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Predictions of behavior of electrons and positrons in extremely strong magnetic fields are
analyzed. The solution of the problem is based on exact solutions of the Dirac equation for an
electron in a homogeneous magnetic field (Furry representation). It is possible to

consider the case of an extremely strong field H>H,=m?>c*/efi; such fields are characteristic
of pulsars and have also been recently achieved under laboratory conditions in collisions

of heavy ions. Problems considered include that of the vacuum in an ultrastrong field, the
properties of synchrotron radiation under the conditions of pulsar magnetospheres,
single-photon channels of the mutual transformation of electron—positron pairs, the behavior
of the simplest systems (the hydrogen atom) in ultrastrong fields, and the problem of

the anomalous magnetic moment of the electron. Aspects of neutron 3 decay in a strong

magnetic field are discussed.

It is difficult to estimate the magnitude of
Bogolyubov’s contribution to the development of modern
quantum theory: the hypothesis of colored quarks,' the
vacuum problem and the phenomenon of spontaneous
symmetry breaking,” the development of the
renormalization-group method,® and the stimulus to the
development of other directions in modern high-energy
physics.

In particular, Bogolyubov was very interested in the
problems of the quantum theory of the motion and radia-
tion of particles in an electromagnetic field. Investigations
into the quantum theory of synchrotron radiation and the
anomalous magnetic moment of the electron always en-
joyed his invariable support. We dedicate this paper to the
memory of N. N. Bogolyubov.

The problem of the theory of quantum phenomena
observed when particles move in an extremely strong elec-
tromagnetic field arose long ago, already in early studies of
Heisenberg* devoted to analysis of the influence of an ex-
ternal field on the motion of particles made in the spirit of
an analysis of the possibility of developing a single-particle
description. In recent years, this problem has ceased to be
purely academic, and interest in it has grown in connection
with new experimental possibilities—strong electromag-
netic fields have become accessible for observation not only
in astrophysics but also under laboratory conditions.

1. EXTREMELY STRONG ELECTROMAGNETIC FIELDS

We consider briefly the concept of an extremely
strong—critical—electromagnetic field. As is well known,
the uncertainty relation 6t6E># allows transient violations
of the energy conservation law, and electron—positron pairs
can arise from the vacuum and exist for a time of order
r=#/8E=*#/(mc%). During this time, the components of
the pair can move apart to distances not greater than 67
=cr="%/(mc), i.e., distances of the order of the Compton
wavelength A=7/(mc) ~10~'° cm. This is the so-called
quantum radius of the electron, and it characterizes the
region of possible spatial localization of an electron in
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quantum theory. Now if an external electric field can do
work ~mc? on an electron over the distance &7, then the
creation of a pair from the vacuum becomes a real process.
For this to happen, the field must be of the order of the
critical field defined by

eo? A/ (me)=mc?, &.=m?c*/(eyh).

Under these conditions, the vacuum becomes unstable, and
& . is the critical value of the field at which a single-particle
formulation of the problem becomes impossible (see Ref.
5).

Besides a critical electric field, there also exists a crit-
ical magnetic field if the electron gyration energy #()
[Q=eyH/(mc) is the cyclotron frequency] is equal to the
electron rest energy mc’:

#Q =*#eoH,/ (mc) =mc?,
H.=m*c/(ejh) =4.414- 10'* Oe.

However, because of gyromagnetic properties the magnetic
field does not do work (the Lorentz force is perpendicular
to the particle trajectory). For this reason, the vacuum
remains stable even when a critical field acts on it. This is
particularly interesting for the investigation of processes in
such an extremal field—there is a domain of ultraquantum
physics in which the observed phenomena can be very ex-
otic.

The motion of particles in an electromagnetic field, and
also the quantum processes that accompany such motion
(radiation, pair production, annihilation, etc.) are deter-
mined not only by the type of field configuration but also
by dynamical parameters (see Ref. 6). Since the probabil-
ities of such processes must satisfy the requirement of rel-
ativistic and gauge invariance, one must consider the well-
known field invariants
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where F,,, is the tensor of the electromagnetic field, and p”
is the 4-momentum of the particle. The quantum processes
in an external field depend strongly on the value of this
dynamical parameter. If y<1 and the problem admits ex-
pansion with respect to this parameter, one can develop a
general method for determining the quantum corrections
to the classical expressions for the probability of the pro-
cess. If, however, y—1 or y>1, then we come into the
domain of ultraquantum phenomena, in which the external
field must be taken into account exactly outside the frame-
work of perturbation theory.

The problems of developing quantum electrodynamics
in strong electromagnetic fields have been at the center of
attention in recent years.®'° In the process of development
of this direction, it has become necessary to advance the
frontiers of investigation of physical phenomena into the
domain of field strengths that in the recent past were not
merely inaccessible but even appeared extravagant.

Considering examples of the existence of ultrastrong
fields, we must first mention pulsars, which are unique
laboratories for investigating the behavior of matter under
conditions of ultrahigh matter density and ultrastrong
magnetic fields. During the summer of 1967, during tests of
the new 76-m Cambridge radio telescope, repeated radio
signals with a period of the order of a second and a dura-
tion of a few hundredths of a second were detected. This
event was initially remarkable, and there was even a sug-
gestion of modulated signals sent by other civilizations.
Thus, pulsars were discovered; in particular, a pulsar was
discovered at the center of the Crab Nebula (PSR 0531
+21), which also radiates in the optical and x-ray ranges.
At the present time, more than 400 pulsars are known."

The most probable model of a pulsar is a neutron star
that is an inclined rotator. After a significant fraction of
hydrogen has been burnt in the interior of a star and trans-
formed into helium by thermonuclear fusion, the gas pres-
sure is no longer capable of holding up the mass of the
higher layers of the star. Catastrophic contraction com-
mences, and the star itself contracts to a radius of the order
of 10 km. A neutron star appears, and its birth is accom-
panied by a strong growth in the magnetic field strength.
Indeed, if one imagines the sun (R=0.7 10" cm, H~1.5
Oe) compressed to a diameter of 10 km, then under the
condition of constancy of the magnetic flux HS, S =mR?,
the magnetic field of the neutron star will reach the value
2-10" Oe.
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Observations of hard x rays from the pulsar Hercules
X —1 indicate that the magnetic field at the pulsar surface
is H~(5-6) - 10'? Oe. This field, which is “frozen” into
the star, must become stronger as the center of the star is
approached, and, according to the estimates of Ref. 11, the
field induction in the central part of the neutron star
reaches the stupendous value ~ 10'7 Oe.

The discovery of neutron stars was an outstanding
event in the astrophysics of the sixties and seventies and
laid the foundations for the development of the physics of
the interaction of matter with the electromagnetic field un-
der critical conditions.

It may appear somewhat unexpected that magnetic
fields like the extremal fields of pulsars can be realized
under laboratory conditions. Such fields can be observed in
noncentral collisions of heavy ions. Suppose that two nu-
clei with charges z; and z, move toward each other. Then,
choosing the optimum impact parameter, one can briefly
obtain a field
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In these expressions, R is the radius of the “current loop”
(Biot—Savart-Laplace law), r is the distance from the sym-
metry axis to the point of observation, J is the current of
the ions, z; and z, are their charges in units of the electron
charge, and v is the relative velocity. Setting z;+2z,=174,
v=0.1¢, and R=15 fm (1 fm=10""" m), we find that on
the symmetry axis (r=0) the magnetic field strength
reaches H~3- 10" G (Ref. 12). At the present time, ex-
periments are being made (in Germany) with heavy ions
with the aim of detecting the spontaneous production of
positrons by a Coulomb field, and recently success was
achieved. In 1988, experiments made at Darmstadt in Ger-
many on the heavy-ion linear accelerator UNILAC led to
the observation of the production of electron—positron
pairs in the ultrastrong electric field produced by collisions
of uranium, thorium, and lead heavy ions.!? The results of
the experiments still do not yet have an unambiguous in-
terpretation, but the attainment of critical values of the
electromagnetic field under laboratory conditions is not in
doubt.

Recently, the problem of the occurrence of ultrastrong
magnetic fields has also been discussed in connection with
possible physical processes that may accompany the mo-
tion of colliding proton-antiproton beams in colliders of
the new generation (LHC and SSC). 14 Because of the high
energies of the particles, the resulting field may reach val-
ues H.=M 2Wc3/ (efi) = 10?* Oe and create favorable condi-
tions for the production of W=- and Z°-boson condensates,
which then decay into leptons.

In the considered estimates of the extremal values of
the electromagnetic field, allowance must also be made for
the energy of the particles that interact with the field (see
Ref. 6). It is well known®’ that the electrodynamic pro-
cesses that take place in an external field depend on the
quantum dynamical parameter (2), which in the case of
the motion of an electron in a purely magnetic field has the
form
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If the parameter y reaches values y > 1, a way is opened up
to the experimental investigation of entirely new interest-
ing effects, since in this ultraquantum region of phenomena
the quantum laws begin to play a particularly fundamental
role.

In this connection, we should mention the experiments
made comparatively recently using the SPS accelerator at
CERN," in which a beam of relativistic electrons with
energy 150 GeV and very small angular spread was di-
rected along the axis of a germanium crystal. A strong
macroscopic field acted along this axis in the crystal, and
its strength could be estimated by considering the effect of
the nuclei of the atoms of the crystal on a test particle.'®
Analysis showed that the maximum electric field on the
crystal axis was Ep,,=10'> V/cm. The equivalent mag-
netic field, estimated from the ability of the averaged crys-
tal field E,,, to deflect electrons and positrons, reached
values ~3 GOe=3" 10’ Oe.

Thus, in this CERN experiment'® the dynamical pa-
rameter £ (2) exceeded unity: y>1. Modern experimental
physics has reached a new and very interesting frontier—
the observation of quantum effects under conditions of crit-
ical values of the external field and high particle energies.
Possibilities have been opened up for observation of en-
tirely new nonlinear effects and a possibility of testing the
theory under conditions of high energy and extreme values
of the external field strength.

2. VACUUM POLARIZATION BY AN EXTERNAL FIELD
IN QUANTUM ELECTRODYNAMICS

The problem of electrodynamics in a strong electro-
magnetic field arose in the early studies of Heisenberg and
Euler* devoted to calculation of vacuum polarization ef-
fects, and also Sauter,!” who analyzed the well-known
“Klein paradox” associated with the production of
electron—positron pairs in a strong electric field. As was
first pointed out by Dirac, even if an external field does not
lead to pair production it does influence the vacuum of the
electrons and positrons, giving rise to a redistribution of
the charges of the vacuum and changing its energy (vac-
uum polarization). The phenomenon arises because appli-
cation of an external field shifts the energy levels of the
vacuum electrons from the vacuum energy levels without
an external field. Such a change of the energy leads to a
change in the equations of the electromagnetic field; the
Lagrangian is also changed, and the Maxwell function

Fom (B iP)
0787
now becomes the first term in the expansion of a complete

function with respect to a constant that characterizes the

interaction of the vacuum electrons with the field:
j=j0+$1+..., Where
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and f, and f, are determined by (1)—they are invariants
of the electromagnetic field. It follows from this in partic-
ular that the correction .’ to the Lagrangian does not
depend on the parameters of a plane electromagnetic
wave—an external field consisting of plane waves does not
polarize the vacuum.

In the special case of weak fields (H/H.<1, E/E 1),
Heisenberg and Euler obtained from Eq. (4) the result

L= (B — B2 +7(EE)Y}. (5)

360w H-
These are the first terms of the correction resulting from
the expansion in a series in powers of f, and f,, and they
characterize the shift in the energy of the classical electro-
magnetic field. In this opposite limiting case of an ex-
tremely strong field, we can obtain from (4) to logarithmic
accuracy the result

2
e
(H/H)»1, E=0, £ i=5 H?In(H/H,),

(6)
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(see Ref. 20 for a discussion of the corrections of higher
order in €?).

Note that because .¥’; is complex the vacuum state is
quasistationary. The loss of stationarity is due to the pos-
sibility of real production of electron—positron pairs from
the vacuum when the strong field acts on it. As follows
from the quantum decay law of a stationary state
W~e BV y—w/2 (c=#=1), twice the imaginary part
of the Lagrangian determines the probability w of produc-
tion of an electron—positron pair by an external field per
unit volume per unit time:

w=2lmf1.

Retaining the leading terms of the sum (6), we find that
1
_ 2, —7EJE
W=y (eE)% . ¥h)

It follows from this expression that Im .#°;=0 in the limit
E -0, so that the probability (7) vanishes, i.e., the vacuum
in a constant and homogeneous magnetic field, and also in
the field of a plane electromagnetic wave and in a crossed
field is stable with respect to the spontaneous production of
electron—positron pairs. Vacuum instability was already
discussed in the early studies of Refs. 17 and 18 into the
influence of negative-energy states on the interaction of an
electron with an external electric field.

Considering the single-particle problem of motion in a
homogeneous electric field, Klein'® showed that in a clas-
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sically forbidden region of motion, where the wave func-
tion should be damped, a wave that reaches to infinity
exists (“Klein paradox™). Sauter gave an exhaustive solu-
tion of this problem,'” by considering particle states with
not only positive but also negative energy. He established
the critical value of the electric field at which the single-
particle approach to the solution of the problem becomes
impossible. Omitting here the rigorous solution of the
problem (see Ref. 17), we give here only a brief illustration
of the motion of an electron in a homogeneous electric field
that changes the configuration of the electron energy levels
and the boundaries of the upper continuum (E =mc2) and
lower continuum (E= —mc?) (see Fig. la):

V(x)=ey8x, E=-tmc*+ey&x. (8)

This can be represented graphically. Figure 1b shows
the rotation of the forbidden energy band that separates
the positive- and negative-frequency (i.e., electron and pos-
itron) states.!” It can be seen from this graph that in an
electric field there is no rigorous separation of these
states—there can always be a tunneling transition from
region III to region I. As is well known, the probability of
such a transition in the semiclassical approximation is

2 b
D=exp ——J |p(x)|dx
%),

’

1
p(x) =2 V(E—ey&x)?—m’c*,

and integration of this expression leads to the result
D=e""E/E, E —m?c}/eti 9)

[see also (7)]. To rule out the possibility of spontaneous
transition of electrons to the lower continuum of states,
one introduces, of course, the assumption that all the states
with negative energy are occupied (Dirac background),
and then after the transition of an electron to the upper
continuum of states a ‘“hole” appears in the background
and behaves like an antiparticle—a positron. When the
electric field E reaches its critical value E,, the electron—
positron vacuum becomes unstable and electron—positron
pairs are produced. Under these conditions, the single-
particle approach to the solution of the problems of the
quantum theory becomes impossible.

Returning to the question of vacuum polarization, we
note that this polarization may also occur under the influ-
ence of individual photons, the quanta of the electromag-
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netic field. In Ref. 20, Ritus showed that the vacuum po-
larization by photons with large squares of the virtual
momenta is similar to the vacuum polarization by a strong
external field. Study of the Lagrangian in the limit of a
strong field can, by virtue of these considerations, give us
the same information as the results of investigation of the
photon polarization function in the limit of large virtual
momenta. In other words (see Ref. 6), the behavior of
quantum electrodynamics at short distances (in the region
of large momenta) can be studied by investigating the
quantum corrections to the Lagrangian of a strong electro-
magnetic field. One can see this by considering the behav-
ior of the ratio .Z|/.% [see (6)] in a strong field:

e H
31/30=—§1nﬁ

and comparing it with the photon polarization function at
large squares of the photon momenta:?!

e2 k2

P o= —g In ? .

Thus, the Lagrangian of a strong electromagnetic field can
be particularly important for the development of short-
distance quantum electrodynamics.

In conclusion, we emphasize that the relativistic theory
of vacuum polarization leads to a nonlinear electrodynam-
ics characterized by a special Lagrangian (5) that is a
function of the field invariants f; and f, [see (1)]. This has
an interesting physical interpretation in terms of nonlinear
Lagrangians introduced in order to achieve a nonlinear
generalization of Maxwell’s electrodynamics:

E;

E'z"—lf2 > >
p— — — 2 | —
7|1 \/1 & (EH)*/E:|(Born-Infeld)

E: > o
3=§1n(1+(E2—H2)/Ef) (Schrddinger).

In these expressions, the choice of the nonlinear generali-
zation is arbitrary, and it is only Dirac’s theory of the
electromagnetic vacuum that opens up a physical model of
the Lagrangian. The nonlinear generalization of the theory
makes it possible to investigate some fundamentally new
physical phenomena: light-light scattering, nonlinear scat-
tering of light by charges, and some other effects.
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3. RESTORATION OF SPONTANEOUSLY BROKEN
SYMMETRY OF THE VACUUM OF ELECTROWEAK
INTERACTIONS IN A STRONG MAGNETIC FIELD

In recent years there has been interest in the effect of
extremely strong magnetic fields on the vacuum state of the
electroweak interactions.”??>?* As is well known (see, for
example, Refs. 24 and 25), spontaneous symmetry break-
ing is the basis of the modern gauge theory of the weak and
electromagnetic interactions. In accordance with this
(Salam—Weinberg—Glashow) theory, the original massless
particles acquire mass through the Higgs mechanism based
on spontaneous breaking of the local SU(2)/U(1) sym-
metry (W* and Z° bosons). In this connection, it is inter-
esting to investigate the properties of the vacuum of the
electroweak interactions and, in particular, the influence of
external factors on the process of spontaneous symmetry
breaking.

