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Nonperturbative methods of investigating the vacuum structure of quantum-field models
(variational approach, constructive quantum field theory, the method of canonical transformations,
etc.) are reviewed. The problem of unitarily inequivalent representations of the canonical
commutation relations is discussed. The most detail is devoted to the method of investigating the
phase structure of superrenormalizable theories of a self-interacting scalar field for arbitrary
coupling constant and temperature based on canonical transformations and the renormalization-
group approach. In this approach, canonical transformations are used to introduce a set of

trial vacuum vectors (inequivalent representations of the canonical commutation relations). The
leading dynamical contributions that form the ground state of the system are taken into

account by means of the renormalization-group equations. The criteria for selecting the ground
state are based on comparison of the free-energy densities and the effective coupling

constants that characterize each representation. The mechanisms of rearrangement of the ground
state investigated in the review can be used to analyze realistic quantum field theories.

1. INTRODUCTION

About 20 years ago. Coleman and Weinberg' established
that radiative corrections can lead to spontaneous symmetry
breaking (SSB) in theories in which the semiclassical (tree)
approximation does not admit such breaking. At about the
same time, Kirzhnits and Linde*? showed that in some field
theories with SSB postulated at zero temperature the symme-
try is restored when the temperature is raised (see also Refs.
4-7).

These conclusions are based on the idea that a constant
classical scalar field (a condensate) arises in the whole of
space. The appearance of such a condensate signifies a rear-
rangement of the ground state of the system, as a result of
which fields that interact with the scalar field change their
mass. The nature of the interaction of the fields with each
other is also changed. It was found that quantum field sys-
tems have a complicated phase (vacuum structure) and that
at certain values of the coupling constants and temperature
phase transitions can occur in them.

The methods proposed in Refs. 1-3 are based on a loop
expansion of an effective potential, and they are therefore
only valid under the condition of weak coupling. Further
progress in the investigation of the phase structure of field
systems is associated with the use of nonperturbative meth-
ods. The attention of investigators was mainly concentrated
on theories of a scalar field with the Lagrangians

L()=4 ¢(0)(O-m?)p(x) 5 #'(x), 1

1 1
L(x)=5 <p(x)( O+3 mz) e(x —% ¢*(x), (1.2)

1 N g N 2
L=5 2 wi(x)(m—mz)wi(x)—;(E_ <p?<x))
(1.3)

332 Phys. Part. Nucl. 25 (3), May-June 1994

1063-7796/94/030332-29$10.00

in space—time RY (d=2, 3, 4) at finite and zero temperature
T. Here, x=(x,t).

The Lagrangians (1.1) and (1.2) describe a single-
component scalar field; they are invariant under the substitu-
tion ¢— — ¢. The Lagrangian (1.3) describes a O(N) multip-
let of scalar fields and is invariant with respect to O(N)
transformations and also the substitution ¢,— — ¢;. The pa-
rameters m and g are positive.

If the dimensionless parameters G=g/2mm and
0=T/m are sufficiently small, then in the quantum theory
the Lagrangians (1.1) and (1.3) describe a symmetric inter-
action, while the Lagrangian (1.2) corresponds to a sponta-
neously broken symmetry.

In the framework of constructive quantum field theory,
Simon and Griffiths,*” Glimm and Jaffe,'!"" McBryan and
Rosen,'? and others obtained some rigorous theorems that
prove the existence of nontrivial two-dimensional theories of
a self-interacting scalar field. These theorems establish the
existence of a phase transition in two-dimensional™'®!! and
three-dimensional'? ¢* field theories at zero temperature. In-
dications were found that these are second-order transitions,
but the proof of this is not complete.!""'> At the same time, in
the framework of constructive quantum field theory it did not
prove possible to obtain any information about the critical
value of the coupling constant or find the explicit depen-
dence of the mass and order parameter on the coupling con-
stant.

Mostly related to this subject are investigations of the
so-called triviality problem of the (¢*), theory. It has been
proved rigorously that for d>4 such a theory is either with-
out interaction (the bare charge is equal to zero in the limit in
which the regularization is lifted) or unstable (the charge is
negative).!> In the case d=4, it has not been possible to
arrive at any final conclusions.'*

From the physical point of view, a very attractive ap-
proach to the problem of phase structure is provided by the
variational method of a Gaussian effective potential (GEP).
This direction in field theory was initiated by Barnes and
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Ghandour,ls Bardeen and Moshe,"’ Stevenson,17 and Consoli
et al.'® Other investigations in this direction were made by
Chang," Magruder,”® Baym and Grinstein,?! and Grassi,
Hakim, and Sivak.?? Their studies differ in the renormaliza-
tion methods, the methods used to take into account thermal
effects, the use or not of the 1/N to study O(N)-invariant
systems, etc. In their study of the (¢*), theory, Polley and
Ritschel?® went beyond the GEP (so-called post-Gaussian ap-
proximation).

In the framework of the variational approach, the critical
values of the coupling constant and the temperature and the
dependence of the mass and the order parameter (conden-
sate) on the coupling constant and temperature were found
approximately in some theories of a self-interacting scalar
field. Polley and Ritschel”® obtained a second-order phase
transition in the (¢*), theory as predicted by the theorems
mentioned above (see also Ref. 63).

At the same time, the specific features of the variational
methods in quantum field theory make their results very un-
reliable if the theory contains divergences in the higher or-
ders of perturbation theory (see Feynman’s paper in Ref. 24).
Just such a situation occurs in the models (1.1)—(1.3) for
d>2. It has been noted by many authors>~?’ that this prob-
lem resides in the very formulation of the problem in the
variational approach. On the one hand, the variational prin-
ciple is applied to a fixed Hamiltonian with given set of bare
parameters (masses and coupling constants), while the physi-
cally significant quantity is the effective potential with given
set of renormalized parameters. After renormalization, the
basic inequality

U i <p)Em¢in(¢//|H|¢//)2Ueﬁ(<p) (1.4)

of the variational approach is useless, since the ultraviolet
divergences of the variational estimate UJ; and the exact
effective potential U ¢ are different, and therefore the differ-
ence between Uy and U, is infinitely large.25 The inequal-
ity (1.4) can be made meaningful only when the Hamiltonian
is an operator on the state space, i.e., if the theory contains
only normally ordered divergences [(1.1)—(1.3) for d=2].

Another problem is associated with the impossibility of
verifying the accuracy of the approximation in the varia-
tional method even when the inequality (1.4) does hold.*®

We also mention the original approach of Chang® and
Magruder®® which is based directly on allowance for the
structure of the renormalization of the exact potential in the
framework of perturbation theory. Chang and Magruder in-
vestigated the phase structure of the model (1.2) in R* and
found that with increasing coupling constant the symmetry is
restored. This contradicts the results of the GEP
approximation.*

In this paper we use a modification of the method of
canonical transformations that enables us to take into ac-
count the structure of the renormalization in the higher or-
ders and monitor the accuracy of the approximation. This
approach was first used in Ref. 31 to investigate the models
(1.1) and (1.3) in R?. The generalization to the more compli-
cated cases of three- and four-dimensional theories and to
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systems at finite temperature was made in Refs. 32-36. The
final formulation of the method is given in Ref. 35.

The essence of the method consists of combination of
two methods of quantum field theory: canonical transforma-
tions and the renormalization group (RG). The idea of such a
combination arises from fundamental properties of local
quantum field theory, namely, inequivalent representations of
the canonical commutation relations (CCR) and ultraviolet
divergences (see, for example, Refs. 47 and 57). From the
physical point of view, the existence of inequivalent repre-
sentations means that the vacuum state is not unique. At the
same time, dynamical instability of the vacuum is associated
with the radiative corrections to the physical parameters of
the system. Renormalization (R) corresponds essentially to
allowance for the leading radiative corrections. It is therefore
to be expected that the R structure of the model will contain
the basic (at least qualititative) information about its vacuum
structure (see also Ref. 8).

In accordance with this intuitive motivation, we take as
our point of departure the following:

* phases are manifested in quantum field theory as in-
equivalent representations;

* the basic information about the phase structure of the
theory is contained in the renormalization structure.

If the renormalized coupling constant G is small and the
temperature is equal to zero, then to quantize the models
(1.1)—(1.3) one can use the canonical procedure with the
Fock representation for particles with renormalized mass m.
The procedure for constructing the S matrix presupposes a
fixing of the renormalization scheme. Having this in mind,
we wish to know what is the field system at other values of
G and 6 for a fixed renormalization scheme. We formulate
the problem as follows:

What representation of the CCR is appropriate for dif-
ferent values of G and 6, and what physical picture corre-
sponds to this representation?

By different phases of the system we shall understand
inequivalent representations present in the theory for given
G and 6.

The review is organized as follows. In the second and
third sections we briefly present the method of canonical
quantization and the renormalization-group formalism; the
method used in the paper is based essentially on them. In the
fourth section, we discuss the interconnection between the
problem of the vacuum structure of a quantum field system
an inequivalent representations of the CCR, and we consider
the most important manifestations of inequivalent represen-
tations in quantum field theory. In the fifth section, the vari-
ous aspects of quantization, inequivalent representations, ca-
nonical transformations, and the renormalization group that
motivate the method of canonical transformations in quan-
tum field theory are unified in a consistent formulation of
this method. In the remaining sections, we investigate the
phase structure of specific models.

2. CANONICAL QUANTIZATION AND THE S MATRIX

To study the behavior of a quantum field system when its
parameters are varied, it is first of all necessary to describe
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the system for certain fixed values of the parameters. In other
words, it is necessary to determine a kind of “boundary con-
dition.” Without this, the formulation of the problem will not
be complete.

We shall assume that at zero temperature in the weak-
coupling limit the self-interacting scalar field can be de-
scribed in the framework of the standard formalism of ca-
nonical quantization and construction of the S matrix by
perturbation theory (see Ref. 42). We write the classical La-
grangian of the system in the form

)
L) = o) (@ m2(w)p(x)~ £ g

+HZ,— 1) p(x)Oe(x)— 6m>(u) @*(x)
—#Z,—1)g(p)¢*(x)— 6E.

We have here used the standard notation for the renormalized
field ¢, mass m(u), and coupling constant g(u). The param-
eter u characterizes the scale of the renormalization, which is
implemented by means of the counterterms given in the sec-
ond row of (2.1). Below we shall consider questions of
renormalization specially.

As canonical variables, we choose the renormalized field
¢ and the canonically conjugate momentum, which is equal
to

(2.1)

6

So(xxg) J dyL(y,xo)=Z,¢(x,xg).

(X,x0) =

The canonical commutation relations have the form

[e(x), @(¥)]x =y, =[7(x), 7(¥) ], =y, =0,

. (2.2)
[e(x), m(y) ]y, =y, = 16(x—Y).
The Hamiltonian density is
H:W(.P—L:H()+HI+HC1,
Hy=Y{m"+(Ve)*+m*(n)¢’], H;=ig(n)e,
1 1
Ho=3 (—_1)772+(Zz—1)(v¢)2+5m2(#)902
2(\Z,
+5(Z,—1)g(m)e". (2.3)

In the interaction representation, H is divided into the free
part H, (with respect to which the state space is constructed)
and the interaction Hamiltonian. The operators ¢ and 7 can
be represented in the form

dk 1 . I
(P(x)zf 2_; o= [a(k)elkx—lwx(,+a+(k)e—th+th“]’

1 dk |w .
7r(x)=7J’ e E{a(k)e’ toxo

—a +(k)e—ikx+imx(,],

(k)= VK +m*(pn),

The creation, a * (k), and annihilation, a (k) operators are de-
fined on the Fock space of free particles with mass m () and
vacuum vector |0) satisfying the conditions

(2.4)
[a(k),a™ (k")]= 8(k—K’).
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a(k)[0)=0Vk, (0]0)=1. (2.5)

In the framework of perturbation theory, the S matrix is con-
structed by iterations in powers of the interaction Hamil-
tonian (H;+H ), so that the final expression takes the form
(see, for example, Ref. 43)

S=lim T exp{ —if d%[H,(x)+H,(x)]}, (2.6)

where the operators H; and H, are expressed in the interac-
tion representation, and the symbol lim means the lifting of
the ultraviolet regularization. The operator H, is chosen in
such a way that each term of the perturbation series for the S
matrix is finite when the regularization is lifted. The regular-
ization can be introduced directly in the perturbation series
(one can use dimensional regularization,*>*’ the introduction
of a form factor,***"7 etc.).

Note that the formalism of thermo field dynamics
(TFD)*6465 makes it possible to include thermal effects in a
natural manner in the framework of canonical quantization.
We shall consider this in detail in the two final sections.

The dimensionless parameters of the model are the
renormalized coupling constant g(u«) and (at nonzero tem-
perature T) §=T/m(u). For space—time dimension d<4,
the dimensionless (perturbative) coupling constant is deter-
mined by the ratio G=g/m* (u).

For what follows, it is important to note that the scheme
for constructing the S matrix described above is based, in
particular, on the following assumptions:

1) the equal-time commutation relations (2.2) are satis-

fied, and the set of canonical variables is complete;

2) there exists a Poincaré-invariant normalizable

vacuum;

3) the vacuum state is unique.

In addition, since the expression (2.6) for the S matrix is
obtained by iteration, it is assumed that perturbation theory is
valid and, therefore, the renormalized coupling constant is
small: g(u)<1.

The procedure given above also reflects the fact that for
the construction of the S matrix it is not sufficient to specify
the Lagrangian but one must also determine the “rules of
calculation” of the coefficient functions in the perturbation
series.*” This need is due to the presence of ultraviolet diver-
gences and can be reduced to a freedom in the definition of
the time-ordered product of operators at coincident points.
When the operator H, is introduced into the definition of the
S matrix (2.6), this arbitrariness in the time-ordered product
is replaced by an arbitrariness in the choice of the renormal-
ization scheme (R scheme), which must also be fixed.

