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A review is made of the development of methods for describing nonlinear phenomena and
relaxation processes in complex nuclear systems formed by the interaction of heavy

ions with nuclei at energies 10-100 MeV/nucleon. A form of nuclear hydrodynamics based
on current and density algebra is developed to analyze linear and nonlinear excitations

of the nuclear density. It is shown that for irrotational motion in the semiclassical limit the
equations of nuclear hydrodynamics can be reduced to the nonlinear Schrédinger

equation. It is shown that the spherically symmetric single-soliton solutions describe well the
properties of the nuclear density in the ground state. The possible existence of spherically
symmetric states of the nuclear density with nodes is pointed out. Analytic solutions for one-
dimensional nonlinear excitations are obtained in the form of “cnoidal” waves, “kinks,”

and “holes” in nuclear matter. The basic equations for describing vortical “disks” of nuclear
matter are obtained. The evolution of the “disk” boundary is analogous to the

propagation of a nonlinear dispersion wave in a plane. The basic properties of the “disk”
states are analyzed qualitatively. The inverse scattering method for the mean field of the
nucleus is used to analyze the static (description of the density profiles and single-

particle potentials) and dynamic (simple model for analyzing the evolution of a nucleus
compressed at the initial time) properties of nuclear systems. It is shown that the giant
monopole isoscalar resonances can be regarded as linearized soliton vibrations of the

nuclear density. A self-consistent analytic solution is constructed for the vibrations of a double
nuclear system. An investigation is made of the influence of the channel of coherent
excitation of giant resonances on the emission of nonequilibrium light particles and the

dissipation of the kinetic energy.

1. INTRODUCTION

In recent years, there has been a great growth of inter-
est in the study of nonlinear dynamical phenomena in
practically all branches of modern physics. To a large de-
gree, this is due to the progress achieved in the methods of
exact solution of nonlinear partial differential equations,
for which the fundamental concept is the soliton—a non-
linear solitary wave capable of propagating without change
of shape and energy. This remarkable phenomenon was
discovered by Russell more than 150 years ago! in an anal-
ysis of waves traveling on the surface of water. The modern
development of soliton theory was initiated by investiga-
tions into energy thermalization in nonlinear oscillatory
systems.? The absence of thermalization in numerical com-
puter experiments remained for a long time a paradox. The
explanation of the phenomenon was found in 1965 by
Zabusky and Kruskal.> They showed that long waves trav-
eling in one direction along a string with quadratic inter-
action between the particles can be described by the
Korteweg—de Vries (KdV) equation, which was first de-
rived in an investigation of long waves in a channel with
water.* It was shown that the absence of thermalization in
the considered systems is explained by the presence of sta-
ble objects, which were called solitons. The discovery in
1967 by Gardner, Green, Kruskal, and Miura® of the fact
that for the KdV equation »,—6uu,+u,,,=0 (where the
indices denote differentiation with respect to the corre-
sponding variable) there exists an analytic method of solv-
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ing the Cauchy problem and the subsequent investigations,
which showed that similar methods can be applied to many
other evolution equations, gave rise to a revolution in non-
linear physics.("8

Investigations that use the soliton concept to analyze
hadronic systems can be divided nominally into two main
fields, relativistic and nonrelativistic nuclear physics, and
the employed solitonlike solutions can themselves be di-
vided into two main types.

Topological solitons. The necessary requirement here is
that the boundary condition at infinity for the soliton state
must differ topologically from the corresponding boundary
condition for the physical vacuum. Some of the first exam-
ples of topological solitons were obtained by Polyakov® and
’t Hooft,' who showed how in systems with spontaneous
symmetry breaking one can have not only the ordinary
sector of mesonic excitations but also the realization of
heavy bosons, which arise as excitations over the nontrivial
vacuum. From the quantum-field point of view, such
monopoles and solitons are bunches of energy that are lo-
calized in space and can be described by classical fields. A
second example is the description of baryons as topological
solitons of mesonic and chiral fields.!""!2

Nontopological solitons. The boundary conditions at in-
finity for the solitonlike solutions and the physical vacuum
are the same. Degeneracy of the vacuum state is not re-
quired. A necessary condition for the existence of nonto-
pological soliton solutions is the presence of additive con-
servation laws. In addition, for the existence of soliton
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solutions in a coordinate space of two or more dimensions
it is necessary to have either an additional gauge field with
nonvanishing spin or to consider solutions that depend ex-
plicitly on the energy but are nondispersive. >

To a large degree, this review is devoted to investiga-
tions that use the concept of a nontopological soliton in
nonrelativistic nuclear physics. Besides the studies already
cited, references to topological and nontopological solitons
in relativistic nuclear physics can be found in the mono-
graphs and reviews of Refs. 14-17.

Nonlinear collective excitations in nonrelativistic nu-
clear systems are of interest for the following main reasons.

First, the development of experimental heavy-ion
physics has opened up a real possibility of studying collec-
tive excitations of large amplitude in nuclear systems: giant
resonances, high-spin states, superdeformed nuclei, and
highly excited states of various kinds. Of particular interest
are the investigations aimed at the search for new unusual
modes of motion that arise when heavy ions of intermedi-
ate energy (E~10-100 MeV/nucleon) collide with nuclei.

Second, large-amplitude collective motions constitute
one of the main problems of modern theoretical nuclear
physics, requiring the development of new theoretical
methods.

Third, it is always of interest to find new unusual so-
lutions of known equations that cannot be obtained by the
methods of perturbation theory near some equilibrium
state. In addition, the majority of nonlinear evolution equa-
tions can be reduced by means of scale transformations to
a universal form, and therefore the solutions obtained, for
example, for nuclear systems can be used to analyze anal-
ogous systems in plasma theory, in radiophysical media,
etc.

Let us expand on this.

One of the main reasons for the intensive investigation
of collisions of heavy ions with nuclei at intermediate en-
ergies is the hope of finding the unusual effects known in
plasma physics!®!° at a collision energy near the speed of
“sound” (£~ 30-50 MeV/nucleon) in nuclear matter.

The first indications of the possible existence of shock
waves in nuclear matter appeared more than 30 years
ago.? The classical picture of a supersonic hadronic par-
ticle passing through a heavy target nucleus is very trans-
parent but not adequate for finite quantum nuclear sys-
tems. A microscopic description of processes associated
with the passage of a fast light particle through a large
nucleus was considered in Refs. 21-27. In the linear ap-
proximation, it was shown that in the “supersonic” regime
collective density excitations (giant resonances) are gener-
ated in the target nucleus, forming a sharply delineated
wave packet—a Cherenkov cone. The “splashing” of nu-
cleons from the target by the front of the Cherenkov cone
is very similar to the action of a classical shock wave.
Despite this, the microscopic method of investigation does
not require the establishment of local thermodynamic equi-
librium, which is important for phenomenological classical
hydrodynamics.

About 15 years ago, it was suggested that there exist
new types of nonlinear waves of nuclear density in cold
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nuclear matter: quantum shock waves and solitons.”** In

Refs. 26, 28, 30, and 31, the soliton corresponded to the
propagation in nuclear matter of not only isoscalar solitons
but also solitons of other types: spin, isospin, and
spin-isospin.’* The use of the soliton concept gave a new
impulse to investigations aimed at the search for states of
nuclear matter possessing an unusual topological structure.

The traditional example is provided by ‘‘bubble” (or
“hole””) states of nuclear matter. The first indications of
the existence of such states were found about 50 years
ago,” and a partial investigation of these states was made
in Refs. 34 and 35. Such states could be formed, in prin-
ciple, by the bombardment of heavy nuclei by the lightest
antiparticles (antiprotons, antideuterons,...), by annihila-
tion with protons in 1s, 1p,... orbits, or in the interaction of
two sufficiently heavy nuclear systems.>> In principle, the
development of experimental heavy-ion physics makes it
possible to observe such states. Soliton theory introduced
new nuances into this problem. Hole states of nuclear mat-
ter moving with a velocity near the speed of “sound” and
leading to fragmation of the nuclear system when the soli-
ton reaches the surface were considered in Refs. 25, 26, 31,
36, and 37. An original mechanism of formation of bubble
states in nuclear systems of a new type—Ilocalized kaon
states—was proposed in Refs. 38 and 39, in which an anal-
ogy between the behavior of the K™ meson in nuclear mat-
ter and an electron in liquid helium* was noted. The phys-
ical picture of bubble formation is that for a sufficiently
strong interaction of the impurity (kaon) with the parti-
cles of the medium (nucleons) it is energetically advanta-
geous to create a local lowering of the density, this being
disadvantageous with regard to the energy of the medium
but advantageous from the point of view of the energy of
the impurities, which are localized in the bubble. The prop-
erties of such excitations were investigated in detail. It was
found that the typical values of the bubble parameters are
for the energy E,~100 MeV, the mass m~5 GeV, the
radius @ ~2 fm, and the minimum number of kaons in the
bubble N >4. An increase of the K+ -meson lifetime as a
result of the localization and broadening of the momentum
distributions of u* mesons in Ku decay was predicted.

We may add that recently theoretical predictions were
again made of the possible formation in the collision region
of unusual objects such as nuclear “disks”*""** and “blis-
ters” and “rings.”*

With regard to the methods used to describe collective
excitations of large amplitude in complex nuclear systems,
we should mention the following. The basic Schrodinger
equation is linear in the many-particle wave function, but
as yet it is not possible to find the complete solution of the
many-particle problem. Any reduced description in a re-
stricted space of collective degrees of freedom leads to a
nonlinear problem that, in the majority of cases, can be
linearized near some equilibrium state. A quantum descrip-
tion of the collision of two complex nuclear systems has
not yet been constructed, at least for processes accompa-
nied by large energy and matter transfer and significant
rearrangement of the structure of the colliding nuclei. Col-
lisions of two complex nuclei are mainly described by
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means of classical or semiclassical methods [various forms
of hydrodynamics,** the time-dependent Hartree-Fock
(TDHF) method,***’ dynamical Thomas—Fermi theory
(DTFT),*®* and the approaches of transport theory based
on the equations of kinetic type (including a self-consistent
mean field and collision terms) of Boltzmann-Nordheim-
Vlasov,so Boltzmann—Uhling—Uhlenbeck,51 etc.]. All these
approaches require appreciable computational power and
resemble a black box, at the output of which the basic
quantities are the density profiles and the velocity fields of
the particles, the interpretation of which always contains
some ambiguity. Therefore, there is always the desire to
have simpler approaches, similar as regards the physics but
enabling one to obtain at least some results in analytic form
and make more definite predictions about the evolution of
the nonlinear system. Soliton theory can also give some
assistance in this question.

