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The results from experimental studies of electron—photon showers produced in heavy
amorphous media by gamma quanta and electrons with energy in the range from 100 MeV
to 200 MeV are reviewed. The basic information about the elementary physical

processes comprising a shower is given. The results of cascade theory and numerical modeling
of the process by the Monte Carlo method are briefly surveyed. The studies carried out

using the ITEP (Moscow) xenon bubble chamber are described in more detail. These provided
original experimental data on the longitudinal and transverse shower profiles, as well as

on the fluctuations and correlations in showers produced in liquid xenon by gamma quanta of
energy 100-3500 MeV. A phenomenological scaling description, obtained from analysis

of the experimental data, of the longitudinal and transverse profiles and also of their
fluctuations is presented in the form of simple expressions convenient for practical use.

1. INTRODUCTION

In the electric field of a nucleus of an atom in a me-
dium, a high-energy gamma quantum (E,> 2m?, where
my, is the electron rest mass) is converted into an electron—
positron pair. In turn, each of the particles of this pair,
undergoing acceleration in the Coulomb field of the atomic
nuclei of the material, can emit hard gamma quanta
(henceforth referred to as photons), which can produce
electron—positron pairs, and so on. Therefore, with increas-
ing depth of the medium along the direction of motion of
the primary gamma quantum there occurs a multiplication
of particles: gamma quanta, electrons, and positrons. This
process, referred to as an electron—photon shower (EPS),"
develops as long as the energy of the bremsstrahlung
gamma quanta exceeds 2m 2. Then the shower damps out.
An EPS can also be produced by an electron, a positron,
or, with considerably lower probability, a muon or heavier
particle.

Of course, the process of EPS generation is not as sim-
ple as this summary of its main features suggests. A sig-
nificant role is played by ionization and excitation of the
atoms of the medium, which are the main factors associ-
ated with bremsstrahlung, and also by multiple Coulomb
scattering of shower electrons and positrons and Compton
scattering of soft gamma quanta, which leads to the three-
dimensional structure of the EPS. There are also other
phenomena of electromagnetic nature which, in addition,
are widely used to detect this phenomenon, in particular,
Cerenkov radiation, which also is a bremsstrahlung factor.

Qualitatively new effects arise at energies of 100 GeV
and above which noticeably affect the absorption of shower
particles in the interior of the medium: the Chudakov effect
and the phenomenon first mentioned by Landau and Po-
meranchuk, and then analyzed quantitatively at the quan-
tum mechanical level by Migdal (below we refer to this as
the LPM effect). These effects lead to an additional in-
crease of primarily the longitudinal dimensions of showers
generated by photons (or electrons and positrons) of su-
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perhigh energy which develop in dense media. In addition,
at energies of several TeV the cross sections for weak and
electromagnetic interactions become comparable in magni-
tude, so that the EPS is enriched by hadrons, muons, and
neutrinos, which again mainly tends to increase the longi-
tudinal dimensions of the shower. Finally, when a shower
develops in a single crystal and the particle initiating it (a
photon, electron, or positron) travels parallel to the crystal
axis, the coherence of the bremsstrahlung emission and
electron—positron pair production processes can cause the
energy loss of the shower particles to increase by an order
of magnitude compared to the case of an amorphous me-
dium. As a result of this so-called radiation cooling the
longitudinal dimensions of the shower become much
smaller, at least in its initial part, where the condition of
channeling of the shower particles in the crystal is pre-
served.

EPS production was first discovered by Rossi in 1932
(Ref. 1). The experimental setup consisted of three
Geiger—Mueller counters arranged in the form of a triangle
such that they were not triggered simultaneously by a sin-
gle cosmic-ray ionizing particle. Nevertheless, (35.5+1)
coincidences were recorded during one hour. When he
then removed the upper part of the lead screen, Rossi no-
ticed a decrease in the number of coincidences to (10.0
+0.5) per hour. He attributed this observation to the gen-
eration by cosmic rays of secondary ionizing particles in
the lead screen (see also p. 372 of Ref. 2). This experiment
initiated intensive research, first experimental and then
theoretical, into electron—photon showers generated by
cosmic rays. Particularly rapid progress was made in ex-
perimental studies owing to the use of the Wilson cloud
chamber containing lead plates placed in a magnetic field.
This made it possible to accurately determine the content
and evaluate the spatial structure of the showers. In the
opinion of one of the creators of shower theory, Heitler (p.
434 of Ref. 3), EPSs were first discovered for certain in the
Wilson chamber.* The next important step forward in this
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research was made when it became possible to obtain well
collimated beams of gamma quanta.

The two approaches to the theory of electron—photon
showers first appeared in 1937. These were the so-called
successive-collision technique,” which, however, was not
much developed further, and the analytic technique based
on one-dimensional diffusion equations® in approximation
A (i.e., neglecting ionization losses of shower particles)
and in approximation B (i.e., assuming these losses to be
constant). The solution of these equations, first obtained in
approximation A,’ is the cascade functions, i.e., the aver-
age numbers of electrons”’ and photons in a given energy
range and at a given depth in the absorber in which the
shower generated either by a primary gamma quantum or
by an electron is formed. Later the solutions of the diffu-
sion equations were also obtained in approximation B. It
should be emphasized that the solutions of the equations of
one-dimensional cascade theory, including the approxi-
mate solutions were obtained for very severe simplifying
constraints: complete screening, the absence of Coulomb
scattering, asymptotic formulas for the bremsstrahlung
emission and electron—positron pair production cross sec-
tions, and constant ionization losses. Therefore, they give a
satisfactory description of the distribution of shower par-
ticles of very high energy in light media (Z <30; Refs.
8-12). Approximation B was later introduced; in it the
difference between the radiation bremsstrahlung and pair-
production cross sections from the asymptotic cross sec-
tions was taken into account.'> The applicability of approx-
imation A of cascade theory was also extended to
superhigh energies and very dense absorbers by including
the LPM effect.'*

However, owing to the angular dependence of the pro-
cesses of bremsstrahlung emission, pair production, and,
mainly, the multiple Coulomb scattering of shower elec-
trons, which is particularly strongly manifested in absorb-
ers consisting of heavy elements, the three-dimensional
structure of real showers differs considerably from the one-
dimensional structure. In other words, in a real shower
developing in a sufficiently heavy medium, the electrons
and photons are not transported along the direction of
motion of the particle initiating the shower, i.e., along the
shower axis, but instead they have a significant angular
spread about this direction. This spread is the larger the
lower the energy of the shower particles and the heavier
the atoms of the medium. Therefore, the smearing of the
EPS transverse to the shower axis is mainly due to the
low-energy electrons and photons, and their numbers in-
crease with the shower penetration depth. Nevertheless,
this smearing is on the average small compared to the
longitudinal dimensions of the shower, since low-energy
electrons and photons are strongly absorbed in matter.

Estimates of the transverse shower dimensions in the
form of the rms deviation angle of the shower particles and
the rms distance from the shower axis can be obtained also
using one-dimensional cascade theory, particularly for
light absorbers.!! However, a systematic description of the
spatial structure of this phenomenon is possible only using
a three-dimensional approach to the problem. The first at-
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tempts to create such a shower theory were made in 1940
(Refs. 15 and 16) and continued in later studies (Refs.
17-19; see also the reviews of Refs. 9 and 10 and the lit-
erature cited therein). Their main goal was the description
of the electromagnetic component of extensive air showers
in the case of heavy absorbers, which are of practical in-
terest as detecting and shielding media, the diffusion equa-
tions of the three-dimensional cascade theory, which accu-
rately take into account screening together with the energy
dependence of the photon absorption coefficient and the
scattering of shower particles, are so complicated that
there are no analytic methods for solving them
effectively,'” and numerical solutions must be obtained by
computer. Therefore, recently cascade theory has been suc-
cessfully used in practice only to analyze experimental data
pertaining to extensive air showers recorded by x-ray-
emulsion chambers of various designs,20 since the so-called
axial approximation is valid in this case. Electron—photon
showers developing in heavy absorbers and generated by
particles of lower energy (tens of MeV and above) have
been calculated using the Monte Carlo method of numer-
ical modeling of the process, which is free of the con-
straints listed above.

In the first Monte Carlo study of showers generated in
lead by electrons and photons of energy from 20 to
500 MeV, the numerical values corresponding to the phe-
nomena taken into account were generated by a wheel of
chance set in motion by an electric motor.?! The motor in
turn was initially turned off and on by hand by an operator,
and then, in an improved version of the wheel of chance, it
was turned off by a Geiger—-Mueller counter activated by a
cosmic ray several seconds after being turned on. Wilson
calculated the cascade curves and compared them with the
results of cascade theory and the experimental data. In the
first case a clear discrepancy was obtained which indicated
how important it was to include the multiple scattering of
shower electrons. In the second case the agreement was
satisfactory, which showed that the technique held prom-
1se.

In recent years a wide variety of programs have been
written for the numerical modeling of electron—photon
showers by computer. These programs take into account
the elementary physical processes making up the EPS and
the properties and configuration of the medium in which
the shower develops with varying degrees of accuracy (see,
for example, Refs. 22-24). Particularly noteworthy among
them are programs of a universal nature, which are more-
over constantly being improved by the inclusion of numer-
ous suggestions made by users.”>?” However, since the
Monte Carlo method does not possess the common and
often useful feature of clear physical interpretation and,
moreover, it requires a great deal of computer time (this
time usually grows linearly with energy®®), it has become
necessary to parametrize the main shower characteristics
calculated by this method,?®*° and also to develop new
algorithms for fast modeling.>'~*® Banks (or libraries) of
showers, both modeled numerically and measured experi-
mentally, have been created for analogous reasons (for ex-
ample, Refs. 37 and 38).
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The Monte Carlo method is also used successfully at
superhigh energies ( ~ 1000 TeV and above; Refs. 35, 39,
and 40), which has made it possible to systematically take
into account, in particular, the screening effect and the
LPM effect. Here a hybrid approach, also known as the
modified Monte Carlo method, is also used, in which the
simulation is carried out until at each observation depth
cascade particles are obtained with energy such that the
average cascades from those particles are avaliable in pre-
viously established data banks.*’ Numerical modeling of
EPSs by the Monte Carlo method has become particularly
widespread in the prediction and optimization of the char-
acteristics of various types of calorimeters (see, for exam-
ple, Refs. 36 and 41-44), where the EGS-4 program?® is
commonly taken as the world standard. Moreover, this
program is also used to estimate the effect of electromag-
netic radiation on materials.*’

There are quite a few works devoted to the experimen-
tal study of electron—photon showers. The overwhelming
majority of them pertain to showers generated by electrons
and only a relatively small fraction of them are concerned
with showers initiated by photons. There are also studies in
which showers were generated by positrons. The range of
primary particle energies extends from 10 MeV to 200
GeV. Showers have been studied using various types of
detectors: track devices—the Wilson chamber,**® spark
chambers,>®  photographic ~ emulsions,”*  bubble
chambers,™ >’ streamer chambers,”® drift chambers (for
improved spatial resolution),59 counters [(vlerenkov,(’o’62
gas-discharge,> and scintillation®*%°), position detectors
[ionization chambers, scintillation probes,®’ thermolumi-
nescent dosimeters®®%®], and also multilayer detectors
composed of lead plates and sensitive materials
[scintillators,’®"? dosimeter glasses,”” and stacks of x-ray
film (Ref. 74)].> The main goal of most of these studies
has been to investigate the longitudinal and transverse de-
velopment of showers in heavy amorphous media at ener-
gies of up to 10 GeV, in particular, the energy deposition
profile, the energy dependence of the location of the max-
imum and the number of particles at the maximum, the
energy dependence of the integrated shower path, and also
fluctuations.

An important advantage of track detectors is the pos-
sibility of reconstructing the spatial structure of individual
events, although, as a rule, the statistical accuracy is not
high. On the other hand, position detectors can be sources
of information only about the energy dissipation in an EPS.
Experiments in which counters are used are considered the
simplest. This method also ensures good statistical accu-
racy of the experimental results. However, in the simplest
version only the averaged profile of the EPS can be deter-
mined in this way.®

The known methodological advantages of shower de-
tectors compare favorably with those of electromagnetic
calorimeters of various types and designs, particularly
those constructed recently.”>’® They have been used to
measure the longitudinal and transverse profiles of the en-
ergy release in EPSs generated by electrons with energy
from several GeV to 200 GeV (Refs. 77-88). In several
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studies carried out using these setups a deviation of the
longitudinal shower profile from the exponential form at
large absorber depths has been found (Refs. 77, 79, 81, and
83). The EPS radial distributions are most often approxi-
mated by the sum of two exponentials, one describing the
relatively narrow hard core of the shower and the other
describing its soft, diffuse component (Refs. 78, 82, 84, 87,
and 88). However, the conditions which must be satisfied
by calorimeters, namely, reliable particle identification and
good energy and spatial resolution, require not only knowl-
edge of the longitudinal and transverse shower profiles, but
also of their fluctuations, the correlations of various EPS
characteristics, and also the fluctuations of the position of
the axis of a shower generated by a primary gamma quan-
tum. A program to investigate all these characteristics of
electron—photon showers produced by gamma quanta with
energy in the range 100-3500 MeV has been carried out
using the 180-liter xenon bubble chamber (XBC) at ITEP
(Moscow).* A series of experimental studies using the
technique of determining the gamma-quantum energy and
studying the individual characteristics of EPSs initiated by
gamma quanta were carried out earlier using the 24-liter
XBC at JINR (Ref. 90).

The XBC offers unique possibilities for the detailed
analysis of individual events of EPSs generated by gamma
quanta with energy above ~10 MeV. One of the main
advantages of the XBC is the small value of the radiation
length £5(Xe)=(4.05+0.17) cm (Ref. 91)* and the
fairly clear depiction of tracks of electrons with energy
greater than 0.5-1.5 MeV. In addition, the conversion
point of the primary gamma quantum and the shower axis
are accurately located, and the projected lengths of shower
electron tracks can be measured on the average with a
relative error of no more than 0.2. As an illustration, in
Fig. 1 we show a typical electron—photon shower generated
by a gamma quantum with energy of about 3 GeV re-
corded on a photograph at the 180-liter XBC at ITEP
(Moscow). As a rule, it is also not difficult to separate the
extraneous background coming from other charged parti-
cles, and to avoid errors related to the pileup of showers
generated by two gamma quanta arising, in particular, in
the decay of a high-energy #° meson. An example of an
event of this type is shown in Fig. 2. The linear dimensions
of these chambers are sufficiently large that, in addition to
the advantages already listed, they are very useful detectors
for studying EPSs in the energy range from several tens of
MeV to several GeV. For example, the dimensions of the
24-liter XBC at JINR are 11X7x4.5 r.1,” and those of
the 180-liter XBC at ITEP are 25X 11X 10 r.1.%

In addition to the wide scope and diversity of problems
solved, the results of EPS studies carried out using XBCs
are of interest also because the shower characteristics of
liquid xenon are close to those of many materials used as
radiators in Cerenkov spectrometers. It should also be em-
phasized that detectors of hard electromagnetic radiation
have recently been built in which liquid or even solid xenon
is used as the active material, for example, the liquid-xenon
calorimeter for recording EPSs from electrons and photons
of energy from 1 to 10 GeV (Ref. 93). There has also been
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a proposition for a xenon detector consisting of a large
number of cells (2% 10*) designed for colliding-beam ac-
celerators of the next generation.94 As is well known, de-
tectors of this type must satisfy not only the criteria listed
above, but also rather strict ones like uniform acceptance,
linear response in a wide dynamical range, insensitivity to
radiation damage for high loads of long duration
(> 10* cm—3- sec_l), and short activation time. It turns
out that most of these requirements are satisfied better by
liquid xenon than by other scintillators (BGO, Nal(T1),
BaF,, and TSM). In particular, it is practically insensitive
to radiation damage (its radiation strength is greater than
107 rad; Ref. 94) and insensitive to magnetic fields; the
degree of purity is not critical, and it offers the possibility
of obtaining a ratio e/ close to unity.”

