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A nonperturbative approach to quantum field theory, variational perturbation theory, is reviewed.
Its efficiency is demonstrated for the example of the quantum-mechanical anharmonic

oscillator. The relationship to the method of the Gaussian effective potential is established, and
the convergence properties of the series of variational perturbation theory are studied for

the <p?d) model. The renormalization of the ¢* model is studied and the nonperturbative 8 function
is constructed. The result obtained agrees with the five-loop approximation. A nonperturbative
expansion in quantum chromodynamics based on a new small parameter is formulated.

1. INTRODUCTION

At present, perturbation theory is the principal method of
performing calculations in quantum field theory. Its use in
combination with a renormalization procedure in quantum
electrodynamics, the theory of electroweak interactions, and
in the perturbative regime of quantum chromodynamics
makes it possible to analyze a large number of problems.
However, it is well known that the structure of a quantum-
field model cannot be studied sufficiently completely using
only perturbation theory. This is true not only for theories
with large coupling constant, but also theories in which the
coupling constant is relatively small, such as, for example,
quantum electrodynamics. In quantum chromodynamics
there are many problems whose solution requires nonpertur-
bative approaches.

In recent years great efforts have been made to develop
methods which somehow make it possible to go beyond per-
turbation theory. One class of such methods is the summation
of perturbation series.' Here asymptotic expressions, ob-
tained, for example, using the functional-integral method, are
used for the higher-order terms.*™® The main difficulty of
this approach is related to the asymptotic nature of the per-
turbation series. In general, the summation of such series
involves a functional arbitrariness. The correct formulation
of the problem involves the use of additional information
about the sum of the series.” This information is known only
for very simple model field theories.'® Attempts to develop
methods which are not directly related to the perturbation
series have been made in many studies (see, for example,
Refs. 11-18). Variational approaches have become
widespread.!”~? One example is the method of the Gaussian
effective potential (GEP; Refs. 23-26). However, it should
be noted that, as a rule, many variational methods encounter
the difficulty of estimating the accuracy and stability of the
results obtained using the variational procedure. In other
words, in this method it is not always possible to construct
an algorithm for calculating corrections to a quantity found
variationally. The lack of such an algorithm makes it difficult
to answer the question of the extent to which the so-called
“principal contribution” adequately reflects the object stud-
ied and to find the region of validity of the expressions ob-
tained. However, even if an algorithm for calculating the
corrections, that is, the terms of some approximating series,
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exists, this is far from sufficient. The convergence properties
of the series play a fundamental role. Actually, whereas for
weak coupling even a divergent perturbation series approxi-
mates some quantity in a known manner as an asymptotic
series, in the absence of a small parameter the approximating
series must satisfy more rigorous requirements. In this case
reliable information can be obtained using convergent series.
In fact, it would be even better to deal not simply with a
convergent series, but with a Leibniz series (an alternating
series whose successive terms decrease in absolute value). In
this case it would become possible to make two-sided esti-
mates of the quantity in question on the basis of only the first
few terms of the series. If in addition there were additional
free parameters affecting the terms of the series, it would be
possible to shrink the error bars the maximum amount.

For this purpose here we consider the method of varia-
tional perturbation theory (VPT; Refs. 27-33). In spite of the
term “perturbation,” the VPT method is nonperturbative. In
it a quantity can be approximated by constructing series
which are different from the perturbation series and which
can be used to go beyond the weak-coupling regime. The
calculability of the corrections in the VPT method is related
to the fact that here, as in standard perturbation theory, only
“calculable” Gaussian functional quadratures are used.>* In
addition, the VPT series can be written such that its terms
correspond to ordinary Feynman diagrams. Here, of course,
the VPT series will have a structure different from that in
perturbation theory, and in general the diagrams will involve
modified propagators and vertices.

The outline of this review is as follows. First we discuss
the main ideas of the VPT method for a simple example.
Then we demonstrate its use in the case of the quantum-
mechanical anharmonic oscillator. In the fourth section we
determine the relationship between this approach and the
Gaussian effective potential. In the next section we study the
convergence properties of the VPT series. In the sixth section
we consider the question of renormalization and construct
the nonperturbative B function for a scalar model. Then in
the following section we discuss the use of this method in
quantum chromodynamics. The results are summarized
briefly in the conclusion.
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2. A SIMPLE EXAMPLE

Let us consider the integral

Z[g]=f dx exp(—S[x]), (2.1)
where

S[x]=Solx]+gSiulx],

Solx]1=x>=x7+x3,

Simlx]1=x1+x3, dx=dxdx,, (2.2)

which is the zero-dimensional analog of the two-component
¢* field theory. Here, as in field theory, we shall consider
Gaussians, that is, integrals of the form

| axpexsi-suten, @3
where P(x) is some polynomial in the variables x, and x,.

The first obvious possibility is the expansion of the in-
tegrand in (2.1) in a series in powers of the coupling constant
g (were we shall use field-theoretic terminology). As a result,
we arrive at the standard perturbation series:

2[g]=2 §"Cy, (2.4)
_ ( — 1 )Il

= j dxSh, exp(—So[x]). (2.5)

Whereas the expansion of the function (2.1) in the series
(2.4) with coefficients (2.5) is unique, the inverse procedure
of finding the sum of the series (2.4) without using additional
information about the function Z[g] is nonunique. For ex-
ample, the same series will be obtained for the function Z[g
]+exp(—1/g), which for large coupling constant g has as-
ymptotic behavior different from that of (2.1). The reason for
the incorrectness of the summation procedure in this ex-
ample is the asymptotic nature of the series (2.4). Therefore,
the perturbation series by itself without additional informa-
tion about its sum cannot be used to evaluate the function
Z[g] for sufficiently large values of the coupling constant.
The additional conditions needed for the unique summation
of an asymptotic series are not known for realistic field-
theoretic models. This problem requires special attention and
so far has been solved only in a few simple cases.

The VPT method makes it possible to construct different
expansions for Z[g] using the same Gaussian quadratures.
They differ from each other in the method of variation of the
action (2.2) (choice of the trial VPT functional). In this sec-
tion we consider two methods of constructing VPT expan-
sions. The first and simplest is based on choosing a variation
of harmonic form. The second is based on the use of an
anharmonic VPT functional.

In the first case for the variational term we take an ex-
pression quadratic in the fields and rewrite the complete ac-

tion as
S[x]=Sg[x]+Shlx], (2.6)

where
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Slx1=So[x]+ xSo[x], 2.7)

St [x]1=gSimlx]— xSolx],

and expand in powers of the new interaction (2.8). Obvi-
ously, here to calculate the terms of the series we need only
Gaussian quadratures. As a result, the VPT series will have
the form

(2.8)

Z[g]=2 Z,[g.x], (2.9)
(—g)"
th[g7X]:m%g)m7jdx[Sinl_X
X(1+ xg)So]" exp(—So[x]). (2.10)

Of course, the original quantity Z[g] does not depend on the
variational parameter y, so when studying a finite number of
terms of the series it is possible to choose x freely, on the
basis of considerations of optimization of the expansion (re-
garding this see, for example, Refs. 24, 27, 28, 31, and 35-
38, in which various optimization methods and their use are
studied). As a rule, in field theory we know only the first few
terms of the series. The optimal values of the variational
parameters are most often chosen on the basis of the first
nontrivial order of the VPT. Here the results obtained will be
stable only when the higher-order corrections to the principal
contribution are sufficiently small. Let us consider the effect
of the corrections for harmonic and anharmonic variations.
We fix the variational parameter y using the condition

9z g,x]
T =0, (2.11)
where Z")[g,x] is the Nth partial sum of the series (2.9)
N
zMg,x1= 2 Z,08x]. (2.12)
n=0

