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This review contains a description of the theoretical methods of studying the spectra of
hydrogen-like systems. Different versions of the quasipotential approach and the method of the
effective Dirac equation are considered, including relatively new methods which have
appeared in the 1980s. These include the method of studying spectra using the quasipotential
equation with the relativistic reduced mass and the method of selecting logarithmic
corrections by means of the renormalization-group equation. Special attention is paid to the
construction of perturbation theory and the selection of graphs which make it possible

to calculate the contributions of various orders in the fine-structure constant a to the energy
of the fine and hyperfine splitting in hydrogen-like atoms (positronium, muonium, and

the hydrogen atom). Then the experimental and theoretical results are compared for a wide
range of problems such as the fine and hyperfine splitting in hydrogen-like systems, the
Lamb shift, and the anomalous magnetic moments of the electron and muon. The related
problem of the precision determination of the numerical value of the fine-structure

constant is also discussed.

1. INTRODUCTION

In recent years, like earlier, much attention has been
paid to the study of the energy levels of hydrogen-like
(HL) systems—positronium, muonium, hydrogen, and so
on, which form the basis for verifying the predictions of
quantum electrodynamics (QED). An earlier review! has
been devoted to this topic. The current status of research in
this area is analyzed in the present article.

As is well known, the Dirac equation allows the inclu-
sion of the spin—orbit and spin—spin interactions in HL
systems and, accordingly, the prediction of the fine and
hyperfine structure of the energy levels with accuracy
O(a*). However, the deviations in the fine structure of the
levels, corrections for hyperfine splitting (HFS) induced
by radiation effects, and the existence of the Lamb shift
(splitting of the 2S,,, and 2P, ,, levels, which coincide in
the Dirac theory) can be described only by using the
quantum-field methods of QED.

In nonrelativistic quantum mechanics the two-body
problem reduces to two simpler problems: the uniform mo-
tion of the center of mass and the motion of a particle with
reduced mass in a potential field. In the relativistic case of
QED it is impossible to separate explicitly the center-of-
mass motion and introduce the ordinary potential concept.
The distinguishing feature of most quantum methods of
describing bound states is the use of the technique of two-
particle Green functions and the determination of the spec-
trum from the locations of its poles.

The equation for the Green function of two fermions
can be written in the Schwinger form:

{(ym—M) (ym—M),—1,}G=I, (1)

where 7=p,—eA,, where p’, is the 4-momentum of the ith
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particle, A_, is the external field acting on the ith particle, e
is the electron charge, M; is the mass operator of the ith
particle, I, is the interaction kernel of particles 1 and 2,
and [ is the unit operator. Finally,

(O] T{Wa(x1) 1 (x3) o (3) P (x4) S} | 0)
(0|S]0)

G(xl ,xz,x3,x4) =

(2)

is the complete two-particle Green function in the interac-
tion picture and ¥(x;) are the field operators of the com-
posite particles.

Equation (1) can also be rewritten in Bethe—Salpeter
(BS) form (Ref. 3):"

G(x1,%25%3,%4) = Go(x1,%7;%3,%4) + Go(x1,%X2;X] ,X3)
X K gs(x1,%3;%3,X4) G(X3,%43%3,X4),
(3)
Go(x1,X2;X3,X4) =1G,(x1,%3) Gp(X,%4), (4)

where G, is the free-fermion Green function, and K gy is
the kernel of the BS equation, which is related to the par-
ticle interaction operator /,,, represented as the sum of
two-particle-irreducible Feynman graphs. The state of the
two-particle system is determined by the two-time wave
function 1, the solution of the homogeneous equation cor-
responding to (3):

(Gy ' =K ps) ¥ 5 (x1,%,) =0, (5)
W5 (x1,%3) = 0| T{Yh,(x)¢¥p(x3) }| Z,v). (6)

The vector |Z,v) characterizes the bound system with
4-momentum & and the set of additional quantum num-
bers v as a whole.
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Using the translational invariance and choosing the
c.m. frame # x= (E,0), we can obtain the wave function
corresponding to a state with definite energy E:

V5 (x),x,) =e = EXogo(x) @)

(X is the time coordinate of the center of mass, and x is
the relative coordinate).

The bound-state problem in relativistic quantum me-
chanics can be solved only approximately, using perturba-
tion theory. For the basic approximation one usually uses
something corresponding to the instantaneous (Coulomb)
interaction. The energy spectrum corresponds to Coulomb
levels determined from the wave functions, and the correc-
tions to them are obtained from higher orders of perturba-
tion theory:*

AE=—ifg (x) (K+KGcK+etc.) g (x'), (8)

where K=K ss— K¢, K¢ is the Coulomb part of the kernel
of the BS equation, G is the solution of Eq. (3) with the
kernel K¢, and ¢ (x) is the solution of Eq. (5) with the
kernel K. However, the state ¢k (x) is not stationary,
and the relation between the function ¢k and the solution

of the Schrodinger (or Dirac) equation with the Coulomb
potential is rather complicated. Difficulties also arise in the
normalization and formulation of the boundary conditions
on the wave function depending on the relative time. All
this in the final analysis affects the accuracy of the calcu-
lations.

The formalism of three-dimensional equations in rela-
tivistic bound-state theory arose even before the appear-
ance of the covariant field-theoretic formalism.>’ Of spe-
cial importance were the development of the quasipotential
method®® and the Gross approach.'® The quantum-field
equations in these approaches are free of the defects of the
BS equation and are very close in form to the nonrelativ-
istic Schrodinger equation with potential V. They can be
viewed as a direct generalization to the relativistic case of
two-body potential theory. The basic idea behind all three-
dimensional approaches is that of choosing the “bare” two-
particle propagator which gives a good description of the
physics of the problem. In the quasipotential approach this
choice is made by transforming to the two-time Green
function in which the relative-time parameter ¢,—¢t, is
eliminated. In the Gross approach the bare two-particle
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FIG. 1. Parametrization of the off-shell two-particle
scattering amplitude 7T in the cm. frame
(= (E*+m}—m3)/2E* and n,= (B2 +mi—m?)/2E%).

propagator is chosen in the form of a projector on the mass
shell of the heavy particle and the free electron propagator.

2. THE QUASIPOTENTIAL APPROACH IN QUANTUM
FIELD THEORY

As already noted in the Introduction, the quantum
field equations for a two-particle system in three-
dimensional approaches reduce to Schrodinger-type equa-
tions with quasipotential determined by two-time Green
functions. In spite of the absence of explicit relativistic
covariance, the quasipotential method retains its informa-
tion about the properties of the scattering amplitude,
which can be obtained by starting from the fundamental
principles of quantum field theory. Therefore, the quasipo-
tential equation can be used to study both the analyticity
properties and the asymptotic behavior of the scattering
amplitude, and also some of the regularities of potential
scattering, in particular, at high energies.!! The renormal-
ization of the quasipotential equation reduces, as in
ordinary S-matrix theory, to mass and charge
renormalization. '?

The quasipotential method is very effective also for
determining the relativistic and radiative corrections to the
spectra of hydrogen-like atoms. It is often convenient to
introduce instead of the Green function (2) the off-shell
two-particle scattering amplitude:

G=Gy+ Gy TGy, (9)

which is related to the kernel of the Bethe-Salpeter equa-
tion as

T=Kpgs+KpsGyT (10)
or

T=Kgs+K psGK gs. (11)
On the mass shell (py=¢y=0, Jm + P 4+m;

= J@+m} + \§+m3 = E) the amplitude T coincides
with the physical scattering amplitude (see Fig. 1).2
Henceforth, we shall take \/p?'z-kmi],zsel’zp.

The quasipotential approach is universal and symmet-
ric in describing the two particles. Because of this it is
applicable for studying any system of particles with arbi-
trary masses. However, the operation of equating the times
does not lead to the Dirac equation for one of the particles
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when the mass of the other tends to infinity. In studying
HL atoms, in which the nucleus has a large charge and
mass, it is convenient to use as the initial approximation
the exact solutions of the Dirac equation with Coulomb
potential. This method was suggested in Ref. 10.

The authors of Ref. 13 have constructed a self-
consistent three-dimensional formalism leading to an effec-
tive (modified) Dirac equation based on the ideas of the
quasipotential approach. In contrast to the usual proce-
dure, when the time arguments of the operators ¥,(x;) and
¥p(x,) in Eq. (6) are equated, in that study the limit
X o is taken.>) This leads to the following representa-
tion for the wave function (WF) in momentum space:

1

Y, (p3:51,52) = p2,03| ¥4(0) | 2 ,v), 12

2 (P1:P1:P2) 725_21,@2 2| ¥4(0) | ) (12)
for which it is easy to transform to the variables corre-
sponding to the total and relative momentum. A similar
procedure performed also for the free Green function G,
[see Egs. (2.5), (3.4), and (3.5) of Ref. 13] leads directly
to the equation

A l -> > > ->.
(P +h-m)¥o D=5 [ VGOV @,
(13)

which in the limit m,— o« becomes the Dirac equation for
particle 1 in an external field. This is a characteristic fea-
ture of the method of the effective Dirac equation (EDE).

Although the Logunov-Tavkhelidze quasipotential ap-
proach and the Gross approach (the EDE method) are
based on different physical assumptions, the expressions
which can be used to calculate the corrections to the en-
ergy levels of composite systems are very similar in these
two approaches (the momentum notation corresponds to
Fig. 1).

QUASIPOTENTIAL APPROACH AND THE EDE
METHOD

Bare propagator for the two-fermion system

. 1 © (o .
Go(p,q;E)=Wf J_ dpydqoGo(p,q;p0,90:E);

Go(P.G:po,90;E) =i(2m)* 8 (p—q).

Pr—my py—m,
g(p.g;E) =A,S(p,g;E)

. Prtmy
=2mif(p)6(pE—md) (2m)* —— 6 (p—q).
ph—m
The relative-time parameter is set equal to zero in the first
approach. In momentum space this operation corresponds
to integration over the relative energies;

66" =F=2m)3(p—q) (E—€1p—62p) -1

is the free Green function projected on states with positive
energy.

A, denotes the projection operator on the mass shell of
the second particle. The momenta of the constituents are
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usually writte_)n as py=% —p,. In the case of the c.m. sys-
tem & =(E,0) we have p? = E — ,[iz+m22.

The complete Green function

The two-time complete Green function is related to the
off-shell scattering amplitude as

G+ =63 +[GoTGo) ™,
which can be rewritten using the quasipotential
V=(G3)"'=(G+)~!
=(6) ™" [GoT Gyl * (G+) "' =7[1+G5 71"
G+ =67 +63 V6.
The effective Dirac equation is constructed by using the
new two-particle Green function G:
G=g+gTg,
which satisfies the equation
G=g+8Ven:G.

It can be used to find the three-dimensional Green func-
tion:

G(p.g:E) =i(2m)*8(p5—m3) G(B.G:E)8(g5—m)),

obeying an analogous equation.

Kernel of the equation

It is the quasipotential expressed in terms of the am-
plitude

7=(6) M [GoTGol * (6!

as
T= I7+ f/ég” T.

It is introduced in the second method by the relation
T=Vepe+ VepegT.

Equation for the wave function

The single-time wave function obeys the corresponding
homogeneous equation:

(GH ="y,

The homogeneous equation for the wave function in sym-
bolic form in the second method is

S~1¢=A,Vepes.

In expanded form for the two-fermion system these are
written as

> da 5> > ->
(E—eyy—e)¥ ()= [ T3 VBEEIV(@);

, dg .
(ﬁn—m1)¢(p;E)=(ﬁz+Mz)f @n2e,
X Veoe(B.4:E)$(GE).
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Since the WF in the muon index satisfies the Dirac equa-
tion, the above equation can be rewritten for the WF ¥
containing only the electron spin factor:

-> dé’ iy > > ->
(Pr—m))Y(DE) = f W’VEDE(P»q;E)W(q;E)-

The energy spectrum

Solving the resulting equations by perturbation theory,
we obtain the expression for the corrections to the energy
levels of an HL atom (Ref. 14):

E,=E2+(n|AV® L V*4 ..|n) XE,
=Ey+(n|iéVgpg|n)

multiplied by
) )

(1+{r
3 ap@lmiml g

+(n

AV
oE

")

mn En_Em
or
sV, . .
(1+ <n i aEDE n> )+(”|i5VEDEGnoi5VEDE|”)

. 88 I‘}EDE
'K

X(l+<n

where
AVO =P _y .,

and v is the Coulomb potential, or where

)

I}EDE = IA’o +6 I}EDE )

and V), is the bare potential. The derivative with respect to
E is taken at the point EC.

It should be noted that there is a different method of
constructing the quasipotential, using the physical on-shell
(but off-shell with respect to the system as a whole) scat-
tering amplitude. However, for precision calculations of
the eigenvalues of HL atoms (for example, for calculating
the corrections to the Fermi energy of the HFS of the
ground state with accuracy better than ) it is quite im-
portant to include the effects due to the particle binding
and the relativistic nature of the particle interaction. The
analysis of these effects is much more efficient in the first
method. This is because in higher orders of perturbation
theory the on-shell scattering amplitude can have poles in
the infrared region. If graphs up to fourth order in the
charge are considered, the infrared divergences of the
quasipotential cancel in the sum of the graphs. In the anal-
ysis of higher orders in a the singularities in the behavior
of the quasipotential lead to the appearance of contribu-
tions logarithmic in the fine-structure constant. The possi-
bilities of including such effects by means of the on-shell
scattering amplitude are limited. In addition, the presence
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of poles in the virtual-particle propagators considerably
complicates the integration over the relative momenta (see
Sec. 3 and Ref. 15).

In the construction of the quasipotential using the two-
particle Green functions the total energy of the system
explicitly enters into the quasipotential. As a result, the
conditions for normalization and orthogonality of the
eigenfunctions'® along with perturbation theory acquire
special features.

Let the eigenvalue equation have the form

[F~Y(E) -V (3.6:E) 1¥£(§) =0,

where?