We consider the simplest Abelian Higgs model, in
which the original Lagrangian has U(1) symmetry and
possesses the form

&= —IF PP (P2e*) (2 ,0) — V(pgh),

where

(10)

m? A2
Vigp*)=—— o*e+ (p*@)?%

A . 2
P ,=0,+ied,, m >0, A>0.

The function ¢ describes a scalar charged field, 4, de-
scribes a quantized vector field, F,,=d,4,—d,4, is the
tensor of the electromagnetic field, m is the mass of the
particles described by the field ¢, and A is a dimensionless
parameter that characterizes their interaction.

Note that the minus sign in the expression for the ef-
fective potential ¥ opens up the possibility of spontaneous
symmetry breaking. Indeed, V(@@*) has a minimum at
the values

Po= +m/A=n.

By virtue of this, the “equilibrium position” ¢=0 corre-
sponding to the vacuum becomes unstable—there is vac-
uum degeneracy, since now there are two stable positions
of a minimum (see Fig. 2). The choice of one of them is
explained by random factors, but it is very important that
transition of the system from one equilibrium state to the
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other is ruled out. In quantum field theory with infinitely
many degrees of freedom the probability of such a transi-
tion becomes vanishingly small.

Thus, the vacuum degeneracy leads to spontaneous
symmetry breaking: The original Lagrangian (10), which
is symmetric with respect to the discrete transformation
@— —@, loses this symmetry property if the negative sign
in the mass term of the effective potential is chosen. This
can be clearly seen from the absence of symmetry of V
about the point @=7. In what follows, it will be conve-
nient to write the effective potential in the form

2

V=" (’p—7")",

since the addition to the original expression of a constant
does not affect the equation of motion. It is then convenient
to go over to a new function y, setting ¢ =7+ y, where y
describes excited states near the stable vacuum 7. We then
find?* that
AZ
V=" 1477 +4n+x"1,

from which it follows that the y » —y symmetry is here
broken. Omitting for simplicity the nonlinear interactions
of the fields, we now obtain an expression for the original
Lagrangian (10) after the spontaneous symmetry break-
ing:

P = _%F#VFyv_AZnZX2+eZ1]2Al2“

This Lagrangian describes a scalar field y with mass
u=v2An, and the vector field A, has now also become
massive—it has acquired a mass m=v2en. Thus, the mass-
less Maxwell field has been transformed into a Proca
boson—as a result of the spontaneous symmetry breaking,
the Maxwell gauge field has acquired a mass (Higgs ef-
fect).

In the standard non-Abelian model of the electroweak

interactions, the expression for the original Lagrangian is
more complicated, but the general concept of spontaneous

symmetry breaking is not changed, and as a result of the
breaking the initially massless gauge W* and Z° bosons
acquire mass.

It is also interesting to note that the problem of spon-
taneous symmetry breaking has a well-known analogy with
superconductivity theory, to the development of which
Bogolyubov made a fundamentally important contri-
bution.?® The analogy becomes particularly transparent if
we consider the structure of the expression

2
F=fd3x

1 A A

_ *\k N
o (TP +5
+A(—

T.—T
4T,

for the free energy of a superconductor and compare this
expression with the Lagrangian (10). In this expression,
A=A(T_,n) is a constant, T is the critical temperature o_f
the trgnsition to the superconducting state, # = ( — iV
— 2eA), and VY is the superconducting wave function that

1
945, )
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describes the condensate of Cooper pairs (the charge of a
pair is 2e). Further, it is well known that the supercon-
ducting state is destroyed when the temperature T is
raised, and also when the magnetic field strength is in-
creased, the strong magnetic field being capable of destroy-
ing the condensate of Cooper pairs.

It turns out that the behavior of the vacuum of the
electroweak interactions has an analogy with the supercon-
ducting state of a metal, namely, temperature (Kirzhnits
and Linde?’) and an external magnetic field (Salam and
Strathdee®) can have a strong influence on the spontane-
ous symmetry breaking.

We consider again the Abelian Higgs model, in which
the original Lagrangian (10) must be augmented by an
external magnetic field. This can be done by replacing the
vector potential 4, of the gauge field by the new function
A' =4, + ACl Study of the problem of spontaneous sym-
metry breakmg in this case shows”® that the external field
restores the symmetry partly or completely, the restoration
depending on the strength of the field. In the limiting case
of a critical value of the magnetic field capable of destroy-
ing the spontaneous symmetry breaking, we can, using the
Lagrangian (10), write

H: m? N A? .t H: 2t

2 et e =y

(in the state with a stable minimum, or vacuum). It is
obvious that the spontaneously broken symmetry will be
restored if H,= (1/v2)An>~M?, where M is the mass ac-
quired by the particles of the gauge field. Thus, in the
strong magnetic field there can be absorption of the con-
densate of the scalar field like the absorption of the con-
densate of Cooper pairs.

The critical magnetic field H,=M?c’/efi can be esti-
mated by assuming that the mass in this expression is the
mass of the bosons (W=*,Z°) in the Salam-Weinberg—
Glashow theory (~90 GeV). Then for the field H, we
obtain the very large value H_ ~ 10** Oe. Such fields have
not yet been observed in nature, but the academic interest
shown in them is entirely justified, since we are concerned
here with the foundation of the theory.

Here, it should be emphasized that the problem of the
influence of an external field on the vacuum of the elec-
troweak interactions is rather complicated, but we do not
have the possibility of going into this question in more
detail and we refer the reader to the review of Ref. 22.

4. ASPECTS OF THE MOTION OF A PARTICLE IN A
STRONG MAGNETIC FIELD

Investigation of processes occurring in a strong elec-
tromagnetic field do not permit perturbative treatment of
the interaction of the electron with this field. One of the
strong methods that can be used independently of the
strength of the electromagnetic field is the method of “‘ex
act solutions” (see Refs. 5, 7, and 29), in accordance with
which the state of a particle in an external electromagnetic
field is described by a wave function that is an eigenfunc-
tion for the Dirac equation:
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(11)

Although not very many exact solutions of the Dirac equa-
tion exist (they do for the problem of the motion of an
electron in a Coulomb field, in homogeneous magnetic and
electric fields, in the field of a plane electromagnetic wave,
and in some cases of combinations of fields), exact solu-
tions are still of great interest, not only from the point of
view of testing the theory by comparing its results with
experimental data but also for the prediction of new phys-
ical effects.

At the end of the forties, A. A. Sokolov laid the foun-
dations for the study of the quantum theory of a radiating
electron moving in a magnetic field (1949), and also M. M.
Al’perin solved the problem of the radiation of an electron
in the field of a plane wave (1944). This was the early
period in the development of the method of exact solutions,
which later became known as the Furry picture, after
Furry, who showed that the Feynman-Dyson formalism
could be generalized to the case when the electron is not
free but in a bound state (1951). This method can be ac-
commodated in the solution of the Schrodinger picture if
for the unperturbed function one takes the exact solution
of the Dirac equation for a particle in an external field in a
bound state. The 4-potential of the external field is decom-
posed into two parts: A, =45+ 43", where A5 is taken
into account exactly by solving the Dirac equatlon and the
quantized part of the field is treated perturbatively. Thus,
exact solutions provide a foundation for a complete tech-
nique of solving problems involving the interaction of a
bound electron with a radiation field. As we have already
mentioned, the method of exact solutions proved to be very
interesting and important, since on its basis it was possible
to predict some new physical effects of a quantum nature
long before their experimental observation. The method
was used also to investigate physical phenomena in the
case of critical values of the magnetic field, since the vac-
uum remains stable under these conditions and the elec-
tron retains its individuality.

Nonlinear electron energy spectrum

We consider some aspects of the motion of an electron
in a constant and homogeneous magnetic ﬁeld,7’29’3° above
all the energy spectrum of an electron obtained by exact
solution of the Dirac equation (see Ref. 7):

E=mc? (12)

1 2ZH
() )

where n=0,1,2,... is the energy quantum number, and
H,=m?>c%/efi is the critical value of the magnetic field
H=(0,0,H). Note that the electron energy spectrum (12)
is degenerate with respect to the spin. If one uses the gen-
eralized Dirac-Pauli equation and takes into account the
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electron anomalous magnetic moment pu=—puy(1+a,),
then the spin degeneracy is lifted, and the expression (12)
becomes’!

172

2
E=mc 73

1+2(n+5—§)

il 3
3 +§ae§}76', (13)

where {= =1 corresponds to projection of the spin onto
the direction of the magnetic field, and a, is the anomalous
part of the magnetic moment. It can be seen from these
expressions that in a homogeneous magnetic field there
exists a state with minimum energy, for which =0 and
the spin of the particle is in the opposite direction to the
magnetic field: {= —1. At the same time

E=mc*

: H

_5 a, E] .

Restoring the sign of the energy and setting a,=
we obtain the intriguing result

1 a H
T 4r H,|

a/(2m),

E=+mc?

from which it follows that in the limit (a/47)(H/H,) -1
the electromagnetic vacuum loses its stability, since the
energy gap 2mc? between the states with positive and neg-
ative energies can collapse. However, as will be shown in
what follows, the anomalous magnetic moment of the elec-
tron (a@,) manifests a dynamical nature and becomes de-
pendent on the field strength and the energy of the electron
(see Sec. 9).

In the case of a spinless particle, we can set {=0 in
(13), and in the nonrelativistic approximation we then ob-
tain Landau levels with an equidistant spectrum:

E=mc? +pz/(2m) +#AQ(n+1/2),

where Q=eH/(mc) is the cyclotron frequency.

Note that in the case of macroscopic semiclassical mo-
tion the quantum number 7 is very large; for example, for
a storage ring (R=1 m, H= 10* Oe) it is of order
10%°-10%!, and the electron energy spectrum in this case is
quasicontinuous, since the distance between neighboring
energy levels is vanishingly small. However, in the case of
small n~1 and strong fields the magnetic field becomes a
“quantizing” field, the energy spectrum is essentially non-
linear (nonequidistant), and the energy remains relativistic
for all values of n. Such a situation can be encountered in
astrophysical problems, namely, an excited electron
(n>1) loses its energy through radiation, and since, in
contrast to a synchrotron, the radiative energy losses are
not compensated under astrophysical conditions, the en-
ergy of such an electron corresponds to the region of small
quantum numbers. Under these circumstances, the prob-
lem becomes essentially a quantum one, and the semiclas-
sical method is invalid.

Ritus® analyzed the possible application of the results
of calculations obtained by means of the model of a crossed
field to describe processes in an arbitrary constant electro-
magnetic field. He showed that under the condition of
smallness of the field invariants
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en<kl;

where

£N<KY, (14)

1
=7 [+ =112

1
=5 LA+ D2+ A1

and f, f5, and y are determined by the expressions (1)
and (2), the probability of the process in an arbitrary con-
stant electromagnetic field, which is a function of the in-
variants, w=w(yf,,f,), can be approximated to good ac-
curacy by the expression w(y,0,0) in a crossed field, for
which f,=f,=0.

We now consider a homogeneous magnetic field. Then
fi=H/H,, f,=0, and the dynamical parameter is y
= (H/H,)(p, /mc) = (H/H,)**\2n, where n is the en-
ergy quantum number. At the same time, we have taken
into account the energy spectrum of the electron in the
magnetic field, for which

2,122 HA\ 12
E=mc2(1+(gl—)) =mc2(1+2n—) )
mc H,

If now n>1 (the energy spectrum is quasicontinuous),
then the case of semiclassical motion is realized, and the
condition y> (f 1)’/ 2 holds. Then the results obtained in
the crossed-field model must also be valid for the case of a
homogeneous magnetic field in the semiclassical approxi-
mation. However, such an approach is restricted—if one
considers the region of small quantum numbers and strong
fields, the parameter y can be conveniently represented in
the form y = (f,)*?(2n)"?, from which it follows that if »
is bounded and f, > 1, then the condition y> (f;)"/?is not
satisfied. An important factor here is the discreteness of the
parameter Y, although it is still greater than unity: y>1
(H> H,). In this connection, we note that the energy spec-
trum of an electron in a crossed field is continuous: If
E= (0,E,0), H= (0,0,H), and |E| {H|sm17, then the
energy is

H 172

E=cp, sin n+cos 7 mc [1+ ( ) +2n 17 cos
(see Ref. 32), and in the limit - 7/2 the discrete part of
the spectrum disappears. Therefore, the processes in a
crossed field will be valid for the case of a magnetic field
only under the conditions of semiclassical motion, when
the quantizing properties of the field can be completely
ignored. In the case of an extremely strong field, H— H_,
such an assumption is unjustified, and the problem must be
treated separately.

Spatial localization of an electron

If the magnetic field approaches the critical value H.,
then a process of strong spatial localization of the electron
occurs. Indeed, as follows from the exact solutions of the
Dirac equations, the square of the radius of the particle
orbit has the form”’!
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(R =(n+s+1/2 2% _ (n+s+1/2)2 il (i)z.
ecH H,.\mc

The radial quantum number s=0, 1, 2,... in this expression

characterizes the position of the center of the orbit of elec-

tron gyration, (R?) — (R)*=s2(H/H,) (#/mc)? and, tak-

ing the center of the orbit at the origin, we can set s=0. It

then follows from (15) that in a strong field H>H,

A H,
(R )=(;{;) 2('1—}-1/2)'17.

In the region of macroscopic motion (the semiclassical
case), the quantum number # is, as we have already men-
tioned, very large, n~10%, and the radius of the orbit of
electron gyration has a macroscopic value. However, in the
case of small quantum numbers, n—0, the electron is
strongly localized near the Compton radius of the orbit
(“ground” state):

#
Ry=— |H/H.

This quantity is analogous to the radius of the Bohr orbit
in a Coulomb field, RB=ﬁ2/ (me?), the radius of the elec-
tron orbit in the ground (unexcited) state. The strong lo-
calization of the electron in a critical magnetic field has
great importance for understanding the behavior of the
simplest quantum systems in such a field.

(15)

5. HYDROGEN ATOM IN A STRONG MAGNETIC
FIELD

As we have already noted, strong magnetic fields
H>H, can exist at the surface of neutron stars,!! where, by
virtue of the strong localization, the electrons move in a
restricted region with characteristic dimensions ARy
~ (#i/(mc)) VH./H (15). The size of the region of motion
in the direction of the field H is determined by the inter-
action of the electron with other fields. Near the surface of
a pulsar, as such fields one should consider the Coulomb
field, since the magnetosphere of the star is filled with
plasma. It is therefore of interest to investigate the behav-
ior of the simplest quantum-mechanical systems associated
with the Coulomb interaction in a strong magnetic field
(see Refs. 33 and 34).

Following Ref. 33, we consider first of all the problem
of a hydrogen atom in a strong magnetic field, the strength
of which can be determined on the basis of the requirement
that the critical field be greater than the intra-atomic field:

e2

a=-—.

fic
(16)

To find solutions of the Schrodinger equation for an elec-
tron moving in the Coulomb field of a nucleus and an
external magnetic field, we shall assume that the strong
field localizes the motion of the particle so much that the
radius 7 of the Bohr orbit greatly exceeds the radius ARy :
rg>ARy. Then for motion in the plane at right angles to
the direction of the external magnetic field the Coulomb

#Q>e/ay, ag=#/(me?), H,=H.a>
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field can be treated as a perturbation that does not change
the energy spectrum of the electron in the magnetic field
even when allowance is made for its interaction with the
Coulomb field of the nucleus. Therefore, the radial wave
functions that describe the motion of the electron in the
plane perpendicular to the magnetic field can be taken
from the problem of the motion of an electron in a homo-
geneous magnetic field (see Ref. 7), namely, if the mag-
netic field is expressed in a cylindrical coordinate system in
the form A= (4,,4,,4,) = (0,Hp/2,0), then

W= (2y/(2wL))"? exp(i( — Et/#i+lp+p./A) ], (x),
(17)

where x=‘yp2, y=eH/(2cfi), and I, (x) = (nls!) ~1/2
Xexp( —x/2)x("=9/ 2Q§’ ~%(x) is a Laguerre function asso-
ciated with the Laguerre polynomials QF ~*(x). Here, n=1
+s5=0, 1,... is the principal quantum number, s is the ra-
dial number, s=0, 1, 2,..., and — o0 </<n. The quantum
number n=0, 1,... labels the Landau energy levels

E=%Q(n+1/2), Q=eH/(mc),

and s=0, 1,... determines the distance from the origin to
the center of the orbit of the electron gyration in the mag-
netic field. If there is no Coulomb field, then any energy
level with fixed » is infinitely degenerate with respect to s.

We consider further longitudinal motion of the elec-
tron and restrict ourselves to studying the energy levels of
this motion that are obtained in a Coulomb field. At the
same time, we shall consider the transverse (with respect
to the magnetic field) motion in the state n=s=0. Then
the solution of the Schrodinger equation

A 1 [, es\? z&
vl (-24) 2
c r

m V=gV

(18)

can be sought in the form
V=1I50(x)P(2)
and from Eq. (18) we find that
W &# =z
{ “2maéZ T r
where
& =E—#Q/2.