The review is arranged as follows. In Sec. 2 we give the
basic relations for the hydrodynamic representation of the
Hamiltonian. Sections 3 and 4 are devoted to vibrational
and rotational excitations of nuclear density, respectively.
Section 5 gives examples of the use of the inverse scattering
method. In Sec. 6 there is a brief review of dissipative
effects.

2. HAMILTONIAN

The use of hydrodynamic concepts in nuclear physics
goes back to early studies of Bohr’>> and Frenkel’, who
proposed the liquid-drop model to describe fission. For the
description of the vibrations of the drop, the two-fluid hy-
drodynamic model®* was developed, and later the dynamic
collective model,?® which led to an understanding of many
important properties of isoscalar giant resonances.’® The
use of hydrodynamic concepts in the description of high-
energy collisions of hadrons* and nuclei with nuclei was
associated with early studies of Landau.’” The successful
use of hydrodynamic concepts in the analysis of varied
phenomena in nuclear systems initiated investigations
aimed at the construction of equations of hydrodynamic
type on the basis of general properties of systems of inter-
acting nucleons (Refs. 48, 49, and 58—60). We must men-
tion here the pioneering studies of Bogolyubov,®"5? in
which hydrodynamic equations were obtained for the first
time in general form for a system of interacting particles.
In recent years, various forms of this approach have been
used in theoretical nuclear physics, and the approach has
become known as fluid dynamics (see, for example, the
reviews of Refs. 45 and 63).

We recall briefly the scheme of the quantum-
hydrodynamic approach that we developed to describe re-
laxation phenomena in heavy-ion reactions (Refs. 24, 26,
and 64—66).

The term “hydrodynamics” means that we shall de-
scribe the dynamical behavior of the nuclear system in a
restricted space of collective variables representing the den-
sity and nucleon current of the system. As was pointed out
in Ref. 67, the use of current operators as collective coor-
dinates of a nonrelativistic system is by no means new and
goes back to the early hydrodynamic studies of Landau.®’
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Many of the ideas used in the present review have long
been known in the theory of liquid helium.*’ Currents can
be regarded as fundamental dynamical variables just like
the corresponding canonical field operators. Such an ap-
proach is based on the algebra of current operators. The
Hamiltonian of the system can be rewritten formally in
terms of the current operators. The use of equal-time com-
mutation relations between the field and current operators
gives a complete dynamical description of the system. We
realized these ideas for nuclear hydrodynamics.?5%*

The logical construction of the approach corresponds
to the logic of modern theories of collective nuclear mo-
tion, namely, one first selects a space of certain collective
variables and then seeks an expression for the collective
Hamiltonian in terms of the chosen collective variables
that reproduces the commutation relations of the original
many-particle Hamiltonian and the collective operators.
As an example, one could take any form of theory of col-
lective motion based on the method of boson representa-
tion of fermion operators.

The system of 4 nucleons with two-particle interaction
is described by the Hamiltonian

. R
=5 fde\I/’L(x)V\I/(x)

n f dxdyU+ (x) ¥ (x) Ux—y) W+ (y)¥(y),

(1

where the nucleon-field operators ¥+ (x), W(x) satisfy the
anticommutation relations

{¥*(x),¥(y)}, =6(x—y).

The collective operators of the density and current of
the nucleons in the second-quantization representation are
expressed in the usual manner:

p(x)=¥T (x)¥(x),

; i y+ 9 aw+ v
]k(X)=2—ml.( (X)gk‘l’(x)—a—xk (x) (X))-

The operators p(x) and fk(x) satisfy the commutation
relations

" i d
[A(x).ji(y) ] = —i;n'b—x—k (6(x—y)p(x)),

[p(x),p(¥)]1=0,
@

o “ i Jd "
[Je(x),/i(¥)]= —izgl (8(x—y)Jjr(x))

o "

+’m&xk( (x—=y)jiy)).
We consider the equations of motion for the operators
p(x) and j,(x):

ap(x) 1 A 9.
a —7 P, H]=—n§=:1 a_xk]k(x)’ (3)
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Jpx) 1 X
ot =_ﬁ[]k(x)a H]
R 18%p(x)
~2 X, x, ( () =7 5y axk>

p x)—fd Ux—ypy), (@)

where the tensor of the kinetic-energy density

N d a
T, (x) =% ¥t (x) x, W(x)

a a
o V(0 o ‘I’(X)

Oxy

satisfies the commutation relations

[ [ Futx s

2m 8
()

{ ffkl(x')dBX’,jn(x)

d d d d
Tkn(x) 2o— 5o

Tln(XH- ox, 9, ox. p(x)).

ififd
(&
It can be seen from this that if we find an expression for T Xl
in terms of operators p(x) and j;(x) that satisfy the com-
mutation relations (5), we should have a closed system of
equations of motion containing only the operators p(x)
and j,(x). i

There exists®” the following expression for Ty, in terms
of operators p(x) and f «(x) satisfying the commutation
relations (5) and, from tl}is point of view, equivalent to the

original expression for T, in terms of the nucleon-field
operators lI""(x), W(x):

a 4
aTk”ax,p

NI—-

Tkl—?lf(]kp it i +

+constdy; .

Finally, we can write down the following approximate hy-
drodynamic expression for the Hamiltonian of the system
that is equivalent to the original one (1) from the point of
view of the equations of motion (2)-(4) for the operators

p(x) and fk(x):
L1 # [ |Vp|
. s 3 . o rr 3
J!kﬁjkdx+8mj 5 —d

A" S
2 5
+ [ @xdypU—ph). (6)
The equatlons of motion (3) and (4) for the operators
p(x,t) and j k(x,t) have formally the form of an operator
continuity equation and an operator equation of Euler
type:

622 Phys. Part. Nucl. 24 (6), November-December 1993

% 3 3

7t & a2 (7)
a.;k : a A A1t A
S=— 2 a0 UkpnPin), (8)

where f’k,,(x,t) is the operator of the “pressure” tensor.

We give the expressions for the integrals of the
motion—the total particle number 4, the total momentum
P, and the angular momentum L of the system:

= fpd3x, P=m Jj(x)d3x,

L=mf (xXj(x))dx.

In classical hydrodynamics,% the fundamental variables
are the local density p(x) and the local velocity field v(x),
by means of which the flow function is defined as follows:

Jx) =1 px)(x) +7(x) p(x)]. 9)

We use a symmetrized form of expression for the transition
to quantum mechanics. However, the concept of velocity is
not so well defined in quantum mechanics as that of the
flux. The velocity is not a canonical variable. In addition,
j(x) and p(x) are related by the particle conservation law
in the form of the continuity equation. Therefore, there
exist problems in the construction of a velocity operator
that plays the corresponding role in classical hydrodynam-
ics. Landau®’ defined the velocity operator as follows:

1 1
V(x)= )J(X)—H(X) =

p(x px) |
To determine the commutation relations of the velocity
operator, we shall use (9). We regard this choice as pref-
erable; it enables us to defer the use of the operator of the
reciprocal density to the final stage.

By analogy with classical hydrodynamics, we can sep-
arate in operator form the irrotational and purely vortical
components of the flux or velocity operators.®®

The irrotational condition for ¥(x) can beA ensured if
we introduce in the usual manner an operator ¢(x) of the
velocity potential by means of the relation

¥(x)=Vé(x),

which reduces the commutation relations (2) to the ca-
nonical form

(10)

B ]
(50,81 =28(x—y), [p(x),p()]=0,

[$(x),4(y)]=0.

A nonlinear quantum-mechanical description of nuclear
systems has not yet been constructed (although certain
efforts have been made in this direction’), and we cannot
construct a general solution of the nonlinear operator
equations (2), (3) or (7), (8). In the following sections,

(11)
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we shall give solutions of the nonlinear equations obtained
in the semiclassical approximation and linearized solutions
for quantum vibrations.

3. VIBRATIONAL EXCITATIONS
General remarks

Vibrations of the nuclear density are the subject of
constant interest in nuclear physics. They represent the
simplest type of excitation (nonrotational motion). Cur-
rently, the best studied are the giant monopole resonances,
which are linear vibrations of the equilibrium density of an
isolated nucleus. The study of heavy-ion reactions posed
new problems in the theoretical description of vibrations of
the nuclear density.

To understand the mechanism of deep inelastic inter-
action of heavy ions with nuclei,”! it is helpful to use the
concept of doorway states, which are formed in the initial
stage of the collision and determine the further relaxation
of the system. Among the numerous degrees of freedom of
colliding nuclei, some of the most probable candidates for
doorway states are vibrations of the nuclear density (giant
resonances) in the colliding nuclei or in the double nuclear
system formed as a result of the interaction. Such states
may be important for understanding the dissipation of ki-
netic energy?>%*’2 and the mechanism of formation of fast
light particles”**?’ in deep inelastic collisions.

The method used to describe the vibrations of the nu-
clear density in such calculations must satisfy several re-
quirements simultaneously, namely, it must admit direct
generalization to the case of a double nuclear system, be
sufficiently consistent (the properties of the excitations
must be consistent with the original many-particle Hamil-
tonian of the system, and the fundamental conservation
laws must hold), adequate (reproduce as many of the ex-
isting experimental data on the properties of the excitations
as possible), and simple, since information on the proper-
ties of such excitations is used as input data for subsequent
rather complicated calculations. Among the existing meth-
ods for describing vibrations of the nuclear density,’ 6737
semimicroscopic nuclear hydrodynamics matches these re-
quirements best.

In Ref. 65, we began the description of vibrations of
the nuclear density for relaxation processes in collisions of
heavy ions with nuclei. We obtained a very simple analytic
solution that models the description of density vibrations
in a double nuclear system.®® Analysis of the vibrations of
an isolated nucleus possessing a diffuse boundary
revealed?® a connection between this problem and a tradi-
tional problem of soliton theory—the stability of nonlinear
waves.””~”® The nucleus is regarded as a nuclear-density
soliton. The existence of the diffuse layer is a consequence
of the choice of the effective interaction and the symmetry
of the problem. The fundamental conservation laws are
satisfied. The scheme used to describe the vibrations is
completely self-consistent. After scale transformations, the
nucleus is completely equivalent to other nonlinear disper-
sive media that evolve in accordance with a nonlinear
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Schrodinger equation of the ¢’y type. We briefly present
below the basic relations of the approach.