(14)

F(E)=G§ =216 (5—§) (E—e1,—£5,) ™!, (15)

and the quasipotential is defined above. Then for the eigen-
function V¥, corresponding to the state with eigenvalue E,
we have

A+ __n
Gt (E) W(E,E,.)‘I'n—E_En , (16)
with
F-YE)—-F~YE, V(E)—V(E,)
W(EEy) = E—E, ~  E—E,
(17)
Since near a pole (E~E,)
*
'\+ ~ n n
G (E)_E—E,,’ (18)

the orthogonality and normalization conditions take the
form

V*W(E, E)¥,=8,, (19)
and
IV (E)
vy =5,,,+v* v, (E,=E,). (20)
m m  AF g

n

Since the energy levels of a composite particle are poles
of the exact scattering amplitude, and this pole is absent in
each individual term of the expansion of this amplitude in
powers of the charge, there must exist an infinite sequence
of graphs for bound states leading to contributions to the
energy of the bound system of the same order in a. The
graphs making up this sequence are reducible Feynman
diagrams in the sense of two-particle cross sections. How-
ever, such an effect of the binding can occur also for irre-
ducible diagrams (for example, in the calculation of the
Lamb shift of the energy levels).

As was shown in Refs. 3 and 17, diagrams with suc-
cessive exchange of Coulomb photons in the infrared re-
gion give a contribution of the same order in a in the
calculation of the hyperfine splitting of an HL system.
Therefore, it is necessary to make the corresponding mod-
ification of the procedure of constructing the quasipotential
owing to the need to selectively sum an infinite series of
diagrams. Let us introduce the Coulomb Green function
G satisfying the equation
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(Gy'—Ko)Ge=1, (21)
where
Kc(Bg) = —e—(»@wcro (22)
r-9

is the Coulomb kernel (I'y=7,0¥20). Equation (21) can be
rewritten as

Gc=Go+ GoK G c=Go+ G K Go, (23)

and the complete Green function can be written as in (9)—

(11):

G=Gc+GTGe, (24)
T=K+KG.T, (25)
T—K+KGK (26)

(here I?:KBS—KC).
The wave function characterizing the state of a two-

fermion system with total energy E must then satisfy an

equation of the quasipotential type:
[(GEBGE) ™'~ V(BGE) 1 WL(§) =0,

where again there is understood to be an integration over
repeated momenta. The corresponding quasipotential has
the form

V(p.G.E) =[Gt (BGE) ] —[G(BGE)] ™
=(GE)[GTG* (61,

(27)

(28)

and G* is the two-time Green function projected on
positive-frequency states (see above).

The technique developed in Ref. 18 using the Coulomb
Green function makes it possible to include successive mul-
tiple exchange of Coulomb photons and to write down
expressions for the energy-level shift AE relative to the
Coulomb energy.

We see from Eq. (24) that the complete two-particle
Green function (projected onto positive-frequency states)
has the inverse

(GH)~'=(GE) = (GE)'TEGH) Y,

T¢=[GcTGc* (29)
and the quasipotential can be written as
VBGE) =(GH) ' TE(GH) ' =7o— TGt Tc+
(30)
Te=(6H)T'TEGH ™" (31)

Projecting the two-time Coulomb Green function onto
positive-frequency states, we find

Gt =F+F(vGo)* =F+(Gevo) *F. (32)
Here we have used the expression

Go=(A++*F—A~"F")T,, (33)
where F is given by (15) and

F'=2m)’8(0—§) (E+e1,+5,) " (34)
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ATT=Af(P)AS(—=p) and
A*(P) are projection operators.
Transforming Eq. (32), using the relations

A" T =AT (P)A5 (—p),

[QGc] T =[Q3T,]*G¢, (35)
[GQI+=GE[3'ToQ]+ (36)
(where S=(1+A""F'vo)~! and 3'=(1

+vcATTF') T 1 and Q has an arbitrary matri:i structure),
we obtain a closed equation for the function G¢:

Gt =F+FKs;Gt=F+GtKsF (37)

with the kernel K5 = u’l"u’z"guluz and S=v==3'vc. The
inverse Green function (Gé’ ) —1in this case is

(CH'=F'—Ks, (38)

and the kernel K5 contains projections of the Coulomb
interaction on negative-frequency states:

Ks=K! +8Ks=K{ —utu¥vcA™ "F'veuu,.  (39)

It is important to note that F’, in contrast to F, does not
have a pole for g, §—0, E—m;+m,. In the approximation
of the large components (u; = (g”'), where w; is a normal-
ized Pauli spinor) the kernel K¢ coincides with the Cou-
lomb potential, and the term containing the projection op-
erator A~ vanishes. Therefore, the principal part of the
kernel K5 is equal to K¢, and the function (ég )~! coin-
cides with the inverse Green function of the nonrelativistic
Schrédinger equation with Coulomb potential.

In many cases the quasipotential is conveniently cho-
sen in terms of the amplitude Ty = [GoTGo]*. This can
easily be accomplished by using the auxiliary expressions
(35) and (36). Since

TE=Tg +(ToKGo)* +(GoKcTo) *
+(GKcToKGo) ™, (40)
after using the transformations (35) and (36) we have
TE=TF +GE(E vl o) + (TovcloZT) T GE
+GE(Z'vcT KT T GE . (41)
Equation (41) can more conveniently be written as

T} = (GEu*udSI+Tu*u¥) To(Tourusd + Tol Suu,GE),

(42)
or, using the fact that
At 4+A—=I,
A—=A14+(P)A2— (—P) + Al = (P)A2+ (—P) +A——,
(43)
in the form
TE=Gt[F'T{F '+ F~ (ToToA 3Ty) *
H(ZA~T) tF 4 (SA—TLA 3Ty T1GE .
(44)
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Therefore, the amplitude 7. can be written as the sum
Tc=To+ p» Where 7 is the scattering amplitude containing
the matrix 7" and the other terms correspond to the higher-
order interaction with subtraction of the corresponding
iterations.

The graphical interpretation of the amplitude 7 is ob-
vious: it represents the set of all irreducible graphs, exclud-
ing the graph with exchange of one Coulomb photon, and
also reducible graphs with exchanges of Coulomb photons
only in intermediate states. The corresponding quasipoten-
tial can also be split into two parts:

V(3.3.E) = 17;04— I7'p+higher orders, (45)
where
Vi =To—70GE 0, (46)
Vo=p—pGEp—7GEp—pGEm, (47)
with
p=F~'ARF~!, (48)
AR=F(ZA~To)* 4+ (ToTA~2Tp) tF
+F(SA—T,ToA~3Ty) *F. (49)
After _ substituting the amplitude 7 from (26)
(T =K+KGK) into (46), we have
Vi =F"'[K$ +(KGK)§ —K§F'GLF K
+etc. ]JF 71, (50)
in which we have used the notation
i =[GoKGol ™, (51)
(EGCI%)Jz[GOEECkGO]+~ (52)

To calculate the shift of the energy levels of the two-
fermion system up to order a®In a it is sufficient to include

(KGK)§ = (KGoK)§ + (KoK cKo)
+ (KoLvcGovToKo) T (53)

Using the representation of the unit operator in terms
of the projection operators, we find

(KoTolvcGovcTolKo) *
=K (vBovo) YRS + K (vGovToAKo) +
+ (KT ~vGeve) T Ky
+ (KoLoA v Govel oA~ Ko) *. (54)

The first term in this expression gives the largest contribu-
tion in the calculation of the energy-level shifts.

Using the definition of the operator =, we can make
the transformation

(vlGove) = [vEU+A"F've)Gevel
=CATGwve) T+ (EA Gve) T
+(ZA™F'vGeve) T (55)
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Starting from the definition of the kernel K5 (39), we
have

(AT Gwvo) t =K3(Gove) * =K5GEKs. (56)

Since we have the equation /l_éc= —ATTF (Tp+ vcéc),
the sum of the last two terms in (55) can be transformed
to

(CA=Gwve) T+ (CA~ " FvGove)+

=—(SA~"F'Tyvo)t=Ks— K} . (57)
Therefore,
(VCGACVC)+=K262K2+K>:—K§- (58)

The iteration term in the quasipotential expression
(50) including (37) is written as
KiF~\GEF~ 'K =K (F'+ K3+ K5GEK5)K] .
(59)
Substituting the last two equations into the expression
for the quasipotential, we convince ourselves that the pro-
jection of the block v Gvc on positive-frequency states

drops out of the expression for the quasipotential (50).
Here

Vi =F {K{ +(KGoK)§ —K§ F~'Ks + (KoK cKo) *
—KKEKS +KF (vGevel o ~Ko) *
+ (Eoro/l_vcéc"’c) +IEO+
+ (KoL v G vl ~Ko) *}F 1. (60)

Information about the corrections to the Coulomb en-
ergy levels can be obtained by constructing perturbation
theory on the basis of the above arguments and Eq. (27)
written as

(F~Y(Ec)+AE—K} —V(E))¥g=0,
where
V=V+Ks—K¢, (62)

and AE=E— Eis the correction to the ground state of the
nonrelativistic Schrodinger equation with Coulomb poten-
tial.

If E' is the eigenvalue of the wave function of the
equation with kernel K¢,

(61)

(GE(E)) Wp=(F'(E')—KE)Wp=0,  (63)
the initial equation (61) takes the form

((GE(E") ™'+ AE'— V(E))¥5=0, (64)
with

AE'=E—FE' and AE=AE'+AE-=AE'+E' —E,.

(65)

Let us assume that the eigenfunction Wz and energy
eigenvalues are known. According to first-order perturba-
tion theory, we find (Vy=Y¥Yz+¥})

(GE(E)) "+ AEW, — V(E')W5)=0.  (66)
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Multiplying both sides of this equation on the left by w¥,
and using the normalization condition, we obtain

AE;=(¥p | P(E') |¥5), (67)

W,
E—E

\PI=(G§(E’)— )?(E’)‘I’E,, E-E'. (68)

Similarly, for the correction to the energy level in
second-order perturbation theory we have

AE = (V5| V(E')(1+G (E)V(E)) | ¥g), (69)
where

Vv,

GeH () =GE (B —5—% -

(70)

The term containing the energy derivative has dropped out
of the final result, since Wy are the eigenfunctions of the
equation with kernel K&, which is independent of the en-
ergy.

To determine W ;- from Eq. (64) we introduce the aux-
iliary function ®z determined by the equality

(€1q+771E) (52q+772E)
2u(E+¢14+65)

Ve ()= @ (4)

(2E'e1,+ E?+ m}—m3) (2E'€,g+ E’* + mi—m])

BUE'2(E' +€14+£29)
X P (§), (71)

satisfying a nonrelativistic Schrodinger type of equation:

(gc'—Ae—6K) D =0, (72)
where
2
—1_ P_ _ _ mym,
8c ‘“WC_ZM—VC9 Wce=Ec—m;—my, “_m1+m2’
(73)
Ae— W ((my+my)?—E"?) (E™—(m—m;)?)
£= C+ 8IuE12
(74)
and
(E1g+ME) (e29+mE)
8K-=K{ (pq) — g —v
C C(p q) 2.“‘(E+Elq+52q) C
>
Wo—a
Kt i —v (75)
=2 E —Elq—Ezq c
The Coulomb WF of the 1S state
p Zop 0 76
¢C(p)'_(1‘7’2+zza§”§)2 |¢C(r— )l: ( )
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(ap)’
|$c(r=0)|2= : (77)
m
obviously satisfies the equation
8¢ '6c=0. (78)

The correction to this Coulomb energy level AE and
the function @ are found (like AE’ earlier) by using
quantum-mechanical perturbation theory:

AEc={¢c|6Kc(1+gc0K() |dc),

, Pt
gc=gc——-————E_EC, for E-Ec.

(79)

(80)

In second-order perturbation theory the eigenfunction
of Eq. (63) has the form

(€1p+my) (e2p+my) =P
4m1m2

X [6c(P) +8BK)SK (k) be( )]

(there is understood to be an integration over the 3-vectors
k and q).

The final expression for the total shift of the energy
level E relative to the Coulomb ground state is the sum of
the correction AE: and the corrections from the quasipo-
tentials 6Ks=Ks—KF and V(E). The expressions for
these corrections are given in Refs. 18 and 19:

Ve (P)=

(81)

AE=AEgx+AEgy+AE,y, (82)
AEgx={¢c|0Kc(1+85Kc) |dc)

+(Wp |8Ks(1+GL(E)8Ks) |¥p),  (83)
AEgy=(Vp | V(E')GH(E")8K5

+8KsGL(E ) V(E") | ¥g), (84)

AEyy=(Y | V(E')(1+G(EV(E")) | ¥g). (85)

The question of constructing the kernel of the equation
has been studied in Refs. 18-20. The kernel K can be ex-
panded in a perturbation series:

K=K;+K®, (86)

where the subscript 7 denotes a transverse photon in the
Coulomb gauge, and K% is constructed from the graphs of
second order in the fine-structure constant.

We note that in the case of a two-particle system con-
sisting of a particle and an antiparticle, it is necessary to
include the annihilation channel of the interaction in con-
structing the interaction kernel.!*?!

A method based on the use of the local quasipotential
equation with relativistic reduced mass in the c.m. frame
has been suggested for studying the relativistic energy spec-
trum of a two-particle bound system.?>>* The following
equation was obtained by ‘rationalization” of the
Logunov-Tavkhelidze equation:®
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V(E) P . (99 . »
( o —M—R)\IIE(p)=I(E,p)J s VEEEIED,
(87)
where
L (Ete,+8) (B2 —(€1,—65,)%)
I(Ep)= SEEE : (88)
In accordance with the notation of Fig. 1,
E'—mi4m}
E,= mE—T, (89)
E*—m} 4 m?
E,=pE=———= (90)

2E ’
E,+E,=E is the bound-state energy, and

b*(E)= [EZ—(mH'mz) 1[E>— (m—my)?]
(91)

is the squared relative on-shell momentum. Finally,
E\E, EE, E'—(mi—m3)? o
Br="F " E\+E, 4E° 42

is the relativistic reduced mass, determined in accordance
with the relativistic expression for the center-of-mass co-
ordinate. It should be noted that there are also other def-
initions of the relativistic reduced mass, like
pr=[E*— (m;—m,)*|/4E (Ref. 25) and ug = mymy/E
(Ref. 26). The quantity m’ = |m;m, introduced in Ref.
27 (the effective mass) is closely related to the concept of
the relativistic reduced mass. This definition allowed the
authors of Ref. 27 to reduce the relativistic two-body prob-
lem to the case of the motion of a particle of mass m’ in a
quasipotential field. In the nonrelativistic limit E, ,—»>m, ,
the relativistic reduced mass pp becomes the ordinary re-
duced mass p=mym,/(m;+m;).

