compressible, charged, nonviscous liquid. However, the ex-
perimental information which is available at the present time
allows us to state with certainty that the representation of
nuclear matter as a liquid is unsatisfactory for a number of
reasons. Here we shall present only a few arguments illus-
trating this statement, in order to stress the fact that the
physical interpretation of the magnetic collective response of
a nucleus in terms of the theory of continuous media neces-
sarily leads to the conclusion that nuclear matter possesses
the features of an elastic continuum, not a liquid.

Let us first briefly discuss the main assumptions on
which the liquid-drop model of the nucleus is based. Accord-
ing to the phenomenological description of nuclear proper-
ties used in this model, it is assumed that the destructive
effect of the Coulomb repulsion is stabilized by attractive
nuclear forces modeled by surface-tension forces. The equa-
tions governing both the equilibrium and the dynamical re-
sponse of the nucleus are taken to be the classical equations
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of an ideal liquid (the continuity equation and the Euler
equation). An immediate consequence of the heuristic hy-
pothesis that the behavior of nuclear matter is similar to that
of a nonviscous liquid is that the drop model admits only a
spherical equilibrium shape of the nucleus. This fact is al-
ready an indication of the inadequacy of the liquid hypoth-
esis, since it does not reflect the available data about the
equilibrium shape of nuclei. The predictions of the liquid-
drop model for the dynamical properties of nuclei disagree
just as strongly with experiment.

The main ideas behind the hydrodynamical description
of the collective motions of nucleons impose strong con-
straints on the nature of the collective excitations of the
nucleus, as they allow the existence in the nuclear spectrum
of only a single collective branch of excitations associated
with nuclear surface oscillations. Surface collective modes
are identified as excitations of the electric type, since these
excited states are characterized by nonzero values of the
electric multipole moments. It is known from the classical
electrodynamics of continuous media that an external elec-
tromagnetic perturbation of a charged, incompressible drop
can induce only harmonic distortions of its equilibrium
spherical shape: R(#)=R(1+ a),()Y),(r)). These arise
from the excitation of oscillations of the electric current den-
sity j(r,t)=(eZ/A)ny6V(r,t) with irrotational velocity field:
éV(r,t)=Vr)‘YM(f')d)\(t). Here n is the particle number
density, Y, F(f') is the spherical harmonic of multipole order
A, and a)(t) is the amplitude of the collective oscillations.
The theoretical estimate of the energy of, for example, the
quadrupole nuclear surface mode obtained using the liquid-
drop model with the standard set of mass-formula parameters
turns out to be about 1.5-2 times higher than the observed
energies of the lowest-lying 2* excitations of spherical nu-
clei strongly influenced by the shell structure, and 3—4 times
lower than the locations of the energy centroids of the giant
quadrupole resonances (see Fig. 1). This blatant disagree-
ment with experiment indicates the need to revise the liquid-
drop representation of nuclear matter. It should also be noted
that the quantum nature of the nucleon Fermi distribution in
the ground state is not taken into account at all in the liquid-
drop model.

Perhaps the most important defect of the liquid-drop rep-
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FIG. 1. Experimental data on the energies of E(2*) quadrupole excitations
as a function of the nuclear mass number A: the triangles show the energies
of the lowest 2% states, and the circles show the locations of the energy
centroids of isoscalar electric quadrupole resonances. The solid line was
calculated theoretically by using the fluid-dynamical model (FDM), and the
dashed line is the prediction of the liquid-drop model (LDM).

resentation of nuclear matter is the impossibility in principle
of describing the magnetic response of the nucleus, whereas
the existence of magnetic collective modes in the spectra of
many nuclei is a firmly established fact.'~ In fact, states of
the magnetic type lie outside the scope of the hydrodynami-
cal description, because transitions of a drop of charged ideal
liquid from the equilibrium state to excited states with non-
zero magnetic multipole moment are not realized. This can
be verified by substituting the above expression for the cur-
rent into the definition of the nuclear magnetic multipole
moment of order A (Refs. 6-9):

-1
.%(Mx,p)=m fj-[rxV]r*YM,(f)dr. (1.1)

It is easily checked that this substitution makes (1.1) vanish
identically (see also Ref. 6, p. 22). Since oscillations of the
potential flux are the only allowed type of eigenvibrations of
an incompressible, nonviscous liquid, it immediately follows
from these arguments that the standard liquid-drop model in
principle does not allow for the possibility of describing
magnetic collective modes.

The inadequacy of the liquid-drop approach to the de-
scription of the magnetic excitations of a nucleus has been
pointed out by Holzwarth and Eckart, though from a some-
what different viewpoint. In their short but important article
of Ref. 10 they suggested that the collective magnetic quad-
rupole response of a spherical nucleus can be viewed as a
manifestation of transverse (multipole order A =2) oscilla-
tions of the nucleon flux. In Ref. 10 the local velocity field in
spherical coordinates with fixed polar axis z has the form
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FIG. 2. Geometrical picture of magnetic quadrupole (left) and octupole
(right) twist responses of a spherical nucleus.

oV,=—yza, 8V,=xza, 6V,=0, where a is a geometri-
cally infinitesimal angle of rotation of the collective nucleon
flux about the z axis. In a uniformly charged spherical mac-
roscopic particle modeling the nucleus the distinguished di-
rection (in this case the direction of the polar axis) about
which vibrations of the excited solenoidal electric current
occur can be determined only by the direction of the electro-
magnetic field penetrating the nucleus, where this field is
generated by, for example, a scattered charged particle. It is
easily verified that rotational vibrations of this type lead to a
nonzero quadrupole magnetic moment of the nucleus in an
excited state. The geometrical picture of such oscillations is
shown on the left-hand side of Fig. 2. The upper and lower
hemispheres undergo axially symmetric shear oscillations of
opposite phase, which are expressively referred to by the
authors of this model as the “nuclear twist” (Refs. 10-14).
This mechanism of ‘“magnetization” of an even—even
nucleus (i.e., a transition from the ground to an excited state
with nonzero magnetic moment) is generated by bulk sole-
noidal vibrations of the macroscopic current density. We em-
phasize the fact that the excitation of torsional vibrations
does not lead to fluctuations of the mass density, i.e., they
can occur in an incompressible continuum. These vibrations
are described in terms of the oscillations of a solenoidal dis-
placement field of a continuous medium.

It is well known from the classical theory of continuous
media that the ability to support both longitudinal and trans-
verse undamped vibrations is a property of an ideally elastic
medium,'>® but not of a nonviscous liquid. In the latter at
nonzero equilibrium temperature only essentially longitudi-
nal pressure waves can propagate.'®!” Transverse shear vi-
brations in a finite spherical mass of condensed matter, re-
ferred to as torsional vibrations, are perhaps the main feature
which indicates that the matter is an elastic medium. In a
drop of ideal liquid excitation of shear oscillations is impos-
sible, since the hydrodynamical equations do not allow for
the appearance of anisotropy in the stress distribution in a
perturbation of the equilibrium state. If we accept the idea
that the M2 resonance is a manifestation of torsional
vibrations'?* of quadrupole symmetry, its experimental de-
tection can, from the viewpoint of the physics of condensed
media, be viewed as direct proof that nuclear matter is elas-
tic.

In Refs. 18-21 these ideas were used as the basis of a
description of the magnetic nuclear response, using the
elastic-sphere model. The Lamé equation,! the fundamental
equation for the vibrations of classical ideally elastic matter,
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16 was used as the equation governing the collective nucleon

dynamics. The fact that an adequate continuum description
(in the variables of the theory of continuous media: the den-
sity, velocity field, displacement field, stress field, and so on)
of nucleon collective oscillations in the excitation of nuclear
multipole resonances can be obtained not using classical hy-
drodynamics, but using equations which can reflect the fea-
tures of the elastic-like behavior of Fermi matter, was first
discussed in the studies of Bertsch®*? devoted to the analy-
sis of the energy systematics of isoscalar electric giant reso-
nances in nuclei. The arguments given in Refs. 24 and 25
stimulated the development of a quantum-macroscopic
theory of the continuous nuclear medium, which is referred
to as “nuclear fluid dynamics.” At present this theory con-
tinues to develop and is viewed as the best model of nuclear
Fermi matter.?) Using this continuum model of nuclear mat-
ter, it is possible to show with mathematical rigor that the
existence of magnetic isoscalar resonances of orbital nature
is a consequence of the nucleon Fermi motion and of the
related dynamical deformation of the Fermi surface deter-
mining the quantum nature of the restoring force of trans-
verse nuclear oscillations. In the modern theory of continu-
ous media the equations of the model considered in the
present review are known as the equations of the thirteen-
moment approximation®® based on the quantum kinetic equa-
tion (see, for example, Refs. 25 and 27-30, where these
equations are derived and the microscopic justification of
nuclear fluid dynamics is given). The description of collec-
tive nuclear motion based on quantum kinetics can be found
in Refs. 31-34.

