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The Lagrangian and Hamiltonian mechanics of a recently proposed twistor-like Lorentz-harmonic
formulation of the D =10, N=IIB Green—Schwarz superstring are discussed. The equations

of motion are derived, and the classical equivalence of this formulation to the standard one is
proved. The complete set of covariant and irreducible first-class constraints generating the

gauge symmetries of the theory, including x symmetry, is presented. The algebra of all gauge
symmetries and the symplectic structure characterizing the set of second-class constraints

are derived. Thus, a basis for the covariant BRST-BFV quantization of the D =10 superstring in

the twistor-like approach is constructed.

1. INTRODUCTION

Superstrings in D=10 (Refs. 1-3) are discussed as a
possible basis for constructing a self-consistent quantum
theory of gravity and a unified theory of all interactions.
However, its covariant quantization is hampered by the prob-
lem of xk-symmetry covariant description because this fermi-
onic symmetry* is infinitely reducible in the standard super-
string formulation."? Unfortunately, the existing modern
schemes®™’ of covariant quantization have been developed
only for systems with a finite level of constraint reducibility.
(We recall that such a problem appears already in the super-
particle theory.>®)

Progress in solving the problem of covariant quantiza-
tion is necessary for a correct choice of the superstring
ground state among the infinite number of solutions for
D =10 superstring compactification. As a result, infinitely
many different effective 4-dimensional theories appear in-
stead of a unique 10-dimensional one.’

One way to solve the problem of covariant superstring
quantization is to use the fact that the reducibility level of the
symmetries is not invariant under possible reformulations of
the theory.”~” In other words, two classically equivalent theo-
ries may have different levels of reducibility of their symme-
tries. Thus, a formulation of superstring theory which in-
cludes auxiliary variables and is classically equivalent to the
standard formulation!~> may have either a finite level of re-
ducibility of k symmetry or even irreducible x symmetry.>)

This approach has been opened up in the pioneering
works of Nissimov, Pacheva, and Solomon.!#-16 They have
extended the phase space of the D=10, N=2 Green—
Schwarz superstring by adding the vector SO(1,9)/
[SO(1,1)®SO(8)] harmonic variables (ul,,ﬂ] ,uf,’;)) (see Ref.
13), with the two light-like vectors ul*?! replaced by bilinear
combinations of the D=10 bosonic spinors v**:
uE,,iz]:v“tO'maﬁvﬂi.

The characteristic feature of the approach!*~!7 is the for-
mulation of the action functional in the Hamiltonian formal-
ism using the Lagrange-multiplier method. The “harmonic”
variables (v**,u')) and the momentum degrees of freedom
canonically conjugate to them are involved in the action
principle through constraints chosen in such a way that the
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additional variables are pure gauge ones. Thus, equivalence
of the “harmonic” superstring formulation'*~!® with the
standard Green—Schwarz one is achieved.

The use of these variables permitted Nissimov, Pacheva,
and Solomon to solve the problem of the covariant decom-
position of the Grassmannian constraints into irreducible
first- and second-class ones. The second-class fermionic con-
straints were transformed into first-class constraints using the
auxiliary fermionic variables, and covariant quantization of
the Brink—Schwarz superparticle and Green—Schwarz super-
string theories was carried out'4-16 (see also Ref. 17).

In parallel, the twistor approach®® to superparticle and
superstring theories has been developed (Refs. 24, 40, 42,
43, 45, and 46). It is closely related to the approach of Nis-
simov, Pacheva, and Solomon; in particular, both approaches
use bosonic spinor variables as the auxiliary ones. However,
the twistor approach puts forward a new concept explaining
the nature of the set of auxiliary bosonic spinor variables
necessary for covariant decomposition of the Grassmannian
constraints of superparticle or superstring theories. This con-
cept, proposed in Refs. 2830, interprets the chosen bosonic
spinor variables as the ‘“‘superpartners” of the target super-
space Grassmannian coordinate field #*/ with respect to
world-sheet supersymmetry.

Such a treatment of the bosonic spinor variables reduces
the arbitrariness in their choice and, in particular, fixes their
number as N(D —2), where N is the number of target-space
supersymmetries and D is the dimension of the target space-
time.

On the basis of the twistor approach the “mysterious” «
symmetry is presented as the nonlinearly realized world-
sheet supersymmetry when all auxiliary fields are eliminated
using their equations of motion.28~%

In the superfield realization of the twistor approach the
infinitely reducible « symmetry with algebra that is closed
only on mass shell is replaced by the local world-sheet su-
persymmetry transformations,?®~3° which are irreducible and
have the algebra closed off the mass shell. Thus, the twistor
approach seems to be a relevant basis for the covariant su-
perstring quantization, alternative to that developing in Refs.
14-17.

Doubly supersymmetric superfield action functionals
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have been proposed for the superparticle and heterotic super-
string in D=3, 4, 6, 10 (Refs. 28—32 and 34—40) as well as
for the D=3, N=2 Green—Schwarz superstring.s" There are
some problems in the construction of such superfield action
functionals for N=2 Green—Schwarz superstrings in D=4,
6, 10 (Ref. 59), and, up to now, this problem remains open.
Nevertheless, a component twistor formulation'®**® exists
for these cases. These formulations are related to the super-
field ones rewritten in terms of components, when all the
auxiliary variables, except for the bosonic spinor ones, are
eliminated from the action using algebraic equations of mo-
tion. Therefore, in twistor-like component superstring
formulations'*?>4¢ the world-sheet supersymmetry is real-
ized nonlinearly, i.e., represented as a k symmetry, and its
algebra is closed only on the mass shell. However, the «
symmetry remains irreducible in this formulation, and the
number of auxiliary bosonic spinor variables (twistors) re-
mains the same as in superfield ones. Hence, these
formulations'*?46 still give possibilities to investigate the
machinery of the twistor approach in solving problems re-
lated to the task of covariant superstring quantization.

The D=10, N=IIB superstring formulation,?>*6 being
invariant under the (nonlinearly realized) extended local
n=(8,8) world-sheet supersymmetry, includes in its con-
figuration space two sets of auxiliary Majorana—Weyl
bosonic spinor fields (twistor components) v},(7,0) and
voi(70) (a=1,.,16;A=1,..,8;A=1,...8) taking values in
8-dimensional s and ¢ spinor representations of the “trans-
verse” SO(8) group. These twistor components are the su-
perpartners of the Majorana—Weyl Grassmannian spinors
6*'(r,0) and ¢"*(1,0) under the world-sheet supersymmetry
transformations.

Comparing the component twistor-like formulation with
the one proposed by Nissimov, Pacheva, and Solomon,'*~!7
we conclude that they differ not only in the form of the
action functionals, but also in the sets of auxiliary bosonic
spinor fields. More precisely, one can say that the additional
twistor variables in the set’*?!*®> can be obtained by taking
the square root of the transverse vector harmonic variables
u$) belonging to the NPS set.'*~!7 In other words, the har-
monic fields'*~!7 are composite objects constructed from the
twistor variables.?*?!?3 The importance of the latter differ-
ence for the problem of covariant superstring quantization
can be shown only by further investigations of the classical
and quantum dynamics of superstrings in the twistor ap-
proach. Here we note only that the square-root operation
leads to nontrivial consequences in many cases.’!

Note that auxiliary spinor variables similar to the twistor
variables discussed above have been previously used by
Wiegmann®’ for the description of the N=1, D=10 het-
erotic and the Neveu—Schwarz—Ramond fermionic string in
the covariant light-cone gauge. The paper of Ref. 57 is
closely related to the Lund-Regge geometric approach®
and, especially, to its gauge interpretation,®’ where the
2-dimensional SO(1,1) and SO(D —2) gauge fields and the
Cartan embedding forms used in Ref. 57 have been intro-
duced. However, Wiegmann does not consider the problem
of constructing a covariant Hamiltonian formalism for the
original heterotic-string phase space extended by the addition
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of twistor variables in an arbitrary gauge. Instead, the author
of Ref. 57 eliminates the original physical variables of the
heterotic string #*(7,0) i.e., the Grassmannian target-space
spinor coordinates, by means of functional integration. On
the other hand, the original phase space of the heterotic
string reduced in this way is extended by the addition of
effective gauge fields®' generated by the differential forms of
embedding. As a result, the Hamiltonian structures of the
twistor*>2% and the effective®’ actions differ in principle.

For all the above-mentioned reasons we regard the in-
vestigation of the Lagrangian and Hamiltonian structures of
the D =10, N=IIB Green—Schwarz superstring in the com-
ponent twistor-like formulation?*?*¢ as a problem worthy of
attention. This is just the suggested problem in the present
paper.

Here we follow Refs. 18—23 and 46 and realize the
twistor variables for the D =10, N=IIB Green—Schwarz su-
perstring as the pure spinor Lorentz harmonics which param-
etrize the SO(1,9)/[SO(1,1)®SO(8)] coset. These harmonics
are obtained by taking the square root of the basic vectors of
the moving Cartan set attached to the superstring world-
sheet. Newman and Penrose were the first to consider this
interpretation of the twistor components for D =44

In Refs. 18, 19, 62, 42, and 43 the Newman—Penrose
dyads were used for the description of massless superpar-
ticles, null superstrings, and null supermembranes. In par-
ticular, those papers demonstrated the fundamental role of
the component twistor formulation for the actions of null
super-p-branes (i.e., massless superparticles for p=0, null
superstrings for p=1, and null super-p-branes for p=2) in
4-dimensional space-time for the solution of the problem of
covariant constraint splitting and their conversion’ into Abe-
lian first-class constraints. As a result of the component
twistor approach the problem of covariant BRST-BFV
quantization of null super-p-branes in D=4 was solved.***

In the case D =4 the Newman—Penrose dyads were used
to construct vector fields #)(7,0™) of the Cartan moving
set (an isotropic tetrad*) attached to the world-hypersheet of
the (null) super-p-brane. The twistor-like null super-p-brane
action is the first-order form functional constructed using the
vector composed from this moving-frame set.

This observation leads to a generalization of the Lorentz-
harmonic approach!®!°4243 g the description of superstring
and other extended supersymmetric objects (for example, su-
permembranes) in higher dimensions D.?*%#%% The pro-
posed generalization implies the need to consider the
D-dimensional spinor harmonics as generalized “dyads.”
Therefore, if the first-order form action with auxiliary vector
variables is known, the problem of the twistor-harmonic de-
scription of the superstring (and super-p-branes) imbedded in
the D-dimensional space-time is reduced to the problem of
constructing a realization of the Cartan set (moving-frame
system) u{M(1,0M)=u"(£*) in terms of the spinor
2107215 210721 harmonic matrix

veeSpin(1,D—1), a=1,...,2"%

a=1,...,2" (1.1)

with v=[D/2] or (D—2)/2 for Majorana—Weyl spinors in
D =10 (mod8) (Refs. 1823, 42, 43, 45, and 46).
But such a task can be solved easily. The orthonormal set
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ulMymh= M =dijag(1,-1,...,— 1) (1.2)

belongs to the SO(1,D—1) group. The double covering of
this group is Spin(1,D — 1). Thus, the connection of the set
u{" with the harmonic variable matrix v{, is defined by

means of a “square-root” type of universal relation
ul=2""%(CT,,)Pvp(T"C™ "),y (1.3)

As a result of Eq. (1.1), the relation (1.3) may be rewrit-
ten in the following forms:

U (C"C™ 1) ag=v T C gy (14a)
Uy (CT ()™ =v(CT )P0} R

This is possible because, in the general case, the identities

sp(uTcr,,,l,_.,,,kvl‘("’c*‘)=0, (when k>1), (1.5a)

Sp(v’CT ™" C~1)=0, (when k>1) (1.5b)

are satisfied for the matrix v eSpin(1,D—1) (1.1).

The relations (1.1)—(1.3) are the basis of the twistor-like
Lorentz-harmonic approach to super-p-brane theories.

The approach discussed above has been called the har-
monic one, because the condition (1.1) is realized not by
expressing the matrix v{, as an exponential function of the
Spin(1,9) Lie-algebra generators, but by the requirement that
the matrix v% satisfy a set of so-called harmonicity condi-
tions

EM(U)=0.

These conditions ensure fulfillment of all the relations (1.5a),
(1.5b), as well as of the relations (1.3), by definition. More-
over, it is more convenient to use them than the straightfor-
ward exponential parametrization [this fact was already evi-
dent in the case of the compact space SU(2)/U(1) (Ref. 47)].

For the case of the D = 10 superstring, the matrix v has
one SO(1,9) Majorana—Weyl spinor index a=1,...,16 and
one 16-dimensional index a of the right product of the
SO(1,1) and SO(8) groups. The latter can be decomposed
into two SO(1,1)®SO(8) invariant subsets of indexes
a= (X 4 ). Here A=1,...,8 and A=1,...,8 are the indices of
(s) and (c) spinor representations of SO(8) and the = sym-
bols denote the Weyl weight under the transformations from
the SO(1,1) group (which is identified with the Lorentz
group of the world-sheet in the formulation of Refs. 22, 23,
and 46). Accordingly, the 16X 16 harmonic matrices v}, are
decomposed into the two 16X8 blocks?*?!

(1.6)

Va=(Van ¥ 4)s 1.7)
which transform covariantly under the left SO(1,9) and right
S0O(1,1)®S0(8) transformations.

The corresponding SO(1,9), ®[SO(1,1)®S0O(8)]z invari-
ant splitting of the composed Cartan set (1.3) has the form

uf,:')E(uﬁ,?),uE,,”,...,uﬁ,?))E(uf,{},uf,',')) (1.8a)
ulfl=(uy) u) = @l ul 72,
3 (b2 ul 72y, (1.8b)
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w=u" . u®), (1.8¢)
where the vectors u[,,ﬂ], uf,? are defined by the relations?*?!
W=t (0} G )= F oAb, (1.9
uE”—z]=% (v;tfmv,;—), (1.9b)
U =5 (V4 T ) V- (1.9¢)

The contracted SO(1,9) spinor indices are omitted in (1.9b),
(1.9c) and in the following formulas.
The harmonicity conditions (1.6) have the following

form in our case:2*->4¢
By my = 0" W0 B =0, (1.10a)
Eo=ul, “lum*2-2=0, (1.10b)
where the expression
B =SP0G0, mpo™)
=vo(Tm, ...m5)“BUIZ;(U‘"))ab=0 (1.11)

vanishes as a consequence of Eq. (1.10a).*® The last expres-

sion of the type (1.5a) vanishes identically because of the
antisymmetry property of the matrix (6',,,].__,,,3)"/3 under
spinor-index permutations.