As shown earlier, the quasipotential can be considered
to be defined from an equation of the Lippmann—
Schwinger type with scattering amphtude at zero relativity
of the particle energy: py=go=0, p=E, pz—Ez On the
energy shell E=¢,,+€),=¢€1,+&p €jp = p*+mj, and €ig
= \Jg*+m?. In this case I(E,p)=1 and Eq. (87) can be
solved exactly for the Coulomb interaction.

In the case of the interaction of two spinor particles
with masses m; and m, and charges (—e) and Ze, as
shown in Ref. 22, the main contribution to the particle
binding energy comes from the modified Coulomb poten-
tial: ‘

bHE
( )). (93)

Vo(BGE ze (i
clpg; )_—(13)—‘7)2( YEE

The quantization of the energy levels is determined by
a relation analogous to that obtained in Ref. 28:

b*E? Z2?
(V’+E\E)? n?

(94)
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(n=1,2,... is the principal quantum number), which leads
to a version of the relativistic Balmer formula:?

(Za) )—1/2

El= m1+m2+2m1m2(1+——2— (95)

This equation can be rewritten in the form of an ex-
pansion of the binding energy B in powers of a*:

p.Zz 2 uZ%* u?
B=E—m1_m2_ 2 n2 +8 n4 (3—m1m2)’
(96)
mym;
Tmi+my’

The relativistic Balmer formula includes recoil effects, but
does not describe the fine and hyperfine structure related to
the spin—orbit and spin-spin interactions. Corrections of
this type have been studied in Ref. 24 in the formalism of
the local quasipotential equation with relativistic reduced

mass. In first-order perturbation theory
AE = (V| AV, 4V, +ete. | Ve, (97)

where AI‘}y= I;'y— V¢ describes the difference of the quasi-
potential of one-photon exchange and the modified Cou-
lomb potential (93), and

Vay=T3/B,4:po=0,40=0)
J dk VBKE)V, (kGE)

2m)? bHE) K (98)

2pR _2#_R
In accordance with perturbation theory the second-
order corrections are given by
JAV.
AEp=(¥¢| AV, | ¥E) <‘1’c 3E ‘1’c>

N i (V| AV, | W) (Wi | AV, | WE)
n=2 Ef _ES
with eigenfunctions of the Pauli type which are the solu-

tion of a local quasipotential equation with modified Cou-
lomb potential:

(99)

.ueff
VL(p) = ———2— 0
C(p (p +ZZ 2'Ll. | C( )l
2
X 1—l (Za)(1--L2 XX (100)
2 mym, 1X2»
Z3a3
|Wc(0) | = ——:eﬁ (101)
(x1,2 are two-component Pauli spinors),
X1,
b*(E)+E,\E, b(E) mym, . (Za)*\ =172
(102)

The corrections to the hyperfine structure of muonium of
order (Za)’Er and (m,/m,) (Za)*Er obtained in this ap-
proach are given in Sec. 4 of the present review.
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3. METHODS OF CALCULATING THE ENERGY
SPECTRUM IN DIFFERENT ORDERS IN «

As can be seen from the preceding section, the calcu-
lation of the fine and hyperfine splitting of the energy levels
reduces to finding the matrix elements of the quasipotential
V. In the nonrelativistic limit the WF of a weakly coupled
system can be approximated by a Dirac 6 function. The use
of the Coulomb wave function of the 1S state allows us to
consider the matrix elements at nonzero values of the mo-
menta, ﬁ, (}’7&0. However, the relativistic corrections are
more accurately included in the description of the bound
state using the WF in the form (81).

In the perturbation theory developed in Sec. 2 the
quasipotential and the interaction kernel incorporate the
Coulomb Green function in an essential way. The methods
of using this function to study the problem of the fine and
hyperfine structure of HL atoms are different. In the first
case one is particularly interested in the low-frequency re-
gion of virtual momenta, where the interaction is nonrela-
tivistic in nature. Here to include bound-state effects in
virtual states of the interaction kernel it is important to
consider the block of Coulomb interactions as a whole, for
example, using the explicit expression for the Green func-
tion of the nonrelativistic Schrodinger equation with Cou-
lomb potential.

When analyzing the HFS energy levels it is necessary
to be able to consider contributions from exchanges of one
or two transverse photons and an arbitrary number of Cou-
lomb photons. Here it is sufficient to use the ordinary ex-
pansion of the Coulomb Green function, keeping only the
required number of terms in the expansion.>)

If we restrict ourselves to accuracy O(a’), then in the
calculations of the LS level based on the quasipotential ¥V
constructed from the graphs of order a® and higher, it is
sufficient to use the approximate WFs (Ref. 30):

$E " (P) = (2m)°6(P) |bc(r=0)|, E=my+m;.
(103)

The above statement is based on the fact that the
squared modulus of the WF (which is present in the ma-
trix element) in coordinate space for =0 is of order a’:

(ap)’

|¢c(r=0) |2=—m73— ~0(a?). (104)

Using the known representation of the § function

8(x) 253%(12—4#’ (105)
we find
mo(x) a
2% zil_rg (1 x2)? (106)
and, therefore,
(107)

66 Phys. Part. Nucl. 25 (1), January-February 1994

Using the expression 8(p) =8(p)/2mp?, which is valid for
spherical symmetry, we finally obtain

liméc(P) = (2m)* | 6c(0) | 8(5).

a-0
It is clear from the form of the Coulomb WF (76) that the
main contribution to the splitting of the energy levels
comes from momenta p> ~ Z2a’u?, as a result of which the
expansion of the integrand in p/m is equivalent to the
expansion of the entire integral in @ (with the condition
that the integral converges).

This property has proved to be very useful in calculat-
ing the contributions of order a’ to the HFS of the
ground state of positronium from the graphs*

(108)

-«

In the calculation of the matrix elements only the up-
per “large” components of the bispinors have survived and
it has been possible to set E2=m? and p, §=0 in the inter-
action amplitude corresponding to these diagrams.

The situation is changed in the calculation of higher
orders, owing to the singular behavior of the integrand at
small momenta.

As an example of a graph with exchange of a single
transverse photon, let us consider the isolation of the
order-a’Ina contributions to the Fermi energy of the hy-
perfine splitting, Er=3(a’u’/mm,)(3,3,). The expres-
sion for the correction from this graph has the form

AE;r=(P¢|F'[GoK1Go] TF~ | ®p). (109)
47l (K

Kr=——F—— 110

T k(z)—k2+i£ ( )

is the kernel corresponding to the graph with exchange of
a single transverse photon,
RPN 510 2%3
Cp(k) =717~ > ’ (111)
and ®, the WF in second-order perturbation theory, can
(in the calculation with the accuracy that we need) be
replaced by ¢o(p), determined by Eq. (76) and corre-
sponding to the exact solution for the 1 state of the non-
relativistic Schrodinger equation with the Coulomb poten-
tial.

An analytic expression for (109) is given by

4a’u?|$c(0) |2 f dpdqdpydqo
(2m)® (PP +a2u?) (g +au?)?

AEITZ -

X~ (p)F(q) [ dkodk
X [S1(p1)S2(p2) K1 (ko,kg;8,4)S1(41)S2(g2) 1+
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X 6(po—ko)8(ky—qo). (112)

Using the Fourier representation of the & function and
residue theory, after integration over the variables p,, go,
kg, and k; we find

dic’p?|$c(0) |2
ABir=""0mF
dpdq -u¥ (p)u3 (—p)d,dyu(§)uy(—q)
P-4 P+ F+au?)?

X Jdte—i|5—€7i"l{ﬁ(t)e—iltl(elq+ez,,—E—ie)

+3(—1)eilt Erpter—E—io)}, (113)

After separating the spin—spin interaction from the
spin structures [see the numerator of Eq. (113)] and using
the symmetries of the expressions for the spin structure
under the exchange p<>g;, for example,

[ dbdicar G @G-

—4(&d) f GGG fPRG—DD,  (114)

we can write down an integral expression for AEY" (the
case of different masses m;5%m,):

3,2 +
[ > > > 4> 1 1 —[ Mlq
AE, 7= 2 fd d. e — Z\ P (F—P*
1ir=73.7 [4c(0)[(010,) | dpdq P+ @D 5=+ (erpter—E—io) [P (¢°—p") ey
M3, My, M (B-9)? 7—-3)?
2 _ = P -P > o) +as+ + aq+
— — M M —= .

+£1p+£1q +& P —3) e ten o ten +(P—9) [M My, +MM;,] G—2) ey terg) (espteag)

Above, we have used the notation

1
T NeEas o MMM M

M; =¢,+m;, and M;} =¢;,+m;.

As a rule, even before the integration it is possible to
estimate the order in a of the contribution of each of the
integrals to the total value of the hyperfine splitting. In
Ref. 19 it was shown that the integral conventionally re-
ferred to as the standard one always gives a logarithmic
correction of order a® In a to the Fermi energy:

(116)

I(1 : 4
=g | e
dg

x f @+ (5—9)°

_ Jw pdp fw gqdq
0 £1p£2p(52 +a?) Jo F+ai?
pt+q

XIn ———
|lp—q|

" 2mym,

Ina~'+0(a),

a®ly~ablna. (117)

The additional powers of p or ¢ in the numerator and
of the factors (j)'2 +a2/.L2) or (é’z—f-azy,z) in the denomina-
tor of the integrand lead to contributions of order a® or a*
and as, respectively.

The terms in the curly brackets containing the product
13)232 lead to the standard integral in (115). In addition,
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(115)

TABLE I. Contributions to the HFS of muonium from the graphs of Fig.
2. AESFS— (p,zaz/memu)EF In aK;, # =m,/m,+m,/m,.

Graph Contribution K; to AEHES
a 1/4
b M+2
c 9/2
d — (A +2)
e 34
f —2(A +2)
g 5/4
h — M
sum 2
here the difference between the factor

(|P—q|+&1,+€—E) and the factor |f—4| in the de-
nominator of (115) turns out to be important. The main
contribution of this term is of order a*, and the higher
terms of the expansion of the denominator lead to the stan-
dard integral.

The other graphs also give contributions ~a®1n a to
the HFS of muonium, which is calculated in a similar man-
ner. The results of the calculations®! are given in Table I.

In the method using the amplitude 7" (on-shell constit-
uent particles, p?=elp, p(2’=£2p, q?=£1q, qg=£2q), the prob-
lem of the correct inclusion of retardation effects arises
already at the stage of calculating the contributions from
graphs with the exchange of one transverse photon. De-
pending on the method of writing »? in the denominator of
the photon propagator

D.—___4_1T_.. 6._kLk1 (118)
il wz—ﬁz il I? ’
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TABLE II. Contribution to the HFS of a two-fermion system from the one-photon exchange

diagram (&? is the zeroth component of the photon 4-momentum).

o’ AE;‘{FS (a" In @), ny» mz AE;'{FS (a‘ In a), my= 3z
0 Er;’::—‘::; Mina™ leF"z'"a-'
e L °
[(e1p— €19) (e20= €20)) ErLzai M+ 2)na"’ Eratina™

nymy

the contribution ~a® In e is different (see Table II).
Comparing the results given in Table II with the result
calculated by the first method (two-time Green functions)
2.2
o (ﬁ+ﬂ+2)ln a”l
mm,; \m, m
(119)

we convince ourselves that it is preferable to use the sym-
metric form of writing »” in the quasipotential continued
off the energy shell (|7|%54|4|?%).

The situation is more complicated in the higher-order
graphs when the above-described method of going to the
mass shell is used. First, the method of symmetrization is
not clear (i.e., how to go off the mass shell). Second, the
problem of the presence of additional poles significantly
complicates the calculations. The integration over the loop
momentum, for example, is already impossible to under-
stand in the sense of the principal value. In this situation
the use of various expansions of the integrand and inter-
change of the order of integration become problematic.

AE¥S(a®ln a) =EF

Therefore, retardation effects are included most accu-
rately when the first method of constructing the quasipo-
tential is used. However, in this case already when the
one-photon exchange graphs are included the problem
arises of anomalous contributions ~a° In a in the HFS of
the ground-state level of the two-fermion system, which do
not arise in the second method. This problem is not a
specific feature of the quasipotential approach, but is of
general nature for the theory of bound states.

The graphs which can give a contribution ~a’ In a to
the hyperfine splitting of the ground state of positronium in
the direct channel are shown in Fig. 3. The corresponding
quasipotential is given in Refs. 15 and 32.

As already noted, these contributions arise from the
infrared behavior of the matrix elements. The presence of
iteration terms for each reducible graph improves its be-
havior in the infrared region and makes it possible in a
given order in a to avoid the summation of ladder graphs.
In calculations with exact Coulomb WFs (76) in the first

FIG. 2. Graphs giving contributions of order ~a’In a to the
HFS of muonium.
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version of the quasipotential approach it has been estab-
lished that the parameter (au) plays the role of a cutoff
factor for the infrared singularities. The cancellation of
these anomalous terms'* is demonstrated in Table IIL

A series of new corrections to the hyperfine splitting of
muonium energy levels has been obtained by Eides
et al>** In particular, in these studies the corrections
~a(Za)(m/m,) and ~Z'a(Za)(m,/m,) to the Fermi
energy have been calculated using the method of the effec-
tive Dirac equation (EDE).® Let us consider the isolation
of these contributions from graphs with radiative phonons.
The distinguishing feature of these studies is the use of the
Fried-Yennie gauge*** for the photon propagator:

A g Judy
= e\ 2 P |
The infrared divergences are softened in this gauge. Any
graph with a radiative correction possesses softer behavior
near the mass shell than the corresponding skeleton block.