If the renormalization is realized on the mass shell, i.e.,
by construction the renormalized mass is equal to the physi-
cal (pole) mass and the residue of the two-point Green’s
function at the pole is equal to unity, then the Fock space
mentioned above describes the asymptotic in-states and out-
states.

G. V. Efimov and S. N. Nedel’ko 334



3. THE RENORMALIZATION GROUP
3.1. Renormalization schemes

Determination of the S matrix (2.6) requires the renor-
malization scheme to be fixed. Different methods are used to
eliminate ultraviolet divergences. They can be divided into
two classes (see, for example, Ref. 48): the class of mass-
independent R schemes and R schemes based on the subtrac-
tion from a divergent diagram of its value at certain values of
the external momenta (for example, the canonical u scheme,
subtraction at zero external momenta, etc.).

An example of the mass-independent renormalization
prescriptions is the minimal subtraction (MS) scheme (see,
for example, Refs. 45, 49, and 50). Essentially, the renormal-
ization in this scheme reduces to the prescription that in the
framework of dimensional regularization one subtracts from
the diagrams only the poles with respect to the variable
e=dy,—d, where d; is the dimension of physical space—
time. Here, an arbitrary parameter u having the dimensions
of mass already arises on the regularization. Its value is not
fixed by the MS scheme by itself. For this, it is necessary to
specify some additional condition.

The canonical u scheme that we just mentioned is deter-
mined by the following conditions on the renormalized
propagator (a):

D( Z)H——'—— as p?—pu? (3.1)

p pz—mz(,u.)+i0 P =M, .

and the renormalized four-point vertex function (b):
'Y, t,u)=g(u) for s=g=u=*%u?

where m(u) and g(u) are the renormalized mass and renor-
malized coupling constant. The Mandelstam variables s, ¢, u
are related to the external momenta in the usual manner:

— 2 -
t=(p1—p3)*, u=(p;—p4)*
In the ¢* theory, the subtraction point x must satisfy the
inequality

s=(p1+p,)?,

pr<9m*(p),

and is otherwise arbitrary. Thus, as in the MS scheme, the
renormalization scale u must be fixed additionally.

In the determination of the renormalization scheme in
the general case one chooses a certain one-parameter R,
class of prescriptions and, in addition, fixes the renormaliza-
tion scale u. This last is done most naturally in terms of the
parameters of the theory itself. In our case, such a method
consists of fixing the ratio m(u)/ u(m(un)#0).

Thus, we shall say that the renormalization scheme is
fixed if:

*a one-parameter R, class of renormalization prescrip-

tions has been chosen;

*the renormalization scale has been fixed by the relation

m(w)/u=C, where m(u) is the renormalized mass, and C

is some number.

To conclude this section, we note that the renormaliza-
tion condition on the mass shell corresponds to the u scheme
for u+m (C=1) [see (3.1)]. In this case, the renormalized
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and physical masses are equal: m=m_,. We shall use this
simple fact to analyze the phase structure of the model (2.1)
in R*.

3.2. Renormalization-group equations

We rewrite the Lagrangian (2.1) in terms of the bare field
¢p, bare mass mp, and bare coupling constant gg:

L(x)=kop(0)(O—m}) 05(0) ~ 2 gh(x).

The bare and renormalized quantities are related by

e5=Z,9, g8=2,8.

The idea of renormalization invariance is that a change of the
renormalization scheme, which affects the constants Z;, is
compensated by a change of the renormalized field, mass,
and coupling constant, so that the bare quantities are un-
changed. This has the consequence that the S matrix of the
theory does not depend on the choice of the R scheme. This
idea acquires a constructive significance it we have found the
connection between the renormalized quantities in different
renormalization schemes. Such a connection is established
by the renormalization-group (RG) equations.*** We give
here expressions that we shall need later.

If the change in the renormalization prescription consists
solely of a change of the renormalization scale u in the
framework of one R, class, then the RG equations have the
form*

m§=Z,,,m2,

v g V)y—]}_

dv

v dm*(v)
m2(v) dv =" Ym g(V),

d¢(v) 1 m(v)
Y(g(V), > )

YTdv T2
where { is the constant of the finite renormalization of the
field for change of the scale u. The boundary conditions are

g(v)=g, {(v)=1 (33)

The renormalization-group functions B, ¥,,, and  are deter-
mined by a system of equations that follow from the require-
ment of invariance of the bare quantities:

dg(v) :ﬁ( m<u>)’

m(») ) , (3.2)
v

m(v)=m, for v=p.

m(v)

. d
ﬂ(g(v), T)=—V Eln Zg,

m(v)

(3.4)

. d
ym(g(V), ” )—valn Zy,

. m(v) d

7(g(v), T)=vd—vln Z,.
The functions S, v,,, and 7y are obtained from the solutions
of the system (3.4) by going to the limit B=lim S,
Ym=lim %, , y=lim v, which corresponds to lifting of the
ultraviolet regularization. If we use a mass-independent R
scheme, then Egs. (3.2) can be readily solved in general
form.
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The traditional use of the RG formalism consists in an
analysis of the asymptotic behaviors of the Green’s functions
with respect to the energy variables. In other words, one is
interested in the dependence of the renormalized quantities
(charge, mass, Green’s functions) on the renormalization
scale v. This dependence is described precisely by Egs. (3.2).

In this paper, we investigate a problem of a different
kind. We are interested in the behavior of the ground state
when we change the parameters g and m contained in the
boundary conditions (3.3) while the renormalization scheme
is kept fixed. The renormalization group is also helpful in the
solution of this problem.

4. INEQUIVALENT REPRESENTATIONS OF THE
CANONICAL COMMUTATION RELATIONS

The problem of unitarily inequivalent representations of
the canonical commutation relations arose in van Hove’s
model.’! A detailed mathematical analysis of this problem
was first given by Friedrichs.> Further results were obtained
by Haag,’* and Wightman ez al. 3% A detailed analysis of the
whole group of questions relating to inequivalent representa-
tions is contained in the monographs of Refs. 74, 57, and 58,
while in Ref. 59 there is a discussion of the axiomatics of a
relativistically invariant canonical field theory with nonsepa-
rable Hilbert state space.

4.1. Infinite number of degrees of freedom

A characteristic feature that distinguishes a field from
other physical systems is that it has an infinite (with the
power of the continuum) number of degrees of freedom.

We shall consider a normalization box with periodic
boundary conditions. A neutral scalar field can be expanded
with respect to mutually independent normal oscillations of
plane-wave type:

e(x)=V 23X [20(k)] aw™ +age "],
k

where w=(k*+m?)'2. The canonical commutation relations
for a, a* have the form

+
[ak’ak']= 8kk’ ’

from which it can be seen that each normal oscillation has
the structure of a harmonic oscillator. Each such oscillator
has its own Hilbert space with ground state |0; k), which is
characterized by the relations a,|0; k)=0, (0; k|0; k)=1, and
an infinite sequence of eigenstates of the particle number
operator Ny = aj a,. The Hilbert space of the complete field
is the direct product of the Hilbert spaces of the simple os-
cillators. We shall denote the state vectors of the field by
|ny,n,,...,n;,...), where n; is the number of quanta with
momenta kK; . Since each oscillator has a countable set (M) of
states, and there exists a countable set (N) of oscillators, the
number of dimensions of the complete Hilbert space is de-
termined by the power of the set M"Y, which is equal to the
power of the continuum.

The set {|n;,n,,...,n;,...)} cannot be used as the basis
of a separable Hilbert space because it is uncountable. There
exist infinitely many ways of choosing countable subspaces
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that can serve as basis of a separable Hilbert space. If two
such subsets are bases of representations for the operators
(a;, a,~+ ;i=1, 2,...), then these two representations are uni-
tarily inequivalent with respect to each other in the sense
that a vector of one representation is not a superposition of
the basis vectors of the other representation.

If there is no interaction in the system, the complete
number of particles is a conserved quantity. Therefore, the
set {|n,,...,n;,...)} is too large to describe the free field; a
restriction may be made to the subset

{Iny,..on;,...); > n;=finite number}.

1

Such a subset is countable (see, for example, Ref. 58). After
the introduction in it of the operation of the inner product,
one obtains a separable Hilbert space, and this is called the
Fock space.

In the case of interacting fields, the situation is changed,
and a manifestation of this is Haag’s theorem and its
corollaries.”>>® The proof of Haag’s theorem is based essen-
tially on the requirement of uniqueness of the vacuum, and
this implicitly presupposes the absence of inequivalent rep-
resentations and the possibility of adapting the Fock space to
the representation of interacting fields.*’ Therefore, a radical
way of correcting the situation could be to include inequiva-
lent representations in the structure of the theory by defining
the field as an operator in a nonseparable Hilbert space (at
the same time, it will be necessary to give up uniqueness of
the vacuum). A discussion of the axiomatics of such a theory
can be found, for example, in Ref. 59. However, the realiza-
tion of this idea is hindered already by the fact that there
does not yet exist a systematic classification of the inequiva-
lent representations of the CCR.

We pose a narrower problem. Following the tradition,
we shall assume that the formalism introduced in the previ-
ous paragraphs gives a sufficient basis for calculating the
elements of the S matrix provided the coupling constant is
small: g(u)<<1. It is well known that for the description of
the electromagnetic and weak interactions such an approach
is successful. Of course, one must bear in mind that all the
basic problems associated with Haag’s theorem remain.

We shall nevertheless attempt to weaken the condition of
uniqueness of the vacuum. The expression “the vacuum is
not unique” means that the Hilbert space contains several
normalizable and invariant vectors. These vectors are neces-
sarily inequivalent (in the sense indicated above). In this
case, identification of the vacuum and the ground state is no
longer possible. It is necessary to find the true ground state
of the system by explicit use of its dynamics. For this it is
necessary to introduce, with allowance for the dynamics, the
set of vacuum vectors (Fock spaces) and choose that one
among them that for the given coupling constant and tem-
perature is the best candidate for the role of the ground state.
Note that for this there is no need to construct a complete
(nonseparable) state space. It is sufficient to assume that it
exists and that all the considered Fock spaces are subspaces
of it. In each of these trial subspaces, the standard formalism
of canonical quantization acts.
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A method by which this program can be realized will be
formulated in detail in the following section. Here we note
that the set of trial vacuum vectors (inequivalent representa-
tions) is introduced by means of canonical transformations,
the dynamics is taken into account by the renormalization-
group equations, and the criteria for choosing the ground
state are based on comparison of the effective coupling con-
stants and free-energy densities that characterize each repre-
sentation.

Before we turn to the formulation of the method, we
consider some well-known examples of equivalent represen-
tations. Simultaneously, we shall clarify the motivation of
our method and introduce expressions that will be used in
subsequent calculations.

4.2. Canonical transformations of bosonic operators

We consider two sets of bosonic operators [a(Kk),a* (k)]
and [b(k),b* (k)]. We denote the Fock space on which these
operators act by H[a,b]. The vacuum state |0) in it satisfies
the relations

a(k)|0)=0,
The algebraic properties of the operators are given by

[a(k),a™(K')]=8(k—K'), [b(k),b"(K')]=8(k-k'),

b(k)|0)=0Vk.

and the remaining commutators vanish. We introduce the op-
erators a(k) and B(Kk):

a(k)=c(k)a(k)—d(k)b"(—k)
B(k)=c(K)b(k)—d(kK)a* (— k).

Here, the numerical coefficients ¢ and d are real functions of
K’ they satisfy the condition ¢*>—d?=1.

It guarantees that & and B have the same algebraic prop-
erties as a and b. In other words, the transformation (4.1) is
canonical; it is called a Bogolyubov transformation.®*-%2 We
shall assume that the coefficient c is positive; we can then set
c—cosh ¢ d=sinh &

We introduce the operator

O[£]=expl{A[£]},

4.1)

4.2)
A[¢]= f d*kEK)[a(K)b(—K)—b* (K)a* (—K)],

so that
[a(k),A(£)]=—E&K)bT(—K),
[b"(—K),A(&)]=—&Kk)a(k).

Applying these relations repeatedly, we obtain

0~ 1 (®a(k)O(&)=a(k)cosh £—b*(—Kk)sinh £= a(Kk).
4.3)

Similarly
BK)=0"1(£)b(K)O(§). (4.4)

The transformations (4.3), (4.4) appear to be unitary only in
form. To verify this, we consider the matrix element

00(£)=(0[0;£), where [0;£)=0""[£]]0).
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It can be shown’® that

00(§)=exp[ - 53(0)f d*k In[cosh §(k)]] ( 83(0)

14
@)
from which it follows that in the limit of infinite volume V it
vanishes irrespective of the convergence of the integral, so
that |0; & does not belong to H[a,b]. In other words,

O[] does not map H[a,b] onto itself. On the other hand,
by virtue of (4.3) and (4.4)

a(k)|0; £)=0, B(k)|0; &=0,

from which it follows that |0;£) is the vacuum with respect to
the action of the operators « and B, and a corresponding
Fock space H[a,b] can be constructed. The above consider-
ations show that H[a,b] and H[a,B] are two unitarily in-
equivalent representations of the CCR in the sense that there
exists in H[a,B] a vector that cannot be represented as a
superposition of the basis vectors of H[a,b]. Moreover, this
is true for any vector in H[ @, B8]. Such a situation is usually
characterized intuitively by saying that the spaces H[a,b]
and H[a, 8] are orthogonal.

There results do not mean that it is impossible to define
the action of the operators a and 8 on vectors in H[a,b].
Such a definition is given by the relations (4.11). What we
have said above reduces to the assertion that the canonical
transformation (4.1) is not realized by a unitary transforma-
tion, and the operators a and B are not annihilation opera-
tors in Hfa,b], since in this space there is no vacuum corre-
sponding to them.