In this review we present a collective model of isoscalar
magnetic resonances, following Refs. 35—-40. The authors of
those articles developed a fluid-dynamical model, general-
ized to the case of arbitrary multipole order, of magnetic
resonances correlated with the predictions for the high-
multipole-order dipole mode and quadrupole magnetic reso-
nance made in Refs. 10—14. We also make extensive use of
the conclusions of the studies devoted to magnetic excita-
tions of heavy spherical nuclei, using both macroscopic
(Refs. 18-21, 29, and 41-46) and microscopic (Refs. 31 and
47-56) methods for theoretically describing the collective
magnetic response of spherical nuclei. A fairly complete de-
scription of the current status of the experimental physics of
magnetic excitations can be found in the review of Raman,
Fagg, and Hicks.’ In the present review we pay special at-
tention to problems of the practical determination of the tor-
sional response of spherical nuclei from the data on the cross
sections for electron inelastic scattering with magnetic-
resonance excitation.

Our review is organized as follows.

In Sec. 2 we formulate the physical principles forming
the basis of the quantum concept of the elasticity of nuclear
matter and the variational method of solving the nuclear
normal-mode problem, a manifestation of which is isoscalar
multipole resonances. In particular, we show that the equa-
tions of nuclear fluid dynamics in the long-wavelength limit
admit two types of solution. The first (poloidal) solution cor-
responds to spheroidal vibrations associated with electric
isoscalar resonances. The second (toroidal) corresponds to
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the torsional vibrations responsible for magnetic isoscalar
resonances. Thus, it is emphasized that isoscalar EX and
M\ resonances can be described within a unified approach.

The mechanism for long-wavelength torsional vibrations
is described in detail in Sec. 3, where we also give an ana-
lytic derivation of the expressions for the multipole energy
spectrum and the probability of excitation of twist reso-
nances. Here we compare the model predictions with the data
from the Darmstadt linear accelerator on the summed char-
acteristics of the magnetic quadrupole resonance in spherical
nuclei.

Section 4 is devoted to the theoretical description of the
process of electron inelastic scattering on spherical nuclei.
We present expressions obtained analytically for the collec-
tive transition current densities and the magnetic form fac-
tors for the excitation of twist resonances. The results of
numerical calculations of the cross sections for (e,e’) scat-
tering in the distorted-wave Born approximation (DWBA)
are given. These transition current densities are used to esti-
mate the total reduced probabilities for the excitation of
MNX,T=0 resonances, and their oscillator strengths are cal-
culated. The predictions are compared with the DALINAC
data on the cross sections for the excitation of the M2 reso-
nance in "Ce.

The analysis of the high-energy dipole magnetic re-
sponse of spherical nuclei is the subject of Sec. 5. We give
estimates of the location of the energy centroid, the probabil-
ity, and the cross section for the excitation of the low-lying
1" mode as a function of the nuclear atomic number and
mass number. The predictions are compared with the linear-.
electron-accelerator (Bates LINAC) data on the appearance
of this mode in the cross section for electron inelastic scat-
tering on 2%Pb.

In Sec. 6 we describe the fluid-dynamical model of the
damping of local rotational vibrations on the basis of the
concept of the viscosity of nuclear matter introduced in the
analysis of fission. The analytical dependence of the spread
widths of M\, T=0 resonances on the mass number and
multipole order of the excitation is given.

In the Conclusion we discuss the results in this review
and give the main conclusions about the macroscopic treat-
ment of magnetic resonances following from nuclear fluid
dynamics.

2. THE VARIATIONAL METHOD OF THE FLUID-
DYNAMICAL DESCRIPTION OF NUCLEON
COLLECTIVE MOTION

The current understanding of the quantum—macroscopic
features of the collective nuclear response has been achieved
thanks to extensive research carried out in recent years using
the widely recognized and mutually complementary methods
of nuclear fluid dynamics. These are described in the reviews
of Refs. 25, 29-31, and 57-62, and in the monographs of
Refs. 9 and 28, where the physical principles of nuclear fluid
dynamics are given in exhaustive detail and the studies pub-
lished up to the beginning of the current decade are used.
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2.1. The equations of nuclear fluid dynamics

The constructive statement of nuclear fluid dynamics is
that an adequate macroscopic description of nucleon collec-
tive motion can be given in terms of the thirteen local vari-
ables of the theory of continuous media: the mass density
distribution p(r,?), the three components of the average ve-
locity of the excited flux V,(r,t), and the ten components of
the symmetric elastic stress tensor P;;(r,t), the dynamics of
which is described by the following closed system of
equations:>

dp aVk

E+p E=O, (21)
dv; aP,,, U . 22)
Par "ok, Pk Y :
dPy o 3V; 3V, Wi, s
dt *oax, Ik ax, T Yoox, 3)

where d/dt is the total (substational) derivative and n is the
particle number density. Here and below, there is understood
to be a summation over repeated indices. The first equation
(2.1) is the well known continuity equation. Equation (2.2)
describes the motion of the nuclear-matter flux. The collec-
tive excitations of the nucleus are classified according to the
type of perturbed average velocity field of the nucleon mo-
tion. The quantity U is the nuclear internal energy density
divided by the nucleon mass. Equation (2.3) controls the
dynamics of the internal strains. The nondiagonal structure
of the elastic stress tensor provides for the possibility that
external perturbations can induce a collective response of the
nucleon Fermi system, accompanied by anisotropic distor-
tions in the distribution of internal strains inside the nucleus.
This can occur either in an elastic medium or in a viscous
liquid. In an ideal (nonviscous) liquid the perturbations
propagate without spoiling the equilibrium isotropic state.
The introduction of the collective nuclear dynamics of Eq.
(2.3) into the description actually implies identification of the
behavior of continuous nuclear matter with that of ideally
elastic matter, the characteristic dynamical feature of which
is the ability to support both longitudinal and transverse un-
damped vibrations, since, as shown in Ref. 23, Egs. (2.1)-
(2.3) can be exactly reduced to the basic equations of linear
elasticity theory (more precisely, the equations governing the
vibrations of ideally elastic matter). This is one of the main
reasons why in nuclear fluid dynamics the nucleon collective
response is interpreted in terms of the vibrations of an elastic
continuum. It is interesting to observe that the method de-
scribed in the present review can be used to analytically ob-
tain the eigenmode spectrum of long-wavelength elastic
spheroidal and torsional vibrations of a sphere, whereas the
canonical method of elasticity theory based on the Lamé
equation does not permit the unique solution of this
problem.?

As noted in the Introduction, the possibility in principle
of exciting transverse shear vibrations in a spherical volume
of incompressible nuclear matter is a consequence of the fact
that the nucleus is essentially a quantum Fermi system of
particles distributed in single-particle orbits of the mean field
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in accordance with the Pauli principle. In the version of the
fluid-dynamical model given below the quantum nature of

- the nuclear medium is reflected in the fact that the param-

eters of the ground state of a spherical nucleus of radius
R=ryA'™ F are calculated in the Thomas—Fermi approxi-
mation for a Fermi system of nucleons degenerate in spin
and isospin (Refs. 14, 18, 24, 27, and 35). In modeling the
nucleus as a spherical macroscopic particle of continuous,
incompressible Fermi matter, it is usually assumed that the
mass and charge. are uniformly distributed throughout the
nuclear volume, while the stress distribution is isotropic ow-
ing to the spherical symmetry and is described by a second-
rank tensor: Pj}=P(6; . It should be noted that the assump-
tion that the elastic properties of the nucleus can be described
in terms of a second-rank stress tensor is to a large degree
heuristic. In the ‘“moment method” developed by Mikhailov
and Bal’butsev and coworkers® the description of the
nuclear dynamics is constructed by using stress tensors of
higher rank (through fifth rank).

2.2. The normal-mode Hamiltonian

Let us consider the linear oscillations of a nucleus, ne-
glecting density fluctuations, i.e., assuming that the nuclear
medium is incompressible. The linearized equations of mo-
tion describing small deviations of the nucleus from equilib-
rium have the form

il 2.4
0xk VY ( i )
98V, 98Py 98U _ )
Po ot 0xk Po axi _Oa ( . )
ot ax;  ox; ) U\ Tk ax ) 28)

The eigenfrequencies of the oscillations can be obtained
by using the variational principle, which is actually a modern
formulation of Rayleigh’s “method of normal
coordinates.”**%* The starting point of the method is the
energy-balance equation, which is obtained by multiplying
Eq. (2.5) by 6V; and then integrating over the volume of the
nucleus:

sV,

afl 8V2d fﬁP d
o ), 2 Poorar ”a T

This equation controls the energy conservation in the oscil-
lation process. Next we separate the space and time depen-
dences of the multipole fluctuations of the potential and the
velocity:

SU(r,t)=gMr)ay(t), 6Vi(rt)=al(r)in(t). (2.8)

Here a:‘(r) are the components of the instantaneous dis-
placement field, and a,(¢) is treated below as an amplitude
(a normal coordinate) in accordance with the Bohr and Mot-
telson treatment of nuclear collective oscillations.” Taking
into account the expression for the velocity fluctuation (2.8),
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from Eq. (2.6) we find that the fluctuation of the stress tensor
is expressed as a traceless symmetric tensor of the form

5P P aa?+aa} +8,|at 20
ijf(r,t)=— OE _(9—xT ij aka a, .