Nonlinear Schrédinger equation

In the semiclassical limit, the equations of motion (7),
(8) in the case of irrotational flow (10) can be reduced to
the nonlinear Schrodinger equation®®

.ﬁau 7 8% [ |u|?] 12
= "m S e r (12)

with local density and velocity potential

p(x,t)=|u(xt)|% é(xt)=(fi/m)argu(x,t). (13)

The functional derivative of the effective interaction with
respect to the density, & [p]/8p, completely determines
the type of nonlinearity of Eqgs. (12) and (13).

We choose the interaction functional in the form of
Skyrme forces®® and renormalize the parameters of the
Hamiltonian:

[ exdypv—y)per= [ #xgtpwol,

m=>m*=(m~'+ (3t;+5t,) pp/8%) ",

#  #n # py
8m 8m  8m 64

(14)
(9t,—51,),

4 3 2 1 3
[Pl=35 top +1c B3P

where py is the density of the nuclear matter, and ¢, ¢, ¢,,
t; are the parameters of the Skyrme forces.

These very simple density-dependent effective forces
have been successfully used in Hartree—Fock calculations
to describe the properties of nuclei in the ground state®!#?
and in various dynamical calculations.*"*®

In the case of the Skyrme-type interaction (14), mak-
ing the scale transformation?®

x= (fin/m*c,)x’, t=(m*c2/2#)T, (15)

p(x.0) =py¥(x',7), (16)
where c; is the speed of sound in nucler matter,

1 2 4 172
e (L 22 E7P) , (17
m* p _
P=PN
we obtain the dimensionless form of Eq. (12):
A
o= —AY—4[PY+3|P| . (18)

Note the very fact that the equations of irrotational
nuclear hydrodynamics can be expressed in the form of a
nonlinear Schrodinger equation. Such equations with dif-
ferent types of nonlinearity have been successfully used to
analyze various nonlinear phenomena.”® The most popular
and best studied is the cubic, ¥*, nonlinear Schrodinger
equation.®*3 The most important reasons for this are that
this equation is completely integrable, for the given type of

V. G. Kartavenko 623



equation there exists a well-developed scheme of integra-
tion by means of the inverse scattering method, expressions
for calculating many-soliton solutions, etc.

The nonlinear Schrodinger equation (18) of the ¥’
type is not, unfortunately, a completely integrable system,
although some results can be obtained in analytic
form.26313¢ The -’ equation has already been encoun-
tered in the theory of plasma waves.***’ An equation of
this type has not yet been well studied.

It is interesting to note that field-theory equations can
be associated with the equations of relativistic hydrody-
namics. For example, the relativistic form of Eq. (18) cor-
responds to the nonlinear ®*—®° field theory
(0P =K*®—u?|®|*®+ |®|*®), which was studied in
Refs. 88 and 89.

The scale transformation (15), (16) gives a convenient
set of dimensional factors: the effective wavelength
#in/m*c,, the energy m*c2/2, and the density py. This
makes it possible to separate general properties of the sys-
tem determined by the type of nonlinearity (interaction
polynomial in the density and competition between attrac-
tion and effective repulsion) from the effects associated
with the choice of the interaction parameters, which will
determine the scale of the quantities.

For appropriate choice of initial and boundary condi-
tions, the nonlinear Schrodinger equation (18) can be
used, in conjunction with the already mentioned other
semiclassical methods, to analyze various dynamical phe-
nomena in complex nuclear systems. We list some prob-
lems.

olt can be shown that the nucleus itself is a nonlinear
density wave, and one can consider the collision of two
nonlinear waves (nuclei) or the process of interaction of a
wave with an external field.

elt is interesting to find solutions of the type of various
stationary and moving nonlinear waves in nuclear systems:
localized excitations (solitons), nonlinear vibrations of the
system, nonlinear vortices, blisters, rings, etc.

®One can analyze the evolution of excited nuclear sys-
tems and the relaxation of various excitations. Particularly
interesting is the problem of the breakup of excited nuclear
systems into individual subsystems (analogy with multi-
fragmentation).

oOne can show that the equations we obtained earlier
to describe vibrations of nuclear density®% are directly
related to the conditions for stability of the single-soliton
solutions of the nonlinear Schrédinger equation (18). Gi-
ant monopole resonances can be regarded as linearized so-
lutions of Eq. (18), as vibrations of a nonlinear wave.

Solutions of some of these problems are given in this
review.

Properties of soliton solutions

We consider the properties of soliton solutions of Egs.
(12) and (18). Such solitary waves are usually sought in
the form

Yo(x’,7) Ezpo(r)exp(i(/l—v’2/2)‘r+irv'+00),
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where r=x’—v'7—r,, and the parameters r,, oy, V', A are
determined, respectively, by the initial position ry of the
center of the wave, the initial phase shift o, and the mo-
mentum and energy of the wave. The parameter A is de-
termined from the condition of conservation of the number
of nucleons of the system:

* 3
A=pN(mﬁ;s) J‘d3r¢0(r)2.

The function ¢,(r) is the solution of the equation
Baho—Avo+4yp— 395 =0
that satisfies the boundary conditions

el Ay
Po(0) =2 =2

(19)
(20)

0
" () (0)=0. (21)

This equation realizes an extremum of the action with
Lagrangian

L=T +AI )/ 2— I 4+ F ¢/2,

1 ©
T =

2 [+ ]
- , Fa= | @My,
2 Jo 0

a
drrM_llgil’O

where M is the dimension of space. The functionals .7 (1),
F (L) are related by two constraints. We multiply Eq.
(20) by ™ '11110 and integrate over r from zero to infinity.
With allowance for the boundary conditions (21),

2T +AI 3 —AF 4+ 35 =0. (22)

We obtain a second relation by means of the scale trans-
formation r'=ar, Yj=ty(a,r), under which
T=aM27, #2=aM.#,, and the variational principle
(dZ%/da)| 4—1=0.

As a result, we have the virial theorem

M-2)T +M(AI,/2—F 4+ I ¢/2)=0. (23)

Eliminating from (22) and (23) the functional J, we
obtain the exact relations

.f4=M2, M=3, M2—3]2+2¢f6=0, M=1
(24)

The relations (22)-(24) facilitate the calculation of phys-
ical observables. In particular, calculating the mean energy
of the system per nucleon (with allowance for conservation
of the total number of nucleons),

E—Ad mv? N m*c?
4 2 g

I
(r-re5)
2
and using the relation (22), we can eliminate the gradient
terms:

E—A mV m*c?

A 2 M

(—A+254—275¢/.5,).

A further simplification is achieved by means of the rela-
tions (24):
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E—AAd mv? m*c?

CS
= At (A-2FYF)), M=3,
E—Ad mv m*c?
= — A= (S, M=l

The density of the nuclear system in the ground state is
po(x) = pato(r)2. The expression for the mean momen-
tum of the system per nucleon is P/4=mv.
One-dimensional solutions. In the one-dimensional
case, Egs. (20) have the analytic single-soliton solutions

Po(r) = (A/(14 (1—A)"2cosh(A/?r)) 12, (25)

The analytic form of the solution (25) makes it possible to
obtain an explicit expression for the “particle number”

A= ’ drp(r)=po % arctanh( JZ),

and the energy per particle:
E—AAd m** m*c? VA
S ~arctanh(A) )’

The single-soliton solution (25) describes the so-called
layer used in one-dimensional TDHF***’ and DTTF* cal-
culations when the three-dimensional collision of two nu-
clei is modeled by the collision of two one-dimensional
“layers.” The number of nucleons of the system is related
as follows to the “number of particles”: A~ «/*m/6p}. The
existence of the analytic solution (25) simplifies dynamical
calculations, since the initial conditions can be specified
analytically, and one need not solve numerically equations
of the Thomas—Fermi type. The distribution of the “layer”
density can be expressed in the form of the symmetrized
Fermi distribution

X4 2 A 2

sinh(#/9)
PoX)=PN G H/ D) Toosh(x/ D)’

with “layer radius”

(26)

m 1
.@="an’2—‘7; arctanh( \/I),

and ‘““diffuseness”

m 1
@=mTcSm

Spherically symmetric solutions. To analyze spherically
symmetric solutions of Eq. (20), we rewrite it in the form

'p:'r’+2'p:'=l/lr_,‘/};3+B'pr5’ (27)
making the auxiliary scale transformation
Pv=2A4"Y%), r=AY%, B=AB, B,=3/16.
(28)

In this section, the parametrization A— B will be more
convenient for analyzing the transition to the well-studied
cubic Schrodinger equation with B—0.

We consider Eq. (27) in the phase plane (¢,¢,). For
this, it is convenient to identify ' with a “time,” and re-
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FIG. 1. Nodeless spherically symmetric single-soliton solutions of Eq.
27).

gard (27) as the equation of motion of an effective ‘“par-
ticle” under the influence of conservative “forces” F(v¢')
= —dV/dy’ and “friction forces” —2¢.,/r'. The “poten-
tial” V=4'%/2+1'*/4— By’%/6 has minima at the points

1— ,/1—43) 12

I/J'=:!:X15:i:( 2B

and maxima at

1+ J1—4B\"?
2B '

¥=0, ¢'=+X,=x (

The “potential” ¥ vanishes at the points

1— ,/1—1619/3)"2

¢r=0’ ¢’=:hX3E:|;( (4B/3)

1+ ,/1—163/3)‘/2

(4B/3)

The picture of the phase trajectories for Eq. (27) is qual-
itatively the same as in the case of cubic nonlinearity,
B=0,% or in the case with saturation of the nonlinearity
(“force” F(¥')=v">/(1+¢'?), Ref. 87). For B< B,, any
trajectory that begins on the axis ¢/, = 0 ends as 7’ — o at
one of three points: (0,0) or in the “wells” (+X,,0). By a
gradual change of the initial amplitude v’ (0) one can ob-
tain a countable set of soliton trajectories that begin on the
¥’(0) axis and end as 7' - « at the origin. To each such
trajectory there corresponds a strictly definite initial value
of the amplitude 9.(0). An arbitrarily small deviation of
¥’ (0) from ¥.(0) has the consequence that as 7' — oo the
trajectories will end, not at the origin, but in one of the
“wells.” The region of existence of soliton solutions is
B< By=3/16, and X3(B) < ¢4.(0) < X,(B). Examples
of phase trajectories for an equation of the type (27) can be
found in Ref. 88.