We give a further well-known example of a canonical
transformation that generates inequivalent representations.
Let the operator « be related to the annihilation operator a of

the bosonic field by
a(k)=a(k)+c(k), 4.5)

where c is a c-number function. Such a transformation gen-
erates a shift of the field by a ¢ number. In operator form, the
transformation (4.5) is

a(k)=0""[cla(k)O[c], (4.6)

0[c]=cxp{—J.d3k[c*(k)a(k)—c(k)a+(k)]]. 4.7)

1

It is easy to verify the relation

c(k)

|0;c)50_1[c]|0)=exp[ ——% f d’k

—J d3kc(k)a+(k)]|0).

Xexp
If we have [for example, for c(k)=cd(k)]

f d*k|c(k)|>=c0,

then the representations H[a] and H[a] are unitarily in-
equivalent to each other.
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4.3. Renormalization-group transformations

Among the transformations of the form (4.1), there are
two important special cases. They are transition to a field
with new mass and a scale transformation of the field.

Let {¢,7} be canonical variables that describe the free
scalar field with mass m, so that they satisfy the CCR (2.2)
and can be expressed in terms of the creation, a’, and anni-
hilation, a operators by the relations (2.4) with
w=(k2+m2)'/2.

We introduce the operator (a,a"), which are related to
(a,a™) by

a(Kk)=cosh &(k)a(k)—sinh &k)a*(—K),

a’(k)=cosh &(Kk)a™ (k)—sinh é(K)a(—k), (4.8)
or, in operator form,
a(k)=0""[£la(KO[£],
(4.9)

0[§]=6XPHd3k§(k)[a(—k)a(k)—a+(k)a+(—k)] .

If the parameter £ is chosen in the form

g(k):% ln( 2 %) {=const, Q(k)=\IC+M?,
(4.10)

then (4.8) corresponds to transition to a new mass M and to
a scale transformation of the field. In other words, (4.8) and
(4.10) determine a canonical transformation of the form

{o,m}—{¢®, 7'}, (4.11)
where the fields ® and Il have the form
dk 1
_ | £ ik o+ —ikx
d)(X)—f o m[a(k)e +a’ (ke ™],
(4.12)

1 [ dk [Q
— - _ ikx __ —ikx
[(x)=> f - \/;[a(k)e at (K)e ).

The Fock spaces associated with the operators a and a are
unitarily inequivalent.

If M =m, then the expressions (4.8) give only a scale
transformation of the field, and for {=1 they give only a
transition to a new mass. The transformation (4.8) for the
model (2.2)—(2.6) corresponds to a renormalization-group
transformation provided we make simultaneously a finite
renormalization of the coupling constant and M and { satisfy
the RG equations (3.2).

On the other hand, we return to the quantized ¢* theory
determined by the relations (2.2)—(2.6) with fixed renormal-
ization scheme, i.e., a definite R, class is chosen, and the
renormalization scale is determined by m/u=C (see Sec.
3.1). Further, by a canonical transformation we go over to
fields with a certain new mass M =tm(u), where ¢ is a trans-
formation parameter. It is clear that such a transformation
changes the R scheme: M/u# C. It follows from this that if
we make canonical transformations that include transition to
a new mass and wish at the same time to keep the renormal-
ization scheme unchanged, then we must also make a com-
pensating RG transformation pu—v=tu in order to satisfy
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the relation M/v=mj/u, i.c., in order to ensure that the ratio of
the mass to the renormalization scale is the same in the dif-
ferent representations. Such a RG transformation includes a
scale transformation of the field [see (4.8)] and a finite renor-
malization of the coupling constant.

It is just such a situation that arises in the investigation
of phase structure: By means of canonical transformations
one introduces a set of inequivalent representations of the
CCR and one requires that the R scheme be the same in all
these representations.

5. THE METHOD OF CANONICAL
TRANSFORMATIONS

In the foregoing, we have considered methods and prob-
lems that in some way or another are related to the method of
canonical transformations. As we have proceeded, we have
already announced some important aspects of this method.
The various aspects of the method that is described below
can be found in Refs. 31-36. Our point of departure is rep-
resented by the following assumptions:

1) in quantum field theory, different phases are mani-

fested as unitarily inequivalent representations of the

CCR;

2) the basic information about the phase structure of the

theory is contained in the renormalization structure.

If the renormalized coupling constant G is small and the
temperature is equal to zero, then for the quantization of the
models (1.1)—(1.3) we can use the canonical procedure in a
Fock representation for scalar particles with renormalized
mass m. The procedure for constructing the S matrix presup-
poses the fixing of a renormalization scheme. Having this in
mind, we wish to know what is the field system for other
values of G and 6 and for fixed renormalization scheme. We
formulate the problem as follows:

What representation of the CCR is suitable for different
values of G and 6, and what physical picture corresponds to
this representation?

By different phases of the system we shall understand
inequivalent representations present in the theory for given
G and 6.

The method of canonical transformations reduces to the
following.

1. One makes a canonical quantization of the theory in a
representation that has a sensible physical interpretation in
the weak-coupling limit, i.e., for G<1. The renormalization
scheme is fixed. This means that:

a) a definite one-parameter class R, of renormalization
prescriptions has been chosen;

b) the renormalization scale u is fixed by the relation
m/u=C, where m is the renormalized mass, and C is some
constant.

2. By means of canonical transformations, one intro-
duces a set of inequivalent representations of the CCR such
that the Hamiltonian has the correct form in each of these
representations. This means that

H=H,+H;+H_+VE.
Here, H, is the standard free Hamiltonian. The interaction

Hamiltonian H, contains field operators to a power greater
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than the second. The operator H_, is determined by H, and
H | and corresponds to equivalent R schemes in all represen-
tations.

We shall assume that R schemes in two representations
with different masses m and M are equivalent if:

* in both representations the same R, class of renormal-

ization prescriptions is used;

* the renormalization scales & and v in the first and sec-

ond representations satisfy

(5.1)

T3
<R

The fulfillment of the requirement of equivalence of the R
schemes is ensured by a compensating RG transformation,
by means of which the dynamics of the system if also taken
into account.

The quantity E is related to the free-energy density F in
accordance with F=E—TS§, where S is the entropy density.

3. One chooses the representation with minimum free-
energy density and smallest effective coupling constant
G.(G,60). For d<4, this is determined by G
=g/2wM* ‘. In the four-dimensional case, the definition is
somewhat more complicated and we give it later.

In the theory of phase transitions, one usually employs a
criterion based on comparison of the free energies. However,
in quantum field theory the weak-coupling criterion appears
to be more meaningful. From the physical point of view, F
does not play any role, since it does not contribute to the
elements of the S matrix. In addition, the free-energy density
can never be found exactly or at least with equal accuracy in
different phases, so that to a large degree the comparison
becomes meaningless. At the same time, it is natural to as-
sume that a large coupling constant in H means that the
representation associated with H, does not describe real
states and cannot be regarded as a suitable representation for
the Hamiltonian H.

The requirement of equivalence of the R schemes in the
different phases is due to the very formulation of the prob-
lem. Indeed, we are interested in how the structure of the
ground state of the system changes with changing values of
the parameters g and m that occur in the boundary condition
(3.3) for a fixed renormalization scheme.

The requirement of a correct form of the Hamiltonian
and the criterion of weak coupling apply to the usual picture
of scattering in quantum field theory. The Hamiltonian H
describes the free asymptotic fields, and H, describes the
interaction of the particles; it must not contain terms linear or
quadratic in the fields, since they do not lead to any non-
trivial interaction but merely redetermine the parameters of
the free Hamiltonian. The usual perturbative expansion for
the scattering amplitudes is meaningful if the effective (per-
turbative) coupling constant is sufficiently small. Therefore,
we shall regard a representation as acceptable if the Hamil-
tonian has the correct form and the effective coupling con-
stant is small. In addition, G .4 can be used to monitor the
accuracy of the approximation.
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FIG. 1. Divergent diagrams in R>.

6. THE ¢* THEORY OF A SINGLE-COMPONENT FIELD

The three-dimensional models (1.1)—(1.3) are interesting
above all in that, being superrenormalizable, they contain
two-, three-, and four-loop divergences in the diagrams
shown in Fig. 1. This circumstance makes its problematic to
use variational methods (Refs. 25—-27 and 38—-30) and leads
to different results in different approaches. We shall consider
this in more detail.

Let us consider the case R?. The GEP approxi-
ma tion,'*¥” Chang’s original calculation®® based on allow-
ance for the renormalization structure, and the method of
canonical transformations®' lead to the same results for the
model (1.1). The critical coupling constant G, at which the
first-order phase transition occurs and the mass of the par-
ticles in the phase with broken symmetry are the same in all
these approaches.

The case N>1 (1.3) was investigated in the framework
of the GEP approximation,® the 1/N expansion,*' and the
method of canonical transformations.®! In accordance with
Refs. 30 and 31, there is a first-order phase transition with
symmetry breaking in the system. In the phase with broken
symmetry, there is a (N—1)-multiplet of fields with non-
vanishing masses. At the same time, the 1/N expansion does
not exhibit any phase transition.*! This discrepancy has a
natural explanation, which is given in Ref. 30. The 1/N ex-
pansion is only valid provided NG <1 and although the GEP
in the limit N>1 is identical to the effective potential of the
1/N expansion the critical point G, is not seen in the 1/N
expansion (NG .>1 for N>1).

Goldstone’s theorem forbids spontaneous breaking of a
continuous symmetry in R, since in this case particles with
zero mass do not exist. Nevertheless, two different
methods**?! indicate breaking of O(N) symmetry, but the
“Goldstone particles” have nonzero mass.

The situation is more complicated in the three-
dimensional case. The significant difference between R and
R? is in the renormalization structures of the models. The
different methods reflect this to unequal degrees.

The calculations of Chang® and Magruder® are based
directly on the renormalization structure of the exact effec-
tive potential in the framework of perturbation theory. It is
established in Refs. 29 and 20 that the discrete symmetry
broken spontaneously at G<<1 in the model (1.2) in R? is
restored with increasing G. Such a picture is the direct op-
posite of the situation in R? (Refs. 19 and 33).

G. V. Efimov and S. N. Nedel'’ko 339



At the same time, the GEP approximation in the models
(1.1)=(1.3) in R? leads to a phase structure analogous to the
two-dimensional case.*” This contradicts the results of Chang

and Magruder.

6.1. The &* Hamiltonian in R®

It is convenient to consider the model with the Lagrang-
ian density

84
L(x)=3 @(X)(D—mz)w(X)—gyf(X)—z ¢*(x),
(6.1)
where g; and g, are coupling constants, and x

=(x, t)=(x,X5,).
The Hamiltonian density corresponding to the Lagrang-
ian (6.1) has the form

H=H()+HI+H(.I,

Hyle,m]=5[72(x)+(Ve(x)2+m?p*(x)];

) 6.2)
H/[‘P,W]:I[Z g49*(x) +g30%(x) |1,
dk 1 . .
<P(X)=j ﬁﬁ[a(k)e'k"+a+(k)e—'k‘],
1 dk . .
m(x)=7 f 2m \/g [a(k)e™—a™" (k)e™™],
(6.3)

(k)= VK +m?,
The fields ¢ and = are canonical variables and satisfy the
commutation relations

[e(x),7(y)]=id(x—Yy).

The creation and annihilation operators (a*,a) act on
the Fock space with vacuum vector defined by the expression

a(k)|0)=0, VkeRZ. (6.4)

All the operators in (6.2) are normally ordered with respect
to the vacuum (6.4). The model is superrenormalizable and
has a finite number of divergent diagrams (Fig. 1). To elimi-
nate these divergences, it is necessary to introduce into the
Hamiltonian an operator H ., containing counterterms. In the
scheme of subtractions at zero momentum, we have

[a(k),a” (k')]=o(k—K').

1
H (m)=: EA(M)cpZ(XHC(m)cp(XH SE(m) |,

A(m)=31g33(m), (6.5)

SE(m)=3g3Wo(m)—3g3Vo(m)+531833(m).

Here and below, the subscript 0 denotes zero temperature.
The functions that occur in (6.5) have the form

1 = ds s
Eo(m)=(—4—ﬂ_)7rcgf —e ,

0o S

C(m)=31g384%¢(m),

1 = ds s
WO(m):W reg J — € i (6.6)

0o S
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v 1 J’x ds [ s
()(m)—m’n_—)S reg o ?tan 5l

Here, some regularization is understood.

6.2. Canonical transformations
We make the following canonical transformation:
e(x)— @, (x) B,

where the fields ¢, and 7, have the form (6.3) but with new
mass M =mt. The constant B has the meaning of a vacuum
condensate. The transformation (6.7) can be represented in
terms of creation and annihilation operators:

a(k)—a(k,t)—2m7mB 5(K)
=U, "()UT ' (B)a(K)U,(B)U4(2),

m(x)— m(X), (6.7)

U,(B):exp{ —271'me dké(k)[a(k)—at(K)]{,
(6.8)

1
Uz(t)=cxp{ 2 J dk\(Kk,t)[a(—Kk)a(k)

—a*(kK)a*(—Kk)}.

The transformation U, shifts the field ¢ by the constant B.
The transformation that is the inverse of U, can be repre-
sented in the form

a(k)=a(k, t)cosh(\)+a*(—k, t)sinh(\)
a*(W=a"(k f)cosh(\)+a(—k, t)sihn). &)

If the parameter \ is chosen in accordance with

k
w(k) ), w(k,t)=\/k2+m2t7,

w(k, 1)
then, using (6.9), we obtain a representation of the fields ¢,,
ar, with mass M in terms of the operators a(k, 1), at (K, 1).
These operators act on a Fock space with vacuum vector
satisfying the relations

lo(¢,B))Y=U,"'(1)U; ' (B)|0),

A(K t)=%ln(

a(k,t)|0(t,B))=0Vk.
(6.10)

For B#0 and t+#1, the representations of the CCR deter-
mined by Egs. (6.4) and (6.10) are unitarily inequivalent.