The orthogonality conditions (1.2) are satisfied as a gen-
eral consequence of the expressions (1.9), the conditions
(1.10a), and the famous identity

6.&{ B(rys}m

. =1(2P57%"+ cyclic permutations(a,3,7))

=0. (1.12)

The normalization conditions for the composed set (1.2),
(1.9) are satisfied as a result of the harmonicity conditions
(1.10a), (1.10b) and the identity (1.12).

Thus, an orthonormal set in D =10 space-time has been
constructed in terms of generalized dyads. After the con-
struction of the first-order form superstring action using the
auxiliary vector variables nl,,ﬂ], which belong to the
moving-frame system, the twistor-like form of the super-
string action can be achieved by the simple replacement of
the nL*2! by the composed vectors ul;"?! (1.9).

In this way the action for the D= 10, N=IIB superstring
was constructed.”>?

Here we continue the program outlined in Refs. 22 and
23.

Lagrangian and Hamiltonian mechanics of the twistor-
like Lorentz-harmonic formulation of the superstring are
constructed. The equations of motion are derived. The de-
composition of the constraints into covariant and irreducible
first- and second-class ones is carried out. We compute the
algebra of the gauge symmetries of the theory in the Hamil-
tonian formalism and present the symplectic structure char-
acterizing the set of second-class constraints. Thus, we get
all necessary information for the conversion of the second-
class constraints into Abelian first-class ones (see Ref. 7); the
construction of the classical BRST charge and covariant
quantization will be the subject of future work.
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The paper is organized as follows.

To elucidate the description of the superstring in the
twistor-like formulation we consider the bosonic-string for-
mulation with auxiliary vector variables in detail. This is
done in Sec. 2, where the derivation of the equation of mo-
tion and the construction of the Hamiltonian formalism for
systems with harmonic variables are discussed using this
simple example. For the convenience of the reader, the de-
scription is closed in this section.

In Sec. 3 we describe the twistor-like Lorentz-harmonic
superstring formulation®>?* and discuss its equivalence to the
standard one.'* Here we derive all the equations of motion
for this superstring formulation.

Section 4 is devoted to the construction of the Hamil-
tonian formalism.

The primary constraints are derived, and the so-called
covariant momentum densities for the harmonic variable are
introduced in the Sec. 4.1. It is demonstrated that these mo-
mentum variables generate the current algebra of SO(1,9) on
the Poisson brackets.

In Sec. 4.2 the Dirac prescription for checking the con-
straint conservation during the evolution is carried out, and
the covariant and irreducible first-class constraints are de-
rived.

In Sec. 5 the first-class constraints are redefined. This
redefinition leads to a simplification of the algebra generated
by them on the Poisson brackets. Such an algebra is pre-
sented in the Sec. 5.1. The symplectic structure of the system
of second-class constraints is derived in Sec. 5.3. The rela-
tion between the well-known Virasoro constraints and the
reparametrization-symmetry generators of the twistor-like
formulation?>? is discussed in Sec. 5.3.

Our notation for the Majorana—Weyl spinor indices in
D =10 coincides with that of Refs. 14 and 15 except for a
different choice of the metric signature [see Eq. (1.2)].

2. BOSONIC STRING IN THE CARTAN
MOVING-FRAME FORMULATION

2.1. Action principle and equations of motion

To elucidate the description of the superstring in the
twistor-like Lorentz-harmonic approach we consider the
bosonic-string formulation with the following action func-
tional:

sEf dsz(§)=f d*ée(£)(—(a') et xmnP+c).
(2.1)

This formulation uses two D-dimensional vector fields
{f}—(n nP- ”) belongmg to the Cartan set” (moving-
frame system) nW=n 1Dy attached to the string world-
sheet and deﬁned by the orthonormality conditions

= (m{1) ——n(" ) _ 1;(")“’= 0, (2.2)

with the Minkowski metric tensor (“)“)“dlag(+ -).
Another set of auxiliary fields that is used is the world sheet
zweibein ef w8 [u=(10); f=0,1]:

etef = f f v_ ov — f
geﬂ Oy, e, o, e=det(e,,).

(2.3)
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The two-dimensional Lorentz group SO(1,1) acts on the
flat indices f,g of the zweibein e (f) as well as on the
2-valued index {f} labeling the vectors from the set n{f}(.f) 3
The basis of a two-dimensional vector space can always be
chosen to be composed of two light-like vectors with definite
and opposite weights under the SO(1,1) group. Thus, it is
convenient to work in terms of the light-like zweibein com-
ponents

L= (Hel el ), Yol

[-2]
el 2y,
e#:(;_(e,u[—ﬂ.;_eu[ﬂ]), Het 21— gul+2]y)
[+2]pul+2]= )=l ~2]onl-2]
e, e 0 e, e ™=l
[+2]oul—2]= 9 — o[-2],p[+2]
e, et 2 e, et ,

eHtV= ;_e(e#[+2]eV[—2]_eu[AZ]eV[JfZ])’

(2.4)
(e"'=—g=1),
ghr= %(e#[+2]eV[~2]+eﬂ[-ZleVH?-]),
—g=e
5[1:: ;—(GEJ—Z]Cu[—2]+351__2]ey[+2]),
G#VC’L[_Z]EV[+2]=2/€,
and the light-like vectors
ng}=(%(n£,+2]+ngn_2]), _(n[+2] [—2]))’
nL]tz]:ni?}tng}:nfg)infr?i D, (2.5)

nEn+2]nm[+2]=O:nEn—z]nm[—z], nEn+2]nm[—2]= 2
[cf. (1.8b)].¢

The variation of the action (2.1) with respect to the in-
verse zweibeins ef gives the relation

el (=a,x™nfc(a’)!??, (2.6)

which is a simple expression for the form
el(d¢, & =dére’ u(§) of the world-sheet, induced by embed-
ding of the world sheet into the D-dimensional Minkowski
space-time. Taking into account Eq. (1.6), we can eliminate
the auxiliary zweibein field from the action (2.1):

—(a’) 2etd x™n!f=—2ce=-2 det(d,x"n!T),
2.7)

Sy_z=—(ca’)™! f d*¢ det(3,x™n!"h, (2.8)
The resulting action (2.8) coincides with the one from Ref.
41, where the auxiliary vector fields from the Cartan moving
set were introduced for the first time for constructing string
and superstring actions.

Thus, the action (2.1) is the first-order form representa-
tion for the “antisymmetric” action from Ref. 41.

Now let us discuss the relation of our string formulation
(2.1) to the standard Dirac~Nambu-Goto and Polyakov
ones.
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It will be proved below that the variation of the action
(2.1) with respect to the auxiliary vector fields n{(£) leads to

the nontrivial equations
(i) —
3,x"ny =0, (2.9)

which means that the vectors n) are orthogonal to the string
world-sheet. The completeness of the moving-frame system

(n) (U
nrr': n(n)(l)np)'_ Mmp

makes it possible to express d,x"(£) in terms of nf,f,}(f),

9, x™(O=c(a’)" 28 9y nl0, (2.10a)
and vice versa,
nf,f,}=c‘1(a’)"1/217fgegaﬂxm. (2.11)

Taking into account Egs. (2.7) and (2.11), as well as the
definitions

e=\"%.

we can rewrite the action S (2.1) in the form

n fg v_ v
esn geg—gu ’

Sp= —(zca’)_l J’ d2§ V _gg,u.ua'uxmayxm’

which is the known string action introduced in Ref. 48. On
the other hand, Eq. (2.10) leads to the following expression
for the induced metric:

8ur=0,X™(O0xn(D/Ca’, (2.10b)
which results in the relation
e=\—g=det (3, x"(§)d,xn(9)/a. (2.10c)

The substitution of Egs. (2.10a) and (2.10c) into the func-
tional (2.1) leads to the Dirac—Nambu—Goto action

Spng=—(ca’)”! f d?&(det(9,x™(£)d,xn( £)))"2.

Finally, the variation of the action S (2.1) with respect to
x"(£) gives the equation

a,(eetnh=0, (2.12)

which can be rewritten in the standard form (see Ref. 48)
6#( v—ggt¥a, x™=0, (2.13)

using Eq. (2.11).

However, the derivation of Eq. (2.9), which is crucial for
the conclusion presented above, is not such a simple task.
First of all, we note that the variational problem with respect
to the n! fields is a problem with a conditional extremum,
since it is necessary to take into account the orthonormality
conditions (2.2). It can be reformulated as a variational prob-
lem with an absolute extremum if we extend the action (2.1)
by adding the conditions E™" (2.2) with corresponding
Lagrange multipliers (see Ref. 41). Another way to obtain
the right equations of motion is to restrict the class of admis-
sible variations ﬁng) to variations which preserve the ortho-
normality conditions (2.2). The use of this method does not
require the introduction of Lagrange multipliers and seems
simpler for the solution of variational problems characterized
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by complicated structure of the constraints. The same
method will be used below to study D=10 superstring dy-
namics in the twistor-like formulation.?>%

2.2. Admissible variations for the variables

Let us consider an arbitrary set of D independent vector
variables nf,',) in D-dimensional space. The condition of inde-
pendence has the form det(n!")#0. Thus, the set of variables
n considered as a DXD matrix belongs to the GL(D,R)

group. An arbitrary variation with respect to n®,

5=6n5/on¥ (2.14a)
can be rewritten in the form
8=(n""on)(n¥a/on). (2.14b)

In Eq. (2.14b), (n ' én){=(n"")38nY is the Cartan differ-
ential form, which is invariant under left GL(D,R) transfor-
mations. The differential operators n)d/an m(k) in (2.14b) can
be considered as covariant derivatives (see Ref. 47) for the
GL(D,R) group.

Let us restrict the right GL(D,R) transformations [acting
on the numbers (1) of the vectors nﬁ,',’] to be only from the
Lorentz group SO(1,D—1). Then the invariant metric tensor

7™V = diag(+,—,...,—)

appears, and it becomes possible to lower and raise the indi-
ces in the brackets. After this step we can transform Egq.

(2.14b) to the form
6=(n""6n) 4(n%a/ dnmg) (2.14¢)

and decompose the GL(D,R) covariant derivatives nWa/ on
into symmetric and antisymmetric parts:

(" d/dn )(k)“) = %(A(U(k)_’_ K(I)(k)),

2.15
AV = nf,',‘)a/an m)~ ﬂi,l,)a/an m(k) > ( Y
K‘”(k’=nf,l,)¢9/¢9nm(k)+ nf,',‘)a/ﬁnmm . (2.15b)

The corresponding decomposition of the Cartan differential
form is defined by the relations

(n™"8n) 4 0y=y(1)(8) + Stay1)( ),

Qa8 =(n"18n)an=3(n""8n) g (2.16a)
—(n~"én) ),

Swn(8)= (n™" 8r)gay=2((n""8n) )
—(n” ) ayw)- (2.16b)

Taking into account Egs. (2.15) and (2.16), the expres-
sion (2.14) for an arbitrary variation can be represented in
the form

o= %ﬂ(k)u)(é)A(”(k)+ Swn(OK®, (2.17)

It is easy to show that the AP® and KP® operators
generate the gl(D,R) Lie algebra

[A G0, Aic)]= =270,k Bicpiny T 2700k, Aaeyiay) -
(2.18a)
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LA )0, Koo =270, 10k Kekopiny) =2 7yt Ky,
(2.18b)

[ (Il)(IZ), (kl)(kZ)] ;(Il){(kl) (kz)}(lz) 2;(12){“( )A(kz)}(l|)7
1

with the subalgebra (2.18a) of the Lorentz group produced
by D(D—1)/2 A, operators. The operators K, are asso-
ciated with the factor space

GL(D,R)/SO(1,D-1)

and the number of them is equal to the number of orthonor-
mality conditions EV,

Now it is evident that the admissible variation can in-
clude only A, operators. This statement is true because the
Lorentz rotations are the only transformations which pre-
serve the orthonormality of the set. However, we can arrive
at this statement in a more formal way. This will help us to
understand the more complicated case of spinor moving-
frame variables (i.e., Lorentz harmonics®®~2).

The action of the A and K operators on the variables n'!
can be easily determined [see Eqgs. (2.15)]:

A1) m= 27000, (1) » (2.19a)

K,y mm= 270, 1)jm - (2.19b)

Thus, we have

A 1,)015) k) ) = 2 T )0 Bty k) T 2 Ty Bty k) 5
(2.20a)

K12k, =4 7k 100 k) T 270k 01, 2y hiky)

2700010, Bk, - (2.20b)

Equations (2.20) justify the statement that the A, op-
erators preserve the orthonormality conditions (2.2):

AqiyEik, iy |2=0=0s (2.21a)
At the same time,
K0 Z ik ik,y) E=047k,){(1,) M1 Hk,) (2.21b)

Hence the operators K, destroy the orthonormality. More-
over, the differential form (2.16b), related to the operator
Ky [see (2.17)], is reduced to a complete differential of

the orthonormality condition Eu])ﬂz) on the surface (2.2):

Supay | ==0=1dE ), (2.21¢)
Thus, the variations
6| 2-0= 10" 80 (2.14d)

are admissible [i.e., they preserve the orthonormality condi-
tions (2.2)].

In Eq. (2.14d) the covariant SO(1,D—1) derivative has
the form (2.15a), and the expressions for the Cartan forms
(2.16a) can be reduced to

Q(k)(l)(a)___ﬂ(k)(l)( 5) Ho0= ngl()&,lm(l): _ng‘)anm(k)
(2.22)

on the surface defined by the orthonormality conditions
(2.2).
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It is interesting to note that Eq. (2.14a) can be considered
as the definition of the covariant derivatives Aq,). Thus,
Ay can be understood as derivatives with respect to the
Cartan forms Q®V(9).

