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Modern high-statistics experiments made to measure cross sections and nucleon structure
functions include a procedure for correcting the experimental histograms for the

limited acceptance and finite resolution of the detector. It is obvious that this must be a model-
independent procedure. A survey is given of the following correction methods: the least-
squares method (pseudoinversion method), Tikhonov’s method, the spectral-window method,
the iteration method, the correction-factor method, the maximum-entropy method, etc.

For all methods, the statistical and systematic errors in the estimates are analyzed in the
framework of a single model that relates the experimental histogram to the studied
distribution. The use of the methods is considered for estimating continuous distributions and
structure functions. Numerical experiments are used as illustrations.

INTRODUCTION

The aim of many experiments in high-energy physics is
to measure differential cross sections of the kinematic vari-
ables that describe the final state after a collision of parti-
cles or their decay. At the present time, the volume of data
obtained in these experiments is so great that it is not the
statistical error in the data but the systematic errors in the
experiments that become the decisive factor. One of the
main sources of systematic errors in experimental data is
the finite resolution of the detectors and their acceptance.
Therefore, the direct experimental data are detector-
dependent estimates of the measured differential cross sec-
tions. It is therefore necessary to “correct” the experimen-
tal data for the detector acceptance and resolution. In such
“corrections” one often uses model arguments, and these,
in their turn, lead to model-dependent estimates of the
cross sections. It follows from what we have said that the
problem has become very topical in recent years and has a
very general nature. Its solution has been considered in
numerous studies, but in them there has been no general
formulation of the problem; it has not been recognized that
the problem belongs to the class of improperly posed prob-
lems, the solution of which leads either to an unacceptably
large statistical error in the estimate of the cross sections or
to a systematic error when regularization methods are used
to suppress the buildup of measurement errors. As a con-
sequence, there has been no analysis of the existence and
magnitude of this error in the “correction” of experimental
data. It is obvious that the method for “correcting” the
data of an experiment and its analysis must be chosen at
the stage when the experiment is planned, since it is only
after this that one can see how ““good” the estimate of the
cross section may be for given detector resolution and in-
tended statistics of the experiment.

Therefore, in this review each method is examined in
accordance with the following scheme:

formulation of the mathematical model relating the
studied distribution to the experimental data;

the “correction” of the experimental data, which is in

424  Phys. Part. Nucl. 24 (4), July-August 1993

1063-7796/93/040424-29$10.00

fact the solution of an improperly posed inverse problem
determined by the chosen model;

different methods of “correcting” the data, which are
different methods of regularizing the problem;

the different regularization methods lead to different
estimates of the studied cross section;

for the estimate it is necessary to characterize its bias
(systematic error) and noise component (statistical error).

We formulate a model of the measurement process,1
since it will be used in all sections of the review. A large
proportion of the presented material is invariant with re-
spect to the number of kinematic variables on which the
considered differential cross section depends. Therefore,
for brevity we shall speak of a single variable, which we
denote by x. By reconstructing the event from the directly
measured quantities in the detector and estimating x, we
obtain instead of its true value some other value x’. This
process can be described as a whole by a conditional prob-
ability density K(x’|x), which we shall call the resolution
of the experiment with respect to the variable x. In the
literature, the standard deviation o(x) is often called the
resolution with respect to x, and it is implicitly assumed
that K(x'|x) is a normal distribution:

N[x'|x,0%(x) ] =[ 270 (x)] !
xexp{(x'—x)%/20%(x)}.

The function K(x’|x) is calculated by the Monte Carlo
method using a program that simulates the operation of
the detector and the reconstruction of the events. We shall
consider this question in more detail later.

Other characteristics of the experiment are the func-
tion E(x), which is the probability of detection by the
detector of an event with given x (detector acceptance or
efficiency), and E(x"), which is the probability of inclusion
of an event with the obtained x’ in the final statistics of the
experiment after cutoffs with respect to the kinematic vari-
ables have been made in the analysis of events.

As a result of these detector distortions, we obtain in
place of the studied normalized distribution
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p(x)=do/dx/o,, the experimental distribution

‘5(X’)=6fdxi(x’)K(X’Ix)E(X)p(x), (1)

where ¢ is a normalization constant, and the integral is
over all allowed values of x at the given energy of the beam
particle. The integration of p(x) with kernel K(x’'|x)>0
possesses a filtering property and leads to smoothing of the
distribution p(x) and loss of its fine structure. The pres-
ence of E(x), E(x')<1 leads to additional distortions.
Therefore, the difference between the true distribution
p(x) and the experimental one p(x’) (the systematic er-
ror) may be quite appreciable and exceed the statistical
error, and this necessitates a “correction” of the experi-
mental data.

These data are the number of events in the channels of
the histogram with respect to the value of x, which we
denote by Y,,. It follows from the expression (1) that their
mathematical expectations are®

— Xn41 ~ dU
Y,,=Lf dx’E(x’)deK(x’|x)E(x)a;,

*n

where L is the integrated luminosity of the experiment.
Introducing the notation

S(x)= Ldo/dx,
(2)

A,(x)= fx"“ dx'E(x")K(x'|x)E(x),

*n

we can finally express the mathematical model of the ex-
periment in the form'

Y,= deA,,(x)S(x)+e,,, n=1,...N, (3)

where ¢, is the fluctuation of the number of events Y, in
channel n of the histogram. With regard to ¢,, we assume
that £,=0, €,¢,, = K,,, = 8,,/Y,. The functions 4,(x)
have a transparent meaning: 4,(x) is the probability that
an event with given n is recorded in channel n of the his-
togram.

The functions 4,(x) can be calculated only by the
Monte Carlo method, which is as follows: N events are
realized for given x; for each event, “measurements” are
obtained by using a detector-simulation program; the value
of x’ is calculated by using a reconstruction program; the
number of events & in bin n of the histogram with respect
to x’ is counted; the value of 4,(x)=k/N is calculated.?

It is natural to interpret the expression (3) for the
measurement of Y, as the scalar product of the functions
S(x) and 4,(x). Introducing this scalar product in the
space of the functions S(x), we transform it into a Hilbert
space. Then any function S'(x) can be expressed as a sum
of two components: .S ,(x), which belongs to the subspace
spanned by the system of functions 4,(x),

N
Sa(x)= 2 Cp,(x), (4)
n=1
and S% (x), the component orthogonal to this subspace:
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deA,,(x)sj (x)=0. (5)

It follows that the component S% (x) cannot be esti-
mated on the basis of Y, alone, since it follows from (3)
and (5) that Y, does not depend on it. The function S ,(x)
is often called the “measured” (‘“visible”) component of
S(x), and §% (x) is called the “unmeasured” (“invisible”)
component.