(120)

FIG. 3. Graphs used to analyze the anomalous contributions of
order @’ In a.

The attractive feature of the Fried—Yennie gauge is the
possibility of carrying out the renormalization procedure
on the mass shell without the introduction of an unphysical
photon mass A. This feature simplifies the estimates of the
integrals which arise in problems concerning the energy
levels of HL atoms.

In the Fried-Yennie gauge the WF renormalization
constant Z, is infrared-finite, and the renormalized self-
energy operator possesses soft behavior on the mass shell:

-
E;“y’(p)=(ﬁ—m>2(—;;,-§7)(1+0(p>),
(121)

mz_pz |
P="pt <b

which distinguishes this gauge from, for example, the
Feynman gauge:

TABLE III. Cancellation of anomalous contributions of order @*In a to the HFS of

positronium.
Graph in Fig. 3 AE( In )
a 0
B _1[29_ Erina
¢ a
- 55;‘ Ina
d a
P Erlna
e 0
f - %?— Erlna
5 0
h 0
Sum 0
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=
a b
E c
(R) . a A
2p (p)=(p—-m); ln;—lnp—i—l ,
(122)

A
— <p<l.

As far as the vertex function is concerned, the hardest
behavior is that of the expression corresponding to the
fermion anomalous magnetic moment:

a k,

—3= O o (123)

However, redefining the renormalized vertex operator,

a k¥ (R)
Au(p1:P2) =1, A(0,0) —5— 0y 5+ A, (P1oP2),

2m
(124)
we obtain at zero momentum transfer and p<1
3a (p—m)p
A,(ﬁ‘)y=—7’uz,;—mz——, p<l, (125)

which according to the Ward identity is consistent with the
asymptote of the self-energy operator. The contributions
from the anomalous magnetic-moment term are analyzed
separately.

Let us trace the selection of graphs for calculating the
corrections a(Za) (me/mu)EF. Seven graphs exhaust the
contributions to the EDE kernel related to the mass
operator:

N fain¥
o [t}
Here
——— - - <
So A;-S
70 Phys. Part. Nucl. 25 (1), January-February 1994

on the
a(Za) (m./m,) to the Fermi energy, it became clear that

FIG. 4. Complete gauge-invariant set of graphs for calculating the re-
coil corrections to the Fermi energy of the HFS of muonium of order
a(Za)Eg and Z2a(Za)Er.

and S, is the free two-particle propagator; g=A,S is the
projection operator onto the muon mass shell, multiplied
by the electron propagator.

The simplest graphs with the vertex correction

L"'%\

N ™
K X '
also give a contribution of order a(Za) (m./m,).

In addition, there are graphs with more than one
photon:

anomalous
magnetic-
moment graphs

TN

and graphs of second-order

1
i

perturbation theory:

In analyzing the graphs entering into the EDE kernel
subject of the presence of corrections
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contributions of this order can come only from graphs
from a gauge-invariant set (see Fig. 4).” Here it proved
possible in the claddings of the matrix element to use the
approximate WFs (103), i.e., the matrix elements must be
calculated between the large components of the electron
and muon spinors, neglecting the momenta of the wave
functions inside the graphs. These conditions are referred
to as standard by the authors of Refs. 33-35.

The summation of the complete gauge-invariant set
shown in Fig. 4 leads to an infrared- and ultraviolet-finite
matrix element. Therefore, the further calculations can be
carried out using any convenient gauge, both for the ex-
changed photons and for the radiative photons. By explicit
calculation it is possible to show that the anomalous mag-
netic moment does not lead to corrections of the required
order, and it is assumed to be subtracted from the vertex
operator. The iteration graphs in the EDE method (with a
X on the muon line) are in some sense analogous to the
iteration graphs of the quasipotential approach. As in the
quasipotential approach, there exist two iteration graphs
for the graphs of two-photon exchange with a radiative
insertion (7Y Fr?® and 7P Fr®), and “uncancelled” it-
eration graphs arise in the EDE method. They are regen-
erated by the kernel of the BS equation containing the
inverse muon propagator. It has been shown* that the
iteration graphs in this order cancel with the one-loop
graph with vertex correction after construction of the EDE
kernel and perturbation theory for the energy levels.

As a result, we obtain the following expression for the
contribution from the graphs of Fig. 4a:

dxf dy

d‘k 1 1
X f "IET(k2+ﬁ—1k0+is+k2—,z—1k0+ie)
1
X 3 .
—k* 4 2kg+ai(x,p) —ic

a(Za) me

SEy=—7— "

hl(x,}’)ko—hz(xa}’)

2.,
X (k%,—5 kz)]56E21+8E22, (126)

where x and y are the Feynman parameters, i=m./2m,,

14x 1—x 2(14x)
hl(x,y)=T, hy(x,y)= 5 e rwradt
127)
) x2+12
al(x,J?)=m,

and A is the dimensionless infrared mass of the radiative
photon in units of the electron mass.

The dominant contribution to the integral of order 1//i
comes from the residue at the muon pole corresponding to
the motion of the muon on the mass shell. This residue is
also related to the leading infrared divergence of the inte-
gral proportional to A~'/2, and the other contributions di-
verge only logarithmically. It is therefore convenient to
separate the calculations of the mass-shell contributions
and the contributions of the remaining difference:
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1 117% 23#2
where
drr (X NP ]
1/1:? o x(m) (l—x) ~F7§ (129)

is an infrared-divergent integral, which cancels in the sum
of the pole contributions from the graphs of Fig. 4.
Using a number of mathematical tricks (see Refs. 34
and 35) such as division of the range of integration into
two parts (small and large momenta) after integration
over the angular variables, subtraction of the pole contri-
bution in the integrand, and the use of various identities,
we obtained the expressions for the contributions from the
sum of all the graphs of the gauge-invariant set of Fig. 4:

SE (Za)E.|In2 131 a(Za) m,

=a(Za n2—— —

z F 4 ) m,, F
15 . 17
—4—ln—+6§(3)+3‘n'2 In2+— st+g

' (130)

There is another method which allows the calculation
of the logarithmic contribution of  order
a (m,/m )In? (m,/m,) to the hyperfine splitting of muo-
nium: the renormalization-group method (Ref. 41).%

The contribution of radiative corrections to the recoil
is AE= —EFR#, where R# in lowest order is calculated
from the two-photon exchange graphs. The authors of Ref.
43 also considered graphs with radiative insertions in the
electron and photon lines and at the electron vertex. There
they give the logarithmic contributions

2
RY = 20 e e (E) e |21 2——+21nﬁ€
m™m, m, my, m, 12" m,
(131)

which arise as a consequence of integration over the mo-
mentum variable in the region m3<k2<mﬁ, i.e., in the
asymptotic region for the contribution of the electron vac-
uum polarization to the photon propagator. The muon
loop does not contribute in the integration over the mo-
mentum variable in the region k*< mﬁ. An estimate of the
next term in the series in perturbation theory is given in
Ref. 41.

If we consider the physical quantity R calculated using
perturbation theory, it obviously must satisfy the condition

—=0,

. (132)

where the variable 7=—pf,In(m/A) characterizes the
renormalization scheme (RS) which is used, p is an arbi-
trary parameter with the dimension of a mass, A is a scale
parameter,* and B,=2/3 is the first coefficient in the
renormalization-group equation with running coupling
constant g:

a
b5 =B&) =o'+ B+ .. (133)
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Accordingly, for the quantity R in second-order perturba-
tion theory, chosen in the form

R® =rg(14rg), (134)
we have
dR®
3 =08, (135)
and from this it follows that
aro arl
E=O’ 3= (136)

We therefore see that r, is independent of the choice of RS,
and =7+ p;, where the constant p, can be calculated if
the value of r; is known for any RS.

The 7 dependence of the next (the third) term of the
perturbation series should be constructed in such a way
that the dependence of R‘® on 7 is canceled up to order g*:

-"—‘me (137)
From this it follows that

é\(a)—"(_21=r0(2r1+g—;). (138)
After integration using Egs. (136) we obtain

QD =ryr, (rl +%§) +const. (139)

Furthermore, to determine the arbitrary constant of
integration it is necessary to know the “optimal” RS for
which the quantity R® is closest to R. In Ref. 41 it is
specified by the condition

Hopt
A

D071 =0, o=~ (2], (140

If as the initial scheme we choose the RS on the mass
shell (r;=K,), then

Q®(K) =roK, (KH'@) —-ror(l’pt("l)pt'*‘&),
Bo Bo
HP =71 (Topt)- (141)

For the physical quantity AE, the energy of the hyper-
fine splitting in muonium, from (131) we obtain

m
re=—3—In—, Kj=—}tln—-% (142)
my, my u
and from (141)
Q(2)=_.4_&1n3&_§_5_fflnzﬂ+l4Elnﬁe.’
3m,  m, 18m, m, m, m,
(143)
where
A= —Byln—£ (35 Byl m“) (144)
=—fyIn ——fBIn .
0 Hopt 36 ) Mopt
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As a result,”

a 3me

n

4 yme 35 . m,
=In® —+—1n> —|~—0.04 kHz.
3 m, 18 m,
(145)

The first term in (145) coincides with that obtained in Ref.
33 by direct calculation. The value of the coeficient 4 in
(143) depends on the choice of the optimal scheme, and its
contribution to the HFS can be estimated only as 0<
—AE<1 kHz.

An interesting method of calculating the corrections to
the QED spectrum of a system which are logarithmic in a
was suggested in Ref. 46. As was shown in those articles,
the corrections logarithmic in a arise from integrals which
diverge logarithmically, with the contribution coming from
the momentum range

pa<g<p (146)

(u is the reduced mass, u=mM/(m+M)). The lower
limit is the characteristic momentum for QED bound
states [see the earlier discussion of the WF (76)], and the
upper limit corresponds to the limit of applicability of the
nonrelativistic approximation.

The shift of the level with quantum numbers 7 and / is
calculated in Ref. 46 as the matrix element of the operator
Vig):

P L omay

(q) = [A+B(010'2)] Wln E
between WFs of the type (103). .

The calculation of the operator ¥ (g) in this approach
reduces to the logarithmic approximation for calculating
the on-shell scattering amplitude from Feynman diagrams
of order a®.

The authors of Ref. 46 use ordinary quantum-
mechanical perturbation theory with the insertions
» | 1) (i

E—E;

i

(147)

(148)

in intermediate states of the interaction operator.
For example, for graphs of order O(a®) with a purely
Coulomb interaction the result for the operator ¥ is

b J dk J‘ dr’ (4ma)?
) e J ) BRAR—R)?
XA;‘(E')AT(E) A (—R AT (—R)

(E—€1x—€1) (E—Eypr—Epr)

,  (149)

which leads (in conjunction with the results from other

graphs with exchange of Coulomb photons) to the level
shift

5 > >

M 6 l E 0103\ 6p

SEC(n,I)—-Wa lna (—2+—6 ;3' (150)

I. V. Khriplovich et al. have obtained theoretical val-

ues for the decay widths 0-Ps and p-Ps for the fine and

hyperfine structure of muonium levels, which are discussed
in the next section and are compared with the results of
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Fell*’ obtained on the basis of the relativistic two-particle
equations. See Ref. 348 for a correction to Ref. 46.

4. COMPARISON OF THE THEORETICAL AND
EXPERIMENTAL RESULTS

4.1. The positronium decay width

Quantum electrodynamical systems consisting of a
particle and an antiparticle are distinguished by special
features. In addition to the scattering channel, an annihi-
lation channel appears. The positronium atom is unstable
as such a system. Its lifetime (decay width) is the subject
of precision experimental and theoretical studies. The
charge parity of positronium C=( — 1)£+S (where L is the
orbital angular-momentum eigenvalue and S is the eigen-

rfer(o—Ps)=

almc? 2(7—9) a 1
_ [1—A3 ——

h 9 3

ma7

:r0—|——ﬂj—

1.9869(6)

=7.03831(5)usec™,

where
A3;=—10.266+0.011 (Ref. 50), (152)
A3;=-—10.282+0.003 (Ref. 51). (153)
The most recent experimental values are'®
I*P(0—Ps)=7.0514(14) psec™! (Ref. 52), (154)
I**P(0—Ps)=7.0482(16) usec™! (Ref. 53). (155)

The result in Ref. 52 gives 9.4 standard deviations, and
that of Ref. 53 gives 6.2 standard deviations from the the-
oretically predicted value. The coefficient B;=1 of the
term O(ag) can contribute only 3.5%x1073 ,usec—1 (or 5
ppm of the contribution from I';). In order to eliminate
this disagreement with experiment, the coefficient B; must
be =250=£40, which is extremely improbable. However, as
was shown in Ref. 53, this case cannot be excluded a priori.
Therefore, the calculation of the coefficient B, is very im-
portant at the present time.

The dominant contribution to the decay width of or-
thopositronium

Io(0—Ps)=—2Im(AE;,)
2
=5 (7 —9)mab=7.21117 usec™! (156)
was first calculated in Ref. 48. The O(a) corrections to the
width of orthopositronium decay into three photons were
first calculated numerically (Refs. 49, 51, 54, and 55), and

later some corrections were calculated analytically (Refs.
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2
—a’lna” +B3( ) +]
4
9

—1.984(2) ma® .
( )}—i— Ina™'|—

value of the total spin of the system) is an integral of the
motion. Therefore, all its states are split into charge-even
(C=1) and charge-odd (C= —1) states. The total spin of
positronium is also conserved, so that its energy levels can
be split into singlet (S=O0, parapositronium) and triplet
(S=1, orthopositronium) states. In the § state (L=0)
parapositronium is charge-even, and orthopositronium is
charge-odd. Owing to conservation of charge parity in elec-
tromagnetic interactions, parapositronium decays into an
even and orthopositronium into an odd number of pho-
tons.

At present there is a considerable discrepancy between
the theoretical and experimental values of the ortho-
positronium decay width. Theory predicts the value*®-!