If the variables become- the fields living on the world-
sheet,

D__q
nS=nll(&m),

then we must use the variational analogs A (&) of the opera-
tors A,

ANOE)=n(£) 8/ 61 o (£) — nY(£) 8] Sny(£),
(2.23)

and for the admissible variation we must use the form

5| E(g)zoz%J d*EQVOO)A ) 1)(&) (2.24)
instead of one defined by Eq. (2.14d).
Now we are ready to discuss the derivation of Eq. (2.9).
Taking into account Eq. (2.24), it is easy to see that the
variation of the action (2.1) with respect to the fields nﬁ,f,} is
defined by the relation

5= f d*ESL(&) = f d’Ee(§)(—(a')~ et g xmon')

=—(a")7'"? f d*geeld x" QO Byan ) (£).
(2.25)

We stress that the simple covariant derivative (2.15a) is used
in the last part of Eq. (2.25). This is the result of application
of the variational derivative (2.23) included in the previous
part of this equation.

Hence, we can conclude that:

i) The right equations of motion for the fields have the
form of variations of the action (2.1) with respect to the
Cartan forms (2.22):

8S/80MM(8y=0 (2.26)

[these equations automatically take into account the ortho-
normality conditions (2.2)].

ii) These equations can be represented in terms of the
Lagrangian density and ordinary covariant derivatives as fol-
lows:

AWOUL(E)=(n{(£)3) 1) (£)
—n®(£)3/Inmy(OIUE)=0.

This statement is true for similar cases when there are no
time derivatives of the fields in the action.

iii) The equations of motion are defined by the result of
the action of the ordinary covariant derivatives (2.15a) on the
fields nV.

Thus, the equations of motion for the n{ fields have the
form

2.27)

eetd x"Agynii=0. (2.28)
We can specify them as follows, using Eq. (2.19a):
eeé‘aﬂxmnm[(k,éfg]= 0. (2.29)
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Thus, it is evident that the equations of motion for the fields
n) have nontrivial consequences only for the cases (k)={f}
or (1)={f}. The equations (2.29) are satisfied identically when
(k)#{f} and (1)#{f}. This is a consequence of the SO(8)
gauge symmetry of the action (2.1). The operators ADG gen
erate these transformations.

Equation (2.29) reduces to the relation

(2.30)

when both indices (k) and (1) belong to the {f} set. Equation
(2.30) is satisfied identically if Eq. (2.6) is taken into ac-
count. This fact corresponds to the SO(1,1) gauge symmetry
of the action (2.1).

Hence the unique nontrivial consequence of Eq. (2.28)
corresponds to the variation of the action with respect to the
Cartan form Q0 describing the variations from the coset
SO(1,D—1)/[SO(1,1) XSO(D—2)]. It has the form of the re-
lation

eeft 9, X "N pign=0

eeld,x"nl=0 (2.31)

and is equivalent to Eq. (2.9).

Hence the equations of motion for our bosonic-string
formulation (2.1) have been derived using the variational
principle based on the concept of admissible variations
(2.22), (2.24) of the fields. It is a simple task to derive the
same equations of motion using arbitrary variations and the
extended action functional completed by products of the or-
thonormality conditions ™D (2.2) on the Lagrange multi-
pliers (see Ref. 41 for this approach applied to the second-
order form action).

However, for the case of the twistor-like Lorentz-
harmonic formulation of the superstring (see Sec. 3) the form
of the variational principle described here simplifies the cal-
culation significantly.

2.3. Hamiltonian formalism and covariant momentum
densities

We now discuss the Hamiltonian formalism for the
bosonic-string formulation (2.1). The first-order form of the
action principle results in the following fact. All the expres-
sions for the momentum-density variables

Py (&)=~ IL/A3XM)=(Pn(£),P((£)),

canonically conjugate to the configuration-space coordinates
of the theory,

XM(e)=(x"(¢), nd¢)),

result in some constraints. For our formulation of the bosonic
string these primary constraints have the form

P,.— (a’)_l/zeeTn{f}~O

(2.32)

(2.33)

(2.34a)

PJ)~0, (2.34b)

However, the orthonormality conditions (2.2) must be con-
sidered as additional primary constraints

E 0= 0y m)_ w0

(2.35)

if the canonical momentum densities P(j)(£) for the variables
“)(E) are used. Such an extension of the set of constraints
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makes the Hamiltonian mechanics more complicated in our
case (see Ref. 41). But the corresponding complication for
the case of the twistor-like formulation of the D=10
superstring??  becomes drastic. Indeed, in this
formulation®*** the complicated harmonicity conditions
(1.10), (1.11) appear instead of the orthonormality conditions
(2.2).

For what follows, it is important to develop a method
which allows us to eliminate conditions like (2.2) from the
set of constraints and to discuss them as strong relations.
Such a method was used, in fact, in Refs. 13-17, 20, and 21
and was considered briefly in Ref. 13 for the superparticle
case (see also Refs. 18 and 49). Here we justify this method
in detail for the case of the bosonic-string formulation (2.1).
Such a justification elucidates the discussion for the case of
the twistor-like superstring formulation.

Let us return to the primary constraints (2.34). The first
of them (2.34a) can be decomposed into two relations, using
the orthonormality conditions (2.2):

Pil=n"P, ~(a’) '2ee'™=(a’) Pene], (2.36a)
0 m g

P(()i)Enm(i)Pm,-&,O_ (236b)

Equations (2.36) mean that the variables can be discussed as
the matrix of the Lorentz transformations which relate an
arbitrary coordinate frame to the fixed one, where the string
momentum density P’ has only two nonvanishing compo-
nents (which coincide with the 7 components of the zweibein
density eef'

Py'=(P}’ ,P{)=((a") "

2eef,0)=n""P,,. (2.37)

A similar interpretation of the Cartan—Penrose representa-
tion, rewritten in terms of the D=4 Lorentz-harmonic matrix
was given in Ref. 18.

We shall extend this interpretation to the case of the
harmonic sector and form the SO(1,D—1),-invariant mo-
mentum densities

Pyt ="y P = — Mo LI (1) (2.38)
After the division of P, into symmetric,

2 00 ="miyP () T (P (k) » (2.39)
and antisymmetric,

(1)) =i P {1y~ PP (k) » (2.40)

parts, we obtain D(D+1)/2 symmetric and D(D—1)/2 anti-
symmetric constraints equivalent to (2.34b):

20 =~0, (2.41a)

H(k)(l)%()' (241b)

The Poisson brackets are defined by the relations

Py(1,0)}p
(2.42a)

[PM(T70)7XN( TsU’)]PE_[XN( T,O”),
=oyd(o—0’),

or
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[(F,G)p= J do(6F/8Py (o) 6G/6XM (o)

— 5F/8XM (0) 86/ 8Py ()],
(2.42b)
- f do( SF/8P,(0)3G/8x™ (o) — 5F/Sx™(0) G/ 8P (o))

+ f do( 8F/ 5PT\ () 85/ 5n(0)

—OF/ 6n(0) 8G/ 6P{( 7)),

where F=F[X™(0),P},(0)] and G=G[XM(0),P),(0)] are ar-
bitrary functionals defined on the phase space of the system.

It can be shown that the variables 2. )(€) and IL()(é)
realize a vector representation of the gl(D,R) current algebra
on the Poisson brackets (2.42):

[H(ll)(lz)(o'), H(kl)(kz)(ﬂ")]?

=207yt 101, ~ Tt iy 80— 0”),

(2.43a)
[H(l])(lz)(o'), z(kl)(kz)(a'l)]P
= =201 )0k 2y 1) ™ Tk 2(h}(1 )
X8o—d'), (2.43b)
[2(1,)(12)(0), 2(k,)(kz)(ff')]P
==2(m0 ik ) Heia) T M pBacia,)
X&(o—0a'). (2.43¢)

The constraints Il (2.40) form a representation of the
SO(1,D—1) current algebra and, consequently, do not change
the constraints (2.35) in the weak sense:

[(Mupay(@)s  nam(d) =270y, 20,)md(0—0"),
(2.44)
[H(ll)(lz)(("), E(kl)(kz)(o”)]P
== 2(e, 11 ) Btk + Ty B ik )
X &8(o—0o'). (2.45)

Thus, it is natural to consider Il as the (covariant) mo-
mentum variables for the degrees associated with the Lorentz
subgroup SO(1,D—1) of the group GL(D,R) (i.e., with the
orthonormal set).

Unlike ITq, the symmetric constraints 2, do not
preserve the orthonormality conditions (2.35). Indeed,

[2)0)(0):  Epay(o)e

=471, M)y XT— ")+ 2070 341 ) Bty
+ 010 Ea k) 8o —0a'), (2.46)
or, in the weak sense,

(2009 By (@) e~ x50, iy S = 0”).
(2.47)
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Thus, it is natural to consider the combinations of the
phase variables P{}) and nY represented by 2o and w0
as new canonically conjugate variables describing D(D+1)/2
degrees of freedom. Owing to their vanishing in the weak
sense, the phase variables 2% and 3, can be eliminated
from the string dynamics by the transition from Poisson
brackets to Dirac ones (see Ref. 50):

[EG]p=[F.Glp+ %f do{FEWY () e[ 90)(0).Glp

- %J do'[F’z(k)(I)(U)]P[E(k)“)(o'),G]P- (2.48)

The momentum variables remaining after the elimination of
2y are the covariant momentum densities Il . Thus, it
is important to express the Dirac brackets (2.48) in terms of
Ik - With this in mind, let us discuss the change of vari-
ables from the momentum densities P}, to I1), and 2 -
It is based on the obvious relation

pim— (n~! )?r‘)”:l)'Pm n—_ (n~ 1 ):rrl)P(r)(l): %(n— 1 ):rrl)n(r)(l)
+ ;_(n -1 )?:)E(r)(l)_

Using (2.49), we find that

(2.49)

8/811"(a)= f do’ 5P9™(a’)/ 8" () 6/ 6P ™ (a" )
=30 iy 8/ P — 40 ™") 8/ 8P (2.50)
8/ 62 (g)= f do’ SPE(0")/85 Y (0) 8/ 8P (")

= 51" )8/ SPW+ H(n ™) )8/ SPY)  (2.51)
and, consequently,

8/ SPYm= (5 ST+ 8500y, (2.52)

Using the representation (2.52), the change of the momen-
tum densities can be made in the Poisson and Dirac brackets.
Then Eq. (2.48) can be represented in the form
[EGlp= f d o ( OF/ 8P (0) 8G/5x™(0)

— OF/ "™ (0) 3G/ 6P (7))

+ f dU(SF/ﬁH(”(”(U)A(')“)(O')G—A(')(”

X(o)F 8G/8IIV(a))

+ j do( 8F/83"N()K"(0)G

_f((r)(l)(o.)F &3/52(')“)(0—))
+ 5 f dO'[F"E(k)(l)(a')]P[E(k)(l)(a-),G]P

—% f do{F3 40 (@) [EX(0),G ], (2.53)

where the variational covariant derivatives A are defined by
Eq. (2.23).
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Let us discuss some functionals F and G which are in-
dependent of the variables 2.(0):

F=F[x"(0),P(0),n0(0), T ()],

G=G[x"(0),P(3),n(0), [T ( 0)].

(2.54)

The Dirac brackets (2.53) coincide with (the “covariant”
version of) the Poisson ones on the class of such functions:

[F.Glo

= f do( 6F/ 8P ,(0) G/ 5™ (a) — OF/ 6x™(0) G/ P () )

" j do( SF/STIO0(@)AN ()G — AOND

X (0)F8G/ STI N (a))=[F,Glp. (2.55)

Thus, the ordinary Poisson brackets (2.55), together with
the strong relations (2.2), can be used for the function with
the properties (2.54).

Therefore we need not include the orthonormality con-
ditions (2.2) in the list of Hamiltonian constraints if the
phase space includes only the covariant momentum densities
II4))(o) (2.40) for the variables. Such momentum densities
are characterized by the property

[H(k)(l)(a)’ E(k)m(o")]Pl E=0"

A similar prescription will be used below to investigate
the Hamiltonian mechanics for the twistor-like superstring
formulation.’>? It makes it possible to take into account the
complicated harmonicity conditions (1.10) and (1.11) as
“strong” relations and to eliminate them from the list of
Hamiltonian constraints.

To clarify the nature of the covariant momentum densi-
ties I1)()(o) we shall prove that they can be defined as de-
rivatives of the Lagrangian density with respect to the 7com-
ponents of the Cartan differential form (2.22):

(2.56)

IT)w)(o)= — L/ (). 2.57)

The components Q(k“”*(ﬂ("“” Q“‘"") Q“‘)(”(d ) of the
Cartan differential form Q(k)(' (d) (2.22) with respect to the
holonomic basis d&*=(d7,do’) are defined by the relation

—,k m(l) _ — k)(1
Q(k)(l)(d)_n:n)(sn (l)_dgpﬂﬂc)(l)_d,rﬂg_ )
+do QWO (2.58)

Indeed, using the completeness of the set of differential
forms Q®V(8) and S¥V(8) (2.17), we can decompose the
derivative with respect to a,nf,',’ as follows:

2(98('()(1)/(9((?.,.n(l))ﬁ/(?s(k)“) (259)

Multiplying Eq. (2.59) by n% and taking the antisymmetric
part of the resulting expression, we get the relation

310090 =n_ 8/3(3,n0) — 1yl (3,0 ). (2.60)
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Now the expression (2.57) coincides with (2.40) [see also
(2.35)], and we conclude that the covariant momentum den-
sity characterized by the property (2.56) is defined by the
expression

H(l)(k)= —ﬂL/ﬁQ(Tk)“)( 0') B nm(l)P?l:) . nm(k) al) . (261)

Finally, we note that the covariant momentum density
(2.61) is the “classical analog” for the variational covariant
derivative (2.23). This statement means that the Poisson
bracket of Il with any admissible functional defined on
the configuration space (2.33) coincides with the action of
the variational covariant derivative (2.23) on the same func-
tional:

(M%), FIx™nQTp=A"()F[x",n{].  (2.62)

The properties (2.56), (2.61), and (2.62) of the covariant
momentum density I1,q, will help us to find the correspond-
ing variable for the twistor-like superstring formulation®>%
and, thus, to simplify the investigation of its Hamiltonian
mechanics (see Sec. 4).