The goal of this review is to present the most impor-
tant results pertaining mainly to the experimental study of
electron—photon showers induced in dense amorphous me-
dia by gamma quanta and electrons of accelerator energies.
Solid and detailed information on this topic is needed for
solving a number of complicated problems of estimating
the background and optimizing the characteristics of var-
ious types of presently existing and future electromagnetic
and hadronic calorimeters, which, as already noted, must
satisfy fairly strict requirements. In the next section we
describe the main elementary physical phenomena making
up an EPS and determine the parameters characterizing
the spatial-dynamical picture of this process. The third
section contains a brief review of the elements of cascade
theory, with special emphasis given to those results which
are of practical value at the present time. An alternative
approach to the description of a cascade electromagnetic
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FIG. 1. An electron—-photon shower induced by a
gamma quantum of energy ~3 GeV, recorded in
the 180-liter xenon bubble chamber at ITEP
(Moscow). The radiation length is shown.

process based on modeling it numerically by the Monte
Carlo method is briefly presented in Sec. 4. The results of
experimental studies of various shower characteristics are
reviewed in Sec. 5. There we also give a phenomenological
scaling description of the longitudinal and transverse pro-
files of showers and their fluctuations obtained on the basis
of analysis of the experimental results in the form of simple
formulas convenient for practical use. This description of-
ten makes it possible to obtain sufficiently reliable quanti-
tative estimates without resorting to awkward Monte Carlo
calculations. The review is summarized in Sec. 6.

2. ELEMENTARY PROCESSES AND SHOWER
PARAMETERS

The process of electron—photon shower formation can
be represented as a succession of more elementary and
independent interaction events undergone by each created
shower particle. Although this is actually not a very rigor-
ous representation (for example, Compton scattering on
atomic electrons of the medium is accompanied by the
ionization and excitation of these atoms), it is a useful
simplification, the more so that it can be used to obtain a
rather accurate description of the phenomenon in question.
In addition, when studying the properties of showers it is
common to use certain characteristic quantities depending
only on the properties of the medium: the radiation
length,s) the Moliére unit, and the critical energy. It turns
out that if the longitudinal and transverse dimensions of
the EPS together with the primary and secondary energies
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FIG. 2. Decay of a 7° meson of energy ~3.5 GeV
into two gamma quanta, which produce two close-
lying electron—photon showers. Photograph of the
180-liter XBC at ITEP (Moscow).
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TABLE I. Notation and its description.

I

gamma-quantum energy;

energy of secondary gamma quantum if the primary
particle is a gamma quantum;

electron rest mass;

speed of light;

electron or positron speed; B=v/c, y=(1—p*)""%
total electron or positron energy in units of mc?
electron momentum in units of mc;

total energy of the secondary electron or positron (in
units of mc?) if the primary particle is an electron or
positron;

fine-structure constant;

classical electron radius;

electron electric charge;

Planck constant;

nuclear electric charge (in units of e);

nuclear mass number;

radiation unit of length;

Avogadro’s number;

density (g/cm?);

atomic ionization potential,

concentration;

index of refraction.

&

3

ORI

oZo"‘kNH"‘;‘Q

pNoZ/A

2 X N

are expressed in terms of these parameters, the dependence
of the shower development on the medium in sufficiently
heavy media is considerably weakened.

In this section we give the expressions for the proba-
bilities of the main elementary processes making up the
EPS, and we give the definitions of the shower parameters
in question. We also give the limits of applicability of the
formulas quoted. For convenience, the notation for physi-
cal quantities is given in Table L.

Electron-positron pair production by photons

The differential cross section for electron—positron pair
production by a photon of energy E, in the field of an
atomic nucleus integrated over angles can be written as'!*®

04p(Ey ,E)dE=4aZ7% In(183Z~>7) (dE/E,) (e, ,E).
(1)

Since pair production occurs at some distance from the
nucleus, the nuclear electric charge is screened by the
atomic electrons. The effect of this screening is determined
by the parameter

£=(136mc*/E,)Z~"*/u(1—u), (2)

which is proportional to the ratio of the effective atomic
radius and the maximum value of the collision parameter.
Here u=E/E,. The screening is assumed to be complete
when £=0, and absent if £> 1. We see from (2) that £
decreases with increasing E,,. Therefore, at high energies
the primary gamma quanta are converted into electron—
positron pairs with complete screening. Information on the
screening in this process is contained in the function
Y(E,,E). Graphs of it for air and lead at seven values of
the energy E, are given in Figs. 3 and 4, respectively. The
analytic approximation of this function commonly used at
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FIG. 3. Graph of the function ¢(E,,E) describing the dependence of the
effective cross section in air for the creation of an electron—positron pair
by a photon of energy E, (Ref. 11). E is the energy of one of the particles
of the pair.
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present was obtained by Messel and Crawford®’ assuming
the Thomas—Fermi potential with 1% accuracy.

At high energies electron—positron pairs are emitted in
a very narrow angular cone in the direction of the primary
photons. It is therefore usual to assume that the directions
of motion of the pair and the gamma quanta created by it
coincide. According to Ref. 97, as a criterion for the ap-
plicability of this approximation it is possible to use the
ratio of the rms pair emission angle and the multiple scat-
tering angle at a length of £~0.7 r.l. In this case this ratio,
which is approximately 1n E/30, must be rather small.®’

The total cross section for electron—positron pair pro-
duction by a photon in the field of an atomic nucleus and
atomic electrons has the form (Refs. 9, 11, and 98):

0,(E, ,EYdE=4aZ(Z+£)In(183Z~'"?)

X 2(dE/E,)Y(E, ,E), (3)
where
£=In(1440Z-23)/In(183Z~173) (4)
0
Nee
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FIG. 4. The same as in Fig. 3 for lead (Ref. 11).
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FIG. 5. Graph of the function ¢(E,E,) describing the dependence of the
effective cross section for bremsstrahlung with energy E, by an electron
with energy E in air.

and varies from 1.33 at Z=5 to 1.16 at Z=82 (Ref. 96).

Since Eq. (3) was obtained in the Born approximation,
which leads to values of 0, which are too low at low ener-
gies, the semiempirical correction 4(Z) (lnE,,)/E}, is added
to the cross section (3) [for lead, 4(Z)=0.284; Ref. 97].
In the case of superhigh energies, when the angle between
the electron and the positron of the pair is very small
(Op:mcz/Ey), the longitudinal momentum transfer to the
nucleus is small and, according to the uncertainty relation,
the longitudinal dimensions 7| of the interaction region
are increased considerably. In a sufficiently dense medium
they can encompass many atoms, so that the rms angle of
multiple scattering over a length »; can turn out to be
larger than the angle 6,. Then, as shown by Landau and
Pomeranchuk®® and by Migdal,!® in an amorphous me-
dium the pair production probability is decreased com-
pared to Eq. (3) (Ref. 97). For example, in lead this effect
becomes important at E., 2 (2%X102-10") eV (Refs. 9
and 101).

Bremsstrahlung of the electron

The differential cross section for photon production by
an electron in the field of a nucleus and atomic electrons
integrated over angles has the form (Refs. 9, 11, and 98)

oy(E,E,)dE,=4aZ(Z+£)In(183Z~'73)

X 12(dE, /E,)$(E,E,). (5)

The screening effect is taken into account by the function
#(E,E,), as in the case of electron—positron pair produc-
tion. An analytic approximation of this function has been
obtained (with ~19% accuracy) using the Thomas—Fermi
model of the atom.”” Here the role of the screening param-
eter is played by the quantity

E=~(136mc*/E)Z~ v/ (1—v), (6)

where v=E,/E. It is easy to see that at sufficiently high
electron energies the electron radiation losses occur for
practically complete screening. The dependence of the
function ¢(E,EY) on the energy E, of the emitted gamma
quanta for several values of the energy E of the primary
electrons in air and lead is shown in the Figs. 5 and 6,
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FIG. 6. The same as in Fig. 5 for lead (Ref. 11).

respectively. The angular spread of the secondary photons
can be neglected, as before, if the quantity InE/30 is suffi-
ciently small.”’

For reasons analogous to those in the case of electron—
positron pair production, the expression we have given for
the effective cross section must be corrected. For example,
at energies which are not very high the total cross section
for bremsstrahlung (5) is multiplied by the factor
14+3(aZ)*/E a (Ref. 97). At ultrarelativistic energies
(E2 102 eV) the LPM effect leads to a decrease in the
probability for the emission of lower-energy bremsstrah-
lung photons. For example, in lead the effective cross
section for the production of photons with energy
E, < 1073E is smaller already at E=10'" eV than expected
when this effect is neglected. At higher electron energies
the upper limit on the values of E, corresponding to a
decrease of the cross section grows, and at E=10" eV it
practically reaches a maximum, i.e., E,~E (Refs. 9 and
10).

Excitation and ionization of atoms

Fast electrons and positrons undergo inelastic colli-
sions with the atoms of the medium and lose their energy
to excitation and ionization of these atoms. These are the
so-called ionization energy losses. Expressions for the ef-
fective cross sections of electron and positron inelastic scat-
tering on atomic electrons were first obtained by Moller'*
and Bhabha,!® respectively. However, from the practical
point of view it is convenient to use the macroscopic value
of the average energy loss per unit of path traveled
by the particle, which is known as the Bethe-Bloch
formula.'® ! For electrons it can be written as''?

(—dE/dx);on=2mP"mc*B~*n[In(mc*EI~?) +0.43
+2In(By) —B*—86]. (7

Here I denotes the average ionization potential of the atom
and § is a correction taking into account the effect of the
density of the medium. The empirical approximation of the
Z dependence of I in the range Z>13 which is of greatest
practical interest has been obtained by Sternheimer:'!?

1=9.73Z+58.8Z7%1 eVv. (8)
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TABLE II. Contribution of the correction § (in %) to the average ion-
ization losees of electrons of energy E in various materials (Ref. 115).

E, MeV H (0] Ne A C Al Cu Pb

1 0 0 0 0 3.53 2.09 3.78 0.85
10 0 0 0 0 14.3 10.4 12.8 7.44
100 355 423 121 225 292 24.8 25.7 19.7

There are also other approximations of the Z dependence
of the average (or effective) potential, for example, in the
Thomas-Fermi model:”>!"* I=16Z%° eV or simply
I=12Z eV. For complicated media the average potential

iSllS

InlI= 2 g,-lnI,-,

where g; denotes the ratio of the concentration of electrons
in atoms of type i to the total electron concentration in the
given material. The contribution of the correction 6 de-
pends on the particle energy and the properties of the me-
dium. In Table II we give the results of calculations of the
fraction which this correction contributes compared to the
average ionization energy losses of electrons in various ma-
terials. It can be noted that as E increases the effect of the
density of the medium grows. This increase compensates
the logarithmic growth of the ionization energy losses,
leading to the so-called Fermi plateau.!!®

It actually makes more sense to measure the decrease
of the electron ionization energy losses due to the density
of the medium relative to the total energy losses of
electrons to collisions, ionization, and bremsstrahlung,
which dominates at sufficiently high electron energies
(EZ 10 MeV). Such estimates are given in Table III.

For complicated media the average electron ionization
energy losses can be written as

1dE 1dE
(_P dx)_ < n’( P dx),-
where #; is the concentration of the ith component of the
medium.

The distribution of ionization energy losses of fast elec-
trons in sufficiently thick layers of matter is asymmetric
and characterized by a clearly expressed maximum arising
from the large number of distant collisions, which lead to
atomic excitation, and a long falloff, proportional to E~2,
arising from collisions at short distances and describing the
energy distribution of electrons knocked out of atoms (so-
called & electrons). In other words, a fast electron in a
medium undergoes on the average a large number of col-

lisions in each of which it loses an insignificant fraction of
its energy, and a small number of collisions in which
it transfers a significant fraction of its energy, up to the
maximum inclusive. The average energy losses
A=|x(dE/dx)| in a layer of material of thickness x are
related to the most probable values A, in this layer as'!’

(A—Ao)BY/ (2mPPmc*N,y) =0.37x(Z/A).

A quantitative description of the fluctuations of the ioniza-
tion energy losses was first obtained by Landay,'!® and
then by other authors (Refs. 119-123; see also Ref. 75).
In those cases where high accuracy is not required, the
average ionization energy losses of electrons and positrons
with energy of at least 1 MeV can be approximated as®

—dE/dx=a—bE~° [MeV/cm], (9)

where the constants a, b, and ¢ depending on the material
are given in Table IV.

Coulomb multiple scattering

In a layer of matter of finite thickness a fast electron
undergoes a number of quasielastic interactions with at-
oms, atomic electrons, and nuclei, as a result of which its
energy can be decreased only insignificantly, but the direc-
tion of the particle motion is changed. In the simplest case,
when the thickness of the layer is small and, therefore, the
scattering angles 6 are small, the probability density distri-
bution P(0) has the form'?*

P(0)d0=(2/(6%))exp| —6*/(6%) | 6d6, (10)

where
(6%) =Z1(Ny/A) (4cr2/a®)In(181Z~1/3) /(EB*)™

The problem of multiple Coulomb scattering in the general
case has been solved by Moliére'”® and other authors
(Refs. 126-128 and 26). The numerical values of the func-
tions which can be used to express the distribution in the
scattering angle of electrons which have passed through a
layer of matter of a given thickness are given in Ref. 97.

Compton scattering of gamma quanta

The differential cross section for the scattering of a
gamma quantum on a free electron (Compton scattering)
is described by the Klein-Nishina formula:'?

TABLE III. The same as in Table II for the total energy losses of electrons in matter (Ref. 115).

E, MeV H 0 Ne A C Al Cu b
1 0 0 0 0 3,5 2,15 3,60 0,7
10 0 0 0 0 13,2 8.84 9,23 3,68
100 2,83 2,01 0,52 0,69 14,1 8,11 4,83 1,75
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TABLE IV. Values of the constants a, b, and c in Eq. (9) (Ref. 97).