From these considerations there follows an important
conclusion: If in the framework of the model (3)
Sj (x)20, then the finiteness of the number of measure-
ments leads to a bias in the estimate of the function S(x).

In the framework of the model (3), we consider in Sec.
1 linear estimates of S(x), and in Sec. 2 we discuss non-
linear estimates, using both a priori information on the
positivity of S(x) (maximum-entropy principle, etc.) and
no such information—the correction-factor method. Sec-
tion 3 is devoted to estimation of nucleon structure func-
tions using the data of deep inelastic lepton scattering,
where we shall give a generalization of the model (3) to
the simultaneous estimation of two functions.

1. LINEAR ESTIMATES OF CROSS SECTIONS

In presenting methods and numerical illustrations of
them, we shall largely follow Ref. 2. Of the two examples
used in Ref. 2 to compare the methods, we shall use here
the historically earlier one:'

G G2

1
S X =C A A )
(x) L)+ G T2 (=)’ + &
E 1 ! E(x')=1
(x)'_ _xz_x1+262’ (x )— )

K(x'|x)=N(x'|x,0%),

where x€[4,16], A1=2, A2= 1, G1=G2= 1, X = 10, Xy = 14,
0=1.5, and C was chosen using the condition
[dxS(x)=10* (see Fig. 1a).

General properties of linear estimates

In the general case, the linear estimate S(x) has the
form

N

S(x)= Zl a,(x)Y,. (6)

It follows from (4) and (5) that for reasonable esti-
mates that do not use a priori information a,(x) must lie in
the subspace spanned by 4,(x). =

If we use the relation (3), then S(x) can be repre-
sented as follows:

S(x)= 2 a,(x) fdx’A,,(x’)S(x') + D a,(x)e,.
! ! (7)
Taking the average (7) over the errors of the measure-

ments, we obtain
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FIG. 1. a) The histogram is the distribution of
(d¥/dx), (g,=0), the continuous curve is S ,(x),
the broken curve is the function S(x), and the
dotted curve is the ‘“‘unmeasured” component

S’ﬁ (x); b) the continuous curve is S (x), and the
broken curve is S 4(x) + SSj (x); c) the histogram
is the step estimate 5’0, the broken curve is the
function S(x), the dotted histogram is the distri-
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bution of (d¥/dx), (¢,=0), and the markers are
the modeled distribution of (d¥/dx), (£,70),
Sp 4%=3.03, Sp 2°=1.86 - 10% d) the continuous
curve is the least-squares estimate S* (x) (£,50),
and the broken curve is the function S(x);
SpAf=10,Sp=*t=1.1-10°.

S(x)= 2 an(x) f dx'A,(x")S(x")

. f dx’ Ar(xx")S(x"), (8)

where the function

Ar(x,x") = 2, an(x)A,(x") (9)

can be called the residual instrumental function.
It follows from (8) that if Az(x,x’) does not possess
the property

de’AR(x,x’)SA(x’) =S4(x), (10)

then the estimate $ (x) will possess an additional bias due
to the choice of the particular method of estimation [the
specific choice of the functions a,(x) in (6)].

The noise component of the estimate S(x) is charac-
terized, as follows from (7) and (8), by an error operator:'

Sex)=[Sx)— 8 () ][Sx)— S (x)]

= Y, @y(X)Kpm@m(x'). (11)
nm
Thus, the linear estimate of the general form (6) can
be interpreted as the result of a “new experiment” with
new instrumental function 4z(x,x’) and noise component
&(x)=ZX,a,(x)e, with the error operator (11).
We consider the mean square of the distance between
S4(x) and S(x):
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D= fazx[s,,(x)—ﬁ(x)]2

- fdx{[sA(x)— S)+[S x)=8Sx) 1P
=de[SA(x)—ARS]2+Sp 5.

It can be seen from this that it is convenient to char-
acterize the noise component of the estimate S(x) as a
whole by the value of Sp 2. In what follows, we shall see
that the resolution of the “new experiment” [respectively,
the bias of the estimate S(x)] can be conveniently charac-
terized by the value of Sp 4.’

Least-squares method

We consider first of all the properties of estimates
based on the least-squares method. On the basis of the
arguments about the “measured” component S(x), we
shall seek an estimate of S(x) in the form*®

S(x)= 2, Cpd,(x)

from the condition of a minimum of the functional
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o= [Y,,— fdxA,,(x)S'(x) W oum

n,m

X

Y, — fdxAm(x)f'(x)

which in this case takes the form

o= Y (Y,,— Y G,,kck) an(Ym— y Gm,c,), (12)
n,m k !

where W=K"", and G,,=(4,|4y) = [dx4,(x)4(x) is
the Gram matrix of the functions 4,(x). Differentiation of
the functional (12) with respect to C;leads to the following
system of equations for the vector C:

GTWGC=G"TwY. (13)

Since the matrices G and W are positive definite, the solu-
tion of this system of equations can be written in the form

A

c=G"ly.

Therefore, the least-squares estimate of S(x) is

S*(x)= 2 4,(x)G Y. (14)
nm

It is readily seen that [dxA,(x)S*(x)=Y, and that the

functional (12) vanishes.

A more formal method* of obtaining the estimate (14)
is based on the theory of integral equations.’ Minimization
of the least-squares functional
2

o= ‘i“',,— deZ,,(x)S‘(x)

where Y, = W, A,(x) = W,A,(x) for Wo=W 8,
with respect to the function S(x) leads to an integral equa-
tion with degenerate kernel:

S 4,0x) f dx'd,(x)S(x' )= 3 Yo (x).

The general solution of this equation has the form

. o 1 ~ .
Si)= X UL, |40 Y45 (),
n=1m=1 “*n
where S (x) is any solution of the corresponding homo-
geneous equation, U,(x) are eigenfunctions, and A, are
eigenvalues of the kernel of the equation

S 4,(x) fdx’Z(x’) U,(x")=A,U,(x).

The linearly independent solutions Sj (x) form a count-
able set orthogonal to the functions U,(x). It follows from
the last equation that U,(x) are linear combinations of the
functiAons A,(x) and, therefore, the first term of the solu-
tion S'(x) [the “measured” component of S(x)] is a linear
combination of the original instrumental functions 4,(x).