(151)

r

46, 59, and 56-58) in the Feynman gauge. For example,
Adkins®? calculated the corrections from graphs with
self-energy and vertex insertions:

a 11
Cop=To—

3
- D-{—m ——1In 2+ §(2)

ez 3419
+55 £+ S 2— R”

=r0:1—r [D+2.9711385(4)], (157)
a 3 67
FSE=I‘0; —D—4+4(7Tz—_9)[—7+?1n2
805
+¥;<2) ;(3) §(2>1n2
a
=T~ [—D+0.78498], (158)
al 3 841
FIV=F°;[§ D=9 {_ 22 ag ¢
158
;(2)1n2+ §(3)+ §2(2)
T (3242 E(2)In? 2— = In* 2—
—gé‘( )In +5§( )In 22 n* a4]
all
=Ty {5 D+O.160677], (159)
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where

1 In(1—x) .
R= fo dex‘- [§(2)—L12(1—2x)]

= —1.7430338337(3), (160)

1 |
ay=Lij|=|= Y —==0.517479061674  (161)

2 ne1 N2

7
£Q2)= 5 £(3)=1.2020569032 (162)
and

! In(4 163
D=5— —vg+In(4m) (163)

is the standard expression arising in dimensional regular-
ization (2w is the space dimension). This result is consis-
tent with that obtained by Stroscio® if to the latter we add

a
Lo [—D—4-2In(A%/m")], (164)
which is necessary owing to the different regularization
procedures used in Refs. 56 and 57, 58.
A program for calculating these corrections in the
Fried-Yennie gauge has recently been completed:>

ma' [ 13 461 51
FsE=TTz— §(3)+108 $(2)In2— 7 -5 6(2)
29 9

ma’ a

(165)
29

1
+? In Z—Z—ER]

ma’ a
= (0.732986380) =T p (3.793033599).

(166)

The contributions from the remaining graphs (with a ra-
diative insertion in the vertex of an internal photon, with a
radiative photon spanning two vertices, graphs including
binding effects, and the annihilation graph—see Fig. 1 in
Ref. 59b) have been calculated numerically. These O(a)
corrections when summed give

ma’ a

— [— 1.98784(11)]=I‘0; [—10.2866(6)]. (167)

Then!V

Iy (0—Ps)=7.038236(10) usec™' (Ref. 59),
(168)
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which at present is the most accurate theoretical result.

In order to resolve the existing contradiction in the
results of the theoretical and experimental studies, the au-
thors of Refs. 60 and 61 studied the question of the
5-photon decay mode of o0-Ps and the 4-photon decay
mode of p-Ps.'” The following theoretical estimates were
obtained:

Is(o—Ps) 01772 2 0.96-10~¢ (Ref. 60

Ty(o—Ps) " (77-) =0. (Ref. 60,

T4(p—Ps) a\? e

1‘2([7——1)5_0.274(;) =1.48-10 (Ref. 60
and

I's(o—Ps)=0.0189(11)a?T, (Ref. 61),

T4(p—Ps)=0.01389(6)ma’ (Ref. 61),

which agree with each other and with the results of earlier
studies (Ref. 62):'%

[4(p—Ps) =0.01352ma’

=11.57-10"3%ec™! (Ref. 62). (169)

In connection with the present situation regarding the
orthopositronium decay width, the studies devoted to seck-
ing alternative decay modes of this system (for example,
0-Ps—y+a, where a is an axion, a pseudoscalar particle
with mass m, <2m,) are also important.®% The following
experimental limit on the ratio of the decay widths was
obtained in Ref. 67:

I'(o—Ps—>y+a) - 6
Br—m<5 10~°—1-10 (30 ppm),
(170)

if it is located in the range 100-900 keV. If the axion mass
is less than 100 keV (as envisioned in the hypothesis of
Samuel,®® according to which!® m,<5.7 keV and g,+,-
~ 2-1078%), the limits on the Br are®

Br=7.6-10"5 if m,~100 keV,

Br=6.4-1075, if m,<30 keV.

These limits are almost two orders of magnitude smaller
than the value needed to eliminate the discrepancy.

Finally, the decay o-Ps—nothing (i.e., weakly inter-
acting, undetected particles) has been studied in Ref. 71.
The result

I' (0—Ps - nothing)
I'(o—Ps—3y)

<5.8-107* (350 ppm)  (171)
includes the possibility that this decay mode is responsible
for the discrepancy between theory and experiment.

The decay of 0—Ps into two photons, which violates CP
invariance (as already noted in Refs. 72 and 73) was ex-
perimentally refuted in Ref. 74.¢

It should also be noted that the contribution of the
weak interaction has been studied in Ref. 76. However,
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TABLE IV.

Year Reference I'3(o — Ps), usec Error Method
ppm
1968 (82] 1.262(15) 2070 gas
1973 [83]) 1,262(15) 2070 gas
1973 [84] 7.275(15) 2060 gas
1976 185] 7,104(6) 840 SiO, powder
1976 [86] 7.09(2) 2820 vacuum
1978 187) 7.056(7) 990 gas
1978 (88] 7,045(6) 850 gas
1978 189] 7.050(13) 1840 vacuum
1978 [90]) 7,122(12) 1680 vacuum
1982 [91] 7.051(5) 710 gas
1987 [92] 7.031 (D) 1000 vacuum
1987 193] 7,0516(13) 180 gas
1989 1521 7.0514(14) 200 gas
1990 [53] 7.0482(16) 230 vacuum

since it is proportional to m2/M?%, it cannot significantly
affect the results. In that article the weak decay modes
were estimated to be

F(p—PS—>3‘}’) F(O—PS—>4‘}/)
IF'(p—Ps—2y)  T'(0—Ps—3y)

=a(Gpmgy)*=10"7,
(172)
where Gy is the Fermi weak-interaction constant,

gy=1—4sin? ®;=0.08, (173)

and O is the Weinberg angle. The existing experimental
limits are’”"’

'(p—Ps-3
LS—’}/) <2.8- 10—6,
T(p—Ps—2y)
I'(o—Ps—4y) &
To—Ps=3p) <> 10

In Table IV we give all the experimental results known
to us on the decay width of orthopositronium.'”

As far as the results for the decay width of parapositro-
nium are concerned, until recently the situation has been
much better. The theoretical value determined in the 1950s
(Refs. 94 and 95)

1 &’mc?

I3 (p—Ps)=—2Im(AEy) =5 ——

and confirmed in Refs. 96 and 97, accurately coincides
with the result of the direct experimental measurement:

TP (p—Ps) =7.994+0.011 nsec™' (Ref. 91).
(175)

The experimental values of the parapositronium decay
width are summarized in Table V.'®

It has been shown in Refs. 50 and 97 that a correction
logarithmic in @ must be added to the result of Harris and
Brown. The logarithmic corrections to I';(0-Ps) and
I',(p-Ps) were calculated again in Ref. 46a, and the result
for the parapositronium decay width differs from that
found earlier in Refs. 50 and 97:

5
ma
[, (p—Ps,a’In ) = 202Ina~! (Ref. 46),

ma’ 2

T, (p—Ps,a? lna)=—2—-3-a2 Ina~! (Refs. 50,97).

Finally, we should mention the completely unexpected
(and undesirable from the viewpoint of experiment) result
given in the report of Remiddi et al.'®! Their calculations
indicate the presence of a correction

5

ma’ (a
I (p—Ps,a lna)=T (;)2lna (Ref. 101),

=7.9852 nsec” !, (174) (176)

TABLE V.

Year Reference I'3(o — Ps), usec Error, Method

Yo

1952 [98] 7.63(1,02) 13 gas

1954 {99] 9.45(1,41) 15 gas

1970 [100] 7.99(11) 1,38 gas

1982 [91) 7.994(11) 0.14 gas
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TABLE VI.

Year Reference AE,GHz Error, ppm
1952 (104} 203,2(3) 1500
1954 [105] 203,350(50) 250
1955 [106] 203,380(40) 200
1957 [107] 203,330(40) 200
1970 [100] 203,403(12) 60
1972 (108] 203,396(5) 24
1975 [109] 203,3870(16) 8
1975 [110] 203,3849(12) 6
1977 [111] 203,384(4) 20
1983 [112] 203,3875(16) 8
1934 [103] 203,38910(74) 3.6

which, as they explain, arises when the dependence of the
nuclear interaction on the relative momenta is included
(see Fig. 1).

All this indicates the importance of continuing calcu-
lations of the decay widths of both ortho- and parapositro-
nium using more accurate methods.

4.2. The hyperfine splitting

Positronium. Comparison of the experimental and the-
oretical results for the hyperfine splitting of the ground
state in positronium and muonium over many years is
viewed as an important check of our understanding of the
bound-state problem. The value of this splitting for posi-
tronium was first estimated in 1951 (Ref. 102) as
(9.4%1.4) X 10~ * eV, and the most recent measured result
was obtained in Ref. 103:

AE5P5(Ps) =203389.10+0.74 MHz (3.6 ppm).
(177)

In Table VI we summarize all the published values of
precision experimental measurements of the HFS of the
ground state of positronium.

All the experiments use the method based on observa-
tion of Zeeman transitions in Ps and then substitution of
the results into the well known Breit-Rabi equation, from
which the value of AE is determined.

The theoretical result (firmly established) at present is
(Refs. 4, 31, 50, and 113-117)

7 a (8 In 2) 5 ;

heor _—
AER (Ps) =mat = 9+2 +—a’lna”

24

+0(a?) | =203400.3 MHz. (178)

The coefficient of 1 in front of the term ~ a® can contribute

~18.7 MHz to the HFS energy, i.e., the estimated uncer-
tainty is almost 50 ppm, which is an order of magnitude
larger than the experimental value. As a result of the cal-
culation of errors 0(a2) and 0(a3lna) the theoretical er-
ror would be decreased to 1 ppm. Work in this area has
been going on since the 1970s (Refs. 43 and 118-127).
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The first contributions of this order were calculated
from the one-photon annihilation graph with fourth-order
polarization insertion (Ref. 119):!

13 2 ™ 3572

FS__ 2 e _
AEY 5 'R ( ) g 3ty m2——

=—-2.78 MHz (179)

The contributions from three-photon annihilation,!*

also calculated analytically, were recently improved:121

HFS a4Rco 3 1 1
AEy " =—m" lz £(3)—3£(2)In2—2£(2)—4In 2

[4
+§—ml§ £(2)-2 ] (180)

which numerically is small, Re(AE31,) =—0.969 MHz,
and has been confirmed by the authors of Ref. 120 in Ref.
122.

The two-photon annihilation contributions'?*

a‘R
AES=———F |14 77'2+( +n2)1n2—7;(3)
—m(s—g) (181)

at present give the contribution Re(AE,,) = —13.13 MHz,
which numerically is the largest of the corrections of this
order.

It should be noted that various approximation meth-
ods have been used for the calculation of the ~a® correc-
tions, which in many respects complicates the comparison
of the results of certain authors with those of others. For
example, the authors of Ref. 125 studied the case of a static
interaction kernel corresponding to the fourth component
of a vector potential independent of the relative times (the
effective-Hamiltonian method). Up to third-order pertur-
bation theory they obtained the result

1 1

AEIII=E R, | —5

1 2 1
2 (1+ln§a)+;G+;T— (1—4F)

1
-1
R,|3ina +0.o31]
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=(1.9+0.3) MHz, (182)

where

1 tan~'p
6= | dp=
» P

0

0.91596... (183)

is the Catalan constant and

1 (tan~1p)?
F=j (——P)dp=0.3897....
0 p

The contributions from the various graphs were calcu-
lated numerically in Refs. 43 and 127. The importance of
isolating the contributions ~a® from the other un-
calculated graphs (Fig. 7 in Ref. 43) was noted there:

& <

Muonium. Earlier reviews (Refs. 35, 43, and 128-130)
give the following theoretical result for the HFS of the
ground state of muonium:

heor
AEjR (Mu) = Ep(14a,)|1+a.+ (Za) +£+1+a“
(184)
5\ 8a(Za)?
e=a(Za)(1n 2—5) ———3—1n(Za) In(Za) —In 4
2811 a(Za)? a*(Za)
+—+ (15.38(29)) + D, (185)
480
3(Z2a) mm, , memy,
BT T mi—ml el +(Za) (metrm,)’
11
x[—21n(Za)—81n2+3T§ (186)

The early, classical studies of Refs. 131-133 were de-
voted to the calculation of the corrections neglecting the
finiteness of the mass of the heavy particle (recoilless cor-
rections). The result for the corrections was confirmed,
and the contribution of order a(Za)*Ey was found numer-
ically in Refs. 43 and 127. The leading corrections for
recoil have been calculated by several authors (Refs. 25,
116, 117, 128 and 134-136). The contributions from
graphs with radiative insertions into electron and muon
lines depending on the mass ratio m,/m,, were calculated
analytically in Refs. 34 and 35:2

5 m, L a(Za) m, 15
#(m“ sl 1ne) 7— 4
112 17 187
+7+? s ( )
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=

39
+8'

m, i Z’a(Za) m,
5#(_ ;mu. llne)
my

{ £(3)—3mIn2

(188)

The above-mentioned resu]t for the contributions from the
electron line was confirmed in Ref. 137. The calculations
were carried out in the Fried—Yennie gauge for the radia-
tive photons.