Material a, MeV/cm Electrons Positrons

b c b c
Pb 11,41 3,25 0,567 2,85 0,528
Al 3.84 0,59 0,768 0,45 0,704
C 11,31 2,32 0,574 1,92 0,516
Water 2,00 0,29 0,834 0,21 0,764
Emulsion (liford G5) 5,07 1,15 0,593 0,98 0,549

o(E, E,)dE,
=77, (m*dE,/E,) [1+u*—2(1+ko)/k}

+ (142ko) u/K3+1/(uk3) 1 /u. (11)

Here u=E;, /E,, k0=Ey /mc?, and 1/(1 +2kp) <u<l. It
follows from energy and momentum conservation that the
gamma-quantum scattering angle 6, and the recoil electron
emission angle 6, (relative to the direction of the primary
photon) are given by the expressions

cos 0,=1—(1/u—1)/k

and

cos 0,= J1—u(141/ky)/ (1 —u) +2k,.

The photoeffect

The photoeffect consists of the absorption of a photon
by an atom with the subsequent emission of an electron
possessing the energy of this photon decreased by the bind-
ing energy of the electron in the atom. The interaction
occurs with electrons of the K shell if the photon has suf-
ficiently high energy, or with electrons of higher shells if
the photon energy is correspondingly lower. The cross sec-
tion for this process obtained by Pratt'* is approximated
by the expression®’

oph(E’y) =41Tf'§m02(az)4(n/Ey)¢(Ey Z), (12)

where the aZ dependence of the coefficients of the expan-
sion of the function ¢(E,,Z) in inverse powers of E, is
given in numerical form in Ref. 97 (see also Ref. 117). The
energy of the emitted electron is®’

E=E,+[1—(aZ)?].

Electron-positron annihilation

The cross section for two-photon annihilation of an
electron and positron was first obtained by Dirac (Ref. 3,
p. 303):

1
0, (E) =7r i

—(E+3)/\/Ei-—l
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[E2+4E+1

E2—1 1n(E+ \jE —1)

. (13)

For E>2 (i.e., positron energy above ~1 MeV) the cross
section o,(E) can be approximated by the simple
expression’’

0,(E) = 1.67rnE~"",

from which we clearly see that this process is important
only at very low positron energies. The probability of one-
photon annihilation of the positron on an atomic electron
is less than 5% (Ref. 97).

Cerenkov radiation

A particle possessing electric charge Ze and moving
with speed v greater than the speed of light in a given
medium c¢/n, i.e., v>c/n, where n is the index of refraction
of the medium, loses over a path of length dx an amount of
energy dE in the form of electromagnetic waves at optical
frequencies v, with!"!

dE/dx= (2mZe/c)? f [1—1(Bn)%]vdv. (14)

Bn(v)>1

Since the number of photons emitted by the particle is
proportional to dv or, equivalently, dAi/A* (A is the wave-
length of the emitted light), from (14) it follows that blue
light dominates in Cerenkov radiation. If the dispersion of
the medium, i.e., the A dependence of n, is neglected, for
optical wavelengths A =400-700 nm from (14) we obtain

dE/dx=(Za/e)?[ (hv))2— (hv,)?][1—1/(Bn)?]/2,
(15)
from which it follows that for a relativistic electron
(B=1) in water (n=1.33) dE/dx~=400 eV/cm, or 200
photons/cm, which makes up ~0.02% of its total energy
losses.'32 It can also be noted that in the optical region the
dependence of the Cerenkov radiation on the electron en-
ergy in a given material is determined by the factor
1—1/(Bn)2 This dependence is shown in Fig. 7 for two
materials: SF5 lead glass (n=1.67; Ref. 29) and liquid
xenon (n=1.60; Ref. 95). We see from this figure that the
electron energy losses to Cerenkov radiation simulta-
neously reach a plateau at an energy of 1-2 MeV, which is
close to the frequently used value of the cutoff energy of
shower electrons both in experiments (for example, Ref.
38) and in numerical modeling of showers (for example,
Ref. 29).
Cerenkov radiation is characterized by a distinguished
direction, which is determined by the angle 6 relative to the
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FIG. 7. Dependence on the electron energy of the factor 1—(nB)~2
determining the energy dependence of Cerenkov radiation in the optical
region. The curves correspond to two materials: liquid xenon and SF5
lead glass.

velocity v=pPc of motion of the charged particle such that
cos 0= (c/n)/(Bc)=1/(Bn), B> 1/n. Consequently, the
front of the wave emitted by the particle moves, according
to the Huygens principle, with speed ¢/n <Bc relative to
the trajectory of this particle. Figuratively speaking, the
electric field of a particle moving in a given medium having
a smaller propagation velocity than the particle itself is
continuously torn away from it until the condition 8> 1/n
is satisfied (see also Ref. 133).

It is appropriate to note that Allison, Cobb, and
Wright!2*13# have obtained a unified description of the en-
ergy losses of a charged particle including ionization en-
ergy losses, Cerenkov radiation, and transition radiation,
which arises as a result of the interference of Cerenkov
radiation on the surface dividing two different media (see
also Ref. 75, p. 8).

The Chudakov effect

A gamma quantum can be converted into an electron—
positron pair such that in the laboratory frame (i.e., rela-
tive to the medium) the electron and positron each carry
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practically half the energy of the primary gamma quan-
tum. If this energy is sufficiently large, the particles of the
pair move so close to each other that their electromagnetic
fields interfere. As a result, the bremsstrahlung and ioniza-
tion energy losses of this pair are smaller than in the case
of two similar but spatially separated particles, and so the
range of the pair grows.!® It is natural to expect that this
effect influences primarily the initial stage of shower gen-
eration by a high-energy gamma quantum. In Fig. 8 we
show an electron—photon shower generated by a cosmic
gamma quantum with an energy of several hundred GeV,
recorded in a photograph of the 180-liter XBC at ITEP
(Moscow). Here the primary gamma quantum was prob-
ably converted in the chamber wall.®> From the point of
entry of the electron—positron pair (A) to the start of in-
tense shower production one can observe a barely notice-
able straight track of length at least 3 r.l, the ionization
density of which increases in going away from point A, but
is significantly lower than that of electrons of another
shower recorded alongside it.

In the simplest case, when the electron and positron of
a pair have the same energy, the effective decrease of the
ionization energy losses of the pair in the medium can be
written as'?*

A=(0.3072/8%)[B*/2+3 In E-0.13—K,(d/D)],

where D=(47rren)‘1/ 2 is the screening radius, d is the

distance between the electron and positron, and K|, is the
modified Bessel function of the second kind. In particular,
the ratio of the pair energy losses to the sum of the energy
losses of the electron and positron separately in nuclear
emulsion is 0.46 over a path of length 15 um and 0.86 over
a path of length 200 pum if the pair energy is 180 GeV (Ref.
136).

Shower parameters

The structure of the effective cross sections of the two
fundamental processes making up an EPS, i.e., the cross
section for electron—positron pair production (3) and the
bremsstrahlung cross section (5) are such that they can be
represented as the product of two factors, one of which,
pertaining not to a single atom but to the atomic concen-

FIG. 8. An electron-photon shower induced by a
cosmic-ray gamma quantum and recorded in the
180-liter xenon bubble chamber at ITEP (Mos-
cow). Point A denotes the point of entry into the
detecting volume of the chamber of the electron—
positron pair into which the primary gamma
quantum was converted. The radiation length is
shown.
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TABLE V. Numerical values of the radiation length ¢, and critical energy ¢, for several materials. Z is the

(rms) atomic number and p is the density.

Material VA P g/cm3 ty, cm £, MeV
Air 7.31 0.0012 30400 76
Water 4.69 1.00 35.7 62
Carbon 6 2.25 18.9 64
Aluminum 13 2.70 8.86 34
Nuclear Emulsion (Ilford G5) 21 3.83 2.88 14
Iron 26 7.86 1.74 18
Copper 29 8.94 1.42 16
Argon (liquid) 18 1.39 14.3 41.1*
Krypton (liquid) 36 2.45 476 21.3*
Xenon (liquid) 54 3.06 2.77 14.2*
BGO (Bi,Ge;0,,) 16.38 7.13 1.12 10.7
Nal 32 3.67 2.59 12.4
Lead 82 11.35 0.513 6.4

*Calculated using the data of Ref. 95 and Eq. (22).

tration n, contains information about the properties of the
material in which the shower develops and has the dimen-
sions of inverse length, while the second basically describes
the dynamics of the process itself. For this reason it has
proven useful to introduce the concept of the radiation
length ¢, for which we give two of the rather many defi-
nitions. The first is of a general physical nature:”'°

1/ty=4naZ(Z+E){ L~ f(Z)} cm]. (16)

Here L,'-“d=f(')’"2|l—F(q)|2dq/q+1 and F(q) is the
atomic form factor. For heavy elements the Thomas—
Fermi model of the atom gives L*=In(183Z~'?), and
f(Z) is the correction for the Born approximation,
f(Z)~2Z* (Ref. 10). As before [Eqs. (4) and (5)], the
quantity £ includes the effect of the atomic electrons and is
important at small Z, while the contribution from f(Z) is
important for heavy elements. The second expression for
the radiation length is assumed to be generally applicable
in practical calculations in the case of a homogeneous me-
dium consisting of atoms of a single type with Z>5 (Ref.
92, p. 51):

1/ty=4ar’Ny(Z*/4) [In(184.15Z~13)
+In(1194Z-%3)/Z—1.202(aZ)?

+1.0369(aZ)*—1.008(aZ)%/(1+a*Z?)].
(17)

The radiation length given by (16) has dimensions [cm],
and in Eq. (17) its dimensions are [g/cm?]. The conversion
is done by multiplying or dividing by the matter density p
[g/cm’).
For matter consisting of several elements in the form
of a mixture we have
Vty= X 0/1, (18)
i
wherg o; is the fraction (by mass) of the ith element with
r.L. £, In the case of a chemical compound the value of

1, is several percent smaller than obtained from (15) (Ref.
92, p. 51).
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Using the concept of radiation length, we can express
the average energy losses of the electron to bremsstrahlung
in matter as

dE/dx=—E/1,, (19)

from which we find that the average energy of an electron
which has travelled a distance x in the material is

E=E,exp(—x/ty), (19")

where E| is the initial electron energy. The path x can be
expressed in r.l, i.e., t=x/ty. Then E=E, exp(—1).

The second important shower characteristic, as noted
in the Introduction, is the critical energy .. It is defined
from the condition that the amounts of energy lost to
bremsstrahlung and to ionization be equal:”®

(—dE/dx), _Ze.
(—dE/dx),, 580

from which we find £,=580 MeV/Z.

The critical energy is also defined as the energy lost by
the electron to ionization over a path of one r.1. (see Ref. 9,
for example). Then instead of (19) we can write

(20)

dE/dt=— (E+¢,). (21)

Finally, the Mpliére unit is defined as (Ref. 75, p. 152)

Ry =21 [MeV] - tp/e,, (22)

or for 13<Z<92 with an error of less then 10% we can
write'?’

Ry=74/Z. (22)

In Table V we give the numerical values of the radiation
length and critical energy for several of the most com-
monly used materials.

In addition, for the liquid xenon with impurities filling
the XBC (see the Introduction) p=2.18 g/cm3,
tp=(4.05+0.17) cm (Ref. 91), and g,=11 MeV (Ref.
138). The values of ¢, and ¢, for many complex materials
have been calculated in Ref. 139.
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FIG. 9. Total cross sections per radiation length in lead for Compton
scattering (o,) of photons of energy E, and for the production of an
electron—positron pair by them (0,) (Ref. 11). The dependence of the
sum of these cross sections on E, is also shown. The dashed line shows the
asymptotic value of o, (E, is in eV).

Comparison of the cross sections

The relation between the cross sections for the funda-
mental processes making up an electron—photon shower in
many respects determines its spatial structure. In Fig. 9 we
show the dependence on the gamma-quantum energy E, of
the total cross sections at 1 r.l. in lead: the Compton scat-
tering cross section (o,), the electron—positron pair pro-
duction cross section (o0,), and the sum of these cross
sections (0,4 0,). It may be noted that the sum of the
cross sections has a minimum at low energies E, (E, =4
MeV in lead), so photons from this energy range will pos-
sess the highest penetrating power in the given material. It
can therefore be expected that the longitudinal shower pro-
file at large matter depths will mainly be determined by the
law governing the absorption of just these photons, i.e., it
will have a form ~exp[— (0.+0,)mint], Which has been
established in a number of studies (for example, Ref. 97).
Here ¢ is expressed in r.l.

The average relative electron energy losses to ioniza-
tion and bremsstrahlung in air and in lead are shown in

16 T
‘\
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04t~ X
N \b
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0 = ~=
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FIG. 10. Average relative energy losses of electrons to ionization (dashed
lines) and bremsstrahlung (solid lines) in air (b) and in lead (Pb) (Ref.
11). The dashed line shows the asymptotic value of the radiation energy
losses. The energy E is in eV.
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Fig. 10. There the dashed line shows the asymptotic value
of the radation energy losses, which in lead is reached at
E=1 GeV. The slight excess of this value above unity is
due to the fact that at high energies, i.e., for complete
screening, the average ionization energy losses to brems-
strahlung are’ (—1/E)(dE/dt)=1+b, where
b=1/(18 In(183Z~'?)). For air =0.012, and for lead
b=0.015.

3. MAIN RESULTS OF CASCADE THEORY

Several exhaustive review studies have now been pub-
lished in which, as a rule, the foundations of the analytic
approach to cascade theory have been discussed in great
detail (Refs. 2 and 8-12). In addition, as already noted in
the Introduction, the practical applicability of this ap-
proach is limited to very high energies of the particles
initiating showers in fairly light materials (Z<20-30).
Nevertheless, some of the results concerning individual
shower characteristics obtained by analytic methods are
applicable also in the case of moderately high energies and
heavier materials. This pertains mainly to integrated char-
acteristics of EPSs, such as the energy dependence of the
total track length of the shower electrons and the height
and location of the shower maximum and its center of
gravity. In this section we shall mainly give a brief discus-
sion of precisely these results.

The equations and their solutions

The one-dimensional diffusion equations of shower
electrons and photons taking into acount ionization energy
losses, i.e., in approximation B, are written as'’

on(EoEN/3i=2 |~ nBuB 3, (E E)IE
E
+ F n,(EoE',1)3S,(E',E' —E)dE’
E

E
_f n,(Eq,Ep,E',t)Z4(E,E')dE'
0

+¢ dn (Ey,E,t)/9E; (23)

on (EpED)/3i= [ n(BoE')Zy(EE)E
E

E
_f n,(Eo.E',1)3,(E,E)dE'.
0

In these equations 2, and 2, are the differential cross sec-
tions for electron—positron pair production (3) and brems-
strahlung (5), respectively, pertaining to a single r.1. of the
material in which the shower develops; n,(EyE,t) and
n,(EyE,t) are the average numbers of electrons (n,) and
(n,) with energy in the range (E,E +dE) at a depth ¢ (in
r.l.) along the development axis of a shower induced by a
particle of energy E;, and £ are the average ionization
losses of shower electrons over 1 r.l. (i.e., the critical en-
ergy). If the shower is induced by a gamma quantum, then
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n,(EyE0)=8(E—E;) and n,(EyE,0)=0, while if the
primary particle is an electron, then n,(Eq,E,0)=0 and
n,(EyE0)=56(E—E,).