Figure 1 gives the results of numerical integration of
Eq. (27) for nodeless single-soliton solutions. It can be
seen that in this case too the amplitudes 4.(0) lie in the
fairly narrow range 2 < ¢.(0) < 4.337. As in the one-
dimensional case, the transition B— B, corresponds to
transition to nuclear matter.

Y=xX= :l:(
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FIG. 2. Dependence of the dimensionless normalization %,/ \/1_9 on the
parameter B. The ordinate 4 is the corresponding number of nucleons of
the system. The continuous curve represents the nodeless solutions, and
the broken curve represents the solutions with one node.

Figure 2 gives the results of calculating the dimension-
less renormalization function 5= [ dr'r'*y’%, which is
related to the number of nucleons of the system by a rela-
tion analogous to (19):

m¥*c,\3 [ By) 2

o) (3) 7

It can be seen that the dependence 4A( B) is very pro-

nounced. Moreover, the region from light ions, 4 > 0, to all

existing nuclei lies in the range 0.17> B>0.11 or 1>4
>0.02.

For B> 0.1, one can construct an approximate analytic

description of the exact single-soliton solutions of Eq. (27)
or (20). For this, we choose a trial function in the form

, sinh(%'/2") 2
Yse(r) =ve(0) | (%77 D) +cosh (r/ D7)

(29)

(30)
This trial dependence is chosen by analogy with the
single-soliton solution (26) of the one-dimensional prob-
lem and satisfies the necessary boundary conditions. In
addition, since
@ (B)w'( )’ (31)
nN=pyl 5 r))s,
P PN 4 BO
the function p(r) in this case has a form that is close to the
spherically symmetric Fermi distribution pgg(r):*°

B sinh(R/d)
pse(r)=py cosh(R/d) +cosh(r/d)

(32)

In all the main properties, pgg is close to the ordinary
Fermi distribution pg, namely, R determines the half-
decay of the density, and d is the width of the surface layer.
At large distances, pgr decreases exponentially. In addi-
tion, pgr possesses at least two advantages compared with
pr: 1) the most important integrals of pgr (normalization,

626 Phys. Part. Nucl. 24 (6), November-December 1993

rms radius, Fourier transform) can be calculated analyti-
cally; 2) at the origin, pgg has a derivative equal to zero.
This last circumstance is necessary if the approximate so-
lution (31)-(32) is to satisfy the requirements of transla-
tional invariance. Thus, the popular phenomenological ex-
pression for the density pgr can be regarded as an
approximate solution of the ¢*~¢° nonlinear Schrodinger
equation.

The obtained solutions of Egs. (20) and (27) match
the results of Hartree-Fock calculations and reproduce
well the properties of the nuclear density in the ground
state. The ~4'3 dependence of the rms radius on the mass
number is correctly reproduced. It can be seen in Fig. 1
that the density at the center of the nucleus gradually de-
creases on the transition from light to heavier nuclei. For
medium and heavy nuclei there exists a region of constant
density and a surface layer. The layer diffuseness d
= (#in/m¥*c,) By/ BZ'( B) is approximately constant.

Note that the constructed description of the properties
of the nuclear density on the basis of the solutions of Egs.
(20) and (27) is significantly better than the description
based on the KdV equation or the cubic Schrddinger
equation,“'91 for which p~sech(7’) (see Fig. 1, B=0).

Solutions with nodes. Besides the nodeless solutions
considered above, Egs. (20) and (27) can have solutions
with nodes.

We consider the one-dimensional case. We multiply
both sides of Eq. (18) by ¢/, and integrate once:

U, =+ 2(E'—V'({'))
=:i:(2E'+¢'2—1/}'4/2+B¢’6/3)1/2,

in which the constant of integration E’ is an “energy,” and
V' is a “potential.” The substitution Z=1'? reduces this
equation to the form

Z,=+2(Z(2E'+Z—Z%/2+ BZ*/3)) V2

Since the radicand is a polynomial of fourth degree, this
expression can be integrated in elliptic functions. The ex-
plicit form of the solution is determined by the constants of
integration and boundary conditions. The single-soliton so-
lution (25) corresponds to the separatrix E’'=0,
Z,(0)=Z(w)=Z,(0)=0. Among the other solutions
there are solutions that are analogs of the well-known cnoi-
dal waves of the KdV equation. For the nucleus, they will
have the meaning of nonlinear periodic vibrations of the
nuclear surface. Choosing nonzero boundary values, we
can obtain solutions of kink type (motion of a wave front)
and “bubble” solutions (a localized rarefaction pulse mov-
ing through nuclear matter). A detailed analysis of these
solutions can be found in Refs. 26 and 36.

For spherical symmetry, the spectrum of the nodes
with solutions is much less rich. There are no periodic
solutions, but there are soliton solutions possessing nodes.

Figure 3 shows an example of a solution with one
node. In Fig. 2 we give the graph of the dependence 4( B)
for the solutions with one node. It should be noted that the
solutions with one node can appear at a certain minimum
number of nucleons. For the choice that we have made for
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FIG. 3. Example of spherically symmetric nuclear density in the ground
state (continuous curve) and isomer state with one node (broken curve);
A~130.

the parameters of the Skyrme forces, the number is 4> 19
(Fig. 2). In Fig. 3, for an 4~ 130 nucleus, we show the
lowest nodeless solution (the ground state of the nucleus)
and the first solution with a node (density isomer). This
state is metastable and has the high excitation energy
E*~ 10 MeV/nucleon.

Stability of soliton solutions. To analyze the stability of
the single-soliton solutions, we use the Q theorem,'>%>%
which for the given nonlinear Schrédinger equation is for-
mulated as follows:?® the nodeless soliton solutions are sta-
ble when dA/dA > 0. In the one-dimensional case, the de-
rivative can be calculated analytically and d.«//dA >0 for
A<1 (or B<By), i.e., the condition of stability in the
one-dimensional case is identical to the condition for the
existence of the soliton solution. In the three-dimensional
case, d4/dA >0 for d.# ,/dA>0ord(# 5/ B)/dB > 0.1t
can be seen from Fig. 2 that the condition of stability for
spherically symmetric single-soliton solutions is satisfied
when B>0.025 (or A>1.7), i.e., for all nuclei. Note that
for B=0 the solution is unstable. In plasma theory, this
corresponds to the collapse of the Langmuir plasma
waves®’ or instability of the particlelike solutions in a non-
linear field theory of the ®* type.®®® For nuclear systems,
B=0 means the absence of repulsion, #;=0, and therefore
the remaining attraction leads to collapse of the nuclear
system. One can also show that the stability of the single-
soliton solution corresponds to a real spectrum of vibration
frequencies of a spherical nucleus with a diffuse
boundary.”-"

Solitons in nuclear matter. We obtain approximate so-
lutions for a density fluctuation moving in nuclear matter
with speed differing little from the speed of “sound.”?%30:3!

In the semiclassical limit, Eqs. (3), (4) or (7), (8) for
the Skyrme-type forces (14) can be written as follows:

% v 0
at (pv)=0,
(33)

v #n? (Ap |Vp|?
—+vVv= 772 _P_| p2|
at dm**\ p  2p

2 2

CS

——V(3(£) —4£).

2 PN PN
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We consider the motion of a density fluctuation in nu-
clear matter with speed close to the speed of “sound.” For
this we use the scale transformation

§Eam(x1—cst)/cf, r=a*%/c,,
(34)

Xy=X3, X3=Xj3,

where the x, axis is taken along the ion beam that is inci-
dent on the nuclear matter and creates the fluctuation of
the nuclear density. The transition (x,,t) - (&,7) corre-
sponds to transition to a coordinate system moving with
speed close to the speed of “sound.” The parameter a<1
characterizes the deviation of this speed of ‘“sound” c;.
Solutions for (33) are sought in the form of expansions
with respect to the parameter a:

p(x,0)=py(1+apu)+a’pa+...),
(35)

v=cs(av(1)+a2v(2)+...).
Substituting (34) and (35) in the equations of motion
(33) and collecting together the terms having equal pow-
ers in a, we find that the motion along the x, and x; axes
separates in the first orders in a from the motion along the
& and 7 axes. Therefore, in what follows we omit the vector
symbol of the variables v,y and v,, understanding by this
their projections onto the x, axis. Separating in Egs. (33)
the terms linear in a, we obtain

9w _%va

A ~ 9

The terms quadratic in a give a system of two coupled
equations for p(y), ¥(1), P2y V(2)*

(36)

dpa) 9 = o

7““3} (m+pe)+vmpm) =0 Cg=4m*cs ’
37

dv(y) 33P(1)

d
o 1o (P =V +v(1/2+3p(1y/2) — % G

=0. (38)

Integrating (36) and combining Eqs. (37) and (38), we
obtain an equation of KdV type for py,(§,7):

ap(l)+ dpa) € Fpay
ar PO TgE Ty e T

which has the single-soliton solutions

%
" coshX (B /26 (E+BT))’

In the ordinary coordinate space, this solution has the form

py(6T)= B >0.

p(xlyt)
adh
=py[1- m¥*c
coshz(—ﬁTs JZa.@(xl—cs(l—a%)t))

(39)

It can be seen that the solution (39) describes the propa-
gation through nuclear matter of a pulse disturbance with
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speed ¢,(1—a 4% ). The pulse width (#in/m*c,) \2a % and
the amplitude of the deviation a% from the density of
nuclear matter are determined by the deviation of the pulse
speed from the speed of “sound.”

Our conclusion that there exist “‘subsonic’ rarefaction
solitons, rather than “supersonic” compression solitons, is
indirectly confirmed by the results of one-dimensional
TDFH**” or DTTF® calculations. These calculations re-
veal rather clearly bubble rarefaction solitons leading to
fragmentation of the layer that models the nucleus when
the soliton reaches the surface. Moreover, there is no sim-
ple example in which a compression propagates through
the layer in the form of a pulse.

Linear vibrations

We shall describe vibrational excitations of the nuclear
density in terms of the operators of the density and the
velocity potential of the nucleon field, which satisfy the
canonical commutation relations (11).

From the density operator p(x) we separate a certain
mean density py(x) and an operator of the density fluctu-
ation: p(x)=py(x)+6p(x).