For the first nontrivial order (N=1) Eq. (2.11) gives
x=(1/7-1)/g,

2
T=§[\/1+9g—1].

In Fig. 1 we show the characteristic behavior of the Nth
partial sums of the perturbation series and the VPT series for
a relatively small value of the coupling constant g=0.1 and
for the VPT parameter y determined according to (2.13). In
the case of the harmonic variation considered here the
“beats” of the partial sums characteristic of asymptotic se-
ries begin somewhat later than in the case of perturbation
theory. In this sense the harmonic procedure improves the
convergence properties of the series. Nevertheless, if the
variational parameter is held fixed and independent of the
order, the resulting series is still divergent, as before. The
nature of this divergence is exactly the same as that of the
corresponding perturbation series. The point is that for fixed
variational parameter the trial harmonic functional contain-
ing the field to a lower power than in the original interaction
part of the action cannot compensate for higher-order terms

(2.13)
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FIG. 1. Behavior of the Nth partial sums Z¥)[g] in the cases of perturba-
tion theory and the VPT with the harmonic variational procedure with varia-
tional parameter fixed according to the first order.

of the series as it must, because here the dominant contribu-
tion to the asymptotic expression is determined by large field
configurations. However, as was noticed empirically in Ref.
18 and later discussed in Ref. 35, the results appear to be
convergent if the variational parameter is “twisted” appro-
priately from order to order. A rigorous proof of this induced
convergence in the zero- and one-dimensional cases is given
in Refs. 39 and 40.

For constructing the anharmonic variation we rewrite the
total action as ’

S[x]=Sglx]+ S5l x], (2.14)
where

S8[x]1=So[x]+ 6S[x], (2.15)

Siulx1=gSinlx]— 6Si[x]. (2.16)

Here the situation is somewhat more complicated than in
the preceding case. After expansion in powers of the new
interaction (2.16) non-Gaussian integrals arise, because the
term 0S3[x] remains in the exponent. However, the problem
is easily solved by Fourier transformation:

® 2
exp(— 0S§(x))= j_m % exp{ - uT+iu\/—éS0(x)].
2.17)

As a result, the VPT expansion can be written as®

Z[gl=2 Z,[g.6), (2.18)
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FIG. 2. Behavior of the relative error D(g)=|Z'"(g)/Z cxac(g)—1] in per-
cent as a function of the coupling constant g for the anharmonic variational
procedure.

Zn[gao]=f0 da(aza)" eXP(—a‘aza)

é a, (—g/O)k

R iy (2.19)
£ 2k (n—k)!
L OT1+1/2) TQ2(k=D)+1/2)
""2,220 I *x—1)! (2.20)

Optimizing the first nontrivial order, for the variational pa-
rameter we find

0=13g. (2.21)

The behavior of the relative error D(g)=|Z"(g)/
Z ovac(8) —1] in percent as a function of the coupling constant
g is shown in Fig. 2. We see from this figure that already the
first nontrivial order ensures quite acceptable accuracy of the
approximation of Z[g] for all positive values of the coupling
constant. The inclusion of higher-order corrections increases
the accuracy of the VPT approximation even more.

Defining the convenient parameter t=26/g, we rewrite
Eq. (2.19) in a form convenient for studying the strong-
coupling limit

2 - 2n
Z,[g,0]= ; fo da,a
2 n

k=0

(—2/0)*
k) (n—k)! %%

X exp

(2.22)

It is interesting to observe that Eq. (2.22) can be used di-
rectly to determine the functional dependence of Z[g] for
g—. In fact, in Nth-order VPT for g—o0 we obtain

VAN PS (2.23)
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FIG. 3. Corridor of two-sided estimates of unity determined by the functions
Wz, for N=0, 1,2, 3 and t=1.

where

P N
AN = \/;I‘(N+3/2)2

n=0

(—2/t)%
(2k+ D)UN—))! %
(2.24)

Optimization of the first nontrivial order (the condition
dZM/at=0 for Z,=0) gives top=3/2, for which we find
AM=3212, while the exact value is A =T%(1/4)/4=3.286.
The resulting error in the calculation is 2.3%. It can be
shown that the approximations Z(™) for different values of
the coupling constant give a stable result.”® This is due to the
convergence of the VPT series for ¢1>1/2. This statement
holds for any positive g.

The analog of the Sobolev inequality in this case is the
relation

Sa[x,y1/S3[x,y]1<1 (2.25)

from which it follows that for t>1 the terms of the VPT
series (2.18) all have positive sign, and at =1 the regime
changes and for 1/2<<t<<1 the series is a Leibniz series. We
note that the value of the variational parameter £=1 at which
the alternating series becomes a series of terms of fixed sign
corresponds to the value of ¢ found from the criterion of
asymptotic optimization of the VPT series according to
which the contribution of higher-order terms of the series is
minimized.?

In the regime of the Leibniz series two-sided estimates
of the following form are valid for the exact value Z.,[g]:

ZNID<Z o <ZV, (2.26)

where Z®¥*1) and Z®M are respectively odd and even par-
tial sums of the VPT series. In Fig. 3 we show the corridor of
such two-sided estimates of unity determined by the func-
tions Z(N)/Zex for N=0, 1, 2, 3 and the parameter t=1. We
see that already the first few partial sums give reasonable
accuracy in the entire range of coupling constant.

481 Phys. Part. Nucl. 25 (5), September—October 1994

3. THE ANHARMONIC OSCILLATOR

In this section we shall consider the use of the VPT
method for obtaining the nonperturbative characteristics of
the quantum-mechanical anharmonic oscillator (AO), which
is a 1-dimensional ¢* theory and often serves as a testing
ground for various nonperturbative approaches. We write the
Euclidean action functional in the form

S[¢]=So[<p]+myzsz[¢]+gs4[<p], (3.1)
where

So[‘P]Z% j dx(de)?, (3.2)

Solel= f dx¢?, (3.3)

SJel= f dxo*. (3.4)

Let us consider the Green function represented as a func-
tional integral:

Gzﬁf D o{@*"}exp(—S[¢]), (3.5

where {¢?*} denotes the product of fields ¢(x) - ¢(x,,).
We introduce dimensionless variables, setting ¢—g "¢ and

x—g x, and we rewrite the action (3.1) as
2
S[‘P]=50[<P]+'2"52[‘P]+S4[‘P], (3.6)
where
w’=m?g~ %3, (3.7)

The dimensionless Green functions G ,, will be written in the
form (3.5) with the action (3.6).