Integrating this equation with respect to pdp with allow-
ance for the normalization

D (2)1o0(x) =& P(2)Io0(x),

2‘}’ JO ono(X)pde 1,
we arrive at the equation

d*d 2m _
ZE (& —-U(2))®=0,

(19)
in which
1 _ ©
% U(z)=—¢ L (P> +2) 7205 o(x) pdp. (20)

Thus, in accordance with our assumption the motion of the
electron in the direction of the magnetic field (the z axis)
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is characterized by Eq. (19) with the “effective” Coulomb
potential (20). In the strong magnetic field, the potential
U(z) is cut off at distances z of order y~ 172" as one can see
by calculating the integral (20):

U(z) = —e* Jmy exp(y22) (1= ( \y2),

where ®(z) is the error function:

O(z)=(2/\me 7z (z«<1),

and U(0)=—eé*(my) "> For \yz > 1, the effective poten-
tial U(z) can approximate (21) by a one-dimensional Cou-
lomb potential, since for z> 1

I‘(m+1/2) 1
EGEra 75

Thus, the magnetic field effectively cuts off the interaction
of the electron with the Coulomb field at z~ (y) -2
Therefore, it is convenient to choose the effective potential
from the very beginning in the form*’

1 o0
1-—<I)(z)=;e“’2 > (="
m=0

2

U(Z)=—m, (21)
where
—12 #i
ag=y - VH/H.

The solution of the Schrodinger equation (19) with
effective potential in the form (21) can be found exactly.
We consider the region of values z> 0. In this region,

d’® 2m @ &
a7 #( T )“’=°’

where t=z+ay. Setting c=2me*/#, a=—2m&/#, x
=2 \/Zt, we rewrite (22) in the form

(22)

il i PO 0, A=c/(2\a 23
7+ (-3) —c/(2a). (23)
The solution of this equation that is bounded as z— oo is
the Whittaker function

(I)=NW,1,1/2(X). (24)

To construct a solution for z<0, the function (24)
must be continued into the region z<0. This can be done
by continuing the solution (24) either as ®( —z) =P (z) or
as ®(—z)=—P(z). Therefore, the excited levels corre-
sponding to these solutions have a twofold degeneracy.

To determine the energy spectrum, i.e., the energy lev-
els of the longitudinal motion that correspond to the zeroth
Landau level, we turn to Eq. (19) and use the results of the
study of the problem of finding the lowest bound-state level
under the assumption that #iQ> me*/#* (see Ref. 36).
Then

2m ag 2
g0=—7 (J- U(Z)dZ) N
aH
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FIG. 3. Needle shape of the electron cloud in a hydrogen atom in a strong
magnetic field H—H,_.

and the logarithmically occurring integral is “cut off”
above and below at distances |z| ~apg and |z| ~ay. We
then find that to logarithmic accuracy

me* H

H
&o= —2-1n —=—Ry In? —, =Hca2,
2% H, p
(25)
g, 12
n= —W , nh=1,.,...,
and the corresponding wave function is
2me* H
®o="4aW; 15(x), x=—pIn a7 Z+an:
(26)

’

HC
A’O"‘(aB J_) H ’

a = (me*/#)In(H/H.). We restrict consideration to the
ground state. Note that in the approximation In(H/H.)
> 1 the wave function can be expressed in terms of a Mac-
donald function:

X
¢0=‘/;K1/2(X/2). (27)

Note that the ground-state energy of the atom in the strong
magnetic field, &, is less than &, in the absence of the
field H [see Eq. (25)]. The energy spectrum of the atom is
changed.

We now say a few words about the “deformation” of
the atom. Qualitatively, the structure of the hydrogen atom
in the magnetic field can be estimated from the critical
values of the region of localization of the electron. The
localization in the direction of the magnetic field is deter-
mined by the Coulomb law [the radius of the Bohr orbit is
ag=#*/(me*)], while in the plane perpendicular to the
field the localization is proportional to the Compton wave-
length: ay = (#i/mc) yH./H. In other words, the atom
loses spherical symmetry and acquires the shape of a nee-
dle (see Fig. 3). The dimensions of the atom can be esti-
mated more rigorously by means of the wave function
(26). In particular, we find

© H
(zz)=2J:) al/ZzZW,lo,l/z(x)dz=a%,/(8ln E—’)
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FIG. 4. Scheme of formation of molecules and polymer chains from
hydrogen atoms in a strong magnetic field H—-H..

Further, bearing in mind that the linear dimension of the
atom in the plane perpendicular to H has the order aj, we
obtain

(28)

In other words, the estimate that we gave earlier is con-
firmed.

It is interesting to note that the deformation of atoms
in a strong magnetic field has decisive importance in the
process of formation of molecules. Indeed, in the case that
we consider of extremely strong magnetic fields, H~H_, a
neutral molecule cannot be formed by a homeopolar bond;
for the spin of each electron is oriented in the opposite
direction to the magnetic field, and therefore the spins are
parallel to each other. Therefore, the total coordinate wave
function, which depends on the coordinates of the two
electrons in the field of the nuclei of the atoms, can only be
antisymmetric, and this (in the case of the absence of a
field H) does not lead to the formation of a molecule: A
homeopolar bond should not be realized in a strong field.

However, by virtue of the loss of spherical symmetry
(the atom is like a needle), the nucleus of the atom is
practically unscreened by the electrons, and therefore such
a nucleus can strongly attract the electron cloud of a dif-
ferent atom (see Fig. 4). As a result, there are effective
forces of attraction, and even polymer molecules can be
formed, these being aligned along a force line of the mag-
netic field (Ruderman’s filamentary crystals; see Ref. 37).
Thus, in a strong magnetic field there exists a fundamen-
tally new mechanism of formation of molecules, due phys-
ically to deformation of the atoms.

()V%/ay=(H./H)"? \n(H./H).

6. SYNCHROTRON RADIATION IN A STRONG
MAGNETIC FIELD

The investigation of the quantum properties of syn-
chrotron radiation proved to be very interesting from the
point of view of the development of the quantum theory of
macroscopic motion. It led to the discovery of fundamen-
tal, at times unexpected effects of great theoretical and
practical significance.***® The original ideas about the pos-
sible manifestation of quantum effects in synchrotron radi-
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ation were not obvious, since synchrotron radiation had
been well described in its basic features by the methods of
the classical electrodynamics of Maxwell and Lorentz. In-
deed, the usual criterion for the applicability of the classi-
cal methods of describing the radiation of a relativistic
charge is that the energy & , of the emitted photon must be
small compared with the electron energy. At the same
time, as was shown by Vladimirskii®® and Schwinger,*
quantum effects can be manifested only if & [
= (#ic/R) (E/mc*)*~E. Thus, the criterion for the possi-
bility of a classical description is

, mcR 172
E <E 1p=me | ——
#i

(the estimate of the photon energy is taken at the maxi-
mum of the spectral curve). This criterion was also con-
firmed by arguments relating to the invariance of the
power of the synchrotron radiation, by virtue of which the
power depends only on the invariant parameter

L gy HE_(E 2
A o

(We ignore the motion along the field: ¢p; =E.) However,
it was found that the E,,, criterion did not cover all fea-
tures associated with the discrete properties of synchrotron
radiation, above all the influence of discreteness of the ra-
diation on the motion of the particle. Indeed, since the
energy & 4= (#ic/R)(E/(mc*))* of the emitted photon is
fairly high, the number of such high-energy photons emit-
ted during one gyration of the electron is finite and equal to
fy,_ =W/¥ .—(477/3)(e2/ﬁc)(E/mc ), where W= (e c/
)(E/mc )4 is the power of the radiation. To get a clearer
estimate of the influence of the discreteness of the radia-
tion, one can find the length L (in centimeters) of the path
L traversed by the electron without the emission of high-
energy photons (the “mean free” path):
cgq, 3 ﬁz

W 2mé H

(29)

(30)

=34.9-10%H. (31)
For ordinary field strengths for accelerators and storage
rings, H~ 10* and L~ 30 cm, i.c., on the average one pho-
ton is emitted on a path of length 30 cm.

The discreteness of the radiation, which appears here
as an important factor, can influence the particle trajec-
tory, producing quantum fluctuations of it as a conse-
quence of the electron recoil on photon emission. To esti-
mate the critical value of the energy at which the radiation
begins to affect the particle trajectory, we note that

n+s+1/2  —, s

” , AR 27 vy=eH/(2ch),
where AR? = R? — (R)? is the mean-square fluctuation of
the radius, and s=0, 1, 2,... is the radial quantum number,
which characterizes the position of the center of the orbit
of electron gyration. It is obvious that excitation of radial
fluctuations commences if the photon energy is

& 4= R(mc) VAE = @ H*AR? = JeHc#is
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from which we obtain for the critical value of the energy
the value

mcR 1/5
) . (32)

Ecr=E1/5:mC2(T

The E, /5 criterion, as the condition for excitation of radial
fluctuations of the electron trajectory, was first found by
Sokolov,*! who began the development of the quantum
theory of synchrotron radiation.

Thus, the limits of applicability of the classical theory
of synchrotron radiation are determined by three quanti-
ties.

1. E,,=mc*(mcR/#)"?, which is the limit of appli-
cability of the classical theory of radiation and means phys-
ically that the energy of the radiated photon must be less
than the energy of the electron: fiw < E.

2. E; /5=mcz(mcR/ﬁ)1/ 3 which is the limit of appli-
cability of the equations of motion with allowance for the
radiative friction force. Physically, this means that the en-
ergy of the emitted photon must be less than the energy of
the quantum excitation of the radial degrees of freedom:

fiw £ \/ﬁ = \JeHc#. Otherwise, when E ~ E, s, the radi-
ation reaction force must be modified to take into account
the discreteness of the radiation, i.e., the effect of quantum
fluctuations of the trajectory. Note that E; 5 occurs only in
the expression for the probability of quantum transitions
and does not occur when one considers the power of the
synchrotron radiation. Thus, the number E, s essentially
distinguishes a “quasiquantum” range of energies: The
classical description of the radiation is still valid, but the
discrete nature of the radiation is already beginning to be
manifested in the form of quantum fluctuations of the elec-
tron trajectory (quantum “broadening” of the orbit*?).

3. One must consider especially the region of small
quantum numbers, when the quantizing properties of the
magnetic field begin to be manifested most strongly. Under
these conditions, the dynamical parameter y = (H/H,)
X (p, /me) = (H/H,)*? \/ﬂ takes an essentially discrete
series of values, and although for H/H_ <1 it remains
small, a classical description of synchrotron radiation is
impossible (see also Ref. 43 for an analysis of the criteria of
applicability of the classical theory).

The quantum theory of synchrotron radiation was de-
veloped by our group on the fundamental basis of the
quantum description of the state of an electron in a homo-
geneous magnetic field (solution of the Dirac equation)
and the rigorous method of quantum electrodynamics
(Furry picture). This method, the method of ‘“‘exact
solutions,”5'7’38 did not lead to any restrictions on the
strength of the magnetic field and made it possible to treat
the problem even in the range of the fields above the crit-
ical Schwinger value (H>H,).

This approach and choice of model (homogeneous
magnetic field) opened up the possibility of predicting and
establishing some essentially new physical effects: quantum
fluctuations of the electron trajectory under the conditions
of macroscopic motion (Sokolov and Ternov, 1953, Ref.
42), radiative polarization of electrons and positrons mov-
ing in storage rings (Sokolov and Ternov, 1963, Ref. 44),
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and a dynamical nature of the anomalous magnetic mo-
ment of the electron (Ternov, Bagrov, Bordovitsyn, and
Dorofeev, Ref. 45). The method of exact solutions also
made it possible to consider the exotic region of magnetic
fields H>H,, which is of particular interest in astrophysics,
where fields of order H =4 10'* Oe are reliably observed.
As was shown by Klepikov in 1954,46 under these condi-
tions new reaction channels are opened: single-photon an-
nihilation and single-photon production of electron—
positron pairs.

In order to analyze spin effects, we developed and ap-
plied a method of separating the solutions of the Dirac
equation (11) with respect to the spin states (see Refs. 7
and 38), in accordance with which the electron wave func-
tion satisfies not only the equation H\ll EVY but also the
subsidiary equation SV =_{V¥, where Sisa polarization op-
erator that commutes with the Hamiltonian. To describe
longitudinal polarization (spin projection along the direc-
tion of motion of the electron), this operator can be taken
to be

To=32/|7|, (33)

where & age the Pauh matnccs, and 9 is the kinetic mo-
mentum: .@ p — (e/c)A Then the wave function will
satisfy besides (11) the equation To\l’ §" WV, where
gy = =1 corresponds to the two possible orientations of
the spin along the direction of motion of the electron or in
the opposite direction. To investigate the projection of the
spin onto the direction of the magnetic field, it is expedient
to introduce the polarization operator

O = i+ p1c? /E— pymPP (32 /(E(E+me®)),

(34)
which in the electron rest frame becomes the Pauli spin
operator. The projection of the spin onto the magnetic field
is an integral of the motion [for field H= (0,0,H), it is the
component 03), and the wave function must satisfy the
equation O;¥=¢, V¥, where {, = =1 corresponds to the
two possible spin orientations: along and opposite to the
external field H.

Quantum theory of radiation at small y

Using the general methods of the quantum theory of
radiation,’ it is possible to obtain the following expression
for the power of the synchrotron radiation:

2
)

di’8(k—Kpy ) D,
27 n s LK,

(35)

where c#i,,»=E,— E, is the frequency of the radiation; n,
s, k3, & are the quantum numbers that determine the state
of the electron; and i corresponds to the two polarization
components of the photon. The expressions for the func-
tion ®; (i=o, i=m are the two components of the linear

polarization) have the form
d,=atfa,, P,=(a,cosd,a;cosd),

and the matrix elements of the Dirac matrices Q;
= (n,s5,k;,&|a;|n',s'k;,6’) are related to the Laguerre
functions 7,,(x) and I (x):
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—ia,
a, = [AIn,n'—l(x) ¥ Bln—l,n’(x)]lss’(x)ak;—xcos8’

(36)
az= [CIn—l,n’—l(x) + DInn'(x) ]Iss’(x)‘sks Jky—Kcos Y+ (37)

in which 4, B, C, D are spin coefficients that depend on the
choice of the polarization operator. Here, we are not able
to dwell on the calculations in more detail (see Ref. 7) and
turn to the conclusions.

We first consider the semiclassical approximation.

Semiclassical approximation

In this case n> 1, the energy spectrum is quasicontin-
uous, and the dynamical parameter y= (H/H,) (P, /mc)
is a continuous quantity. Under these conditions, the sum
over n’ can be replaced by an integral, =7_,— [3dv
(v=n—n'"), and after the necessary change of the variable
of integration we obtain for the total power of the radiation
the expression

27 e w

=L —6 ®,.
W=ter g |, 4P+ 39«192 ,

(38)

Note that this expression for the power is valid only in the
semiclassical approximation (n>1). In the derivation of
this expression, a very important factor was the relation*®

~ 2
> L(x)=1,

s'=0

(39)

by virtue of which the number E, s disappears from the
expression for the radiation power. In the semiclassical
region, we may approximate the Laguerre function (36) by
means of Euler or Macdonald functions:’

1 2
I,m:(X) =ﬂ§ (1 —X/x0)1/2K1/3(§ ‘ﬂxonn’( 1 —X/X0)3/2),

where x; \/; —(n")?). Summing now over the polariza-
tion states of the electron and photon, we obtain

9\/3 © ydy o

—l Y

W=W J-o (1+&) (fy Ksa(x)dx
2.

§
t+6) Kz/s(y))- (40)

Here W'=3}(e’c/R*)(E/(mc?))*, and £=(3/2)y. Thus,
the radiation power depends on just the one parameter y.
Integrating over the spectrum, we obtain

5543

W=wr 1—Tx+48X2—... , x<l. (41)

The correction in y was first found by our group*® and was
later confirmed for a spinless electron by Schwinger. It is
interesting to note that the quantum corrections have by
now been experimentally confirmed. If in the expression
(40) we retain the terms that depend on the initial spin
orientation, then we obtain’
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9y3 (e =
W= WC'%— fo ydy(fy K5/3(x)dx—§§)’K2/3(J’))-
(42)

We have here retained only the terms linear in §. In 1977,
a method was proposed at the Institute of Nuclear Physics
of the Siberian Branch of the USSR Academy of Sciences
for measuring the spin dependence of synchrotron
radiation.’’ As follows from (42), the additional power of
the synchrotron radiation associated with orientation of
the spin relative to the direction of the magnetic field
(&, =¢) has the form

— |E1EvKy/3(»)
J.m de5/3(x)
y

The most favorable possibility for observation is opened up
in the short-wavelength region of the spectrum: y> 1 (since
y— y°'=§v(mc2/E )?). Then, remembering the asymptotic
behavior K, (x) = \/v/er"‘ of the Macdonald function,
we readily find that

A (43)

3 3 4 (E\?
A=|5|ép §=§X=EM(W)'

In the case of observation of the radiation of a beam of
electrons, |§| in this expression characterizes the mean
polarization of the beam that it acquires in the process of
radiation. Therefore, observing the power of the synchro-
tron radiation at a fixed frequency in the spectrum, one can
determine the polarization characteristics. It is particularly
advantageous to carry out the experiment in a storage ring,
since the radiative energy losses of the electrons are com-
pensated in the ring by the external sources of the rf field.
As a result, the particle energy remains on the average
constant. Thus, the quantum corrections to the synchro-
tron power [see (42)] can be regarded as an experimentally
established fact, and the actual method of observing them
is one of the interesting ways of determining the polariza-
tion properties of electron and positron particle beams.

Macroscopic quantum fluctuations of an electron
trajectory

Thus, in the case when the energy of a radiated photon
is sufficient for excitation of radial degrees of freedom of
the electron, & 4 = \/E'7 = eH|R*~R%ie., E~E, s, 1a-
dial transitions are excited, and the classical theory of the
motion of the particle becomes invalid, since it cannot ex-
plain the fluctuating nature of the radiation reaction.