The contributions from the vacuum-polarization
graphs have been calculated earlier:!3%1%

5 (™ azme ™ 81 m, 28
“(m ’V'p')_(w) m, me 30 m,

" m, 9
.
_3],

and the leading logarithmic corrections have been calcu-
lated in Refs. 41 and 45:*

(189)

In2 £

e

(190)

a*(Za) m, 3m# 4 m
e == e [ 3

e

In addition, a program of calculating the purely radi-
ative corrections of order a’(Za)Er [i.e., the coefficient D
in (185); Refs. 36 and 37] is being concluded. 2* The

a®(Za)Er corrections induced by graphs with vacuum-
polarization insertions in external photons (see Figs. 1a-1c
in Ref. 36a) have been calculated in Ref. 36a:

AE(a*(Za))

_d(Za) 1+J’ 20\/'1 (
R F _3 n’

6081 > m 38 91639

t%5 M2t 157 37800

a*(Za) —1.2 kHz for Mu
=B B (—0.34 kHz for H ) ’
(191)

and those induced by insertions of the vacuum polarization
into the photon lines of radiative photons (see Fig. 1 in the
cited article) have been calculated in Ref. 36b:

) a?(Za) 49 2
AB(0}(Za)) =" Ep| —3oto f dgD(g)
el
—— arctan
1—
2927 10169
X 41+q 2400 T 3600 ¢
a*(Za)
= —0310742..——— E;
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TABLE VII

“Year Reference AFE, kHz Error, ppm
1962 [148] 4461300 (2200) 493
1964 [149] 4463330 (190) 43
1964 [150] 4463150 (60) 13
1969 [151] 44632060 (40) 9,0
1969 [152] 4463317 (2D 4,7
1970 [153]) 4463302,2 (8,9) 2,0
1971 [154] 4463311 (12) 2,7
1971 [155] 4463301,17 (2,3 0,5
1972 [156] 4463240 (120) 26,9
1973 1157] 4463304,0 (1,8) 0,4
1975 [158] 4463302,2 (1,9 0,3
1977 [159]) 4463302,35 (52) 0,12
1980 [160] 4463302,90 (27) 0,06
1982 [145) 4463302,88 (16) 0,036
—0.17 kHz for Mu Here the first uncertainty arises from the experimental er-
El(—O.OS 4 KHz for H ) (192) ror in the value of a (Ref. 144), the second from the

[D(q) is a complete elliptic integral]; finally, those induced
by graphs with insertions of light-on-light scattering sub-
graphs (see Fig. 1 in the cited article) have been calculated
in Ref. 36¢:

a*(Za)
AE(a*(Za))=—0.48213... — Er

. (193)

—0.084 kHz for H

Let us also note the corrections of second order in the
recoil, first calculated in Ref. 140; the corrections of order
(Za)?Erand (m,/ m,) (Za)’Ep calculated in the quasipo-
tential approach (Ref. 24):2?

1(—0.26 kHz for Mu)

mJm, 19 1 217'2 )
(me—}—mu)2 (7_7_2—3 )”’
(194)

the contributions of the hadron vacuum polarization

(Refs. 43 and 141):

3
AE=Er{1+ (Za)? 5+

a 2 m
6u(hadrons)=3.7520:t0.2373( ) s
m

m T

=0.250+0.0016 kHz (Ref. 141);
(195)

and the estimated contribution of the weak interaction
(Refs. 142 and 143):

3
AE(weak int.) =m (Za)~'Ggmm Ep

=0.065 kHz. (196)

As a result, the theoretical prediction of the HFS of the
ground state of muonium is

AENSr (Mu) =4463303.0(0.2) (0.7) (0.6) kHz.
(197)
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experimental error in determining the mass ratio of the
muon and the electron,'*® and the third from the incom-
pletely calculated coefficient D (see footnote 21¥).

Regarding the experimental determination of
AEHFS(Mu), in Table VII we summarize the published
values of the measurements of the HFS of the ground state
of muonium from the time of its discovery in 1960 (Ref.
146).2

The agreement between the theoretical and experimen-
tal results is excellent. Starting from this fact, by compar-
ing them [the expressions (184) and the last value in Table
VII] we can extract the value of the fine-structure constant
[see (244)].

Hydrogen. The result of the analytic calculation of the
quantum-electrodynamical corrections to the HFS of hy-
drogen neglecting the proton recoil is obviously the same

as for muonium: (184), (185).2% Numerically, the value
is161

AE(QED)=1420.45195(14) MHz. (198)

The corrections for recoil and the dynamical correc-
tions due to the presence of the nuclear structure have been
calculated in the classical studies of Refs. 134 and 162-164,
and 21;1) addition there are the results of Refs. 165-170 and
161:

AE(structure) =Eg[6 »(Zemach) +6,(recoil)

+8,(polar.) ],
8,(Zemach) = —2ua(r,) = —38.72(56) ppm,
8p(recoil) =5.68 ppm,

|8y(polar.) | <4 ppm,

where (rp) is the mean proton radius, related to the charge
distribution.
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TABLE VIIL

Year Reference Isotope AE, kHz Error, ppm
1948 [173] H 1420410 (&) 4224
1948 [173] D 327384 (3) 9164
1952 [174] H 1420405, (2) 141
1952 1174] D 327384.24 (8 244
1955 [175] H 1420405,73 (5) 35
1955 [175] D 327384,302 30 92
1956 [176] H 1420405,50 (6) 42
1960 [177) H 1420405,726 (30) 21
1960 [177] D 327384,349 (5) 15
1960 [177]) T 1516701,396 (30) 20
1962 [178] H 1420405,762 (4) 2,8
1962 [179] H 1420405.7491 (60) 4,2
1962 [179] T 1516701,4768 (60) 4,0
1963 [180] H 1420405,751827 (20) 0,014
1963 [181] H 1420405,751800 (28) 0.019
1964 [182] H 1420405.751827 (20) 0,014
1965 [183] H 1420405,751778 (16) 0,011
1965 [184] H 1420405,751785 (16) 0,011
1966 [185] H 1420405,751781 (16) 0,011
1966 [186] H 1420405,7517860 (46) 0,003
1966 [187] H 1420405,7517864 (1) 0,001
1970 [188] H 1420405.7517667 (9) 0,0006

A discussion of the contributions from the proton po-
larization obtained using the data on the inelastic scatter-
ing of polarized electrons on nucleons can be found also in
Ref. 171.

In Table VIII we summarize the published experimen-
tal values of the measurements of the HFS of the ground
state of hydrogen and deuterium.?®

The difference between the theoretical and experimen-
tal values can then be written as

A Etheor_ AFES*P
Ep

= (—0.48 +0.56 - uncalculated contribs.) ppm.
(199)

The uncertainty of 0.56 ppm arises from the error in the
value of the fine-structure constant and, mainly, from the
inaccuracy of the data on the proton elastic form factor.
The as yet uncalculated contributions may be of order 1
ppm (Refs. 161 and 189).

The muonic helium atom. The muonic helium atom,
‘He*+u~e~, was discovered experimentally in 1975
(Refs. 190 and 191). From the viewpoint of the electron
structure, this system can be treated as a heavy isotope of
hydrogen with the “pseudonucleus” (*He* =), which
has size intermediate between the typical nuclear and
atomic dimensions (~ 130 F). The first measurements of
the HFS carried out in 1980 (Refs. 192 and 194) gave

AE™P=4464.95(6) MHz (13 ppm) (Ref. 192),
AE®*®=4464.02(10) MHz (22 ppm) (Ref. 193),

AE®*?=4465.004(29) MHz (6.5 ppm) (Ref. 194).
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The last experiment also made it possible to determine
the magnetic moment of the negative muon:

Bu” _318328(15)

(200)
Hp

(47 ppm),
which makes it possible to check the predictions of CPT
invariance, according to which the magnetic moments of a
particle and its antiparticle must be the same. This quan-
tity for a positively charged muon, measured considerably
more accurately in experiments on the HFS of muonium,

isl45

Hu+
7—:3.1833461(11) (0.36 ppm), (201)

P

and also from observations of the muon spin rotation in a

liquid (Larmor precession) 195
Hy+
——=3.1833441(17) (0.53 ppm), (202)
P

and agrees with (200) at the level of several tens of ppm.
For comparison, the agreement between the electron and
positron magnetic moments is at the level of accuracy 0.13
ppm (Ref. 196), and that between the magnetic moments
of the proton and antiproton is at the level 7500 ppm (Ref.
197).

The theoretical description of the muonic helium atom
is in many respects related to the methods used to describe
muonium,; see Refs. 198-201. There is a significant contri-
bution from relativistic and radiative corrections to the
Fermi energy for this system (M is the “pseudonucleus”
mass):
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B rg e (1 M T 451696 MH
=30 Oc,cm“ +37) =4516. z.(203)

The theoretical values are?”

AE™r—4465.1(1.0) MHz (Ref. 198),
AE%®'=4462.6(3.0) MHz (Ref. 199),
AE™T'=4464.8(5) MHz (Ref. 200),
AE™Mr—4460 MHz (Ref. 201).

The first result was obtained using variational methods, the
second and third were obtained including the graphs of
perturbation theory, and the fourth was obtained using the
Born-Oppenheimer theory.

4.3. The fine structure

Positronium and muonium. The fine-structure interval
in positronium, which in contrast to the hydrogen atom is
nondegenerate already at order a’R_, was first studied
experimentally in Ref. 204:

AE(235,—23P,) =(8628.4+2.8) MHz. (204)

Experiments of this type make it possible to verify QED for
excited states of purely leptonic systems.
Recent experiments?®>** have attained higher accu-

racy (in MHz):?®

8619.6(2.7)(0.9)

3 3 —
AE(2'51—2P2) = 3624.38(0.54) (1.40)’

13001.3(3.9)(0.9)

3 3 s
AE(2°S1—2P1)=)13012.42(0.67) (1.54)’

18504.1(10.0)(1.7)
18499.65(1.20) (4.00)°
The theoretical calculations based on the BS equation

predict the following for the first excited states (Refs. 46,
47, 113, 114, and 206; see also Refs. 207 and 208):

AE(238,—23Py) =

3 1 —RD - S + 1
T 15 3 ( )’

+4,5a* In a_1+B13a4+...],

E(23S lR 3 3lna™!
( 1)—8 +192a+ lhna
97

— |=s+zIn2—

4
5016 ln R(2,0)]

+4,50*In a_1+325a4+...],

E@ry=tr [_1_B 2 In R(2,1
(TP)=3 w’_ 960% "7 |45 3n ( )]
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+Apatina! +Bp2a4+...’,

£(op 1R | 47 ars

4
19 glnR(Z,l)]

+Apatinag! +Bp1a4+...],

E(2°P, 1R 1 % «
ZPR)=gR.|=1-15 % —7

D imRal
72 T3 R )]

+Ama4 In a_1+Bma4+.‘.},

where R(n,l) is the Bethe logarithm:2%*21°

In R(1,0) =2.9841285,
In R(2,0) =2.8117699,
In R(2,1) = —0.0300167,

and the coefficients 4, and 4, have been recently calcu-
lated, but the results of Refs. 46 and 47 differ from each
other:**)

S0

AE(a®Iln a)—z“mczélnct_'—[Zj‘s—1 (Ref. 46),
)

AE(a® lna)—lzmaz6 lna_l—?f;il (Ref. 47),

and the coefficients B have not yet been calculated. The
coefficient 1 of the term a* In a~'R/8 gives a contribution
of 5.7 MHz, and that in front of a*R/8 gives 1.2 MHz.

There is a simple expression for the contributions of
order a’R_ to the S levels of the electron—positron
system:zo7

11117

E@'R,)= an 2 12%s|

(205)

The contributions beginning at order a’R arise from the
inclusion of radiative corrections (of the vertex function,
the vacuum polarization, the self-energy of the electron—
positron field, and the annihilation channel of the interac-
tion). Apparently, the expression for the S states of the
electron—positron system given in Ref. 207 is incorrect, as
stated in, for example, Refs. 47 and 208. From the result
given in the latter article it is clear that these corrections
are no longer proportional to 1/n:

AE(a’R )=

14 . 2 n-—1 i 1
3 +n;+ 2n+k=1k

14 16
+5 In2—6Ina— In R(n,0)

16
—4(?-’-11’1 2)615 .
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TABLE IX.

Year Reference Isotope AE(LS = 28) E(LS. 18)
1975 [223] D - 8300300
1975 [223] H — 86001500)
1975 [224] D — 8250(110)
1975 [224] H - 8200(100)
1980 [225]) D — 8177(30)
1980 [225] H - 8151(30)
1986 (2263 H 2466061395,6(4.8) 8184,8(5,4)
1986 [227] H 2466061397(25) 8182(25)
1987 [228] H 2466061413,8(1,5) 8173,3(1.7)
1989 [229] H 2466061413,19(1,75) 8173,91,9
1989 {230] D 2466732408.5(7) 8183,7(6)
1989 [230] H 2466061414,1(8) 8172.647)
1990 1231} H 2466061413,182(45) 8172,804(83)

The numerical values of the theoretical predictions
(including logarithmic corrections) are (Refs. 46 and 47;
see also Ref. 348):0

AE(2%S,—1%8))

=1233607211.7 MHz; 1233607221.69 MHz;

AE(23S,—23P,)=8627.7 MHz;, 8626.21 MHz;
AE(23S,—2°P,)=13013.3 MHz, 13011.86 MHz;
AE(23S,—2°P,)=18498.5 MHz, 18497.10 MHz.

In connection with the development of experimental
methods based on Doppler-less two-photon spectroscopy,
it has become possible also to measure the intervals of the
“large structure” (1S-2S) with an accuracy of several
MHz. These experiments make it possible to determine the
value of a fundamental constant like the Rydberg constant
with record accuracy (see below).

References 211 and 351 give the following results for
the measurement of the interval AE(13S,—2S,) in posi-
tronium and muonium:3!

(1233607218.9+10.7) MHz

(1233607216.4%+3.2) MHz"
(206')

AESP (23S, — 13S,) = (2455527936 + 120+ 140) MHz.

AEZP(2S, - 1S)) =

The result for muonium agrees with the theory:?!”
AESCT (238, — 138) =2455527959.6(3.6) MHz.

For positronium the result is 16.6 (10.7) MHz higher than
the theoretical value of Fulton. However, since many au-
thors consider the result of Ref. 207 for the 1S state to be
inaccurate, it is preferable to compare the experimental
value (206’) with the result of Ref. 208, in which the fine
structure was calculated using the simple potential
approach:*!8

AER (235, — 135,) =1233607221.69 MHz,

A" (238, — 138,) = 2455528055 MHyz,

and with the recent results of Fell, Khriplovich et al.*"*
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The fine structure of an excited state of muonium was
studied in Refs. 219-221 (see below).