Just as in standard perturbation theory, we shall consider
Gaussian functional integrals:

[ Do exp| | (oxoren]|

K —-1/2
- - -1
(det "_3—2_'_7) exp( > (JK J>) . (3.8)
Any polynomial of the fields ¢ is as usual obtained by the
corresponding number of differentiations with respect to the
source J(x).
We consider the following functional:

Alel=65il 0]+ Silel, (39)

where 6 and x are variational parameters.
We rewrite the action (3.6) as (here we use the anhar-
monic variational procedure)

S[el=Sole]+Sidel,
(DZ
olel=Sol ]+ a5 Syle]+A% ¢],

(3.10)

(3.11)
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Stlel=Smle]l—A o] (3.12)

The trial functional A% ] has the same power of field as the
original interaction S;,[¢]. The exact Green functions do not
depend on the variational parameters, so the freedom in
choosing them can be used to improve the properties of the
series. As a specific example, let us consider the problem of
calculating the ground-state energy of the AO E| in the
strong-coupling limit.?” This problem is related to the calcu-
lation of the four-point Green function G 4(0,0,0,0)=G4(0)
owing to the relation

dE,/dg=g *3G,4(0). (3.13)

Let us consider the asymptotic form of the higher-order
terms of the VPT series. Here since in the end we shall
approximate the desired quantity by the sum of the first few
terms of the VPT expansion, it is natural to require that the
contribution of higher-order terms of the series be minimal.
As we shall see below, this asymptotic optimization leads to
a relation between the variational parameters. The problem
reduces to finding the asymptote of the functional integral

f Dg[A®—S,]" exp[ —(So—A?)] (3.14)

at large values of n. We shall use the method of steepest
descents and write Eq. (3.14) as

n" f D¢ exp(—nSed ¢1—n'S[¢]), (3.15)
where
Seg=AZ—In[A%-5,]. (3.16)

The principal contribution is determined by the function ¢
satisfying the equation 8S.g/d¢=0, which in expanded form
becomes

—¢gtapy—bey=0, (3.17)
where

a=x/0, b={6A[@o](1-D[¢e])} ',

D[o]=A[ o] =S/ ol. (3.18)

The corresponding solution with finite action has the form

o=\ 5 [cosha(t—10)]""

The arbitrary parameter ¢, reflects the translational invari-
ance of the theory. By performing simple computations it is
easily verified that the contribution of the higher-order terms
of the VPT series will be a minimum if the variational pa-
rameters 6 and y are related as

x=(9/166)"7.

(3.19)

(3.20)

The remaining independent parameter 8 can be fixed to op-
timize the first few terms of the VPT expansion.

Let us return to the calculation of the ground-state en-
ergy of the AO. The VPT series for the Green function G 4(0)
can be written as
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d n—m 2
o= nzo ,,.20 = (d_a) {8l
X[1+iuf\y1—a] 272", (3.21)
where
gm(z%)= *(0)exp[ — (So+2%/2S,)],

22=[w*+iuxyV1—a][1+iu6y1—a]™},

*» du u?

()= _mmexp{—jl('”)- (3.22)
After differentiation with respect to « in (3.21) we must set
@=0. The functions g,,(z%) are ordinary coefficients of the
perturbation expansion of G,(0) and can be found by the
standard diagrammatic technique. We see from (3.21) that
the Nth-order VPT is generated by the same diagrams as the
Nth order of ordinary perturbation theory. Of course, here the
structure of the series is changed and the form of the propa-
gator is modified. The functions g,,(z?) are easily expressed
in terms of the coefficients A,, of the perturbation expansion
of the ground-state energy of the AO E,. The corresponding
relation is given by

(1+m)Al+m
zZ+3m

gm(z%)= (3.23)
The numerical values of the coefficients A, can be found in,
for example, Refs. 41 and 42. For the first nontrivial order
considered here we need the following coefficients: A ,=3/4
and A,=—21/8.

In addition, it is convenient, using the expression

-V

1
a =I_,mfdaa”_’ exp(—aa),

to write (3.21) as

G4(0)= 2 >

n=0 m=0

1+ +m
(—"')é‘—— [T(1+m/2)l

d n—m
><(1+3m/2)]‘1(ﬁ) F(6,x,a), (3.24)

where
Fm(b‘,)(,a):J dx x™? eXp(—X)f dy y*"'?
0 0

X exp[—w’y—(1—a)-(x0+yx)].
(3.25)

In the strong-coupling limit we can take w?=0 in (3.25).
However, we note that by expanding the expression
exp(—w?y) in powers of w? it is also possible to calculate the
corresponding corrections to the principal contribution.

From (3.24) and (3.25) in the strong-coupling limit in
Nth-order VPT we find
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TABLE I. Ground-state energy of the ¢** anhar-
monic oscillator.

k 0

2 10.027926
3 | 0.038009
4 (0.040149

Eg!lg] | Ej’lg]
0.668 g1/3 | 0.663 g1/3
0.680 g'/* | 0.698 g'/4
0.704 g/ | 0.709 g'/5

n (1+m)A1+m (16 )1/3+m/2
(N)_ 1/3 | —
E{"'=3g 2 > TR
n=0 m=0
X[T(1+m/2)T(1+3m/2)] 'R, »(0), (3.26)
where
R,,,m(0)=f dx x™? cxr)(—x)f dy y*?
0 0
X (6x+y)*n=m exp[—(Ox+y)?].  (3.27)

The optimal value of the parameter @ in different versions of
the optimization procedure (see Refs. 27 and 28) is 6, ,<1.
Using this fact, in first-order VPT we find

EV=g""(go+e)), (3.28)
where
£0=3A V7x?, (3.29)
4T (5/4)
31—4A1\/—x \(/; A2x5, (3.30)
x=(%o)"e, (3.31)

Using the “principle of minimal sensitivity” (Refs. 24 and
35)  9E(/6x=0, we find Xopt=0.6062  and
m(xop,) 0.660g'®. The numerical value is E .o
‘O 668g'? (Ref. 42). A more accurate calculation for the
k" AO (Ref. 29) not based on smallness of 8 is given in
Table I, where the same optimal values of the parameter 6
are quoted.
To find the corrections to the principal contribution we
expand in o’ in (3.25). As a result, we obtain

E(N=g!3(0.663+0.1407w>—0.00850w*+---).

We give the numerical result for comparison:42
E=g'3(0.668+0.1437w*—0.0088w"+---).

Let us now calculate the mass parameter u” related to
the two-point Green function as pf7'=G2(p=0), where

Gz(P=0)=fdtfD‘P‘P(t/2)<P(—t/2)eXP(_S[fP])-
(3.32)

‘We shall compare the result with the corresponding numeri-
cal value:*?

i .=3.009g%3.

In this case the VPT expansion has the form

(3.33)
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h

22

nOmO

_ I'(n+1/2—m/4)
GZ(O) 8 2/3 (”_m)!

X B”‘ x2+3m
I'(1+3m/2) ’

where B,, are the dimensionless perturbation coefficients.
Here we shall use the values By=1 and B{=—6. In first-
order VPT from (3.34) we find

G=g (G p+Gy),

(3.34)

where

Ey

Gz():T x2, (3.35)

B

G21=Tx2—4~r(5/4)-x5, (3.36)
Using the principle of minimal sensitivity [0G$"/6x=0], we
obtain the value u?=3.078g2?, which should be compared
to (3.33).

The vacuum energy can also be calculated using the
propagator G,(p) (Refs. 28 and 29). In addition, it is pos-
sible to estimate the ground-state energy. For this we define
the quantity u,=E—E,, for which, using the spectral rep-
resentation

/‘Ln
2
prtu,

G,y(p)= 22 [{0|%|n)|?,

n=0

(3.37)

where the matrix elements of the coordinate operator are
calculated for eigenstates of the full Hamiltonian, we obtain
the estimate

G,(t=0)
Ga(p=0)’
By analogy with the sum rules in quantum mechanics,** we
can expect fairly rapid saturation of the spectral representa-
tion (3.37). In this case the quantities s, and u{*' should be
close to each other. In first-order VPT we find
wI=1.763g"3, while the numerical value is
p=1.726g" (Ref. 42).

We conclude this section by noting that the VPT method
can be used to construct the nonperturbative effective

potential 2”8 The generalization to the case of the &* A0
can be found in Refs. 29 and 32.

+) ()=

m=pi”,  u (3.38)

4. THE GAUSSIAN EFFECTIVE POTENTIAL

Among the widely used nonperturbative methods is the
method of the Gaussian effective potential (GEP; Refs. 23—
26). As in many other nonperturbative approaches, in the
GEP method the questions of the region of applicability and
the reliability of the results are important. In other words, it
is necessary to know the degree to which the principal con-
tribution calculated by the variational method adequately de-
scribes the quantity in question. Therefore, the question of
the existence of an algorithm for calculating the corrections
to the principal variational contribution is of primary impor-
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tance. In this respect the GEP method is superior (see Refs.
24 and 25) to a number of other nonperturbative approaches
of the variational type.