The residual instrumental function Agx(x,x’) in the
least-squares method,

A (6x") = D, Ap(x)GopAp(x'), (15)
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possesses the maximum resolution that can be achieved,
since it does not distort the “measured” component of
S(x) [the relation (10) is satisfied]:

fdx’A} (x,x")S4(x")

fdx’ > A4, (x)G A, (x") X Y CA(x")
nm !

= Y CA,(x)G,,)Gu= D CA(x)=S4(x). (16)
n,m,l 1

This means that the least-squares estimate S+ (x) is an
unbiased estimate of the projection of S(x) onto the sub-
space spanned by the system of functions 4,(x), i.e., the
subspace that is accessible for “measurement” by the ex-
periment: F(x) = §4(x) (see Fig. 1a).

The estimate (14) can be obtained as a solution of the
variational problem

min ®= | dxS?(x)

S(x)
subject to the condition that (4,|S)=Y,, n=1,....N. The
expression (14) is called®’ a pseudosolution (pseudoinver-
sion), and 3,4,(x)G;,! is a pseudoinvertible operator for
the system of equations (4,|S) =Y, if the scalar product
in the S(x) space is defined as (S,5) = fde(JQS(x) and
in the space of measurements as (Y,Y)=2, ,Y,W,,Y,,.

The fulfillment of (10) for A% (x,x’) actually means
that A% (x,x’) in the least-squares method is the projector
onto the “measured” part of the space of functions S(x).
Indeed, denoting it by P,, one can show that Pj =P,. The
orthogonal (to it) projector onto the “measured” part of
the space of functions S(x) is

P}, (xx")=6(x—x") —Py(x,x").

We calculate the characteristic of the resolution intro-
duced earlier:

Sp Af = fdx Y A4,(x)G;}4,,(x)=N.

This agrees with the natural assertion that the greater the
number of measurements, the greater the dimension of the
“measured” space and Athe better, in principle, one can
construct the estimate S(x) on the basis of the measure-
ments Y, .

The error operator and its trace for the least-squares
estimate are given by

St(xx)= O An(%)GoKmGr ' Ai(x'),

n,m,lk

Sp=*t=SpKG~L

(17)

We consider from a general point of view the noise
component of the estimate S*(x). For sufficiently large
values of the nondiagonal elements of the matrix G [the
functions 4,(x), 4,,(x), ns£=m, overlap strongly, and this
is something that usually happens in practice], it may be
poorly conditioned. A consequence of this is the presence
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of small eigenvalues A of the matrix G. This may lead to an
unacceptably strong noise in S$*(x), as can be seen from
the following arguments.

We introduce the eigenvectors |g(1)) and eigenvalues
A; of the Gram matrix G:

Glg(l))=11|g(1)>’ <g(1)lg(m)>=51m'

Using the theorem on the spectral representation of G,
we can write

N 0)) 0))
18"y ¢g!”|
Gl=2 —F.
lgl /11

Substituting (19) in the expression (14) for S+ (x), we
obtain

(18)

(19)

N (Y +€m)
St(x)= X A,(x)gPglh ———"—
n,m,l /ll

(20)

It can be seen from this that the noise component of
St(x) is proportional to €,,/4;, which for small 1; may be
very large. This can also be seen from the expression (17)
for Sp 3 if we consider the special case K,,=0"6,n
Sp ==3,0%/A,.

For our numerical example, Ag;;=0.105-1075,
Amax=0.821. The addition to the exact values Y, of rela-
tively small statistical fluctuations ¢, (see Fig. 1c) leads to
dramatic growth of the noise component in the estimate
ST (x) (see Fig. 1d).

Thus, although the estimate St (x) has a finite noise
component (A,,;,70), its large value makes it necessary to
use regularization methods developed for the solution of
improperly posed problems.

A general method for suppressing the noise component
of $*(x) is to filter S+ (x) through a noise-suppressing
filter U(x,x’): S(x)—fdx U(x,x )S+(x ). If UP, =0,
then one can show that §=US 1. Moreover, any estimate
can be expressed as the result of filtering S$*(x) through
U(x,x")=Ag(x,x") of the given estimate. Indeed, using
(6), (9), and (14), we have

48+ = T a,() [ draty(x) T An(x) Gl
n m,k

=2 a,(x)Y,. 21)

n

We shall consider the most widely used methods for
choosing Az(x,x") [or a,(x)] later.

One sometimes uses a very simple estimate of So(x) in
the form of a step function that takes into account the
detection efficiency E(x) but ignores the deviation of the
resolution K(x,x’) from a § function. For comparison, we
obtain expressions for Sy(x) and its characteristics
AR(xx"), 2°(x,x"), Sp A%, Sp =°.

We seek Sy(x) in the form

S’O(X) = 2 aan(n)

in accordance with the least-squares method from the con-
dition of a minimum of the functional
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nm

¢=§H[Y

- dex,,(x)E(x) Ek)aka(x) W,

X [ Yo [ drn(mEG) T i) |
!

where y, is the characteristic function of the nth bin of the
experimental histogram:

1, xelx,,
0, x«l[x,,

X (x)= xn+1)

xn+1)

Writing [dxy,(x)E(x)y,(x)=C,, we have

SO(x)= ZX,,(X)C,,_IY”,
A% (xx")= 2 xa(x)C; 4, (x"),

0 _1 (*n+1
Sp A%= Y C, dxA,(x),
n X

n

S0xx" )= 2 Xn(X)Cy ' Wi Crlxm(x"),

Sp 0= 2 Cn_zAxrern Axnzxn+l_xn

n

Figure 1c gives §0(x) and the values of Sp 4% and Sp =°.
Comparison of these last quantities with the values of
SpAf and Sp =+ shows how improvement of the resolu-
tion in the estimate $* (x) can lead to a dramatic increase
of the noise component. Figure 1c illustrates how allow-
ance for the inefficiency E£(x) in the step estimate can lead
to an absurd result in the case of bad resolution K(x,x"):
The large values of Y, resulting from the bad resolution in
the last two bins, correctgd for the low efficiency in them,
lead to an overshoot in Sy(x).

Spectral-window method

As a regularization method, the spectral-window
method reduces to suppression of the contribution of small
A;in (19) by the introduction of a factor f(A;) under the
summation sign:®

()] 0))
Z FA) w

(22)
such that f(1)<1 and f(A) is small for small eigenvalues.
For the further analysis of the resolution and n01se of the
estimate obtained from $+ (x) by replacing G~ by G! , it
is convenient to introduce the functions

2 8,)4,(x).