Returning to the expression (40) for the power of the
synchrotron radiation, we divide the integrand by the pho-
ton energy #iw and find that the probability of quantum
transitions has the form

dwy, 3 E 1 g
dy —%ﬁ_ﬁm_cf(wgy)f(fy s/36%

2.2
£’
= K I, , 44
+(1+§y) 2/3(}’)) ' (1+ &) (44)
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where &; =%(E/E1/5)5 (see Refs. 7 and 30).2 We have here
restored the radial factor / i, (z), which on summation over
s’ becomes unity and does not contribute to the synchro-
tron power. The radial factor Ifs,, reflects the stochastic
nature of the excitation of the radial degrees of freedom of
the electron. This becomes particularly clear if one assumes
that in the initial state the center of the orbit of electron

gyration is at the origin (s=0). Then
9 # (E\’
é'1—8 mcR (mcr)

—-X 4
IZ,(x)=g, x=_§_1y2_2,
s s’ (1+¢)
takes the form of an ordinary Poisson distribution.
In the approximation of the classical theory (#—0),
the argument in this formula also vanishes, and therefore
in the limit

lim 7, (x) = 8o,

x-0
in other words, the radial number s is not subject to change
in the classical theory. If the orbit at the initial time was
circular, it remains such at subsequent times too. There-
fore, from the point of view of the classical theory the
radiation will have as a consequence only a reduction in
the radius of the orbit, and in accelerators and storage
rings this is compensated by the external rf electric field,
and fluctuations of the radius of the orbit do not occur:

_eH 1? )=
s—a( — (R)*) =const.

The problem of the change in the squared fluctuation
of the radius was solved for the first time by the methods of
quantum theory by Sokolov and one of the present
authors*? on the basis of the method of exact solutions of
the Dirac equation. The result was the effect of quantum
“broadening” of the trajectory.

Using the expression (44), it is readily seen that the
change in the radial quantum number s has the form

%: f: dyg, (8" —85)wgy .

Then, bearing in mind that 2;7=olfs,(x) (s’ — 5) = x, we
obtain®’

ds_d eH B (R )
E—‘—i‘tla( —( ))]- (45)

In the case of semiclassical motion, when £<1, it follows

from this that
dssemicl 55 e2 E 5 »
dt 483 meR* (Fn?) (46)

or

VL 55 & # [ E\
~48. 3 mcE mcR (W) .

Thus, for a constant mean energy of the electron the sto-
chastic process of radiation leads to an expression charac-
teristic of Brownian motion and reflecting the effect on the
particle of random forces: x> = 2Dt, where D is the diffu-
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sion coefficient. It should be noted here that this effect is
similar to the influence of a vacuum electromagnetic field
on an electron. Vacuum fluctuations of the field, as was
particularly clearly emphasized by Bogolyubov and
Tyablikov,** induce a certain smearing or effective radius
of an electron. At the same time, the electron executes a
Brownian motion with a definite square of the displace-
ment.

The change of the squared fluctuation of the radius can
be regarded as a macroscopic manifestation of quantum
fluctuations of the radiation—a consequence of the discrete
nature of photon emission and the recoil effect to which the
electron is subject. The electrons move in the radial direc-
tion in accordance with quantum laws, whereas the motion
in the circle remains on the average classical (‘‘macro-
scopic atom”7).

However, the situation is changed if the radiative en-
ergy losses of the electron are not compensated. This oc-
curs, for example, under astrophysical conditions and, in
particular, in a pulsar magnetosphere. In this case, it is
interesting to emphasize that by virtue of two processes—
the radiative reduction in the radius of the electron orbit
and the growth of the squared fluctuation—a certain equi-

librium is established. Since R*=(2c#i/(eH))(n+s
+1/2), we find that

dR?> 2cti[dn ds

= oH E+E , (47)

where ds/dt is determined by (46), and the change of the
principal quantum number # is related to the change in the

energy:
- 2¢% [ E\*
5% (ma)

dn H. EW
dt~ ~ H (mc)?’

Then it follows from (47) that dR?*/dt=0 under the con-

dition of a minimum value of the radius:

55 # ([ E\?
Rmin—w e (W) :
This expression is analogous to the case of electron motion
in the focusing field of a storage ring,” when besides the
quantum broadening of the particle trajectory forces of
radiative damping act, and the amplitude of the electron
fluctuation reaches a certain minimum value. It should be
said that the quantum excitation of radial fluctuations is
important in engineering practice in the construction of
storage rings, determining the condition of focusing of
beams. Quantum fluctuations were observed in the United
States (Sand553 ) and in the USSR (Korolev**), in com-
plete agreement with the prediction of the theory (for
more details, see Ref. 30). The E| 5 criterion for the onset
of their excitation was also confirmed.

Radiative polarization of electrons and positrons in
storage rings

Radiative polarization of electrons and positrons takes
the form of a directed process of orientation of the particle
spins under the influence of synchrotron radiation during
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prolonged circulation in storage rings. This effect was pre-
dicted by one of the present authors (Ternov>’) and was
rigorously established on the basis of exact solutions of the
Dirac equation separated with respect to polarization
states in a collaboration with Sokolov.>

Calculation of the probability of quantum transitions
per unit time’*3° accompanied by spin flip (spin-flip tran-
sitions) leads to a characteristic dependence of the proba-
bility on the initial orientation of the spin { with respect to
the direction of the magnetic field:

dw' 3 & ¢

4Q dvy dy 0w #R e _3 &%’[cos’ ﬁK%/:;(Z) +( \/EKZ/_;(Z)
+£ eoK1/3(2)7], (48)
where
e=1—pB%sin 3, g=1 —B3, 2=ly(£/eo)3/2,
y=et, w=vawy.

An explicit dependence on the spin orientation also re-
mains in the integrated probability (see Refs. 50, 7, and
27):

(49)

where the polarization time has the form

8\3 # (mA\}HN\' 15\3 & (E\'W
T= — | =) =] &
15 mee? ( E ) (H) 16 mcR (mcz) E
It follows from this that because of the radiation the elec-
trons will have a tendency to go over to states with pre-
ferred spin orientation in the opposite direction to the mag-
netic field.>> For positrons, the spin orientation will be in
the other direction. States with the preferred spin orienta-
tion correspond to the minimum value of the potential
energy of particles possessing magnetic moment
pu=1_(eyf/(2mc) )¢ in the magnetic field:
e
U=— el uH.
Here, we shall not dwell in detail on the kinetics of the
polarization process (see Refs. 56 and 57) and, turning to
an ensemble of electrons, we shall characterize the polar-
ization of a beam of particles by the mean value §(¢) = (£),
bearing in mind that the interaction of an electron with the
electromagnetic field leads to transition of the particle to a
mixed state. We then find

d
Z50=2 (€ =Ow!=-23 tw]’
’ ¢ ¢
from which it follows that

83
§(t)=——15—(1

—em), (50)

and the limiting degree of polarization (when >7)
reaches values

P(0)=843/15=0.924.
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The estimate of the polarization time = shows that for the
magnetic field strengths typical of accelerators (H~ 10*
Oe) the polarization effect is accessible to observation only
in the case of prolonged circulation of the particles in the
magnetic field (of order 1 h). Such a possibility is realized
in storage rings, and although under actual conditions of a
storage ring there are phenomena that depolarize the par-
ticle beam, the effect of radiative polarization does exist in
them and provides a unique basis for creating polarized
electrons and positrons of high energy. Radiative polariza-
tion has been observed in the USSR, France, Germany, the
United States, and Japan, in good agreement with the
Bonet theory; these questions are considered in detail in
our review of Ref. 57.

7. ASPECTS OF SYNCHROTRON RADIATION IN
EXTREMELY STRONG MAGNETIC FIELDS
(“MAGNETIC BREMSSTRAHLUNG”)

We now consider the limiting ultraquantum case when
the dynamical invariant parameter £=(3/2)y takes large
values: y=(H/H_) (p, /mc)> 1. This region is of great in-
terest in connection with astrophysical problems associated
with radiation of high-energy electrons in an ultrastrong
magnetic field H~H,=4- 10" Oe.

We return to the expression (40) for the power of the
synchrotron radiation. After integration by parts, this ex-
pression for the “magnetic bremsstrahlung” takes the form

W= W°‘9‘/—f [

2

(1+§

We have here deliberately introduced the expression ‘“mag-
netic bremsstrahlung,” since in the case > 1 the properties
of this radiation are very different from the ordinary prop-
erties of synchrotron radiation.

Indeed, let us find an expression for W' in the ultra-
quantum region, when £>1. We note that the functions
y2K5/3( y) and y’K, ,3(¥) reach a maximum at y~ 1, after
which they decrease exponentially. In the ultraquantum
case, by virtue of the factor (1—|-§y)2 in the denominator,
the spectrum is truncated at y < 1. Then for the Macdonald
functions K,(y) we can use the asymptotic expression
K#(y)gZ"_‘I‘(p)/y“, and, integrating in (51) by means
of the integral

2 (1+§ )2K5/3(,V)

)4K2/3(y)] (51)

1 T'(p)T'(g—p)
d ¢! e
f ly ¥~ (1+&y)~ 7 T(
we find*"%7
o 16T(2/3) we
wu =37 375 Pk (52)

Thus, in the ultraquantum case the power of the magnetic
bremsstrahlung is strongly suppressed (y>1). In contrast
to the semiclassical case (y<1), when the quantum effects
yielded only small corrections to the classical expressions
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FIG. 5. Schematic spectral distribution of synchrotron power.

[see (41)], in (52) already the main term is a quantum
one, and transition to the classical approximation is here
impossible.

To obtain a more transparent interpretation of our re-
sult, we consider the form of the radiation spectrum. By
means of the standard methods of quantum theory, we can
readily obtain an expression for the frequency of the radi-
ation:

3¢ BYm -1
wmax_'z‘ﬁ § (1+ BymaxX)
3¢ 1

3/2(1+ X)

where By, is of the order of unity. From this there follow
two limiting cases:

3c¢c(EY
37 (me) X<
E/#, ¥>1

Thus, in the ultraquantum case the frequency of the radi-
ation terminates at values w’=E/# much less than the
charactenstlc frequency of synchrotron radiation w;,,
< wmax (see Ref. 58), since w ~wmax/x In other words,
the electron cannot radiate an energy greater than its self-
energy E. Figure 5 shows the graph of the spectral distri-
bution of the power of the synchrotron radiation
w=w J & f(»)dy in the classical approximation, when

(54)

Omax=

93 (=
f(y)=8—\7/r_yfy Ks/3(x)dx.

The characteristic features of this curve are determined by
its asymptotic behavior:

9( 2T (2/3)y'?  for y«l,
= /2 \/)_ze_y for y>1.
Since
9\/3 re/syp2 yv £y’
1) 73 ’ 7+ —3
87 2 3(1+&y)2 7 (1+&y)

[this follows when y <1 from (51)], we can see that there
is a similarity of these curves in the region of small values
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of y. For comparison, we find the energy of the radiation in
accordance with the classical theory, restricting the inte-
gral to the area of the curve up to a certain
Ymax=3(R/c) (E/#)e/*. Then we obtain
3 \/— e’c

A

Wsemicl 22/3r(2/3) R2 = f l/3dy

) 37/6 1

=3 '2/3) Xj73‘

If we compare this with the exact expression (52), the
difference is slight:

Wsemicl 37/6 -3, 31/3 . 33

R TS TSt

Thus, in this model the decrease in the power of the syn-
chrotron radiation in the ultraquantum case acquires an
admittedly formal but very transparent interpretation.

Thus, the spectrum of the radiation and its power are
very different from those of ordinary synchrotron radia-
tion. We now consider the angular distribution of the
power and compare it with the corresponding characteris-
tics of synchrotron radiation, which, as is well known,’
possesses a “‘projector effect”’: The radiation is directed for-
ward along the motion of the electron and is concentrated
in a narrow cone with opening angle A% ~ mc*/E.

However, in the ultraquantum region, with the param-
eter Y% 1, the position is changed greatly. Indeed, let us
return to the expression (40) for the radiation power and
restore in it the integration over the angle 3. Then for the
spectral-angular distribution of the radiation power we ob-
tain

9 ek
=WP;§7§ (J1 +J2)’

Jy= f“’ dyy(1+&y) 3 f” sin ¥ d¥ (62K3,5(2)
0 0

+£cos? 9K?2 5(2)), (55)

=2 dyy(1+§y) 4f sin & d¥ (K3 5(2)
0

+e cos2 ﬁKfa(z) +££0Kf/3(z) ).

Here z=(y/2) (6/60)3/2, e=1—-p sin%9, =1 —B, é’:% .
To analyze the angular distribution of the radiation power,
we introduce a new variable, setting x=(y/2) (8/50)3/ 2 or

y=2x(£0/£)3/ 2. Further, introducing the angle
13=1T/2—(£0)1/2\I/, we have for small (60)1/2\1’8
=gy(1 +¥?), cos26=£0\112, and we then find that
N N K3,5(x)
o.S 2 2/3
nesei | s f 2§x [(HWW
(1+‘l’2) &
W2K3 4(x)
+(1+\I’2)7/2 ’
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(K25(x)+ K3 5(x))
X , 2§x 7 S RRL (56)
[ T T v

Since the Macdonald functions X ,; and K, ,; are nonzero
only for an argument x of order unity, and at larger values
of x these functions decrease exponentially, the limits of
integration on the transition to an integration over ¥,
which varies in the range from —pf/¢g; to B/gy, can be
extended to infinity. Unfortunately, exact integration over
the spectrum is difficult, and therefore for the qualitative

352 1+97
[(1+%2)724+2¢]
[(1+¥)7*+2¢)°

In the classical approximation, when £ —0, we obtain from
this the well-known formula in the theory of synchrotron
radiation for the angular distribution of the power charac-
terized by the projector effect with all the radiation con-
centrated in a narrow cone, and the deflection of the radi-
ation cone from the direction of the velocity vector of the
particle is very small: ¥ ~ (gy) /*=mc*/E,

52
)5/2+(1+q,2)7/2

T(14+92) 24 502 (14+92) +

o(¥Y)=

(DCI(\P) —

(1+¥?

(see Ref. 7). However, in the quantum case the sharpness
of the radiation peak is strongly smoothed, and for £~1
the pronounced directionality of the radiation disappears
altogether (Fig. 6). Thus, under the conditions of the ul-
traquantum case the dependence on the angle 3 of the
radiation becomes weakly expressed.

Further, we consider the polarization properties of the
radiation and compare them with the case of semiclassical
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FIG. 6. Scheme of the projector effect in synchrotron radiation
and transition to the quantum case.

analysis of the angular distribution of the radiation power
we estimate the integrals, making the assumption that at
the maximum of the integrand in (56), i.e., for y~1, we
can set x=1 in the denominator, and then the integrals
over the spectrum can be calculated. By means of the in-
tegral

3 B\ (1 7
f X+ 1K2(x)dx—r( )r(p+5)r(5—p)r2(5)

we find that

f ®(¥)a¥, (57)

16R2

where

motion of an electron, when the synchrotron radiation has
a pronounced linear polarization. As is well known (Refs.
7 and 31), %Wcl is the so-called o component of the radi-
ation, characterized by the fact that the electric vector of
the radiation lies in the plane of the orbit of gyration of the
particle and is directed along the radius to the center of the
orbit, while W' corresponds to the 7 component, for
which the electric vector is directed almost along the di-
rection of the external magnetic field.

We now return to the expression (55) for the spectral-
angular distribution of the radiation power. After integra-
tion over the angle with allowance for the components of
the linear polariza\tion,7 this takes the form

W =w [ " dy 1,000,
(58)
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In the approximation of classical theory, £—0, we obtain
the well-known result, in accordance with which
W(,=%W°l, W,,:%Wd. We now consider this expression in
the ultraquantum case, when £=(3/2)y>1. Then the
Macdonald functions K, must be taken in the asymptotic

limit y<1:

for(¥)= U Ks/3(x)dx +K5/3()

+ K,s(0) |-

s et V3 L(2/3) g y'?
160 2173 3 (l+§y)2
. Y173 . §2y7/3
(1+&)° " (1+&p)*
After integration, we obtain>®
Wt;lqu:% W“lqu, W\;lqungulqu, ( 59)

where WU =283 (/3) W'/ (9£*?). Thus, the preferred
polarization of the radiation is maintained, although the
difference between the radiation powers of the o and 7
components is somewhat smoothed out: W /W _~5/3 in-
stead of 7/1.

The case of circular polarization is very interesting.
One finds*® that

WHIE = (146, (60)

where /= + 1 corresponds to the sign of the circular polar-
ization of the photons, and {= =1 to the sign of the lon-
gitudinal polarization of the electron. We see that electrons
with longitudinal spin orientation will emit photons pre-
dominantly with the same circular polarization. For unpo-
larized electrons, circular polarization will be absent.

The properties of the radiation considered here require
essentially the case of macroscopic motion, when the quan-
tum number n=yR>=eHR?*/(2c#) is very large. In this
case of semiclassical motion of the electron, the dynamical
parameter y= (H/H_)(p, /mc) takes continuous values,
since the electron energy spectrum is quasicontinuous:

H\ 32
X=(——) \/ﬂ, n>1.
H,

However, it is obvious that one can also consider a differ-
ent range of energy values in which the quantum effects
will have a strong influence. This is the region of small
quantum numbers n=0, 1, 2,..., i.e., electron states for
which the magnetic field manifests its quantizing proper-
ties. If we assume an extremely strong magnetic field,
H>H,_, then we have the parameter y > 1, remaining dis-
crete, and the electron has the relativistic spectrum

E=mc*1+2nH/H,

for any n=40, and in this connection it is not valid to treat
the radiation as a continuous process. This confirms once
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more that the model of an alternating field can give a de-
scription of the radiation of the electron only in the semi-
classical approximation. The expression

WM =231 (2/3) W'/ (9E*7)

for the radiation power obtained for the case of a purely
magnetic field was also found by considering the radiation
of an electron in a crossed field, but this method cannot
bring out the quantizing properties of the field.