3. D=10 SUPERSTRING IN THE TWISTOR-LIKE
LORENTZ-HARMONIC FORMULATION

3.1. Action functional

The twistor-like action functional for the D =10, N=IIB
superstring has the form*>*

S=8,+Sw-z, (3.1)
=fd2§e(§)(—(a’) "efwlin f+C)—ded0'e
><[—(a’)“m(e”[”]ugn—zbre"[leug:z])w::‘-kc]

= j drdoe(c+H(a')” ”2eﬂ[+2]w,’;‘(u,§&,,,vg)

+,—'g(a')_”26“[_2]wz'(v,:&mv;)), (3.12)
SW-ZE—(ca’)_IJ deas’“’[iw,"L‘((?,,Hla'mﬂl
—9,6°0,60)+3,6'0"60'9,60,,6°]. (3.1b)
Here
@) =0,x"—i(3,0'0™0 +39,6°0" F)=9,x™
—i(0,0% 0™ p6° +3,6%0™ . 565%) (3.2)

are the coefficients of the pullback of the D=10, N=2B
supersymmetric Cartan form®' on the world-sheet,

0™=dx"—i(d0'c™0'+d *o™6%) = détwy,

x™ (m=0,1,...,.9) are the ordinary (flat) space-time coordi-
nates, and =(6',6? (a=1,...,16) are the fermionic
(Grassmannian) coordinates of the D=10, N=2B superspace
which have the properties of Majorana—Weyl spinors with
respect to the SO(1,9) group; o™ 5 are the symmetric 16X16
Pauli matrices for D =10 space-time (see Refs. 14 and 15 for
the notation). The conventions for the world-sheet zweibeins
eLﬂ], e*1*21 are collected in Egs. (2.4).
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The action (3.1) differs from the trivial supersymmetri-
zation (d,x "= ) of the (moving-frame) bosonic-string for-
mulation (2 1) by

i) addition of the Wess—Zumino term (3.1b);

ii) replacement of the fundamental moving-frame vec-

tors nl (2.5) by the compound ones uf,',’ (1.8), (1.9)

formed from the bosonic spinor variables (1.1):

m

ny =u! —“,,Sp(V(rmva'(l =2 2 Gabyb 5ll)

vﬂaab, (3.3)

vi=(vi.,v2) eSpin(1,9). (3.4)

The orthonormality conditions (1.2) for the composed
set (3.3) are straightforward consequences of the relation
(3.4). To arrive at the decomposition (1.8), (1.9) of the set of
composed moving-frame vectors (3.3) the following
o-matrix representation must be used:

0 _ 4: o o) — ~0ab
O'ab—dlag((sAB,éAB)—(f a 5

~ ‘Jab

ab_ diag(dap,— Oap)=
(3.5)

oL I=(0"+ %)= diag(2 8p,0)=(6"— 6°)

— 0",[ - 2]ab’

ol A=(0"—0"),p= diag(0,2 8,5)=(6"+ ¢°)®

— 6'[ + 2]ab.

In Egs. (3.5), y;‘é are the o matrices for the SO(8) group (see
Ref. 3), and ¥xg=7hs.

The presence of the Wess—Zumino term (3.1b) in the
action (3.1) leads to invariance of this action under the
k-symmetry transformations, whose explicit form was pre-
sented in Refs. 23 and 46. There are also the obvious re-
parametrization symmetry and the gauge symmetry under the
right product of the SO(8) and SO(1,1) groups.

The SO(8) gauge symmetry transformations result in ar-
bitrary rotations of the eight spacelike composed vectors u(')
[see Eq. (1.8)] among themselves, and the SO(1,1) ones re-
sult in pseudorotations of the vectors um To achieve invari-
ance of the action functional (3.1), they must be identified
with the world-sheet Lorentz-group transformations acting
on the “flat” indices of the zweibeins efL [see Eq. (2.4)].

The relations (3.4) together with the gauge symmetry
under the right product of the SO(1,1) and SO(8) groups
permit us to identify the space of harmonic variables
{(Var van)} with the coset space S0(1,9)/
[SO(1,1)®S0(8)].222>40 We stress that the so-called “boost”
symmetry is absent in the superstring formulation (3.1), in
contrast to the formulations of the D=10 Green—Schwarz
heterotic superstring presented in Refs. 38 and 39. The rea-
son for this difference will be discussed below.
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3.2. Harmonic variables, composed moving-frame
vectors, and admissible variations

The relation (3.4) is realized by the requirement that the
variables v3=(v_, ,v3) must satisfy the harmonicity condi-
tions (1.10):20-2146

— _ =l
':ml wmy u n(n)(l):m)l ...mym

T
=ymm 7)(n)(l)Sp(V&ml ---m4mvan)) =0, (3.6a)

72]um[+2]_2

= [
e m

=(VA0mVA)§(VATmVA) —2=0.
(3.6b)

0

(We stress that the equality®®?!

= (n)
’-’ml mg

vo'™)=0

results from Egs. (3.6a); see Ref. 46.)

It is easy to see that Egs. (3.6) kill the 210+1=211
degrees of freedom and reduce the numbers of independent
variables included in v, to 45=256-211=dimSO(1,9). The
equivalence of the restrictions (3.6) to the relation (3.4) was
discussed in detail in Ref. 46.

It is necessary to introduce the inverse harmonic matrix

(v == T (3.7

In contrast to the case of D=4 (Refs. 18, 19, 42, and 43), its
elements cannot be expressed in terms of the harmonic vari-
ables v)5, v,z in a simple and covariant way. This is ex-
plained by the impossibility of transforming the subscript
D =10 Majorana—Weyl spinor index into the superscript one,
since they describe representations with different chiralities.
Therefore it is convenient to consider the 256 variables v, “,
v{® as independent harmonics and to supplement the set of
harmonicity conditions by the 256 relations for the inverses
of the matrices (v_')Z and v*:

v -8

=[0]
EAB=Va"

—Sp(fom

1Mk

=21 _

aB—5A3=0, AB _VA VaB—O, (38)

:[4—02] Ta + -——0 :[91=
=AB

tTa o 0
= AB -—VA VaB VA Va“’s_(SAB—O

(256—256=0, so that additional degrees of freedom are not
included in the theory).

Note that the distinction in the SO(1,1) weights * for
the same SO(8) [(s) or (c) spinor] index structure will help us
to distinguish the harmonics v, , v} in (3.4) from v, %, vi*
in (3.7) in the expressions where the SO(1,9) spinor indices
are contracted and omitted [see, for example, Egs. (3.11)].

It is easy to prove that the composed vectors uf,',‘) in (3.3)
can be expressed in terms of the inverse harmonic matrix
(3.7) as well as the ordinary one (3.4) [see Egs. (1.9)]:

u®

m=1eS (va'mvam)— ESp(v log(v™ 1)Ta'“)) (3.9)
In terms of the harmonic variables v, v}3 and v;“, v{°,
Egs. (3.9) can be specified as follows [see Egs. (1.8) and

(1.9), and the o-matrix representation (3.5)]:
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up =Gl uf) =G+ ull),ul),

Yulr2—yL=20y), (3.10)

uly =40k GV = H(v{ 0V =0 “Omaprl P, (3.112)

Ul D= (VR G5 V) = H(VAOmPA) =4VA “Tmagn?,  (3.11D)

ul =Yt o) Yar=—Hvaomvi) Yaa - (3.11c)
The orthonormality conditions (1.2) can be specified as fol-
lows:

uPymO= 7m0 = diag(1,-1,...,—1): (3.12)
ult2lymi+2l=qg ~ =2,m-2= (3.12a,b)
ul=2ymi = (3.12¢)
ul 2y mi=21—p 5@y mG)— _ 5i), (3.12d,e)

To justify them explicitly the identity (1.12) and the conse-
quences (1.4) of the harmonicity conditions (3.6) and (3.8)
must be used (see Ref. 46 for details). For the studied D=10
superstring case the relations (1.4) can be specified as fol-
lows:

ulom -v?ra;lgv% (3.13)
uly Ao =200, v, (3.13a)
uly ol =2v 3 v58, (3.13b)
U = (VaaVaA+ ViaVar) Yah (3.13¢)
up P =(vya e (3.14)
uly gmeb=2uf “vi#, (3.14)
uly AgmaP =2,y 8, (3.14b)
U™ P=— (W “viP+ v Pu Y Yars (3.14c)
U =vaaitvy: (3.15)
ult 65 p=(vhomrid), (3.15a)
ul 835=(vRmry), (3.15b)
uly, =iy, (3.15¢)
D0 = (v )5 0magvE (3.16)
uly A8y =(Vaamup), (3.16a)
ulA6i3=(vhoms), (3.16b)
uly, == (Vagmbs)- (3.16¢)

For the derivation of the equations of motion let us con-
sider the concept of an admissible variation for the case of
spinor harmonic variables. This is a variation which does not
destroy the harmonicity conditions (3.6) and (3.8) [or,
equivalently, the relation (3.4)]. Such a variation was dis-
cussed in detail for the case of the fundamental variables in
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Sec. 2 [see Egs. (2.14a)—(2.14d)]. Thus, we can omit some
obvious steps in the discussion of the spinor harmonic case.

An arbitrary variation of the variables v, and (v‘l)a"Ev
of the type

8= 6V i-H?v"‘ i , 3.17)
e 2 Ve
can be written in the form
o= v 18P —5—v aa , (3.18)
n, v,

where the conditions (3.8) were used explicitly. To specify
Eq. (3.18) we use Eq. (3.11), the consequences (3.13)—(3.16)
of the harmonicity conditions, and the known identities (see,
for example, Refs. 14 and 15)

SaﬁE S{aﬂ} = %oﬂlﬁsp((}ms) + 5']7(01“] mms)aﬁsp(&ml ...mSS) ’

(3.19a)
Aag=Alag= ~ TE(0™™2") 0gSP(Tm, mumA)s (3.19b)
Fl= £0Sp(F)~ (0™ ™)2Sp( m F)
+7re(0™ ") 0pSP(T, _m F)- (3.19¢)
Indeed, by varying Eq. (3.15) in the form
5um 2(5v‘(7mv )
: —(v_lﬁv)aa(n)u(")+(v 15&7)"0'(,,)u(") (3.20)

and contracting the result (3.20) with the 10X16 matrix
(um(k’U(k)bd), we obtain

u"‘(k) du E'I,)(O'(k)(—fﬂ))s: 10(V7 1 (SV)§+ (&(k)VA l EV(T(k)) .
(3.21)

It is easy to see that the left-hand side of Eq. (3.21) can be
represented in the form u™® Sy ”(a(k)(,)) ThlS results
from the vanishing of the expression u™®&ul) M)
=1/268% )()TI(k)(l)‘O which is a consequence of the ortho-
normality conditions (3.12). The right-hand side of Egq.
(3.21) can be transformed using the identities (3.19¢c) for
v~ '8v and the relations

~(k)

0 om, m, 0a=10=41)0y m,
=(=1)"10-4n)oy, _m,. (3.22)
Thus, we derive from Eq. (3.21) the relation
1™ 8u (a0
=10(v &)+ %(a"“l"‘l)Sp(a'm‘mzv_] &)
+ (o™ “T4)Sp(0p, ___m4v_15v). (3.23)

Contracting Eq. (3.23) with the matrices I, oy,)q, and
Om,..m,» WE obtain the relations
Sp(v ™! &v) =0, vy =—vi dr} , (3.24)

—3Sp(v1ovo M0y =™ g, V=000 ( 5), (3.25)

Igor A. Bandos and Aleksandr A. Zheltukhin 463



Spv ™' vor, m,) =0, (3.26)

which are straightforward consequences of the harmonicity
conditions (3.6) and (3.8). Taking into account Egs. (3.24)—
(3.26), it is easy to derive from the identity (3.19c¢) the fol-
lowing expression for v~ év:

(v7lév)= %Q(k)(F)(ﬁ)(U(k)(l))~ (3:27)

Thus, the admissible variation which preserves the harmo-
nicity conditions (3.6) and (3.8) has the form

8= 5 QWY(HA s (3.28)
which coincides with Eq. (2.14d). However, in Eq. (3.28) the
SO(1,9) Cartan forms Q®7($) are defined by Eq. (3.25) in
terms of the spinor harmonic variables (3.4) and (3.7), and
the covariant derivatives A, are defined as follows:

(9 (9
Ak = l(o.(k)(l))b(vﬂ

a (?Va—Vg O_N—:. (329)

Taking into account the definition of the composed vectors
(3.3) [or (3.9)], we can obtain the action of the covariant
derivatives A(ll)“z):

A1), mm=2T1a,) 4 (1) m - (3.30)

Equation (3.30) coincides with Eq. (2.19a). It can also be
shown that the operators A(l])(lz) generate the Lorentz-group
algebra (2.18a).

For the ensuing discussion it is useful to specify Egs.
(3.25), (3.28), and (3.29) as follows (the contracted spinor
indices are omitted):

S= %‘Q'(k)m(g)A(l)(k)

— Q(U)(&A(U)+Q[12]j(é)A[t21i_ %Q(i)(j)(é)A(i)(i)’ (3_31)
Q(k)(')(é')=(—2()(0)(5), 9[12]0’)(5), Q(i)(j)( d):

Q(())(a)E _ %Q[+2][—2]( 5): %um[—z]gug:Z]

(3.32)

=— %um[”]&ug,fz]: %(VX(?V; — VE org)= %v; 51/X .
(3.32a)

QU0 =y L2 5um 0= £ 35 1 6va =1k “VaaO¥ian, (3.32b)

QU0 = =2 gy D=1y 2 607, (3.320)
Q0= ymO gy V= — L )l L 60y + v} &Eéél/’:ﬁ), (3.32d)
AN =(— A0 A2 ADG). (3.33)

AO=_ IA[+2]-2]

= X 0ldvx — V3 AV —Vadldva+Vidlov, (3.34a)

ATF210=yt o) 1 5avs — vE Yapdlova » (3.34b)
Al = 25k dov) — vy Yadlovi (3.34c)
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MDD =3k g +va Vi dlovs +va Yipdlov

B
+vi i s0/0v%, (3.34d)
A1)t mm= =270, % (1)}m -
A(O)uEnrz]=i2uLl:2], A(O)ug)=0, (3.35)
A(i)(i)uL:—“2]:0’ Am(i)ui,i,,)=“25i'[iu,(f,]), (3.36)
A[+2](i)u£1—2]=2u£'i]), A[+2](i)u£"+2]=0’
A[+2](i)ur(}i])=5'ju‘[“+2] ’ (3.37)
AL-210,[21—g  AL-200, [ +2] = 5, @
(3.38)

AL=2100y, 0= giiy,L-2]

In the notation (3.33) the Lorentz-group algebra (2.18a) gen-
erated by the operators A, takes the form of the relations

[A© AD]=0, (3.39a)
[ADO A= 50 AGT—7 5ill' AG (3.39b)
[A@ ALF210]=52AF20G) (3.39¢)
[ADO ALF2) = — i AIF2D 4 53 ALF21) (3.39d)
[AL+ 20 AL-200]= §TAO 4 2 ADG), (3.39)

The nature of the operators A© A[IZ]O), and AY0 becomes
evident from Egs. (3.35)—(3.39). The operators ADG apd A©
generate the SO(8) and SO(1,1) transformations, respec-
tively. The operators AF210 generate the transformations
from the coset space SO(1,9)/S0(1,1)®S0(8). One of them
can be associated with the “boost” symmetry appearing in
the Lorentz-harmonic approach to superparticle theory.?®?!
But in the present formulation of D =10 superstring theory
such symmetry is absent.”>?