1
‘I’I(X)=‘/—I
l n

Using (18), one can show that ¥,(x) form an ortho-
normal basis in the “measured” space:

(23)
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FIG. 2. The functions ¥;, ¥;, ¥s, ¥;, ¥, of an orthogonal basis in the
measured space.

1 ) 1 (k)
(V| ¥y =2 de/T,g” A,(x) e A,,(x)

n,m

1
o & Gk

=2
n,m
(k) _

1
= N2,89=65,.
% A'Iﬂ'k 8&n A8y Ik

Figure 2 shows ¥,(x) for n=1, 3, 5,7,09.
Making the substitution G~ ' G in the expression
(14) for S*(x), we obtain

S(x)=2 : V) (x)f(A)(g"| Y). (24)
T VA

From this expression we can see that

A(x,x')= ; W)(x) f(A)¥)(x"),

SpAg= 2, f(1)) <Sp 4} =N,
1
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1
S(xx)= w,(x>—ﬁf(il>g£”
!

Ln,mk

1
Kmgt (A T
Xn mf( k) Avk k(x)9

1
Sp== 2 Py AN LK gD . (25)

L,m,n

For K,,,=05,,, we have

y o2 o?
— 2 — +_ —

Sp3= 21‘,f () 7<Sp2*=3 =

The last assertion (Sp=<Sp=*) also holds, of
course, for a general form of the matrix K.

Thus, the spectral-window method leads, on the one
hand, to a deterioration of the resolution 4y, i.e., the esti-
mate f’(x) will have an additional bias compared with
St (x) as a result of the regularization. On the other hand,
the noise component of S(x) is smaller than the noise
component of S+ (x).

It is obvious that for f(1)=1 the expressions (24)
and (25) are the expressions for the least-squares method
in the spectral representation, and hence

N
AR (xx )= X Wx)W(x"). (26)
I=1
We consider the simplest form for f(4): f(A)=1 for
> ANg> Nr<N and f(1)=0 for A < llNR. Assuming
that A, are arranged in descending order, we have

N
Ag(xx')= 121 Wy(x) W y(x"). (27

Thus, whereas A% is the projector onto the entire vis-
ible space, Ay is the projector onto the subspace of it
spanned by the functions ¥,,...,¥ Ny The choice of Ny is a
compromise between a poorer resolution in the estimate
(24) and the magnitude of its noise component. We shall
consider the choice of Ny in more detail in the section
devoted to the choice of the regularization parameter.

In Fig. 3a we compare the estimate S(x) by the
spectral-window method with S(x), and in Fig. 4a we
compare Ag(xy,x) in the spectral-window method with
f(A) taken as a step function with A% (xg,x) and
A% (xg,x).

If we solve the more complicated generalized eigen-
value problem

@l)ziﬁl)’ (g(l)lKlg('n)):anm:

we can introduce a different orthonormal basis in the
“measured” space:

= 1 g0
(x)= A "
W;(x) VITI ;g,, 2(X)

It has certain advantages over the basis ¥,(x). The Fourier
coefficients of S*(x) in the basis ¥,(x) are
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FIG. 3. Comparison of the estimates § that minimize
D? for different methods. The continuous curve is the
estimate S(x) (£,70), and the broken curve is the
function S(x). As an illustration, we give at some
points as errors the values of 3(x,x)"/2 a) Spectral-
window method, Sp Ax=5.0, Sp £=6.78 - 10% b) it-
eration method, Sp 4;=5.49, Sp==1.11-10% c)
Tikhonov's method, Sp Az=5.82, Sp ==1.54- 10°
d) dual method: 0=0.3 for the continuous curve,
Sp 4g=5.70, Sp 2=1.58-10%; 0=1.0 for the chain
curve, Sp Ag=4.11, Sp ==4.97- 10*.

FIG. 4. Comparison of Agx(xy,x) (continuous curve)
with 43 (xy,x) (broken curve) and with A% (x0,x)
(chain curve) for different methods, with x,=9.4. a)
Spectral-window method, b) iteration method, c)
Tikhonov’s method, d) dual method (0=0.3 and
o=1.0).
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v,|$+)= 8PG G A Y= gy,.
( II )= = 7-1 n IYnmYUmk L k= 2 7_1
Therefore, the estimate (24) can be written in the form
A f(ﬂ'l) -~ ~
S =3 T DGO,

The coefficients of this expansion are not correlated and
possess unit variance:*’

&P 1e)(elg®)=(@" |K|g®) =5y,
and the expressions (25) take the form

Ag(x,x") = ; W (x) f(A) T x"),
Sp Ag= Ellf(i“,),

f2

S(xx')= z Wy(x) ‘l’l(x )s

f2(11)

SpE= Z

Iteration method

We consider the use of a different regularization
method—the iteration method®°—to suppress the noise in
S*(x). In the spirit of our approach, we shall use it to
construct an approximate expression for G~ . For the con-
struction of $* (x) it was required to solve the system of
equations (13), which is equivalent to the system

GC=Y. (28)

The simplest iterative scheme of solution of (28), leading
to a linear estimate of S(x), is

C(i+1)=G(i)_ (29)

where i is the number of the iteration, and 7 is a relaxation
parameter, the choice of which we shall consider later. If as
the zeroth approximation we take C(®)—=0, then we can
show that

7(GCH —Y),

i—1

ch=r Y (1—-1G)’Y.
j=0

(30)

Thus, in the iterative scheme (29) the linear estimate
at the ith iteration has the form

i—1

§O(x)= 2 7 X A,(x)(I—76)}, ¥y,

Jj=0

- ZA,,(x)G;,,}Y,,,. (31)

Here, we again denote the approximate value of G,
which in this scheme is 7 2; l0(1 7G)/, by G~ . The ex-
pressions for 4 R(x,x ) and 2(x,x") have the form of (15)
and (17) with G~ ' replaced by G~'. However, the expres-
sions for Sp Ax and Sp X are changed:
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Sp Ax=Sp G~'G,
Sp 3=Sp G~ 'KG~'G.