We consider some results relating to the calculation of
the intensity of the radiation of an electron in a weakly
excited state in a strong magnetic field. This problem was
solved by the present authors in collaboration with
Bagrov™>® by means of the method of exact solutions. We
first of all consider the weak-field case: H <H,. Then for
the radiation power we obtain the expression

W 2n—1 el 2 eH? B o .
= , e B<1, (61)

which differs more strongly from the classical expression,
the lower the number 7 of the energy level.

It is not difficult to calculate the lifetime of the excited
state. Indeed, since the quantum transitions in the consid-
ered case (8<1) have a dipole nature, the emission pro-
cess is accompanied by transitions to a neighboring level.
For the total lifetime of the electron in the state n, we
obtain

T(n)= 2, 1/w(n),
k=1

where w(n)=Y(2k—1)/To|(H/H,)?,
(mce*) =1.7-107" sec. Then

and To=#*/

3 mic® & 1

To(n) =3 G E, 2k—1
3m’c (C
T2l 5+ln2‘/;+43 2

where C is Euler’s constant. Thus, the lifetime of the elec-
tron in the excited state does not differ strongly from the
classical value 7%= (m 3¢ /e*H?). This expression can be
obtained by integrating the classical result

el JE 2&H?

En 3m47( 2—mc)

t+t,
coth( 0)

TC

For fields H~10* Oe, the lifetime of the excited state is
approximately 5 sec.

In the case of an ultrastrong field, H> H_, the electron
is relativistic already when it is in the first excited level, and
therefore the energy of the emitted photon in the dipole
transition n=1-0 is practically equal to the energy of the
particle. Unfortunately, in the case of an ultrastrong field
H > H, the calculations can be made only numerically (see
Refs. 59, 60, and 61). The following expressions are ob-
tained:
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W,=0.742W, W,=0258W,

W =0.302 em'e ( E\*
- # mc? ]

It is important to emphasize that these expressions agree
neither with the classical expression (61) nor with the
radiation power (52) in the ultraquantum case. Thus, the
radiation of electrons in the first excited states has impor-
tant properties that can be described neither by the classi-
cal theory nor even by the semiclassical method. The re-
sults presented here may be of interest in astrophysical
problems. In particular, in pulsar magnetospheres, in con-
trast to storage rings, the radiative energy losses of the
electrons are not compensated. Therefore, the radiation of
weakly excited charges in extremely strong magnetic fields
can be particularly interesting, and we shall return once
more to this question.

8. SPIN EFFECTS IN A STRONG MAGNETIC FIELD
Evolution of the spin of a relativistic particle

As is well known (see, for example, Ref. 30), the spin
of a particle can, from the point of view of a physical
interpretation, be described in a nonrelativistic theory,
since the spin angular momentum possesses the property of
an integral of the motion—it is conserved in time. This
opens up the basic possibility of investigating spin effects
independently of the orbital motion of particles. We recall
in this connection that in accordance with the hypothesis
of Uhlenbeck and Goudsmit an electron possesses a spin
mechanical angular momentum not associated with dis-
placement of the particle in space.

However, the situation is changed on transition to rel-
ativistic motion of a particle, since in Dirac’s relativistic
theory®? there is conservation of only the total angular
momentum

> > > . h >
J=L=S=[rp] —|—§ o.

The vectors L and S acquire a transparent physical mean-
ing only in the nonrelativistic approximation. In this sense,
Dirac’s relativistic theory reveals an inseparability of the
properties of orbital and spin motion—the spin angular
momentum is not conserved independently of the orbital
angular momentum.

The reason for such behavior of the orbital and spin
angular momenta in Dirac’s theory resides in the special
oscillating nature of the motion of relativistic particles.
This leaves an imprint on all the operator quantities, en-
dowing them with unusual properties that make the phys-
ical interpretation of the operators and an understanding of
their connection with the classical dynamical variables dif-
ficult.

In this connection, it is sensible to introduce in Dirac’s
single-particle theory operators with definite parity, mak-
ing the assumption that any operator can be represented as
a sum of an even, | F|, and an odd, {F?}, part:

F=[F]+{F},
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where the even and odd parts are determined by means of
the sign operator

A=37/| % | =/,

where /' =c(dp)+Bymc’ is the operator of the Hamil-
tonian in Dirac’s theory.

Then the even part of the operator does not mix states
of the particle belonging to different signs of the energy,

[F1=1(F+AFA), (62)
commutes with the Hamiltonian, and is an integral of the
motion, while the odd part

{FY=3(F—AFA) (63)
anticommutes with the Hamiltonian and oscillates in time,
reflecting in these oscillations the interference of charge-
conjugate states:

A\ A A A 2 ] " A
P s (PR3 = o (FYF,
whence

{F}={F(0)}exp(—2iEt/#%).

The oscillation frequency is Q=2E/h.
By means of these expressions, we readily obtain

[dl=cp/E, {d}=c{a(0)}exp(—iQt),
and then

dL > > > .
E:c[ap] =c[a(0)p]exp(—iQt),

(64)
dS - > .
—=—cl[a(0)p]exp(—iQz).
dt
Thus, both the orbital and spin angular momenta oscillate
rapidly (zitterbewegung) but on the average are conserved
in time. Since, further, X=ca,, integrating the expression
for the operators |@| and {a&}, we obtain the characteristic
(Schrodinger) interpretation of zitterbewegung:

cpit e .
(x) =5 =3F {a,(0)}sin Q¢

in accordance with which the “macroscopic coordinate”
| x| =¢*p,t/E characterizes the classical trajectory and the
“microscopic coordinate” {x} describes the zitter-
bewegung around this trajectory. In all this discussion, we
have considered only the free motion of a particle. We now
consider the behavior of the spin in an external magnetic
field; to this end, we shall characterize the spin states by
means of a unit three-dimensional spin vector

0= P30+ picp/E—psc*B(3p)/ (E(E+mc?)),  (65)

which admits a simple generalization to the case of an
electron in a magnetlc field. For this it is sufficient tp make
the substitution p— 7= =p—(e/ ¢)A. The operator O is one
of the possible polarization operators by means of which
one can separate a solution of the Dirac equation with
respect to the spin states (for more detail, see Refs. 7, 30,
and 31). The operator O in the electron rest frame goes
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over into the Pauli spin operator, by virtue of which it
retains the same properties in the laboratory coordinate
system:

A A A A A =

Oloj—OjOI':Eijkoi (OS)ZZI.

The introduction of this operator corresponds to Darwin’s
idea of describing the electron spin by the requirement that
in the electron rest frame this operator should become the
Pauli spin.

As is well known, the evolution of the spin of an elec-
tron in an external field can be described by means of the
Bargmann-Michel-Telegdi (BMT) equation (see Refs.
63-65). We succeeded® in generalizing this equation to
take into account the electron zitterbewegung. We consider
now the evolution of the spin operator in the Heisenberg
representation, noting first of all that in the Heisenberg
representation the variation of any operator F in time can
be represented in the form>>%3

dF dﬁ] it d°F

@& |TE (60)

Making now an identifigation ,with the operator of the
three-dimensional spin, ' = O, and taking into account
the anomalous part of the magnetic moment, we obtain

~ N a 52
H=c(@P) + pymc*+ 5 pop3(GH),

3 (67)
dO ec : a B a e c[Oﬁ](?H)
?_f( +Ery)[ 1- 27 me E(E+mc?)

i# d*0
tE AL

In the limit #—0, this exact Heisenberg equation for the
even part of the operator of the derivative is functionally
identical to the classical BMT equation. Further, going
over to the expectation values with respect to a wave
packet, ([0]) g, (c?) BE we obtain a generalization
of the BMT equation in the form (Ref. 65; see also Ref.
55)

A 7Y Tl

> ec
ng( +2 7/)[§ 1- 2rmec1+y

2E §
(68)

where y=E/mc’. This equation gives a complete descrip-
tion of the evolution of the electron spin, including zitter-
bewegung. Moreover, as in the Dirac representation, one
can consider a magnetic field, including one that is ex-
tremely strong. Omitting here consideration of the anom-
alous magnetic spin moment, and writing the evolution
equation in the form

s 2iE 5 ey
C+—o E——3 [HE1=0 (69)
(here, e= —¢; is the electron charge), we obtain in the

case of a homogeneous magnetic field a solution of (69) in
the form

&1+i6,=C expli(w;—w)t] +C; exp[ —i(w,+w)t],
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§1—i6,=Cs exp[i(w,—w)1] + C4 exp[ —i(w,+0)1],
&=4 +&3(0)sin 20t/20,

where #iw; = E>+2eqchH, #iw, = |E*—2eqctiH, #io=E.
It is important to emphasize that in the general case the
precession of the spin in the magnetic field and the Schro-
dinger zitterbewegung cannot be separated—the spin pro-
jections vary in accordance with a periodic law with fre-
quencies w;t®, w,+w. This becomes particularly clear
when the strength of the magnetic field approaches the
critical value H,=m?c’/e#i. In this case, the frequency is

fiw, = (m2c* + 2esficHn — 2eqficH)?

and approximate extraction of the root is ruled out. In the
ground state (n=0), the frequency becomes imaginary.
Only if the spin precession frequency Q=e,Hc/E is much
less than the frequency w=2E/# of the Schrodinger zitter-
bewegung (H < H,) can the solution of Eq. (69) be written
approximately in the form

Q
Gi()=¢, cos(ﬂt-}-a)———gl sin a sin 2w,

Q

(1)=&, sin(Qt+a)= ~3 &, cos a sin 2ot,

from which it follows that the Schriodinger zitterbewegung
is superimposed on the macroscopic motion of the spin—
the precession in the magnetic field. Thus, an extremely
strong magnetic field has a special influence on the spin
behavior—it becomes impossible to separate the spin mo-
tion from the orbital motion.

We also emphasize one further feature associated with
an ultrastrong magnetic field, which is that the interaction
energy of the spin magnetic moment in the ultrastrong
magnetic field loses the usual property of small quantum
corrections

oo m? 1 5

|U| =po| (cH) | Z}Lo—eﬁ =3 mc

i.e., it reaches the ordinary values characteristic of orbital
motion.

as H-H,_,

Spin effects in the synchrotron radiation of an
electron in an extremely strong magnetic field

We have seen that in an extremely strong magnetic
field, under conditions of relativistic motion of the elec-
tron, the spin and orbital properties of the particle can no
longer be separated. This contradicts the hypothesis of
Uhlenbeck and Goudsmit, in accordance with which it is
postulated that the spin characteristics of a particle are not
related to its displacement in space. It is characteristic that
in Dirac’s theory, in its quasirelativistic approximation, a
spin—orbit interaction is already manifested in terms that
are ~f3%, and if the motion is ultrarelativistic, the coupling
of the spin and orbital properties of the electron becomes
extremely relevant.

We consider above all in this connection the probabil-
ity of quantum transitions of an electron accompanied by
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spin flip. We shall assume that the electron is polarized,
= =1 characterizing the projection of the polarization
operator onto the direction of the magnetic field. We recall
that the projection operator O,

OH

- Y=tV
possesses the property of an integral of the motion (trans-
verse polarization).

If the invariant dynamical parameter satisfies £=(3/
2)x <1, then for the probability of quantum transitions we
obtain the expression7'39'58

6 c#i R mc? 2

(o252
+(1—§§)4§2( 35( )l

3¢ E (1468 [. (553
B b [1_( 2;f+§)§

(x<1)

2

We note first of all that the probability of spontaneous
spin-flip transitions is proportional to £, i.e., to the square
of Planck’s constant:

3 & ([ E\%)?

2 mcR (mcz) ] ’

These transitions make a small contribution to the classical
theory of synchrotron radiation, but nevertheless they lead
to observable effects and, in particular, explain the phe-
nomenon of radiative polarization of electrons and posi-
trons in storage rings.””’ As is well known, the mean en-
ergy of an electron remains constant in a storage ring, the
radiative losses being compensated by the external source
of the rf electric field. For this reason, the motion of a
particle may last for a long time (tens of hours), and it is
this that creates the necessary conditions for the realization
of radiative polarization, since the polarization time is of
the order of an hour.

We consider further in the same approximation §<1
the power of the synchrotron radiation:

({5 0)
1—;5' 52( 35( )

o' ~g=

W= W°‘[

(70)

As one would expect, the spin-flip transitions have the or-
der £2. This can be given a qualitative explanation, namely,
if we consider the radiation power of a classical magnetic

moment  precessing around a magnetic field
( Bordovitsyn66 ),
2/J' t 2.”'0
W=7 (§)F =370,

and assume that the magnetic moment is the spin magnetic
moment fi= —[il (Lo=exfi/(2mc)) of an electron, i.e., a
Bohr magneton, then with allowance for the precession law
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3

2 >
g = _% [chL wo=eoH /(mc)

we can obtain in the laboratory coordinate system
W=,

i.e., in the total radiation power there is a contribution of
the radiation of the magnetic spin moment of the electron,
and this radiation is accompanied by spin flip (the rigorous
quantum problem of the radiation of a neutral particle
possessing a magnetic moment in a homogeneous magnetic
field was considered in Ref. 67). At the same time, it
should be noted that in accordance with (70) the power of
the synchrotron radiation accompanied by spin-flip transi-
tions depends on the initial spin orientation, in full agree-
ment with the considered qualitative model of the radiation
of a magnetic moment. This interesting fact was first noted
by one of us in Ref. 55, and it was used in the development
of the theory of radiative polarization of electrons.

Also noteworthy is the dependence of the synchrotron
power on the spin orientation in the first order of the quan-
tum corrections in §. As we have already noted, measure-
ment of one dependence made it possible to estimate the
degree of polarization of a beam of electrons moving in a
storage ring.’!

Averaging over the initial spin state { and summing
over the final state ', we obtain an expression for the total
power of the radiation in the case when £=(3/2)y<1:

55\3 64 o

— 1)1 _ —_
W=Wil-4 §+3

(71)
This expression is obtained for an electron; if one considers
a spinless electron (the wave function satisfies the Klein—
Gordon equation), one finds a difference in the terms pro-
portional to # (i.e., £2), as was pointed out by Matveev.%
Indeed, we observe the following difference between the
powers of the synchrotron radiation of an electron (el) and
of a spinless electron (KG) (Fig. 7):

w=w- J:o f»)dy,

93 y - &y

1 N -

ff)= 87 (115)° [L K5/3(x)dx+1+§yK2/3(y) ,
9\/— y

KG

T e S f Ks/3(x)dx.

(These are exact expressions, valid for any £.)
It is obvious that the difference

3

(1+§)

of these expressions is explained by the different statistics
satisfied by electrons and bosons. This difference also con-
tributes to the synchrotron power: If £<1, then
AW=(8/3)W°1§2. As we have already noted, the first-
order terms are the same for the electron and the boson
(the spinless electron).

Af=9\38 ——— K,5(») (72)
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We now turn to the case of an ultrastrong field, for
which the dynamical parameter satisfies §=(3/2)y> 1.
Under these conditions, spin-flip transitions have the same
order as those without spin flip:

251465 7 1-¢¢
2 2 T2 2 |
and W% is determined by (52). It is interesting to note

that the difference between the electron and boson radia-
tion powers contributes to the basic expression for W:

W=prla (73)

-
16 ’

Thus, in the case of an ultrastrong field the spinless elec-
tron radiates (9/16) W% i.e., only about half the value
given by Dirac’s theory.

We now consider spin effects in the synchrotron radi-
ation of electrons in low levels. As is shown by the analysis
of Refs. 59, 60, and 68, the spin plays a particularly inter-
esting role on a transition of an electron from the first
excited level n=1 to the ground state n=0. In the ground
state [see (13)], the electron spin can be directed only in
the opposite direction to that of the magnetic field: {=—1.
If now in the first excited state (n=1) the spin of the
particle is oriented along the field direction, then a transi-
tion to the ground state #=0 can occur only with reorien-
tation of the spin, but the time of such a transition (£<1,
unexcited energy levels) is very long. For a field of strength
10* Qe, it is ~10' sec. If, however, the electron in the
excited state n=1 has spin along the direction opposite to
the field, then transition to the state n=0 will occur with-
out spin flip and in a short time.

Therefore, the state with n=1 and {=1 is metastable,
and the lifetime of this state is very long, ~10'" sec. Ef-
fectively, the electron does not go over to the ground state.
Thus, one can make the following picture of the spontane-
ous transitions of electrons in the magnetic field. The elec-
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trons go over to a lower state effectively without change of
the spin orientation. After a time T=3(H /H)*(#/mé’c),
all electrons with spin oriented in the direction opposite to
the magnetic field go over to the ground state n=0. Elec-
trons whose spin is oriented along the direction of the field
go over to the first excited state n=1 and remain there for
a very long time ~ 10'° sec (for a field of strength 10* Oe).

Thus, a system of noninteracting and nonradiating
electrons in a magnetic field must consist of two sub-
systems: electrons with spin oriented along the field direc-
tion, in the state n=1, and electrons with spin in the op-
posite orientation in the state n=0. The energy gap
AE=mc*H/H, between these states for a field H=10* Oe
is 107* eV.