Now we are ready to discuss the equations of motion for
the D =10 superstring theory (3.1). The procedure is similar
to the one discussed in Sec. 2.

3.3. Equations of motion

The equation of motion 8S/def'=0 gives the expression
for the zweibein ef in terms of the imbedding functions

x™(8), 6°%(¢) and the composed vectors ul :

el = olulHe(a’)' 2. (3.40)

This expression is similar to Eq. (2.6), since the zweibein
variables are absent in the expression for the additional
Wess—Zumino term (3.2).

In straightforward analogy with the bosonic-string for-
mulation [see Sec. 2, Eq. (2.28)], the equations of motion for
the harmonic variables v}, v,z can be represented in the
form

2 ee”[izlwlTA(k)(l)ugliz]:O (341)

using the admissible variations (3.28), which preserve the
harmonicity conditions (3.6) and (3.8).
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Equations (3.41) are satisfied identically when (k)=(i)
and (1)=(j) [see Eq. (3.10)]. This results from the SO(8)
gauge symmetry of the action (3.1) generated by the AD0
operators (3.33d). If (k)=[+2], ()=[-2] (or vice versa),
then Egs. (3.41) reduce to the relation [see Eq. (3.37)]

w;x:(e,t[—z]uglﬂ]_en[+2]u£n~2])=0_ (3.42)

Taking into account Eq. (3.40), it can be shown that Eq.
(3.42) is satisfied identically. This fact is associated with the
SO(1,1) gauge symmetry of the theory. However, the genera-
tor of the corresponding symmetry includes terms acting on
the zweibein fields in addition to the A” operator (3.33a)
(see Sec. 4).

Equations (3.41) lead to nontrivial results if and only if
(k)=[=2], 1)=(i) (or vice versa). In this case they reduce to
the equations [see Egs. (3.37) and (3.38)]

ee"[ﬂ]w;‘uf,i,)= 0, (3.43)

which can be easily transformed into the form

m (i) _
w,un=0

[cf. Egs. (2.9) and (2.31)].
Taking into account Egs. (3.40) and (3.44), and the com-

pleteness conditions [which follow from the orthonormality
conditions (3.12)]

8% = Ll =2+ 214 Ly L2021 )

(3.44)

the coefficients w), (3.2) of the w-form pullback can be de-
composed on the uEnﬂ] light-like vectors

w,")=§c(a’)”2(65[2]“'"“2”6’5:2]""1[72]) (3.45)
and vice versa,
um[12]=eﬂ-[iZ]wzl/c(al)I/Z' (3.46)

Thus, the vectors u™*? are tangent to the superstring world-

sheet on the shell defined by the equations of motion. On the
other hand, the vectors u™ are orthogonal to the world-
sheet on this shell.

Using Egs. (3.40), (3.45), and (3.46), the classical
equivalence of the present D=10 superstring formulation
with the standard Green—Schwarz one' can be readily dem-
onstrated. Substituting Eq. (3.46) into the functional (3.1)
and using the definition of the world-sheet metric (2.4), we
get the standard action functional’ [cf. Egs. (2.9)-(2.13)].

The equation of motion for the x™(¢) field, 85/8x™(£)=0,
has the form

aﬂ(eE (e#[ﬁ]ugf”)) —&#"(d,0' 03,6

—3,0°0,9,6%)/c(a’)!*=0, (3.47)

which is similar to Eq. (2.12), except for the last term con-
taining Grassmannian degrees of freedom, and it can be eas-
ily reduced to the standard form'

3, (- gg" o™ —e"3,0'd"3,6'8,60™3,6%) =0,
(3.48)

using Eq. (3.48) [see also Eq. (2.1)].
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The equations 85/86°1(£)=0 have the form

(aﬂelam)a 2 en[ﬂ]um[:z]_z(_l)[e#,,w,;, -0,

+

1=1,2, (3.49)

which can be reduced to the standard form'

(8,6'0™) (V—gg"'— (—1D)'e"w)=0, 1=1,2
(3.50)

if Egs. (3.46) are taken into account. However, it is interest-
ing to use Eq. (3.45) and to eliminate the fields ] from Eq.
(3.49). We obtain the relations

e#l219 61y x=0, (3.51a)

etl723,0%v;,=0, (3.51b)

when Egs. (3.13a) and (3.13b) are taken into account.

Therefore the equations of motion for the D=10,
N=IIB superstring in the twistor-like formulation (3.1) have
the form of Egs. (3.40), (3.44)—(3.47), and (3.51). The rela-
tions (3.47) and (3.51) are equivalent to the standard equa-
tions of motion (3.48) and (3.50) (Ref. 1); however, they
have a simpler form. Thus, the twistor-like formulation (3.1)
is equivalent to the standard one' at the classical level®® and
simplifies the equations of motion substantially.

In the next sections the Hamiltonian formalism for the
twistor-like D=10 superstring formulation (3.1) is worked
out. This formalism is necessary for the covariant superstring
quantization using the BFV-BFF scheme.’

4. HAMILTONIAN FORMALISM FOR THE D=10
SUPERSTRING IN THE TWISTOR-LIKE FORMULATION

To simplify the Hamiltonian formalism and to clarify the
meaning of some constraints, let us reformulate the action
principle (3.1) in terms of the zweibein densities

pi=(5(pH 7214 prl*21), 3 prl =21 prl*21))

=eef/(a’)'? (4.1)
eEdet(e'fL)= %a's#,,p"[_zlp"[”],
(eq=—£&""=-1), 4.2)
instead of the zweibeins ez, ef themselves:
S$=S,+Sw_z, (4.3)
$,= 4| ardof(p 2l
—2] [+2 , 2] y[-2

+pHl ]“En ])wz\.;_c a epvp#[+ Ip" ]]
=— %f drdof (p* " (v ampR)

+p (v} Gy 0

+c a'g,, pHtHpt ), (4.3a)
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Sw_z=—(ca’)” lf drdoe"'[iw')(9,0'0,,6'

~3,80,60)+3,6'0™0'3,60,,6%].
Here [see Eq. (3.2)]
w,T:ﬁ“xm—i(8#610m01+§#02o’“02).

(4.3b)

Of course, the Wess—Zumino term (4.3b) is not modi-
fied. However, the twistor-like part of the action (4.3a) in-
cludes terms which depend linearly or bilinearly on the den-
sities p"[ 2 At the same time, their dependences on the
inverse zweibein variables ¢!~ 2 are more complicated [see
Eq. (3.1b)].

4.1. Primary constraints and covariant momentum
density
The canonical momentum densities
PME(PmﬂT 772 PA ,P P:A,P;A,P(;)i])
=—(-1)M9L/3(,z") (4.4)

are conjugate to the configuration-space (target-space) coor-
dinates of the superstring formulation (4.3),

M=(x" 0,072 v}, v, va %5, pl TR, (4.5)
with respect to the standard Poisson brackets
[M(0).Pr(a")}p=— (= DMN[Py(a"),2"(o)}e
=—oNd(o—a’). (4.6)

Here the multiplier (— 1) is equal to —1 if both indices M
and N belong to the fermionic variables, and +1 otherwise.

The action functional (4.3) is the first-order one in the
proper-time derivatives (i.e., in the velocities). Hence all the
expressions (4.4) for the canonical momentum densities lead
to primary constraints. For the nonharmonic variables such
constraints are

D (0)=Pp— %p’“”uh‘”

—Lpi-2] [+2]+ 2( 1)'9,6'0,,6~0,
(4.7a)
D{,(a)z—w{,+i(a’“(~)'),,[Pm—(—1)‘é(«9.,xm
—id, 0'0,0)|~ (4.7b)
PE;ZTL'O (4.7¢)
PE;B?W (4.7d)

1_0' 1 'a)l_ V—l a_Va
( A > A ( )a a

the set of primary constraints consists of the completely
trivial relations

Pi~0: P,°~0, P{®~0,

+ —
(Von VR)=V5e,

(4.8a)
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(4.8b)

(which reflect the auxiliary character of the harmonic vari-
ables in this formulation) and the harmonicity conditions
(3.6) and (3.8), considered as “weak” relations:>"

Pi=~0: P),~0, P ;~0,

Eml my n(n)(l)Eml...m4m
T-

=u (n)”(n)(l)sp(vo-ml 4..m4mvo'("))%0’ (498)

Eo=u En 2]y m{+2]_ 2=4(V30mva)s(VaOmvL ) —2~0,
(4.9b)

) _ '—1[_ ]
:‘E{)I]B=VA B~ Oag~0 =N =y, vanﬂ,
—[+2]_ +a =01 e - s (4.90)
Bab =V van~0, Eip=vi"v;—8ia~0.

The expressions = '-"” m, (Refs. 20 and 21) included in Eq.

(4.9a) vanish as a result of Eq. (4.9a) (Ref. 46) and can be
specified as follows:

B = 1Vaa 08 mVa~0, (4.10a)
B = aa0sY mVia~0, (4.10b)
:5:1)] .mg SvaA AAU'm| ..mg AQO (410C)

The relations (4.9) and (4.10) are complicated. Thus, it is
evident that the computation of the constraint algebra is a
hard task if Eqs. (4.9) are understood as a “weak” equality.

Hence, it is important to develop a method which allows
us to eliminate the conditions (3.6) and (3.8) from the set of
constraints and to discuss them as “strong”’ relations.>® Such
a method can be devised in a straightforward analogy with
the one discussed in Sec. 2 for the case of the bosonic-string
formulation.

This means that the concept of covariant momentum
density must be used. Now we discuss it for the case of the
twistor-like superstring formulation (4.3), using the experi-
ence gained in Sec. 2 (and hence omitting some technical
details).

Let us recall some properties of the covariant momentum
densities which were discussed in Sec. 2. First of all, they
must have vanishing [in the weak sense; see Eq. (2.56)] Pois-
son brackets with the harmonicity conditions (3.6) and (3.8).
On the other hand, it is known that the harmonicity condi-
tions (3.6) and (3.8) are the realization of the relation
(3.4).2%2146 The covariant momentum variables must be ca-
nonically conjugate to some parameters of the SO(1,9) group
included in the spinor harmonics (v}, ,v 3)=Vv%,
(va®,vi®)=vZ. Therefore, the covariant momentum densi-
ties must be associated with the Lorentz group too, and
hence they must generate the SO(1,9)-group algebra on the
Poisson brackets.

The other degrees of freedom included in the spinor har-
mMoNics vja, VA, Yo%, v4* are killed by the harmonicity
conditions (3.6) and (3.8). Henceforth, the harmonic momen-
tum degrees of freedom which cannot be reduced to covari-
ant ones must be conjugate to the harmonicity conditions in
the weak sense [see Eqs. (2.46) and (2.47) for the case of the
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bosonic-string formulation]. We can understand the condition
of vanishing of these variables, together with the harmonicity
conditions (3.6) and (3.8), as “strong” equalities if the cor-
responding Dirac brackets are used instead of the Poisson
ones (4.6). These Dirac brackets should be analogous to the
ones in Eq. (2.48). However, if we discuss a space of func-
tions dependent on only the covariant harmonic momentum
densities, these Dirac brackets coincide with the Poisson
ones (4.6).

The situation discussed here is similar to the case in
which the second-class constraints are solved explicitly (i.e.,
the superfluous momentum degrees of freedom vanish and
the coordinates conjugate to them are expressed in terms of
the “physical” ones).>® The only difference is that the 256
+256 harmonic variables are expressed in terms of the 45
degrees of freedom associated with the SO(1,9) group in an
implicit way. This implicit dependence is defined by the har-
monicity conditions (3.6) and (3.8) (see Refs. 22, 23, and 46
for details).

Hence, the harmonicity conditions (3.6) and (3.8) can be
eliminated from the set of Hamiltonian constraints without
changing the Poisson brackets if we define the set of covari-
ant momentum densities with the properties listed above and
eliminate all other harmonic momentum variables from the
phase space.

The experience of studying the bosonic-string formula-
tion (2.1) gives us a prescription for extracting the covariant
momentum densities from the set of canonical ones.

First of all, these densities are the classical analogs of
the covariant derivatives (3.31)—(3.34) appearing in the ex-
pression (3.31) for the admissible variation, i.e., they can be
derived from the expressions (3.31)—(3.34) by the simple
replacement of the derivatives d/dv, d/dv by the canonical
momentum densities PS, P3,.

On the other hand, they can be derived as the derivatives
of the Lagrangian density L of the action (4.3) with respect
to QWO [where QM are the r coefficients of the pullbacks
of the SO(1,9) Cartan differential forms (3.32) on the world-
sheet]. Their form can be derived from Egs. (3.25) and (3.32)
as follows:

QEO=Q00(5 )=y 4 O=—1ISp(v~19,yg O
(4.11)
or, equivalently, using the representations

QM2 =drQPY+doQPV (4.12)

for the pullbacks.