Substituting (2.8) and (2.9) into (2.7), we can verify that the
energy-balance equation (2.7) reduces to the oscillator
Hamiltonian (the energy of linear oscillations)

Bya; Chaf

H=——+——, (2.10)

which is an integral of the nuclear collective motion. From
this procedure of deriving the collective nuclear Hamiltonian
it follows that the mass parameter B, and the stiffness pa-
rameter C, are given by®

B=f poa,’-‘a,)-‘d*r, (2.11)
v
1J da} da}\? fﬁ da} da} x
C—E UPO —+ ax, dr+ Py —‘;4-? j
oP
(quSL—-a] P O)a)‘ do;. (2.12)

Therefore, the problem of finding the eigenfrequencies of
nuclear oscillations reduces to the calculation of the velocity
fluctuations (or, equivalently, the instantaneous displacement
field) and the potential fluctuations. The equilibrium values
of the density p,, the bulk pressure P, and the surface
pressure Py are treated as the main parameters of the model
reflecting the specific features of the nuclear structure. For
example, in the generalized Thomas—Fermi method these pa-
rameters are calculated in the local-density approximation
using Skyrme or Honey forces.

In Ref. 27 this variational approach was used to calculate
the eigenenergies of electric isoscalar resonances. The
Fermi-gas approximation was used to estimate the bulk pres-
sure. Here the surface was assumed to be free of stress:
Pg=0. It was also assumed that the internal energy density
can be neglected, 8U =0, owing to the incompressibility and
the saturation of nuclear forces by fluctuations. In this ap-
proximation Egs. (2.4)—(2.6) reduce to the standard wave
equation for velocity fluctuations 6V; (as for the stress fluc-
tuations SP;;). The latter, in turn, reduces to the Helmholz
equation:

ASV+k286V=0, (2.13)

if the time dependence of the main dynamical variables of
the nucleon collective motion is assumed to be harmonic.
The many calculations carried out by using nuclear fluid dy-
namics show that the observed giant-resonance energies are
reproduced well-assuming that long-wavelength (k—0) os-
cillations are excited. In the long-wavelength approximation
Eq. (2.13) written in terms of the instantaneous displacement
field becomes the vector Laplace equation plus (in the case
of incompressibility) the solenoidal condition:

Aa*=0, diva*=0. (2.14)
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This equation has only two independent solutions which are
regular at the origin. In spherical geometry they are orthogo-
nal vector solenoidal (poloidal and toroidal) fields®>%* with
opposite spatial parity. The latter feature allows the electric
and magnetic isoscalar responses of the nucleus to be asso-
ciated with the type of displacement field excited.

2.3. Spheroidal eigenmodes of the nucleus: electric
isoscalar resonances

In nuclear fluid dynamics electric resonances are inter-
preted in terms of spheroidal oscillations of the nucleus.
Such oscillations correspond to the poloidal solution of the
vector Laplace equation:%

a(r)=curl curl 'Y, ()= (A +1)Vr*Y, ,(F). (2.15)

The energy spectrum of isoscalar electric multipole reso-
nances, which was first obtained by Nix and Sierk in Ref. 27
(see also Refs. 58, 62, and 66—68) is given by

1/2

2
E(ENT=0)=fhoyr §(2A+1)()\—1) , (2.16)
where wp is the fundamental frequency of the collective os-

cillations of the spherical Fermi system of nucleons,

Ufp
w = —=
F"R ~ 2mr?

-3, (2.17)

and v is the Fermi velocity. The solid line in Fig. 1 shows
the result of the calculations performed in Ref. 27 using
(2.16). As stressed in Ref. 27, Eq. (2.16) reproduces the ob-
served energies of quadrupole electric isoscalar resonances
with three-percent accuracy. This surprising agreement with
the theoretical prediction for the energy of such a strongly
collectivized nuclear response as the giant isoscalar quadru-
pole resonance indicates that its formation is to a large de-
gree determined by the quantum elasticity of nuclear matter.
Keeping this in mind, in the following sections devoted to
the magnetic isoscalar response we use the same approxima-
tions and physical assumptions.

The physical content of the concept of the elasticity of
nuclear matter can be understood from the following argu-
ments. Treating the nuclear ground state as a finite Fermi
system of nucleons saturated in spin and isospin, we see that
the equilibrium isotropic stress tensor (the pressure) is rep-
resented in momentum space by a Fermi sphere with radius
fixed by the Fermi velocity vy, since the equilibrium pres-
sure in the Fermi system is given by P0=p0v,2¢/5. Keeping
this picture in mind, the stress fluctuations 6P;; introduced
constructively in the linearization of Egs. (2.1)—(2.3) by
means of the substitution

P,j—Py8;;+ 6P, (2.18)

(together with the substitutions p—pg+dp and
V,-—»V?+ 8V;, where 6p=0 owing to incompressibility and
V?=0, because it is assumed that there are no fluxes in the
ground state) are treated as quadrupole distortions of the
Fermi sphere. This interpretation is possible because the
stress-fluctuation tensor 6P;; possesses the same symmetry
properties as the quadrupole-moment tensor (in particular, it
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has zero trace). In the perturbation of the nuclear ground
state, which in momentum space corresponds to perturbation
of the nodal structure of the orbits of the single-particle
Fermi motion filling the Fermi sphere, a reverse coherent
reaction of the nucleon orbits arises, which tends to return
the distorted Fermi sphere to the equilibrium spherically
symmetric state. In the coordinate space of the nuclear vol-
ume the distortions of the Fermi sphere are manifested as
anisotropic shear stresses whose local distribution is de-
scribed by the tensor (2.9). Therefore, the restoring force of
elastic deformations F=C) «, is a force returning the Fermi
sphere to the equilibrium spherically symmetric form, and
the distribution of the internal strains to the equilibrium iso-
tropic form. These arguments illustrate the quantum origin of
nuclear elasticity, which, as stressed in Ref. 28, is not so
much related to the details of the nuclear shell structure, but
rather is a consequence of more general factors: the nucleon
Fermi motion and the dynamical deformation of the Fermi
surface.

3. COLLECTIVE MODEL OF THE TORSIONAL
MAGNETIC RESPONSE OF THE NUCLEUS

In nuclear fluid dynamics the isoscalar magnetic collec-
tive modes of orbital nature are associated with the excitation
of a purely rotational displacement field and are described by
the second of the two independent solutions of the vector
Laplace equation (2.14). The solution of this equation found
in Ref. 35 which is regular at the origin is called the toroidal
field®® and has the form

a,(r)=curl rr'Y, ,(F). (3.1)

The field (3.1) corresponds to the excitation of differential—
rotational oscillations of the collective nucleon flux. As
shown in Sec. 2, the equations of classical hydrodynamics
used as the foundation of the standard liquid-drop model
have no solutions corresponding to this type of collective
nuclear excitation. In Ref. 23 it was proven with mathemati-
cal rigor that the equations of nuclear fluid dynamics (2.4)—
(2.6) can be reduced to the equation for an ideally elastic
continuous medium. In connection with this, it is natural to
assign to nuclear matter the physical properties of an elastic
continuum. Magnetic twist resonances are one of the most
characteristic manifestations of this fundamental property.

The rotational nature of the collective torsional vibra-
tions can be verified by writing the velocity field 6V in the
form well known from classical mechanics:

oV=[rxQ],
where
Q= —Vr)‘Y)\#(f‘)d)\

is the angular-velocity field of the rotational motion, which is
obviously a local vector function. The collective amplitude
a), in the geometrical sense is the infinitesimal azimuthal
angle of rotation of the collective nucleon flux about the axis
whose direction, for example, in nuclear excitation by inelas-
tically scattered electrons, is specified by the direction of the
transverse (toroidal) component of the electromagnetic field
penetrating the nucleus and induced by the electron flux. We

3.2)
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see that the fluid-dynamical model extends the ideas about
the rotational collective degrees of freedom of the nucleus.
These collective vibrations of the nucleon flux have the na-
ture of a differential (rather than rigid-body) rotation, which,
as stressed above, can be caused only by the elastic proper-
ties of the nuclear Fermi system.

3.1. The eigenmodes of torsional nuclear vibrations
and the energy spectrum of MA,T=0 resonances

The mass parameter B, and the stiffness parameter C,
of torsonal oscillations of the nucleus are calculated by using
the same expressions (2.11) and (2.13) as the parameters of
electric resonances, which in itself demonstrates the general-
ity of the fluid-dynamical method of describing the two types
of resonance. Substituting (3.1) into (2.11), we obtain the
following expression for the inertial parameter:

AA+1)

By=M ———— (r™),

2A+1 (3:3)

The torsional stiffness parameter calculated in the Thomas—
Fermi approximation from Eq. (2.13) is

2

v

C\=M <T ANZ=1)(r?732), (3.4)
where M =mA is the nuclear mass, (v?) is the average ve-
locity of the nucleon Fermi motion (in the Fermi-gas ap-
proximation (v2)= %), and (r*) is the radial moment of
order \. In the following calculations we use the Fermi ap-

proximation for the particle-distribution density:
no(r)=n(0)[1+exp{(r—R)/a}] . (3.5)

The details of the calculations of the integrals determining
the mass parameter and the stiffness parameter are given in
Appendix 1.