We express the density of the Hamiltonian (6.2) in the
new canonical variables, go over to normal ordering of the
operators (a(k, t), a*(k, t)), and introduce counterterms in
accordance with the new representation of the free Hamil-
tonian in the framework of the scheme of subtractions at zero
momentum. As a result, we obtain

H=H,+H;+H,+H,+E,

Hy=2[m (0 + (Ve x)*+ Mo} (0)]: (6.11)
1

H;=: Zh4<pf(x)+h3<p,3(x) i h3=g3t84B,

hy=g4.
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The operator H/, has the structure of the expressions (6.5)
and (6.6), in which it is necessary to make the substitutions

o=@, m—M, gi—hy, gs—h,.

The operator H; has the form
1
Hi=: 5 R(1,B);(x)+P(1,B)¢,(x)|: ,

R=m’—M?+3g,(B*~Dg)+6g;B+6g3(3(m)

—320(M)), (6.12)
P=m’B+g,(B*-3BD)+3g4(B*—Dy)+6g,
X(83184B)(29(M)—Zo(M)),
and the vacuum energy density E the form
E=Ey+E,+E,+E;,
Eg=3m’B*+L(1),
E=3ig4(B*—6D,B*+3D32)+g,(B>*—3D,B),
E;=383(Wo(m)— Wo(M)—4DyZ¢(M))+3(g4B
+83)%(2o(m)—Zo(M)),
E3=—3gi(Vo(m)=Vy(M)), (6.13)
Do(t)=A()(0,m)—Ao(0,M)=f ﬂz[L
(27)* | w(k)
1 m
—m}=nu—1), (6.14)
1 dk M?—m?
103 [ gy ot
m3
=3am (t—1)3(2+1). (6.15)
The condition
H, =0@{f,g:§;zg (6.16)

ensures the correct form of the Hamiltonian H and deter-
mines the parameters ¢ and B. From the physical point of
view, this means that H describes scalar particles with mass
M that depends on the coupling constant. This dependence is
determined by Egs. (6.16) and (6.12). Introducing the dimen-
sionless variables

Gy==2t | G=—22 b=BAJ2T  (617)
2mm LN rym— m )
and using (6.12), we represent (6.16) in the form
— 52+ 3+ 3G 4(b2—t+1)+3G b+ 3G2 In t=0,
(6.18)

b+3 G4b(b*—3t+3)+3G5(b2—t+1)+3G,

X

G,
G3+1b| In =0,
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FIG. 2. Effective coupling constants in the model (1.1) in R*.

The energy density (6.13) is finite, and its explicit form can
be found in Refs. 32 and 33. The solutions of Egs. (6.18)
describe the possible phases of the theory. The system exists
in the phase among them to which there correspond the mini-
mum energy and the smallest effective coupling constant:

Geﬁ(G):i (6.19)

t(G) "’

6.3. Symmetric model

We consider the phase structure of the theory with the
symmetric Lagrangian (1.1). This case corresponds to the
choice G4,=G, G;=0. From (6.18), we obtain equations for
the symmetric model:

t2—1-3G(b*—t+1)-3G* Int=0,
1 (6.20)
b{1+§ G(b?>—3t+3)+3G? Int|=0.

Using the first equation, we obtain for the second two solu-
tions: b=0 (symmetric), b*>=r*/G (asymmetric). We con-
sider the phase with broken symmetry.

The phase with broken symmetry

In this case we have
2

b=
G b

6.21
*=3Gt+3G? In t+2+3G=0. (621)
For all G, the second of Egs. (6.21) has a solution t(G)<1,
so that the effective coupling constant G (Fig. 2) satisfies
the inequality '

G.+(G)>GVG. (6.22)

The energy density in the phase with broken symmetry is
positive for all values of G (see Fig. 3). This indicates that
the phase with broken symmetry is not realized in the sys-
tem.
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FIG. 3. Free-energy density in the model (1.1) in R®.

The symmetric phase

Using (6.20) with =0, we obtain the following equa-
tion for &

2¢243Gt—3G?* Int—2—-3G=0. (6.23)

We see first of all that (6.23) has two solutions:
t,(G)=1 [corresponding to the original representation (6.2)]
and t,(G), and

1,<1,

G _. (1+ \/19)—1 758
=3 T— .

The behavior of the energy as a function of G is shown
in Fig. 3. The energy density for the solution ¢, is negative
for G>G, and equal to zero for ¢,. Thus, the point G,
corresponds to a phase transition from one symmetric phase
to another. In the strong-coupling limit G> 1, the mass, ef-
fective coupling constant, and energy density behave as fol-
lows:

3 1
M(G)=mG Eln G[1+0(ln G)]’
[ ( i )
Gl O)=NV3ma| 1 e

1
1ol iig)|
It can be seen from the asymptotic behavior (6.24) that the
second symmetric representation describes the system in the
strong-coupling limit fairly accurately. However, when G~ 1
none of the representations is acceptable since G .4~1. How-
ever, in any case the following conclusions hold:
* There is no symmetry breaking in the model (1.1) for
any G.
* There are two symmetric phases, and a phase transi-
tion without rearrangement of the symmetry occurs at
G~1.758.

if G<G., t,=1, if G=G,,

<1, (6.24)

2(3 5 3/2
S(G)=—§ —2‘G InG

342 Phys. Part. Nucl. 25 (3), May—June 1994

284 ——
£ 3 | B70
g ]
D _22]
e -7 |
o ;
> 3 I
£ ]
g- -725 l
o E
o ] |
:Z‘) '22E l
3 3
= |
w 3
] 2.817...
""72"'1'!'1'1""1""‘9‘}11’1"1‘1‘7171‘!"
25 3.0 35

Coupling constant G

FIG. 4. Frec-energy density in the model (1.2) in R*.

6.4. Model with initially broken symmetry

We consider the phase structure of the model (1.2).
Equations for ¢ and b can be obtained from (6.18) by the
substitution G,=G, G3 = \/5 /2. As a result, we obtain

2—1-3G(b2~t+1)-3yGb—3G? In t=0,
2b+Gb(b2=3t+1)+3JG(b*—t+1)+3G\G
X (1+JGb)ln t=0. (6.25)

The same substitution must be made in (6.13) for the
free-energy density. Two solutions for b follow from (6.25):

1 1
b= —ﬁ (symmetric), b= —W

t
* 7c (asymmetric).

Phase with broken symmetry
The second equation of (6.25) takes the form

t2—3Gt+3G* Int—1+3G=0. (6.26)

This equation has the unique solution =1, which leads

to the original representation with SSB: M=m, G =G,
E=0.

The symmetric phase
For the symmetric case (b = — 1/\/5), we obtain
2:24+3Gt—3G* In t+1-3G=0. (6.27)

It can be shown that Eq. (6.27) has a real solution only
when G=G_.=2.817... . Substituting this solution in the ex-
pression for the energy (6.13), we obtain the function shown
in Fig. 4. For G>1, the mass, effective coupling constant,
and free-energy density have the same asymptotic behaviors
(6.24) as in the case of the symmetric model. They show that
the description is fairly accurate outside the critical region.
However, the critical point G is found very approximately,
since near this point G .4~0(1) (see Fig. 5). Since the order
parameter o = *(¢(G)/ \/E) is discontinuous at the point
G ., the phase transition has first order. We summarize our
conclusions:
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FIG. 5. Effective coupling constants in the model (1.2) in R*.

1. Symmetry is restored in the system (1.2) if the cou-

pling constant is sufficiently large.

2. There is a phase transition between the phase with

broken symmetry and the symmetric phase at the point

G.~2.817....

These conclusions agree with the results of Refs. 20 and
29 but contradict the GEP approximation. In the two-
dimensional case, when the variational approach is valid, the
method of canonical transformations leads to results that
agree with those of the GEP approximation.'” To demon-
strate this, we consider the ¢} model.*!

6.5. Two-dimensional model (1.1)

Since in this case only the diagram of Fig. 1a and the
corresponding vacuum diagram diverge, in (6.12) and (6.13)
we only need to take into account the terms of first order in
the coupling constant g=g, [g;=1 for (1.1)]. In accordance
with (6.16) and (6.13), we have

m?—M?+3g(B>—Dy(t))=0,
m2B+g(B3—3BDy(1))=0, (6.28)
E=1 m’B>+Ly(1)+ig(B*~6Dy(t)B*+3D{(1)),

(6.29)

where t=M?/m?. For the two-dimensional case, the func-

tions D and L have the form

D ! 1 m’ 1

O(t)_ﬂ nt, Lo(t)—é-q; (t—=1=1Int).

Equations (6.28) determine the minimum of E(¢,B) with
respect to the variables ¢ and B and are identical to the con-
ditions of a minimum of the GEP. The second equation of
(6.28) has two solutions: B=0 (symmetric) and B#0 (with
broken symmetry).

The symmetric phase
Setting B=0 in the first equation of (6.28), we obtain

g
27m?

2(t—1)=—-3G Int, G=

There exists a unique solution t=1 with vacuum energy
E¢=0.
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The phase with broken symmetry
In this case, we rewrite (6.28) in the form

t
Bz=m, t+2=3G Int.

With allowance for these equations, the energy density (6.29)
takes the form

‘ m? ! 242
B 8w |1 T 2012
It can be shown that Eg(G)<0 for G=G;,=1.625.... The
critical value of the coupling constant G, is identical to the

GEP result.'® In the strong-coupling limit G>1, we obtain
the asymptotic behaviors

Int¢;.

3
B’ >5—InG,

g t—3G In G,

2

E 2 G In G)?
B 167 nG)’,

1
m__8 2__8
Cet =3am? "3nG° Ut~ 2am?

47B

1
T BmG

We shall discuss the two-dimensional models (1.1) and (1.2)
in more detail in Sec. 10.

7. THE O(N)-INVARIANT THEORY
7.1. The (¢)? model in R®

We investigate the phase structure of the model (1.3).
The Hamiltonian density in the representation corresponding
to G<1 has the form

H=H,+H,+H

ct»
N
1
Hy=5 2 :[m + (Vo) +m?¢]]: ,

N 2

g
HIZZI

1

He=:| 5 A(m) 2 @]+ SE(m)

0

A(m)=2(N+2)g*S(m),
SE(m)=iN(N+2)g’Wo(m)— IN(N+2)*Vy(m).
(7.1)
The functions 3, W, V, are the same as in (6.6). The fields
¢; and r; have the form (6.3) and satisfy the usual CCR:
[(bi(x),’ﬂj()’)]zi5ij5(x")’)-

The states of the system are described by a Fock space with
vacuum vector |0):

a;j(k)|[0)=0, Vjk (0]0)=1.
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The Hamiltonian (7.1) is taken in the form of the normal
product with respect to the vacuum |0).

7.2. Canonical transformation

In complete analogy with the manner with which we
proceeded in the case of the single-component field, we
make a canonical transformation of the form

(@j,m)— (P, II;), i=1,....N—1,

(en,mN)— (P +B,II).

Here, (®,,11,) is a multiplet of fields with mass M y=mt,,
(®, TI) are fields with mass M =m¢, and B is a constant. The
operator form of these transformations has a form analogous
to (6.8)—(6.9). The fields (®;,I1,) and (P, II) have the form
(6.3) but with new masses M, and M and new creation and
annihilation operators ( ;" ,;), which act on the Fock space
with vacuum vector |0)):

a;(k)[0))=0, Vi,k.

This new Fock space is unitarily inequivalent to the original
one.

In the new variables, the Hamiltonian, normally ordered
with respect to the vacuum |0)), takes the following form in
the scheme of renormalization at zero momentum:

H=H\+H|+H' +H,+E,

N-1
Hy=7: > (M2 (Vd) 2+ Mid?) + 112+ (VD)2
+M2D2|:
g N—1 N-1
Hj=7:| ®'+4BO’+4BD 3, O} +207 3 @F
N—-1 2
+( E dlz) N
1 1 e
Hi=:| 5 Aa(M.Mo)®7+5 Ag (M. Mo) 3, ©F
+C(M,My)®+ 5E(M,M0)}: ,
N-1
1 1 5
Hy=:|5 R(B.M.Mo)®*+5 P(B,M,Mo) 3 @
i

+Q(B,M,M,)®

*

R(B,M,My)=m*—M?*—g(3Dy(t)+(N—1)D(tp))
+3gB2+A(m)—Ap(M,My),
P(B,M,My)=m*—M2—g(3Dy(t)+(N+1)Dy(t))
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+ng+A(m) —Ad)i(MrM(]),
Q(B,M,My)=m?B+gB>—gB(3D(t)

—(N+1)Dq(ty))+BA(m)—C(M,M,),
2

E=m7 B2+§ B4+L(,(t0)+§ {=2[3Dy(1)
+(N—=1)Dy(to)1B2+3D3(t) + (N —1)D}(29) +2
X (N—=1)Do(t)Dy(tg)} + 3A(m)B>— 34 (m)[ Do(t)
+(N—1)Dy(to)1+ 8E(m)— SE(M,M).

Here, we have introduced the notation
Ap=28"[3Zo(M)+(N—1)Zo(M,My)],
Agp=28°[334(My,M)+(N+1)Z5(My)],
C=2g2B[33y(M)+(N+1)S5(M,M,)],
SE(M,My)=OE,+ 8E+ 8E3,
OE,=g*BY[33o(M)+(N—1)S)(M,M,)],

OE,= 1} g2 [3Wo(M)+(N?—1)Wy(My)+2
X(N=1)Wy(M,My)],

SE;=—1g[9Vo(M)+(N—1)(N+1)?Vy(My)+3
X(N—1)V§(My,M)+3(N—1)?Vy(M,My)+8
X(N=1)V,(M,My)],

Dy, Ly, 3y, Wy, and V;, have already been encountered in
(6.6) and (6.14), and the remaining divergent integrals are

%

1
Eé(M,M0)=(4—1T)—2- reg j ?sexp{—s(M+2M(,)},

0

1 = ds
W(I)(M,Mo)z(‘t—ﬂ,;}' reg L 2 exp{—2s(M+M,)},

Vo(M,M,)

1 f”ds —1( s o s
Sizos 8, T\ M

VA(M.My) = 1 J‘°°dst o s
oM, 0—4(—2,;)‘5'“"8 0 s an MM,
The correspondence between the divergent integrals and the
diagrams is illustrated in Fig. 6. The form of the energy
density in terms of the dimensionless variables (6.17) is
given in Ref. 32.