Thus, the general expression for the covariant momen-
tum densities in the whole phase space (4.4), (4.5) has the
form

MW= — /K 0= — 1Sp(va™ oL/ Iv)

— /Aoy )eWWy~1, (4.13)

The Poisson brackets of the covariant momentum den-
sity with any functional F living in the configuration space of
the dynamical system can be represented in the form

[TO®(g) Flv,vLx,0],=AY®()Fv,v x,6]. (4.14)
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Here AP’®(g) are the variational analogs of the covariant
harmonic derivatives (3.29) and (3.33). Thus, these covariant
derivatives play the same role for the covariant momentum
variables that the ordinary derivatives play for the canonical
ones:

[Py (o), F[zV]]p=8/8zM (o) F[2"].

Moreover, the covariant momentum densities (4.13) gen-
erate the current algebra associated with the Lorentz-group
algebra (2.18a), (3.39) on the Poisson brackets (4.6),

[H(ll)(12)(0.)’H(k1)(k2)(0_1)]P

=[AWR ARy b S(a—0o'), (4.15)

and have vanishing Poisson brackets with the harmonicity
conditions (3.6) and (3.8),

[1%(0),E(0").Jplz-0=0, (4.16)

when the same harmonicity conditions are taken into ac-
count.

Thus, we must leave only the covariant harmonic mo-
mentum densities (4.13) in the phase space, which is param-
etrized now by the following variables:

(x™(0),Pn(0);  6°(0),mu(0);

¥ an(0),444(0),74“(0), 7§ (o). 1™ (). (4.17)
Only the primary constraints

NO®(g)~0 (4.18)

must be taken into account besides the ones presented in Egs.
(4.7). Equations (4.18) replace the whole set (4.8), (4.9) of
constraints for the harmonic variables in this approach. The
harmonicity conditions (3.6) and (3.8) are understood as a
strong equality.

The Poisson brackets are defined by Egs. (4.14) and
(4.15) or by the basic relations

[IO®(0),v4(0") Jp=4va0 )50 —0"),  (4.19)

(1Y% (0),v7(0").Jp=20 V)80~ "),  (4.19b)
which lead to Eqs. (4.15) when the Jacobi identities for the
Poisson brackets are taken into account.

Now let us discuss the form of the canonical Hamil-
tonian density Hy which is consistent with the definition of
the Poisson brackets and the Hamiltonian equations of mo-
tion

4 f(a)=[f(o), J do'Hy(o")]p. (4.20)

The standard expression for the canonical Hamiltonian
Hy*"=~(-1)M3,z"Py—~L (4.21)

has such consistency with Eqgs. (4.6) and (4.20). This can be
verified by the following formal manipulation. The use of the
density (4.21) in Eq. (4.20) written for the simplest function
f=2z(r,0) leads to the identity
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9,2M(0)=

ZM(O'), f do_rH(s]tand(o_r)]
P

- J’ do'd,z2V(o")

X[2M(a), Py(0")]p=03,2"(0).

To achieve such consistency with Egs. (4.14), (4.19), and
(4.20), we must define the canonical Hamiltonian density in
terms of covariant harmonic momentum variables as follows:

Hy= —dx™(0)Py(0)+ 3,0°(0) 7y (0)

— 3000 M) —L(o) (4.22)

i.e., instead of the standard combination 0TzM P,, (which can
be derived by the replacement 6—4,, 8/dz™ —P,, from the
expression for an arbitrary variation 6= 8z 313z™) the ex-
pression

1O )

[which can be derived by the replacement
Q(k)(')(b)—rﬂ(rk)“)(o), Agyw—T (o) from the expression
for the admissible variation (3.28)] appears in the canonical
Hamiltonian.

For the ensuing discussion some specification of the re-
lations (4.13), (4.18), and (4.22) is necessary.

Let us introduce the covariant momentum densities H("),
H[Iz](i), and T1V9 which are the classical analogs of the
covariant derivatives (3.33). In terms of the canonical mo-
mentum densities P,=(P;*,P{%) and P,-1y=(P,4,P_3) they
are defined by the relations

& = ( _ZH(O)’H[H]U),H(UG))
=1Sp(va®VP,—P,-1)0P Vv 1), (4.23)
M= — 1+20-2= 1P, — 13 PL — v, PL +ViPR ,
(4.23a)
3 (SEI LB V;\AP}{ —vi ykApZ , (4.23b)
-210=7 YiaPa— Vs YasPx » (4.23c)

» i o+ s
O0= (o} YigPs +v2 ¥33P; +va YAsPs + VA YABPB )-
(4.23d)

It is evident [see Egs. (4.15) and (3.39)] that the densities
n© and M99 generate (on the Poisson brackets) Kac—
Moody-like extensions of the SO(1,1) and SO(8) group al-
{721
gebras, respectively. The densities II are associated
with the coset SO(1,9)/[SO(1,1)XSO(8)].
The Poisson brackets (4.6) can be written in the form

[F,Glp= f do(8F/ 8P () 3G/ 8x™ () — OF/ 8x™(0) G/ 8P ()

—f ddsﬁ/ﬁml(d)m~/5ﬂal(0)

+ OF/677,4(0) 8G/ 667 (o)

+ f do( 513/‘5“(')“)(0')&&)“)(0')(-}—A(’)ﬂ)
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X (0)F8G/8M1VV( o)) (4.24)

for the functionals F and G living in the phase space (4.17)
[cf. Eq. (2.55)]. All the expressions (4.23) vanish in the weak
sense (4.18). Hence the primary harmonic constraints have
the following form in this approach:

9= -41/60!° (4.25a)
]‘[[12](1);_314/(99[;—'2](1)% 0, (4.25b)
N90=+41/0090~0. (4.25¢)

Finally, the expression (4.22) for the canonical Hamil-
tonian can be specified as follows:

Hy= —3x™(0)P,(0)+3,0°(0) 7 y(0) —Q(TO)H(O’

—Q[T‘Z]U)H[+2]U)+%Q(T')(”H(')(J)—L, (4.26)
where L denotes the Lagrangian density for the action (4.3).

Let us summarize the results of this subsection which
define the starting point for the next one.

The phase space of the system is parametrized by the
variables (4.17). The Poisson brackets are defined by the
standard relations (4.6) for the ordinary variables and by the
relations (4.14), (4.15), and (4.19) for the harmonic ones.’
The canonical Hamiltonian is defined by the relation (4.26).
The set of primary constraints includes the relations (4.7a)—
(4.7d) and (4.25).

4.2. Irreducible first-class constraints for the D=10,
N=2B Green—Schwarz superstring

The first-class constraints can be extracted by means of
the well-known Dirac procedure of checking the constraint
conservation during the evolution.>

The evolution of the dynamical variables of a system
with constraints is defined by a generalized Hamiltonian,
which is the sum of the canonical Hamiltonian and the prod-
ucts of the primary constraints and the corresponding
Lagrange multipliers. For the dynamical system with the pri-
mary constraints (4.7a)—(4.7d) and (4.25) the generalized
Hamiltonian has the form

H'=fd0' H'(7,0),

H'(7,0)=Hy(7,0)+ /‘:[ —apl ((T)‘f‘f_IVXaD (o) (4.27)

+ [a[+2]um[*2]+a[‘2]um[+2]
+a V"D, +i o OTIO+ Lo TIH+ ol F2H =20
+gHF2Ipl=2l,

Here the canonical Hamiltonian Hy, is defined by the general
expression (4.26) for any dynamical system living on the
phase space (4.17). For the superstring formulation (4.3) it
has the form

HOEJdO' Hy(7,0)
Ho(7,0)=—0,x"Pp+3,6°17,— 3001 )~ L
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- %(p[+2]augn—2]

’

ca
+ p[_Z]"uE:Z])wZW - sﬂ,,p“[”]p"[_z], (4.28)
g91=—&10=—1.
The conditions of constraint conservation
d N .
W (constraint)=~[(constraint),H’ [~ (4.29)

must lead either to restrictions on the Lagrange multipliers or
to the appearance of “secondary” constraints.>®

Thus, the requirement of conservation of the constraints
PE%]%O (4.7d) leads to the secondary constraints

© u[+2]+ca'p"["'2]m0_ (4308 b)

At the same time, conservation of the constraints }p§1~0
(4.7c) permits us to express the Lagrange multipliers a!*?! in
terms of the o components of the world-sheet vector densi-
ties p"{:zl (or, more precisely, vice versa):

(4.31a,b)

Owing to SO(1,1)®S0(8) gauge symmetry of the super-
string action (3.1), (4.3), the requirement of conservation of
the harmonic constraints II'”~0 and IT'~0 (4.25a), (4.25d)
has no nontrivial consequences. [We recall that 1 and 119
generate SO(1,1) and SO(8) transformations on the Poisson
brackets.] However, conservation of the other 16 harmonic
constraints IT1*2~Q (4.25) has nontrivial consequences for
the Lagrange multipliers:

p"[;zlwg‘uf‘?—aipd:z]%& (4.32a,b)
This means that there is no gauge symmetry under the trans-
formations from the coset space SO(1,9)/[SO(1,1)®SO(8)]
in this formulation. This fact was discussed in detail in Refs.
22 and 23.

The consistency condition for Egs. (4.32a) and (4.32b)
leads to the relation

ale=ai(pi+2pol-21_ pri-2lpel+2l)—

which results in the vanishing of the SO(8) vector Lagrange
multiplier,

ai=0, (4.33)

in the case of a nondegenerate world-sheet metric (or, more
precisely, nondegenerate world-sheet moving frame). Using
Eq. (4.33), we can see that Eqgs. (4.32a) and (4.32b) produce
the secondary constraint

P=wlul~0, (4.34)

[0 p

which is the o component of Eq. (3.44).%

Together with Egs. (4.30a) and (4.30b), Eq. (4.34) makes
it possible to decompose the component of the Cartan-form
pullback )} onto the basis of two vectors u[ of the target-
space moving frame, which, therefore, are tangent to the
world-sheet on the mass shell (i.e., on the shell defined by
the equations of motion in the target space).
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The requirement of preservation of the Grassmannian
spinor constraints D}(c)~0 (4.7b) gives an expression for
the Grassmannian Lagrange multipliers £ and &' in terms
of the dynamical variables:

po{—Z]
+2=p;l—2l aﬂ'mzvz s

ol +2]
&' = A1 % Vo -

(4.35a)

(4.35b)

The other Grassmannian Lagrange multipliers £1! and £32
remain independent and play the role of parameters of the
fermionic x symmetry in the Hamiltonian formalism. We
stress that this symmetry is present in the theory only for a
definite choice of the numerical coefficient a’ in the Wess—
Zumino term (4.3b) of the superstring action (4.3). If this
coefficient is different from *1/ca’, the conservation condi-
tions for the Grassmannian constraints (4.7b),

DL ()=—1+i(0nt) o Pou—(—1)'a’ (3yXm
—id,0'0,,6))~0,
result in the relations
EX Vo™ 2Py —(=1)'a’ (Ag%nm
—2id,0'0,0))+ &',
—2i9,0'0,8))=p123,0P0} i (1- (= 1D)'*Y)
+p 1 25,6" v gy a(1H(= 1)), (4.36)

From Eq. (4.36) we can obtain relations similar to Egs.
(4.35a) and (4.35b), not only for §X2 and fX‘ , but also for the
remaining Grassmannian Lagrange multipliers &' and £3°.
[The primary and secondary constraints (4.7a) and (4.30)
must be used in such computations.] Thus, fermionic « sym-
metry is absent for the theory if the numerical coefficient in
front of the Wess—Zumino term is a’ #*1/ca’.

If we choose this coefficient a’ to be equal to —1/ca’
instead of +1/ca’, then the relation (4.36) gives expressions
like (4.35a), and (4.35b), but for the Lagrange multipliers
& and £32. The Lagrange multipliers £;2 and €3, which
remain undetermined in this case, play the role of parameters
of the xk-symmetry transformations.

Conservation of the constraints (4.7a),

&, =P,— %pf[+2]u£n—2]_ ;_pr[-z]uﬁz]

um[+2](Pm+(_1)I+1 ’((9 Xp

3,000,6~0,
yields the relation

ul+2) g =21 15 no=21_ ()(0) of=214 40y 2]

1 ]
+2i o (D'&R0, 0 v |+ uly *) 367

—19,p T+ QP p 12— ia®pT+2)

1
+2i E;; (—1)'§;'a,,0“‘v:A
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+ ug)[(a[ﬂl(i’p’[_z]'f'a[_zl(i)pﬁ”])

_> il

) g Fly o+ yABo'? lvi)]=0.
(4.37)

Here QO, QL20 ang 009 are the coefficients of the pull-
back of the SO(1,9) Cartan forms (3.34) on the world sheet.
They are related to the differential d o, and their form can be
derived from Egs. (3.34) by using the relation

Q(d)=d§“ﬂﬂ(§)=drﬂ,(r,o)+drﬂ (1,0).

[prOJectlons of Eq. (4.37) on the composed vectors
utt2and u® (3.11) of the moving-frame system
(3 10) give us the following expressions for the Lagrange
multipliers:

31{'2]:30p0{‘2]+95r0)p0'[—2]_2ia(0)p7[~2]
—ai gAZ(y o2y (4.38a)

ﬁr[+2]=aopa[+2]_Qir())pa[+2]+2ia(0)pr[+2]

0,00 v (4.38b)

al * 200 =20y (=200 421 3 et 20210

-2 —,§A 'yABa 0"’11/ st2i _/§A Yindo 02V

(4.380)

p0f+2]
+2i o mat,ﬂ‘“&,,e‘“

po{—2] + i .
+ ?{_—2]' 000a260082]VaA7AéVﬂé .