However, it should be noted that the possibility of cal-
culating corrections by itself is not sufficient for resolving
the question of the stability of the results. Here the conver-
gence properties of the series play a fundamental role. In
fact, if the theory contains a small parameter—the coupling
constant, even a divergent perturbation series can give useful
information at small coupling constant. A different picture
arises when there is no small parameter and no effective one
arises. In this case we can count on the results to be reliable
only when we are dealing with convergent series. In other
words, in nonperturbative approaches the problem of calcu-
lating the corrections to the principal contribution and the
problem of analyzing the series convergence properties must
go hand in hand.

In this section we shall consider the VPT method for A¢*
theory in a space of n dimensions. As explained above, in the
VPT approach the desired quantity is initially written as a
series, which determines the algorithm for calculating the
corrections of any order. A fact of technical importance is
that it is possible to construct VPT series such that the Nth-
order VPT approximation uses only those Feynman diagrams
which form the same Nth-order standard perturbation theory.
The presence of free variational parameters in the method
means that the convergence properties of the VPT series can
be influenced by choosing them. We shall deal with the re-
lationship between the VPT and the GEP methods. We shall
propose several methods of deriving the GEP within the
framework of the VPT. In all the variants considered the
GEP arises as the first nontrivial order of the VPT. Here,
however, the corresponding VPT series possesses consider-
ably different convergence properties.

First we shall use the VPT method for the variational
correction of the semiclassical approximation. The action
functional has the form (pseudo-Euclidean metric)

2

STe1=Sale1- 5 Sale1-\S.l o], @.1)
where

Sole]l=1 f dx(d¢)?, 4.2)

Sp[(p]=f dx¢P. 4.3)

Henceforth we shall have in mind dimensional regulariza-
tion, setting n=d —2¢, where d is an integer. As usual, we
isolate the classical contribution in the Green-function gen-
erating functional W[J], writing

WUI1= [ Do cxplilSTo1+ o)} =explilsTe]

+{JTe)}DLI], (4.4)

where
pUI= [ Do expf-iPlol), (4.5)
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1

3 o(F*+m?+ 12)\cp3)(p+4)\(pc(p3+)\<p4}.
(4.6)

The function ¢, obeys the classical equation of motion

88/ 6. =—J.

P[:p]=j dx

In the standard semiclassical approximation only terms
quadratic in the fields ¢ remain in the expression for P[¢]. In
this case the functional integral for D[J] becomes Gaussian,
and the ordinary one-loop representation arises for W[J]
(Ref. 45).

To calculate D[J] by the VPT method we first use a
harmonic variation. We write the functional P[¢] as

P[(p]ZJ dx %(p(az+zz)(p+)\ 4(pc(p3+<p4—X72(p2) ,
4.7
where
2=m?+ 12N>+ A x2.

Then the VPT for D[J] is written as

(92_'_22 -1/2 *® —iN n
D[J]=[det 7 } > ¢ n’) [f dx(4<pcéa3
n=0 :

n

2
. X .
+¢t— ) (Pz) exp (4.8)

- (jAJ')LO,

where

A(p)=(p*—22+i0)"!,

A —_ 6
(p(x)—l m

We restrict ourselves to the first two terms in (8). Their con-
tributions to the effective potential are respectively

1

Vo=, 2*A¢(2%), (4.9)
x*
Vi=\|3A3(z?)— 5 Ao(z2) |, (4.10)
where
I'(1—n/2)

2y_ 2 2\n/2—1

AO(Z ) M (4,”,)11/2 (Z ) (4-11)

is the Euclidean propagator A(x=0,z?) in dimensional regu-
larization. The optimization condition

d(Vy+V
(Vo 1)=O

dz?

gives the equation for the variational parameter z*:

22=m?+ 1202+ 12N A (2?). (4.12)
Taking into account (4.12), for the effective potential in this
order of VPT we find
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1
Veil( @)=V i+ Vot Vi=m*p*+ N g*+ —2%A(2°)

+3(m? =22 Ay(z2H) +N\[3A%(z?)

+6¢*Ag(27)]. (4.13)

It is easily checked that Eq. (4.13) taking into account the
optimization condition (4.12) coincides with the GEP in a
space of n dimensions.?

Let us now calculate D[J] using anharmonic variation
of the action functional. We choose the variation in the form
R[], where

Rio1= 5 [ dxeo.

The appearance here of the volume of coordinate space () is
related to the fact that constant field configurations are re-
quired for obtaining V¢ from the effective action. The above
choice of the VPT functional ensures that the variational pa-
rameter y is independent of ().

As a result, we obtain

o (="
DlJ]=2 Dcp[x dx(¢*+4¢.0%)
n=0 n! J' f

-R¥¢]

n 1
exp[—i[ifdxcp(02+m2

+12A¢§)¢+R2[<p]”. (4.14)

Any power of R¥[¢] in Eq. (4.14) can be selected by
performing the required number of differentiations of the ex-
pression exp(—isR*[¢]) with respect to the parameter ¢ and
then setting £=1 Regarding the term R¥[¢] in the exponent
making the functional integral non-Gaussian, the problem is
again easily solved by Fourier transformation, as a result of

which the first power R[¢] appears in the exponential.
Therefore, the VPT series is written as

k d n—k P d
D[J]= 2( 1)2 (n— k)ln'[dg] \/ﬁf_wz\;%

-1/2
p

exp[ -]

v: o7 ?+M?
Xexpy iQ) ——z det 7

k

X f dx(4¢. 93+ %) , (4.15)

j=0
where
M?=m?+12\ 2+ Vexv.

The integral over v in (4.15) contains the large param-
eter ) and can therefore be calculated by the stationary-
phase method. As a result, the effective potential in the first
nontrivial order of the VPT has the form

Vef.f: Vc+ VO+ Vl >
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1 X2
Vo " M-<A, 7 Ag,

X

Vi=—7 A2+3nA2.
Here M? is the mass parameter for e=1 and v = vg, where v,
is the stationary-phase point in the integral (4.15). The equa-
tion which it obeys has the form

M?=m?>+ 12\ >+ x*Ao(M?). 4.17)
Different versions of the optimization, both the require-
ment on min|V| (in this case a solution to the equation V,=0

exists) and the principle of minimal sensitivity 9V ¢/dx*=0,
lead to the same value of the variational parameter

=12A.

As a result, the effective potential (4.16) together with the
condition (4.17) gives the GEP.

Let us obtain the GEP by yet another method, which is
not based on the representation (4.4) but directly on the
original functional W[j]. We shall consider an anharmonic
two-parameter variation of the action:

2 4

a , b,
0le]=g Siel+ 3 Silel.

(4.16)

(4.18)

The VPT series for the generating functional W[;j] is written
as

Wijl= 2 f D[] -AS4[@]]"

n=0

a? b*
Xexp: i[SO—mZSZ—e a S%‘ 0 o3 S?*’(J.‘P)” .
(4.19)

The parameters € and 6 are introduced here so that the
expressions in the preexponent involving S, and S, can be
selected by differentiation with respect to these parameters.
In the final result it is necessary to set e=1 and 6=1. In this
case only powers of the interaction term \S, remain in the
preexponent in the functional integral. The expression in the
exponential in (4.19) is reduced to one quadratic in the fields
by means of Fourier transformation. As a result, (4.19) is
written as

Wijl= ﬂzf_ x—f y277

Xexp{iQ[px—qy—p*—q*]}

n—k n—k

oo n l
DD —
n=0 k0 moo M!(n—k—m)!