It follows from the multipole dependence of the torsional
stiffness parameter (3.3) that an incompressible nucleus does
not admit long-wavelength dipole torsional vibrations: the
frequency of the dipole mode vanishes. It is easily verified
that excitation of the dipole torsional displacement field
leads to rigid-body rotation of the nucleus as a whole without
any change in its internal state. In fact, in the case A=1 the
components of the velocity field have the form §V,=Qy,
6V, =—Qx, 6V,=0, which corresponds to the velocity-field
distribution in rigid-body rotation of the nucleus with angu-
lar velocity () = a, . Excitation of the dipole field contributes
only to the kinetic energy of the collective Hamiltonian
(2.10), while the potential energy vanishes with the torsional
stiffness parameter. Recalling the basic equation from me-
chanics for the rotational kinetic energy T,,,= 3/ 2, we see
that the mass coefficient is simply the nuclear moment of
inertia: B, =J, . It is easily verified that for \=1 the calcu-
lated mass coefficient exactly coincides with the moment of
inertia of a solid sphere: J, = MR?.

In nuclear fluid dynamics the multipole oscillation ener-
gies E\=fw, are identified with the energy centroids of
collective excitations (in this case, isoscalar resonances).
The full multipole spectrum of energies E(M\,T=0)
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TABLE I. Theoretical dependence of the energy centroids and reduced excitation probabilities of
isoscalar magnetic twist resonances in spherical nuclei on the mass number and atomic number.

M\ | E(MA) =k, A~V3 MeV

Y BMMT =y, 22 A@4y3 2 | D2

Mm | 45 A-V3IMeV 072Z2 2 F2
M3 70 A~Y3 MeV 23Z2AVI 2 4
M4 95 A -3 MeV

=#f+C, /B, of magnetic resonances treated in terms of the
eigenmodes of the long-wavelength torsional vibrations of a
spherical nucleus has the form*-*°

2 2A-2
v r
E(M)\,T=O)=h[<3—> 2A+1)(A—1) <(rT)>l/2
(3.6)
In the sharp-boundary approximation this expression
becomes>)

EMN,T=0)=thwp 3.7)

1 1/2
g(2>\+3)(>\—1)} .

Approximate values of the energy centroids of multipole
twist resonances as a function of the mass number are given
in Table I. These values were obtained for nuclear-radius
parameter ro=1.3 F. The fact that the model predicts that
the state lowest in energy is the isoscalar magnetic quadru-
pole resonance is a consequence of the assumption of the
long-wavelength nature of the vibrations excited, which in-
volve the entire mass of the spherical nucleus. As noted
above, the quadrupole excitation is associated with torsional
vibrations, in which the hemispheres of the spherical nucleus
oscillate out of phase, as shown on the left-hand side of Fig.
2. On the right-hand side of this figure we show the displace-
ment distribution characterizing the octupole magnetic re-
sponse.

The experimental data on magnetic resonances with
A=2 available at present is not as rich as that on electric
resonances. Figure 3 shows the energy centroids of
MN\,T=0 resonances as a function of the mass number pre-
dicted by nuclear fluid dynamics. Judging from the
literature,” the most reliable data are those from the Darms-

5 1 — M2
2.1 e M3
s I ---- M4
=<
&
(3]

FIG. 3. Theoretical estimates of the location of the energy centroids of
isoscalar magnetic quadrupole resonances as a function of mass number
(lines). The points are the DALINAC data.>*
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5.92244/3"2 F 6

tadt linear accelerator (DALINAC), obtained in the study of
the cross sections for inelastic scattering at #=165° of elec-
trons with energies in the range 20—100 MeV on 2Si,
207z, 140Ce, and 2%8Pb (Refs. 1, 3, and 4). According to Rich-
ter, the strength of M2 collective excitations of spherical
nuclei is localized in the energy range whose centroid is
approximated well by the following mass-number

dependence:*%°

Ep~44A717 MeV. (3.8)

This dependence, as noted above, indicates the bulk nature of
magnetic excitations. As seen from Table II, the experimental
systematics of the energies of M2 resonances’ in spherical
nuclei agree fairly well with the predictions of nuclear fluid
dynamics for the positions of the energy centroids of collec-
tive twist excitations. The numerical estimates were obtained
for values of the radius parameter ro=1.2—1.3 F and dif-
fuseness parameter a=0.55—0.6 F. The spread in the theo-
retical values of the typical resonance parameters given in
Table II is due to the variations of these parameters within
the indicated limits.

It should also be noted that the conclusions reached in
this model agree with the results obtained by the method of
Wigner-function moments when only rank-two deformation
tensors are used.”’ One of the important features of the “mo-
ment method” is that the determination of the vibration fre-
quencies outside the long-wavelength approximation is taken
into account by the self-consistent inclusion of high-
multipole-order deformations of the equilibrium Fermi dis-
tribution, which are described by higher-rank deformation
tensors. The consequences of this effect in describing reso-
nances of higher multipole order A =3 are discussed in detail
in the reviews of Refs. 29 and 61.

An important conclusion of nuclear fluid dynamics is
that giant resonances are formed by coherent oscillations of
all the nucleons in the full nuclear volume, i.e., they have a
bulk rather than a surface nature. In the excitation of surface
oscillations the collective motion involves only the periph-
eral part of the nucleons. It was shown in Ref. 67 that surface
excitations are collective to a lower degree than bulk excita-
tions. The bulk nature of giant excitations is also suggested
by the'A " dependence of the resonance-energy centroid on
the mass number.”® The effect of the diffuseness of the
nuclear boundary on the energies of collective excitations
has been demonstrated in Refs. 62 and 70. The calculation
using a realistic density distribution decreases the values of
the energy in relation to the values found when the nuclear
boundary is assumed to be sharp.?®

Study of the temperature dependence of the energy of
twist resonances has shown’" that as the latter increases from
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TABLE II. Theoretical predictions for the locations of the energy centroids, reduced excitation
probabilities, and spread widths of isoscalar magnetic twist resonances in spherical nuclei. The

experimental data are the DALINAC data.>*

r m)t, Mev

Theory

Element E (M2), MeV Y B M)t u2 F2
Theory | Experiment Theory Experiment
#5i | 11—13 13—16 230+ 20 340 £ 20
907r 8—10 8—10 1300 £ 300 1620
140c, 15—9 7.5—10 3100 £ 300 6000 £ 600
208py, 6,5—38 6—3.,5 5300 £ 300 8500 £ 750

1,5£05
1,003
08103

06+0,2

0 to 5 MeV the énergy centroids of twist resonances are
shifted to higher energies by no more than 1-2%.

When discussing the general trends in the relative loca-
tion of the energy centroids of magnetic and electric isosca-
lar resonances in the spectrum of a spherical nucleus we
should evaluate the ratio

E(M\,T=0)  (2\+3)
E(EX,T=0) 2(2\+1) 7

A=2. (3.9)

It follows from (3.9) that the energy centroids of magnetic
isoscalar resonances of multipole order A=2 in the energy
spectrum are located below the energy centroids of electric
isoscalar resonances of the same multipole order. This con-
dition is also satisfied for dipole isoscalar resonances, assum-
ing incompressibility of the nuclear matter. In the calcula-
tions of Refs. 18, 29, 39, 72, and 73 carried out by various
methods of nuclear fluid dynamics, the isoscalar dipole elec-
tric resonance is associated with excitation of poloidal cur-
rent oscillations of toroidal-like structure in the nuclear vol-
ume. The location of the centroid of this resonance is
estimated to be (50— 70)A '3 MeV. The experimental sys-
tematics of the energies of the dipole magnetic resonance are
approximated well by the estimate 414 ~! MeV.

3.2. Total probability for the excitation of MA,T=0
twist modes

The macroscopic approach described here allows us to
draw quite specific conclusions about the degree to which
magnetic resonance excitations are collective, a measure of
which is the reduced excitation probability. This characteris-
tic can be defined as the time average of the squared modulus
of the magnetic multipole moment:

jfz Y 2
B(M\)= 7 (|.Z(MN\,1)|%),. (3.10)

Here J; and J; are the total nuclear angular momenta in the
initial and final states, and J= vV2A+1. The definition of the
magnetic moment in terms of electric-current fluctuations is
given in the Introduction. Here and below, we present the
results of calculations in the frame with fixed polar axis.
We shall consider the nuclear response to a perturbation
which does not affect the spin degrees of freedom and does
not lift the isospin degeneracy in the nucleon Fermi system.
We stress the fact that the rotational fluctuations of the ve-
locity field which we study occur at constant charge
n.=(eZ/A)ny and mass po=mn density distributions. With
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these assumptions nucleon collective oscillations are coher-
ently correlated with oscillations of the solenoidal electric
current, the spatial distribution of which is characterized by
the density*

eZ :
j)\(r,t)= I ngy curl rr)‘Y)‘O(f')d)\(t), (3.11)
where a)\(t)zagei“’k’ and ag is the amplitude of the zero
modes, which according to Bohr and Mottelson is given
by’
1/2

(3.12)

a25<|ak(t)|2>:/2=l2wak

Taking this into account, the reduced probability for excita-
tion of the M\, T=0 twist mode is given by
B(M)\)Z‘)/)\ZZA(Z)‘_4)/3[L2 FZ)\—Z’ (3.13)

where

1/2

3 NM2A+1) Omyar,

LA P

A—1
5(2N+3)

This expression has been obtained in the approximation of a
sharp nuclear boundary, which makes it possible to extract
the explicit dependence of B(M\) on the atomic number and
mass number.