It is the average numbers of particles of a given type
with energy above some value E_ (the cutoff or threshold
energy) that are actually of practical interest. These are the
so-called cascade functions or cascade curves. In particu-
lar, for the electrons recorded by most detectors we have

Ep

Ne(EoEt)= [ nEoEdE. (24)

One of the most widely used and effective methods of
solving Eqgs. (23) is the method of moments.>!? It amounts
to using these equations to find not the shower-particle
distribution functions themselves, but to solving a simpler
problem: that of determining their moments at depth ¢
Then, knowing all the moments, it is possible in principle
to find the original functions. Here the zeroth moment or
the so-called “equilibrium” spectrum (of electrons or pho-
tons) plays a basic role, since the recursion formulas can be
used to successively calculate all the other moments of the
particle distribution function.

The cascade functions of showers generated by gamma
quanta in light materials are usually approximated by a
Laguerre polynomial L,l,(x) with different weight func-
tions, for example, y¢ exp(—7t). Then'®

k

N (Eo,E,t) =yt exp(—71) 20 A,Ly(y), (25)
n—

where 4, are the expansion coefficients and y is a param-
eter taken equal to the absorption coefficient for low-
energy photons, which have the greatest penetrating power
(see Fig. 9, for example). In the case of primary electrons
a sum of Laguerre polynomials can be used as the approx-
imating function:'®

k

N (Ey0,2) =

n=

A, L)(yt) +CLY, | (y1)
0

xexp(—1yt), (26)

where the aditional term CL{ +1(yt) ensures satisfaction of
the condition N,(E(,0,0) =0, and ¥ is as in (25). A weight
function of the following form is used to construct the
cascade functions of showers produced by gamma quanta
in heavy materials:'°

o(t)=y "+ exp(—yt)/T(i+1), (27)

where I' is the gamma function, i is a parameter, and ¥ is
as in (25). If the shower is produced by an electron, then'®

o(t)=y ' (a+F)exp(—yt)/[T(i+1)+ay]. (28)

The parameters i and a are determined from the condition
of equality of the first moments of the desired particle dis-
tribution function and of the function w(¢) and the bound-
ary condition N,(E,0,0)=1.

The method of moments makes it possible to obtain
the cascade functions and energy distributions at depths of
tX 1 rl, at least in light materials, with ~10% accuracy.
The series (25) and (26) converge sufficiently rapidly if
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the weight function is chosen appropriately. It has turned
out, in particular, that the average distribution of the en-
ergy deposition along the shower axis or, equivalently, the
longitudinal profile of showers induced by gamma quanta
of energy above ~500 MeV in liquid xenon and by elec-
trons at energies of several GeV producing showers in
dense absorbers are satisfactorily parametrized by the func-
tion (27).

Moments of the cascade function

Of independent practical interest are the first moments
of the cascade function and their dependence on the energy
of the particle initiating the shower and on the properties
of the medium in which the shower develops. From cas-
cade theory in approximation B we find that the zeroth
integrated moment or, in other words, the average value of
the total range R=R (EyE,) of shower electrons with en-
ergy above E, can be written in the following form (Ref. 2,
p- 326):

R=Ey[exp(x)/e.] [£1(x) —&;(x0) - X/%o], (29)

where £,(x) = [ Pexp(—sx)dx/s’, x=qE /¢, xo=qEy/c,,
and 1/¢=0.437. In particular, if E,=0, then from (29) we
obtain

R=Eyk.. (30)

The range—energy relation for shower electrons is of
great practical value for determining the energy of gamma
quanta recorded in track detectors with heavy material as
the active medium, in particular,vin the XBC, and also,
owing to the independence of the Cerenkov radiation from
the energy E of electrons with EX 1 MeV (see Fig. 7), in
total absorption Cerenkov calorimeters. The linear relation
between the range and the electron energy in showers pro-
duced by gamma quanta in liquid xenon was first estab-
lished by Z. Strugal’skii'**'*! as a method of measuring the
energy E, of gamma quanta in the XBC. Later studies led
to a definitive expression for E, in terms of the average
total range R of shower electrons:

E,=aR, (31)

which is valid in the range E,=20-3500 MeV. Here
a=(0.59+0.02) MeV/mm (Refs. 142 and 143), and the
electron cutoff energy is £,=0.5-1.5 MeV. This result was
then confirmed experimentally!* and calculated by the
Monte Carlo method.!*® The linear dependence between
the integrated shower path and the primary electron en-
ergy in the range 150-550 MeV has also been obtained for
lead® at the cutoff energy E,=5 MeV.

The first integrated moment of the cascade function or,
in other words, the center of gravity of the shower (or,
equivalently, the average depth, or length, of the shower
development) t, together with the zeroth moment and the
second moment, which is the longitudinal shower width,
make it possible to estimate the height of the maximum of
the cascade function, or, equivalently, the number of
shower electrons at the maximum, if it is also assumed that
near the maximum the cascade function is described by a
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Gaussian distribution. In approximation B for showers
generated by primary electrons with energy E, we have
(Ref. 2, p. 338)

M™(E0,0,tmax) =0.31(Ey/€)/ (e In(Ey/e) —0.1).
(32)

Since the determination of the location of the shower max-
imum experimentally is not, as a rule, a difficult problem,
especially ‘at higher energies E, when the fluctuations of
this location are relatively small, the energy E, can be
estimated using the results of measurement of N7 In
addition, the thickness of the material at which the maxi-
mum is located is considerably smaller than the thickness
needed for total absorption of the shower energy, and the
width of the maximum is relatively small (~1 r.l. at a
primary gamma-quantum energy of ~9 GeV; Ref. 146).
Using considerations of this type, Tyapkin proposed a
method of measuring the energy of gamma quanta and
electrons with energy above 5 GeV and estimated that the
energy resolution here is ~10% (Ref. 147). It should also
be noted that this method makes it possible to simulta-
neously estimate the energy of several gamma quanta or
electrons emitted in a narrow solid angle, since there is no
need for separate detectors with large transverse dimen-
sions, as in the case of the total absorption method.'*” The
suitability of using the relation between Ny** and E, to
determine the gamma-quantum energy in liquid xenon has
also been indicated in Ref. 141, where it was noted that the
accuracy of this method is 30% and 15% at energies of 1
and 5 GeV, respectively.

The relation between NT** and the energy of the
gamma quanta initiating the shower has been determined
experimentally for liquid xenon in the range
E,=1600-3400 MeV (Ref. 148):

N7™=(4.0+0.7)+ (2.9+0.3)E, .

Here E,, is in GeV and the shower electron cutoff energy is
E_=(3.51+1.2) MeV. The energy resolution is ~20% and
is practically constant over the entire range of E,. The
following approximation has been obtained for showers
produced in lead by electrons of energy E=2-15 GeV
(Ref. 72):

N7™*=10.71E*%%,

and the shower electron cutoff energy is E,=7.4 MeV.

The dependence of the center of gravity ¢ of the shower
electron distribution on the energy E, of the particle pro-
ducing the shower can be written as follows, in approxi-
mation B, for primary electrons:>!!

1(Ey,0)=1.01 In(Ey/€) +0.4, (33)
and for primary photons:'!
(E,0)=1.01In(E, /) +1.2. (34)

The experimentally measured dependence of ¢ on E, for

liquid xenon in the range E,=100-3500 MeV has the

form %
HE,)=a,+b;nE,, (35)
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where a,=—4.84+009 rl, b,=132+0.03, and
E,=0.5-1.5 MeV. It turns out that the longitudinal distri-
bution of ionization energy losses in the shower expressed
in units of ;(ET,EC) is practically independent of E, in the
range E,~500-3500 MeV. The only exception is the small
interval x=t/;(E1,) <0.15 at the start of the shower, where
the dependence of multiple Coulomb scattering on the en-
ergy of the electrons and positrons arising as a result of
conversion of the primary gamma quanta is important.

The linear relation between ;(Ey) and In E, also fol-
lows from the results of numerical modeling of EPSs by the
Monte Carlo method for SF5 lead glass in the energy range
E,=100-5000 MeV (Ref. 29). Measurements performed
using an Si/W sandwich calorimeter show that it also oc-
curs for showers induced by electrons of energy E=4-49
GeV (Ref. 81):

t(E)=(8.4+0.5)+(0.45+0.17)In E,

where E is in MeV and ¢ is in r.l.

The maximum of the cascade function in approxima-
tion B for showers generated by gamma quanta is (Ref. 2,
p. 308)

tmax(E,,0) = 1.01[In(E, /&) —0.5], (36)

and differs only insignificantly from the analogous quantity
obtained by the Monte Carlo method for the range
E,=100-5000 MeV and E,=0.5 MeV in lead glass:*

max(E)0.5) =1.16[In(E, /) —0.62].

The dependence of ¢,,, on the primary electron energy E
in the range 449 GeV determined experimentally for
tungsten has the form®

tmax(E) = (3.97£0.24) +(1.02+0.11)In E.

An analogous approximating function has been obtained
for showers generated by electrons with energy from 2 to
15 GeV in lead:"

tmax(E) =39+ E,

E_,=7.4 MeV. For convenience, in Table VI we give these
shower characteristics in approximation B.

Fluctuations

An important and complex problem of direct practical
interest for studying and detecting EPSs is that of fluctu-
ations in the fraction of energy absorbed in a fairly thick
layer of material. Uchaikin and Lagutkin have derived
equations for the distribution function of the absorbed en-
ergy, and also for the first and second moments of this
distribution, and have determined the asymptotic relations
between the relative fluctuations of the absorbed energy
80, , and the particle number fluctuations 6N, in approx-
imation B of cascade theory:'*°

5Qe,y= (€/|/’L](S) | )(Ne,'y /Qe,y)-

Here A,(s) is a parameter determining the form of the
cascade function at various shower development depths
(Ref. 11, p. 275), N, is the average value of the number
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TABLE VI. Shower characteristics in approximation B (Ref. 2, p. 308): x=E/¢, R and ¢ are in r.l, and

E.=0.

Quantity Primary photon Primary electron
Total mean free path of shower x x
electrons, R

Average shower depth, 7 1.01lnx+1.2 1.011n x+0.4
Location of shower maximum, ?,,, 1.01(In x—0.5) 1.01(Inx—1)
Height of shower maximum, N,™** 0.31x/ {In x—0.18 0.31x/ /In x—0.37

of shower electrons in a given layer of material, and Qe,y
is the average value of the energy absorbed in this layer.
The subscripts e and y refer to these quantities for
showers generated either by electrons or photons;
8Q.,= @2, — 0, /Q.,and 6N, = N2 —N?, /N, .

The question of fluctuations, i.e., the probability distri-
bution W(N,) of the number N, of shower electrons, has
not been satisfactorily resolved in cascade theory. If the
shower electrons were genetically independent, then
W (N,) would be a Poisson distribution with a single pa-
rameter, namely, the average value N,(Ey,E_.,t) deter-
mined by Eqgs. (24) and (23). However, this assumption is
approximately valid only near the shower maximum (see
Ref. 56, for example). It turns out that the Polya distribu-
tion is a satisfactory approximation of W(N,) over the
entire shower depth beginning at =1 r.l. This conclusion
follows from comparison of the results of numerical mod-
eling of the EPS and the attendant fluctuations using this
distribution. The modeling was done for lead glass in the
primary photon energy range E,=100-5000 MeV (Ref.
29). Finally, we note that the method of random moments
is also used to study the fluctuations in high-energy
electron—photon showers.!*!

4. NUMERICAL MODELING OF ELECTRON-PHOTON
SHOWERS

The most universal approach to the description of
electron—photon showers is at present the Monte Carlo
numerical modeling of the process. This approach makes it
possible to take into account the wide variety and specific
features of the physical phenomena making up an EPS,
along with the external conditions (for example, a mag-
netic field), the spatial structure (which, as a rule, is com-
plicated), and the properties of the medium (which is of-
ten inhomogeneous) in which the shower develops. The
approach based on Monte Carlo (MC) modeling of an
EPS is essentially free from any fundamental limitations. It
makes it possible to obtain a specific result in numerical
form, so it is frequently used in such practically important
problems as the determination of the detection efficiency,
the spatial resolution, and also the study of the diverse
background effects arising in existing and future electro-
magnetic calorimeters. In addition, the MC method can be
used successfully to calculate radiation shielding and to
estimate the radiation and thermal effects induced by hard
electromagnetic radiation in various materials. The MC
method can also be used to study various characteristics of
EPSs and their dependence on the primary particle energy.
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For this one essentially performs a numerical experiment,
i.e., one uses existing computer programs [for example,
EGS (Ref. 26) or GEANT (Ref. 27)] to generate some
optimal set of showers (usually several hundred to several
thousand showers; Refs. 29 and 30) induced in a specific
material by particles of a given type with energy in some
range. From this one then obtains the distributions of in-
terest (primarily the longitudinal and transverse profiles)
and parametrizes them by functions selected from general
physical considerations. This approach is also applicable
in the experimental study of EPSs, where it is referred to
as phenomenological modeling. !>

Fundamentals of the method

The numerical modeling of an EPS is in principle no
different from similar problems in which the Monte Carlo
method or, equivalently, the method of statistical sam-
pling, is used (see Ref. 153, for example). The main fea-
tures are the construction of an adequate probabilistic
model of the phenomenon, including elementary interac-
tions and radiation transport (i.e., particle motion), and
also organizing the calculation and data storage.

In the modeling process the fate of each shower parti-
cle is followed as long as the particle is located inside a
given volume of material and its energy exceeds some fixed
value: the cutoff energy. The computation is carried out
such that at the very top of the computer memory is stored
the data pertaining to the particle with the lowest energy,
and the fate of this particle is followed. If new particles
appear as the result of an interaction, they are placed in the
memory at levels determined by their energies. Here the
volume of memory is kept within log,(Ey/E,), where Ej is
the energy of the primary particle generating the shower.
The computation stops when all the shower particles are
extracted from the memory. The needed information is
stored throughout the computation.

The characteristics (energies, emission angles, mean
free paths) of shower particles are simulated in accordance
with the appropriate effective cross sections (see Sec. 2)
represented as probability distributions using a random-
number (more precisely, quasi-random-number) genera-
tor. For example, the random quantity x can be obtained
from the distribution with probability density f(x) by
solving the equation

x(r)

r= f(t)dt (37)
0

for x(r), where r is a random number from a set uniformly
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TABLE VII. Values of the parameters 4, a, and b in Eq. (40).