We also make note of Refs. 76 and 222, in which the
question of verifying CP conservation in the leptonic sector
was studied. Experimental and theoretical limits on tran-
sitions of the type 23S, —»2!P, were obtained in those stud-
ies.

Hydrogen and deuterium. For hydrogen the results of
measurements of the 2S-1S interval are given in Refs.
223-231.%?) The importance of these studies is clear, since
they provide information on the Lamb shift of the 1§
level,** which cannot be obtained by the methods of radio-
frequency spectroscopy used in experiments on the 2§
Lamb shift, and they allow the numerical value of the
Rydberg constant to be determined with record accuracy.

In Table IX we give the results of measurements of the
interval and of the Lamb shift of the 1S level. All energies
are measured in MHz.

The result of Ref. 230 for the Lamb shift of the 15 level
was obtained using the following value of the Rydberg
constant (the average of the results of Refs. 252 and 253):

R _=109737.315714(19) cm™. (207)

There are several values for the isotopic shift AE(H— D)
determined using this method:

AE(H— D)=670993(56) MHz (Ref. 224),
AE(H— D)=670992.3(6.3) MHz (Ref. 225),
AE(H— D)=670994.33(64) MHz (Ref. 230),
AE(H— D)=670994.337(22) MHz (Ref. 347).
The numerical values of the Lamb shift of the 1S level

determined using the theoretical calculations of Refs. 236—
242 are (see Refs. 229 and 230):

Etheor(H,1.5,15) =8172.89(9) MHz (Ref. 229);
Etheor(H,LS,15)=8173.03(9) MHz (Ref. 230);

Ether(D,LS,15) =8184.08(12) MHz (Ref. 230).
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TABLE X.

Article Year Value of the constant (cm™1) Interval
[246] 1974 109737,3143(10) 2P - 3D
[247] 1978 109737,31476(32) 28 - 3P
[248) 1980 109737,31513(85) 2§ - 3P, 2P~ 3D
[249] 1981 109737,31521(11) 25 - 3P
1226) 1986 109737,31492(22) 1§ - 2§
[227] 1986 109737,3150(11) 1§ - 2§
[250] 1986 109737,31569(7) 2§ - 3P
[251) 1986 109737,3156Y(6) 25 - 8D, 10D
[252] 1987 109737,31573(3) 28 - 4P
{228} 1987 109737,31571(D) 1§ - 2§
[253) 1989 109737,315709(18) 2S - 8D, 10D, 12D
[229] 1989 109737,31569(8) 1§ - 2§
[230] 1989 109737,31573(3) 1§ - 2§
[231] 1992 109737,3156841(42) 1§ - 2§
[254) 1992 109737,3156830(31) 2S5 - 8S,8D

The proton charge radius in Ref. 230 is set equal to
0.862(12) F (Ref. 244),°> and that of the deuteron is
2.116(12) F (Ref. 245).

The theoretical value of the isotopic splitting

AE®r(F_ D) =670994.39(12) MHz (Ref. 230)
(208)

agrees with the results of recent experiments within the
error.

If we take the value of the Lamb shift to be given
theoretically, by comparing the calculated value of the 1.5-
2S interval with this experiment we can obtain information
on the Rydberg constant (see the following section).

4.4. The Rydberg constant

The recent measurements of the Rydberg constants are
given in Table X.

4.5. The Lamb shift

Hydrogen. The results of optical measurements of the
Lamb shift of the 1S level of the hydrogen atom are re-
ported in Ref. 255:

E(LS,1S,H)=8172.82(11) MHz (13 ppm). (209)

The technique is based on comparing the frequencies of
two-photon 15-25 and 25-4S5,4 D transitions and is funda-
mentally different from experiments on the indirect deter-

mination of this quantity (see the preceding section) by the
method of Doppler-less two-photon spectroscopy of the
15-2S transition. That study®>* also gives the first optical
measurement of the Lamb shift of the 4.5 level of hydrogen:

E(LS4S,H)=131.66(4) MHz (300 ppm), (210)

which can be compared with the theoretical predictions:***
Eher( 1S,45,H) =133.084(1) MHz,
Etheor( 15,45, D) =133.254(3) MHz,

and with the radio-frequency measurements (Refs. 256
258):

E**P(LS,45,D)=133(10) MHz (Ref. 256),
E*P(LS,4S,H)=133.18(59) MHz (Ref. 257),
E**(LS,45,H)=133.53%338 MHz (Ref. 258).

See Ref. 259 for a discussion of the Lamb shift for =3 in
the hydrogen atom. Here we reproduce the results of that
study:

E*P(LS,35,D)=314.93(40) MHz (Ref. 256),
E**(LS,35,H)=313.6(2.9) MHz (Ref. 260),

E*?(LS,35,D)=315.3(8) MHz (Ref. 260),

TABLE XI.
Year Reference AE., MHz Error, ppm
1953 1262} 1057,774(100) 94,5
1969 1263] 1057,772(63) 59.6
1970 [264] 1057,90(6) 56.7
1975 [265] 1057.892(20) 18,9
1979 [266] 1057.862(20) 18,9
1981 [267] 1057.845(9) 8.5
1982 [268] 1057.8594(19) 1,8
1983 [269] 1057,.851(2) 1,9
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E”P(LS,3S,H)=315.11(89) MHz (Ref. 261),

E*P(LS,35,H)=314.819(48) MHz (Ref. 259),

Eeor(1S,35,H) =314.898(3) MHz (Ref. 237).

The accuracy of these experiments approaches that of
the measurements of the Lamb shift of the 25 level, which
were extremely important for checking the QED predic-
tions. In Table XI we summarize the results of all the
measurements for the n=2 level.

The results depend significantly on the parameter T,
the lifetime of the 2P state. Since there are no experimental
data on this decay constant, its value has been calculated
theoretically.?®®?% Including relativistic corrections,

2\? 9
‘}’re1=477"(§) RHa3( 14+a?ln g)

a? 1+a21n2
2\ & me* 8
=(§) B m

(Ry is the Rydberg constant including the finite proton
mass).

The leading radiative corrections (the self-energy and
the vacuum polarization) give an additional contribution

(211)

m
1+—
Hp

5 A 2 R(2,1) R(LOY—1 1 1 19
Vrad= 776(3) HOQ [ —R(1,0)— na7_64_%
(212)

[R(n,l) is the Bethe logarithm].
Numerically, including these corrections, we have

1
¥y=-=6.2648812(20) - 10° sec™",

7=1.59619946(48) - 10~°

For deuterium (n=2) we know the following experi-
mental results:

E™P(LS,D)=1059.00(10) MHz (Ref. 262),

EZ**(LS,D)=1059.24(6) MHz (Ref. 270).

We note that further improvement of the accuracy of
the experimental results for the Lamb shift of the n=2
level of hydrogen will be very difficult, because the natural
width of the 2P state is of order ~100 MHz.

The complete theoretical expression for the Lamb shift
(n=2) in hydrogen is (Ref. 27; see also the improvements
in Ref. 348)

AEs=AEy, ,—AEy,,

a(Za)* S1m "
=——— [—| {z—+In(Za) *—2.207909
6 m) |8u

Z 27 In2|+(Za)?
+. a(128—2 n )+( )
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X —Elnz(Za) 2 4ln2+ In(Za) =2
4 48

323
+(Za) [Gse(Za)+va(Za)]+a( - )’

(Za)’m? (1

3 5
-2
v ln(Za) +239977—+— 7TZa

1
+1n(2Za)-1—4.25] +35 (Za)'m*(r))

1 (Za)*m® a(Za)’m?
a8 M T M

35 39 31
X[(——ln 2———

m 5 192)4—( 0.415+0.004) |,

(2.13)

where the self-energy and vacuum-polarization contribu-
tions (G and G, ) can be represented in the form of the
well known Wichman-Kroll expansion (Refs. 272 and
236¢):

G,, = —re+mm(Za)In(Za) "*+0.5(Za) +...

(214)

G,.=—24.147.5(Za)In(Za) "2+ 12.3(Za) + 1.2
(215)

and give a contribution —24.0+1.2 (Ref. 271) to the sum
for the case of the hydrogen atom.>®

The value of the Lamb shift of the n=2 level of hy-
drogen, corrected by taking into account the new calcu-
lated corrections, is given in Ref. 271:

E"eor( LS,H) = (1057.855+0.011) MHz

(for (r,)
=0.805(11)),

Etheor( LS H)=(1057.873+0.011) MHz
(for (rp)
=0.862(12)).

The earliest theoretical studies in which the recoil correc-
tions (Za)*(m*/M) were calculated are Refs. 114c, 169,
and 273-275. The corrections obtained by including graphs
with  radiative  exchanges, a(Za)4(m2/M ) and
a(Za)’(m*/M), have been calculated in the external-field
approximation in Ref. 241. The corrections of order
(Za)*(m*/M?) are found in Refs. 274 and 221. The con-
tributions arising from the inclusion of the finite size of the
proton are discussed in Ref. 271, where the corrections
(Za)®m?*/M are calculated.

The correction of order a*(Za)>m, the binding correc-
tion to two-loop radiative effects, has not yet been
calculated.®” It would be good to calculate it in order to
raise the accuracy of the theoretical calculations to ~1

kHz.
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TABLE XII.

Year Reference E(L.5), MHz Error, ppm
1950 (282 14020(100) 7130
1952 1283) 14021 (60) 4280
1955 [244) 14043(13) 930
1957 285] 14040,2(1,8) 128
1971 1286] 14046,2(1,2) 85
1979 1287] 14040,9(2,9 207
1987 1280] 14041,9(1,5) 107
1988 [281] 14042,22(35) 25

Muonium. At present there are two experimental re-
sults for the Lamb shift (2S,/,—2P,,5,J=1) in muonium:

EP(LS,Mu) = (10701 2+£2) MHz (Ref. 278),

E*P(LS,Mu)=(1054+22) MHz (Ref. 279).

The theoretical value was given by Owen (Refs. 219, 220,
and 221):

E%e°r( LS,Mu) =1047.03 MHz (Ref. 219),

like the fine-structure interval 2P;,,— 2P, /5

Etheor( £§ Mu) =10921.50 MHz (Ref. 219).

In contrast to the hydrogen atom, as in the case of
calculations of the HFS in muonium no problems with the
structure arise.

Helium. The accuracy of the experimental
measurements®**28! of the frequencies of transitions be-
tween Rydberg states of “He* by the methods of beam foil
spectroscopy has now reached a level where it has become
possible to check the (2S,,,—2P,,,) Lamb shift in helium
at the level of corrections of order ~a(Za)®mc? In Table
XII we give all the experimental results for this quantity,
including earlier ones based on the technique of Lamb and
Rutherford.?¢?

The first theoretical studies of the Lamb shift in the
helium atom were carried out in Ref. 289. Modern calcu-
lations (Refs. 232, 237, 276, and 281; see also Ref. 238)
give widely differing results:*®

E(LS,*He" )™ "' =14044.5(5.2) MHz (Ref. 232),

E(LS,*He*)™r=14045.12(55) MHz (Ref. 237),
E(LS,*He*)™"=14042.36(55) MHz (Ref. 276a),
E(LS,*He*)™®r=14042.26(50) MHz (Ref. 281).

Recent calculations of G, (Z=2) give
G, (Z=2)=—22.8+2.0 (Ref. 290), (216)

G, (Z=2)=—220+0.3 (Ref. 291). (217)

In addition, we should note the recent studies devoted to
high-lying states of the helium atom (Refs. 292-296 and
291) and the table of recent results for ions of other atoms
in Ref. 281. Muonic helium was studied in Ref. 297.
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4.6. The anomalous magnetic moment

The electron.

The renormalizability of QED guarantees the possibil-
ity of calculating the electron anomalous magnetic moment
(AMM) by expansion in a perturbation series in a/7 with
finite coefficients a;:

-2
8 4.(QED)

2
a a\2 a\’ a\?
=4ayn ;"'GIV(;) +aVI(;) +av]n(; “+....
(218)

At present the value of the electron AMM is known
through 8 significant figures. The calculation of this con-
tribution has been completed in Refs. 298-302. The result
fosr the eighth-order contributions to the electron AMM
:.39)
is

aleet = —1.434(138). (219)

If the most accurate value of the fine-structure con-
stant a (Ref. 304), determined by using the quantum Hall
effect, is used,

—1=137.0359979(32) (0.024 ppm), (220)
the most accurate value of the electron AMM will be*”
"‘°°’ =1159652140(27.1)(5.3) (4.1) - 10~ 12, (221)

which agrees*! to within 1.7 standard deviations with the
experimental values for the electron and the positron (Ref.
144):4)

a;P=1159652188.4(4.3) - 10~ 12, (222)

a’¥=1159652187.9(4.3) - 10~ 12, (223)

The theoretical result includes the analytically calcu-
lated second- and fourth-order contributions:

a,1=0.5 (Ref. 307), (224)
197 ? 7721n2 2¢(3)
V=Tt 2 T4
= —0.328478965 (Ref. 308),*® (225)
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m, 1 (m,\? 0 m, 41 m,
ae’w( u) 45 (mu) + ((m#) nmﬂ)
=5.198-10"7 (Ref. 313)% (226)

and the sixth-order contribution, consisting of 72 graphs
(not all of them have been calculated analytically),*'*3!7

corrected in Refs. 302 and 350:
a,v1=1.17613(42),* (227)

and also the small correction terms which appear as a
result of the inclusion of the muon, 7-lepton, and hadronic

vacuum-polarization loops, and also the contribution of
the weak interaction:

Aa,(muon) =2.804 - 10~ 2,
Aa, (7 lepton) =0.010-10~12,
Aa,(hadrons) =1.6(2) - 10~ 3,
Aa,(weak int.) =0.05-10"'2,

The contribution of light-on-light scattering subdia-
grams to the sixth-order AMM a, recently calculated an-
alytically is also interesting:*!°

a,v(yy) =3(5) — 5 C(3) —sm* —3? In> 243 1n* 2
+15a,—3£(3) =247 In 2+ 37 +3
=0.3710052921

1
(a4= z 2n

n=1

(228)
=0.517479061.. )

which agrees with the numerical estimates:
a,vi(yy) =0.36(4) (Ref. 320),
a,vi(yy)=0.37112(8) (Ref. 321),
a,vi(7y)=0.370986(20) (Ref. 315),

but disagrees with a,vi(yy) = 0.398(5) (Ref. 318).
The muon. The AMM of a lepton of mass m, can be
expressed in the following most general form:

my my m; m
01—01+02 +a| — ms +a; my'ms )’
where m, and m; are the masses of the other leptons.
As for the electron AMM,

a a\? a\’ a\t
ai=ai,ll(;) +ai,1v(;) +ai,v1(; +ai,VIlI(;) +...
(230)

Clearly, a, ;=a;;=a;1yv=0, since the Feynman graphs
which can give such contributions are absent.