In an ultrastrong magnetic field, this picture is radi-
cally changed: For H> H,, the probability of spontaneous
transitions does not depend on the spin orientation, and
spin-flip transitions occur with the same probability7°

0421 ( EN\ L7101
=TT, (W) 0T mee” =

as those without spin flip. At the same time, it is charac-
teristic that the expression for the probability for a “spin-
less” electron differs numerically from the above expres-
sion:

KG_0.159( E )
w= — |
Ty, \mc

Thus, the spin makes only a statistical contribution to the
probability of the quantum transitions.

We consider the radiative polarization of electrons and
positrons under the conditions of a strong magnetic field.
A closed expression for the degree of radiative polariza-
tion, valid for the complete range of the parameter y, was
first obtained by Bagrov’! (see also Refs. 72 and 6). Here,
we shall consider only the limiting cases. It follows from
the general expressions of the quantum theory of synchro-
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FIG. 8. Degree of self-polarization of the electron spin as function of the
parameter z=2y/3.

tron radiation that the exact expression for the probability
of quantum transitions accompanied by a change in the
transverse polarization of the electron can be represented
in the form

3¢ [ E ®
e (me)e S, wrem Kot ik)
(74)

where £=3(#i/mcR) (E/mc?) =3y, and {= +1 character-
izes the projection of the spin onto the direction of the
magnetic field. We consider this expression in the two lim-
iting cases y<1 and y>1. For y<1 we obtain the well-
known result (see Ref. 7)

T ‘ﬁe

w Egzj yay(K,3+CKy/3)
477fiR Y(Ry/3 1/3

y'dy

w (1+&y

(75)

where 1/7=(5V3/8) (W*/E)§ is the reciprocal of the po-
larization time. In the other limiting case y>1,
3 2 - 2—1/31\ 2/3) 4/3
e 2 (L) [ pf e
47 #R \ mc 0 (1+&y)

2—2/31‘\( 1/3)y5/3]

(1+&)°
1 5 Ir'(1/3) 1 9 pulaw
=3 "Nt Taman *16 £
(76)

The degree of polarization of the beam in an ultrastrong
magnetic field is greatly reduced:

5T(1/3)

et (3y)—1/3
21°(2/3)

p =8 \/5/ 15, p
x<1 x>1
The general behavior of the curve that characterizes
the change in the degree of polarization (Fig. 8) is
interesting.® It can be seen from Fig. 8 that in the case of
prolonged circulation of a beam of electrons in a magnetic
field a large proportion of the electrons acquires spin ori-

entation in the direction opposite to the field. The percent-

(77)
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age of polarized electrons is very high (8v3/15=0.92) and
varies weakly with variation of the parameter z. It is only
for very large values of the parameter that p—0 and
N'=N/2 and the beam is unpolarized. The polarization
effect in an ultrastrong field may be of interest in the phys-
ics of pulsar magnetospheres.

We also consider the correlation of the longitudinal
electron polarization (the spin projection onto the direc-
tion of the velocity: [( P )/ PV =E(W) with the circular
polarization of the radiated photons.

As is well known (see Ref. 7), the operator of the
longitudinal polarization is an integral of the motion of an
electron in a magnetic field and describes the particle he-
licity. To this end, we consider the power of the synchro-
tron radiation with allowance for the circular polarization
of the photons:*®

W 9 [ o yzdy
™ 64r R%)? fo (1+&p)*

where 50=1—B2, I=2+1 (I=1 and /=—1 correspond to
right and left circular polarizations, respectively), and

fﬂ sin 9add,,
0

1+
®=—— [2+&p(1+15)]*(cos 3 JeK 3+ 1eKy3)?
1w 5 5 )
+ ey (1+10) K7 5. (78)
Here, the functions K, depend on the argument

z=lﬁ(£/50)3/ 2, e=1 —32 sin? 9. We note that radiation
with spin flip, £’ = — 1, will always possess circular polar-
ization agreeing with longitudinal polarization of the elec-
tron, since the expression (78) contains the factor (1+/£).

In the ultrarelativistic case (£>1), it is particularly
interesting to investigate the circular polarization for high
harmonics, when y£> 1. Then

1410
q)l =§2y2(1+l§)[ 2 (COS'&\/EK]/:;"‘IEKZ/})Z

Ey>1
1-1r
+—— ekl

(79)

For these harmonics, the circular polarization of the radi-
ation not only with but also without spin flip is strictly
correlated with the initial direction of the longitudinal po-
larization of the electrons.

It also follows from the expression (78) that in the
classical approximation the circular polarization disap-
pears. This can be seen by integrating (78) over the angle
3. Then

Mﬂwf@mn

where

1+
Siy)= ( Y [

16m (1+60)° | 2 [1+(1+1§)(§y+%§2y2)]

J- K1/3dx
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In the limit £ -0, the circular polarization vanishes. How-
ever, the situation is entirely different on the transition to
the ultraquantum case, when the parameter £=(3/2)y
takes large values. In this case
W = W (1 4+3g06), (80)
i.e., electrons with longitudinal spin orientation will radiate
photons predominantly with the same circular polariza-
tion. For unpolarized electrons, circular polarization of the
radiation will be absent. The polarization will be partial:

» wile_ e g
=W 16 &

Thus, in an ultrastrong magnetic field it is possible to ob-
serve circular polarization of synchrotron radiation inde-
pendently of the angle of observation. However, this re-
quires an initial longitudinal polarization of the electrons,
and therefore observation of circular polarization of the
synchrotron radiation in this case would make it possible
to obtain information about the longitudinal spin orienta-
tion of the particles.

We have already mentioned the possibility that has
now been realized of observing transverse polarization of
electrons through the properties of the synchrotron radia-
tion, namely, its dependence on the spin projection of the
particles onto the direction of the magnetic field.”' This
dependence occurs in the quantum corrections (propor-
tional to y) to the classical expression for the radiation
power. In an ultrastrong magnetic field, the longitudinal
polarization occurs not in the form of corrections but in
the main expression, and this opens up special possibilities
for observation. Quite generally, the polarization proper-
ties are a very characteristic indicator of synchrotron radi-
ation, and they are associated with great successes of radio
astronomy, since, in particular, polarization can serve as a
criterion in an experimental verification of hypotheses
about the nature of radio radiation.

Observation of circular polarization of synchrotron ra-
diation in an ultrastrong magnetic field (for example, in
the case of the magnetic field of pulsars) opens up a way of
investigating longitudinal polarization of electrons. How-
ever, this problem is not simple because of physical con-
siderations. The fact is that the longitudinal polarization of
electrons is an integral of the motion only approximately,
when one does not take into account the anomalous mag-
netic moment (AMM) of the electron:

g—2
u= —,lL()( 1 +ae)’ ae=T ’
with the Schwinger value a,=a/2m of the anomaly. The
anomalous magnetic moment of the electron plays a very
special role in the particle spin dynamics. Indeed, using the
evolution equation for the spin, one can find that the
change in the spin projection onto the electron velocity,

4 +p— (e/c)A, has the form
eH

d 5. > 5 e
557 =l Z8l= 5 [7(],
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where £=[0] is the even part of the spin operator O, from
which it follows that the electron AMM destroys the lon-
gitudinal polarization. A more detailed analysis>> shows

that
eH
=cos|a,—t|.
mc

Thus, under ordinary conditions the longitudinal polariza-
tion of an electron is not conserved in time, and observa-
tion of it is ruled out.

However, as will now be shown (see Ref. 45), in an
ultrastrong magnetic field the anomalous magnetic mo-
ment manifests its dynamical nature, and its value de-
creases with increasing field and even vanishes at certain
values of the field strength H. At the same time, the
integral-of-the-motion properties for the longitudinal po-
larization are restored, since a,—0. Thus, observation of
circular polarization of synchrotron radiation, which does
not depend on the angle of observation (in an ultrastrong
field), could give interesting information on the spin prop-
erties of particles.

474 a eH

—lgl—OE% (81)

9. DYNAMICAL NATURE OF THE ANOMALOUS
MAGNETIC MOMENT OF THE ELECTRON

We first of all consider briefly the question of why it is
regarded as important to study the deviation of the value of
the anomalous magnetic moment from the Bohr magneton:
p=po(I+a,), a,=(g—2)/2. Unquestionably important
here is the strong, and sometimes decisive, influence of the
AMM on the dynamics of the spin of a particle in an
external field. This follows directly from the Bargmann-—
Michel-Telegdi spin evolution equation. In particular, un-
der the influence of the AMM there arise depolarization
resonances capable of destroying the transverse polariza-
tion of a beam of electrons acquired while they move in a
storage ring. At the same time, if the spin precession fre-
quency is a multiple of the frequencies characteristic of the
orbital motion (the frequencies of the betatron radial, ,,
vertical, ®,, and phase, g, oscillations) the transverse
polarization is destroyed and because of the depolarization
the radiative polarization effect does not lead to a preferred
electron spin orientation. The resonance condition’

eH
a,—=N0,+Nyw,+N3w,, N; are integers,

mc
depends strongly, as can be seen from the expression, on
a,.

The AMM has an even stronger influence on the lon-
gitudinal polarization of the electron—the spin projection
of the particle onto the direction of its motion. As we have
just shown, as a result of this influence the longitudinal
polarization is no longer conserved in time. Physically, this
is due to the fact that the frequency of the gyration of the
particle in the magnetic field, ¥ = (ec/E)[HZ], and the
frequency of the spin precession, {=(ec/E)(1+aE/
mc*)[EH], are not equal, and this leads to the expression
(81).
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As we have already noted, the vacuum AMM of the
electron also plays an important role in the stability of the
electromagnetic vacuum. The solution of the generalized
Dirac-Pauli equation

¥ =0, (82)

d
. . ext _
zr“(—ax“+zeA# ) m+t-auH/m

where a,=a/2m is the anomalous part of the magnetic
moment, leads to a solution in which the spin degeneracy is
lifted:*!

H
E= imc2l1+17 2n+&+1)V2—LauH/mc?
c

(We have omitted here the motion of the particle along the
field.) If, now, one takes the Schwinger value of the anom-
alous moment, then in the ground state (n=0, {=—1) the
vacuum becomes unstable if (a/47)(H/H,) =1, since

E= :tmcz(1+1 E)

47 H,.)

However, a more detailed analysis shows that in a strong
magnetic field (H— H,) the energy gap E= + mc” between
the states not merely does not decrease but actually in-
creases. The fact is that the electron AMM manifests its
dynamical nature and a,= f(E,H) becomes dependent on
the magnetic field—in an ultrastrong external magnetic
field the electron AMM decreases strongly.

The anomalous moment of the electron is also of great
interest in connection with the development of a high-
precision measuring technique, opening up the possibility
of investigating not only the terms of order a=e/#c but
also the higher approximations in a:

a a\? a\?
,u=—/.L0(1+al 17+a2(1_1) +a3(ﬁ) +)

The dynamical nature of the AMM may lead to a contri-
bution accessible to observation, since the influence of the
magnetic field is appreciable on the background of the high
powers of the expansion with respect to the square of the
charge. In the single-loop approximation, the electron
AMM was first calculated by Schwinger,’® but in the gen-
eral case the magnetic moment of the electron is a rather
complicated function that depends on the strength of the
external magnetic field. Attention was first drawn to this
circumstance by Gupta,75 who in the first order of pertur-
bation theory with respect to a considered not only the
linear but also the higher terms in the expansion of the
magnetic moment with respect to the characteristic param-
eter a~!, where a=H_/2H, and H. is the critical field.

It should be emphasized that in all the early studies’*"*
the nonrelativistic approximation of the problem was con-
sidered. This comes out especially clearly in the work of
Luttinger’® in which an electron in an external field is
taken in a “ground” state in which the energy of the orbital
motion of the particle and the energy of the interaction of
the magnetic moment with the external field compensate
each other.
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In this connection, one can expect that in the case of
relativistic motion of the electron this magnetic moment is
not only a function of the field strength but may also de-
pend on the electron energy; finally, we note that in all the
cited studies only the case of a weak field, with the strength
H restricted to the interval 0 < H < H,., was considered. In
the light of the recent discoveries of extremely strong mag-
netic fields near pulsars, and also under laboratory condi-
tions (as we have already briefly mentioned), it is of inter-
est to investigate the value of the AMM in a strong
magnetic field.

We now consider the problem of the anomalous mag-
netic moment of the electron in the first order of pertur-
bation theory in a by a method that is free of the limita-
tions just noted. We note that the problem of the
dynamical nature of the electron AMM was posed and
solved for the first time in our collaboration with Bagrov
and Bordovitsyn.*

We base our study of the electron anomalous magnetic
moment on the integrodifferential Dirac-Schwinger equa-
tion

Wx) = fM(x,y)w)dy,
(83)

the right-hand side of which contains the interaction of the
electron with the electromagnetic vacuum and includes
self-energy effects and corrections associated with vacuum
polarization by the external field. The mass operator in the
first order in e’ of perturbation theory for quantum elec-
trodynamics,

M(x9y) = —ieZWSC(X,Y)YVwa()"—x),

contains the electron propagator S¢ with allowance for the
external magnetic field,

iy i+ieAe’“ —m
dx, ®

S(xy) =—8*(x—y),

J
D) * ext —
iy (—ax# +ieA u ) m

and also the photon propagator Dj,,(y—x).
We shall use the Feynman representation for the elec-
tron and photon propagators:

i Y V(A (P)exp[—iE,(t—1t')], t>¢,
E,>0
S=
—i Y W (A, (Fexp[—iE,(t—1")], t<t,
E,<0
where
\Pnz\y:p};,
D, ,=(x—x")
i duv .
__2(777_75 exp[in(r—r") —iw(t—t')] el

In these expressions, ¥,=V,(F)exp( —iE,t/#) are sta-
tionary electron functions satisfying the Dirac equation un-
perturbed by the radiative corrections. The sum over »n for
t>1t' includes states with only positive energy, while for
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t>t' the causal function is equal to the same sum with the
opposite sign, taken over the states with negative energy
(positron states).

Integration over time leads to the time-independent
equation

(E—Z)¥= fK(?-,?’)W(?)d#:IN(?), (84)

where the kernel K(7,7) has the form

] e2 Z d3K 1
Kr=r=m2 # | WK —e&, 10
X e, W, (AY(7)e¥a,,

E=cfiK is the electron energy, and e= *+1 is the sign of the
energy in the intermediate states, with e=1 for the electron
states and e= —1 for the positron states.

We mention here that the simplest way of calculating
the mass operator is the linear approximation in the mag-
netic field strength and the nonrelativistic approximation.
One can then readily find that

[ M ¥ ray= 5 o F ¥ ),

and we arrive at the Dirac—Pauli equation (82). In this
equation, the additional interaction of the magnetic mo-
ment with the field is manifested locally, while the dynam-
ical nature of u remains hidden. To reveal the dynamical
origin of the electron AMM, and also to reveal the nonlo-
cality of the interaction that generates it, we must return to
Eq. (84) in its full form, giving up the limit of a quasistatic
field. In this way we will also establish the limit of appli-
cability of the Dirac—Pauli equation for an electron in the
approximation linear in the field, since sometimes the dy-
namical nature of the AMM is ignored and the AMM is
automatically included in the Dirac-Pauli equation even in
the case of a strong electromagnetic field. This then leads
to difficulties in explaining the vacuum stability.

We return to the Dirac equation (84). Regarding the
right-hand side of this equation as a perturbation, we can
see that the radiative corrections to the energy are com-
pletely determined by the matrix elements of the operator
R, which characterizes the effective energy of the vacuum
interaction:

W= fwjg,(?)ﬁw,,g(?)d%,

where the indices £, {’=+1 characterize the initial and
final spin orientations. We must consider the spin-
dependent field correction to the electron mass, since this
part of the mass arises because the electron possesses a
vacuum magnetic moment.*> As a result of calculations, we
obtain

T Kkdk sin 3dd
Sp_ P __
A=W, = 417” ilf f K—e(K +6)
X (D_D'_,— DD’ )®, (85)
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where D are spin coefficients determined by wave functions
that are exact solutions of the Dirac equation separated
with respect to the spin states by means of the operator Os:

OW=¢(Y, E=+1,

ko ( K)n’-n
I—E—,
K') vy

*=x
and the Laguerre function is related to the Laguerre poly-
nomials Q”'"'(y) by

nn'(y) Vm

The part of the vacuum operator R associated with the
anomalous magnetic moment is usually replaced in the
nonrelativistic ~approximation by the operator R’
—,up3(aH ), where the constant pu= —puga/27 is inter-
preted as the anomalous magnetic moment of the electron.
As Pauli noted, such a generalization of the Dirac equation
is covariant, and therefore it can be assumpd t}lat in the
general case too the operator replacement R — R’ remains
valid, though now p may depend on the strength of the
magnetic field and on the electron energy. This will then
mean that the anomalous magnetic moment of the electron
has a dynamical nature.

Comparing further the matrix elements of the operator
R’,

K 2
[Inn’ In—l,n'—l(y)]’

e y/2 (n—n )/ZQn

WI

é-gl D_ID’_1)9

= J W/ (DR (r)d*x=pH(D,D;—

with the energy Am™” of the vacuum interaction [see (85)],
we may conclude that the operator substitution R-R'is
indeed possible if p is chosen in the form
Re AmS? a (n)
“‘H(DID;—D_ID'_I)‘_zqr“"gf et

(86)

Summing now in (85) over the sign factor
e=E,/|E

.| ==+1, we obtain for the function f(n,a) the
expression”>

g Z o (2 xdx sin ddd
Fma)=—8a 2 fo fo (yn+x* cos® ¥ +x)2—1

7—14x%sin? 3
x sin® & \n+x* cos® &

S RV €} 3 (87)

where a:k(2)/4y=Hc/2H, n=(n"+a)/(n+a), z=(n
+a)x%sin? 9. This expression for the function f(n,a) does
not contain divergences, is finite in the complete range of
variation of the energy of the external field, and is exact in
the framework of Dirac’s theory.