These arguments show that nuclear transitions to excited
states with nonzero magnetic multipole moment can be in-
duced by the excitation of collective rotational oscillations of
the nucleon flux. The time-averaged magnetic multipole mo-
ment due to such oscillations with frequency w, is given by

,//( ) ( ) o =

The total probabilities for M\, T7=0 resonances as a
function of atomic number and mass number calculated us-
ing Eq. (3.13) are given in Table 1. If we restrict ourselves to
the sharp-boundary approximation, we see that the analytic
expressions for the energy (3.7) and for the excitation prob-
ability (3.13) contain a single parameter: the nuclear-radius
constant ry, which gives a slight spread in the numerical
estimates for these quantities. We also note the following
intramodel correlation between the locations of the energy
centroids and the reduced probabilities and the value of the
parameter ro. As r, increases the energy of a magnetic twist
mode of arbitrary multipole order decreases as r, and the
total reduced probability grows as rg)‘_z.
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FIG. 4. Total reduced probabilities for isoscalar quadrupole and octupole
magnetic resonances as a function of mass number, calculated by using the
fluid-dynamical model. The points are the DALINAC data.>*

The question of comparing the reduced excitation prob-
abilities for M\,T=0 resonances obtained in this collective
model with the experimental data requires special attention.
Actual measurements show that the magnetic multipole
strength is fragmented among a rather large number of states.
For example, according to the data of Ref. 69, in the *°Zr
nucleus the strength of M2 collective excitations is distrib-
uted among 34 states in the energy range 8-10 MeV; the
center of localization of the strength is located at
~9 MeV. The summed probability of M\ transitions,
ZBxp(MN), is an experimental integral characteristic of the
resonance-excitation intensity. According to the point of
view usual in macroscopic theories, it is precisely this quan-
tity which should be compared with the theoretical estimates
of the probability of exciting the collective mode in question.
Such a comparison is made in Table II for spherical nuclei, in
whose spectra the magnetic quadrupole resonance was first
identified.

In Fig. 4 we show the total reduced probabilities of M2
and M3 twist excitations as functions of the mass number.
The mass-number dependence of the atomic number is pa-
rametrized by the well known empirical expression’®

A

2= 570015475 (3.15)

which gives a good description of nuclei lying along the
B-stability line. The symbols show the DALINAC data given
in the reviews of Richter (Refs. 1, 3, and 4). We see that the
theoretical predictions for the absolute values of B(M\) de-
rived from the collective fluid-dynamical model under con-
sideration agree fairly well with the experimental data at the
qualitative level. It follows from Table II that one reason for
the underestimation of the predicted magnetic strength com-
pared with the experimental data is probably over-
simplification of the assumptions about the nuclear structure.
Actually, in this model the individuality of each nucleus is
specified only by its atomic and mass numbers, while fea-
tures of the shell structure are neglected. This is certainly too
strong a simplification. Nevertheless, as can be seen from
Fig. 4, the model reproduces the observed mass-number de-
pendence of the B(M2) factor qualitatively correctly.

188 Phys. Part. Nucl. 26 (2), March—April 1995

In this section we have given estimates of the total prob-
abilities for the excitation of magnetic collective modes ob-
tained irregardless of what sort of charged test particle in-
duces the solenoidal oscillations of the electric current inside
the nucleus. The calculated probability is a quantitative mea-
sure of the intensity of the isoscalar resonance due to coher-
ent in-phase oscillations of the protons and neutrons. There-
fore, the probability (3.13) should be treated as the reduced
probability for collective response of a nucleus excited by
the transverse (toroidal) component of the electromagnetic
field. In the next section we consider the theory of the exci-
tation of M\, T=0 twist modes in inelastic electron scatter-
ing.

4. EXCITATION OF TORSIONAL M\, T=0 MODES IN
INELASTIC ELECTRON SCATTERING

Experiments on electron scattering on nuclei serve as the
source of the most reliable data on equilibrium and dynami-
cal nuclear properties. As is well known, electric giant isos-
calar resonances (with A=2) were discovered precisely in
experiments on inelastic electron scattering. Moreover, prac-
tically all the information on EN,7T=0 resonances obtained
up to now has been obtained from analysis of the (e,e’)
cross sections. Since nuclear fluid dynamics interprets mag-
netic twist resonances on the basis of the same physical prin-
ciples as electric resonances, it seems to us that the (e,e’)
reaction must be just as effective a means of exciting that
collective branch of the nuclear spectrum. Remarkably, the
first consistent theory of (e,e’) scattering with the excitation
of isoscalar collective states of the electric type developed by
Tassie’® was also based on a macroscopic (liquid-drop)
model of nuclear structure. The form of the cross sections for
the (e,e’) reaction predicted by this model agrees with ex-
periment, which indicates the correctness of the assumptions
about the type of collective nucleon motion induced by the
incident electrons (i.e., longitudinal convection oscillations
of the current with the velocity potential field). Regarding
the theory of magnetic (e,e’) scattering (with excitation of
magnetic collective modes), as far as we know no consistent
macroscopic approach based on a collective model of the
nucleus has been discussed in the literature.

In this section we present, following Ref. 40, one of the
possible versions of the theory of the magnetic multipole
nuclear response in inelastic electron scattering based on the
collective fluid-dynamical model in which the nucleus is
treated as a spherical macroscopic particle of an elastic-like,
incompressible Fermi continuum saturated in spin and isos-
pin. By spin degeneracy we mean that the total magnetic
moment of the ground state of an even—even spherical
nucleus is zero. This mechanism of nuclear “magnetization”
by inelastically scattered electrons (i.e., a transition from the
ground state to an excited state with nonzero magnetic mo-
ment) carries exclusively classical content from the view-
point of the electrodynamics of continuous media. As we see
from the mathematical treatment of magnetic multipole reso-
nances given above, oscillations of the electric current den-
sity are described in terms of the velocity field. The classical
representation of the current density that is used is not ex-
plicitly related to its quantum-mechanical definition or, con-
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sequently, to the quantum-mechanical magnetic multipole-
moment operator (the latter, as is well known, in the single-
particle model is the sum of operators explicitly depending
on the orbital and spin angular momenta of the nucleons). In
relation to this it should be stressed that while remaining
within the macroscopic description of collective nucleon dy-
namics it would not be appropriate to try to interpret this
mechanism in conceptual terms as a microscopic single-
particle shell model (i.e., to speak of spin or orbital nature of
the transitions). As we have noted in the Introduction, the
goal of the macroscopic description of the collective nuclear
response is to obtain an adequate dynamical theory of the
continuous nuclear medium. The main goal of our study is to
reveal the dynamical properties of an elastic continuous me-
dium in the nuclear response and to compare the results with
the well known ones obtained by representing the nucleus as
a drop of uniformly charged, incompressible liquid.

It must be stressed that at present there is a rather exten-
sive literature on the microscopic analysis of mechanisms for
the excitation of magnetic collective states in inelastic elec-
tron scattering (see, for example, Refs. 12, 51-53, 70, and
80). In these studies special attention has been paid to dipole
and quadrupole collective magnetic excitations. The micro-
scopic features of the excitation in (e,e’) scattering of mag-
netic states of high multipole order in heavy nuclei are dis-
cussed in Ref. 54, and the same in light nuclei are discussed
in Ref. 80. Judging from the literature, the main object of
study of the magnetic response of deformed nuclei is the
dipole scissors mode®?~# (see also references therein). The
theoretical study of the distribution of the M2 and M3
strengths of the response of deformed nuclei is the subject of
Refs. 91 and 92, in which the authors used the microscopic
quasiparticle—phonon model of nuclear collective
excitations.”’

The main goal of our approach is to supplement the stud-
ies mentioned above and reveal the qualitative regularities in
the dependence of the integral parameters of magnetic twist
resonances extracted experimentally from analysis of the
(e,e’) reaction on the atomic number, mass number, and
multipole order of the excited mode.

4.1. A brief review of the theory of electron scattering

For completeness, let us begin with a brief review of the
familiar expressions from the theory of scattering of unpo-
larized electrons on an unoriented target. The expression for
the differential cross section of the (e,e’) reaction in the
plane-wave Born approximation (PWBA) has the form®>~*

do 'NE 1(q)\?
26=0Mfrec[(;‘) |SL(q)|2+{5 (?)

+ tan? g]|ST(q)|2]. 4.1)
Here oy, =[Zahc cos(6/2)/2E sin*(6/2)F is the Mott scatter-
ing cross section for unit charge, frec
=[1+2E sin®(6/2)/Mc*]™! is the recoil factor, E is the
incident-electron energy, M is the mass of the target nucleus,
and 6 is the scattering angle. The momentum transfer is
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q=Vg:+ 0%, q,=2\EE/hc sin(8/2), and ho=E—E, is
the nuclear excitation energy. The nuclear structure is mani-
fested in the scattering cross section through the longitudinal
and transverse form factors. The longitudinal (Coulomb)
form factor |S£(q)|>==,|F{(q)|* contains all the informa-
tion about the spatial distribution of the nuclear charge den-
sity. The transverse form factor S7(q) is related to the tran-
sition current density and is the sum of the form factors of
electric and magnetic multipole transitions:

IS7(9)|2=2 {|IFX(@)|*+|FY(q)|*}.
A

Only transverse current oscillations of the nucleons are ex-
cited in backward scattering. Therefore, measurement of the
cross sections for electron scattering at #=180° is the most
informative when studying states of the magnetic type.