Let us consider the current status of studies of the
muon AMM. The value is known from the calculation of
the electron AMM. The value of a, ;y(m,/m,), in contrast
to the electron AMM, is not so small, owing to the large

(229)

value of the ratio m,/m,. The result is known
analytically:3%
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2 3 3
m m m m
=(—“) In —"+3(—“) +0(—“)
me me me me
(231)
From this expression we can also extract the contribution

m,
azw( ) 7.794(32) - 107>, (232)
T
The sixth-order contribution a,y;(m,/m,) arising
from the 18 Feynman diagrams containing vacuum-
polarization loops has been obtained analytically (Refs.
313, 323, and 324):

m 1075 25
pvi[_Te ) _ v
“ (mu;V-p) e (VP )+( ) 216 3 6@

+10£(2)In 2—2£(3) + 3¢y

31
+(Fr3-gmro)

2 My
X1n —+ In?
me

a3
=1.94404(;) , (233)
and the contribution of the six graphs with light-on-light
scattering subdiagrams has been calculated numerically
(Refs. 321, 325, and 326). The most recent calculations of
this order of the muon AMM give the following values
(Refs. 321 and 350):

am(% ;vac.pol.) —1.9204550(2),
e
m
az,w(ﬁ ;light-on-light) =20.9479242(9),
e

m
a2v1( £ sum) 22.8683792(9).
e

The eighth-order contribution to the muon AMM is
calculated from 469 Feynman diagrams, each of which
contains electron loops of the vacuum-polarization type or
light-on-light scattering subdiagrams. The result of the nu-
merical calculations for eighth order is given in Refs. 327
and 350:)

m
a';»V"‘(—") =127.47. (234)
m,

The asymptotxc (for m,/m,—0) contributions to the
muon AMM*” arising from elghth order diagrams con-
taining one electron vacuum-polarization loop have been
obtained analytically in Refs. 328-330, using the

renormalization-group method:**

a2 (v.p.)=—In —+ 14 3£(2) —£(2)In 2
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+3E(3) —3E(5) = —0.290987... ,
(235)

and that from graphs containing two electron loops is
(Refs. 328 and 329):*®

w2 1 ! m, 1531
au,vm(v.p.)_ T n? ——+ ——I—m
s 611 63 =

—1.452570... . (236)
The estimated tenth-order contribution is*%’
my,
azx(m ) 570(140). (237)

The contributions a3 y;(m,/m,,m,/m,)=524(1)-107*
and a3 yy(m,/m,,m,/m.)=0.079(3) were calculated in
the same study. Combining the results with the contribu-
tion @, known earlier,*®> we obtain the purely quantum-

electrodynamical contribution (Ref. 350):*

a,(QED) =1165846984(17)(28) - 10~ '2, (238)

and after adding it to the hadronic contribution (Refs.
333-336):"

a,(hadrons) =7.03(19) - 10~® (239)
and the weak-interaction contribution (Refs. 337, 338,
350):°)

a,(weak int.)=195(10) - 107}, (240)

we arrive at the following result for the muon AMM (Refs.
327 and 350):

a;j'e°'=116591920(176) -10— 1 (241)

which agrees well with the known experimental values:**

CXP— 1165937(12) - 10—,

ae"f=1165911(11) 10~°.

However, we note that the experiments planned at
Brookhaven will raise the experimental accuracy by a fac-
tor of 20 (up to =0.05X 1078, Ref. 340).

The 7 lepton. Theoretical calculations of the AMM of
the 7 lepton were performed in Refs. 341 and 342. The
following numerical estimates were obtained:

a,=11773(3) - 107"

The experimental value of a, has not been studied as
well as the theoretical one. No direct experiment in this
area is even being planned, owing to the extremely small
lifetime of the 7 lepton,*® T'~3x 1073 sec

4.7. The fine-structure constant

The experimental values of the fine-structure constant
are the following:
(a) determined using the quantum Hall effect:**
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a~'(QHE) =137.0359979(32) (0.024 ppm);

(242)

(b) determined by calculating the eighth-order elec-
tron AMM and comparing it with the experimental value

(Refs. 302 and 114):°2
a~!(a,)=137.03599222(51) (63) (48) (0.0069 ppm);
(243)

(c) determined using the Josephson effect:3*

a~'(JE)=137.0359770(77) (0.056 ppm);

(d) determined by comparing the experimental and
theoretical values of the HFS in muonium:'*°

a~Y(u—hfs)=137.035992(22) (0.16 ppm).
(244)

The first two values are consistent up to 0.05 ppm, thus
indicating that QED is valid at that level of accuracy. It is
necessary to further increase the accuracy of measurements
of a~'(QHE) by using other methods. A possible source
of uncertainty between (242) and (243) is some unknown
interaction between particles more massive than the W=
and Z° bosons,s” and also a possible subquark structure of
the electron.’*’

In conclusion, the authors are deeply grateful to V. G.
Kadyshevskii, V. I. Savrin, B. A. Arbuzov, E. E. Boos, D.
Broadhurst, N. B. Skachkov, R. Fell, I. B. Khriplovich, O.
A. Khrustalev, and M. 1. Eides for useful discussions, to P.
S. Isaev for his interest in the study and for the suggestion
to write this review, to the Center for the Science and
Technology of the Control and Use of Physical Fields and
Radiation of the Russian Academy of Sciences for pleasant
working conditions, and also to I. V. Musatov and I. E.
Monakhova for their help in preparing the manuscript.

DIn (3) and below, repeated variables are understood to be integrated
over.

DThe physical meaning of the quantities py, gy, 7, 4 is clear from Fig. 1;
m, and m, are the constituent-particle masses.

3For the Green function (2) it is also necessary to take xJ— co.

“In view of the fact that the free Green function of the two-fermion
system has no inverse, in the quasipotential approach it is necessary to
project G, onto positive-energy states.

91n calculating the HFS of the ground state of positronium and muonium
with accuracy @ In a it is possible to confine ourselves to graphs with
three-photon exchange.

©The same authors recently calculated the corrections of order
az(Za)EF. See Sec. 4 and Refs. 36 and 37 for more details.

"The graphs in which a radiative photon spans more than two exchanged
photons do not lead to contributions of order a(Za)Ey in the Fried—

Yennie gauge.

8)This method has also been used to calculate the contribution of terms
depending on the logarithm of the mass ratio to the value of the muon
anomalous magnetic moment.*

9)The value of the coefficient of In? (m./m,) was improved in Ref. 45.

10gee Table I for the previous expenmental results.

“)Neglectmg the as yet uncalculated corrections O(a®).

Owing to angular-momentum conservation and the isotropy of space,
orthopositronium must decay into an odd number of photons, and
parapositronium into an even number; see above.

)The result of Ref. 63 is incorrect: it is 4 times smaller than the values
quoted. The explanation of this is given in Ref. 61.

)The suggested values do not give rise to contradictions in comparing
the theoretical and experimental results for the electron anomalous
magnetic moment.
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5)For example, Glashow™ has suggested decay into an invisible particle
belonging to a “mirror” world.

16The physical basis of these speculations is the possible existence of an
anisotropic vector field with nonzero vacuum expectation value,”® with
which the electron and positron can interact: . = gw/;OaﬁrllA"Qﬂ where
& is the interaction Lagrangian.

"DThe results of Refs. 79-81 can be viewed only as rough estimates.

9)In the 1952 and 1954 experiments the ratio of the decay widths of para-
and ortho-positronium I'y(p—Ps)/T';(0—Ps) was measured. The re-
sults given in Table V were calculated using the first experimental
value:® I';(0—Ps) =7.262(15)ysec"'.

9)For positronium only the contribution of electron—positron loops is
important, owing to the smallness of m,.

20)These corrections were first found numerically.'? /

2DThe result of Ref. 41 calculated using the method of ﬁhc preceding
section has been added to that of Ref. 45.

21*)Recently,** Kinoshita presented a prehmmary result of calculations of

the last remaining graph of order a*(Za) with crosSed virtual pho-
tons: AE(ad*(Za))=(—0.64+0.06) (az(Za)/‘n')EF= —0.353(33)
kHz for Mu. This makes it possible to decrease the theoretical error in
(197) to 0.17 kHz.

2)Three-photon exchange graphs were not included in this calculation.

)The result of 1961 (Ref. 147) is only an estimate: AE=2250-9000
MHz.

2)0f course, with the corresponding substitutions m,—m,and a,—a,.

25)The results are given in units relative to Ey.

26)The only experimental result known to us on the HFS of the hydrogen
level with principal quantum number n=2, that of Ref. 172:
AEMFS(28,H) =177556.6(3) kHz, accurately satisfies the equation ob-
tained by Breit:'*! AE(2S)=AE(15)/(8—5a?).

DThe calculation of some contributions can also be found in Refs. 200
and 203, but the numerical results given there are very different from
the experimental results.

2)The first error is statistical, and the second is systematic.

2)Experiments with accuracy ~ 10 ppm are needed to check the result of
the studies of Fell and Khriplovich et al. The result of Ref. 47 was
confirmed in Ref. 348.

30The result of Khriplovich et al. is given in the first column, and that of
Fell in the second.

3 l)The previous experiments gave the following results for positronium:
3 L AE— ,36 cR_=41.4(5) GHz (Ref. 212),

AEP=1233607185(15) MHz=gcRm—83545(15) MH:z (Ref. 213).

AE™P=1233607142.9(10.7) MHz (Ref. 214),

and for muonium (see the discussion in Ref. 215):
-AE"‘P = (613881924 + 30 + 35) MHz (Ref. 216).

3)The early results on the determination of 225, ,,— 22P, , are reviewed in
Refs. 232 and 233.

3)The first successful attempt to measure this quantity was made in Ref.
234: E*P(LS,18) = (7.9 +1.1) GHz. See also Ref. 235, where the value
of the isotopic splitting of hydrogen was first discussed on the basis of
observations of the Lyman series for hydrogen and deuterium.

3)The result from Ref. 226 given in this table was obtained using R
from Ref. 249. Better agreement with the theoretical result is obtained
when R_ from Ref. 247 is used: E(LS,15)=8174.8(8.7) MHz.

3)The previous measurement of the proton radius?*® cannot be ignored,
because for some experiments it leads to better agreement with the
theoretical predictions.

39)For other ions (Z+£1) (Refs. 236 and 276).

3See the studies in this area,?’” where the corrections of this order from
graphs with polarization insertions in external Coulomb lines and from
graphs with radiative insertions in an electron line and with one polar-
ization insertion into a Coulomb line have been calculated.

3)The calculation of Ref. 281 was done using a new value of the nuclear
radius, 1.673(1) F (Ref. 288), and is in excellent agreement with
experiment.

3)This result is considerably more accurate than the previous one:
Gy = ( — 0.8 & 2.5) (Ref. 303).

40 The most significant uncertainty (27.1) arises from the uncertainty in
the value of the fine-structure constant; the second one arises from the
error in the calculations of 4", and the third arises from the error in
the calculations of the eighth order a3, .

“DThe suggestion’® about a connection between this difference (1.70)
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and the existence of a scalar partner of the electron (and not only with
the error in measuring a and the inaccurate numerical integration) is
not yet taken seriously.

“DThe history of the experimental results is given in Ref. 306.

“)The contribution a,;y was recently calculated again in the Fried—
Yennie gauge.’® The result agrees with the previous one (Refs. 308
and 310-312).

*)The fourth-order term a,y(m,/m,) due to the existence of graphs with

radiative insertion of a  lepton at the vertex is (m,/ m,)? times smaller
than the value (226). The term a,v((m/m,,m/m,) of order
(a/ 17')3(m£,/m,,)2(m‘,/m,)2 is negligible at the present level of experi-
mental accuracy.

4)The result of Samuel,>'? a,y; = 1.184(5), is presently considered to be
too high.

#)A preliminary result was given in Ref. 325: a, y;;=140(6).

“NUpon completing this review, we learned of the remarkable results of
Ref. 331, where the (n+1)-loop contributions to the muon anomaly
were obtained analytically by substitution into the one-loop graphs of
all graphs with an n-loop photon propagator containing (n—1) elec-
tron loops.

#)See also Ref. 332, in which the same technique is used to calculate the
eighth-order Callan-Symanzik B function, which is used for the above-
mentioned analytic calculations.

“NThe first uncertainty is the estimate of the theoretical uncertainty
mainly from a, y;(m,/m,), and the second is the uncertainty due to the
error in measuring a by the quantum Hall effect.

59)The recently published result is more accurate than that given in the
study by Kinoshita: a,(hadrons)=—(6.986+0.042+0.016)x10~*
(Ref. 336). The values of the experimental errors and the model errors
are given.

SDThe quoted uncertainty is due to the absence of information about the
Higgs mass.

) The first uncertainty is from the measurement error, the second is from
the uncertainty in the sixth-order calculations, and the third is from the
uncertainty in the eighth-order calculations. The result in Ref. 302 is
three times more accurate than that in Ref. 304, and even more accu-
rate that the results of other methods.

)However, the contribution of this interaction cannot be large, owing to
the effect of the factor m/M. The value of ™" is more sensitive to the
case where there exists an as yet unknown light particle interacting
with the electron.®®
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