Weak field

X1+

.

We consider the case of a weak magnetic field, when
a=H/2H> 1. At the same time, we can also assume that
(n+a)> 1, by virtue of which we can make an expansion
with respect to (n+a) —!and, integrating and summing in
(87), we obtain*®
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fme)= "@(““—T)’

as a result of which the electron AMM acquires a correc-
tion to the Schwinger value in the form of a dependence
that is quadratic in the field:

u’:—.u’O(l'i"ae)’
(88)
af 28 (H 21 H
a,= 217_ +? (E) nﬁc—}—}

However, as we showed in Ref. 45, this is valid only for
not too strongly excited quantum states of the electron,
when n <€a. This corresponds to the nonrelativistic approx-
imation because, since the principal quantum number is
given by n=(p, /mc)’a, the requirement n<a is equiva-
lent to the case S<1. We note that the case considered here
corresponds to the approximation y=3(n/a H2i=ip, 7
mc) (H/H,) €1, but under the condition of small numbers
n (discrete variation of the parameter y). In this case, the
corrections in the field do indeed have a quadratically log-
arithmic nature and do not depend on the electron energy.
Nevertheless, even in this simplest case the dynamical na-
ture of the AMM is manifested. If, however, the field re-
mains weak (a>1) but the electron is relativistic,
n/a=(p, / mc)2> 1, then the behavior of the anomalous
magnetic moment is strongly changed. Indeed, let us re-
turn to the original expression (87) and analyze it under
the assumption ¢>1 and n> 1. The main contribution in
this case will be made by transitions to excited intermedi-
ate levels with n’> 1, and therefore we can again go over
from a summation over n’ to an integration, though the
variable of integration must be chosen in the form u

= ( \/; — \/;)/ \/7, i.e., one must introduce

n'=n/(1+u)? dn'=—2ndu/(14+u)’.

an~ [ s/[ (x4 {m)?—11]
X4n—1+n

2x\/5

x,n
K for other x.

1
E n

In the asymptotic limit a—0, only the single term n'=0
remains from the complete sum (localization of the
Green’s function), and its integration gives

f(l,a)=—2a(In(1/a) —1.08),

f(na)=2alna/n, a,=(a/2wm)f. (90)

Thus, in the limit H> H,. intermediate states with
n’ =0 make a real contribution to the electron AMM. This
circumstance emphasizes once more that both the real and
the virtual states in a superstrong magnetic field are
strongly localized in the direction at right angles to the
magnetic field with localization within a circle defined by
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At the same time, for the Laguerre functions 7, ,/(z) we
can use the approximation by means of the Macdonald
functions K ; and K, 3, and then Re f(n,a) can be repre-
sented in the form™

X
Ref(n,a)=1fO (1+u) f a’tsm(z‘+3 2t3)

where y is the invariant dynamical parameter. Approxi-
mate integration leads to the results

1
1—-12 2(1n—+...)}, x<\1,
a,={2m X X

al'(1/3)/[933)%),  x>1

(see also Refs. 8 and 7). Thus, in the region y<1 (quasi-
quantum region) the corrections to the Schwinger value of
the AMM are as before small, but for a parameter y>1
there is a quite different behavior of the AMM—its value
decreases sharply with increasing field or with increasing
energy of the electron and is very different from the
Schwinger value a/27 (ultraquantum case).

(89)

Ultrastrong magnetic fields

An entirely new situation with regard to the field cor-
rections to the anomalous magnetic moment arises in the
region of superstrong magnetic fields H> H_.. We return to
the expression (87) and, making the change of variable
x—x/sin* ¥ and integrating exactly, reduce it to the form

(1—n)?

alna o & x}147m)—
W)= —8
f(n.a) n+a 2 ), ;,;::o x s

X{I2, [(n+a)x*] —T

i-l,m_l[(”
+a)x*1}®(x,n)dx, n=(n'+a)/(n+a),

where s = [(x — \/5)2 — 1[(x + \/ﬁ)z — 1], and the dis-
continuous function @ is defined by

for | \n—1|<x<|yn+1],

szgw(ﬁ/mc)ZHc/H. As follows from (90), the function
f(n,a) in the limit a—0 is negative, and, therefore, the
value of the AMM tends to zero with decreasing a (with
increasing field) from the side of negative values. However,
since for a> 1 the function f(n,a) is positive, and, in ad-
dition, it is continuous in the complete range of its argu-
ment a (for fixed value of n), this region contains at least
two characteristic points, at one of which f(n,a) vanishes,
while at the other it reaches its minimum value, which,
obviously, is negative. It is also clear that both points are
near a~1, i.e., H~H,.. Figure 9 shows the graph of the
function f for the state n=1 calculated in accordance with
Eq. (90). The change in the sign of the electron AMM was
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first noted in our study of Ref. 45, and later it was noted in
Ref. 77. Thus, the anomalous magnetic moment of the
electron manifests a clear dynamical nature, being a non-
linear function of the particle energy and of the magnetic
field strength.

It is also interesting to consider the behavior of the
electron AMM in a combined field consisting of a homo-
geneous magnetic field and a plane wave propagating along
it (Redmond configuration). The wave can be assumed to
be circularly polarized, so that the vector potential has the
form

(1)
A,=ae,(nx)+ \/Eb[e# sin 9 cos(kx)

—+—ge!(‘2) cos ¥ sin(kx)].

It was shown’® that in the ultraquantum case ¥>1 the
expression (89) is generalized to
al’'(1/3)

2 (b\?/1 5
“msgaom | la) (o)

in accordance with which the electron AMM also exhibits
a dependence on the polarization of the plane wave.

We now briefly consider the problem of the anomalous
magnetic moment of the electron in the Weinberg-Salam—
Glashow theory, which unifies the electromagnetic and
weak interactions.

Compared with electrodynamics, in this theory elec-
trons of sufficiently high energy can emit not only photons
but also Z° and W* bosons, this leading to a change of the
radiative effects. In particular, the weak interactions con-
tribute to the value of the electron AMM.

The general nature of the dynamical dependence of the
electron AMM on the particle energy and on the field
strength remains the same,”” being expressed, in particular,
in a nonlinear dependence on the invariant dynamical pa-
rameter y. The investigation of Ref. 79 made for the
crossed-field model (E=H, E-H=0) showed that in the
case of small values of this parameter the corrections to the
static value of the AMM are, like (89), quadratic, whereas
in the case of very large values of the parameter the con-
tribution of the weak interactions to the @, anomaly de-
crease in inverse proportion to XZ/ 3. The magnitude of the
contribution depends on the constants Gy =g,/2v2 and
Gz=(g—3g%)/4(g+g%)""% which are related to the
gauge constants g, and g, of the vector and axial-vector
interactions. In particular, for very large values of the pa-
rameter y we obtain

G> r'(1/3) M,\3
Wy W — 707 WY _4.1015
a, (X)_Zﬂ- 119\/5(3)()2/3, if X>( - ) 4-10°,

(92)
G, T(1/3) 1

2
5—7;9\/3(3X)2/35 [1—-11(10];

a(x)=

M 3
if > (—Z) ~6-1015,
m

where ay=(g5+g%)/(g5—3g%) =(1—4sin® 6y), 0y is
the Weinberg angle, and y in these expressions depends on
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the electron mass. The criterion y > (M/m)3/ 2 can be re-

placed by the simpler one y>1 if we introduce a critical
field for the W and Z bosons:

HY=10"* G, H’=12-10* G.

It is most interesting to compare these contributions in
the case when the parameter is y > (M/. m)3. Expressing all
values of the constants G, and G, in terms of the universal
Fermi constant G, and taking the Weinberg angle to sat-
isfy sin? 8,=0.23, we find that

11
a’=11a!, of=—-—d,
3
My\3 al’(1/3)
— Ve ———— 93
X>( m ) s 4 9\/5(3X)2/3 (93)

Thus, under these conditions the weak contributions ex-
ceed the photon contribution by almost an order of mag-
nitude; moreover, the W-boson contribution is dominant.”®

It should be noted here that the crossed-field model
gives a simple solution to the problem of the electron
AMM only in the semiclassical ultrarelativistic region of
particle motion if the model is applied under the conditions
of a homogeneous magnetic field. The realization of the
crossed-field model in nature is very problematic. If we
now consider electron motion in a magnetic field, then the
expressions (92), and also all results for y<1, give a cor-
rect description only in the semiclassical approximation, in
which the quantizing properties of the field can be ignored
(the crossed field is characterized by a continuous electron
energy spectrum). Thus, the crossed-field model does not
give complete information about the behavior of the AMM
of an electron in an external field: Weakly excited electron
states (the region of small numbers) make a fundamental
contribution to the dynamical nature of the anomalous
magnetic moment [see (90)]. It needs to be especially em-
phasized that weakly excited electron states (small trans-
verse momentum) may be particularly characteristic of
electrons in a pulsar magnetosphere, since the energy
quantum number decreases rapidly on account of the un-
compensated radiative losses.

It should also be pointed out that the critical fields
(93) which characterize the weak interaction, HCW ~10%
Oe, differ from the Schwinger field H.=4- 10" Oe in an
important respect—in fields of such strengths, the vacuum
becomes unstable and one must question the possibility of
using the single-particle approach to solve the problem. It
is well known that the exact solutions of the equations of
the quantum theory for vector particles in a magnetic field
have a singularity, namely, at H~ HY ~10* Oe the square
of the energy of a boson in the ground state in the magnetic
field becomes negative (tachyonic field modes). Indeed, in
the Weinberg-Salam—Glashow model the solution of the
Proca equation for a boson in a magnetic field has the
energy spectrum

[ H M3l
EV= 1 Mc? 1+(2n~1)ECW, HY = pat
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from which it follows that in the ground state n=0 when
H>HY the spectrum becomes imaginary. This difficulty
does not exist in the electron energy spectrum, since E°
= +mc?\14+2nH/H,.. Therefore, the conditions (93) re-
quire an analysis of their validity on the basis of the fun-
damental propositions of the theory.

To this it should be added that the question of the
vacuum stability of the weak interactions is also related, as
we have already noted, to the problem of the restoration of
the spontaneously broken symmetry in extremely strong
fields. This is also related to our incomplete knowledge
about the constants g, and g, and also their possible de-
pendence on the external field. It may be that in an ultra-
strong field g, and g, have a “floating” nature.

Thus, the expressions obtained for the contribution of
the weak interactions to the electron AMM, and also the
possibility of their experimental observation must be used
with a certain caution. In the light of this, it appears that
the contribution to the electron AMM of the electromag-
netic interactions is most important.

The value of the electron AMM has already for a long
time been of considerable interest from the point of view of
its experimental investigation. The anomalous part of the g
factor of free electrons was first measured by Dehmelt (see
Ref. 80), using an rf field that caused spin-resonance tran-
sitions of polarized electrons moving in a magnetic field.
Since the electron AMM makes a decisive contribution to
the dynamics of the particle spin, this method opened up a
possibility of obtaining direct information about the mag-
nitude of the anomaly a,=(g—2)/2 (“attack on the
anomalous magnetic moment”). Under Dehmelt’s lead, a
method has been developed in recent years at Washington
University?! for confining individual electrons to a
trap—an artificial atom (geonium) has been created. In
the experiments, observations were made of g—2 transi-
tions of individual electrons with spin flip,®' and one of the
most accurate values of the magnetic anomaly was ob-
tained:

aP= (1159 652 410+200) - 1012

(see also Ref. 29). It should be mentioned that the results
of the experiment agree well with the theoretical investiga-
tions of the higher approximations in the square of the
charge in the expression for the AMM (Ref. 82).

Thus, a possibility is opened up for investigating the
dynamical nature of the electron AMM, since the correc-
tions to the Schwinger value of the AMM that depend on
the field strength and are calculated in the ¢* order of QED
can become significant on the background of the higher
powers of the perturbation expansion with respect to the
square of the charge (see Ref. 6).

Great interest attaches to observation of the dynamical
nature of the electron AMM under the conditions of an
extremely strong field with dynamical parameter satisfying
x> 1.

We have already mentioned the experiments made at
the SPS accelerator at CERN, !’ in which electron beams
accelerated to energy 150 GeV were directed with very
small opening angle along the axis of a germanium crystal
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cooled to low temperatures. The strong macroscopic fields
acting along the crystal axis, together with the high elec-
tron energies, led to an estimate for the value of the pa-
rameter y of order unity. Then the energy of the spin in-
teraction of the beam electrons with the field becomes
equal in order of magnitude to the particle rest energy (in
the electron rest frame). This can lead to a number of
interesting quantum effects and, in particular, opens up the
possibility of observing a dependence of the electron AMM
on the field strength. The possibility of observing the dy-
namical nature of the electron AMM was also noted by
Baryshevskii,'® who proposed an investigation of a, using
the precession of a particle channeled in a bent single crys-
tal.

In conclusion, we should mention the high-precision
experiments to compare the electron and positron anoma-
lous magnetic moments at high energies. At the Institute of
Nuclear Physics of the Siberian Branch of the USSR Acad-
emy of Sciences at Novosibirsk, under the leadership of A.
N. Skrinsky,® the two magnetic moments were compared
at 625 MeV in the same storage ring. Because of the iden-
tity of the experimental conditions, a high accuracy was
guaranteed. The experiments made in the VEPP-2M stor-
age ring were based on the radiative polarization effect
discovered by Sokolov and one of the present authors (Ter-
nov). As a result of this effect, a preferred polarization of
beams is established after circulation of the particles in the
ring for about an hour; the electrons are polarized in the
direction opposite to the field, and the positrons along the
field. After this, using an additional oscillating longitudinal
field, the experiment gave rise to resonant depolarization at
the frequency

w,=(ya,—1)oy/y=0.40y/y,

eH
a)H=%is the cyclotron frequency.

This corresponds to tuning the frequency of the external
alternating field at the fixed point in the orbit in which the
depolarizer is situated to the spin precession frequency.
The experimental result established equality of the anom-
alous moments of the electron and positron at a good con-
fidence level (95%):

Ao+ —Aao—

<1.0-1073

e

(see Ref. 84). Investigation of the values of the magnetic
moments of particles and antiparticles is important for
testing  the basic  propositions of quantum
electrodynamics—the equality of these magnetic moments
has an intimate relationship to the CP invariance of the
theory (see the monograph of Isaev®®).

10. SINGLE-PHOTON ANNIHILATION AND CREATION
OF ELECTRON-POSITRON PAIRS IN AN
EXTREMELY STRONG MAGNETIC FIELD

As is well known,” a single photon cannot be trans-
formed spontaneously into an electron—positron pair in the
vacuum—the formation of a pair requires the presence of

I. M. Ternov and O. F. Dorofeev 28



an external field, which takes up the excess momentum.
The creation and annihilation of electron—positron pairs in
a magnetic field was first considered by Klepikov,*® and
after several years it became clear that the channel of
single-photon production of ete™ pairs is the main mech-
anism of generation of relativistic plasma in pulsar mag-
netospheres.

Single-photon pair production

The probability of electron—positron pair production
can be calculated by the standard methods of quantum
electrodynamics in the Furry representation by means of
the exact solutions of the Dirac equation for a particle in a
homogeneous magnetic field.” The probability of single-
photon production of an e*e™ pair is found to be

M§‘%7?i:ﬁf D5,
where q=§(HJH) (mcz/E,,), a=2qcr‘i2y, Ey is the energy
of the photon, and

1+6¢* .
S=——2— [tanhzme(a) +2¢q sinh? YK, ,3(a)

—g_ tanhyK1/3(a)]

1-¢ ¢t
+— [Ky/3(a) -8 Ky 5(a)]. (94)
Here, as before, K”(a) is a Macdonald function, spin pro-
jection onto the field direction {~ corresponds to the elec-
tron, and £t corresponds to the positron. It is, unfortu-
nately, difficult to integrate the expression (94). Therefore,
we shall consider the asymptotic behavior of (94) in two
limiting cases.
1. In the case of low photon energies, when ¢> 1,

£ 4H, 2
3E™
Using the asymptotic behavior K”(z) = 7/2ze"? of the
Macdonald function, we find that =~
1+£7¢Y (1= (1=E7¢Y)
2 6 ’

wi§)=w,

where the total probability w_, summed over the spins,
has the form

33 @ mc H
wo=————

®16y2%c 2 H,
(see Refs. 46 and 47). It follows from this that pair pro-
duction with oppositely oriented spins is most probable;
moreover, the electron spin must be oriented in the direc-

2 (95)

tion opposite to the magnetic field ({™=—1):
w”——l_g_ w _2 w
- 3 w_3 o *
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2. In the opposite limiting case, when g<1 (ultra-
strong magnetic field or high photon energies), we obtain,
taking into account the asymptotic behavior K,(a)

=2~ 1T () /g* -0

3 7
— | — —FHY L (1t
w(§) =wo\z5 (14676 +25 1-67¢9) .
and, summing over the particle spins, we obtain the expres-
sion

5T(5/6) 1 &€ mc* H

1/3
W=7T1/6) 2% # H,?

for g<1. (96)
It follows from this that in the case of an ultrastrong field
(high photon energies) too production of a fermionic pair
with oppositely oriented spins is the most probable.