We require that H,=0. This ensures the correct form of
the Hamiltonian and gives equations for the parameters ¢, ¢,
B. In dimensionless variables, these equations have the form

3Gb2=2f(1+2f)—3Gf—(N—-1)Gfo+3G* In ¢t

L. [t+21
+(N—-1)G* In 3 =0,
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FIG. 6. Divergent vacuum diagrams: The solid line represents the
-~ field @, the broken line ®; ; diagrams (a, b) contribute to A4, ; (c,
lc) (9) (k) K \’ {o) d) to Aq, (e, f) to C; (g, h) to 8E,; (i—k) to 8E,; and (1—p) to
_ / 8E .
Z,{Mg M) I{M) W(M,,l V (Mg,M)
VAR -
CIPNY ““tf—-—}; ( (p) ’v—-—-)
N/ \N_~ \ s\ /
Zy{Mo) 3,(M,M,) ViM) VIM,)
) fo) S, phase with My=M+m
Gb —4f,l 1+ Gf—(N+1)G
fo f=( )Gfo To eliminate the solution t=1, we rewrite (7.3) in the
form
ty+2t
2+2t+(N+2)G=(N+2)G? il (7.4)
b|2+Gb>—-3Gf—(N—1)Gfy+3G> In ¢t This equation has a unique solution for all G. The critical
value G=G,, at which there is a transition from one sym-
, . [E+22 _ metric phase to another, is determined by the condition of
+HN-1G"In 3 =0, vanishing of the energy in the phase with mass M. This oc-
L . curs at t=1. Substituting =1 in (7.4), we find
where f=t—1, fy=t,—1. All the logarithmic terms in Egs.

(7.2) have appeared on account of the renormalization in the
order G2.

7.3. Phase structure
The following phases are possible:
S${(B=0, M=My;=m, O(N) symmetric)
S,(B=0, M=M,#m, O(N) symmetric)
BS,(B=0, M#M,,0(N—1) and ®—

—® symmetric)

BS,(B#¥0,M+M;,0(N—1)

These phases correspond to different solutions of the system
(7.2). The O(N)-symmetric phases are determined by the
conditions b=0, t,=¢. Using these conditions in (7.2), we
obtain the following equation (f=¢—1):

2f(2+f)+(N+2)Gf—(N+2)G? In(1+f)=0.
S, phase with My=M=m

Equation (7.3) has the trivial solution f=0 (+=1) for all
G, which corresponds to the original representation. The en-
ergy, mass, and effective coupling constant (=G) are shown
in Figs. 7-9 by the continuous curve.

symmetric).

(7.3)
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[N+18
N+2 |
The asymptotic behaviors for the strong-coupling regime
G>1 have the form

323 4
o] / |

3
_B:

1
GO:_ 1+

> (7.5)

— B=0. N=M,
— —B=0. MM,

------- BrO. MrM,

Free energy (m®/8)

-48

FTTTTOY VTR T P UV VIV T U TR

G.¢C
=68 frrivvvrrrprerrerrey i
0.5 1.0 1.5

Coupling constant G
FIG. 7. Free-energy density in the model (1.3) in R* (N=4).
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Coupling constant G

t(G)—>\/ G\/ln G, Gu(G)— \/(N+2)1n 5

E(G)—»—— N(N+2) \/— G? In’?%(G).

(7.6)

The functions E(G), t(G), and G (G) for intermediate G
are shown in Figs. 7-9.

BS,: phase mass splitting for zero condensate b=0

Breaking of the O(N) invariance solely as a result of

splitting of the masses in the multiplet, M # M, corresponds
to b=0, t#t,. The Hamiltonian in this phase is invariant
with respect to the group O(N — 1) and the discrete transfor-

Effective coupling constant

346
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45 Il /
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1 d

: W
3] / /

] —— B=0. M=M,
27 — - B=0. MyM,

] -~-- BAO. MM,
1 S

] “w—t‘cm

] G G
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Coupling constant G
Phys. Part. Nucl. 25 (3), May—June 1994

FIG. 8. Mass in different phases (N=4): the upper and lower bro-
ken curves correspond to M, and M in the phases with broken sym-
metry, respectively; the solid curve corresponds to M in the symmet-
ric phases.

mation ®— —®. This phase is described by the system (7.3)
with 5=0. In order to eliminate from (7.3) the solution
t=t,, it is convenient to introduce the variable r =t¢,/¢, sub-
tract the second equation from the first, and divide the result
by 1—r. We then obtain the system of equations

Inr
2(r+1)2+2Gt—(N+1)G? =

](1+2r : 2+r)
n 3 , n 3

_ 2
+H(N=1)G? ————G? ——

=0,

2+(N+2)G—rt(2rt+(N+1)G)—Gt

FIG. 9. Effective coupling constants in different phases (N=4): The
upper and lower broken curves correspond to G4 and G in the
phases with broken symmetry, respectively; the solid curve corre-

sponds to G in the symmetric phases.

G. V. Efimov and S. N. Nedel'ko 346



r+2
+(N+2)G? In (rt)+G? In 5 =0
From these equations we find the asymptotic behaviors at
G>1:

N+2 1-N
—— G 3 VInG,

N+2
t()—) TG\/ln G, t— 2

Gl = G — \/5 <1
eff b
to(G) J(N+2)In G

(7.7)
_G - V2 GN+23%1
(G) JIN+2)InG ’

Geff
m3

E_r_247r

IN+2
(N2+3N—4) —5— G*\JIn’ G.

The energy, masses, and effective coupling constants are
shown as functions G in Figs. 7-9.

BS,: phase with mass splitting and b+0

The last equation of the system (7.2) has a nonzero so-
lution for b:

Gb*=—-2+(N—2)G+3Gt+(N—1)Gty—3G* In ¢

t+2t0) (7.8)

—(N-1)G? ln( 3

The phase corresponding to this solution is O(N—1) invari-
ant and is characterized by mass splitting, M # M, and a
nonvanishing condensate: B#0. It is described by the first
two equations of the system (7.2) and by Eq. (7.8); these are
conveniently represented in the form

b2—t2
=
2+r
—2r22+2G(1—r)t+3G? In r+G? ln( 3 )
N—-1)G?1 1+2r =0
—(N=1)G* In 3=

(1-2r)2—=(N+1)Grt—Gt+2+(N+2)G? In (rt)

2+r
+G? ln( ):0,
3r

where r=t,/t. The asymptotic behavior of the functions ¢,
to, Gegg» G, and E (see Figs. 7-9) is the same as in the
previous case (7.7). The condensate b(G) for G>1 has the
form

N+2
b(G)—\[—5— G~V in G,

An important point concerning both phases with broken
symmetry is that the mass M, of the fields ®; belonging to
the O(N — 1) multiplet is greater than the mass M of the field
@ (see Fig. 8). This contradicts Goldstone’s theorem: The
“Goldstone bosons” @; should have zero mass. Note that
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Egs. (7.2) also have solutions satisfying M,<M, but the
energies corresponding to these solutions are positive and
increase with increasing G.

It follows from the asymptotic behaviors (7.6) and (7.7)
that in the strong-coupling regime the phase S, is realized,
since only in it does the effective coupling constant decrease
with increasing G. Comparison of the asymptotic behaviors
of the energies confirms this conclusion. For any N the en-
ergy of the phase S, is less than the energies of the remaining
phases. The transition between the first (original and second
symmetric phases occurs at the point G, [see (7.5)].

More detailed although approximate (the effective cou-
pling constants are of order unity) information follows from
comparison of the energies. It can be seen from Fig. 7 that
phase transitions with the following rearrangement of the
symmetry are possible:

O(N)—O(N—1)—O(N).

The system goes over from the original phase S, to the phase
BS, with B#0, and then to the phase S, with M #m. For
example, for N=4 the critical coupling constants are
G,=1.357..., G,=1.525.... Qualitatively, this picture
does not depend on N: G, <G (<G,VN.

In any case, the following is true. For G<1 and G>1
the system exists in the first and second symmetric phases,
respectively. The vacuum and Hamiltonian are O(N) invari-
ant, and the effective interaction is weak.

7.4. The (¢%)? model in R?

As in the case of a single-component field, the GEP
approximation® and the method of canonical
transformations®' lead to the same result for the model (1.3)
in R%.

In this case, only the diagrams of first order in the cou-
pling constant diverge (Fig. 1a), so that in two-dimensional
space—time we obtain from the requirement H; =0 the equa-
tions

m?*—M?*—g(3Dy(t)+(N— 1)Dy(t))+3gB*=0,
m?—Mi—g(3Do(t)+(N+1)Dy(ty)) +gB%=0, (7.9)
m*B+gB*—gB(3D(t)— (N+1)D(t,)) =0,

and the expression for the energy density has the form
m? 2 8

+ {=2[3D(0+ (N =)Dy (1) 1B2+3D3(0)

+(N—1)D{(ty)+2(N—1)Dy(t)Dy(to)},

m? (7.10)

1
D(,(t)=E In ¢, LO(t):G (t—1—1In1),

where t=M?/m, to=M3/m>. Equations (7.9) determine a
minimum of the energy (7.10) as a function of (¢,¢,,B) and
are identical to the equations that minimize the GEP.

The solution B=0 of the first equation of (7.9) leads to
the original symmetric representation with M=M,=m and
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FIG. 10. Effective coupling constants for the model (1.3) in R

E=0. In contrast to the three-dimensional case, there are no
other symmetric solutions. The nontrivial solution of the last
equation of (7.9) has the form
2
5 m
B =3D0(t)+(N_1)D0(t())_? .

Substituting it in the remaining equations, we find
t

t+2=G(B Int+(N—1)In¢y), ;=G ln(t—),

0

where G=g/2mm?. The critical coupling constant is deter-
mined from the condition E(G_.)=0. For N=4 it is equal to
G,.=1.317... . The dependence of the energy on G is shown
in Fig. 10. For G>1, we have

t(G)—(N+2)G InG, t,(G)—G In InG,

m2 3
Ep(G)— —=— 3G In* G,

8
G G)==—> !
OV =3 " (NT2)In G’
1
Gl G)=5

2 :
27#My; In InG

The effective coupling constants as function of G for N=4
are shown in Fig. 11.

It can be seen from Figs. 10 and 11 that the point G is
critical and corresponds to a phase transition with symmetry
breaking. Since the order parameter B is discontinuous at the

Gef

09|
07]
0S| Sen
03

Gen

0 VG137 2 3 Z 56

FIG. 11. Vacuum energy density for the model (1.3) in R
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point G, there is a first-order phase transition. All these
conclusions agree with the results of the GEP approximation
(see Ref. 30).

8. STABILITY WITH RESPECT TO THE CHOICE OF
THE RENORMALIZATION SCHEME IN THE
ORIGINAL REPRESENTATION

In this section, we shall investigate the stability of the
results obtained in Sec. 6 with respect to the choice of the R
scheme. First of all, we reduce the problem to a form con-
venient for this purpose. We write the Lagrangian (1.1) in the
form

L=}p(x)(O-mp)e(x) - ige(x),

where m3=m?(u)+ ém*(u), and m(u) and Sm(u) are the
renormalized mass and the mass counterterm in some fixed R
scheme (see Sec. 3.1). A parameter of the theory is here the
dimensionless coupling constant G=g/27m(u). The
Hamiltonian density in the representation with mass m(u)
has the form

H=H,+H,+H,,,
Ho=4m*+ (Vo) +m*(un)¢?],
H = 3om*(p)¢?.

H,=ige*, (8.1)

The operators ¢ and 7 satisfy the usual CCR.
We make a canonical transformation to the representa-
tion with new mass M =m(u)t and condensate B =const:

(¢, m)—(P+B,II), (8.2)

accompanying it with a compensating renormalization-group
transformation (see Sec. 4.4): u— v= ut in order to ensure
the condition of equivalence of the R schemes in the differ-
ent representations:
m(p) M

T
In the new representation, the Hamiltonian density takes the
form

H=H|+H;+H+H,,

(8.3)

H)= 1%+ (V®)2+M?®?], H;=1ig(®*+4BD?),

H},=% om*(ut)®2+ 6m*(put)BO, 84)

H,=m?(ut)+3gB>— M?1®?+[m*(ut)+gB*1BP.
To ensure the correct form of the Hamiltonian, we set
H,=0, and this leads to the following equations for B and .

m?(ut)+3gB*—m*(p)t?=0,

B[m*(ut)+gB*1=0. ®:5)

We shall investigate the dependence of Egs. (8.5) on the R
scheme. In the case of the symmetric solution, B=0, the first
equation of (8.5) takes the form

m?(ut)=*m*(n). (8.6)

We solve this equation by calculating the mass m(ut) in
different R schemes.
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8.1. The scheme of subtractions at zero momentum
with arbitrary “mass”

In this scheme, the mass counterterms are given by dia-
grams (see Figs. 1a and 1b) with zero external momentum
and arbitrary “mass” u in the propagators. This is one of the
possible ways of introducing the scale w in the (¢*); theory.
We set

222 ) -2

mp=m-(u)+ dm,(u)+ émy(p), 8.7)

where dm2(u) and émi( ) correspond to the diagrams of
Figs. 1a and 1b. These counterterms are readily calculated:

SA(p)=—3gAg(p), SmUp) =318 (1),

A = 1 f” duu?® 9.8
reg_(z,n_)z reg 0 u2+’u2 ’ ( ) )

s 1 j = dt 3

=——=T€ — exp{—3ut}.
reg (477)2 g 0t p{ M }
Suppose that in the original representation we use the usual
renormalization scheme at zero momentum corresponding to
a particular choice of the parameter u equal to the renormal-

ized mass m, i.e., the condition
m(m)=m

(8.9)

fixes the standard scheme of subtractions at zero momentum
in the framework of the R scheme with arbitrary u. Equation
(8.6) takes the form

m*(mt)=t’m?>. (8.10)
Using the R invariance of the bare mass my and (8.9), we
find

m*(u)=m*

3 3
1+= G(l—ﬁ) += G? 1n(ﬁ”, (8.11)
2 m 2 m

where G=g/27m. Using (8.11) with u=m¢ in (8.10), we
obtain Eq. (6.23).