271-1/2

a m a n—k—m (92
s . 2
i _&s) (l —00) [det —7 wyl[J,M~],

(4.20)

where
M?*=m?+ \/;ax, J=j+ 6Y*by,
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and w,[J,M?] are the perturbation series coefficients for the
generating functional W[j]. The standard Feynman rules
with the mass parameter M in the propagator can be used to
calculate the w,[J,M 2].

In the first nontrivial order for the generating functional
of connected Green functions

Z[j1=(Q) ™" In W[j]
we find

1 1
Z(])ij__ %m2x2+ ( 5 ;)mZon(mzy) - %mon(mzy)

—N[3A5(m%y) +6Ay(m?y)x>+x*], (4.21)
where
J M?
X= W, y= W

The optimization condition Z /gx =0 leads to the equation
m?x+4rx(3Ay+x2)=]. 4.22)

Similarly, for the parameter y, requiring that 9Z M)y =0, we
obtain

m?(y—1)=12\(Ay+x?).
Using (4.22) and (4.23), we find

(4.23)

az\V gz
For the effective potential V4=j¢—Z we finally obtain
Ver=img? + | === | M2Ao(M?) + bmAy(M?)

+A[3A2(M?)+6Ao(M?) @2+ ¢*]. (4.24)

It is easily seen that Eq. (4.24) coincides with the GEP.

All the methods of constructing VPT series for the ef-
fective potential described in this section have been chosen
such that the first nontrivial VPT correction gives the GEP.
However, the properties of the series are different, in spite of
the same result in first order. We shall discuss this question in
the following section. We conclude the present section by
noting that a new viewpoint on the problem of renormaliza-
tion of the GEP can be found in Refs. 46—50.

5. CONVERGENCE PROPERTIES OF VPT SERIES

Let us now consider massless ¢! theory in four-
dimensional Euclidean space with the action

S[e]l=Sole]+ASulo].

We construct the VPT series for the vacuum functional

(5.1)

W[0]=JD(P exp{—S[¢]} (5.2)

It is not difficult to generalize the method to the case of
Green functions. As the variation we shall use a functional of
anharmonic form

Slel=6%Sile]. (5.3)
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Then the VPT series for (5.2) is written as

w[0]= 2, W,[0,6],

s
w.L0.01= 1 [ o expt-sdent 69
where
Serl @.n]=Sol @1+ €Sl @]1—n In{AS,[o]— 025‘2’[(“;];

The principal contribution to the asymptotic form of the
higher-order terms of the series comes from field configura-
tions satisfying the equation

5Seff[(PO 1”] _
W—O. (5.6)

Varying (5.5), we obtain

~Poot 52 930, (5)

where
4!\n

“ Dlpol+ 26 g wol(n+ Dlo))’ G8)

D[e]=\S,[¢]- 6*Si[ ¢]. (5.9)
The solution of Eq. (5.7) that we need has the form

48 12
eo(x)==* \/;m—z (5.10)

The arbitrary parameters x, and u reflect the translational
and scale invariance of this model.

For what follows it is convenient to define new vari-
ables, setting

g=4C\\, 6*=gyx. (5.11)

Here Cs=4!/(16'zr)2 is the constant involved in the Sobolev
inequality (see, for example, Refs. 51 -and 52):

S e]=4CSil¢)- (5.12)
For the functional (5.9) on functions (5.10) we find
(1672)?
Dleo]l=4 —7—8(1—x). (5.13)

Substituting Sy[¢] and (5.13) into (5.8), we obtain an equa-
tion for the parameter a, the solution of which has the form

a={\b%4+nb—b/2}"",

b=[(32/7*)%gx]"". (5.14)
In the limit of large » we find
D[ @o]~n(1=x)/x. (5.15)
Then in leading order in n we obtain
(D" [1=x\"
w,[0,6]~ P = exp{—n}. (5.16)
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The inclusion of higher orders in n, including the functional
determinant, leads to the appearance in (5.16) of an
n-dependent multiplicative factor, which is not dominant and
does not affect the convergence properties of the series.

We see from Eq. (5.16) that independently of the value
of the coupling constant g the VPT series is absolutely con-
vergent for x>1/2. Here, as follows from the Sobolev in-
equality (5.12) for y>1, the VPT series is a series of positive
terms. For 1/2<x<1 the terms of the series at large n form a
Leibniz series. Here again the value y=1 corresponds to a
change of both the regime of the series and its asymptotic
optimization.

Let us now consider the two-parameter VPT in a space
of arbitrary number of dimensions. It is clear from the pre-
ceding analysis that the term containing the source in the
action, the preexponential polynomial factor in the functional
integral of the type {¢*}, and the mass term do not introduce
anything fundamental from the viewpoint of studying the
convergence properties. We therefore restrict ourselves here
to consideration of the vacuum functional, for which the
terms of the VPT series have the form

1
Ji=gr | PoaLe1-se1 expl—(sile)

+A%[e])],

where A[¢] is defined as in (3.9). Making the substitution
o—k" @, we obtain

(5.17)

i
Ji=y T (5.18)
1= [ Do exp(~kS a1k S0l ), (5.19)

where
Sel 1=A’[¢]—1n D[ o], (5.20)
Dle]=A’[¢]-Sil¢]. (5.21)

The dominant contribution to the functional integral (5.19)
comes from field configurations ¢, which minimize the ef-
fective action (5.20). The corresponding equation has the
form

—*pot+agpy—bei=0, (5.22)
where

a=x/0, (5.23)

b=2[6A[¢o](1-D[ep])] ™" (5.24)

It is convenient to transform to the function f(x) satisfying
the equation

[-d*+1]f(x)—f3(x)=0 (5.25)
and related to the function @y(x) as
Po(x)= \/Z: f(Jax). (5.26)

Let us define a constant depending on the space dimension:?
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Cc= j dxf*(x). (5.27)
In Ref. 2 it was shown that the absolute minimum of the total
action is attained on spherically symmetric solutions of the
equation of motion. Using this result and also equation
(5.22), it can be shown that in this case the minimum of S off
is also attained on spherically symmetric solutions. The con-
stant (5.27) can be calculated in principle (see Ref. 2), but its
value is not important for our purposes.
For the functionals S,[¢,] and A% ¢,] we find

Sileol=a/b?, (5.28)

A*[p]=a’1/b?, (5.29)
where a and 7 are defined as

a=Ca’*" "2, (5.30)

7=6°/4. (5.31)

It follows from (5.24) that the three parameters a, b, and 7
are related as

at(1-D[¢gg])=1, (5.32)
where
D[gy]=a(ar—1)/b>. (5.33)

Therefore, as before, only two parameters remain indepen-
dent. In leading order in k for (5.17) we find

i~k 2DM gglexp{ —k[AZ ¢o] - 11}. (5.34)

Using Eq. (5.22) it can be checked that A[@,]=1. The region
of parameters in which the VPT series converges is deter-
mined by the inequality

IDLeo]|<1. (5.35)

The best choice of variational parameters for which the con-
tribution of the higher-order terms of the series is a minimum
(the method of asymptotic optimization; Refs. 28 and 30)
corresponds to the condition D[¢,]=0, which leads to the
relation a7=1. The remaining independent parameter is fixed
by optimizing the sums of the first few terms of the VPT
series. The condition of asymptotic optimization for the
original parameters @ and y is written as :

16 \1/4-n
X= (W) :
In particular, in the one-dimensional case corresponding to

the anharmonic oscillator C=16/3 and the condition (5.36)
becomes (3.20).