Requiring that py(x) be the equilibrium den§ity, and
linearizing the equations of motion for §p(x) and ¢(x), we
obtain an equation of Thomas—Fermi type for py(x). The
dimensionless analog of this equation is Eq. (20), and the
nucleus itself in the ground state can be regarded as a
nuclear-density soliton (Refs. 26, 65, 77, and 78):
Po(X) = patlo(r)*. To analyze steady vibrations, the oper-
ators 8p and ¢ can be expanded in terms of bosonic cre-
ation, bj-', and annihilation, & j operators:

[6;,6;"1=6;, [b;,b]=0, [b],b}']=0, (40)

* 372
sp00 =l () v Se 8] +5), (41
J

R ifi m*c,\¥?
b= () %' ® TS0 b)),
(42)
The amplitudes g;(r) and f;(r) satisfy the orthogonality
relations

3 (0 f;(r) =8(r—r), f Pre,(v) f1(r) =81,
’ (43)

*c

372
6(x—y)=( ﬁn’) 8(x' —y"),

which follow from the definition (41)—(42), and from the
commuta}ion relations (11) and (14) between the opera-
tors 8p, ¢, b, b;.

_ The frequencies of the vibrational excitations,
H),— 2 #iw b} b;+const,
fiw ;= (m*c2/2)Q;, (44)

and the amplitudes g;(r) and f;(r) are found by solving
the system of equations

Zofi(0)=0,g,(r), Zo=—A+A—4y3+30},
(45)
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:?lgj(r)=njfj(r), glE—A,+i—12¢%+15¢g.

(46)

Thus, we have a self-consistent quantum scheme anal-
ogous to the popular scheme of the random-phase approx-
imation for the description of monopole vibrations of the
nuclear density.

It was found to be not at all a simple problem to solve
Eqgs. (45)-(46) to find the amplitudes and frequencies of
the vibrations at the same time as solving Egs. (20)-(21)
for the equilibrium density and the orthogonality relations
(43). The type of dimensionless equations that are ob-
tained is common for many nonlinear dynamical systems
that have been studied in recent years (Refs. 7, 15, and
85-89). Therefore, the development of numerical methods
for their solution is a topical problem. We proposed two
different approaches to find bound states of the quantum-
mechanical systems of the two coupled second-order dif-
ferential equations (45)-(46). The first is based on the
method of bar splines.”” The second approach uses a sep-
aration procedure’® for the effective potentials that occur in
Egs. (45) and (46). For all the considered physical sys-
tems, only states in the continuous spectrum describing
decay modes with particle emission were obtained.”

Density vibrations and emission process

We show that a coherent state of vibrational excita-
tions of nuclear density can imitate a source in the process
of emission of high-energy light particles in reactions with
heavy ions.?*

The emission of light particles accompanying fusion or
deep inelastic collisions of heavy ions with nuclei carries
information about the initial far-from-equilibrium stage of
the collision, which determines the subsequent develop-
ment of the process. It is this that explains the great inter-
est shown in study of the emission of light particles in
heavy-ion reactions. Phenomenological analysis of the ex-
perimental emission spectra shows that they can be repre-
sented as the sum of two components, the first of which is
due to the equilibrium emission of particles from a com-
pound nucleus and describes the low-energy part of the
emission spectrum, while the second includes harder par-
ticles emitted predominantly forward. To explain the ori-
gin of the second component, several emission models have
been proposed (see, for example, the references in Ref.
24). Most models use a source concept to interpret the
data on the emission of fast light particles in nucleus—
nucleus collisions. The concept of a radiating thermalized
heated region (nuclear fireball model®?), introduced to in-
terpret the inclusive spectra of light particles at high ener-
gies > 100 MeV/nucleon of the incident ion, was extended
to lower energies ~ 10 MeV/nucleon.?*** Although such a
phenomenological description is transparent and conve-
nient for analysis of the experimental data, one cannot
speak of a real radiating piece of the nucleus at energies
~ 10 MeV/nucleon. However, it was possible to construct,
in the linear approximation, a microscopic description for
which the basic properties are very close to those of the
source model.?*
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We shall assume the following picture of the process of
collision of nuclei. Beginning at the instant of contact,
there is a rearrangement of the mean fields of the colliding
nuclei and the formation of a mean field common to the
composite system. As a result of this process, some of the
energy of the relative motion goes over into internal exci-
tation. The other part of it is concentrated on the collective
mode described by the variable R ,—the relative distance
between the centers of the colliding nuclei.

From the density operator p we separate the averaged
part p, and the fluctuation §p=p— p,. The current j is
equal to the sum of the current associated with the relative
motion of the parts of the composite system, j., and the
single-particle current jg,:

j=jrel+jsps Jra(x) = p(X)pra(x)/m,

where p.(x) is the momentum of the relative motion per
nucleon. The momentum changes direction on the passage
through the neck that connects the two parts of the com-
posite system. We make our investigation in the center-of-
mass system. We obtain

1
Hy=5— J d*xp(x)pp(x) + & [ po]
+; fd3xjsp(x)p"‘js,,(x)+(?f[po+8p]

—#[pol)+ f PP (R)jop (%)

The first two terms are the kinetic and potential energies of
the relative motion. For simplicity, we have separated all
the gradient terms in the effective interaction functional
& [p). After the formation of the mean field of the com-
posite system, &[p,] becomes the ground-state energy, cal-
culated in the hydrodynamic approximation, and the ki-
netic energy becomes the energy of the collective motion of
the composite system associated with the relative motion of
its parts. The following two terms represent the Hamil-
tonian of the internal motion. We take it in the single-
particle approximation. The last term describes the cou-
pling between the relative motion and the internal motion.
In what follows, we shall assume that we know the single-
particle potential U(x), the single-particle energies, and
the eigenfunctions of the single-particle Hamiltonian.

Thus, the internal state of the composite system is de-
scribed by the time-dependent Hamiltonian

1
Hy=5_ fdsxp(x)Pfel(x)+$[P0]+ PIETAL
+ fdsxprel(x)jsp(x)!

#
Jip(X) =5— (YT () V¥ (x) = V¥ (x)¥(x)),

mi
\P+(X)= Z‘ps(x)a:_’ [asaa:l-]zass"
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Since in the collision process a large number of different
particle-hole states are excited and each particular state
has a small excitation probability, we shall follow the
scheme of the random-phase approximation. In the frame-
work of the quasiboson approximation for the binary ferm-
ion operators, we can readily find the eigenstate

I‘l’) ~exp( E Yss'(t)G(ES_EF)O(eF—Es’)a:-as’) |0>r

t
Y = —_#1 J. dt’ exp( —ﬁ“(s,—es,)
0

X (t—=1"))xssr (1), (47)

# 3 *
X =5 J.d XDl (X,2) (@5 (X,2) Vo (X,2)

_V¢s*(x’t)¢s’(x’t) ),

where |0) is the ground state of the system, and calculate
the density of the distribution over the nuclear system of
the internal excitation energy and the nucleon current.
These results can be obtained without particularizing the
form of the single-particle functions @ (x) by using only
the condition of their completeness and the fact that the
sum 2, .. ¢f(x)@,(y) is equal to po(x) at x=y and de-
creases rapidly with increasing |x—y| We assumed that

+ (x—y)
> ¢?(x)¢s(y)=po(x2y)exp( xz'%y ),

Es<ER

where r, is in order of magnitude equal to the internucleon
separation. It can be shown that the excitation energy and
current are concentrated either where there is an abrupt
change of the momentum p,,; (i.e., in the region of contact
of the nucleus) or where the gradient of the density py is
large (i.e., in the surface layer). If we ignore surface ef-
fects, then for the density of the excitation energy we ob-
tain (for small ¢)

5%
E*(x,t) = _W po(x)S
0

t .
x fo AR (1 ) R (1) | Ry () |

The excitation energy concentrated in the region of
contact is

SH* t .
P=3 pNSL AR ()R (£)/ | Rea(£) |

where R, is the velocity of the relative motion of the
nuclei, and S is the cross-sectional area of the neck. The
value of pyS[odt'R (¥ )R(t')/|Ry(t')| is approxi-
mately equal to the number of nucleons in the region of
contact, and 5#%/2mri~ 100 MeV. Thus, there are concen-
trated in the region of contact both the momentum intro-
duced by the incident ion and a high excitation energy.
Using the wave function (47), we can calculate the
momentum distribution N(p,¢) of the nucleons in the ex-
cited composite system. In this case, it is necessary to par-
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ticularize the form of the functions ¢,. For qualitative es-
timates, we replace @, by plane waves. This means that we
ignore surface effects. If for simplicity we assume that R(¢)
=v0O(r—t), then for N(p,7) we obtain the result

A,A, )(py)2 fPF
sz(Ap+A1) P 0

, 1—cos(A ' ((g,—&,) —pv(1—g/p))7)
(7 "(e,—£) —pv(1—g/p))’

N(p,r)=2(21r)*5( dgq(1

—q/p)
R,? R 2
X| R, “exp| —5p°R,(1—q/p)

1
JrR,‘2 exp( —Eszf( 1 —q/p)z) )

This distribution is characterized by the following basic
features.
The factors (p-v)? and

l—cos(h_l((sp—eq) —pv(l—g/p))7)
(% (e,—,) —pv(1—q/p))?

determine a preferred excitation of particles with momenta
directed along the velocity of the incident ion, and the
angular distribution of the emitted nucleons has a forward
peaking.

The slope of the high-energy part of the spectrum does
not depend directly on the velocity (energy per nucleon) of
the incident ion. However, the contribution of the emission
from the initial state of the system to the total emission
spectrum will increase with increasing v in proportion to v
and simultaneously there will be an increase in the effective
slope of the energy spectrum (envelope of the evaporation
and pre-equilibrium components), i.e., the effective tem-
perature. The total number of nucleons with p>pg in-
creases with increasing number of nucleons in the incident
ion. It is these features that characterize the momentum
distribution of the nucleons in the moving-source model.?*

We should also mention the result obtained in Ref. 25,
namely, that the interaction of the soliton with the parti-
cles of the medium can lead to their having an almost
Maxwellian spectrum. Thus, the nuclear system, although
remaining cold, can radiate as a hot body with an effective
temperature roughly proportional to the inverse scale of
the collective excitation propagating through the
nucleus.?>?’