The magnetic form factor F}'(q) is related to the transi-
tion current density J, ,(r) by a Fourier—Bessel transform:*

VamJ; (=
Fl(@)=—5-F | Ia(inar)rdr,

1]

4.2)

where j,(qr) is the Bessel function of rank A, J; and J; are
the total angular momenta of the nucleus in the initial and
final states, and J= V2A+1.

The sole elements of the Born formalism containing in-
formation about the nuclear structure are the transition
charge and current densities. The characteristics of the exci-
tations calculated in nuclear fluid dynamics carry essentially
collective information. Therefore, it is appropriate to com-
pare the predicted transition current densities, form factors,
and excitation probabilities of magnetic twist resonances
only with the typical integral parameters, appropriately
summed over the parameters of the states actually observed.

4.2. The transition current density and form factor of
M\, T=0 resonances

For analyzing the electron scattering process it is more
convenient to use a slightly different, but equivalent to (4.2),
representation of the solution of the vector Laplace equation
describing long-wavelength multipole torsional oscillations
of a spherical nucleus (see, for example, Ref. 96, p. 188):

a\(n)=—ir*Yy,(f), af(r)=ir*[Ye,,(F)]* =a)\((r),)

4.3

where Y}, ,,(F) are the vector spherical harmonics, possess-
ing the following properties:

- N
j [Yflkzl(r)]* . Yx;)\él(r)dl‘_ 5;1,/.4,’ 5)\1)\;5)\2)\;’ (44)

[V (D] = (- MHetariy e (), (.5)

The distribution of solenoidal electric current in the nucleus
induced by the incident electron in this approach is described
by the classical expression:
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FIG. 5. Collective transition current densities for magnetic quadrupole, oc-
tupole, and hexadecapole isoscalar resonances in **Zr. The calculation was
carried out with a realistic particle-number density distribution.

(4.6)

The collective transition current density of the magnetic
torsional response of multipole order A in a system with
fixed polar axis is given by the expression

2> 1/2
t

0 [
a, W) ﬁw)\
:N)\ne(r)r)\’ N)\= ec = 2eZCCB)\'

4.7)

W(rt)=n,6V\(r,t)=n.a\(r)a,(t).

i ~ ~
J)\,)\’(r)=<';? J'jx(r,t)'Yg)‘rl(r)dl'

Here, as earlier, (...), denotes time averaging.

Figure 5 shows the transition current densities (4.7), cal- -

culated for *Zr, corresponding to the excitation of magnetic
resonance modes of various multipole orders. It follows, in
particular, from this figure that the collective magnetic re-
sponse of the nucleus has a bulk nature. As the multipole
order increases the maximum of the function J, , moves
toward the nuclear surface.

The explicit expression for the collective magnetic mul-
tipole form factor of excitations associated with long-
wavelength, differentially rotational flux oscillations has the
following form in the plane-wave Born approximation:

2

4 o
IFX()|*=—27 (2A+1)N} fo "erhzjx(qr)d"» :

4.8

In the sharp-boundary approximation this integral can be cal-
culated analytically:®®
2

41n
|FY (@) =—z~ R***D(2)

(2A+1)j\(gR)—qRj\-1(qR)]?

+1)N} 7R

4.9
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FIG. 6. Collective form factors of magnetic isoscalar resonances excited in
electron inelastic scattering at 165° on *Zr as functions of the momentum
transfer gq. The calculation was carried out in the distorted-wave approxi-
mation.

The transition current densities and form factors calcu-
lated here characterize the electron-induced long-wavelength
nucleon collective oscillations leading to excited states with
nonzero magnetic multipole moments and contain informa-
tion about the macroscopic distribution of the nucleon flux.
As we have already noted, in the fluid-dynamical model of
magnetic excitations described above it is not possible,
strictly speaking, to reveal quantitatively the role of the spin
contribution to the formation of an M2 resonance, since the
macroscopic electrie current density is not split into convec-
tion and spin components, as prescribed in the microscopic
approach. Moreover, the treatment of the M\ nuclear re-
sponse which we have described does not deal with the ques-
tion of the distribution of the strength of the magnetic re-
sponse among isospin channels. Clearly, the problem of the
dominance of the spin and convection contributions to the
MN\,T=0 nuclear response competes with the microscopic
theory of collective nuclear excitations based on the shell
picture of nuclear structure. These problems are discussed in
Refs. 12, 48, 50, 53, 56, and 69, in which the 2~ collective
response of a spherical nucleus is analyzed from the micro-
scopic point of view. It was noted in Refs. 31 and 89 that the
magnetic twist response is analogous, in its macroscopic dy-
namical nature of the collective nuclear motion, to the is-
ovector 17 scissors mode in deformed nuclei.

The results of our calculations for the magnetic form
factors obtained in the distorted-wave approximation for
90Zr are shown in Figs. 6—8. The incident-particle energy
was varied at fixed scattering angle in such a way that the
momentum transfer could change, but a certain level with
energy corresponding to the localization center of the mag-
netic twist resonance would be excited. In Fig. 6 we show
the collective magnetic form factors |F¥(g)|? of multipole
order A=2,3,4 as a function of the momentum transfer, cal-
culated at the scattering angle 6=165°. The region of small
momentum transfers (¢<<0.5 F~!) is most suitable for de-
tecting the M2 resonance in comparison with compared to
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FIG. 7. Dependence of the collective form factor for the quadrupole mag-
netic resonance on the electron scattering angle 6. The calculation was
carried out in the distorted-wave approximation for ®Zr at the indicated
values of the incident-electron energy E.

resonance modes of higher multipole order.®® It is remark-
able that for g=~1 F~!, where the hexadecapole form factor
has its first maximum, the quadrupole response is at a mini-
mum. A similar picture is observed in the vicinity of the
second maximum of the function [F4(q)|?. Figure 7 gives
an idea of the form of |F¥(g)|? as a function of the scatter-
ing angle @ of electrons with initial energy E =40, 80, 120,
and 200 MeV; as the incident-electron energy E increases
the diffraction minimum is shifted to smaller angles. It fol-
lows from our calculations that: (1) magnetic resonances of
higher multipole order are excited with noticeably smaller
intensity, and (2) the twist effect should be manifested more
clearly in heavy nuclei than in light ones.

In Fig. 9 the symbols show the data of the Darmstadt
linear electron accelerator on the integrated cross sections of
(e,e') scattering on “°Ce for all M2 states in the energy
range 7.5—10.0 MeV at scattering angle 165° and incident-
electron energies in the range from 30 to 55 MeV. This
reaction is analyzed from the viewpoint of the microscopic

3 140

e
P 1

6=165"

(do/d0)/(do/d0)Mott

19

10

T Y Ty

P04 s0 80 180 120
Electron energy, MeV

FIG. 8. Cross sections for excitation of the magnetic quadrupole resonance
in '“°Ce measured at the Darmstadt linear electron accelerator! (points). The
line is the theoretical calculation using the fluid-dynamical model of the
twist response.
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FIG. 9. Transition current density (multiplied by r?) for the high-energy
M1,T=0 twist resonance in the 2%Pb nucleus predicted by nuclear fluid
dynamics.

theory of nuclear structure in Ref. 51. In this figure we
also show the theoretical cross sections for excitation of the
twist quadrupole resonance, calculated in the PWBA and the
DWBA. We see that the experimental and theoretical form
factors calculated in this collective model are very similar
in shape. According to the logic generally followed in deriv-
ing conclusions from collective models, it can be stated
that the qualitative agreement between the shapes of the
theoretical form factor (which carries information about the
spatial distribution of the excited current) and the experimen-
tal form factor indicates that the predicted nature of the col-
lective oscillations is correct. . .

In the theory of electron excitation the reduced probabil-
ity B(M\) for the transition of a nucleus to a state with
magnetic moment of multipole order X\ is determined by the
integral of the transition current density J) \(7) as

A jf ® A2 2
B(M)\):X_l_—l T eJW\(r)r dr
, iJo
N - 2Bw, [Z\?
Sresy ;l . (X) u?,  A=2. (4.10)

It is easily verified that this expression exactly coincides with
Eq. (3.13) obtained above. The reduced probability for the
excitation of the M\,T=0 twist resonance and the experi-
mentally measured total reduced transition probability
ZB(M\) are compared in Fig. 4, which we discussed in the
preceding section. Here we only add that in the long-
wavelength limit the form factor F ’;’ (q) is expressed in
terms of the reduced excitation probability B(M\):

2\

4
T —

1
e2ZZ [N+ 1)!1]P A B(MM).

(4.11)

From the theory of electron scattering it is known that the
long-wavelength approximation (gR<<1, where R is the
nuclear radius) is justified only at relatively low incident-
electron energies E. However, as a rule this condition is not
realized in experiments. For example, in inelastic electron
scattering on °Zr at #=165°, we have qR=1 for
E=26 MeV. In this case |FY(q)|? is no longer proportional
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TABLE III. Roots of the dispersion equation determining the excitation frequencies of isoscalar

states of the magnetic type.

i A=1 A=2 A=3 A=4 A=5

1 5,7635 2,5011 3,8647 5,0946 6,2658
2 9,0950 7,1360 8,4449 9,7125 10,9506
3 12,3229 10,5146 11,8817 13,2187 14,5108

to B(M\), but is determined by the specific features of the
transition current density of the excited state. Therefore, it is
necessary to use Eq. (4.2) directly in the calculation of the
form factors.