(5.36)

6. THE NONPERTURBATIVE g FUNCTION IN THE j,
MODEL

In this section we consider the renormalization proce-
dure in the VPT method for the example of a scalar field
theory. Our discussion is based on that of Ref. 33. For the
massless ¢* model in four dimensions the Euclidean action
has the form

S[el=Sole]l+S/[e], (6.1)
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where
So[‘P]=%f dxo(— ), (6.2)
4 2
Sz[<P]=( 47:) g j dxg®. (6.3)

As is well known, the perturbation series for the Green-
function generating functional

W[J]=fD<p expl——S[cp]+jde-<p’ (6.4)
diverges and the function W[J] as a function of the coupling
constant g is not an analytic function near g=0. The actual
asymptotic behavior of the higher-order terms of the pertur-
bation series can be found using the method of steepest
descents.® Here the number labeling the term of the series
can serve as the large saddle-point parameter. The principal
contribution is determined by configurations which corre-
spond to large fields proportional to a positive power of the
saddle-point parameter. Clearly, in this case the interaction
term (6.3) cannot be viewed as a small perturbation of the
free action (6.2).

As we have seen in the preceding sections, in the VPT
method a new interaction term S, and, correspondingly, a
new free action Sy, are constructed within the framework of
the original dynamics. This splitting is accomplished using
several variational parameters. These parameters are fine-
tuned such that the convergence properties of the VPT series
are improved. As shown in the preceding section, there exist
methods of constructing the VPT in which the resulting se-
ries converge in a finite region of parameters.

Here we shall consider a VPT functional of the form

Slel=6Sgle] (6.5)
and rewrite the total action (6.1) as

Slel=Solel+nS[e], (6.6)
where

Sole]=Sol ¢1+5[¢], 6.7)
and

Silel=S1e]1-S[¢]. (6.8)

We have introduced the parameter # for convenience. Its
power will correspond to the order of the VPT in which we
are working. We shall set =1 in the final expressions. The
parameter & in Eq. (6.5) is the variational parameter. The
original functional (6.4) is independent of this parameter, so
it can be used to optimize the VPT expansion. In the normal-
ization of the interaction term used here it is convenient to
replace the parameter ¢ by the parameter ¢ using the relation

(41r)?

#*=4C; 41 gt

(6.9)
where C,=4!/(16m)? is the Sobolev constant involved in the
inequality (see, for example, Refs. 2, 3, 51, and 52 regarding
this)
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2
f dx<p4<Cs[f dx (p(—éz)tp} . (6.10)
The parameter ¢ is fixed on the basis of the principle of
asymptotic optimization discussed in the preceding section.
As a result, we find =1 (Ref. 30).

After expansion in the parameter # the functional inte-
gral is brought to Gaussian form by Fourier transformation.
As a result, for the Green function G, in Nth-order VPT we
obtain

G(ZA,’,)=f daa’" ! exp(—a— 6?a?)
0

N n — k
(92))1 k g5
n_2n v

XEO e E) (n—k)! T(2k+ )"

(6.11)

Here the functions g%, are the usual coefficients of the per-
turbation series for the Green function G,,. They can be
calculated using the standard Feynman rules.

We should stress the fact that the expansion (6.11) in
powers of the coupling constant g contains all powers of g.
The first N coefficients of this expansion coincide with the
corresponding coefficients calculated in Nth-order perturba-
tion theory.

Let us now turn directly to the realization of the renor-
malization program. Instead of the field ¢ and the coupling
constant g, we introduce the bare quantities ¢, and g,. The
field ¢, is related to the field ¢ as @,=Z'2¢. Here we shall
calculate the divergent constants Z and g, on the basis of the
VPT. The constant Z is calculated using the propagator G,.
For the approximation considered here it is sufficient to write
it out in first order. Using (6.11), we find

ZW=T(1)J,(63)+ 96T (3)J5(63), (6.12)

where we have defined
1 %0
J,,(02)=m jo da a" ! exp(—a—a’6?). (6.13)

The function J (¢?) is normalized by the condition J ,(0)=1.
For the connected part of the four-point Green function
in second-order VPT we obtain

6,T(6)
8011 T(4)
AZ
—|. (6.14)
yn
In this expression we have written out only the divergent part
which we shall need below, and we have used the scheme
with symmetric normalization point u’. For the bare cou-
pling constant g, we write the VPT expansion in the form
g0=8(1+ na+---). Analogous expansions must be written
down for the parameter 6 and J (). The divergent coeffi-
cient a is determined from Egs. (6.12), (6.14), and the re-
quirement that —Z2G,(u?) be finite. If we now change the
normalization point u—u' and use the fact that the bare
constant g, is independent of this point, we arrive at a rela-
tion between the constants g and g':

—GP(u?)=ngo) «(63)+ 7 Jo(63)

3
5 8/6(F)In
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12

, M
g'=g+nB(g)n w (6.15)

J(6%)1J 4(6%)

where the B function is expressed as

3
Bg)=758" 1= 0*{[T(6)J4(6%)/T(4)J ((6*)1-2[T(3)J5(6*)/T(1)J,(6H)]}"

The parameter & in (6.16) is defined in terms of the
coupling constant g according to (6.9) with the optimal value
t=1.

The expansion of the B function (6.16) in a series in
powers of the coupling constant contains all powers of g. It
is interesting to compare the resulting coefficients of the VPT
of the B function (6.16) with the known coefficients of per-
turbation theory. From (6.16) we find

B(g)=1.5g>—2.25g°+14.63g*— 134.44¢°
+1456.68°—17627.2g"+ - . (6.17)

In performing the renormalization the counterterms con-
tained only divergent expressions. In dimensional regulariza-
tion this corresponds to the case where the counterterms in-
clude only the pole parts (see Refs. 53 and 54, and also the
review of Ref. 55). The corresponding perturbative S func-
tion in the five-loop approximation has the form>®

Brerurn(8)=1.5g%—2.83g°+16.27g*~135.80g°
+1420.69g%+--- . (6.18)

We note that in the calculation of the B function (6.16)
we have used only the lowest nontrivial order of the VPT.
For this approximation the agreement between Egs. (6.17)
and (6.18) is quite acceptable. In Ref. 56 a prediction is
made, on the basis of summation of the perturbation series,
for the six-loop coefficient of the perturbative B function:
Bs=17 200*50. This value also agrees with the expansion
(6.17).

It follows from (6.16) that the B function grows mono-
tonically with increasing coupling constant g and does not
have an ultraviolet-stable point (Fig. 4). For large coupling
constants the asymptotic behavior of the 8 function (6.16) is

3 \/_1; 3/2

,3(8)=E3,” 8

3!

(6.19)

In the literature one can find various predictions for the
asymptotic behavior of the B function obtained by different
methods. For example, we note that the rate of increase of
the B function in (6.19) is larger than the linear growth found
in Ref. 57, and smaller than the quadratic growth obtained in
Ref. 58.

7. APPLICATION TO QUANTUM CHROMODYNAMICS

Many problems in quantum chromodynamics require the
use of nonperturbative methods for their solution. Great ef-
forts based on a wide variety of approaches have been and
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(6.16)

are being made in this area. In this section we shall consider
the use of the VPT method in quantum chromodynamics as a
possible method of performing calculations in the nonpertur-
bative regime. Our discussion will be based on Ref. 59. We
shall proceed via the construction of the VPT series on the
basis of the harmonic variational procedure (we discussed a
somewhat different possibility earlier in Ref. 60). It has not
yet been possible to prove the convergence of the VPT series
for quantum chromodynamics in this case. Nevertheless,
there are promising results obtained for simpler models®>*?
which suggest induced convergence.”> An important feature
of this approach is the possibility of using the ideas of VPT
in quantum chromodynamics to construct a new expansion
parameter which is always smaller than unity for any value
of the coupling constant.