E,. Mev N A a b 1 o
100 1500 4,54 1,00 0,515 3.88 1,94
300 1500 7,18 1,45 0,493 4,97 2,94
500 1900 8,24 1,65 0,476 5,57 3.47
700 1300 8,32 1,84 0,470 6,04 3,91

1000 1700 8,58 2,03 0,468 6.47 434
5000 650 10,88 2,74 0,454 8,24 6,04

The lengths ¢, ¢,,,, and 1/b are expressed in r.l. The data are from Ref. 29.

distributed in the range 0-1 (Refs. 154 and 155). In par-
ticular, if it is necessary to determine the mean free path of
a particle to the next interaction event, then

f(x)=exp(—x/1)/A, (38)

and, according to (37), x=—A Inr. Here A is the mean
free path of this particle A=1/no,, n is the concentration
of atoms of the medium, and o, is the total cross section for
interaction with an atom (molecule) of the medium. In
general, A=A(x), and, using the concept of accumulated
probability F(x)= [§ f(¢)dt, we can write down an ex-
pression for the probability that the particle interacts on
the path segment from x; to x:

F(x)=1—exp[—7(x)],

where n(x)=[ io dt/A(t) denotes the number of mean

free paths travelled by the particle on this segment. How-
ever, for most functions of interest from the viewpoint of
EPS modeling it is difficult to solve Eq. (37), and an al-
gorithm which is a generalization of the discarding tech-
nique (Ref. 156; see also Refs. 26 and 97) has become
widely used. It amounts to the following. If a function
f(x) can be written as

n

o= 2 a; fix)g(x), (39)

i=

where a;>0, i=1,2,....,n; 0<g;(x)<1, fi(x)>0 for all x
from the region of definition of f;(x) and [ fi(x)dx=1in
this region, then the random variable x can be determined
by the following procedure:

1. Choose from the uniform distribution a number 7
(1<ign) with probability proportional to «;.

2. Choose a variable x from the distribution f;(x) [for
example, using Eq. (37)].

3. Calculate g;(x) and choose a random quantity x’
from the uniform distribution in the interval from O to 1. If
gi(x) >x', the random quantity x is taken. Otherwise, the
entire procedure is repeated from the beginning.

The probability of a suitable choice is 1/2"_,a; and the
average number of attempts is =;_,.c; As an example, let
us take the mnormal distribution f(x)=2/mexp
X ( — x*/2) x>0. Then the expansion (39) takes the
following form.”” (1) For 0<x < 1: a;= \2/7, fi(x)=1,
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gi1(x) =exp(—x%/2); (2) for x>1: ay=1/\2/m, f,(x)
=2exp[—2(x—1)], go(x) =exp[— (x—2)2/2)]. The aver-
age number of attempts is a;+a,=1.2.

Although, as already noted, at present there are uni-
versal and commonly used programs for modeling EPSs,
problems can sometimes arise in which it is appropriate or
even necessary to obtain certain information, in particular,
of a methodological nature, and for this the MC method is
practically the only one which can be used.'*”!*®

Fundamental results

Among the numerous results obtained by the MC
method it is particularly appropriate to mention the pa-
rametrization of the longitudinal and transverse profiles,
and also the study of the fluctuations in EPSs induced by
gamma quanta of energy from 100 MeV to 10 GeV in lead
glass.??3? These results have more general value and make
it possible to predict the development of showers in a dense
uniform medium, which is of practical interest, and to es-
timate a number of important quantities of a methodolog-
ical nature without resorting to complicated calculations.
In addition, they are often used for comparison with the
corresponding experimental data.

After modeling a total of 8550 showers induced by
gamma quanta with energy E, in the range 100-5000 MeV
in lead glass (1 r.l.=2.36 cm), Longo and Sestili® de-
scribed the distribution of the average number N (E ,Et)
of shower electrons with energy above E,=1 MeV (the
total energy) by a function analogous to the weight func-
tion (27):

N (E,Et) =At* exp(—b1). (40)

The modeling was carried out to a shower development
depth of 15 r.1. The values of the parameters 4, a, and b,
and also the number N of modeled showers at a given
energy E, are given in Table VII. There we also give the
values of the center of gravity  calculated using the data of
Ref. 29 and the locations t,,,, of the shower maximum.

The cascade function (40) can be related to the total
mean free path T i{(E,) of shower electrons observed in a
layer of material of thickness Az (Az=0.5 r.l.) at a depth
t=(i—1)At (i=1,2,...,50) (Ref. 29):
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TABLE VIII. Average man free paths R of shower electrons in lead glass of thickness L=5, 10, and

15 r.l. and the rms deviations AR corresponding to them (Ref. 29).

E,, Mev L=5 L=10 L=15
R, cm AR, cm R, cm AR, ¢cm R, ¢ AR, cm
100 12,7 4,6 16,7 1.8 17,3 0.8
300 31,3 12,2 48,1 6,4 51,9 2,0
500 45,2 20,0 78,3 10,6 86,1 3,6
700 56,1 26,6 106,6 15,8 120,0 5.2
1000 71,8 35,3 147,3 23,9 168,9 8,4
5000 210,0 127,0 647,0 152,0 843,0 75,0
_ y; mean free paths of electrons in lead glass of thickness 5, 10,
T(E)= J;FUA, N.(E, E,t)dt. (41)  and 15 r.1. and their corresponding rms deviations.

It should be noted that analogous modeling®® per-
formed using the program GEANT 3.11 (Ref. 27) for
identical conditions (the same SF5 lead glass and the same
development depth and cutoff energy) leads to rather dif-
ferent results for @ and 1/b (differing by 10-15%) at the
same values of E,, while the energy dependence of the
normalization factor 4 is completely different. Neverthe-
less, this has practically no effect on the location of the
maximum #,, and the value of the center of gravity 7 in
the range of energies E, considered; the difference is less
than 2—4%, but it increases systematically with increasing
E,.

' The radial distribution of the energy release summed
over the shower depth was approximated satisfactorily by
the function®

f(r)=Cexp(—r/u), (42)

where 7 is the distance from the shower axis and u is a
parameter (the so-called attenuation length). The model-
ing was performed for 6 values of the gamma-quantum
energy: 200 (12 500), 500 (5000), 1000 (2500), 2000
(1250), 5000 (500), 10 000 (150) MeV, where the num-
ber of modeled events is given in parentheses. The depen-
dence of the parameter p on the shower development depth
t was approximated by the function®

u(t)=Bexp(t/t)'?, (43)

where £,=0.16[logE, — 1], with B=0.039 and E, in MeV.

Therefore, the three-dimensional distribution of the
mean free path (or the energy deposition) in showers gen-
erated by gamma quanta with energy E,=200-
— 10 000 MeV in lead glass can be expressed, according to
Ref. 30, as

F(nt)=t"exp(—br) - g(4,r), (44)
where the radial distribution normalized to unity is

g(tr)y=exp[—r/u(2)1/u(2).

The longitudinal fluctuations of the electron mean free
paths in showers generated by gamma quanta of energy
E,=100-5000 MeV in lead glass have also been modeled.”
In Table VIII we give for six values of the energy E, the
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We see from these data, in particular, that owing to the
significant longitudinal fluctuations the measurement of
the gamma-quantum energy in a Cerenkov counter of in-
sufficient thickness leads not only to large statistical errors,
but also to large systematic ones. We also recall (see Sec.
3) that the numbers n=N e(Ey ,E_t) of shower electrons at
a depth ¢ (for £>1 r.1.) are satisfactorily described by the
Pélya distribution:?

P(n)=[A/(1+bA)]"{1[1+b]...
X [1+(n—1)b,1/n}P(0), (45)

where P,(0) = (1+b4,) /%, The modeling was done with
a depth step of Ar=1 r.l. for lead glass with infinite trans-
verse dimensions for nine values of ¢ (i=1,2,...,9). Here
the exponential distribution of the conversion lengths of
the primary gamma quantum initiating the shower was
taken into account. The values of E, for which the mod-
eling was performed are given in Table VII. The numbers
A; and b; were taken to be free parameters of the distribu-
tions and were calculated according to the y? criterion
from comparison of the n distributions modeled by the MC
method with the function (45). They are related to the
average value #; of the number of particles at depth t=ir.l.
and its dispersion o as

A’i:ﬁis Ul2=ﬁ,(l+b,ﬁ,).

5. EXPERIMENTAL STUDY OF SHOWERS

The subject of study in most of the experimental re-
search devoted to electron-photon showers has been the
development of this process along the direction of motion
of the particle initiating the shower. The average longitu-
dinal profiles of the EPS have been measured primarily in
the form of the distribution of the number of shower elec-
trons (see, for example, Refs. 51, 56, 57, 65, 71, 85, and
159-161), the mean free paths (Refs. 152, 158, and 162-
165), and the energy deposition by detection of the light
effect (luminescence,®”* Cerenkov radiation,’*2 and ion-
ization energy losses (Refs. 74, 79, and 83). Experimental
studies on the transverse development of EPSs have begun
to appear only relatively recently and are mainly related to
the solution of methodological problems pertaining to the
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optimization, calibration, and installation of electromag-
netic calorimeters of various types (Refs. 59, 69, 82-84,
and 86-88), although the first studies on this topic were
published considerably earlier (Refs. 159, 160, 73, 152,
165, and 166). There are a few studies in which more
subtle but very important shower features were investi-
gated, namely, fluctuations (Refs. 56, 57, 149, 152, 159-
161, 165, and 167-170) and correlations between various
EPS characteristics (Refs. 149, 169, and 171). Practically
all the studies in this last area were performed using xenon
bubble chambers.

In this section we present the main results (aside from
those of Sec. 3 above) of experimental studies of showers
induced in heavy amorphous media by gamma quanta and
electrons with energy from 100 MeV to 200 GeV. Since, as
already noted, a significant contribution to this research
has been made using xenon bubble chambers (in particu-
lar, the 180-liter XBC at ITEP) and the results of those
studies will be discussed below, we shall first briefly dwell
on the most important methodological questions related to
study of EPSs using XBCs.

Study of showers using XBCs

The energy of the gamma quanta inducing showers in
XBCs is determined by Eq. (31) (Ref. 141). In the scan-
ning of XBC photographs EPS events are selected which
satisfy the following criteria: (1) the shower axis lies in the
plane of the photograph, (2) there are no background
tracks in the photograph which would complicate the anal-
ysis of the recorded event. The average magnification of a
photograph is 0.94 (here and below we refer to Refs. 38,
149, 158, 162, and 166—173). In the selected EPS events a
curvometer was used to measure, in the plane of the pho-
tograph, the total mean free path R, the potential length
L, of the shower development, i.c., the distance, along
the shower axis, from the primary gamma-quantum con-
version point to the point of intersection with the chamber
wall, and the maximum length ¢,, of the shower develop-
ment, measured from the start of the shower (i.e., the
primary gamma-quantum conversion point) to the end of
the last observed shower electron track along the EPS axis.
Then the #,, distributions of L, were constructed for the
ranges of energy E, for the showers selected in the scan-
ning. An example of such a scatter plot for three energy
ranges is given in Fig. 11. For further analysis we took only
those events whose potential development lengths were at
least Ly, (E,), equal to the maximum ¢, in a given range
of energy E,. (In Fig. 11 these values are indicated by
arrows for the corresponding ranges of E,.) This is the
third selection criterion. The goal of this procedure is to
decrease the effect of cutoff of showers recorded by a de-
tector of finite thickness, and also to eliminate the possi-
bility of preferential selection of showers with smaller val-
ues of ¢,, (i.e., apparatus “shortening” of the showers). For
each shower satisfying these three selection criteria mea-
surements were made (in the plane of the photograph) of
the summed paths of the shower electrons
AZr(t,p|E,)/AtAp observed in rectangular cells of the
grid with sides Az=0.6 r.l. along the shower axis and Ap
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FIG. 11. Scatter plot of showers generated in liquid xenon by gamma
quanta of energy E, ; L, is the potential development length and ¢,, is the
maximum development length. The arrows indicate the values of the
minimal L, for a given E, (according to the selection criteria; Ref. 38).

=0.3 r.l. in the perpendicular direction. The minimum
path length is ~2 mm, which corresponds to an electron
energy of ~0.5 MeV (Ref. 115). Figure 12 illustrates a
typical example of a shower in the plane of the photograph
and the grid on which the summed paths
AZr(tp|E,)/AtAp were measured. The origin of the grid
(t=p=0) coincides with the primary gamma-quantum
conversion point, and the ¢ axis is directed along the
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FIG. 12. Schematic depiction of a shower recorded on a photograph of
the XBC and the grid used to measure the summed paths of shower
electrons.
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FIG. 13. Distribution of a,(1), defined by Eq. (47), in the development
length ¢ of showers produced by gamma quanta of energy E, in liquid
xenon. E; is the photon cutoff energy used in the modeling.

shower. The average accuracy of measuring the summed
paths is 0.2. A detailed analysis of the corresponding meth-
odological questions is given in Ref. 174.

In order to answer the question of to what degree the
quantity ASr(t,p|E,)/AtAp reflects the ionization energy
losses of shower electrons AZE (t,p|Ey)/AtAp, the Monte
Carlo method was used to numerically model the ratio

n(t,p|E,) =ASE(1,p|E,)/ASH(tp|E,) (46)

for showers generated by gamma quanta of energy
E,=100-3000 MeV in liquid xenon."” Two simplified
probabilistic EPS models were considered, and in both
cases four basic elementary processes were taken into ac-
count: electron—positron pair production, bremsstrahlung,
ionization losses, and multiple Coulomb scattering. The
difference between the models was that the bremsstrahlung
was simulated differently in them, as a result of which one
of the models (model 2) leads to a harder and at the same
time more realistic (than in model 1) spectrum of shower
photons and electrons.” Two values were taken for the
photon cutoff energy E,, 2 and 10 MeV, and for electrons
E.=(0.9+x) MeV, where x is a random quantity from the
uniform distribution in the interval 0-1. This form of E_ to
a large degree reflects the measurement conditions. The
numbers N, of modeled events were selected such that the
relative error §1/7 in (46) is less than 3%, at least in half
the cells AzAp of the grid (see Fig. 12). Some results of the
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FIG. 14. The same as in Fig. 13 for a,(¢) given by Eq. (48); Ap=0.125
r.l. (Ref. 157).

Therefore, in Fig. 13 we show the distribution of the
quantity
a()=2 1(tp|E,) (47)
P
in the development length ¢ of showers generated by
gamma quanta with energy 100, 200, 500, and 1000 MeV.
There we also give the values of the photon cutoff energy
(model 1). The analogous distributions but for n(z,p|E,) a
summed over p only in a band of width Ap adjacent to the
shower axis, i.e.,
a()= 2 n(tp|Ey), (48)
pebp
are shown in Fig. 14 (Ap=0.125 rl.) and Fig. 15
(Ap=0.375 r.l.). The dependence of

ap)= X n(tp|E,) (49)

teAt

on the distance p from the shower axis in layers of liquid
xenon of thickness Az=0.5 r.l. for several values of ¢ and
the same values of E, is shown in Fig. 16. The analogous
dependence is shown in Fig. 17 but for £, =2000 and 3000
MeV, and here the results of the two models are compared.
In Table IX we give the values of the coefficient 7(,p| E,)
a averaged over the entire (¢,p) plane, i.e.,

. . g . n(E,) = tLp|E 50
modeling are given in Figs. 13-17 and in Table IX. 1(Ey) % 1(tp|Ey), (50)
TABLE IX. Values of ;I(E.,), defined by Eqgs. (50) and (46), calculated according to two models of
showers produced in liquid xenon by gamma quanta of energy E,. The shower electron cutoff energy
is_Ec=2 MeV, n(E,) is given in MeV/rl, N, is the number of modeled EPS events, and
on(E,)=0.1 (Ref. 157).

N,. Mev 100 200 500 1000 2000 3000 all
Modet 1 12,5 12,9 13.2 13,2 13,2 13,4 13,1
640 420 200 100 55 20 1435
Model 2 13,6 13,6 13,6 13.6 13.4 13,6 13,5
448 294 140 70 40 21 1013
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FIG. 15. The same as in Fig. 13 for a,(7) given by Eq. (48); Ap=0.375
rl. (Ref. 157).

and calculated using the two EPS models considered.
There we also give the numbers N, of simulated cases of
EPSs.