The sum rule is an integral measure of the degree to
which the nuclear response is collective. The sum rules for
magnetic excitations have been studied in Refs. 72 and 96—
98. In the macroscopic approach the analog of the sum rules
is the oscillator strength of the excitation.” According to our
calculations, the magnetic oscillator strength of an M\ isos-
calar torsional response is given by

S(M\)=2, E(M\)B(M\)

=B)\Z2A(2)\—5)/3 MCV'/.LZFZ)\_Z,
where 8,=30, B;=160, and B,=560.

(4.12)

5. THE HIGH-ENERGY DIPOLE MAGNETIC
RESPONSE OF A SPHERICAL NUCLEUS

As already noted, the dipole twist mode requires special
study. The main reason why this mode is absent in the spec-
trum of magnetic twist resonances (3.6) given above is the
assumption that an external perturbation induces only long-
wavelength rotational oscillations of the particle flux. In this
approximation it is not possible to describe the well estab-
lished magnetic dipole resonance whose energy centroid is
estimated to be at 4142 MeV (Ref. 5). However, as shown
in Ref. 100, without this restriction the equations of nuclear
fluid dynamics admit a solution describing shear vibrations
which correspond to the collective high-energy M1,7=0
mode whose possible existence is discussed in Ref. 2.

Let us return to Eq. (2.13). After substituting (2.8) into it
we find that the displacement field obeys the vector Helm-
holtz equation:

Aa(r)+k2a(r)=0. (5.1)
The solution regular at the origin corresponding to torsional
vibrations of the nucleus is given by

a(r,1)=j,(kr) Y}, (F), (5.2)

where  k=w/c, is the wave vector and
c,=\Pg /p0=vp/\/§ is the propagation velocity of trans-
verse axially symmetric torsional vibrations in a spherical
nucleus. The frequency w of these oscillations can be
uniquely determined from the boundary condition, which re-
quires the absence of shear on the surface of the spherical
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nucleus: n; 6P;, =0, where n, is the unit vector normal to the
nuclear surface. The explicit expression for this condition is

day, a
8P,4=0——2— 2 ¢

dr r (5.3)

The condition (5.3) leads to the following dispersion rela-
tion:

djx(2)
2 2= =),

z)\n=k}\nR- (54)

The numerical values of the roots of this equation for
1=<A=5 are given in Table III. The eigenfrequencies of tor-
sional oscillations are given by w,;= (% wg/ V5 )z);. The en-
ergy of the lowest dipole twist isoscalar response is esti-
mated to be (for ry=1.1 F)

E(MI,T=O)=ﬁa)11=——
r

=135A"13 MeV. (5.5)
The assumption of the long-wavelength nature of the oscil-
lations of the flux velocity of intranuclear nucleons is critical
only for the dipole response, since it simply excludes it (the
energy of the dipole oscillation is zero). As far as M\
(A>2) resonances are concerned, the energies calculated in
the long-wavelength approximation almost exactly coincide
with the energies obtained from the Helmholtz equation (5.1)
with the boundary condition of no stress at the nuclear sur-
face, which is expressed by the dispersion relation (5.4). The
fact that the energy of the high-energy 1*,T7=0 resonance
can be calculated only outside the long-wavelength approxi-
mation has been demonstrated in Ref. 46.

At the present time we know of only a single experi-
ment, that of Woodward and Peterson performed at the Bates
LINAC? using the 2Pb nucleus to find the magnetic dipole
strength in the energy range from 19 to 25 MeV, which had
been predicted shortly before in Ref. 88 on the basis of mi-
croscopic calculations. This experiment measured the cross
section for inelastic scattering of 60-MeV electrons at 180°
and found a peak at 24 MeV with width of order 1.5 MeV
and  absolute value of the cross section
do/dQ)=50+20 nb/sr.

In order to compare the predictions of nuclear fluid dy-
namics for the high-energy dipole isoscalar resonance with
the data given in Ref. 2, below we present the results of the
calculations of the total reduced probability and the trans-
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FIG. 10. Cross section for excitation of the high-energy M1,7=0 twist
resonance in 2%Pb predicted by the fluid-dynamical model. The calculations
were carried out in both the plane-wave Born approximation (PWBA) and
the distorted-wave Born approximation (DWBA). The experimental point is
the result of measurement of the cross section for electron inelastic scatter-
ing at 180° at an incident-electron energy of 60 MeV. The data are from the
Bates LINAC.?

verse cross section for the excitation of this mode. In the
macroscopic representation the transition current density of
the magnetic dipole excitation is given by

2>1/2
=Nn (r)ji(kir), (5.6)

where the constant N; depends on the excitation energy as
N,=[E(M1)/efic]lay. According to Ref. 7, the collective
amplitude of the current normal-mode oscillations is deter-
mined by the expression ag=(|a(t)|})}?
=h/\2BE(M1). As before, the symbol {...), denotes time

averaging, and B, is the mass parameter, given by

1
J1,1(r)=< o fj(r,t)-Y(l]l'l(f')df'

2 3mA ) )
By=| poajdr= 8w Lj1(kir) = jolkyr)ja(kyr)].
5.7
The transition current density shown in Fig. 9 illustrates the
bulk nature of these collective transverse oscillations of the
nucleon flux.
In the Born approximation the magnetic form factor

F 11‘4 (q) is expressed in terms of the transition current density
J 1,1(" ) as

v12
Fi@="5" [ 1uiarrar

V12 ) ) N
=TN1J']1(k1r)]1(qr)r dr. (5.8)
In Fig. 10 we show the differential cross sections for excita-
tion of the 1*,T7=0 twist mode in 2®Pb in the inelastic
scattering of electrons of energy E,=60 MeV at 180°, cal-
culated both in the DWBA and in the PWBA.

The total excitation probability B(M1) for the
M1,T=0 nuclear torsional mode calculated as a function of
the atomic number and mass number is given by

2

2
B(M1)= % {f]l,l(r)ﬁdr

~1.0-107%2%A" 232,
(5.9)

The results presented in this section can be summarized as
follows. Nuclear fluid dynamics predicts a high-energy
M 1,T=0 mode whose strength is expected to be localized in
the range 20-25 MeV. In Refs. 10, 1821, and 42 estimates
in the range E(M1,7=0)=21—27 MeV are given for the
location of the energy centroid of the high-energy
M1,T=0 resonance. The results of our calculations and the
data of the experiment that we have discussed are summa-
rized in Table IV.

6. WIDTHS OF MAGNETIC TWIST MODES

In recent years the relaxation of collective nuclear exci-
tations has been the object of intensive study in nuclear fluid
dynamics (Refs. 28, 33, 101, and 102). The microscopic ori-
gin of the mechanism studied in this section for the damping
of collective nuclear motion is associated with two-particle
nucleon collisions, which in the final analysis lead to viscos-
ity of the nuclear matter. Analysis of the damping of collec-
tive nuclear motions associated with isoscalar electric reso-
nances with A=2 has shown that the role of one-body
dissipation (Landau damping) is less important than that of
two-body dissipation.!?? In the theory of continuous media
two-particle dissipation is described macroscopically by the
viscosity stress tensor. Shear viscosity has a bulk origin and
is characterized by a dynamical viscosity coefficient u,
which in our calculations is treated as a parameter. However,
as shown in Ref. 27, this coefficient can be extracted from
data on the kinetic energy of fission fragments of heavy nu-
clei. The coefficient u is estimated to be'®

©=0.03+0.01 TP, 1 TP=0.948% F 3,

where TP stands for terapoise. In the calculations which fol-
low we also use the kinematical viscosity coefficient inde-
pendent of the density and given by v=u/p,, where p, is
the equilibrium density of nuclear matter. We stress the fact

TABLE IV. Theoretical predictions for the M1, T=0 twist mode in 2°®Pb and experimental data’ on
the excitation of the magnetic dipole resonance in the inelastic scattering of 60-MeV electrons at an

angle of 180°.

208py Theory Experiment
E(M1), MeV 22,9 24,0
B(M1), u? 2,0 -
do/dQ, nb/sr 15,0 50420

193 Phys. Part. Nucl. 26 (2), March—April 1995

S. |. Bastrukov and 1. V. Molodtsova 193



that at fixed value of the dynamical viscosity coefficient our
calculations cease to depend on any free parameters. The
clearest discussion of the two-body dissipation mechanism
can be found in the recent series of studies in Ref. 33, where,
in particular, estimates are obtained for the viscosity coeffi-
cient on the basis of the kinetic approach developed by those
authors (see also Refs. 104 and 105). Microscopic theories of
the relaxation of nuclear excitations are described in Refs.
31, 77, 106, and 107. In this section we present the macro-
scopic calculation of the spread widths of magnetic twist
resonances, following Ref. 37.