8.2. Dimensional regularization: the MS scheme
We introduce the notation

g

e=3—-d, a=2—7; R

m,23=m2(,u,) + 5mi+ 5m§,
(8.12)

where m( ) is the running mass in the MS scheme. Making
the standard calculations, we find for the diagram of Fig. 1a

N
o= = 38m ) e ) T\ 2)

Setting d=3, we obtain the final result

(8.13)

dma=3 am(p),

which is natural for dimensional regularization in the case of
odd dimension of the “physical” space—time. The calcula-
tion of the diagram of Fig. 1b for zero external momentum
gives
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3 2 g

reg:4_ a

1
— +1In
€

47rp? ) +o )]
5, | £)]|.
m*(w)) 7

In the MS scheme, only the divergent part of this expression
is included in the counterterm:

(8.14)

1
dmy=ja’ —. (8.15)
Substituting (8.13) and (8.15) in (8.12), we obtain
my=m?(u)+2am(u)+% o® < (8.16)

We go over in (8.16) to the new scale v. In the limit e—0, we
obtain

)+ am(1)~ Yo ] 2] ()~ dem( ) =0
(8.17)
with the obvious condition
(8.18)
The solution of this equation that satisfies (8.18) has the form

m(v)|,—, ,=m(p).

m(v)=—m(p)—3 «

w

Setting v=put and m(v)=m(u)¢t in (8.17), we obtain an
equation identical to (6.23). Thus, in the two cases the func-
tion ¢(-) is identical, whereas the running masses m(v) and
m(v) are completely different [see (8.11) and (8.19)].

2
(8.19)

2 +3 +6 2l(v)
m(u) > @ nu.

8.3. Dimensional regularization: subtractions at zero
momentum

We include in the counterterm Sm2 not only the pole
term of the expression (8.14) but also its finite part. The bare

mass takes the form
41 H
+In|l ——||.
n(mz(ﬂ)

(8.20)

Going over in the standard manner in (8.20) to the new scale
v, we obtain the equation

2_ -2 3 3 |1
mg=m~(p)+5 am(u)+ 7 a’| == ¥

: : ; 3 v
m*(v)—m*(p)+3a[m(v)—m(u)]- 3 ln(;)
m*(u)v?

o 20
We see that the running mass m determined by Eq. (8.21)

differs from m and m [see (8.11) and (8.19)]. Nevertheless,
substitution of

+2a? ln(

v=put, m(w)=m(ut

in (8.21) gives an equation identical to (6.23).

The above calculations enable us to conclude that al-
though the running mass depends very strongly on the R
scheme the equation for the parameter ¢ is more stable with
respect to the choice of the renormalization scheme.
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9. THE FOUR-DIMENSIONAL ¢* THEORY

9.1. The (¢%), Hamiltonian and canonical
transformations

The Hamiltonian density that describes the system (1.1)
and (2.1) in the strong coupling regime has the form (2.3).
The canonical variables ¢ and 7 can be represented in the
form (2.4). They satisfy the usual CCR. The operators of
creation a * (k) and annihilation, a(K), in terms of which ¢
and 77 are expressed are defined on a Fock space of particles
with mass m(u) and vacuum vector |0) satisfying the condi-
tions

a(k)|0)=0Vk, (0]0)=1.

The renormalization scheme in (2.3) is fixed, i.e., a definite
choice of the R, class has been made, and the ratio
C=m(u)/ pn is fixed.

The representation (2.3) corresponds to g(u)<<1. Bear-
ing this in mind, we want to know what is the system in the
strong-coupling regime g(u)>1.

We make the canonical transformation

! <I>+l B H)
(PP
Here, (¥, IT) are fields with mass M=tm(u), and B is a
constant. In accordance with the requirement of equivalence
of the R schemes in different representations (see Sec. 4.4)
the canonical transformation to the new mass M is accompa-
nied by a compensating change u— v=tu of the renormal-
ization point, as a result of which the constant { of a finite
renormalization of the field appears in (9.1). The explicit
form of the canonical transformation (9.1) in terms of the
creation and annihilation operators is given in (4.8) and
(4.9). The fields (®, IT) satisfy the CCR. For t# 1 and B#0
they are defined on a Fock space that is unitarily inequivalent
to the original one.

The Hamiltonian density in the new representation takes
the form

(<P,7T)—>( ©.1)

H=H\,+H,+H!+H,,
H{=5[11°+(V®)*+ M>*®?],
X[D*+4Bd],

H' ! ! 1
(‘1—5 _Z—é

+3(Z] - 1)g(v)B*1®+1(Z;—1)g(»)

Hj=73g(v)

M%+(Z,—1)(V®)? +% [6m*(v)

9.2)
X (% +4BD)+[ 8m(v)+(Z}—1)g(»)B?]B®,

H,= %[mz( V)+3g(v)B2—M2]<I>2+[m2( v)
+g(v)B*]B®.

Here, v=tu, M=tm(u). To obtain the correct form of the
Hamiltonian, we set H;=0, and this leads to the equations
m*(ut)+3g(ut)B>—m?*(u)r*=0,

9.3

BIm*(ut)+g(u0)B?]=0. o
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Here, m(ut) and g(ut) are related to m(u) and g(u) by a
scale transformation and are determined by the RG equations
(3.2) with v=tu and boundary conditions

m(ut)=m(u) for t=1.

9.4)
Equations (9.3) and (9.4) describe in general form the phase
structure of the (¢*), theory in an arbitrary renormalization
scheme. These equations reduce the problem of the phase
structure to the properties of the RG functions.

glut)=g(pn) for t=1,

9.2. The symmetric phase
Setting B=0, we obtain for ¢ the equation
m?(ut)="m*(u).

Note that (9.5) has the same form as the corresponding equa-
tion (8.6) in R*.

It is remarkable that in conjunction with Eq. (9.5) the
system (3.2) can be solved in general form (without knowing
the v,, and B functions) in an arbitrary R scheme, whereas
for the system (3.2) itself this can be done only in mass-
independent renormalization schemes. Indeed, the second
equation of (3.2) and (9.5) mean that the parameter ¢ is a
function of the coupling constant, which in these equations
can be regarded as an independent variable. As a result, the
system (3.2), (9.5) can be rewritten in the form

1 dt l(_m(,u,t))

(9.5)

7d_g= & ut
2dr _m(ut)\ [ m(ut)
7E_ Ym(g: ut ) ( ) ut )7 (96)

m(ut)=tm(p),

where g denotes the renormalized coupling constant. By vir-
tue of the boundary conditions (9.5), we have

t(g)=1 for g=g. 9.7)

The first two equations of (9.6) with allowance for the third
take the form

dint 1 2dlnt_ Ym(8,C)
g Bg,C)’ dg B(8,C) -

The constant C was fixed in the construction of the original
representation (2.3).

A free parameter in the system (9.8) with the boundary
condition (9.7) is the boundary value of the coupling con-
stant g. Integrating (9.8) over g and taking into account (9.7),
we obtain

9.8)

Ger dx J’Geff 2+ Y,,(x,C)
Int= =

. B0 ) TRV

9.9)
where G .4=g(g) is the effective coupling constant. By vir-
tue of (9.7), these equations have the solution =1, G =g.
The existence of other solutions depends on the form of the
RG equations. To remove the problem of the scheme depen-
dence, we shall assume that in the original representation
(2.3) we use the canonical u scheme and C=1 (for more
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details, see Sec. 3.1). We recall that in the u scheme the
two-point Green’s function is normalized by the condition

A

Gp°) » ————, (9.10)

) = W

and for C=m(u)/pn=1 we obtain a renormalization scheme
on the mass shell, i.e., m(u) is equal to the physical mass
myy, by construction. The system (9.9) takes the form

n = Geffd_x fceﬁ . 24+ Y. (x) 0
g B Jg B(x) ’
M=myt, 9.11)
where
Ym(8)=7vm(g,1), PB(g)=pB(g,1),

and vy, (g,m(un)/p) and B(g,m(u)/u) are calculated in the
framework of the canonical u scheme.
Note that (9.5) in this case has the form

m(mP,t) =m(M) -1
t M

9.12)

mph

so that M, like Moy, satisfies the condition of renormalization
on the mass shell,

pPM?
G(p*) — PoayyE (9.13)
and, therefore, has the meaning of the physical mass in the
new representation (9.2).

We return to the system (9.11). Since the exact y,, and 8
functions are unknown, we simply consider different possi-
bilities. The behavior of y,,(x) and B(x) at small x can be
found by perturbation theory. The integrand in the second

equation of (9.11) behaves as

24 Yu(x) x—0 2
Bx)  Bia?’

where a=3!x/(4)?%, B;=3/2. It is known that the B func-
tion is positive for x € (0,g*) where the ultraviolet-stable
point g* may be either finite or infinite. If the function F(x)
does not change sign in the interval (0,g*), then (9.11) has
only the trivial solution G .4=g, t=1. Another possibility is
illustrated in Fig. 12. A second solution of (9.11) exists if
F(x) changes sign at a certain point g. e (0,g%).
For example, suppose

B=bx*(g* =),

where a>0, b>0.
After integration, we find from (9.11)
1 1 a (Geff

) 0, bl 1 1
=0, nt=———.
g g G

F(x)=

9.14)

Ym= —ax,

The asymptotic behaviors in the strong-coupling regime have
the form

20

g—i
t(g) — g~ <1,

%

.
Gex(g) —

Zing <1. (9.15)
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F(x) T

Be g g

(] TS

FIG. 12. Possible behavior of the integrand.

This example illustrates the general picture. The effective
coupling constant depends only g, and

g—0 g*

g—?
Gen(g) — 8%, Ger(g8)=8.. Gex(g) — 0, (9.16)
and, since B(x)>0,

g—0
Hg) — =,

g—g*

t(g)=1, tg) — 0.

From comparison of the asymptotic behaviors of the ef-
fective coupling constants we conclude that in the strong-
coupling regime (g<€1) the system exists in a phase with
mass m, , while in the strong-coupling limit (g—g*) a dif-
ferent symmetric phase is realized with physical massed
M<m, [see (9.13)] and coupling constant G.4<1. The
phase transition occurs at a value g, of the coupling constant
g at which the anomalous dimension of the operator ¢ com-
pensates its canonical dimension: 2+ y,,(g.)=0.

9.17)

9.3. Dynamical symmetry breaking

The Hamiltonian H_, reflects the well-known fact that
the counterterms for the (¢*), theory with spontaneous sym-
metry breaking are completely determined by the counter-
terms for the symmetric case (for example, see Ref. 45).
Thus, m(ut) and g(ut) in (9.3) are determined by the same
equations (3.2) for B=0 and B#0.

Equations (9.3) can be readily rewritten in the form

Bzz_mz(ut) R m>(put)
glut) ’ m*(u)

Equations (9.18) do not have real solutions if m?(ut)>0,
Vg(u), t. Just such a situation occurs for any mass-
independent R scheme. Thus, at least in this case there are no
representations in the system with B#0 and, therefore, there
is no dynamical symmetry breaking.

(9.18)

9.4. Correlation between the phase structure and
ultraviolet divergences

We can now compare the phase structures of the models
(1.1), 1.2), (1.3) in R*, R®, and R? (Ref. 31). It can be well
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TABLE 1. Phases in the strong-coupling regime.

G<<1 G>1
R? 1 22,1 4 Larzgzs Lot @3 (BS
2 M+ 280 5 M2+ 2 g0+ 2B(g) (BS)
R3 10242, 1 44
5 M2+ L g0t ()
R* 1 22,1 4 1,242, 1 4
im,’,-}-zg‘,) 2M¢+4Gc"¢' (S)
if 132, €(0,8'):2+7,(8)=0
?, if Vg€E(0,8)2+y,(8)>0
2 ‘
R % 17124,)24- -i—gq)‘-!— m J—Ez— V’3 % A{z(])2+ l;gd"*’ gB(g)‘bs S)
R3 1042, 1 g
sz» +4g¢ (S)
R? N N 2 1 1.2
! 1 = M2+ = M2 @? (BS)
e I e
[ t 1 N-1 N-1
+Zg[2 @24+ d)2]+g11(g)<b[z o}+ 7]
i i
R 1 N L[ 2
1.2 2, 1 2
> M 2d)i+4g{2¢,} )

seen from Table I that the behaviors of the systems are quite
different for different d. Irrespective of the symmetry of the
initial Lagrangian, for G>1 the phase with broken symme-
try is realized in R?, whereas in R we have the symmetric
phase. It may be concluded that the different ultraviolet be-
havior leads to a different phase structure. The following
heuristic argument (see, for example, Simon’s monograph of
Ref. 8) to some extent explains the correlation between the
phase structure of the theory and the nature of its ultraviolet
divergences. An intuitively clear reason for the breaking of
the symmetry in the (¢*), theory is the normal ordering of
the Hamiltonian. In other words, the breaking of the symme-
try in this case is explained by the contribution to the mass
renormalization of the diagram of Fig. la, which in the
strong-coupling regime changes the sign of the bare mass
mp . The opposite situation occurs in the (¢*); theory, since
now two diagrams with different signs contribute to my . The
bare mass is positive at large g and there is no symmetry
breaking. In the (¢*), theory, the picture is much more com-
plicated since the bare mass is represented by a series of
varying sign. This series can be positive for any g, so that
reasons for the appearance of a phase with broken symmetry
are altogether absent.