4. ROTATIONAL DENSITY EXCITATIONS
General remarks

Rotational states were always at the center of interest
of theoretical and experimental nuclear physics. High-spin
states’**® are the most popular type of rotational motion in
nuclear systems but are by no means the only possible
ones. Numerous attempts have been made to find nontriv-
ial vortical states. In Ref. 96 the suggestion was made that
there exist vortical isomer nuclei (superconducting com-

630 Phys. Part. Nucl. 24 (6), November-December 1993

ponent of a nuclear fluid with quantized vortex along the
drop axis). A few years ago a suggestion having a similar
physical significance was made.®’

In Refs. 98 and 99, the liquid-drop model was used to
obtain approximate solutions describing stable vortical for-
mations. In the first case, they corresponded to a hot spot
produced in peripheral collisions.’® In Ref. 99, solitons on
the nuclear surface were associated with cluster configura-
tions.

By analogy with impurity electrons and positrons in
dense gases, one can conjecture the existence in nuclear
systems of analogs of vortex rings at impurity
hadrons.**1%

Recently, there have been theoretical predictions of the
possible formation, in the region of collision of two com-
plex nuclei, of exotic objects such as disks*""*? and rings.97

In this section, we consider one of the possible types of
vortical states of incompressible nuclear matter—plane
vortex disks.*? These are regions of constant vorticity
bounded by a uniformly rotating boundary. These states
can be regarded as a generalization of the elliptic vortices
of Kirchhoff.*’ In the framework of semimicroscopic nu-
clear hydrodynamics,’® a nonlinear integrodifferential
equation was obtained for the description of the disk
boundary. The method can be used to analyze disks of any
type without the use of additional assumptions of an ellip-
soidal nature of the boundary or assumptions of small de-
viations of the boundary from circular.%

Basic equations

For the description of purely vortical states of incom-
pressible (p=py) nuclear matter, the nonlinear Euler-
type equation (4), (8) can be rewritten in the kinematic
form

= curl v=curl[vXcurl v],

ot

for the velocity field v(x,z).
It is convenient to give the further treatment in terms
of the vorticity § and the vector potential A:

v=curl A, div A=0,
§{=curl v=curl curl A=grad div A—AA=—AA,
(49)

i=pav (48)

a
75+ (W)E=0.

In what follows, we restrict ourselves to the simplest vortex
motion, motion on a plane:

A=de,, (=Ce,, v(rd)=ve,+vse,,

s 9 10, .,
516t Urg 6tV 556=0 =44,

(50)
104
V(nd)=ve,+vges, v,(rd)=755,
04
U¢(r,¢) = —E N
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where (r,¢) are the polar coordinates of the considered
point.

The flow function can be obtained from the Poisson
equation by means of the two-dimensional Green’s func-
tion for the Laplacian:

1
A(r,) =2 fdd)'dr’r' In(|6r|)E(,¢"),

|8r| = (P4r2—2rr" cos(¢—9")) 2

If the region of constant vorticity, {(7',8",t)=E,, is
bounded by the contour

L (r,¢)=r—R(¢)=0, (51)

then the expressions simplify, and the integration is per-
formed over the region bounded by this contour:

A(r¢) =§% fr d¢'dr'r’ In(|6r|).

(52)
The velocity projections v, and v, are determined in accor-
dance with the expressions (50) by differentiating A(r,¢)
with respect to r and ¢. Therefore, in their calculation
there remains only a one-dimensional integration around
the contour.

Up to now, our treatment has been purely kinematic.
It must be augmented by a dynamical condition on the
contour, (n*v)=(n"Vgpou), Which is determined by
means of (51). Here, n is the vector of the unit normal to
the boundary:

oVl 12
|VI‘| =a(e,—S(d)ey) (1+S(4)*)~ (53)
1dR
d¢ »— VS () =0, S(¢)_Rd¢ (54)

where () is the angular velocity of uniform rotation of the
contour, and o= =+ 1 determines the orientation of the con-
tour.

By means of the expressions (50)-(53), Eq. (54) for
the disk boundary can be rewritten as a nonlinear integrod-
ifferential equation:

2mQ dR

2T
—_— = d¢’R(¢")In(|SR
Zo 46 J‘O $'R(¢')In(|6R|)

X [(1+5(4)S(¢")sin(¢’ —¢) + (S(¢)
—S(¢'))cos(¢’'—¢) 1,
|6R| = (R(4)*+R(¢')*—2R($)R(¢")
X cos(p—¢')) "2

Note that the equations of motion for the single-particle
density and the density of the velocity field are nonlinear,
and Egs. (54) and (55) were obtained without the usually
employed procedure of linearization of the equations of
motion with respect to powers of v and the deviation of the
single-particle density from the equilibrium value. Before
we analyze these equations, we recall the basic properties
of already known solutions.

(55)
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PROPERTIES OF THE ELLIPTIC VORTICES
OF KIRCHHOFF

At the present time, we know well the elliptic vortices
of Kirchhoff and small perturbations of a circular vortex
(we refer to the fundamental monograph of Lamb,* where
one can find references to the original studies, which are no
longer readily accessible).

The simplest case of a circular section was investigated
by Kelvin.%’ We consider small perturbations of a circular
vortex: ['(r,¢) =r— R, where R, is the radius of the circle.
Making a direct calculation of the flow function in accor-
dance with (52), we obtain for r<R,

Ao(r,$) =10 (RG—r).
A small irrotational perturbation

8A(rd)= a@RO(R)cos(lcp ot),

(56)
where / is an integer, corresponds to the following equation
of the contour (for small @ €R,) that is usually adopted
for nuclear physics:

R(¢)=Ry(1+a cos(lp—at)). (57)

Thus, the small perturbation (56), expressed by the
trigonometric functions (57), is a corrugation that is dis-
placed around the circle of the vortex with angular velocity
Q=¢qw/l=(I—1)/2l. For example, for /=2 the perturbed
cross section is an ellipse that rotates around its center with
angular velocity §y/4, i.e., twice as slow as the fluid within
the contour. Perturbations of higher symmetry />3 rotate
even more slowly. The special case of an elliptic perturba-
tion was solved exactly by Kirchhoff.®

For the ellipse x*/a’+y*/b*=1, it is possible to obtain
the following relation between the rotation frequency of
the contour and the vorticity within the contour:
Q=& ab/(a+b)2.

From the special cases considered above, we deduce
the following:

1) although the inner part of the disk rotates with
constant angular velocity, the motion is not that of a rigid
body, since the boundary rotates with a different angular
velocity, more slowly;

2) the velocity of the boundary depends on the sym-
metry of the perturbation, the rotation being slower, the
higher the symmetry of the state;

3) a fixed value of the ratio Q/, and the symmetry of
the states completely determine the shape of the contour
(for example, for the elliptical vortex its eccentricity).

The stability of these states needs a separate investiga-
tion. It was shown that the above special cases of disks are
stable. However, if the contour shape is not a stationary
solution of Eq. (10) for fixed Q/§, the disk will be unsta-
ble. Therefore, the ratio {1/{, will be a bifurcation param-
eter.

Analysis of disk states of general form
For the quantitative analysis of Eq. (55), one must

construct a discretized analog of it. We are currently mak-
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ing such investigations. However, in this paper we restrict
ourselves to a qualitative analysis, which can be made by
analogy with the results of the previous section.

It is to be expected that the exact states of the nonlin-
ear equation (55) can also be approximately classified by
means of the parameters / (/=2, 3, 4...), i.e., by means of
the symmetry of the boundary of the disk with respect to
rotations through angle 277/1. Then, if a Fourier analysis of
the contour is made, the expansion amplitudes of the cor-
responding cos(/¢) must be greatest.

It is also to be expected that the parameter /&, will
be a bifurcation parameter and characterize the stability of
the state.

Equation (55) in conjunction with the definition of the
projections of the velocity field (50) describes the motion
of the contour as the propagation of a nonlinear dispersive
wave in a plane. As it moves, the contour will of necessity
begin to be distorted. However, if the state is stable, the
competition of the nonlinearity and the dispersion leads to
a return of the initial shape of the contour. If it can be
shown that there exist such states, then vortical disks of
nuclear matter will be analogous to solitons in a plane.

If the motion of the contour is unstable, it will be very
interesting to follow its evolution. Conserved quantities are
the area of the contour—the two-dimensional analog of the
particle number—and the circulation, which is determined
by means of §,. Therefore, when the contour decays one
can expect the appearance of filaments and, perhaps, decay
of the disk into individual disks or filaments.

It would be very interesting to analyze finite three-
dimensional axisymmetric disks. Here, we should mention
the recent preprint of Ref. 41, in which calculations were
made to simulate the collision of two almost symmetric
heavy ions using the Boltzmann-Nordheim-Vlasov equa-
tion. The formation of states of disk type in the collision
process was established. The disk thickness decreased,
while the diameter increased monotonically with increas-
ing collision energy. Sufficiently thin disks began to break
up into pieces having diameters comparable to the disk
thickness. Thus, the problem of the stability of disks of
nuclear matter is related to the process of multifragmenta-
tion.

We have attempted to consider purely vortical motion
without the usual approximations of a small excitation am-
plitude or additional assumptions about the shape of the
nuclear system. When the vortical component of the veloc-
ity field is separated from the equations of motion, the
gradient components of the “pressure” terms drop out, and
the equations of motion for curl v formally have a purely
kinematic form, at least for forces of Skyrme type. The use
of other forms of interaction containing a velocity depen-
dence will lead to more complicated equations. It would
also be interesting to analyze analogous equations obtained
in the framework of a kinetic approach.

Finally, in this section we have obtained the basic
equations for describing vortical disks of nuclear matter.
The evolution of the disk boundary is analogous to the
propagation of a nonlinear dispersive wave in a plane. We
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have made a qualitative analysis of the main properties of
disk states.

5. USE OF THE INVERSE SCATTERING METHOD
General remarks

One of the most important parts of soliton theory is the
inverse scattering method and its application to the inte-
gration of nonlinear partial differential equations.>® Some
definite experience of the use of this method in nuclear
physics too has already been accumulated. In this section,
we shall follow the inverse mean-field method (Imeﬁm).101
This method makes it possible to obtain useful information
about the radii of nuclei'® and optical potentials.'®® It was
proposed to use the method to describe the dynamics,'®
relaxation,'® and breakup of nuclear systems.'%!%” A spe-
cific feature of the use of the method to integrate nonlinear
equations of motion is the fact that data on the structure of
the initial state (the number of bound states and their
scheme, data on the reflection coefficients) make it possible
to predict the evolution of the initial state (Refs. 5, 8, 106,
and 107). This makes it possible to reexamine the spectros-
copy of nuclear states.