To explain the basic idea behind the method, let us con-
sider pure Yang—Mills theory. The inclusion of quarks does
not present any problem. The corresponding Lagrangian has
the form

LYM:_%(F,u,u)z_%gF;LV[A,uXAv]—AIng[A;LXAu]Z
+Lg4£+LF.P.=L0(A)+gL3(A)+82’L4(A)’ (7.1)

where F,,=d,A,—3dA,, Ly is the gauge addition, and
Lgp is the Faddeev—Popov Lagrangian.

The expression L;(A) generates three-gluon and ghost-
gluon-ghost vertices. For us it will be important that these
interactions are Yukawa interactions. The expression L,(A)
generates four-gluon vertices. We introduce the fields y,,
and transform L 4(A) such that the gluon fields and the fields
Xy interact in Yukawa fashion. The corresponding transfor-
mation has the form

e
exp[—i T f dx[A”XA,,]Z}

i 2 .. 8
=IDX exp‘zfdx,\/‘“ﬁz 7

X fdx)(’“,[A#XA,,]]. (7.2)

The functional integral in (7.2) is normalized by the condi-
tion
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[ oxess| 5 [ axxioti [ donuten o]

i
=exp[5fdx dy J,(x)A(x,y) . #l,,IJM],,I(y)],

(7.3)
where A(x,y) is the propagator of the field y
ALY = 8= ) Bap By Buu- (7.4)
Therefore, the action functional can be written as
S=So(x)+S(A,x) +S¥(A), (7.5)

where

S(A.x)=1% f dx dy A%(x)[D ' (x,y| )12 A,
(7.6)

and D(x,y|x) is the propagator of the gauge field in the
field x

[Dkl(xay|X)]Zby=[_ azg,uuéab-i_gﬁfabcx;zf

+ gauge terms]d(x—y). (7.7)
For the Green function we can write
G(+)=(Gyul " |X))s (7.8)

where

G+ 1x0)= f DAL~ Texp{ilS(4,x) + ST )T},
(7.9)

("')zfDX["']CXP[iSo(X)]- (7.10)

The Green functions Gy, (-*|x) are determined only by
Yukawa-type interactions with the gluon propagator
D(x,y|x). In Fig. 5a we show the full gluon propagator
(D gui(x,y| x))- Diagrams with four-gluon vertices arise in the
expansion of D(x,y|x) in a perturbation series (Fig. 5b).
They are added to the Yukawa diagrams and the standard
diagrammatic representation of the perturbation series arises
(Fig. 5c¢).

Following the ideas of the VPT method, we write the
Lagrangian in the form

L(A,x)=Lo(A,x)+L(A,x),

Lo(A,x)={"'L(A,x)+ & 'L(x),

Ly(A,x)=nlgLym(A) = (L' =1)L(A,x)
— (&=L

where { and ¢ are variational parameters. The initial com-
plete Lagrangian L(A,x) is of course independent of them.
Therefore, the freedom in choosing ¢ and £ can be used to
obtain a VPT expansion with specified properties. We recall
that here we are trying to construct a new small expansion
parameter.

We see from (7.11) that if the parameters introduced sat-
isfy 0<{<1 and 0<{¢<1, by writing the Lagrantian in the

(7.11)
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FIG. 4. Graph of the B function given by (6.16).

form (7.11) we “weaken” the interaction term and
“strengthen” the free action. As before, we set =1 after all
the calculations. This parameter will be provided for also in
the propagator D(x,y|x) in combination with the coupling
constant. As a result, for the Green function we obtain

-——@~—~=<~v-+-o<:}w +~.._<'_‘;w+
4%# e 4 >

a

ey e
meg‘_ 4@“+...

b

G = s [ +~<:'_~»~+~Q~]

C

FIG. 5. Diagrammatic representation of the complete gluon propagator ac-
cording to perturbation theory using the x transformation. The wavy line
with the point corresponds to the function D(y).
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G(-+)=2 G,(-+),

1
G(++) =7 o | DxDAL-+]
X[iS1(A,x)]" expliSo(A,x)],

. n . 1
=(in) k§=:0 TEI J-DXDA["']

X[gSymA) (¢ = 1)S(A4,%)
+H(E=DSO0TF expliSo(4,x)]. (7.12)
To simplify the calculations we redefine Ly(A, ) as
Lo(A,)=Lo(A,x)=[1+ k(' =1)]IL(A,x)
+H[1+x(€'-DIL(x). (7.13)
After this any power of
[T =DSA, ) +(E ' =1DS(0)]

in (7.12) can be obtained using the corresponding number of
differentiations of the expression exp[iSq(A,x,x)] with re-
spect to the parameter « and then setting x=1.

Therefore, from (7.12) and (7.13) we find

B né 1 ( J )n—k
Gn_ﬂk:o (n_k)! _E <gk(K))7

(7.14)

where the functions
i '
8= 7 | DAL TgSBiA)H

X exp{i[1+x(§_1—1)]f dx L(A,X)]
(7.15)

are constructed on the basis of the Yukawa diagrams of
Yang—Mills theory with the propagator

[1+ &' =117 'D(x,y|x)— {D(x,y|x)

for k=1. The x-field propagator contains the factor
[1+k(&1-1)]"", which becomes £ for k=1.
The differentiation operator

1 g\
n\ ok
gets rid of the factor (1—¢) for the gluon propagator and

(1—&)" for the y-field propagator.
It is easy to show that the Nth order of the VPT series

coincides with Nth-order perturbation theory up to O(g"*!)
N

G=2 G,=GM+0(g"*). (7.16)
n=0

Therefore, for small coupling constants the VPT expansion
leads to the same results as standard perturbation theory.
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FIG. 6. Diagrams corresponding to the VPT expansion of the complete
gluon propagator.

In Fig. 6 we show the diagrams for the complete gluon
propagator corresponding to the new expansion. The slashes
on the gluon line denote differentiation with respect to the
parameter « and, consequently, presence of the factor (1—¢).
In the case where the gluon line arose owing to the y field
the corresponding factor is (1—§).

The resulting expansion has the following structure:

1+ 9(1-0+ 7 [(1-)*+g* P+ €]+ 7’[(1-¢)°
+g2P(1-D+g2(1-+g*(1- )1+ . (1.17)

It is easy to verify that this structure is preserved also for
other Green functions.
‘We now see that if we choose

=0, 1-0°~g*0

we find that the nth term of the VPT series contains the usual
factor (1—¢)", and the second condition in (7.18) guarantees
that the inequality (1—¢)<<1 is satisfied for all positive values
of the coupling constant.

Using dimensional regularization with d =4—2g, for the
renormalization constants Z,yy and Z;yy (see Ref. 61 for
the corresponding notation) in leading order VPT we find

(7.18)

1
Ziym=1+NCIN(F—3ag)— 5N/ 38’ (7.19)

1
Zyou=1+NCIN(E—ag) = 3N/ 5. (7.20)
Here we have already introduced quarks, which are easily
incorporated into the scheme described above owing to their
Yukawa interaction with gluons. The quantity A=ag/(4m)
and the parameter { are related to each other as

(1-9)?=Crg (7.21)
with positive constant C.
From (7.19) and (7.20) we find
2e72 -3 2 3 bO
No=pPZiymZ iy =Ap 1=\ = (7.22)

where by=11—2/3N. From this for the 8 function we ob-
tain
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(7.23)

Solving the corresponding renormalization group equa-
tion, we find

2
- TRLL (7.24)
where the function f({) has the form
)= 2 + +211 L— = 7.25
e AR T A = A S

It is easily seen that in the perturbative region, when
0% A%({~1) from (7.21), (7.24), and (7.25) we obtain the
well known one-loop result:

1
2y—

)\(Q )_ bO ln(QZ/AZ) .
For decreasing Q2 and, accordingly, increasing A(Q?) the
logarithmic growth is replaced by power-law growth
NQH~07%

To construct the nonrelativistic quark-antiquark potential
we use the expression

167 [ dQ as(Q?)