This scheme for obtaining the iterative estimate be-
comes more transparent if we again go over to the spectral
representation of G~! and the basis W,(x) in the “mea-
sured” space. Using the well-known representation for a
function F of a matrix G,

(32)

F(G)= X F(A)|g") (g™,
I

we can write down for the ith iteration
N -1

Gl=r2 X (1-2)7|g")¢g"].
I j=0

The sum over j is a sum of terms of a geometric progres-
sion, and this enables us to express (33) in the form

(33)

G =X %[1—(1—711)"1 187y (g"|. (34)
1

It follows from this that G~! will converge to G~! if
0 <7TAax <2. However, to reduce the bias of the estimate
S® for a finite number of iterations, it is expedient to
choose T in accordance with the condition 7=1/1,,,. In
this case, the function f;(A)=[1—(1—7A4)] at large A is
near unity, while for small A it is near zero. Using (34) for
G 1, we can express SU )(x) Ag(x,x"), SpAg, 2(x,x"),
Sp 2 for the iteration method in the form (24)—(25) with
the function f;(A1) defined above.

Thus, the iteration method again leads to a stabiliza-
tion of the estimate S(x) with respect to the input noise g,
but at the same time it makes the resolution poorer. The
choice of the number of iterations N; (which plays the role
of a regularization parameter in this case) is a compromise
between the magnitude of the noise in the estimate and its
resolution. In Fig. 3b, we compare the estimate (31) in the
iteration method with S(x), and in Fig. 4b we compare
Ag(xy,x) in the iteration method with AZ (xy,x) and
A% (x0,%).

Tikhonov’s regularization method

In this method,!® the estimate of S(x) is determined
from a functional that generalizes the least-squares func-
tional:

b= z (Yn_f’n) an(Ym_?m)

n,m

afdx

where the second term is called the stabilizer, and a >0 is
a regularization parameter.

We consider the case k=0. Variation of (35) with
respect to S(x) leads to the following equation for .§’(x):

d*s(x)1?

—ZF | (35)

aS(x)+ 2 Ay(X) Wy | dx’4,,(x")S(x")

n,m

=Y Ay(X)W Y- (36)
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Therefore, S (x) can be written in the form

n 1 A

S(x)= 2 A() 2 an{Ym— f dx' Ay (x")S(x")
n m

= > A, (x)A,. (37)

Substituting (37) in the definition of A,, we arrive at a
system of equations for A,:

1
A=—W[Y—-GA],
a

which can be represented in the two equivalent forms
[al+WGIA=WY, [aK+G]A=Y,

and accordingly the solution can be expressed in the two
forms

A=[al+ WG]~ WY, (38)

A=[aK+G]~'Y. (39)

As follows from (37) and, for example, (39), the es-
timate S(x) obtained by Tikhonov’s regularization method
is, as in the prevxous methods, obtained from S+ (x) by
replacing G~ ! by the approximate value

“'=[aK+G]™! (40)
Using the notation (40), we can write
$(x)= 3 4,(x)G,\ Y.,
hm
A(xx') = 2 Ap(x) G 4,(x"), (41)

Sp Ag=Sp GG,

= 3 A4,(x)G; K G Ax(x"),

nmIk
Sp2=Sp G~ 'KG'G.

2(x,x")

If we assume K,,,=0"8,,, and go over to the spectral
representation (40),

G-'= Y [ad®+A]17"1g") (g
!

=Y f(’l’)| My (g,

where f(1)=1/ (ad?+A), then the expressions (41) can
be expressed in the form (24), (25) with replacement of
the previous f(4) by the new one. Accordingly, the con-
clusions drawn concerning the spectral-window method
will also hold for Tikhonov’s method. In Fig. 3c, we com-
pare the estimate by Tikhonov’s method with S(x), and in
Fig. 4c we compare Az(xo,x) in Tikhonov’s method with
A3 (x0,%) and A% (x,x).

We consider the case k=2, following Ref. 1. In this
case, the variation of (35) with respect to S(x) leads to the
following equation for S(x):
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d*S &
o+ 2 An(X) Won f dx' A, (x')S (x")

= > 4,xW,,Y,, (42)

with the boundary conditions
d25‘6 dS\(* &S . °
dx? (dx)‘

If we know S|,_ —dS/dxlx 2> then, requiring
d?S/dx?| - »=d°8/dx*| ,_,=0, we can find the solution of
(42) as follows. For these boundary conditions, there ex-
ists a Green’s function for the equation

d*F(x,x') d*F(x,x") ,
ax*  — dx* =8(x—x"),
and it has the form
(x—a)*(3x'—x—2a)/6, x<x’',

F(xx')= (43)

(x' —a)?(3x—x'—2a)/6, x>x'.

Multiplying Eq. (42) by the Green’s function (43)
and integrating over x, we obtain

A 1 n
S(x)=7 ) Un(x)an[Ym_ fdx’Am(x')S(X’)

= % U,(x)A,,
where
U,(x)= de'F(x,x’)A,,(x'). (44)
Proceeding as in the case for k=0, we obtain
A=[aK+M]7'Y, (45)

where
M, - fdxdx’A,,(x)F(x,x’)Am(x’).

Thus, in this case the estimate S (x) and its characteristics
have the form

S(x)= 2 U,(x)[aK+MM ], Y,,

Ag(xx')= 2 U,(x)[aK+M1; 4,(x"),

SpAR=Sp[aK+M]_1(A|U), (46)

S(xx')=2 U, (x)[aK+M]—‘K,,,,[aK+M]-‘U (x"),

Sp 2=Sp[aK+M ] 'K[aK+M]~(U|U).

The fact that the estimate in this case is a linear combina-
tion of the functions U,(x), and not 4,(x), can be ex-
plained as follows. The stabilizer for k=2 is not the L,
norm, which we used earlier, but
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|15]1>= fdx[dZS/dx2]2,
which corresponds to a scalar product in the form
(5|8)y= f dx(d’S/dx?) (d2S/dx?).

Then, assuming that S =dS% 4/dx=0 for x=a, and using
the boundary conditions for S '(x) and the condition of
orthogonality of S,(x) and S 4 (x) for this scalar product,
we can write

(S4]8%)= f dxSy (d*S /dx*) =0.

This condition will be satisfied if d*S ,/dx* is a linear com-
bination of the functions 4,(x), as Eq. (42) requires, and
S (x) is, accordingly, a hnear combination of the functions
U,(x).

The expressions analogous to (46) for the boundary
conditions

d*S/dx?| o =d’S/dx’ |, =d?S/dx | _,
=d3$/dx?|,_»=0

can be found in Ref. 1. As can be seen from tl}e numerical
example considered in Ref. 1, the estimate S(x) is very
close to the solution for £=0.