Finally, we must verify the conservation of the secondary
constraints (4.30a), (4.30b), and (4.34). They can be repre-
sented as the projections of one constraint

wg'—%ca'p’{+2]ugn_2]+%ca'pﬂ_zlug,fz]%O (4.39)
onto the moving-frame vectors uEn_z], uL,J’Z], and u . The
requirement of conservation of this constraint leads to an
equation similar to (4.37). Moreover, the prolectlons of this
equation onto the moving-frame vectors u[ and u[ﬂ]
incide with Egs. (4.38a) and (4.38b), respectlvely However
its projection onto the moving-frame vectors uV differs from
Eq. (4.38c) and has the form

alt 2](i)p7[—2]_ a[—Z](i)piJrZ]

— %[po{—Z]QE:-2](i)_p0‘[+2]QEI—2](i)]

1 :
+2i — & ly 500 at2i - ,ggzyABa,,mzv;B
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p0[+2] 0[2]
—2i ,—1[+—2](90”606] 7—130“2(7082]

X V:A‘y;é Vi - (4.40)
This relation corresponds to the requirement of conservation
of the secondary constraints (4.34) and thus is absent in the
case of a null superstring [as well as the constraint (4.34)
itself].  Consequently, the corresponding  “boost”
symmetry”>?! which characterizes the superparticle!8:20:21
and the null-superstring theory'**** is absent in the case of
the twistor-like superstring formulation. This is the case be-
cause the superstring action (3.1), (4.3) contains spinor har-
monic variables of both types: the v}, harmonics as well as
the v, 3 ones. The eight “boost” symmetries?®?! consist in
the shifting of one of these harmonics by harmonics of an-
other type:

Svaa=byaves or Srx=bT" v .

It is clear that such symmetry is present in theories whose
formulation contains only one of the types of harmonics, v,
or v,,. This property is satisfied not only in the twistor-like
formulation of massless superparticles, null superstrings, and
null super-p-branes,'8-21%*3 put also in the heterotic-string
formulations like the ones discussed in Refs. 32, 34, 36, 38,
and 40.%

Equations (4.38c) and (4.39) can be solved for the
Lagrange multipliers ol *21? and of 2.

. 1 . | B
a[+2]n)=ﬂ [p0{_2]%95.+2](l)+2i o fAZVAnaaoan:B

p 12

+2i —,[jja 020,0PviAY, 5V Voir (4.41a)

. 1
o 2](1)=p_’[j[ e +2L0L-210 _ 2i — gA yABa v,

ol +2)
t2i L O 10507 Vap VgV g (4.41b)
Thus, the verification of the conservation of the constraints
under the evolution is complete and, hence, the full set of
first-class constraints has been extracted (up to a transition to
some linear combinations of them). They can be defined as
variations of the generalized Hamiltonian H' in (4.27),
(4.28) with respect to the generalized Lagrange multipliers,
which may contain the undetermined field parameters of the
canonical Hamiltonian playing the role of the Lagrange mul-
tipliers for the secondary constraints (besides the original
Lagrange multipliers). In the present case we can use, as
generahzed La range multipliers, the moving-frame density
variables p”1*2] related to the original Lagrange multipliers
al™2 by Egs. (4 31a) and (4.31b).1°

After substitution of the expressions for the dependent
Lagrange multipliers (4.31), (4.33), (4.35), (4.38a), (4.38b),
and (4.40) into the expressions (4.27), and taking into ac-
count (4.28), the generalized Hamiltonian can be written as
follows:
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I I

H' (T",)__ ol+2]7 [~ 2](7.0.)__’,0{ 2 [+2)( 7, o)

+EXD DL+ DO+ LT

+gol21pl[=2]

(221, (4.42)

The first-class constraints have the form

2 oJH'
= ca’ ap¢r[+2]

=ut=?mL, +i;[—T1 3,0 v a(vi D))
m ca +2]7 Y eA\VA 'Ly

1 1

ca' +2]r

+4i ca’p[”]’]_zz?(,@)“l:?o@”vaA'y;‘B BH'[+2]

Q'(:y_ 2]iHi[ +2]

2
-2 0)
a2 avric, e
. oH' 1
D,(o)= 6§+1 =va D,(0)
2i ; — aly[+2]i
‘m YarVar% Ol
2
3,07 v),P{ 1~ (4.430)
2  OH'
[+2]=_ _©
L ca’ r?p”[ 2l
_u[+2]'“L2—— =T 0,0 l'A[VAYD]
1 1 ;
b [+2Jipy(—2i
ca’' I—ZTQ H
—4i[ca’pl™ 2]"] 20,029,07 aA'yi\B yBH[ :
2
[+2 0)pl[+2]
e P(p)f] ca’ Yo Pipr~0 3430
. oH'
D(0)=—==¥{'D.(0)
IEx
2l - + a2 [_Z]i
* oo T YAaVardo® I
4i
a2 +
—E?I%(‘B yAPEp)r]R’O’ (4.43d)
D(O)EH(0)+2p[+2]rPE;)i]__ZP[—Z]TPE;)%_]mO, (4.43¢)
DijEHijmo, (4.43f)
72
PEP) 210, (4.43g)

where the expressions D! and L!n (I=1,2) are defined by the
relations

471 Phys. Part. Nucl. 25 (5), September—October 1994

1
I — i Mm —(— _
Da(a')=—1rla+l(0' d)a[Pm (=" Py (0,%m

—id,0'0n0)|, (4.44)

-1)'9,80,,01,
(4.45)

L,=[P —(—1)1—1— ™+
. ca’ Y7

LJ=1,2.

The first-class constraints (4.43a) and (4.43b) generate
reparametrization symmetry with parameters p’* on the
Poisson brackets. The first-class constraints (4.43c)—(4.43f)
generate k-symmetry transformations (with parameters 7%
and £3%), SO(1,1) symmetry (with parameters a?), SO(8)
symmetry (with parameters a”) and, finally, symmctry under
arbitrary shifts of the density components p 1¥2 (with pa-
rameters B°1°2)). The last symmetg implies the Lagrange-
multiplier nature of the variables p

The connection of the reparametnzatlon-symmetry gen-
erators (4.43a) and (4.43c) with the well known Virasoro
constraints will be discussed in the next section.

Thus, the complete set of covariant and irreducible first-
class constraints for the D=10, N=IIB superstring in the
twistor-like Lorentz-harmonic formulation (3.1), (4.3) has
been derived.

5. ALGEBRA OF IRREDUCIBLE SYMMETRIES AND
SECOND-CLASS-CONSTRAINT SYMPLECTIC
STRUCTURE FOR THE D=10, N=IIB
GREEN-SCHWARZ SUPERSTRING

5.1. First-class constraints and their algebra

To simplify the algebra of the gauge symmetries gener-
ated by the first-class constraints (4.43), let us redefine them,
using some linear transformations within the set of first-class
constraints. To formulate the results of such a redefinition in
a compact form, let us introduce the bosonic and fermionic
blocks

Li=L!-4,Al, (5.1a)

D(a)=D}(0)+2i(a™6"),AL, (5.1b)

L2=L2-9,A%, (5.2a)

D%(o)=D%(a)+2i(c™F),AZ, (5.2b)
where

AL =ult2Ipl 2]y Oppl2ly pri+2l~ g, (5.3a)

AL =ul PP -y QT2 p =21~ 0, (5.3b)

and the quantities D!, and L}, (I=1,2) are defined by the
relations (4.44), (4.45) or by the expressions

1
Lo=[Pn+ — (0xn—2i3,8'00'], (5.4a)
Dal(o)=—mal+i(omfl)a[Pm+ Icar (doxm

Igor A. Bandos and Aleksandr A. Zheltukhin 471



—iﬁuﬂlamﬂl)], (5.4b)
2 1 . 2 2
LmE[Pm—J (Oxm—2i0,0°0,07], (5.5a)
D(o)=—7m2+i(a™?) | P ——l—(a
a a a m Ca, o‘xm
—iﬁﬂﬂzamﬂz)]. (5.5b)

The algebraic structure associated with the blocks (5.4)
and (5.5) is a very simple one:

{D'(0),Dp(0N}p=2i8" L} 80— a"), (5.6a)

[D4(0),L5(0))]p=(—1)'8"4i(ca’) " '(8,00,) s 0(0— 0",
(5.6b)

[LL(0), L (0")]p=2(—1)'6"(ce) ' pnd 8T — a").
(5.6¢)

This set is decomposed naturally onto the two pieces
(D:,,L,',,) and (Di,L,Zn), associated with the different light-like
directions tangent to the superstring world-sheet. Inside any
one such piece the bracket for two fermionic blocks produces
the corresponding bosonic one (5.6a), the bracket for a
bosonic block with a fermionic one produces the derivative
of the corresponding Grassmannian variable (5.6b), and, fi-
nally, the bracket for two bosonic blocks is equal to the prod-
uct of the flat space-time metric and the derivative of a &
function (5.6¢). The brackets vanish for any two blocks be-
longing to different sets (i.e., associated with different light-
cone directions).

In contrast to Egs. (5.6), the algebra of the blocks Al has
vanishing brackets for any two blocks from the same set and
complicated nonvanishing brackets for the pair A,,, AZ of
blocks associated with the different light-like directions:

[AL(0),AL0") =0, [AL(0).AXc")]p=0  (5.7ab)
[An(0).AX0")]p=(p1Hp1 ) " [ul)uP(D
+2D%) + u {20

—ul 2,9ty ~0. (5.7¢)
It is important that the brackets (5.7c) vanish in the weak
sense and include on the left-hand side only the harmonic
constraints (4.43e) and (4.43f) (which are first-class con-
straints) and (4.25b) (which are second-class constraints).
Taking into account Egs. (5.6) and (5.7), we can see that
the algebra of the blocks L! (o), D.(0o) is defined by the
relations
{D}(0),D (0" )}p=2i0ngL0 80— 0"), (5.8a)
[D(0),Ly(0")]p=—4i(ca’) " (3,0'0,) o8(0—0"),
(5.8b)
[Ln(0).Li(0")]p=—2(ca’) ' Dmadsb(0—0")  (5.8¢)

and coincides with the algebra (5.6) written for I=J=1.
The same is true for the algebra of D%(o), L(d”):
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{D(0),D}(0" }p=2ic L2 8(a—0"), (5.92)

[bi(ﬂ),iﬁ(ﬂ')]p= +4i(ca’)"Y(9,6%0,) ,0(c—0"),
(5.9b)
[L2(0),L(0")p="+2(ca’)  undsd(ac—0')  (5.9¢)

[see Egs. (5.6) with I=]J=2].
However, the “crossed” terms have a more complicated
form and are completely determined by the brackets (5.7c):

{Dy(0),Dp(c")}p
=4i(ca’) (0,6' 0,) (956 0,) d A (0),A%(0")]p, (5.10a)
[DY(a), L")

= 2i(ca,)_2(‘9001 Un)a(U)aal[A']‘(O'),A'zn(O")]p ’ (5-10b)
[L(0),Di(a")]p
=2i(ca’) X0y 0 0,)o(0") [ Ar(0),A(0")]p,  (5.100)

[LL(0),LA0")]p=—(ca’) 23,0, [AL(0),A2(0")]p,
(5.10d)

as is easy to see from Egs. (5.6) and (5.7).

The first-class constraints Yh=(Ys,Y%) [see (4.43a)—
(4.43d)], which generate x-symmetry and reparametrization
transformations, can be redefined as follows:

Yu(@)=(L"(0),Dx(0)):
L'(0)=2p™*2[~2]
=2p7 1220 (0)+4(ca’) 19,04 D)(a), (5.11a)

Dx(@)=vy%(0)D}(0), (5.11b)

Yi(0)=(L*0),D(a)):
L2(o)=2p1 21 +2] (5.12a)
Ezpf{ _Z]um[+2]]-/'2“((r)—4(ca,) -1 aaaazD_i( 0_)’

D} (0)=vi*(0)D%(0). (5.12b)

The differences of Egs. (5.11) and (5.12) from (4.43a)—
(4.43d) consist in:
i) addition of the expressions

2 1 L
+ a [+2 Tag@lll 1Ja./i‘(vA D -‘y)
and

2 1 -
T ea FF 3,92, \[v} "D,

which are proportional to the first-class constraints (5.11b)
and (5.12b) [or, equivalently, to (4.43b) and (4.43d)], to the
constraints (4.43a) and (4.43c), respectively;

ii) multiplication of the resulting expressions by the
overall factors 2p "2 and 2pT~2), respectively.

The algebra of reparametrization and x-symmetry trans-
formations associated with the same light-like direction tan-
gent to the world-sheet is realized in the form of the bracket
relations
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[YM,YN]p C YN
[L'(0),LY(0")]p= —4(ca’) ' (L'(0)
+LY(0")d,8(c—0"),

(5.13)

(5.13a)
[L'(0),Dx(0")]p=—4(ca’) ' D3 (0)3,80—0")
+2(ca’) 'Q0(a)D;(0)8(0—0"),

(5.13b)
{D(a).Dg(c")}e
=iSpp(pT* ) (L (0)—4(ce’) 19,07 v D (0))
X &o—0a'), (5.13¢)
[ Yo Yale=Cin (5.14)
[L*(0),L%(0’ )]p=4(ca’)_‘(L2(<r)+L2(0'))«905(0— a’),
(5.14a)

[L2(0),.D}(0")]p=4(ca’) "' D}(0)3,40~0")
+2(ca’) ' QP (0)Df (o) 8(a—a"),
(5.14b)
{DX(0).D}(c")p
=830 (L(0) +4(ca’) 19,67 D (o)
X&(o—a'), (5.14¢)

where Qf?)(o-) is the o component of the SO(1,1) Cartan
form (3.32a); they transform as the connection (or gauge-
field) component under SO(1,1) gauge transformations.

The brackets of the reparametrization and x-symmetry
generators associated with different light-like world-sheet di-
rections have a more complicated structure. However, they
are completely defined by the relations (5.7c):

[YM(0),Y3(0") o= C o Ko —o’)(6D' V) +2D):
[LY(0),L¥(0")Jp=—16(ca’) 'L QL (51D (©
+2D%)8(0—a’),
[L'(0),D{(0")]p
=4i((ca'pt )10, o, 020
+2D%) 8(0—0"),
[DA(0). L],

(5.15a)

s Yaa(6D©
(5.15b)
— 4l-((Car)2p1{+2])—19[a+2]i0-’00al V;é,};aA(ng(O)
+2Di8(o—0o"),
{Dx(a),Di(0")}e
=4((ca’)p T T 1g,00 v oy, &
X 3,02V Yea (8D O+ 2D 80— o),

(5.15¢)

(5.15d)

where QE,+2]i, QE,’Z]i are the components of the pullbacks of
the covariant Cartan forms (4.32b) and (4.32c) [Q,=Q(4,)]
and
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DO=T1O+2pl+27pl 25 p[=217pl 120, (5.16a)
Di=IIi~0, (5.16b)

are the first-class constraints (4.43¢) and (4.43f) generating
the SO(1,1) and SO(8) gauge symmetries (on the Poisson
brackets).