The main conclusions following from the results of
modeling 7(z,p| E,) are the following.'”’

1. The projection of the summed paths of the shower
electrons AEr(t,p|Ey)/AtAp on the (z,p) plane in which
the shower axis lies (see Fig. 12) is, with an accuracy of
several percent, directly proportional to the ionization en-
ergy losses of shower electrons, at least in the central re-
gion of the shower, which contains, on the average, at least
90% of its total energy.

2. The slight increase of 7(#,p|E,) above its average
value is observed only near the primary gamma-quantum
conversion point, i.e., for <1 r.l. and p<0.1 r.l. (see, for
example, Figs. 11 and 15), and is due to the fact that in this
part of the shower the ionization energy losses of electrons
with ExE,/2 are maximal, and the length of the projec-
tion of their tracks is minimal on the average.

e (P), MeV/r.l,

”ﬁ’zﬁf@? b %%

«E;=100 MeV ExMeV t=1-15 |

s 200 15-2
4t x 500 2-25
+ 1000 335
o & M0 EMMmev 2-25
0 a5 1 15 2
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FIG. 16. Dependence of a,() given by Eq. (49) on the distance p from
the axis of showers produced in liquid xenon by gamma quanta of energy
E,. E, is the shower photon cutoff energy used in the modeling. The
ranges of depths ¢ to which the corresponding distributions refer are
given.'s’
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FIG. 17. The same as in Fig. 16 for other values of E, . The results were
obtained using two models.'>’

3. The quantity n(z,p|E,) decreases, according to
model 1, with increasing ¢ within ~10% outside this cen-
tral region of the shower. However, according to model 2
this falloff is considerably smaller. In addition, a decrease
of n(¢,p|E,) with increasing p at sufficiently large dis-
tances from the shower axis is not observed.

4. The numerical values of ﬁ(E,,) averaged over the
entire observation plane (z,p) satisfactorily agree with the
analogous results obtained in the modeling of showers by
the MC method for lead glass.?

A detailed analysis of n(t,p]E,,) is made in Ref. 175.
In Refs. 38, 149, 158, 162, and 166-173 it is assumed that
1(t,p|E,) is constant. We also note that the accuracy of
determining the gamma-quantum energy E, in the XBC is
AE,/E,50.1 if the showers produced by these gamma
quanta develop completely inside the recording volume of
the chamber.'? The fundamental information about the
experimental data used in the studies discussed below
(Refs. 149 and 168-173) is given in Table X. These data
were obtained by scanning 220 thousand photographs of
the 180-liter XBC at ITEP (Moscow), bombarded by a
beam of 7~ mesons with momentum 3.5 GeV/c.

The longitudinal shower development

A typical example of the longitudinal distribution of
the energy deposition in showers produced in lead, copper,
and aluminum by electrons of energy 6 GeV is shown in
Fig. 18 (Ref. 73). There we also show the corresponding
results from the Monte Carlo modeling. This example has
recently come to be considered a classic and is cited in
monographs on high-energy physics and particle detectors
(Refs. 75, 117, and 132). In Fig. 19 we show the analogous
distributions obtained for gamma quanta of energy
E,=(175+15), (455+45), (1125+125), (2115+125),
(3125 +125), and (3375 125) MeV, initiating showers in
liquid xenon.'” The experimental data are described satis-
factorily by a Weibull distribution, at least to the shower
development depth ¢ at which the energy deposition over a
single radiation length falls to ~0.1%. The Weibull distri-
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TABLE X. Basic information about the experimental data used in Refs. 149 and 168-173: E, is the
energy of the gamma quantum producing the shower, AE, is the width of the interval, E, is the
average shower energy in a given interval, N, is the number of showers selected in the scanning
which satisfy the first two criteria, L, is the minimum potential development length according to
the third criterion, and N¥ is the number of showers satisfying all three criteria.'*’

Ex AE),. MeV Ey. MeV Ny Lol N;
3375125 348935 46 24,0 15
3125x125 313918 42 24,0 12
2875125 2850+17 41 24,0 11
2625125 259925 53 22,6 12
2375+125 2373x16 60 22,6 20
2125*125 2117x1S 63 21,3 35
1875+125 186412 80 20,5 33
1625+125 16159 108 20,0 66
1375x125 1363x10 129 20,0 58
1125125 1116x8 158 20,0 80
875125 8718 204 20,0 86

680x70 677S$ 138 20,0 60
555+55 5554 108 20,0 58
455+45 459+3 103 18,6 59
375+35 380+3 65 17,3 6l
31030 3092 58 16,0 53
255+25 252+2 55 14,9 55
210+20 208+2 49 14,8 47
175+15 177+£2 29 12,6 29
14515 145+2 24 12,6 24
120+10 123+2 21 11,6 20
100+10 100+1 23 11,0 14
Over all energies 1657 908

bution was first used by Barylov, Demidov et al. to recon-
struct the total shower energy when the layer of active

matter—liquid xenon in a XBC—has finite thickness.

176

The same distributions but in the quantity x=t/;(Ey) are

ol

|

shown in Fig. 20. Here ;(EY) is the average shower devel-
opment length, the energy dependence of which is shown
in Fig. 21 and is approximated by Eq. (35). We note that
for E,Z 500 MeV and xX0.15 these distributions do not

D(%)
L Cu

ELU]
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%
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FIG. 18. Longitudinal distribution of the dose D (in
%) in showers produced by 6-GeV electrons in lead,
copper, and aluminum.” The histograms are the re-
sult of Monte Carlo modeling.
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FIG. 19. Longitudinal distribution of average ionization energy losses in
showers produced by gamma quanta with energy E, in liquid xenon. 172
The curves show the corresponding approximating functlons as Weibull
distributions.

differ from each other within the experimental error. This
conclusion was arrived at in Ref. 149 on the basis of anal-
ysis of the longitudinal distributions of showers from all 22
intervals of E, studied, six of which are shown in Fig. 20.
Therefore, there are grounds for summing these distribu-
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FIG. 20. The same as in Fig. 19 for the dimensionless development length
t/ t(E ), where t(E ) is the average development length of a shower with
energy E, (Ref. 149)
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FIG. 21. Dependence of the average development length of a shower
produced in liquid xenon on the primary gamma-quantum energy E,.
The straight line shows the approximating function (35) ( E,isin MeV)

tions over the energy E, in this interval, i.e., from 500 to
3500 MeV. In this case such a summation implies only
averaging over fluctuations. The result is shown in Fig. 22.
There we show the function

F(x)=a;x" exp(—asx), (51)

describing the experimental data. The parameters a; (i
=1,2,3) selected in the fit are a;=83.1+£3.4,
@,=1.65+0.03, and a;=2.62%0.03, and ¥*/35=35.8 for
xR 0.15 (Ref. 149). At small values of the development
length (x50.15) one can observe a systematic decrease in
the ionization energy losses (Fig. 20) due to the depen-
dence of multiple Coulomb scattering on the energy of the
electrons appearing at the very beginning of the shower.
We note that this effect will be observed only when the
conversion point of the gamma quantum generating the
shower is clearly fixed. The function F,(x) is normalized

3

lonization losses, 95
Y
>

:
LE(E,)

FIG. 22. Longitudinal distribution of ionization energy losses in showers
produced by gamma quanta in llquld xenon, averaged over the energy of
the primary gamma quantum E,; 7(E, y) is the average shower develop-
ment length. The averagmg is performed over the interval
E,=500-3500 MeV (Ref. 149).
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FIG. 23. The same as in Fig. 19 in the form of integrated distributions and
as a function of the ratio #/7(E,) (Ref. 149). The solid line shows the
accumulated probability function obtained from Eq. (51).

to unity. It should be emphasized that it has the same form
as the weight function (27) and the distribution (40) ap-
proximating the results of shower modeling by the MC
method. However, here it is expressed in terms of the di-
mensionless shower development length x=1¢/ ?(Ey). From
this we can conclude that the average shower development
length #( E,) is a suitable scale parameter for removing the
energy dependence of the average longitudinal energy-
deposition profiles in showers (see, for example, Ref. 19).
Naturally, it also contains information about the properties
of the material in which the shower develops (for amor-
phous and homogeneous media) and about the cutoff en-
ergy of the shower particles. Information about the shower
observation conditions (the number of shower electrons,
the mean free path, the light or scintillation effect) is
mainly contained in the normalization factor a; (51).

Of particular interest from the practical point of view
is the integrated energy-deposition profile in a shower. The
corresponding distributions for showers induced by
gamma quanta in liquid xenon are given in Fig. 23 (the
values of the energy E, are the same as in Figs. 19 and 20).
The solid line shows the function (51), respresented as an
accumulated probability distribution [3F,(x’)dx’. It may
be noted that, for example, more than 90% of the total
shower energy is absorbed in matter of thickness
~2t(E,).

The experimental data pertaining to showers produced
by monoenergetic gamma quanta are very sparse and have
mainly been obtained using XBCs. However, the EPS
characteristics have also been studied in a beam of brems-
strahlung photons, the energy spectrum of which lies in the
range from 100 to 2500 MeV, i.e., up to the energy of the
beam of emitting electrons.®! In Fig. 24 we show the dis-
tribution of energy absorbed in the scintillator from show-
ers produced by such photons in lead as a function of the
thickness of the layer of lead in front of the scintillator.
The experimental data are compared to the results of cal-
culations performed by the MC method using the EGS-4
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FIG. 24. Longitudinal distribution of the absorbed energy of showers
produced by bremsstrahlung photons of energy from 100 MeV to 2.5 GeV
in lead.5! The experimental data are compared to the results of EPS
modeling by the Monte Carlo method using the EGS-4 program.

program,26 where it is assumed that the cutoff energy is 0.1
MeV for photons and 1 MeV for electrons. The authors
conclude that there is agreement to within 16%, except for
the two first points at the lead thickness equal to 1 and 2
mm (Ref. 61).

The longitudinal shower profile has been studied in
beams of electrons of energy up to 200 GeV (Ref. 86).
Some of the first experimental data besides those men-
tioned earlier’”® pertained to the energy range E=2-15
GeV of the primary electrons producing showers in lead.”
These data are given in Fig. 25 together with the approx-
imating curves obtained in Ref. 72. The threshold energy
of the shower electrons is 7.4 MeV. We see from this figure
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FIG. 25. Longitudinal profiles of showers produced in lead by electrons of
energy 2-15 GeV (values given on the figure; Ref. 72). The approximat-
ing function is shown by the solid lines.
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FIG. 26. Longitudinal development of showers produced by electrons of
energy 4, 9, 16, 25, and 49 GeV in the Si/W sandwich calorimeter.®!-52
The approximating curves (52) are shown by the lines.

that, as in the case of the other experimental data on the
longitudinal development of EPSs, near the shower maxi-
mum the average profile of the shower rather rapidly
reaches the asymptotic form of dependence on the devel-
opment length ¢, i.e., exponential decrease with increasing
t (see also Figs. 18-20). Nevertheless, in studies of the
longitudinal development of showers generated by elec-
trons with energy from 4 to 49 GeV in the Si/W sandwich
calorimeter a more complicated dependence of the EPS
profile on ¢ has been observed in the asymptotic region.?!8*
The corresponding data are shown in Fig. 26. There we
also give the approximating curves, which, in the opinion
of the authors of Ref. 81, describe the experimental results

better than Eq. (40). These curves show the two-
component distribution:®!

E=Ey(t/2)% exp(—bt) +E(t/2)¢
Xexp[—m(t—x,)—y], (517)

where E, Ej, and E, are in MeV; ¢, m, x|, and y, are
dimensionless constants selected in the fit with

a=(3.2+0.5)+(0.3+0.2)In E,
b=(0.75+0.10) + (—0.05+0.04)1n E,
¢=(0.26+0.10)In E, m=(0.04+0.02)In E,
x;=(—6.8+3.5)4+(55.9+20.3)In E,
»1=2.5+04,

Ey=(2.2+12)+(1.5+0.6)In E [MeV],

and y?/49=48. It is interesting that a similar two-
component form of the energy-deposition profile has been
observed also in hadron showers generated by pions of
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FIG. 27. Longitudinal profiles of showers produced by electrons of energy
25, 50, 100, and 200 GeV in lead.

energy 10 and 30 GeV (Refs. 178 and 179). However,
some recent measurements of the longitudinal profiles of
showers produced by electrons of energy 25, 50, 100,
and 200 GeV in a highly segmented electromagnetic
calorimeter®® most probably do not confirm the model of
the two-component structure (51’). The results of the
measurements are given in Fig. 27.

Transverse shower development

As characteristics of the transverse development of a
shower it is usual to take the radial (i.e., in the direction
perpendicular to the shower axis) distribution of the en-
ergy deposition observed at a given length (depth), mea-
sured from the start of the shower along the shower axis, or
summed over the entire shower development depth. The
experimental data pertaining to the transverse profiles of
showers are most often approximated by a two-component
function (Refs. 59, 73, 78, 82, 83, and 88):

Fi(rt)=cyexp[—r/A ()] +c, exp[ —r/A,(2)],
(52)

although some authors prefer the usual exponential
distribution.®® Here the constants ¢, and c, and also the ?
dependence of the slope parameters A,(¢) and A,(t) are
determined from the measurement results. The physical
interpretation of the model (52) is that in the transverse
direction in a shower two regions can be distinguished: a
central region characterized by relatively small angular
spread of the hard component of the shower particles due
mainly to the insignificant angular dependence of brems-
strahlung processes and electron—positron pair production
[this region is described by the first term in (52)], and the
peripheral region containing mainly low-energy particles
undergoing strong multiple Coulomb scattering [second
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FIG. 28. Transverse distribution of the energy deposition in showers
produced by 6-GeV electrons in copper, lead, and aluminum.”® The re-
sults of the Monte Carlo calculations are shown by the histogram. The
distributions are summed over the entire shower development depth. r is
the distance from the shower axis, expressed in Moliére units (22).

term in (52)]. The photographs of showers recorded in
XBCs can serve as a clear illustration of this interpretation
(Figs. 1, 2, and 8). We also see that A,(¢) and A,(#) must
grow with the development depth .

The results of dosimetry measurements of the trans-
verse distributions of showers produced by electrons of
energy 6 GeV in copper, lead, and aluminum are shown in

Dose, rel. units
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FIG. 29. Transverse profiles of the energy deposition in showers produced
by 6-GeV electrons at the three indicated values of the shower develop-
ment depth ¢ in lead (#,=1r.1; Ref. 73). ris the distance from the shower
axis. The dashed lines show the Monte Carlo calculation.
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FIG. 30. Radial distribution of energy deposited in showers produced by
25-GeV electrons in lead glass.”® The curve shows the parametrization
(52) with 4,=4.5 mm, 4,=12 mm, and ¢,/c,=0.14.