In Ref. 11 a different approach was considered for
k=2. It is based on representation of S(x) in the form

I

S’(x): z atbi(x)’

i=1

where b,(x) are B splines, with I<N. .4 Substitution of this
expression in the least-squares functional gives

Prsm= 2 (Y ZAmax) nm ( EAm]a)

nm
=aTATWAa—a"A"TWY - YWAa+- YWY,

where the matrix 4 is equal to 4,,=(4,,| b;). We introduce

the eigenvectors and eigenvalues of the matrix G=A47 WA:
Gg=2f, (8" |8g")=8im, I=1,..1

Substituting in the first term of the functional the spectral
representation of the matrix G,

_ ;gl)/llg”)

we rewrite it in the form

a’Ga= 2 ag ”/l,g”)a = a,
7

bij
where the new, a;, and old, a;, parameters are related by

01—\/_1281 a;, a= z \/_g([)~

Substitution in the functional of the expression for q; in
terms of a; and minimization of the functional with respect
to a; gives for them the estimate
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(!
In 2 7"1& )AnianYm'

It can be shown that the covariance matrix of the estimates
L, . . .

a ; is equal to the unit matrix I. It follows from this that
the variance of a;,

D(a)= 2 (&")YA,
!

becomes unacceptably large in the presence of small A,;.
Therefore, it is necessary to use a regularization. The au-
thor of Ref. 11 proposes that one should find an estimate of
the parameters a; from Tikhonov’s functional for k=2:

@ 2 2 r
<D=¢LSM+E de[S"(X)] =(DLSM+Ea Ca.

After transition in the stabilizer to the variables q;, we can
write

1 1
TCa= () C;i tmg =a’Ca.
a'Ca 2018, (/‘LI ij hmg‘] am=a Ca

Introducing the eigenvectors and eigenvalues of the matrix
¢,

CifP=p D, (fO|fmy=6,,, I=1,..,1,

we write @’ Ca in the form

WTCam T f s Y= 3 i,
]

Lm,i

where

=~ ~ =~
Efz(t)az, a= Zf() a;, 2‘11= Eai-

1 i
Substitution of a;, expressed in terms of (7,-, in the remain-
ing terms of the functional ® and differentiation of it with
respect to a; gives

N |
z (1+Tl"i)_l ;I)ng'l)Aananm

Lj,nm A'l
=(14m,) "' & (r=0).

Thus, the regularized solution is close to the unregularized
one for 7u;<€1 and is close to zero for 7uy 1, suppressing
the contribution of the strongly noise-generating a,(7=0).

The author does not introduce a residual instrumental
function Ap, asserting that by the choice of a the system-
atic error can be made much smaller than the statistical
error. This, of course, is true, but at the same time the noise
component of the estimate may become unacceptably
large. In addition, it remains an open question whether or
not b;(x) belongs to the “measured” space.

The numerical example of this study was used here to
illustrate unfolding by the maximum-entropy method. The
estimates § (x) and their statistical errors in the two meth-
ods were found to be quite close to each other.
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Dual method

Conceptually, this approach follows the studies of
Refs. 7, 12, and 13 and is as follows. Let 4,(x,x’) be a
resolution function with the desired properties. We intro-
duce a “distance” between Ay(x,x’) and the function
Ag(x,x"), which has the form (9) (Hilbert-Schmidt
norm):

|4z — Aol

= fdxdx' [Ar(x,x") —Ag(x,x") 1 [Ag(x’,x) —Ap(x',x) ]

- fdx S 4,(X) Gy —2 f dxa,(x)b,(x) + B,
nm

(47)

where

b,(x)= fdx'A,,(x’)Ao(x,x’),

B= fdxdx’Ao(x,x’)Ao(x’,x).

We now seek a,(x) from the condition of a minimum
of the “distance” between Az and 4, under the condition
that Sp X [see (11)] is equal to ¥;. In accordance with
Lagrange’s method, this problem reduces to the determi-
nation of the stationarity point of the functional

O =||Ag—Ao|3+A[Sp =—n1]. (48)

Varying (48) with respect to a,(x) and differentiating
(48) with respect to A, we obtain

Y [AK+ G up@m(x) =b,(x), (49)

If not all b,(x) are equal to zero, i.e., the “measured”
spaces Ay(x,x") and those of the problem (3) overlap, then
(49) has the solution

a,(x)= 2 [AK+G]ibp(x).

m

(51)

Substiguting a,(x) from (51) in (6), we obtain the esti-
mate S(x), from which we can find an expression for Sp =
containing A. Substituting this expression in (50), we ob-
tain for A the equation

Sp[AK+G]'K[AK+G]~(b|b)=7;. (52)
Using for S (x) the expression (6), we have [Sp 2 is deter-
mined by the expression (52)]

S(x)= 2 bu(X) [AK+G] 1 Y.

Ar(x,x") = 2 bp(X) [AK+ Gl A,(x"),

(53)
Sp Agx=Sp[AK+G] ~!(4|b),
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Sxx)= 2 by(x)[AK+G] K

n,m,i,j
X [AK+G];'b;(x").

We take as Ay(x,x’) the operator 45 (x,x’). Using the
definition of b,(x), we can show that in this case
b,(x)=A,(x), and the estimate (53) is equal to the esti-
mate (41) of Tikhonov’s regularization method if the La-
grangian multiplier A is identified with the regularization
parameter a. In this way, Tikhonov’s regularization
method acquires a new interpretation when it is used to
solve the problem (3).

On the other hand, using the definition of b,(x) we can
write

S(x)= f dx'Ag(x,x") 3, Ay(x") [AK+ Gl ¥,
n,m
ie., S (x) is the instrumental response A,(x,x’) to the es-
timate of S (x) by Tikhonov’s method. .
The proposed approach to obtaining the estimate .S'(x)
has a symmetric formulation: We shall seek a,(x) from the
condition of a minimum of Sp 2 under the condition that
l4g—Aol|5=7>- Such a problem reduces to the search for
the stationary point of the functional

©=Sp Z+A[||4dz—Aol5—7.]- (54)

Variation of (54) with respect to a,(x) and differentiation
of (54) with respect to A leads to the equations

1
2 |7K+G| an(x)=b,(x), (55)
4z —Aoll3=7>- (56)

Comparing (49) and (55), we see that the functions
a,,(x) in the two formulations differ only in the equation
for the Lagrangian multipliers. Therefore, the conclusions
tpat we drew concerning S(x) in (46) are also true for
S(x) in (54).