The fact of closure of the super-reparametrization-
symmetry algebra (i.e., the algebra of reparametrization and
k-symmetry transformations) on the SO(1,1) and SO(8)
gauge-symmetry transformations is a significant one. It
means that SO(1,1) XSO(8) gauge symmetry connects differ-
ent light-like directions tangent to the world-sheet.

The bracket relations between the SO(1,1) and SO(8)
symmetry generators (5.16a), (5.16b) and other first-class
constraints are defined by the SO(1,1) weight and the SO(8)
index structures of such constraints:

[DV(0), Yy(o")p=w(Y\) Yi(0) 8(o—0”):

[D'(0),D (") lp=—Dx(0)8(0~0"), (5.17a)
[D(0),D}(0")lp=+Dj(0)8(0—0"), (5.17b)
[D9(a),L"(c")]p=0, (5.17¢)
[D©(0),Dii(0")]p=0, (5.17d)
[D¥(0),Y\(0)e=(Y)NYN(0) 80— 0"):
[D¥(0),D (0= YieD5 () 8(o—a"), 18
[D¥(0),D}(0")b=—7L3D} (@) 8(a—0a"),  (5.18b)
[Dii(0),L'(a")p=0, (5.18¢)
[Di(0),D"T (0") =261 DI'i(0) 80— 0").  (5.18)
Thus, the algebra of the first-class constraints
YA=(Yj(0),Y3(0),D (), Dii(0),PL 7))
=(L"(0),Dx(0),L%(0),D; (a"),
[+2] (5.19)

XD'(0),D(0),PL5Z)[Y(0),Ys(0")]p

de'"C s(o,0'|a")Yn(o”)

is completely specified by Egs. (5.13)—(5.15), (5.17), and
(5.18), except for the bracket relations of them with the re-
maining two first-class constraints P{,,)%,]“‘O (4.43g). These
brackets all vanish because of the absence of the variables

p[:zl" in the expressions for the first-class constraints:

[P(p)g'(a) Ys(o')p=0

The symmetry generated by the constraints P£ )2]~0
(4.43g) indicate the Lagrange multiplier nature of the
zweibein densities p[+ 7 in the present formulation.

(5.20)

5.2. Second-class constraints, their algebra, and
symplectic structure

The remaining constraints (4.7) and (4.25) are second-
class constraints. They can also be decomposed naturally
onto the two sets
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S¢=(S1,85)~0

associated with different light-like directions tangent to the
world-sheet:

(5.21)

Si~0: (5.22)
L'D(g)= u“‘“’(a)L,‘n( o)=u"[P, + c—(117 (0pXm
-2id,0'0,,0'1~0, (5.22a)
v{*(o)D (0)=~0, (5.22b)
+210(g)~0, (5.22¢)
pl 2l — Lm0 1 () ~0, (5.22d)
L d0)~0, (5.22¢)
S2~0: (5.23)
L) =umNo)Ly(0) =u" [Py~ ci, (CR
—-2id,6°0,6°]~=0, (5.23a)
v, %(o)D2(0)=~0, (5.23b)
=210 g)~o0, (5.23¢)
pl=27— Lym=2 2 (5)~0, (5.23d)
P{r (o) ~0. (5.23¢)
The nondegenerate symplectic structure Qg with
[St.Slp~y (5.24)

of the set of constraints (5.21) and (5.22) is block-diagonal
and is defined by the relations

[SH.Sale~Q4y: (5.25)
{(vi°D(0),v} “DL(0")}p=2i83u™ L} (0) 8o~ 0")

~4i8;pp T 8(0— '),

(5.25a)
[L'®(0), 53 “DL(0")1p=—4i(ca’) 10,6 vinY,p
X 8a—a'), (5.25b)
[L'O(0),L'0(0")]p=—2(ca’) " (§99,~ Q) (0~ 0”),
(5.25¢)
[[L+210(g),L10(0")Jp=8iu™ 2L} (0)
X &o—0o')=28pl " 8(a— o), (5.25d)
[(pt+ 27— ™ 2L ) (0), L'P(o")]e
=(ca’) 'O His(0—a"), (5.25€)

[P 2(0), (pL 27— ™ALLY (") o= 8o — o),
(5.25f)

[ng’Si}P%Q?g: (5.26)
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{va D(0),v5 D30 )}p=2i8ppu™ PLE(0) 80~ 0")

~4i6ABp[42]1-5(0-_ 0"),

(5.26a)
[L*Y(0),55 “D%(0") [p=4i(ca’) '3,6v 3 ¥; 50— "),
(5.26b)
[L'(0),L'9(c")[p=2(ca’) "' (8i6,—~ Q) do—0"), (5.26c)
[210(a),L20(0")Jp= ™ 2L} (o) Ao —0)
~2850l 27 8(0—0"), (5.26d)
[t 2= 30 (o), L20(0")]p=(ca) ™ 02
X &o—0'), (5.26¢)
[Pl 2 (a),(pl~ 2= w2 )(o")]p= (0~ '), (5.260)

All the other brackets between pairs of constraints from the
same set [either (5.20) or (5.21)] vanish in the strong sense.
The brackets between constraints from different sets are all

equal to zero in the weak sense:
[S.S2}p=0. (5.27)

All the bracket relations which are nonvanishing in the
strong sense involve the constraints (5.22c) or (5.23c):

[St.Salp# 0(=~0): (5.28)

[0+ 210(g), 121 (g )]p= (8D + 2D1) (o — 0" ) =0,
(5.28a)

[+210(g), 05 °D2 (0" ) 1p=—YasDi(0) 8(o— o' )=~0,
(5.28b)

[v;°Di(e), 12100 lp=paD () 8(0— 0" )~0,
(5.28¢)

[T+ 210(q),L20(g") Jp=8Tu™* 2L (o) (0~ o)
=832 7217 1[L%(0)

4 oA 4 _
+ o 3,9y D% (0)+ o 3,9%v) (v 7D;i)

4
- 2
_ a'_ P[ 2]7(00_99))PE;)T]

4 " "
+ an{:”’ -218(e—o')~0, (5.28d)
[L'O(0), 112 (0") Jp= 8L, (o) Ao~ o)

4 .
=-2p* LN o) - v 3,9}, D (o)

~ 4
3.0 Vv A(VA D)+ s pl+2Ir

ca’'
O pl-21_ 4 a2l "

X (3,+ QPP — QI (0 - ") ~0,

(5.28¢)
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[+ 2i(o), (pl 37— w22 ) (0]

=—12)(¢) (- 0')~0, (5.28f)
[(pl*2)7— ;—u'“HZ]L,]“)(O'),H[_ZF(U')]P
=L'0(g)8(o—a')~0. (5.28g)

Hence, the symplectic structure (5.24) associated with
the irreducible second-class constraints of the Green—
Schwarz superstring has been derived in the framework of
the twistor-like Lorentz-harmonic formulation.?>? More-
over, the second-class constraint algebra

[SE.Sgle=Cry “SK+CIX Y5 +Qp~Qp) (5.29)

is described completely by the relations (5.25), (5.26), and
(5.28).

5.3. Reparametrization generators and Virasoro
conditions

Let us clarify the relation of the first-class constraints
(5.11a) and (5.12a) to the well-known Virasoro conditions

V=[P, +(ca') 19,x,][P"+ (ca’)_laoxm], (5.30a)

V=[P, —(ca’) '8, xn[P"—(ca’) "' d,x™], (5.30b)

which generate the reparametrization-symmetry transforma-
tion in the standard bosonic-string formulation (see, for ex-
ample, Ref. 3). The expressions [P,+(ca’)'d,x,] and
[P,—(ca’) '9,x,] are included in the blocks (5.4a), (5.5a)
and can be identified with them, or with the blocks (5.1a),
(5.2a), up to harmonic and Grassmannian constraints. Thus,
we can discuss the forms of the Virasoro-condition generali-
zations in terms of these blocks.

It is sufficient to discuss only the Virasoro condition
(5.30a).

The expression L} is included in the first-class constraint
(5.11a), which can be reformulated as

u" A (0)+2(ca’ p ) 719,07 D o(0)~0,  (5.31)

and which remains a first-class constraint after multiplication
by u" AL 0):

w2y AL (o)L (0)

+2(ca’ pTH2 )y WAL (6)9,0%' D! (0)~0. (5.32)

On the other hand, the second-class constraint (5.22a) can be
transformed into the constraint

Ll (o)u™V~0, (5.33)

because the block I:,]"(zr) (5.1a) differs from L1 (o) (5.4a) by
the sum of constraints [see Eq. (5.3a)]. The square of the
second-class constraint (5.33) is a first-class constraint, by
definition. Thus, we have the (dependent) first-class con-

straint
L! (o) u™Py DL () ~0 (5.34)

in the dynamical system. The linear combination of Egs.

(5.32) and (5.34) in the form
u‘“[“]u"[*z]l;ln((r)i,l,(o')—I::n( a')u"‘(i)u“(”f_,}l(a)
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+2(ca’ pT+2 1" AL (0)6,0%' D (a)~0  (5.35)

can be written as

L ()L™ () +2(ca’ p1*2) 12} (0)9,6%' D} (o) ~0
(5.36)

(if the completeness conditions

8" = L2yl =21 L, L= 21+ 21 (i (5.37)
for the composed moving-frame variables (1.8), (1.9) is
taken into account).

It is easy to see that the first-class constraint (5.36) co-
incides with the Virasoro condition (5.30a) up to the Grass-
mannian and harmonic degrees of freedom (which are absent
in the standard bosonic-string formulation).

6. CONCLUSION

The classical mechanics of the twistor-like Lorentz-
harmonic formulation of the D =10, N=IIB superstring®*>’
is based on the Lagrangian and Hamiltonian approaches. The
equations of motion have been derived [Egs. (3.40), (3.44),
(3.47), and (3.51)] using the concept of the admissible varia-
tion (3.31) for the harmonic variables. The complete sets of
Lorentz-covariant and irreducible first-class and second-class
constraints are presented in Eqs. (4.43a)—(4.43g) and Egs.
(5.28)—(5.33), respectively. The algebra of the gauge sym-
metries [Egs. (5.13)—(5.15) and (5.17)—(5.20)] and the sym-
plectic structure associated with the set of second-class con-
straints [Egs. (5.25), (5.26), (5.28), and (5.29)] have been
calculated.

Thus, we have developed the machinery of the compo-
nent twistor approach necessary for the next steps towards
covariant quantization of the D =10 superstring, which con-
sist in providing the conversion™*¢ of the second-class
constraints into Abelian first-class ones and constructing the
classical BRST charge (see Refs. 19, 42, and 43 for the case
of null super-p-branes in D=4). These steps are under in-
vestigation now.
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3 Another method consists in attempts to extend the quantization scheme
developed by Batalin and Vilkovisky?® to the case of systems with infinitely
reducible symmetries (see Refs. 9-12 and references therein). Such exten-
sions use an infinitely reducible gauge-fixing condition and produce free-
type effective actions including an infinite number of fields for superpar-
ticles and superstrings. However, the straightforward extension of the BV
prescription® to systems with infinitely reducible constraints leads to well-
known troubles.'®!! The cohomologies of the superparticle BRST operator
calculated in this way differ from the state spectrum of the Brink—Schwarz
superparticle obtained from the quantization in the light-cone gauge (see
Refs. 10 and 11). To achieve the correct BRST cohomology (i.e., state
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spectrum) it is necessary to modify not only the BV quantization prescrip-
tion, but also the initial superparticle or superstring formulation. However,
after this step, the second method is reduced to a variant of the first one.
“The letter 1 in the round brackets in n'" labels a vector from the moving-
frame set n, n::,' yeees B~ 1t is convenient to separate all the vectors
nf,',) into two sets nﬂ,’ = (n{,f",n:ri,)), where i=1,...,D—2 and f=0,1 (so that

n%=nY and nll}=nP-M),

S'Thus, the SO(1,1) subgroup of the target-space Lorentz group SO(1,D—1)
(acting on the matrix n{ from the right) is identified with the Lorentz

group of the string world-sheet in this formulation (cf. Refs. 22 and 23).

“In this form the coincidence of the variables ry with the vector harmonics
from Ref. 13 is evident. However, these variables were used for the first
time for the string and superstring description in Ref. 41.

70f course, the simple expressions (4.23) and the initial definition of the
Poisson brackets can be used for the calculations, because the Poisson
brackets were not changed (see above).

It is interesting to note that for the case of a degenerate world-sheet metric,
which corresponds to null superstrings (Refs. 19, 42, 43, 52, and 53), Egs.
(4.32a) and (4.32b) become consistent without using Eq. (4.33), and the
secondary constraints (4.34) are absent (see Refs. 19, 42, and 43).

“'These formulations can be called half-twistor-like because only one of the
Virasoro constraints is “twistorized” (i.c., is solved by using a twistor-like
prescription) in them. It is this fact that explains the presence of the
(heterotic-superstring) “boost” symmetry in them. Indeed, as is easy to see
from the superstring formulation (3.10), (4.3), the inclusion of both types
of harmonic variable is necessary precisely for the “twistorization” of both
Virasoro constraints. The formulations in which only one of them is
“twistorized” can be constructed using only one type of spinor harmonic
and, consequently, may have the “boost” symmetry.

101t is important to note that the choice of the generalized Lagrange multi-

pliers is a very delicate point. If we try to use the components of the
world-sheet set ¢”¥?] as the generalized Lagrange multipliers [instead of
the components of the vector densities p?l1*2l=(a') " "/2e?1¥2]], then the
extraction of the corresponding first-class constraint becomes problematic
because of the nonlinear dependence of the resulting expression for the
generalized Hamiltonian on e“{¥ 2], In our case this problem can be solved
by using the relations (4.31) between the given variables and the original
Lagrange multipliers, and requiring that the new generalized Lagrange
multiplier must be expressed by a linear relation in terms of the original
one.
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