Fig. 28. These distributions are summed over the entire
development depth. The experimental data are compared
to the results of the calculation using the Monte Carlo
model. The authors also measured the corresponding dis-
tributions at certain values of the depth ¢ in aluminum and
lead. The distributions for lead are reproduced in Fig. 29.
We see that, at least at relatively small depth (1=5r1.1.) a

Energy density, arb. units
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FIG. 31. The same as in Fig. 30, but for 20-GeV electrons.®? The param-
eter values are A4;=(3.4+0.1) mm, 4,=(9.3+0.3) mm, and
€1/c;=11.940.5.
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FIG. 32. Transverse profiles of showers produced by 150-GeV electrons
in a “spaghetti”-type calorimeter.?’

two-component shower structure can be seen and that as
the development depth increases the shower becomes more
and more uniform in this respect. The change of the regime
of transverse shower development can be seen very clearly
from the data of Ref. 78, where the radial dependence,
summed over the depth, of the energy deposition in show-
ers produced in lead glass by electrons of energy 25 GeV
was measured. The authors describe the experimental
data (Fig. 30) by the function (52) with ¢,/c,=0.14,
A1=4.5 mm, and 1,=12 mm (Ref. 78). Analogous results
were obtained in calibrating the front part of the electro-
magnetic spectrometer of the DELPHI detector in a 20-
GeV electron beam (Ref. 82). They are shown in
Fig. 31 together with the parametrizing function (52),
where ¢,/c,=11.9+0.5, A,=(3.4+0.1) mm, and
A,=1(9.3+0.3) mm, for y*=2.6. The transverse profiles of
showers produced by electrons of energy 150 GeV were
also measured by a fine-grained, lead—scintillating fiber cal-
orimeter (Fig. 32; Ref. 87). Here a two-component struc-
ture of the form (52) is seen, although the authors have
not parametrized their data. We also give the results of the
measurement of the transverse charge distribution at vari-
ous depths of showers produced by 3-GeV electrons in lead
glass (Fig. 33; Ref. 59). As before (Fig. 29), it may be
noted that with increasing shower development depth the
transverse profile of the shower is described more and more
accurately by an exponential function.

The two-component parametrization of the transverse
profile of showers produced by electrons of energy 2, 4, and
6 GeV in tungsten and uranium has been discussed in Ref.
84, where the experimental results were described by the
function

F(r)=[exp(— \/r_//l_l) ~+c(exp(—r/A;,)1/(NF),

(53)
where N, ¢,, 4, and A, are parameters determined from
the experimental data as in Eq. (52). It was concluded that
the attenuation parameter A, is nearly independent both of
the depth ¢ and of the primary electron energy E, while
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FIG. 33. Radial distribution of the average charge in showers produced
by 3-GeV electrons in lead glass at the indicated values of the develop-
ment depths (p=1 r.1.; Ref. 59).

A, is proportional to ¢ and E~'2 and is the same for the

two absorbers.® It is also amusing to note that a two-
component structure is observed also in the transverse pro-
files of hadron showers produced by pions and protons of
momentum 1.56, 2.46, 5.65, and 6.80 GeV/c in a seg-
mented (lead—scintillator) calorimeter.'®® The experimen-
tal data are satisfactorily described by a function of the
form (52) for primary pions and protons with momentum
beginning at least at 2.46 GeV/c and above.

A detailed experimental study of the transverse struc-
ture of showers produced by gamma quanta of energy from
100 to 3500 MeV in liquid xenon has been carried out
using the XBC (Refs. 38, 149, 172, and 173). The method
of study and the general features of the experimental data
obtained have been described above. Here we give the main
results.

As an example, in Figs. 34a and 34b we show the
two-dimensional, i.e., in the shower plane (z,p), distribu-
tions of ionization energy losses of shower electrons in
EPSs produced by gamma quanta with energy
E,=(555+55) and (2125+125) MeV (see Fig. 12). The
dashed lines show the approximating curves

f(p|t.E)) =exp| —p/B(1,E)) 1 /F(1,E,), (54)

where p(4,E,) is the slope parameter depending on the
shower development depth and the energy E,. This is the
only parameter selected in the fit of the experimental data.
The t dependence of this parameter for all 22 studied
ranges of the energy E, is reproduced in Fig. 35. It is
approximated by the linear function'”?

P(tE) =a+B(E ), (55)

which is also shown in these figures. Here the coefficient is
a=(0.042+0.015) r.l. and is independent of E, within the
error. The energy dependence of the coefficient B(E,) is
shown in Fig. 36 and parametrized by the function'’

B(E,))=a+bInE, (56)

in the range E, R 175 MeV. The values of the constants are
given in Table XI for various ranges of ¢ (B is a dimen-
sionless quantity and E, is in MeV).
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Nt(t)|  FIG. 34. Two-dimensional distribution of ionization losses in
A showers produced in liquid xenon by gamma quanta of energy
(a) E,=(555+55) MeV and (b) E,=(2125+125) MeV (Ref.
149); t is the development length and p is the distance from the
shower axis in the plane of the photograph (%=1 r.l.). The
approximating curves (54) are shown by the dashed lines.

a b

The transverse profiles, summed over development
depth, of showers produced in liquid xenon by gamma
quanta of energy E, in seven ranges of values from 100 to
3500 MeV are shown in Fig. 37. These profiles were mea-
sured in the plane of the photograph (the plane of the
shower axis). The energy dependence of the average
widths py(E,) of the profiles pertaining to all 22 of the
ranges of E,, studied are shown in Fig. 38. There we also
show the parametrization of this dependence by the
function'™

Po(E) =a,+b,InE,, (57)

where Ey is in MeV, ap=(0.21:§=0.03) rl., and
b,=0.0850.005.

If the width p is normalized to the average width
Po(E,) as in the case of longitudinal shower development

(Fig. 20), it turns out that the average shower profiles
determined in the plane of the shower axis cease to depend
on the energy E, of the primary gamma quanta at
E, %500 MeV (Fig. 39). One can therefore conclude, like
before, that the average width p,(E,) is a suitable scaling
parameter which unifies the longitudinal shower profiles,
summed over depth, in the plane of the shower axis in this
range of E,.

Using the relation taking into account the conditions
under which showers in the XBC were photographed and
the axial symmetry (on the average) of the showers, we

can reconstruct the radial density of the ionization losses
F,(r|t,Ey) (Ref. 152):

f(p|tE,) =2 fw F(r|tE)dr/ 1—(p/r)?, (58)
p

ﬁ
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FIG. 35. Dependence on the shower development
depth ¢ of the slope parameter p(#,E,) of the function
(54) for various values of the energy E of the gamma
quanta initiating showers in liquid xenon."® The ap-

proximating functions (55) are shown by the straight
lines.
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FIG. 36. Energy dependence of the coefficient B in Eq. (55) (Ref. 173).
The solid and dashed lines show the approximating function (56) for the
two given ranges of ¢ (f,=1r.l.).

where 7 is the distance from the shower axis. The solution
of this integral equation has the form'>?

r d
F,(r|t,Ey)=[1/(m2)]f pr

X [pf(p|t.E)dp/ 1—(r/p)?.  (59)
The final expression for the radial profile function of a
shower is obtained by substituting (54) into (59). Here we
introduce the following notation: s=r/p, x=r/p(L,E,),
and
F(x) =1rp'2(t,E,,)F,(r| LE,)).
Then'®!

(60)

1
F(x)= fo (1/s—1/x)/[s \/1 —?]exp( —x/s)ds.
(61)

The function F(x) depends only on the dimensionless ra-
dius x. Therefore, the average radial profile of the ioniza-
tion energy losses in showers produced in liquid xenon by
gamma quanta of energy E,=500-3500 MeV can be ex-
pressed in terms of the universal function F(x) and the
average width p(£,E,) of the shower at depth #:

F.(r|t,E,)=[mp*(t,E,)]'F(x). (62)

It has been shown that at large x(x%2)
F(x) ~exp(—x) (Ref. 181), in complete agreement with
other experimental data. The function F(x) is shown
graphically in Fig. 40. We see that at small x, i.e., when
rSp and, consequently, the function F(x) describes the
radial distribution near the shower axis, its x dependence is
stronger. But if here pS1 r.l, we are dealing with the
central region of the shower, as discussed above. It is also
easy to see that at the start of the shower (p<1 r.l.) the
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FIG. 37. Transverse profiles of showers produced in liquid xenon by
gamma quanta of energy E,. The profiles measured in the plane of the
photograph are summed over the shower development depth.!?

central region dominates on the average, and as the devel-
opment depth increases there is a smooth transition to the
regime of stronger transverse scattering of lower-energy
electrons characteristic of the peripheral region. This pic-
ture completely corresponds to the available experimental
data, but, in contrast to the model of the two-component
structure of the transverse profiles, here there is no need to

postulate two mechanisms for the scattering of shower par-
ticles.

Fluctuations

SInce it is the fluctuations of the energy deposition in
showers which are of greatest practical interest at present,
we shall not touch upon the experimental studies men-
tioned earlier in which fluctuations of the particle number
in showers were studied, especially since these two shower
characteristics are related.”*’ ‘

TABLE XI. Values of the parameters @ and b in Eq. (56) for different depth ranges ¢ for E,2 175

MeV (Ref. 173).

t, rad. units a-10° —b-10*
0—6 67 + 4 53+S§
0—12 72+3 62+4
Over all 75+3 66 + 4
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FIG. 38. Average widths of showers produced by gamma quanta of en-
ergy E, in liquid xenon. The measurements were made in the plane of the
photograph. The approximating function (57) is shown by the solid line,
and E, is in MeV.'"

Longitudinal fluctuations

It is natural to represent longitudinal fluctuations of
the ionization energy losses of shower electrons as the rms
deviation o' from the average fraction 4 of these losses
(0<4<1). Let us consider the dependence of o,(f) on A,
where the dimensionless variable 4 is the accumulated
probability of the mean longitudinal energy deposition in
the shower as a function of the depth ¢ (51):

A(x)= J: Fy(x")dx’, (63)

where x=t/;(Ey). This characteristic of the longitudinal

fluctuations in showers was first introduced in Ref. 56. In
Fig. 41 we show the dependence of ) on A for showers
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FIG. 39. The same as in Fig. 37 as a function of the dimensionless ratio
p/B(E,) (Ref. 172).
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FIG. 40. Universal function of the radial shower profile x=r/p( LE,),
where p(t,E,) is the average width of a shower produced by a gamma
quantum of energy E,, ¢ is the shower depth, and r is the distance from
the shower axis.

generated in liquid xenon by gamma quanta of energy E,
from 100 to 3500 MeV (Ref. 172). It has been found that
for E,2500 MeV this dependence practically does not

change with energy E, and can be approximated by the
function'”

0P =A{[?+B(y,—A) 1 —a}}, (64)

where a,=(38+1)107%, B,=(166+£5)107%,  and

,=1.01£0.01. This function is shown by the solid line in
Fig. 41. It is not difficult to find the dependence of o'’ on
the development depth from (64). For this it is necessary
to change to the variable ¢ after solving Eq. (63) for x.
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FIG. 41. 4 dependence of the rms deviation o, from the average fraction
A of ionization energy losses for energy deposited along the shower axis.
E, is the energy of the gamma quantum producing the shower in liquid
xenon.!”? The approximating function (64) is shown by the solid line.

B. Stowinski 200



05

FIG. 42. Distribution of the fraction 4 of ionization energy losses in
showers produced in liquid xenon by gamma quanta of energy (a)
E,=(3375+125) MeV and (b) E,=(555+55) MeV (explanations
given in the text).!®

However, the representation of the longitudinal fluctua-
tions as a dependence of o' on 4 is also of practical value.
For example, it may be noted (Fig. 41) that at the matter
thickness in which on the average half the shower energy is
deposited (i.e., 4=0.5), the rms spread of the fraction of
this energy deposition is 0 =0.16, i.e., the actual energy
deposition will fluctuate roughly from 0.34 to 0.66 of the
total shower energy. A clear picture of the fluctuations of
the longitudinal shower development is given by Figs. 42a
and 42b, in which as an illustration we show the distribu-
tion in the depth ¢ of the ionization energy losses in show-
ers produced in liquid xenon by gamma quanta of energy
E,=(3375+125) MeV (Fig. 42a) and E,=(555+55)

MeV (Fig. 42b). These distributions are represented as the
accumulated probability separately for each individual case
of a shower from a sample numbering N,=15 and
N,=20, respectively. The experimental points pertaining
to several cases are connected by straight lines for each
shower separately. The function (63) is shown by the solid
line. We see that, for example, the matter thickness ¢ at
which on the average 4=0.5 of the total energy of a
shower generated by a gamma quantum of energy
E,=(3375+125) MeV is absorbed in the medium fluctu-
ates in a sample with N, =15 from ~4 to ~7.7 r.1. about
a mean value of #(4=0.5) =5.5 r.l. (shown by the dashed
line in Fig. 42a). The inserts in these figures show the same
cases of showers represented as the spread of the fraction 4
of energy deposition about the mean value 4 of this frac-
tion determined for the given sample. For example, at the
depth in liquid xenon at which on the average 4=0.5 of
the total energy of a shower generated by a gamma quan-
tum of energy E,=(3375+125) MeV is absorbed in the
medium, the fraction A varies from 0.25 to ~0.77 for a
sample with N, =15 cases (dashed lines in the insert in
Fig. 42a).

The question of the shape of the distributions of 4 and
t for specified values of 4 and energy E, of the gamma
quanta generating the showers is interesting. This question
can to a large degree be resolved graphicaly, even for a
small sample, by using probability paper (see, for example,
Ref. 155, p. 91). In Figs. 43a and 43b we give two exam-
ples of the distribution of the fraction A for showers from
primary gamma quanta with energy E,= (3375+125) and
(31254 125) MeV, respectively. Ordered event samples at
given values of 4=0.1,0.2,...,0.9 are plotted on probability
paper following a normal distribution. The linear arrange-
ment of points on this graph indicates that the sample
distribution approximately obeys a normal law, although
for A2 0.7 the distributions, as expected, become asymmet-
ric (because 4<1) with kinks at P,=0.5. Analogous dis-
tributions of the same events but in the shower develop-
ment depth 7 suggest that the depths ¢ at which fractions
A=0.1,0.2,...,0.9 of the total shower energy are deposited

FIG. 43. Distribution of showers produced in liquid xenon
by gamma quanta with energy (a) E,=(3375+125) MeV
and (b) E,=(3125+125) MeV on probability paper for a

normal distribution P; of the fraction 4 of the total energy
deposition of the shower. The average values
A4=0.1,0.2,..,0.9 to which these distributions pertain are
given in the upper part of the figure.'®
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FIG. 44. The same as in Fig. 43 relative to the shower de-
velopment depth ¢ for (a) E,=(3375+125) MeV and (b)
E,=(3125+125) MeV.

also approximately obey a normal distribution. The corre-
sponding data are shown in Figs. 44a and 44b (Ref. 169).