For the numerical illustration, we chose Ay(x,x") in
the form of a Gaussian function: 45(x,x')=N (x’|x,02).
Figure 3d gives two estimates of (51) with 0=1.0 and
0=0.3. It can be seen from the figure that the estimate
with 0=1.0 has a large systematic error. This is explained
by the fact that in this case b,(x) in (53) are too “broad”
to describe the behavior of S(x). Therefore, in the other
figures we also give an estimate and its characteristics with
o much smaller than the o in the original resolution func-
tion K(x|x'). Note that in this case the estimate differs
little from the estimate by Tikhonov’s method for k=0. In
Fig. 4d, we compare Ag(xy,x) in this case with 4% (xq,x)
and A%(xo,x).

On the optimality of Tikhonov’s method

Given the existence of several methods of estimating
S(x), it is natural to ask which is the best of them in
accordance with some criterion. As the criterion, we con-
sider the mean distance between the “measured” compo-
nent S (x) and the required estimate S(x):
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A PO

= J.dx[SA(x)—ARS]2+Sp 3. (57)
The value of Dﬁ is determined by the systematic error [first
term of (57)] and the statistical error [second term of
(57)]- Minimization of (57) with respect to 4, would lead
to the optimum estimate S(x) However, since the system-
atic error contains the unknown function S '4(x), this prob-
lem cannot be solved.

However, it is possible to find the optimum A under
weaker conditions. We find an expression that majorizes
Dﬁ. Using the expressions

Af = Y A4,(x)G;,),,(x),

S(x)=84(x)+584 (x),
A;S=A;SA=SA ’

Ag= D, an(x)A,(x),

Sp== D,

n,m

dxa,(x)K,,a,(x),

which we obtained earlier, we can write
D= [ axl (Ui A0S +5p

<||45 — ARSI+ Sp Z=M(4p),

where || A% —Ag||3 is the operator norm (Hilbert-Schmidt
norm), which is consistent with the norm

ISal= [ axtsyoo12
We now find an expression for 4z from the condition

of a minimum of M(4y). Substituting in M(A4) the ex-
plicit expressions for A}, Az, and Sp =, we obtain

M(Ag) =

N—2> fdxa,,(x)A,,(x)

+ 2

A%, (%) Gyair (%) | 1S 412

+ 2 | dxa,(x)Kpman(x). (58)
nm
Varying (58) with respect to a,(x), we obtain
1
D |l K+G| a,(x)=4,(x). (59)
w LS4l m

Substituting the expression for a,(x) from (59) in the ex-
pression for 4, we obtain

AR(x,x )— ZA (X)

WK+G] A,(x').  (60)
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FIG. 5. Dependence of ||4% —Ag||3 on Sp =. The continuous curve rep-
resents the spectral-window method, the broken curve is for the iteration
method, the dotted curve is for Tikhonov’s method, and the chain curve
is for the dual method.

Comparing (60) with 4z from (41), we see that the
Ap that minimizes M (AR) is the A of Tikhonov’s method
for k=0 when a=1/||S,||>

However, will this property of minimality of the ma-
jorant for Tikhonov’s method be preserved for other values
of a? It is interesting to compare the values of M (A4y) for
the different methods for the same value of the statistical
error Sp 3. If we set Sp ==, then, since ||S||? is a con-
stant, the minimum of M(AR) means the minimum of
|l4% — Agl|%. Hence, the A, that gives such a minimum is a
stationary point of the Lagrange function

O=||45 —Agl3+A[Sp =—7].

However, it was shown in the previous section in the anal-
ysis of the functional (48) that this will be A g for
Tikhonov’s method for k=0. The numerical calculations
given in Fig. 5 illustrate this assertion.

Thus, Tikhonov’s method is optimal from the point of
view of the following criterion: a minimum of the majorant
of the systematic error for a given value of the statistical
error.

On the choice of the regularization parameter

By the regularization parameter @ we shall here un-
derstand 1/Np in the spectral-window method, the inverse
1/N; of the number of iterations in the iteration method, «
in Tikhonov’s method, and A in the dual method. It is
obvious that the optimal value of a will be the one that
minimizes D2 It was for this value that we gave the esti-
mates $(x) in in Fig. 3. In a real experiment, it is impossible
to calculate D2 and one can rely only on analysis of the
following quantities: Sp =, the characteristic of the noise
component; Sp A or ||4F — Ag||3, the characteristics of the
resolution (systematic error); and
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n,m

the characteristic of the degree of agreement between §(x)
and the experimental data.

Graphs of these quantities are shown in Fig. 6.5 It can
be seen from them that for the considered model only the
dependence of Sp 2 on a has a singularity in the region of
the minimum value of D?. In the majority of considered
cases, Sp 2 begins to increase sharply near the optimum
values of the regularization parameter, and this can be
exploited in its choice.

The choice of the regularization parameter on the basis
of the residual principle'* is well known. In our treatment,
this means choice of the value of a on the basis of the
condition ®(S) =N. It can be seen from Fig. 6 that except
for the version in Fig. 6a (spectral-window method) the
residual principle leads to a value of a that lies to the right
of the optimum value of a. The estimates Ky (x) correspond-
ing to this principle for choosing the value of a are given in
Fig. 7. It can be seen from these figures that, except for the
estimate by the spectral-window method (Fig. 7a), the
estimates S(x) are fairly close to the estimates S'(x) for the
optimum value of a.

The residual principle can be given the following inter-
pretation. Except for the dual method,
Y,(8)=(GG™'Y),~ Y, for the methods as a—0. Thus,
fixing a on the basis of the condition ®(S) =N is actually
tantamount to the requirement that on the average the
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larization be equal to the measurement error Y,.

In the previously mentioned paper of Ref. 11, in which
the solution was sought in the form of an expansion in B
splines, a specific method of choosing the regularization
parameter was proposed. In our approach, this method can
be interpreted as the choice of the parameter on the basis of
the condition

> f(A,a)<N,,
1

where N, is the number of statistically significant coeffi-
cients in the spectral representation of the estimate.