10. THE (¢*), THEORY AND FINITE TEMPERATURE

The very formulation of the problem of the dynamical
rearrangement of the ground state of a quantum-field system
when a coupling constant (such as the fine structure constant)
is changed appears rather artificial, although it is of interest
from the purely theoretical point of view. Much closer to real
physics is the investigation of the behavior of a field system
when the temperature changes. Such a problem has a direct

bearing on several problems in solid-state physics,®*® on sys-
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tems of the type of a quark—gluon plasma, or on the problem
of the evolution of the universe at early stages.>

Active investigation of dynamical temperature-
dependent effects in quantum field theory began with Kirzh-
nits’s paper of Ref. 2. Most studies have been of four-
dimensional theories in the one- and two-loop
approximations to the effective potential. The phase structure
of the (¢*), theory was investigated in the framework of a
high-temperature expansion in Refs. 4-6.

We shall obtain the phase diagrams in the (G, §) plane
for the series (1.1) and (1.2). We recall that G=g/2 am*~4
and #=T/m are dimensionless parameters of the theory.
Whereas the behaviors of the systems in R and R* with
respect to the variable G are quite different (see Table I), the
dependence on the temperature is qualitatively the same in
the two cases, namely, irrespective of the initial symmetry
the system is in the symmetric phase if the temperature is
sufficiently high. This is the most general conclusion from
the form of the phase diagrams.

10.1. Hamiltonian at zero temperature and canonical
transformations

From the physical point of view, any representation of
the CCR will be adequate only if the mass of the particles
depends on the temperature. A priori, this dependence is un-
known even in the weak-coupling limit. We therefore begin
the construction of the finite-temperature theory with the rep-
resentation of the CCR at T=0, and then, using the method
of canonical transformations, we introduce a temperature de-
pendence. As in Sec. 6, we shall deal with the Lagrangian
(6.1), which combines the two models (1.1) and (1.2).

Initial representation for G<1, T=0

To eliminate all the divergences, it is sufficient to write
the Hamiltonian density in normal form:
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H=H,+H;, Hole,m]=1:[7*(x)+[Ve(x)]?

+m*o*(x)]:

1 (10.1)
Hilp,m]=:| 7 84¢*(x) +g36°(x) :

The operators ¢ and 7 satisfy the usual commutation rela-

tions. The creation and annihilation operators a*(k) and

a(k) act on a Fock space with mass m. The vacuum vector
|0) satisfies the condition a(k)|0)=0, Vk.

Canonical transformation

We make a canonical transformation

e(x)—¢(x)+B,

where ¢, and 7, are fields with mass M =m¢. The new cre-
ation and annihilation operators a* (k,t) and a(k,t) act on
the Fock space with vacuum vector

l0(¢,B))=U; '(1)U; '(B)|0), a(k,t)|0(t,B))=0, Vk.
(10.3)

Here, U, and U, are represented by the expressions (6.8).
Expressing the Hamiltonian in the new variables and go-

ing over to normal ordering with respect to the vacuum
|0(¢,B)) we obtain

H=Hy+H;+H+E,

m(x)— ,(x), (10.2)

Hy=1:[m(0)+(Ve,x)?+M*¢}()]: (10.4)
’ 1 4 3
Hp=:7 hao () Fha@i(x) |2, h3=g3+84B,
hys=ga4,
1 2
H\=:|5 R(1,B)¢;(x)+ P(1,B)¢(x)|: ,
R=m?>—M?+3g,(B*—D,)+6g3B, (10.5)
P=m’B+g,(B*-3BD,)+3g;(B*—Dy),
E= ;_m232+L0+i—4 [b*—6B’Dy+D}]+g:B
X[Bz“3D0],
, (10.6)

1 m
Dy(t)=-—1Int, Ly(t)=gc—=[t—1—Int].
o(=g= o()=5-I ]
To introduce a temperature dependence, we make one further
canonical transformation, which is the basic idea of the

method of thermo field dynamics (TFD).

10.2. Thermo field dynamics

A detailed description of TFD can be found in the review
of Ref. 64 or in the monograph of Ref. 58. We here restrict
ourselves to a brief exposition of the basic idea.

The basic idea of TFD is to double the number of field
variables when T>0. The intuitive justification for this re-
duces to the following. The presence of a thermal reservoir
leads to the existence of a large number of excited quanta
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and free energy levels, which are called holes. Therefore, the
absorption of energy by the system occurs in two ways—
either by the excitation of additional quanta or by filling of
free positions in the space of the particles, i.e., by the anni-
hilation of holes with negative energy (we emphasize the
difference from antiparticles in the usual understanding,
which are holes in a state space with negative energy). These
two absorption mechanisms are independent of each other,
and it is this that leads to the doubling in the number of the
field variables.

In accordance with this motivation, we construct the op-
erators

a(k)=a(k,t)®1, a(k)=1®a(k,t),
which satisfy the usual CCR:

[a(k),a” (k')]=8(k—k'),

=8(k—k")

and act on the Fock space with vacuum

|0(z,B))=10(¢,B))®|0(t,B)).

(10.7)

[a(k),a*(k")]

(10.8)

The operator (k) and a(k) describe the annihilation of par-
ticles and holes. At a nonzero temperature, the ground state
of the system is not a state without particles. The mean num-
ber of particles is described by a distribution function
(bosonic or fermionic). The next step is to go over to a quasi-
particle picture. Quasiparticles correspond to excitations
above the physical ground state, the thermal vacuum.

The temperature-dependent operators a(k,B), a(k,B)
(B=1/T) are introduced by means of a temperature-

dependent Bogolyubov transformation
a(k,B)=a(k) cosh (&)—a* (k) sinh(§)
a(k,B)=a(k) cosh (&)—a* (k) sinh (£), (10.9)

or equivalently, in operator form,
a(k,B)=U""(B)a(k)U(B),
a(k,B)=U""(B)a(k)U(B),

U(B)=eXpUdkf(k,ﬁ)[&(k)a(k)—a+(k)5t+(k)] :

The operators a(k,B), a(k,B) are defined on a Fock space
with thermal vacuum:

|0(B,1,B))=U""'(B)|0(¢,B))),
and
a(k,B)|0(B,t,B))=a(k,B)|0(B,t,B))=0 Vk,pB.

The parameter ¢(k, ) is determined by the requirement that
the mean number of particles in the state [0(B,t,B)) be
equal to.the statistical distribution function:

(0(B,t,B)|a”* (k)a(k)|0(B,t,B))=n(w(k,t))
=[exp{Bw(k,t)}—1]".

Using (10.7) and the transformation that is the inverse of
(10.9), we find

sinh?(¢) = [exp{Bw(k,0)} —1]7".

(10.10)

(10.11)
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The condition (10.11) guarantees that T=1/8 has the mean-
ing of a statistical temperature. In accordance with (10.7), we
construct the fields (P, II) and (®,I1), which are defined on
the Fock space with vacuum (10.8). The expressions for the
tilde-conjugate variables ®, I are obtained from @, I1 by the
substitution (a,a*)—(a,a’).

To determine the fields on the space with the thermal
vacuum (10.10) we use the transformation that is the inverse
of (10.9), by means of which the operators ®, IT, @, II can
be expressed in terms of a(k,B), a*(k,B), a(k,B),
a’t (k,B).

The density of the total Hamiltonian in the TFD formal-
ism is determined by

H=H-, w=H®l, 7=10H. (10.12)

Here, .7 describes the particles and % the holes with nega-
tive energy, this explaining the appearance of the minus sign

in front of .#. The Hamiltonian density .# in the represen-
tation of the thermal vacuum (10.10) takes the form

H=H A+ T +E,

Fo=1 [T (x) + (VP (x))2+ M2D(x)]: ,

L]

1
.%': I:Z h4q)4(x)+h3fb3(x)

1
.7/;=:[5 .7/(:,B;ﬂ)c1>2(x)+.7/(t,B;ﬂ)q>(x)}: ,
(10.13)
S=m?>—M?+3g,(B>—D)+6g,B,

/’=m’B+g,(B*—3BD)+3g,(B*-D),

1 1
D(1,B)=7—In t—;d(e/\/?).

The energy density E' is obtained from E by the substitution
D,—D, L,—L, where

2

m
L(t,B)=g—{t—1-D(, 6)+41[2s(6/\t)

+d(6/\D)1},
1

_ x du 5 —1
d(z)—JO m(exp‘; Vitu ]—1) ,  (10.14)

_f* duu? 1\/1—-;_2 1)_]
s(z)= . W exp ; u .

In accordance with the requirement of equivalence of the
renormalization schemes, the normal product in these ex-
pressions relates to a(k,B8), a*(k,B). The operator .# is
constructed in accordance with the rule .# = 7*[®,11].
The density E' of the internal energy of the state

|0(z,B;B)) is related to the free-energy density F by
F=E'-TS, (10.15)

where S is the entropy density:
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dk
5= _f Tz (k0 In (k)= (1=n(k)
XIn (1—n(k,t))]
2
:”—;.%[Zs(ﬁ/\/;)‘*‘d(ﬂ/\/;)],

n(k,t)=[exp(Bw(k,t)—1]7".
From (10.6), (10.14), (10.15), and (10.16) we obtain

(10.16)

F= %mZBZ+g4—4 [B*—6B2D(1;8)+3D(t; 8)]

2
m
+g3B[BZ—3D]+E {t—1-47D(1;0)

—4e[25(6/\1) +d( 6/ VD) ]} (10.17)
We require that
A(t,B;6)=0, .At,B;8)=0. (10.18)

It is easy to verify the equivalence of (10.18) and the equa-
tions

JF(t,B) o 3*F(t,B) B

, 2 2_ 2
JB B

=m

’

which are analogous to the conditions of minimality and sta-
bility of the effective potential.> On the other hand, (10.18)
determines the minimum of F(¢,B) as a function of the two
variables ¢ and B only for 6=0. Thus, it is only in this case
that our results should be compared with the results of the
GEP approximation.

10.3. The symmetric model

For g3;=0 and g,=g we obtain from (10.18) and
(10.13) the following equations for B and ¢ (G =g/2mm?):

B[gB—3gD(t;0)+m?*]=0,
3gB*>—3gD(t;0)—m*(t—1)=0.
Symmetric phase

(10.19)

Setting B=0 in the second equation of (10.19), we ob-
tain

)= Vi
3¢ (- D)=—Inr+4d(6/\0). (10.20)

This equation has a unique solution for all G and 6, and
t(G,0)=1 only for 6=0. The free-energy density has the
form

_m? (2 ) (r—1)
Fs—g 36 1 (t—1)+ 3G

+d(0/\/;)]].

—41[2s(0/ 1)
(10.21)

Phase with broken symmetry

Using the nontrivial solution for B, we rewrite (10.19) in
the form
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Coupling constant G

0 T I T

Temperature 6

FIG. 13. Phase diagram for the symmetric (¢*), theory.

ot L2 In t—4d(6/\t
“amG’ 3G 3G ImiT4d(0Y).

The second equation has a solution only for G and 6 such
that G=G ( 0). The function G .(6) is shown in Fig. 13. The
free-energy density is given by

_m2 1 ( ) (t—l)2
Fr=gz |36 *|1736) -1~

—44[25(0/ 1)+ d( 0/\5)]’.

(10.22)

Comparing the effective coupling constants G =G /t(G, 0)
in the symmetric phase and phase with broken symmetry, we
find that the boundary of the phases is given by the function
G () (the solid curve in Fig. 13). Comparing the free ener-
gies Fg and Fp, we obtain the boundary shown by the bro-
ken curve in Fig. 13. It can be seen that these two boundaries
do not contradict each other. The value of Gy=1.625...
coincides with the critical coupling constant in the GEP ap-

2
£
g ]
8 I el
2. .
& I,
3 -4
8 A
2= 1 7 |
w /4

0 T T (l}tlc T ¥

(¢ 1 o 2 3

Coupling constant G
FIG. 14. Effective coupling constants for the symmetric (¢*), theory: The

upper curves correspond to the symmetric phase with the broken curve for
6=1 and the solid curve for 6=0.
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FIG. 15. The O(G?) and O(G?) diagrams in the symmetric phase.

proximation, since for =0 Eq. (10.19) are identical to the
equations that minimize the Gaussian effective potential.

In the critical region, the effective coupling constant is
fairly large in both phases (see Fig. 14), so that the pertur-
bative corrections will be large and can change the boundary
represented by the broken curve. To estimate this change, we
calculate the corrections to the free energy at zero tempera-
ture. We here restrict ourselves to order O(G?) for the sym-
metric phase and O(G%;) for the phase with broken symme-
try. The necessary diagrams are shown in Figs. 15 and 16. As
a result, we obtain

2

m
AFs=2—(—1.671G*+4.039G°+0(G")),

. (10.23)
AFp=g— (= 1.758G—4.316G 5~ O(G ).

It can be seen that the (asymptotic) series for AF has con-
stant sign. This is a usual property of systems with degener-
ate vacuum (see, for example, Ref. 66). Making a Borel sum-
mation of the expansion (10.23), we find

Ar m? jrd ., 1+0.806Gt
sT8a | J, ' 170.806G:+0.836(Gr)2 ||’

AR M? Vprd _, 1+0.531G

=gz | VP, ¥ 1122804

The symbol VP denotes the principal value of the integral in
the Cauchy sense (on methods of summing asymptotic series
of constant sign, see Ref. 66). The solid and broken curves in
Fig. 17 show the free energy without and with allowance for
the corrections, respectively. The corrections shift the verti-

cal point from Gy~1.625... to G(0)~1.44... . A similar
picture must also hold for §+0.
The order parameter
+\/t(G’0) 10.24
TNV 476G (1024)

FIG. 16. The O(G ) and O(GZ%;) diagrams in the phase with broken sym-

metry.
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FIG. 17. The free-energy density: The broken curves correspond to Fg and
Fpg, the solid curves to Fg+ADg and Fg+AFp.

and the mass M>=m?t(G,6) (Fig. 18) are discontinuous at
the phase boundaries, so that we have a first-order transition.
However, this result is not reliable because of the large value
of G . near the boundary. In the regimes of strong and weak
coupling, the description is fairly accurate, since the effective
coupling constant in these cases is small.