Transverse fluctuations

Fluctuations in the transverse development of showers
have been studied rather less than longitudinal ones. Mean-
while, it is they which determine, in particular, the spatial
resolution of the gamma quanta recorded in hodoscopic
gamma spectrometers (see, for example, Ref. 182) and
which impose a natural limit on the transverse segmenta-
tion of electromagnetic calorimeters. Here we present the
results of studies of the transverse fluctuations of the ion-
ization energy losses in showers generated in liquid xenon
by gamma quanta of energy E,=100-3500 MeV (Ref.
168), and also the fluctuations in the fraction of energy
deposition about the geometrical axis of the shower.!™

In Fig. 45 we show the distribution of the coefficient of
the variation 0'f’/4 of the energy-deposition fraction 4 in
the transverse direction of the shower as a function of 4 for
various values of the energy E, of the gamma quanta pro-
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FIG. 45. The same as in Fig. 41 for the coefficient of variation of the
fraction of the transverse energy deposition in showers. (0P /A4) max is the
maximum value of this variation.'”
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ducing showers in liquid xenon. The fraction 4 was mea-
sured in the plane of the shower axis and summed over the
shower depth. The coefficient o'f’/4 was normalized to its
maximum value (0f’/A) .., the energy dependence of
which is shown in Fig. 46 and approximated by the
function'”

(0 /) mx=0,—B, I E,,, (65)

where a,=0.48+0.2 and B,=(48+3)107". It should be
noted that even though these data pertain to the plane of
the shower axis, in going away from this axis they more
and more accurately reflect the radial fluctuations of the
ionization energy losses of shower electrons. As before,
information on these fluctuations can be obtained by trans-
forming, in the A4 dependence of the relative variation (Fig.
45), from the variable 4 to the relative distance p/p(E,)
using the graphical relationship between these quantities
(Fig. 39).

In the detection of high-energy gamma quanta the di-
rection of the axis of the showers generated by them is
reconstructed using the measured momenta from the
counter cells of a transversely segmented hodoscope (see,

4
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6 7 .
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FIG. 46. Energy dependence of the maximum value of the variation
coefficient (0’/A4) ., of the transverse energy deposition in showers
produced in liquid xenon by gamma quanta of energy E, (Ref. 172).
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FIG. 47. Average distance d between the shower axis and the shower
energy axis. Sy is the corresponding rms deviation. Showers are produced
by gamma quanta of energy from 100 to 3500 MeV in liquid xenon.!™
The approximating function (66) is shown by the solid line (E, is in
MeV).

for example, Ref. 78). Here it is assumed that the shower
axis determined from the energy deposition (the energy
axis of the shower) coincides with the geometrical axis,
i.e., the line drawn through the points where the gamma
quantum producing the shower appears and is converted.
In Ref. 170 the XBC was used to study the fluctuations of
the energy axis of the shower relative to its geometrical axis
for energies E, of the primary gamma quanta producing
showers in liquid xenon in the range from 100 to 3500
MeV.

In Fig. 47 we show the E, dependence of the average
distance d between the shower axis and the shower energy
axis, which lies in the plane of the photograph (which also
contains the shower axis) and which separates the shower
into two different parts (the energy axis of the shower is
assumed to be parallel to the shower axis). There we also
plot the values of the corresponding rms deviations S,.
The experimental data were approximated by the
function'”

d=(0.52+0.03) — (59+4)10*In E,, (66)

which is also shown in this figure. Here d is in r.l. and -
E, is in MeV. As expected, d and S decrease with energy
E, and for E,X 3 GeV they are ~0.05 r.1.

Of practical interest, particularly in the case of seg-
mentation for three-dimensional shower reconstruction, %>
is information on the depth ¢, measured from the start of
the shower along its axis, to which the energy axis coin-
cides with the shower axis. The distribution of the average
symmetry depth 7., i.e., the average value of 7, is shown in
Fig. 48 together with the corresponding approximating
function:!™

t,=—(2.9+0.4) + (0.87+0.07)In E,,, (67)

where 7, is in r.1. and E, is in MeV. In the same figure we
plot the values of the rms deviation S, of the symmetry
depth #,. The conclusion is that there are no noticeable
correlations between the distance d and the depth 7, (the
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FIG. 48. Average value of the maximum shower depth 7, up to which the
energy axis of the shower coincides with the geometrical axis of the
shower. The approximating function (67) is shown by the solid line. S, is
the rms deviation of #; from the average value (E, is in MeV).

correlation coefficient for these quantities is less than 0.5).
It should also be noted that the average distance between
the energy and geometrical shower axes (the spatial dis-
tance) is roughly |2d.

Fluctuations of the geometrical shape of the shower

It can be assumed that the coefficients of the variation
of the average length S,/¢ and the average width S,/p of
the shower development characterize the degree of diffu-
sion of the volume of matter inside which the shower de-
velops. In Fig. 49 we show the dependence of these varia-
tion coefficients on the energy E, of the gamma quanta
producing showers in liquid xenon.'® The corresponding
approximating functions are plotted:

S/t=0.61-5.77-10"2In E,,, (68)
S,/p=338—333-10"’InE,. (69)

It is also interesting to compare the degree of diffuseness of
the transverse and longitudinal boundaries of the shower.
Such a comparison is made in Fig. 50 in the form of the
energy dependence of the ratio of the rms deviations S,/S.
There we also show the energy dependence of the ratio
p/t of the average transverse and longitudinal shower
dimensions. We see from these figures that the relative
fluctuations of the transverse shower dimensions are about
two times smaller than the longitudinal ones (i.e.,
S,/p=(S /1)/2; see Fig. 49) in the range of primary pho-
ton energies E considered, and that they decrease with
increasing E,, . The same trend is also observed in the ratio
of the diffuseness of the transverse and longitudinal bound-
aries of the shower (Fig. 50). Figuratively speaking, as the
energy of the gamma quanta increases the boundaries of
the showers they produce become sharper and sharper,
with the lateral profiles of the shower considerably sharper
than the longitudinal ones. The showers themselves be-
come more extended in the forward direction (for exam-
ple, for E,=~150 MeV the ratio p/¢ of the average trans-
verse and longitudinal dimensions of the showers is ~0.6,
while for Eyg 3000 MeV it is ~0.2).
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FIG. 49. Dependence of the coefficients of variation of the longitudinal
S/t and transverse S,/P shower development on the energy E, of the
gamma quantum producing the showers in liquid xenon. The corrspond-
ing approxlmatmg functions (68) and (69) are shown by the lines (E, is
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This important topic has become a subject of experi-
mental study only relatively recently. Two questions of
practical interest have been studied, and the experimental
data was obtained using XBCs. The authors of Ref. 171
studied the correlations (in the plane of the shower axis)
between the length 7 and width p of development of show-
ers produced in liquid xenon by gamma quanta of energy
E,=100-3500 MeV. The correlations between ¢ and p were
studied with the condition that exactly a fraction
A=0.9,0.8,0.7, and 0.6 of the total shower energy was de-
tected. The corresponding experimental data are shown in
Fig. 51 for the eight indicated values of the energy E,. A
point (#,p) on a curve at a given energy E, means that on
the average a fraction 4 (shown on the figure) of this
energy is released in a volume of liquid xenon of thickness
t and width 2p. In other words, the values of # and p at a
given energy E, and fixed 4 are correlated on the average,
which is seen from these figures. However, owing to the
transverse and longitudinal fluctuations each such depen-

205 Phys. Part. Nucl. 25 (2), March-April 1994

FIG. 52. Graph of the distribution of showers produced in liquid xenon

. by gamma quanta of energy E,=(3375+125) MeV [a and b] and

E,=(375+35) MeV [c and d]; ¢ and p are the thickness and width of
the layer of liquid xenon inside which the fraction 4=0.9 and 4=0.7
(shown on the figures) of the total shower energy is released. N, is the
size of the sample of analyzed shower events. The curve shows the result
of the averaging. The data are from Ref. 171.

dence is statistical in nature and in fact represents a graph
of the distribution of points (z,p) scattered near the aver-
aged dependence, which is shown as a curve. An example
of the graphs obtained in Ref. 171 of the distribution of
points (zp) is shown in Fig. 52 for the two values
E,=(3375+125) and (375+35) MeV and the two values
A=0.9 and 0.7. There we also give the number ¥, of cases
in each sample.

It follows from these data in particular that owing to
the significant fluctuations of the spatial dimensions of
showers it is insufficient to measure the energy deposited
inside a volume of thickness ¢z and width 2p in order to
somehow judge the energy of the primary gamma quantum
if the spatial structure of this energy deposition is un-
known.

The authors of Ref. 169 studied the correlations in the
longitudinal distribution of the ionization energy losses of
individual showers generated in liquid xenon by gamma
quanta of energy E,=100-3500 MeV. We recall that in the
graph of (4,t) (Figs. 42a and 42b) the points farthest from
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TABLE XII. Values of the correlation coefficient 7;; given by Eq. (70). E,=(3375+125) MeV.

J 3 4 5 6 1 8 9 10

i

2 0,52 0,64 0,48 0,42 0,07 0,38 0,02 0,19
3 0,79 0,49 0,42 0,18 0,26 0,41 0,48
4 0,76 0,62 0,33 0,25 0,34 0,27
5 0,90 0,43 0,02 0,13 0,11
6 0,45 0,77 0,26 0,08
7 0,24 0,24 0,22
8 0,14 0,48
9 0,14

the solid line are connected by straight-line segments such
that each broken line is an individual case of a shower or,
in other words, a realization of the random function of the
accumulated probability of the longitudinal ionization en-
ergy losses (henceforth referred to as the random func-
tion). It may be noted that with increasing energy E, the
random shower functions become smoother on the aver-
age. This suggests that the observed form of the distribu-
tion of the energy deposited in a shower up to a certain
development depth can give information on how much en-
ergy is deposited at large depths and, therefore, on the total
energy of the shower. In other words, it can give informa-
tion on how strongly the individual segments of the ran-
dom shower function are correlated with each other during
the course of the shower development. To obtain a quan-
titative estimate of these correlations we use the standard
definition of the correlation coefficient

r,]=COV(X,,XJ)/[0(X,)0(XJ)], (70)

where X,=AA/At; is the slope of the random function at
the depth ¢; of the liquid xenon at which on the average
i/10 of the total shower energy is absorbed (/=2,3,..,10),
and the thickness of the layer At;=t;,—¢;_, is chosen such
that on the average a fraction A4=0.1 of this energy is
absorbed in it (j>i). The numerical values of the coeffi-
cient r;; for two of the six values of the energy E, analyzed
in Ref. 169, E,=(3375+125) and (555+55) MeV are
given in Tables XII and XIII.

Although the small statistics of the analyzed events
does not allow definitive conclusions to be made, it can still

TABLE XIII. The same as in Table XII for E,=(555+55) MeV.

be noted that in the range E,=100-3375 MeV of energies
of gamma quanta producing showers in liquid xenon, only
short-range correlations of the longitudinal energy release
in the vicinity of the shower maximum (i.e., for i=4-7)
are observed.'®

6. CONCLUSION

In recent years significant progress has been made in
the study of the main characteristics of electron—photon
showers produced in heavy amorphous media by gamma
quanta and electrons at accelerator energies. The wide va-
riety of available experimental data can, in principle, be
described within the framework of modeling showers by
the Monte Carlo method, and the corresponding computer
programs are constantly being improved by the more ac-
curate inclusion of the elementary physical processes and,
of exceptional importance, the use of various algorithms
for faster and faster modeling.

The results of measurements of the longitudinal
shower profile can be represented as a universal distribu-
tion, at least for sufficiently high energies of the gamma
quanta (and electrons) generating the showers ( X 500
MeV) if the average shower development length is taken as
the length scaling parameter. A universal cascade curve
can also be constructed using the location of the shower
maximum or its median as this parameter (see, for exam-
ple, Ref. 117). This representation of the longitudinal
shower development averaged over fluctuations is appar-
ently valid to energies of several TeV, since at higher en-

J 3 4 S 6 7 8 9 10
]
2 0,64 0,13 0,08 0,14 0,11 0,10 0,08 0,04
3 0,70 0,26 0,04 0,02 0,08 0,11 0,05
4 0,68 0,20 0,15 0,08 0,01 0,03
5 0,55 0,30 0,23 0,06 0,02
6 0,68 0,44 0,14 0,14
7 0,68 0,25 0,22
8 0,33 0,01
9 0,03
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ergies the effective cross sections of electromagnetic and
weak interactions become comparable, so that the shower
is enriched by hadrons and neutrinos. This in turn leads to
a significant increase of the longitudinal dimensions of the
shower. Figuratively speaking, a shower begins to
lengthen, first at the start of its development and, as the
energy grows, gradually over the entire depth it occupies.
In addition, at energies of ~10'3 eV and above the LPM
effect becomes more and more important. It also produces
a gradual lengthening of the longitudinal dimensions, but
only of the electromagnetic component of the shower.
However, deviation from the ‘“standard” form (51) of a
shower produced by gamma quanta begins already at an
energy of ~100 GeV owing to the Chudakov effect. This
deviation is not difficult to take into account by shifting the
corresponding point where the shower starts along the
shower axis to the point at which the mutual screening of
the electron and positron of the pair is unimportant. This
procedure has practically no effect on the energy balance of
the shower. It increases only the longitudinal fluctuations,
which are equivalent to fluctuations of the conversion
length of the primary gamma quantum. It should also be
noted that a significant compression of the longitudinal
dimensions of the electromagnetic component of a shower
can be obtained using the effect of the coherent interaction
of photons and electrons incident on a single crystal at
sufficiently small angles relative to one of its crystal axes.
However, here, owing to the simultaneous channeling of
the hadrons, their mean free path grows considerably.
Therefore, a single crystal acts as a separator of the elec-
tromagnetic and hadronic parts of a shower generated by a
particle of sufficiently high energy.

Another important shower characteristic on which
rather diverse experimental data have been obtained is the
transverse profile. As shown by the present author, again in
this case it is possible to obtain a universal description of
the radial distribution of the ionization energy losses using,
as before, the average width of the shower as the scaling
parameter. The longitudinal and transverse fluctuations in
showers can also be represented in universal form.

Finally, we note that the correlations between various
characteristics of electron—photon showers have been stud-
ied very little. This is a very complicated technical problem
from the experimental point of view. However, such results
are needed for studying particle multiple production pro-
cesses at high and superhigh energies, which will be done
at accelerators of future generations using finely segmented
electromagnetic calorimeters.

DVarious synonyms are used in the literature to refer to this process:
electromagnetic cascade, cascade shower, electron—photon cascade, and
SO on.

BSince in most shower detectors it is not possible to distinguish electrons
from positrons, as a rule the term electrons refers to the sum of electrons
and positrons.

3References to other studies on experimental shower investigations can
be found in the publications cited here.

“)This quantity is somewhat larger than the analogous estimates given in
the literature for liquid xenon (see, for example, Ref. 92), since the
XBC contains an addition of 0.5% ethylene by weight™ or 1% propane
and 0.7% ethylene by volume® for extinguishing the scintillations and
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obtaining reliable sensitivity to ionizing radiation. Henceforth we shall
take the radiation length in the XBC to be 4 cm. The radiation length is
defined in Sec. 2.

$)Various synonyms can be encountered in the literature: radiation length,
radiation unit, shower unit, # unit, cascade unit.

©)The other possible interpretation of this event is less probable.

"n the case of a simplified modeling scheme it is appropriate to consider
different variants of the model in order to be able to estimate the degree
to which the final result can depend on the assumptions which are made.
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