In conclusion, we note that the exponential factor in
(95) strongly suppresses the probability of pair creation
when ¢g> 1, i.e., at comparatively low photon energies (or
in the case of a weak field, when ¢g=3(H/H) (mc/E,)) > 1)
the probability is effectively equal to zero. However, in the
case of a strong field, when H> H_, the probability be-
comes measurable. As was shown in Ref. 46, the maximum
of the probability occurs at g=0.1.

Thus, in an extremely strong magnetic field the absorp-
tion of photons as a result of pair creation can be appre-
ciable.

Single-photon annihilation of electrons and positrons
in a magnetic field

The process of single-photon annihilation of a pair can
be treated in complete analogy with the creation
process.*®” The annihilation probability is found to be
2¢*1 (mc® 4q>

( z ) (69),
where g=3%(H,/H) (mcz/Ey)
E,=2E, y=e,H/2%c.

The function ®(§,q) has the form

—§ g
@ (&9) =——F— [ K1/3(9) +K2/3(9) ]

=%(H/H)(mc*/E), since

145767
LTS5 5

) K,,(q).

(97)
Note that if we multiply the probability by the number of
electrons of the medium and introduce the electron density
P=N/L> then we can obtain the reciprocal lifetime of an
electron with respect to annihilation with positrons of the
medium:

l 2 & mc
P( ) ®(8.9).

7 3 fiy
If g>1 (weak field),
oM 1

1 5
bt N C
pri=+57) l1+6q Py +.. +_736q .
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In the case of antiparallel spins, the pair annihilation is
enhanced if the electron spin is oriented along the direction
of the magnetic field.

In the opposite limiting case g<1 (ultrastrong field),
we have

¢T1 [

Corotation
region

24/3
\V3r2(1/3)
In other words, the probability of annihilation of a pair
with oppositely oriented spins is much greater than in the

case of parallel spins. If we now average (97) over the
spins of both particles, we find that

P ik +§l

e (mc 4q) o8
=L (T) (9), (98)
where
;—Tre_zq, g>1,
q
() =2K15(D) +K3 (@D = [ )

Ay, 9<l.
2%°q 9

Thus, in an extremely strong magnetic field, channels
associated with single-photon processes, in particular, pair

=
-~
T

<
&~
1

FIG. 9. Asymptotic behavior of the anomalous magnetic moment in an
ultrastrong magnetic field for n=1 [see Eq. (90)].
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FIG. 10. Standard model of the plasma of a pulsar magnetosphere.

production, are opened. The investigation of pair produc-
tion in an extremely strong magnetic field is of interest in
connection with processes in strong magnetic fields in
space, in particular in the field of pulsars. When a photon
propagates in such a field, pairs must be produced, and, in
their turn, they will generate photons, etc. Thus, a cascade
process similar to what is observed when a cosmic ray
passes through matter can begin. In a macroscopic ultra-
strong magnetic field, such a cascade process will be asso-
ciated with the electron—positron and electromagnetic
vacua.

11. ASPECTS OF PROCESSES IN THE ULTRASTRONG
MAGNETIC FIELDS OF PULSARS

A pulsar (neutron star) is surrounded by a magneto-
sphere, which exists because of the strong electric fields
generated by the magnetic field of the star rotating in the
vacuum. The electric field arises in the vacuum gap at the
surface of the pulsar; it is concentrated in the gap, the
width 7, of which is of order 100 m (Refs. 86 and 87), and
the strength of the field depends on {2, the rotation fre-
quency of the star, r;, the width of the gap, and the mag-
netic field strength H:

QroH

P .

[—4

The strong electric field strips charged particles (electrons,
protons, positrons) from the star, and these move in the
pulsar magnetosphere along the magnetic lines of force,
which close within the light cylinder that rotates synchro-
nously with the pulsar.®® Thus, the plasma formed by the
electrons, positrons, and protons rotates synchronously
with the pulsar in the region within the light cylinder with
radius R_, which determines the distance from the cylinder
axis at which the velocity of synchronous rotation of the
plasma reaches the velocity of light (see Fig. 10). The
electric field E that arises at the surface of the pulsar can
communicate a fairly high energy to the particles. In par-
ticular, for the pulsar in the Crab Nebula, for which we
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estimate H~4-10'? Oe, Q=200 sec™!, R=10° cm, and
ro=10° cm, the electric field E can accelerate electrons to
energy y=E/mc*=3-10°% ie., E~10° GeV. Thus, the
physics of the particles in a pulsar magnetosphere involves
not only an extremely strong magnetic field but also high
energies, and pulsars are important sources of cosmic rays.

Properties of the radiation

The energy of a rotating neutron star is transformed
into the energy of electromagnetic radiation and into en-
ergy of particles. With this transformation of the energy
there is associated an evolution of the star, since the energy
losses lead to a spin-down of the star:

d (IQ? . 2ur0f
( ) =I00=—
dt

where p is the magnetic moment of the dipole.

Unfortunately, at the present time we are not com-
pletely clear in our understanding of the true mechanism of
pulsar radiation. There exist several models, but none of
them can be regarded as completely convincing. At the
same time, the properties of the radiation of different pul-
sars are the same, and this in itself is a weighty argument
in support of a common radiation model.

The mechanisms usually considered are cyclotron, syn-
chrotron, and curvature radiation. Curvature radiation is
associated with a feature of electron motion in a dipole
magnetic field when the magnetic lines of force have a
strongly expressed curvature, and this radiation has a syn-
chrotron nature, since the motion of the electron takes
place along the curved lines of force of the magnetic field at
very small pitch angles (small compared with y~!).%%
Here, the pitch angle is the angle between the velocity
vector and the direction of the magnetic field.

When estimating the contribution of synchrotron radi-
ation to the energy losses, one must take into account the
properties of such radiation under the conditions of an
ultrastrong magnetic field, i.e., when the invariant param-
eter y takes values y>>1. Then both the radiation spectrum
and the power are different:

3¢ ( E\N )
55(%)’ X<; wlqu _

E/#,

16 T(2/3) we

9 (3 )4/3

Omax=

x>1

In astrophysical applications, this important aspect of the
theory of synchrotron radiation has not always been taken
into account.

We must also mention one further type of radiation
that can be realized in pulsars—undulator radiation. This
type of radiation is observed if an electron has a transverse
(relative to the magnetic field) momentum B, and simul-
taneously a momentum B“ along the field (8°= Bf + Bﬁ ),
the two momenta satisfying 5, <3 . In the simplest case,
the electron motion is motion along a helix.

The expression for the radiation power is’
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where

ecH vB
O=—n, x=T77F5—".
E 1—-PBj cos ¥
The frequency of the radiation is now different from the
frequency of circular motion on account of the Doppler
effect:

vQ)
“1-By cos ¥’

In the undulator regime, the electron velocity in the direc-
tion at right angles to the magnetic field is relatively small,
while the velocity along the field is close to the velocity of
light. Then, as follows from (99), the maximum of the
radiation is at the fundamental tone, and the angle ¥ must
be fairly small (small angle relative to the undulator axis).

If we introduce standard notation in the form
By =BI[1— (k/7)’] B, /By =k/v, y=E/mc,
k= (E/mc?*) (B, /B), where k is the undulator constant,
then with allowance for the polarization properties of the
undulator radiation we can rewrite the expression (99) in
the form

aw BZ 2k2 3 B"
a0 2wcyzn[1‘”'v(") ”BTJ(X)

where x=kow sin 9/, and /, and /, characterize the com-
ponents of the linear polarization. In the approximation of
small angles ¥ (observation along the undulator axis)

dw, Bke’ 14 K> — 9
dQ ~ 2mcyvQ 1+ K249

The undulator case that we are considering (k<1)
differs from the situation in which the transverse momen-
tum B, is not a very small quantity (k> 1, the wiggler
regime). In the wiggler regime, the radiation of the elec-
tron, which moves in a circle, in contrast to the undulator
motion, for which k < 1, does not have a dipole nature and
exhibits fully the properties of synchrotron radiation—
higher harmonics of the fundamental frequency Q are ra-
diated. At the same time, the angular distribution of the
power is radically changed (Fig. 11).

@

2

J2x) | l+1,

Cascade processes in a pulsar magnetosphere

In accordance with the investigations of Goldreich and
Sturrock,’*? cascade processes can begin and develop in a
pulsar magnetosphere. Indeed, electrons that have been
accelerated by the strong electric field will, as they move in
the magnetic field of the star, radiate hard y rays. The ¥
rays, in their turn, can be transformed through the single-
photon channel into e*e™ pairs, and, thus, a cascade pro-

cess develops (Fig. 12).
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We shall not dwell on this in detail but refer the reader
to the review of Ref. 86. However, we shall consider some
aspects of the radiation and production of pairs in an ul-
trastrong field.

We consider the expressions for the probabilities of
synchrotron radiation and single-photon pair production.

For synchrotron radiation when y<1

5 &mc*H
) R —
"2 3% # H.’

and for production of an ete™ pair

+om 3J3 € m? H 4§¢
Wo © =1e e hHexp(—/ ),

These relations are usually taken®® as a basis for studying
the cascade processes. However, in an extremely strong

Region of
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separated charges E-8=0
Gap
E'B#O

Surface of the star
g8=0
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FIG. 11. Diagram of the angular distribution of undulator radiation
for different values of the undulator constant k.

magnetic field, when y and y%»>1, the probabilities of ra-
diation and single-photon pair production are changed:

mc? H 1

e 3 T(5/6) e?mct H 1
w20 T T

© T14T(7/6) fic % H. (V"
This circumstance can introduce corrections into the cal-
culation of the cascade processes.

12. INFLUENCE OF A MAGNETIC FIELD ON
NEUTRON BETA DECAY

Supernovas are the most impressive explosions of
stars”>** in which a potential energy of ~10* J is released.
In 1934, Baade and Zwicky®> showed that only one percent
of this energy is sufficient to eject a shell and produce a
supernova explosion. At the beginning of the forties, Ga-
mow and Schoenberg®®®’ proposed a mechanism of energy
release in the collapse of a star due to emission of neutri-

FIG. 12. Development of a cascade process.
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nos. A huge amount of energy is carried away by neutrinos
during a time ~ 1072 sec, which is determined by the rate
of the elementary weak interaction.

High densities, temperatures, and magnetic field
strengths are characteristic of the collapse of stars. Modern
model scenarios of supernovas (see, for example, Refs. 98
and 99) make it possible to take into account an ever wider
set of factors, but discussion of the role of the magnetic
field is still only just beginning.'®

Among the multifactor problems, we can identify the
fundamentally important problem of the influence of an
extremely strong magnetic field on neutron B decay. Pro-
cesses related to this reaction are sources of neutrino fluxes
during collapse.

Investigation of the influence of an external electro-
magnetic field on neutron B decay is associated with the
need to use exact solutions of the Dirac equation for all the
particles that participate in the reactions in this field. It is
obvious that allowance for all the electromagnetic charac-
teristics of the particles, including their anomalous mag-
netic moments, leads to a cumbersome expression for the
reaction probability. To clarify the role of each of the elec-
tromagnetic properties of the particles during 8 decay and
their possible significance for given parameters of the ex-
ternal electromagnetic field, it is helpful to make the usual
asymptotic expansions in the so-called interesting cases in
which these expansions are possible and to investigate
graphical sections of the complete set of potential informa-
tion, bearing in mind the multidimensional structure of, for
example, the spectral-angular distribution of the produced
particles. In particular, one can establish correlations be-
tween the momenta and angular momenta of the reaction
products and their asymmetry with respect to the direction
distinguished by the external electromagnetic field.

In the first order of perturbation theory in the constant
of the weak universal interaction, the amplitude of neutron
B decay in the (V' —A) form can be written as

M=(G/(2)"){¥,7,(1+agys) ¥, ¥ " (1+7)¥, },

where ¥, \I7p, V,, ¥, are the wave functions of the neu-
trino, proton, electron, and antineutrino, respectively;
do=G"/G" is the ratio of the axial and vector coupling
constants, and the constant

G=¢*/(8M?%, sin @) =1.414-10~* erg-cm®

(without radiative corrections) is related to the mass M,
of the intermediate vector boson and the Weinberg angle
O .

In the simplest case of an allowed [ transition, for
which the form factor contains just two energy-
independent 3 moments,>*

So=G6"(1), §,=G%0),

one can consider not only neutron [3 decay but also 3 tran-
sitions between mirror nuclei, for example, 3H_3He, in
which the neutron and proton numbers are exchanged.
This is associated with a significant change in the energy-
release parameter &;.
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FIG. 13. Energy spectrum of electrons from B decay of neutrons in a
magnetic field with strength H=0 (heavy curve), H=0.1H, (continuous
curve), and H=H_ (broken curve).

The influence of an external electromagnetic field on
neutron 3 decay was first considered for the example of a
constant and homogeneous magnetic field,'°"'? whose
strength can be taken to be arbitrarily large, including val-
ues greater than the critical value H,.

In the first studies, it was natural to investigate above
all the influence of the magnetic field on the state of the
electron produced in the reaction. Indeed, it was the con-
tinuity of the electron spectrum that suggested the idea of
the existence of neutrinos.

In a magnetic field, the continuous electron spectrum
is modified, becoming a resonance spectrum (see Fig. 13)
when the electron is produced in a quantized gyration or-
bit. The number of resonances is

N=H,(el—1)/(2H),

and there may also be the case of a unique level for an
electron in a magnetic field of strength

H>H (ei—-1)/2

for given energy release &;.

For the proton, the spectrum will also have a reso-
nance nature, but a unique level will be obtained at a much
higher magnetic field strength:'®

H>H,(my/m,)(g—1).

The strength of the magnetic field that quantizes the
transverse motion of a proton, ~ 107, is greater than the
field strengths at which G* and G” become equal.

In the light of these comments, we need to consider the
partial probabilities for chosen values of the quantum num-
bers n and n' as functions of the magnetic field and the
energy release, and then, if necessary, sum them in order to
obtain information about the total probability. Fortu-
nately, all the probabilities pass through a resonance value
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FIG. 14. Dalitz plot with respect to the antineutrino energy po; and
antineutrino emission angle 6; for different energy levels of the electron
(n) and proton (n’) in a magnetic field with strength H=H..

in a fairly narrow range of magnetic field strengths, except
for the case of the partial probability for n=0 and n’=0.

Using a Dalitz plot (Fig. 14) in the variables p,;, the
energy, and U3, the emission angle of the antineutrino e;
relative to the direction of the magnetic field for different
energy levels of the electron (#) and proton (n’), one can
represent the behavior of the partial probabilities.'™

The results of calculations of the partial contributions
of the angular distributions exhibit a strong nonlinear de-
pendence on the magnetic field strengths (Fig. 15). In the
graphs of the angular distributions, there is a clear asym-
metry of the antineutrino emission relative to the direction
of the magnetic field.'®

As we noted above, the partial probabilities are com-
plicated functions of the magnetic field. Investigating these
dependences, we calculated neutron 3 decay with produc-
tion of the electron in the ground state and the proton in
the states with n’=0, 1, 2, 3 (Fig. 16). It was more con-
venient to represent graphically the partial probabilities for
different values of H/H,, since in this case one can clearly
see the region of their resonance behavior. Note that the
results given here also take into account the anomalous
magnetic moments of the particles except for the antineu-
trinos; in addition, G was taken to be a constant. Return-
ing to the stellar-collapse scenario, we note the asymmetry
of the neutrino fluxes in a magnetic field. The rate of the
weak processes can change'%*!%’ for many reasons—under
the influence of the electron density, the temperature, the
matter density, the magnetic field, etc.—but the asymme-
try of the neutrino flux relative to the magnetic axis of the
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FIG. 15. Partial angular distributions in states with n=0 and n’ =0, 1, 2,
3. The continuous curve corresponds to the total angular distribution, and
the broken curves show the contributions (which become less asymmetric
with increasing n’) of the partial distributions. The ratios of the magnetic
field strengths are: a) H/H.=1.35; b) H/H.=2.7.

pulsar due to the magnetic field of the pulsar can be re-
flected globally in the pulse of the produced pulsar (Refs.
105 and 108-110). This suggestion for explaining the high
pulsar velocities stimulated a lively discussion (Refs. 99,
111, and 112) and extended the approaches to the problem

(W ﬂ’/ a)(Hc/H)

100+ n=o0
50-
ns{
ns2
n.
0 2 4 HM, 6

FIG. 16. Partial probabilities of B decay of a neutron to an electron state
n=0 and of a proton to the states n’=0, 1, 2, 3 as functions of H/H,. The
partial probabilities are normalized to the probability W), of free 8 decay
of the neutron and the ratio H/H..
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of the asymmetry of neutrino fluxes (see, for example,
Refs. 113-115).

On the basis of observational material on pulsar radi-
ation in the radio range, using a model of pulsar accelera-
tion due to neutrino ejection, it proved to be possible to
establish an observational test''®!!” to determine the mod-
ulus of the pulsar spatial velocity and thereby augmenting
data on the observed tangential velocities of pulsars.

We should also mention the elongation of supernova
shells, which is a significant observed characteristic of su-
pernova remnants. Elongation of a supernova shell along
the direction that coincides with the pulsar rotation axis
can be explained by asymmetry of the fluxes of radiation
and particles due to the magnetic field of the pulsar
through the region of its magnetic poles.!'® Here, one must
also bear in mind that the rotation axis and the magnetic
axis of the pulsar do not coincide, this leading to a wider
range of angles of escape of the particles and radiation.

In conclusion it should be noted that the quantum
processes that develop in extremely strong magnetic fields
are a new interesting field of physics investigations. We
hope and are confident that the development of this direc-
tion will not only have great applied importance but will
also contribute to quantum field theory, to which
Bogolyubov devoted many years of his life.
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