6.1. The equations of dissipative nuclear fluid
dynamics

The macroscopic description of the damping of nucleon
collective oscillations is based on the introduction of the dis-
sipative Rayleigh function F, which is defined as the rate of
loss of the total energy of collective oscillations and is writ-
ten as [see, for example, Eq. (3.8) in Ref. 108]:

d ) .
— H(ay,a,)=F(a,),

7 (6.1)

where H is the Hamiltonian of the normal modes (2.10) and
the dissipation function is related to the friction coefficient D
as F =d,2\D>\. In the Lagrangian treatment the equation of
dissipative nuclear fluid dynamics has the form

d oL JL JF

— -+ =0,

—— = - 2
dt da, Jda, Ja, 62)

where L is the Lagrangian of the torsional normal modes:

_B\(a")? Cy(aM)2

L 2 2

(6.3)

The mass parameter B, and the torsional stiffness parameter
C, are defined by Eqgs. (3.3) and (3.4) in Sec. 3. Substitution
of (6.1) and (6.3) into (6.2) leads to the well known equation

for damped linear vibrations:
B)\C..Y)\+2D)\C.¥)\+C)\a)\=0, (6.4)

from which it follows that the eigenfrequency w, and the
damping coefficient of torsional vibrations vy, are

\=(Cy\/B\)'?,  y\=D\/B,. (6.5)
The friction coefficient D is given by the integral
v f éa,’-‘ 6a])-‘ 2d 6.6)
= — _— .+_ —_— .
Dy 2 | Po dx;  ox; T (

which clearly has the same structure as the stiffness param-
eter. Taking into account the diffuseness of the nuclear sur-

face, the calculated friction coefficient for shear vibrations is
Dy =Mv(r* 2\ (\2-1), 6.7)

where u is the nuclear mass. The result calculated using the
sharp-boundary approximation is given below.
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6.2. The spread widths of magnetic resonances

According to the theory of linear nuclear vibrations, the
energy E(M\) and the collision widths I'(M\) of nuclear
isoscalar resonances in this approach are given by*’

E(M\N)=tw,, T(M\)=fy,. (6.8)

Substituting (6.7) into this, we obtain the following expres-
sion for the spread width of an M\,T=0 twist resonance:

<r2)\—2>

I'MN)=hv(2A+1)(A—1) W

(6.9)

In the sharp-boundary approximation Eq. (6.9) becomes

T(MMN)=~6.02x+3)(A—1)A"23 MeV. (6.10)

We therefore find that because of the two-body energy-
dissipation mechanism the widths of magnetic resonances
fall with increasing mass number as A ~%>. As the multipole
order of the excitation increases the resonance width grows
as (2A+3)(A—1). Numerical estimates of the widths of the
quadrupole magnetic isoscalar resonance for some spherical
nuclei are given in Table II. These estimates were obtained
for the above-quoted values of the parameters of the Fermi
distribution for the density.

Noting that the energy and width have a similar multi-
pole dependence, we can write Eq. (6.10) as

' S5v
T(M\)=—[E(M\)]*> MeV™ L. (6.11)
hvg

It follows from (6.11) that the spread width of a magnetic
resonance of given multipole order is proportional to the
square of the excitation energy. An analogous dependence of
the collision width on mass number also holds for electric
isoscalar resonances (Refs. 27, 28, and 33). The analytic de-
pendence of the width of electric isoscalar resonances on the
multipole order \ in our calculations has the form

Sv

T(EN)= o

[E(EN)T?, (6.12)
where E(EN) is given by the Nix—Sierk expression (2.16).
Comparing the expressions for the widths (6.11) and (6.12),

we find

T(M\) 1 (2\+3)
T(EN) 2 (2h+1) 7

A=2, (6.13)

i.e., the width of a magnetic isoscalar resonance of given
multipole order A=2 is always larger than the width of an
electric isoscalar resonance of the same multipole order.

These estimates are predictive, since at present there is
no experimental information on the widths of magnetic reso-
nances. Our predictions agree rather well with the results of
Refs. 28 and 33, where estimates are given for the relaxation
parameters of transverse nuclear oscillations. In particular,
the A~%? law for the falloff of the widths of transverse col-
lective modes with increasing mass number predicted in Ref.
28 is reproduced in the case of magnetic resonances with
A=2 that we have considered.
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7. CONCLUSION

Collective magnetic excitations of nuclei are currently
the object of active study, stimulated by the experiments per-
formed in Darmstadt (DALINAC),109 Moscow, Stuttgart,g4
Massachusetts (the Bates LINAC),"' and other centers. It is
therefore timely to review the theoretical investigations
which have been carried out using the macroscopic theory of
collective nuclear excitations. ’

One of the goals of the present review was to give a
constructive analytic representation of the complete set of
measured typical integrated parameters of isosclar magnetic
multipole resonances: the locations of the energy centroids,
the total excitation probabilities, the spread widths, and the
excitation cross sections for electron inelastic scattering.
These quantities are represented in the form of power-law
functions of the atomic number, mass number, and multipole
order of the excitation. This makes it possible to check the
predictions of the model experimentally. The fact that the
theory described here predicts values of the main typical in-
tegrated parameters for the M2 collective mode which agree
qualitatively with the available experimental data indicates
that the macroscopic treatment of the observed quadrupole
resonance is adequate. _

In the collective model that we have described, magnetic
isoscalar resonances are interpreted in terms of torsional os-
cillations of the nucleus viewed as a spherical macroscopic
particle of the nuclear Fermi medium. This emphasizes the
fact that nuclear matter possesses the properties of an elastic
" continuum, and the physical nature of the elasticity of
nuclear matter has an essentially quantum origin, since it is a
consequence of the nucleon Fermi motion and the associated
dynamical deformation of the Fermi surface. In this sense it
is appropriate to add that the problem of the elasticity of
nuclear matter is the subject of active study in the theory of
large-ampliude nuclear motion."""!2 It can be hoped that the
concreteness of the results presented in the present review
will prove useful in choosing the direction of future experi-
ments, which will make it possible to determine how reliable
are the representations of the elastic-like behavior of nuclear
matter.
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APPENDIX 1

It is convenient to calculate the integrals appearing in the
text in a system with fixed polar axis. In this case the spheri-
cal components of the toroidal instantaneous displacement
field a; corresponding to torsional vibrations of a spherical
nucleus have the form
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dP)(u)
ag=AyN1- )\ =,
(A1.1)

where uw=cos 6 and P,(u) are the Legendre polynomials.
The components of the elastic stress tensor arising in
torsional -vibrations are

0a1_(9a,_

ax, ar

sa (A=) ey o
o owor

das 1 dag a, ag m

P ST Ly S ¢ 7 L

day (1-p*)'? day a, 0

0x, r om r ’
602_8113_‘
o"xl_ or e
da; 1 da, a4
oxs r(1—u®"? a¢ r
dP\(p)
=—A r)\-l(l_ 2y\1/2 ,

A M) ———d,u
das _das _ r—1 2v172 4PA(B)
axl_W_A"M (1-p%) dn
day__1dag_ay__
0x3 rouw r (1—u?t?

dP\(u)
- _ A—1 A
A\rt dn
daz (1—u®)'? da
axz_ r 1
- NOD)
=-A I[M P —ANA+1)P\()|.

The following basic integrals are used in the calculations:

J‘+ll)2 due 2
1 )\(/'l‘) #_2)\_}_11

f+1 ) (dP)\(,u,))z _2A(A+1)

L A= ) =y
+1 dP\(p) =~ 2X

J_l qu(.#) dn d,u——-—-—(z)\ﬂ),
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+1( dP,(u)\? AA+1)(2N—1)
J_l * dn ) W=+
the last two of which have been obtained by using the recur-
sion relations for the Legendre polynomials.

The expressions given above considerably simplify the
awkward calculation of integrals 1nv01v1ng the elastic stress
tensor. In particular,

1fF aa,.*+ b
2 ) FO o T 5,

=4nA§(>\—1)(>\+1)fRF(r)r“dr,
) 0

2

(A1.2)

where F(r) is an arbitrary function of r.

DThe problem of the eigenvibrations of an elastic sphere has been studied
using the Lamé equation by Lamb at the end of the last century.?? Accord-
ing to Lamb, the eigenmodes of the elastic vibrations of a sphere are
characterized by two branches. The first, the branch of spheroidal vibra-
tions, is associated with harmonic deformations of the shape of the sphere.
Motions of this type are quite analogous to the oscillations of a liquid drop.
The second, the branch of torsional vibrations, is associated with the ap-
pearance of bulk shear deformations. A modern study of this problem can
be found in Ref. 23. From the viewpoint of this classification, isoscalar
electric resonances are described in terms of spheroidal vibrations of the
nucleus, and magnetic resonances are associated with the excitation of
torsional vibrations.

2The now-common term “nuclear fluid dynamics” is mainly used to stress
the difference between the modern, essentially quantum—macroscopic ap-
proach to the description of nuclear collective excitations based on the
concept of an elastic-like nucleon Fermi continuum, from the earlier
“nuclear hydrodynamics,” which corresponds to a classical liquid treat-
ment of the continuous nuclear medium.

3n the sharp-boundary approximation the mass parameter (moment of in-
ertia of torsional v1brat10ns) and the torsional stiffness parameter are, re-
spectively, given by>

AA+1) AA%-1)

(2A+1)(2N+3) (2A+1)

4’Comparing Eq. (3.11) with the expression for the magnetization current
well known from classical electrodynamics,’*”
j(r,t)=c curl M(r,?),

we find

M(r,t)=

R\=3M R?2

R™ and C\= 5Mv2

eZ
oA orr Y vo(F) (8.

Therefore, dlfferentlally rotational vibrations of the nucleus accompanied by
simultaneous vibrations of the solenoidal current generate the nuclear mag-
netization field M(r,z).
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