V(r)-——-T o’ exp(iQr) 02

(7.26)

In order to find V(r) we approximate as(Qz) by the
expression

47

appr(Q )= Q_ by In(a,+ Q% A?)

(7.27)

with two parameters a, and a,, which is the minimal form
allowing the expression found for ag(Q?) to approach the
appropriate region of Q2 The result of this approximation
for Ays = 140 MeV, Ny=3, and C=0.82 with the param-
eters a;=0.260 GeV? and a,=897.0 is shown in Fig. 7. The
conversion of Ay to the MS scheme used here was accom-
plished using the usual two-loop expression. Substituting
(7.27) into (7.26), we obtain the nonrelativistic quark-
antiquark potential shown by the solid line in Fig. 8. The
dashed line shows the phenomenological potential taken
from Ref. 62 and agreeing with meson spectroscopy.

Let us also consider the effective quark mass. The cor-
responding anomalous dimension in our approximation has
the form

7]
Ym=4N o= (). (7.28)

Using (7.21) and (7.24) and solving the equation

d In m(Q?)

dmgr - Tm (7.29)
we find
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FIG. 7. Result of approximating as(Q?) by Eq. (7.27). The solid line cor-
responds to ag(Q?) obtained using the VPT. The dashed line shows the
result of the approximation using Eq. (7.27).

4/bg
] , (7.30)

b
m(Q2)=ﬁz[ﬁ as(Q?)

where m is the renormalization-invariant mass parameter.
The quantity m(Q?) for the same parameters used earlier and
for m=7 MeV is shown in Fig. 9.

The singular infrared behavior of the invariant charge

ag(Q*)~Q 2 (7.31)

has been discussed often in the literature (see, for example,
the review of Ref. 63). If in momentum space the quark
interaction potential is written as

2

| V(r)
O_
_2._

11

4i
—4

_I

!

] r (Gev'')
_ SO (N R S NN NN S TS W NN S SR NN S T S
60 2 4 6 3 10

FIG. 8. Nonrelativistic quark interaction potential. The solid line is the

potential obtained here and the dashed line is the phenomenological poten-
tial taken from Ref. 62.
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FIG. 9. Running quark mass m(Q?) as a function of Q for ;=7 MeV.

167 as(q?)

V(q2)= - '—3— -2

p (7.32)

this behavior ensures the linear growth of the potential in
coordinate space V(r)~r at large distances.

The asymptotic behavior (7.31) is related to the asymp-
totic form of the B function B(\)——N\ at large coupling
constants. This infrared picture of quantum chromodynamics
is consistent with the Schwinger-Dyson equations® and with
lattice calculations.® The behavior of —B(\)/\ for the pa-
rameters quoted above is shown in Fig. 10, from which we
see that at large \ its value is close to unity. In Fig. 11 we
show the quantity 4\/Q2)\(Q7), for which the phenomeno-

1.5

B0 )/

1.0

A

100

§ S S [ S S S SN S

0.5 L
0 50

FIG. 10. The quantity —B(\)/\ as a function of \.
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FIG. 11. The quantity 4 yQ*\(Q?) as a function of \.

logical value at large coupling constants following from me-
son spectroscopy is 0.59 GeV (Ref. 63). We see that this
value appears quite clearly in the graph.

8. CONCLUSION

Here we have considered an approach to quantum field
theory based on variational perturbation theory. The original
action functional is rewritten using some variational addition
and an expansion in the effective interaction is made. There-
fore, in contrast to many nonperturbative approaches, in the
VPT method the quantity under study from the beginning is
written in the form of a series which makes it possible to
calculate the needed corrections. The VPT method thereby
allows for the possibility of determining the degree to which
the principal contribution found variationally using some op-
timization principle adequately reflects the problem in ques-
tion and of determining the region of applicability of the
results obtained.

The possibility of performing calculations using this ap-
proach is based on the fact that the VPT method, like stan-
dard perturbation theory, uses only Gaussian functional
quadratures. Here, of course, the VPT series possesses a dif-
ferent structure and, in addition, some of the Feynman rules
are modified at the level of the propagators and vertices. The
form of the diagrams themselves does not change, which is
very important technically. The diagrams contributing to the
Nth order of the VPT expansion are of the same form as
those contributing to the Nth order of ordinary perturbation
theory.

The variational parameters arising in the VPT method
allow the convergence properties of the VPT series to be
controlled. In the case of the anharmonic variational proce-
dure for ¢* field theory there is a finite region of parameter
values in which the VPT series converges for all positive
values of the coupling constant. For the harmonic variational
procedure there are indications, as discussed above, that the
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VPT series will also converge in the sense of so-called in-
duced convergence, when the variational parameters are
“twisted” from order to order. The possibility of construct-
ing Leibniz series in field theory is also interesting. In this
case the first few terms of the series can be used to obtain
two-sided estimates of the sum of the series, and the exist-
ence of variational parameters makes it possible to narrow
these estimates the maximum amount in a given order of
VPT.

Here we have presented different methods for using VPT
to derive the nonperturbative Gaussian effective potential.
For example, it arises as the first nontrivial approximation in
the variational correction of the one-loop contribution both at
the level of the harmonic variational procedure and for the
anharmonic one. However, the properties of the resulting se-
ries are different. If we leave the mass parameter optimizing
the effective potential fixed according to the first order,
which can be convenient owing to the relative simplicity of
the equation which it satisfies, convergence of the series can
be ensured only by the anharmonic method of introducing
the trial functional. Convergence for the harmonic variational
procedure can only be obtained in the sense of induced con-
vergence, by fine-tuning the variational parameter from order
to order. Nevertheless, the harmonic method of constructing
the VPT is very attractive owing to its simplicity and the
possibility of generalization to other field theoretic models.
This is why we have selected it for the application of VPT to
quantum chromodynamics.

This approach we have proposed to quantum chromody-
namics is based on an expansion in which a new small pa-
rameter is used. This parameter obeys an equation whose
solution is always smaller than unity for any value of the
coupling constant. Therefore, while remaining within the
limits of applicability of this expansion it is possible to deal
with considerably lower energies than in the case of pertur-
bation theory. In the present study we have considered only
the first nontrivial order. The results obtained for the nonper-
turbative B function and the quark interaction potential look
promising. Of course, the question remains of the stability of
these results and the use of this scheme to describe many
other quantities and processes. We are in the process of
studying this. Without getting ahead of ourselves, we can
make the following two remarks. First, for the method de-
scribed here we can count on the induced convergence of the
VPT series. As noted above, a rigorous proof of this type of
convergence exists only for simple models.***" In the case of
quantum chromodynamics it is not yet possible to suggest a
rigorous demonstration of convergence. However, our pre-
liminary calculations for the next highest order indicate that
the picture described above remains valid. Second, an impor-
tant feature of this approach is the fact that for sufficiently
small ag it reproduces the standard perturbation theory.
Therefore, all the high-energy physics is preserved in our
method. In going to lower energies where standard perturba-
tion theory ceases to be valid [a5(Q*)~1], our expansion
parameter remains small and we do not find ourselves out-
side the region of applicability of our approach.
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