10.4. Model with initially broken symmetry

Substituting g,=g and g;=m(g/2)'/* in (10.18) and
(10.13), we obtain the equations

gB3+3m\/g/2B*+B[m*—3gD(t,6)]
—3m+\g/2D(t,0)=0,
3gB2+3m\2gB—3gD(t,0)—M?>+m?=0.

In accordance with the solutions of this system, there are two
phases with broken symmetry and one symmetric phase.

(10.25)

Symmetric phase
The first equation of (10.25) has the solution

1

B=— .
477G

(10.26)

From (10.26) and the second equation of (10.25) we obtain
for ¢ the equation

Effective mass

Coupling constant

FIG. 18. Masses in the symmetric model: The broken curve corresponds to
6=1, the solid curve to 6=0: the upper curves represent the phase with
broken symmetry.
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Coupling constant G

Temperature 8

FIG. 19. Phase diagram for the (¢*), theory with initially broken symmetry.

2 N 1
36 136G

There exists a unique solution for all G and 6. With
allowance for the relations (10.26) and (10.27), we obtain for
the energy density the expression

=—1In t+4d(6+1). (10.27)

F_mz 1 o4 2 (t—1)2
5787 |2¢ T\ 1136/t~ D35

—4e[2s(0/\1) +d( o/\/?)]].

(10.28)

Phases with broken symmetry
Using the remaining solutions of the first equation of
(10.25),

1+t

" 4nG

we obtain from the second equation

1 1 P \/,
E I—E =In t—4d(0/\t).

This equation has solutions only for (G, 6) such that
G=<GM(0)or G=G?(0).

The functions G{V(6) and G{"(6) are shown in Fig. 19.
There are two solutions, and they are equal to each other at
G=G(8) or G=GD (). These solutions are two differ-
ent phases with broken symmetry. It can be seen from Fig.
19 that G{"(0)=GP(0)=G, . Substituting =1 in (10.29),
we find G.=1/3. The region on the phase plane below
G1(6) corresponds to the first phase with broken symmetry,
while the region above G(?(#) corresponds to the second
such phase. The free-energy density has the form
2

m 1 (t—1)?
i

+d(0/ﬁ)]]'

(10.29)

—41[2s(0/\t)

As can be seen from Fig. 19, the boundaries of the phases,
found by comparing the effective coupling constants (Fig.
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FIG. 20. Effective coupling constants for the (¢*), theory with initially
broken symmetry: The solid curve corresponds to =0, the broken curve to
0=1; the symmetric phase is represented by the upper broken curve.

20) and the free energies, are mutually consistent. The values
G;=0.19... and G,=0.64... in Fig. 19 agree with the criti-
cal points of the GEP approximation at zero temperature. '

Thus, there are two phases with broken symmetry and
one symmetric phase. At zero temperature, the symmetry is
broken for all G, although at G=1/3 there is a phase tran-
sition without change of symmetry. At the same time, for any
fixed G the symmetry is restored if the temperature is suffi-
ciently high. The phase transitions have first order, since the
mass and order parameter (10.24) are discontinuous on the
phase boundaries (see Fig. 21, #=1). The effective coupling
constant is small everywhere except in the critical regions,
where G .4~0(1), so that our description is sufficiently ac-
curate only outside the region of the phase transitions.

The boundary G{"(6) lies in the region of applicability
of the high-temperature expansion (6>G). Its form agrees
with the results of this method.*~¢

11. THREE-DIMENSIONAL ¢* MODEL AT FINITE
TEMPERATURE

11.1. Representation of thermal vacuum

A canonical transformation to fields with a new mass
and nonzero condensate was made in Sec. 6 [see (6.2) and
(6.11)]. Therefore, we shall not reproduce here the calcula-

Order parameter o

Coupling constant

FIG. 21. Order parameter: The solid curve corresponds to =0, the broken
curve to 6=1.
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tions associated with this transformation. In addition, the
transition from the representation (6.11) to the expressions
that follow below is made in complete analogy with the two-
dimensional case [see (10.7)—(10.21)]. The only fundamental
difference is associated with the additional counterterms that
eliminate the divergence of the second-order diagram (see
Fig. 1b). Therefore, we begin directly with the expression for
the Hamiltonian density .# in the representation of the ther-
mal vacuum |0(5,¢,B)) (10.10):

H=Fg+ T+ A H,

Ho=1 :[IP(x) +(VO(x))*+ M*P*(x)]: , (11.1)

1
.;7/;'=:[Z ha®4(x)+hD3(x)

The normal ordering in these expressions applies to the
temperature-dependent operators a(k, 8) and a*(k, B). The
counterterm operator .# ., in this representation takes the
form

H(M,B)=": o, (11.2)

%A(M)<I>2(x)+C(M)<I>(x)

where the temperature-dependent functions A and C have the
form>®

A(M)=31g33(M),

C(M)=3!g:842(M),

1
Eg(M)zm ag(t,6),

1
zﬁﬂ(M):m opa(t,0), (11.3)
_ A 0 t
aﬁ(t,ﬂ)——lanln 1—exp 21/
x [ xt —1
Uﬂﬂ(t,ﬁ)zfl L dxdy[exp{g ]—1}
-1
X exp[%]—l]
1
X
V4(x*+y*+xy)-3
1
+\/4(x2+y2—xy)-3]' (11.4)

In the scheme of subtractions at zero momentum, the opera-
tor .#] takes the form

L]

1
Hy= :[5 A(t,B,B)®(x)+.At,B,B)P(x)

11.5
J?=m2—M2+3g4(BZ—D)+6gsB+6g§(Eu(m)( )

—3(M)),
S=m’B+g,(B3—3BD)+3g;(B>—D)+6g,
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X (g3+84B)(29(m)—32(M)),

m t
D(t,ﬂ)=a[z—1+201n(1—exp[—(—9m. (11.6)

The Hamiltonian density ._/'?/ is constructed in accordance
with the rule .#'=.#*[®,I1] to ensure that the Hamiltonian
has the correct form, we require that

Z(t,B,B)=0
ZAt,B,B)=0.

From the physical point of view, this means that .#" describes
scalar particles with mass M that depends on the coupling
constant G and the temperature 6. This dependence is deter-
mined by Egs. (11.7). It is convenient to go over to the di-
mensionless quantities

H =0@‘ (11.7)

84

83 T
Gy=—, =—F——, b=B\/—. 11.8
4" 2mm SN rp— m (118)

Using the definitions (11.8), we represent (11.5) in the form
— 142414 3G ,(b*—d(1,6)) +3G b+ 3G

X(In t—60p(t,0)—60g4(t,0))=0,

b+1G,b(b2=3d(t,0))+3G,(b2—d(t,0)) +3G4(11.9)

G,

X
2

d(t,0)=t—l+201n(l—exp[—%]). (11.10)

The different solutions of these equations describe the pos-
sible phases of the system.

11.2. The symmetric model
We consider the model with the Lagrangian (1.1). For
this, we set G,=G, G3=0. Using (11.9), we obtain
3
?—1-3 G(b*—d(1,0))—5 Gi(In t—604(1,6)

_60'ﬂﬂ(t,0))=0,
1 2 3 2 _ (11.11)
b[1+3 G(b*—3d(t,0))+3 G (In t—604(t,6)
_60Bﬂ(t’0))]20'
Symmetric phase

From (11.11), (11.10), and (11.3) we obtain for ¢ the
equation

22+3Gt—2—3G—3GIn 1+18G20g,(1,6) +6G

X

0 t
6—3 In 3G ?)ln(l—exp {—-‘—9 })=0, (11.12)

where the function ogg is defined in (11.4). Equation (11.12)
has two solutions in the regions S; and S, in Fig. 22, while
in the region BS there are no solutions, and

t2(G,0)<t,(G,0)#1, if (6,G)eS,
t,(G,0)>1,(G,0)#1, if (6,G)eS,.
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FIG. 22. Phase diagram for the symmetric (¢*); theory.

In accordance with the criterion for selecting phases on the
basis of the effective interaction, we must set

tl(G,G), if (H,G)ES]

t,(G,0),  if (6,G)eS,. (11.13)

t(G,0)=[

We emphasize that at nonzero temperature neither t; nor t,
corresponds to the initial representation (6.2).

The high-temperature asymptotic behavior (61, t>1)
is determined by the term linear in G. This becomes obvious
if we note that [see (11.4)]

= o dxd
=[5
1 J1 Xy
4 1
V4(x*+y*—xy)-3

o1 g2 (g g)

: (11.14)

\/4(x2+y2+xy)—3

and
6
o>— 9 6 In 0>—2 .
t t

The asymptotic behaviors of the mass M =m¢ and the effec-
tive coupling constant G =G/t have the form

>G >G 3
t —» 3G6n 6, t — 562 In G,
(11.15)
0>G G 6>G 2
G — \/30111 0<1, Gt — \/3 = G<1.

Phase with symmetry breaking

In this case we have the equations

t2

2_°
b G’

2=3G1+3G?In 1—18G20gg(1,6) (11.16)

0 t
—6G( 6—3 In 3G 7) In (l—exp‘—g ])=O,
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for the derivation of which we have used the expressions
(11.11), (11.10), and (11.3).

For all (6,G), the second equation of (11.16) has a
unique solution. It can be shown that the solution with as-
ymptotic behaviors of the type 1<¢<6 or > 6 for 6 >1
does not exist. This means that at a high temperature
G.(G,0) in the symmetric phase is less than in the phase
with broken symmetry. We conclude from this that the sys-
tem is symmetric at high temperature. Numerical solution of
Eqgs. (11.12) and (11.16) shows that the same is true for all
(6,G)eS,, S,.

It is convenient to represent the result in the form of the
phase diagram in Fig. 22. The boundaries of the phases cor-
respond to first-order transitions, since the order parameter is
discontinuous at the critical points. The asymptotic behaviors
of the effective coupling constant show [see (11.15)] that our
approach is sufficiently accurate outside the critical region.

We summarize the conclusions of this subsection:

* There is no symmetry breaking in the three-

dimensional model (1.1) for all §if G<1.

* There are two symmetric phases and one phase with

broken symmetry, and the transition with rearrangement

of the symmetry of the system occurs at intermediate

values of G and @ (Fig. 22).

* The system is symmetric if the temperature 6 or the

coupling constant G is sufficiently large.

11.3. Initially broken symmetry

We consider the phase structure of the model (1.2) with
initially broken symmetry. The equations for the parameters ¢
and b are obtained from (11.9) by the substitution

G4=G, G3=3\G.
As a result, we obtain
2—1-3G(b*—d(1,0))—3JGb—2 G*(In t
—604(t,0)—6044(t,60))=0,
2b+Gb(b*—3d(t,6))+3VG(b*—d(1,0))+3GG(1
+JGb)(In t—604(t,8)—6044(t,6))=0.
Two solutions for b follow from (11.17):

1 1
b= N (symmetric), b= —\/—(—;

(11.17)

t
+ \/—? (asymmetric).

Using their asymmetric solution, we obtain the equation

?=3Gt—1+3G+3G? In t—18G0 g4(t,0)—6G

0 t
x(0—3 In 3G ?) ln(l—exp{—?)})=0,

(11.18)
whereas for the symmetric solution (b = —1 /\/(—i)
2t24+3Gt+1-3G—3GIn t+18G*0p4(t,0) +6G
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FIG. 23. Phase diagram for the (¢*); theory with initially broken symmetry.

0313G011 )=
—31In 7] In{ 1—exp 9 =0.

(11.19)

X

Symmetric phase

There are two solutions of (11.19) in the regions S, and
S, in Fig. 23, while in the region BS there are no solutions.
The asymptotic behaviors of the mass M =m¢t and the effec-
tive coupling constant G =G/t are the same as in (11.15).

Phase with broken symmetry

Equation (11.18) has a unique solution for all (G,#).
Analysis of the asymptotic behaviors, numerical solution of
Eqgs. (11.19) and (11.18), and comparison of the effective
coupling constants give the phase diagram shown in Fig. 23.
The boundary of the phases for G<1 agrees with what one
would expect from perturbative calculation of the effective
potential.® The temperature is fairly accurate outside the
critical regions [see (11.15)]. At the same time, the phase
boundaries are determined only approximately, since the ef-
fective coupling constant is fairly large in the neighborhood
of the phase transitions.

The order parameter is discontinuous at the boundary, so
that we have first-order phase transitions. We emphasize that
this result cannot be regarded as well established in our ap-
proach. We summarize.

* In the system (1.2), the symmetry is restored if the
temperature or the coupling constant is sufficiently large.
* There are phase transitions between the broken-
symmetry and symmetric phases, the boundaries be-
tween which are shown approximately in Fig. 23.

* The method of canonical transformations makes it
possible to determine the temperature dependence of the
mass. The procedure for determining it is fairly accurate
outside the critical regions.

* If G (G,0)<1, then one can make the usual pertur-
bative calculations, using the Hamiltonian (11.1)—(11.2).

11.4. Systems in R? and R*®

We compare the phase structure of the models (1.1) and
(1.2) in R? and R? at finite temperature. The phase diagrams
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for the two-dimensional models are shown in Fig. 13 and 19.
The behaviors of the systems with respect to the variable G
are completely different in R? and R (see also Table I). We
have a phase with broken symmetry in space—time R? and a
symmetric phase in R? when G>1 irrespective of the sym-
metry of the initial Lagrangians (1.1) and (1.2). At the same
time, the behavior with respect to the variable 6 is qualita-
tively the same in R* and R®. The systems are symmetric if
the temperature is sufficiently high.
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