Below, we give two examples of the use of the inverse
scattering method for static (description of density profiles
and single-particle potentials of nuclear systems!'®®) and
dynamic (simple model for analysis of the evolution of a
nucleus that is compressed at the initial time!°!%’) prob-
lems of nuclear physics.

Basic equations

The types of system that we shall consider are un-
charged layers of nuclear matter.***’ The layers are finite
in the direction of the z axis but infinite and uniform in the
transverse directions.

The basic equations that describe a layer in the mean-
field approximation are

it

1
¥, ,(x) =q Yn(2)exp(ik, 1), & =—5—

2m Fens

# d
_ﬁ d? ‘/’n(z) + U(Z)IIJ,,(Z) =e,,¢,,(z),

Ny
p(x)=p(2)= 2 adi(2),
n=1 (58)

No
A= of =(64p%/m) 3= Y a,,
n=1

2m
a,,=;;15 (eg—e,),

F
[38)

7 N o (dy, 2 T
= ( ngl an (E) dz+5 n la")

1 [«
+— f_w €[p(2)]dz,
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where N is the total number of bound states, N is the
number of those that are occupied, .« is the layer thick-
ness, and & is the interaction functional.

A direct method of solving the problem is to specify
the interaction functional and the number of particles (or
the layer thickness) and solve the Hartree-Fock equations
for the spectrum of single-particle states and wave func-
tions ¥,(z).

Following the inverse scattering method, we must find
a function K(x,y) that solves the integral Gel’fand-

- Levitan—-Marchenko equation:m‘lll

K(x,y)+B(x+y)+ Jw B(y+z)K(x,z)dz=0. (59)

The kernel B is determined by means of the reflection co-
efficients R(k) (ek=h2k2/2m) and the set of N energy
eigenvalues of the bound states (e,= —#x%/2m):

® R(k)exp(ikz)dk. (60)

—

d 1
B(z)= X Ci(kp)+=
n=1 m

The coefficients C, are determined by the boundary condi-
tions:

C,(k,)=1lim¢,(z)exp(k,z). (61)
The required single-particle potential is
U 2k K
(2)=——=K(z.2). (62)

By means of the given phase shifts and the spectrum of
bound states of the system, the integral equation (59) can
be solved only numerically. However, in the case of reflec-
tionless potentials, R (k) =0, one can construct the follow-
ing solution:

UlZ), mev

U(2), mev
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2 4L 6 8 Z,m

FIG. 4. Density profiles (continuous curve for HF, dots for
INV).

# P 2# g
U(2)=—— = In(det|M|) = —— ,Z’l K3 (2),

N
du(2)= 2 (M)A,

A,(2) =C,(k,)exp(—k,z), (63)
An(2)A(2)
M,,[(Z) =6nl+ K+ s

N 172

Kp+K;

Thus, the wave functions, potential, and density profile

are completely determined by the spectrum of bound
states.

Profiles of densities and potentials

In Ref. 108, we made a series of calculations of layers
not only in the ground states but also in various external
fields. For the direct part of the calculation by the Hartree—
Fock method, the interaction functional was chosen in the
form of effective Skyrme forces. The calculated spectrum
of bound states was fed into the scheme of the inverse
scattering method, and the relations (63) were used to
recover the wave functions of the states, the single-particle
potentials, and the densities.

Figure 4 gives the results of calculations of the density
profiles for layers that simulate light (/' =1.0, 4=20) and
heavy (/'=2.15, A=230) nuclei. The continuous curve
shows the results of calculation by the Hartree-Fock (HF)

FIG. 5. Single-particle potentials.
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method, and the dotted curve is the result obtained by the
inverse mean-field method (INV). It can be seen that the
density profiles are reproduced very well.

Figure 5 gives the results of calculation of the corre-
sponding single-particle potentials. The notation is as be-
fore. It can be seen that although the mean properties of
the potentials (depths and effective radius) are reproduced
well, there are weak oscillations in the inner region of the
potential.

Figure 6 shows on a logarithmic scale the dimension-
less profiles of the density and potential in the region of the
diffuse layer and in the asymptotic region. It can be seen
that the density “tails” are reproduced very well but the
potential “tails” less well. It should be mentioned that the
calculation of the potential by the Hartree—-Fock method
was made using the first variation of the interaction func-
tional with respect to the density, and therefore for Skyrme
forces the slopes of the density and the potential are equal
in the logarithmic scale (see Fig. 6). In the framework of
the inverse scattering method, all bound states are taken
into account in the calculation of the potentials, but in the
calculation of the density only the occupied states are
taken into account [see Egs. (58)]. Therefore, the slope of
the “tails” of the potentials and the densities will be dif-
ferent. Since the scheme of the inverse scattering method is
realized in the approximation of reflectionless potentials,
the following conclusions can be drawn: 1) allowance for
the reflection terms in the calculation of the density is
unimportant; 2) allowance for the reflection terms in the
calculation of the potentials will lead to smoothing of the
oscillations in the inner part and to correction of the “tail”
of the potential.

All that we have said above related to calculation of

10

100}

FIG. 6. Dimensionless profiles of the density [p] and potentials [U]
(A~230) at the boundary of the nucleus and in the asymptotic region.
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layers in the ground state. For a further testing of the
method, we calculated layers in various external fields. In
this way one usually forms initial nonequilibrium states in
dynamical calculations in order to analyze the evolution of
a system. In all the cases that we considered, the density
profiles were practically identical to the results of calcula-
tions by the Hartree-Fock method. This makes it possible
to simulate with very good accuracy excited states of nu-
clear systems by means of the inverse scattering method.

Figure 7 shows examples of the construction of various
states of a nuclear system for fixed particle number by
means of the inverse scattering method.

Finally, we may draw the conclusion that the inverse
mean-field method (in the approximation of reflectionless
single-particle potentials) gives a simple analytic descrip-
tion of the density and potential profiles of nuclear systems.

Evolution of a cold compressed nucleus

In this section, we present a simple analytic model for
describing the evolution of cold nuclear systems that are
compressed at the initial time.!%6107:112

To analyze the evolution of the nuclear systems, one
should, in principle, solve the many-particle Schrodinger
equation, augmenting it by the necessary initial and bound-
ary conditions. However, the exact solution of this problem
is as yet impossible. A well-known method for overcoming
many difficulties in the solution of the many-particle prob-
lem is to use the mean-field approximation. Then the
many-particle Schrodinger equation reduces to a system of
single-particle Schrodinger equations (the state index is
omitted for simplicity):

LoY(xt)
ifi—— == —5— AY(x,1) + U P(x1),

(64)

which must be augmented by the condition of self-
consistency for the single-particle potential.

The basic idea of the inverse mean-field method when
applied to the dynamics of nuclear systems was to use
instead of (64) an equation of KdV type for the single-
particle potential

N 3
U AU # U
2

2 a0 -V % mar

and the well-known scheme of integrating the KdV equa-
tion by means of the inverse scattering method. The
scheme is based on the existence of the nonlinear transfor-
mation U=V2+V,, V=4,/¢ (up to scale transforma-
tions), after which the nonlinear equation (65) is associ-
ated with a linear equation of Schrodinger type (all the
notation is as in the previous section):

(65)

2

#
_%Q¢n(z,t)+U(Z,t)lﬁ,,(Z,t):end’n(z’t)’ (66)

where the time plays the role of a parameter. The above
scheme of integration of the reflectionless potentials (63) is
fully valid if one makes the single change of variables
z—(z,t) in the calculation of A4,(z):
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FIG. 7. Examples of density profiles calculated by the in-
verse scattering method (4~16): a) ground state; b) nu-
cleus with two centers; ¢) and d) weakly and strongly com-
pressed nucleus, respectively.

A,(2,t) =C,(k,)exp( —K,,z+2ﬁ2K3,S',,t/m).

Despite definite progress in the application of the inverse
scattering methods in nuclear physics, the given method is
as yet unusual. As an illustration, we give the basic expres-
sions for the wave functions of a one-dimensional three-
level system.!”® The simplest one- and two-dimensional
systems were considered in detail earlier in Ref. 113. The
three-level system is helpful for modeling light nuclei, for
example, oxygen (Ref. 112) with k3> K, > k;:

172
¢1(z,t)=(2x1("2+"‘)(K3+K‘)) D21

Ky —K K3—K)
h K'3+K2
X | cosh(§,+63) — a—¥g

Xcosh(§3—§2>),

172
¢2(ZJ)=(2K2(K2+KI)(M)) D'(z)

Ky—Ky1 [ \K3—Ky

31K

X (sinh(§3+§1) _ (:

)cosh(§3—§1),

3—Ky

172
¢3(z,t)=(2x3(K3+K2)(m)) D-'(z,1)

K3—K ] \K3—K;

X (cosh(§1+§2)—(K2+K1)

Ky—Ky

><cosh(§z—§1)),

K2+K1
D(z,t) =cosh(&+&+&3) +
K—K
Ki+K
X( 3+K
K3—Ky
Ki+K
X( 3t
K3—Ky

+
x(:3 Kz)cosh(§z+§1—§3),

3—K;

Ky—Kq

)cosh(§3+§z—§1)+(K2+K1)

K3—K;

)cosh(§3+§1—§z) + (K3+Kl)

E,(z,t) =K,z— 28 t/m, n=123.

The asymptotic behavior of the wave functions and the
single-particle potential for fixed &, are
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1im¢k=6k,,\/x—,, sech(&,—£2),

t— oo

#3
limU(z,t) = —7" sech?(£,—£9),

t— oo
1 "1 ek \ L Kyt Ko
§2 2 ( mn

k=1 Kn+Kk Kp—Kp

Thus, for large z and ¢ the time-dependent single-
particle potential and the corresponding density distribu-
tion are described by a set of solitary waves. The spectrum
of the initial compressed nonequilibrium system com-
pletely determines the widths, velocities, and phase shifts
of the solitons. Allowance for the reflection terms has the
consequence that in the exit channel there will be small-
amplitude waves (“ripples”), which are identified with the
emission of light particles. The nonequilibrium system
compressed at the initial time expands, and in the exit
channel one can observe stable solitary waves. Such a pic-
ture is in qualitative agreement with the results of numer-
ical simulation of the evolution of the '®0 nucleus in the
framework of the TDHF method.!!? The decay leads to the
presence of a collective flow and clustering.

The model discussed above is too simplified to describe
the evolution of nonequilibrium nuclear systems. However,
it can be used for illustrative purposes and to demonstrate
the general scheme of the inverse mean-field method, the
nonlinear superposition principle, and, most importantly,
the idea that the formation of stable objects (clustering)
during the breakup of nuclear systems can be due to the
presence of nonlinear and dispersive effects.

6. DISSIPATIVE EFFECTS

The dissipative effects associated with excitations of
the nuclear density can be nominally divided into two
groups:

1) damping due to the effect of the medium on the
moving collective density excitation;

2) the influence of excitations of the nuclear density,
treated as internal degrees of freedom, on a certain collec-
tive motion. For example, one can regard the excitation of
giant resonances in deep inelastic’' collisions of heavy ions
with nuclei as a mechanism of dissipation of kinetic
energy.*

We recall that solitons exist because of the presence of
two factors—nonlinearity and dispersion. From the point
of view of spectral analysis, nonlinearity enriches the spec-
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trum with high-frequency harmonics, while dispersion, i.e.,
dependence of the velocity on the wavelength, leads to
spreading of the wave packet that describes the analyzed
excitation. A balance of the two factors can be achieved
only for certain types of nonlinearity, this ensuring the
existence of solitonlike solutions. However, even in these
cases the soliton will be stable as long as the system can be
regarded as weakly dissipative. Nevertheless, the existence
of stable waves is possible if the necessary supply of energy
is ensured.!>? These waves are largely similar to hydrody-
namic shock waves, but they arise in a regime in which
there are no collisions between the particles of the medium.
Therefore, in plasma physics they were called collisionless
shock waves.!” For a small but finite nonlinearity, the
equation that describes such a wave differs only by the
presence of a dissipative term (KdV-Burgers
equation).*"°

Dissipative effects of the given type for nuclear systems
were investigated in Ref. 25. In the framework of the the-
ory of finite Fermi systems,’® a kinetic equation with col-
lision integral was obtained in the linear and dispersionless
approximation. The collision integral arises when allow-
ance is made for the nonzero damping of the quasiparticles
in the lowest order in the parameter y/¢eg.

This equation, with allowance for the contribution of
nonlinearity and dispersion, was used in the limit of small
amplitudes to obtain an equation for nonlinear dispersive
waves in a plasma. Its solutions—quantum shock waves—
are analogous to collisionless shock waves in a plasma,
which differ appreciably from the shock waves of classical
hydrodynamics. First, the existence of quantum shock
waves does not require a regime of thermalization of the
medium. Second, the state of the matter behind the front of
such a wave is not one of thermodynamic equilibrium be-
cause of the presence of strong collective vibrations. Com-
pression is achieved, not by heating of the medium, but by
the coherent addition of vibrational excitations. Third,
such waves have a complicated (oscillatory or turbulent)
structure in the transition region. Fourth, the quantum
shock waves propagate with a speed greater than the speed
of zero sound, ¢y, and not first (hydrodynamic) sound c;.
Since ¢y> ¢, the quantum wave travels faster than a hy-
drodynamic wave.

The propagation of the wave leads to “splashing”?! of
nucleons from the nucleus. The energy spectrum of the
nucleons is of Maxwellian type. The effective “tempera-
ture” is T~ 10 MeV. The Mach cones have not yet been
observed experimentally or, at least, clearly. However,
from the theoretical point of view too one cannot expect
clearly expressed Mach cones. The reasons for this are,
first, the finiteness of the nucleus (distortion of the waves
by reflection from the boundary of the nucleus), second,
the decay instability of the vibrations, leading to turbulence
of the nonlinear density wave, and, third, the interaction of
the wave with nucleons, which distorts the wave through
the potential created by it. The most important thing is, as
was noted in Sec. 3, the fact that all approaches give a
quasi-Maxwellian emission spectrum of nonequilibrium
nucleons. On the one hand, this justifies the phenomeno-
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logical method of analysis of the nucleon energy spectra by
means of the model of an effective source, but, on the other
hand, it introduces a large degree of uncertainty in the
attempt to elucidate the mechanism of formation of such
particles.

The investigation of the process of dissipation of ki-
netic energy in deep inelastic collisions of ions with nuclei
is one of the most interesting problems of the theoretical
physics of heavy ions. In this review, we consider only the
small part of this problem that relates to the role played in
this phenomenon by the channel corresponding to excita-
tion of density vibrations.

The losses of the energy of the relative motion on in-
ternal excitation of the nuclei (the inelasticity of the pro-
cess) determine the main characteristics of deep inelastic
collisions of heavy ions’'—the angle and mass distributions
of the products.

The amount of dissipation of the kinetic energy char-
acterizes the duration of the reaction, since the energy of
the relative motion always goes over in part into the energy
of internal excitation of the nuclei, and the process of es-
tablishment of equilibrium does not come to an end during
the time of the deep inelastic part of the collision. This
circumstance makes the amount of kinetic-energy dissipa-
tion a kind of “clock™ that makes it possible to obtain
information about the development in time of the interac-
tion process. The scale of the kinetic-energy loss, 100-300
MeV, indicates that the excited nuclear states can have a
complicated structure. However, since the energy of the
relative motion is “spilled” during a very short time
(~10"22 sec), the existence of a coherent mechanism of
energy loss is possible. The large energy loss indicates that
the “doorway” states for the reaction must be the excita-
tion modes with the highest frequencies. Among them, the
most probable candidates are multipole vibrations of the
density of the nuclear matter (giant resonances).?>%472

Using these considerations, we obtained in Ref. 64
equations that describe, in the framework of linear re-
sponse theory,!!* the relative motion of the colliding nuclei
in the classical approximation. These equations have a
number of features that distinguish them from the equa-
tions that are usually employed in phenomenological mod-
els and include “friction” forces.!! First, because the time
during which the energy is transferred to the internal de-
grees of freedom and the relaxation time have the same
order of magnitude, an important role in the equations is
played by the explicit time dependence of the coefficients of
friction and the nucleus-nucleus potential and mass pa-
rameter, which are both renormalized by the excitation of
the internal degrees of freedom. Second, the asymptotic
value of the coefficient of radial friction is significantly less
than the value that is used in phenomenological models.'!
These two facts served as the basis for the assumption that
not only radial “friction” but also an explicitly time-
dependent interaction potential acts as a source of the ir-
reversible loss of kinetic energy. It was shown that in the
framework of these assumptions it is possible to explain the
loss of kinetic energy and the correlation between the mean
energy and the deflection angle of the reaction products.
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Important here is simultaneous allowance for the time-
dependent potential and the variable (in time) “friction.”
Details can be found in the studies of Ref. 64. It should be
mentioned that most conclusions of these studies hold for
all systems whose Hamiltonian consists of three parts: a
collective Hamiltonian, a Hamiltonian of the “internal”
motion (described by a set of noninteracting oscillators),
and an interaction term (in the linear approximation in the
amplitudes of the “internal” oscillators). From the physi-
cal point of view, the dissipation mechanism—coherent ex-
citation of density vibrations—corresponds to the mecha-
nism described in the previous sections of the review.

Investigation of the role of viscosity and heat conduc-
tion in vortical motion (the coupling of the collective hy-
drodynamic motion to the “internal” degrees of freedom)
is particularly interesting. However, the information on the
tangential viscosity leading to dissipation of the angular
momentum is as yet very uncertain even for the currently
best investigated process of dissipation of kinetic energy in
deep inelastic heavy-ion collisions.

7. CONCLUSIONS

In this review, we have developed methods for describ-
ing nonlinear phenomena and relaxation processes in the
complex nuclear systems formed by the interaction of
heavy ions with nuclei at energies 10-100 MeV/nucleon.

To analyze linear and nonlinear density excitations of
various systems, we have developed a form of nuclear hy-
drodynamics based on current and density algebra. We
have shown that for irrotational motion in the semiclassi-
cal limit the equations of nuclear hydrodynamics with ef-
fective Skyrme interaction can be reduced to the ¢3—¢5
nonlinear Schrédinger equation.

We have investigated the basic properties of one-
dimensional and spherically symmetric single-soliton solu-
tions and shown that they describe well the properties of
the nuclear density in the ground state. We have pointed
out the possible existence of spherically symmetric states of
the nuclear density with nodes. We have obtained analytic
solutions for one-dimensional nonlinear excitations: cnoi-
dal waves, kinks, and “bubbles” in nuclear matter.

We have obtained the basic equations for the descrip-
tion of vortical disks of nuclear matter. The evolution of
the disk boundary is analogous to the propagation of a
nonlinear dispersive wave in a plane. We have made a
qualitative analysis of the basic properties of disk states.

We have proposed a simple model for analyzing the
evolution of a cold nuclear system that is compressed at the
initial instant and have shown that the inverse scattering
method makes it possible to predict that in the exit channel
there will be stable density waves (“clusters”—solitons)
and small-amplitude density waves (‘“‘radiation”).

In the framework of the inverse mean-field method we
have constructed an analytic description of the density pro-
files and single-particle potentials of nuclear layers. By this
method one can not only reproduce well the results of
Hartree—Fock calculations but also model various excita-
tions of nuclear systems (compressed nuclei, nuclei with
two centers, etc.).

637 Phys. Part. Nucl. 24 (6), November-December 1993

Giant monopole isoscalar resonances can be treated as
linearized vibrations of a nuclear-density soliton. We have
obtained the basic equations for the description of such
states and developed numerical methods for their solution.
We have constructed an analytic self-consistent solution
for the vibrations of a double nuclear system.

A coherent state of vibrational excitations of the nu-
clear density can simulate a source in the process of emis-
sion of high-energy light particles in heavy-ion reactions.
We have investigated the influence of the channel in which
the nuclear density is excited on the process of kinetic-
energy dissipation in deep inelastic collisions of heavy ions.
A significant fraction of the kinetic-energy loss can be ex-
plained by the excitation of monopole vibrations of the
nuclear density. The main contribution to the energy dis-
sipation is made not by friction forces proportional to the
velocity but by the explicitly time-dependent interaction
potential of the heavy ions, renormalized with allowance
for the excitation of the nuclei.
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