Use of a priori information

It is sometimes known that a measured differential
cross section is close to a known function Sy(x). In this
case, it is natural to seek an estimate in the form
S(x) So(x)+Z(x), where Z(x) is an unknown func-
tion. Then the connection between the measurements of Y,
and Z(x) can be expressed in the form

Y, =Y+ fdxA,,(x)Z(x) +£,,

where Y(,),= f dxA,(x)Sy(x), and, more succinctly,
¥,= fdxA,,(x)Z(x) +en) (62)
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FIG. 7. Comparison of estimates obtained from
the condition ®(S)=N _(_continuous curve) with

estimates that minimize D, (broken curve). As an
illustration we give at some points as the errors
the values of E(x,x)‘/ 2 a) Spectral-window
method, Sp 4z=6.00, Sp £=2.56- 10%; b) itera-
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d tion method, SpAz=5.01, SpZ=6.07-10%
c) Tikhonov’s method, SpAz=5.46, SpZX
=9.40-10% d) dual method, SpAz=543,
Sp2=1.02-10°.

where Y,=Y,— Y°. The expression (62) is formally iden-
tical to (3). Therefore, using for Z(x) the expression (14)
with Y, replaced by Y,, we obtain for S(x) the result

S+ (x)=So(x) + EAn(x)G;;(Ym— o). (63)
Averaging the expression (63), we obtain
(@) =So(x) — 3 4G fdx'Am(x)So(x)
+ 2 4,06z f dx' A, ()S(x).  (64)

Recalling that the expression (15) is the projector onto
the “measured” space, we see that S (x) is equal to Sy(x)
from which its projection onto the “measured” space has
been removed and the projection of the true fqnction S(x)
is inserted. As before, the noise component S*(x) is de-
termined by the expression (17) for =% (x,x’). It is obvi-
ous that, as before, the one or other regularization method
reduces to the replacement of the matrix G by the corre-
sponding matrix G. Figure 8 gives estimates of the cross
section (96) for Q2= 50 GeV?%/c* without and with the use
of Sp(x)=c/x.

The use of other general a priori information S(x) >0
will be considered in the following section.

In conclusion, we emphasize the following:

1) when histograms are used as experimental informa-
tion, the expressions Az(x,x’) in the dual method and
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Tikhonov’s method, and also D?, =(x,x’') in all methods
become approximate on account of the need to use
Knm = 6nm Yn ;

2) all the methods that we have considered to obtain
estimates reduce to regularization of the least-squares esti-
mate (pseudoinversion) by replacement of the matrix G by
the corresponding G(a);

3) in general, we do not completely achieve our aim,
which is that of obtaining a model- and detector-
independent estimate; the residual instrumental function is
not equal to the 6 function, it depends on the instrumental
functions 4,,(x), which are determined by the properties of
the detector, and, in addition, the functions 4,(x) may be
model-dependent.

Use of linear estimates §(x) in parametric analysis

When there exists a parametric model for S(x): S(x)
= f(x|a), where a is a vector of parameters, there arises a
problem of estimation and verification of the hypothesis
that f(x|a) does not contradict the experimental data Y.

This is often done in the following way. One first solves
the inverse problem and finds the estimate of S(x). One
then goes over from this estimate to M independent statis-
tics Z,,,:

2m= fdx¢m(x)‘§(x),

where @,,(x) is a set of linearly independent functions, and
M<N. For example, @,,(x) may be the characteristic func-
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FIG. 8. Comparison of estimates of cross sections obtained using a priori
information [broken curve, Sy(x)=c/x] and without it (chain curve).
The corresponding differences of the cross sections and estimates are
given in the lower part of the figure.

tion of the mth bin of the histogram or @,,(x) =6(x—x,,),
where x,, are the coordinates of the center of the mth bin.
The estimate of the parameters 4 is sought from the min-
imum of the functional

=2 [Z,— (.| f(x|2))1D(Z);m

X [Zy—(Pm| f(x]2))],

where D(Z) is the error matrix of the statistics Z . For
definiteness, we shall assume that the estimate S(x) has
the form

$(x)= X 4,(0)G,, Y,
nm _
Substituting it in the expression for Z,,, we obtain

= 2 A@m|42) G (4)]S).

n,l
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It can be seen from this that Z differs from

Z,,=(,,|S) even if ¢,,=A,, but G~ ;&G ! (ie., any of
the regularization methods has been used). In general, this
may lead to bias of the estimate of a even in the limit
N- oo.

It seems to us that the most consistent approach in
parametric analysis is to give up the use of S(x) and return
to the direct measurements Y,. This means that the esti-
mate of the parameter vector a must be sought by the
method of least squares (y* method) from the minimum of
the functional

D= Y (Y,—(4,|f(x]a)))K,,,

X (Y,— (4| f(x]a))).

2. NONLINEAR ESTIMATES

Nonlinear estimates are nonlinear functions of the
measurements, and this leads to considerable difficulties in
obtaining 2(x,x") and to the absence of Az(x,x’). There-
fore, in our opinion their use is justified when one uses the
a priori information S(x) >0 when without it the linear
estimates are unacceptably bad.

Correction-factor method

This method is very widely used at the present time,
although there do not exist publications that justify it.
Therefore, we shall rely on our own paper of Ref. 15.

There exist two forms of the correction-factor method.
We begin with the one most widely used—the bin-in-bin

-correction method (see, for example, Ref. 16), which pro-

ceeds as follows: the Monte Carlo method is used to gen-
erate events whose distribution with respect to the variable
x is described by the function S;(x); from it the histogram
S? with respect to the variable x at the entrance to the
detector is constructed; the histogram Y is then con-
structed after analysis of the response of the detector to
these events; as corrected data one takes the histogram

S(O) S(O)
A S — 75; Y =—""—"F7""—
Jdx4, (x)So(X)
Figure 9 gives the histogram Sf,” and the histogram S,
obtained from S'(x) [S(x) is taken from the example of the

previous section, and S,(x) was obtained from S(x) by a
10% change of the parameters of S(x)]:

(65)

Sp= J-dxXn(x)S(x),

1/(xn+1_xn)’

0, x€¢ [xn:xn+1]-

xXe [xn’xn+1]

Xn(x)=

It can be seen from Fig. 9 that .§'f,” remained close to
their measurements Y,. The explanation for this can be
seen in the following considerations.

We write the relation (3) in the form

S(x )

St (66)

= fdxA (x)So(x) ———
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FIG. 9. The broken histogram is .S, obtained from the function S(x); S‘E,”
is the estimate of S, in the correction-factor method after the first itera-
tion.

If we have fulfillment of at least one of the two condi-
tions (a) the functions 4,(x) are fairly narrow and con-
centrated near the points X,= (x,,;+x,)/2 (good resolu-
tion, narrow bin) or (b) the function Sy(x) is fairly close
to the function S(x), so that S(x)/Sy(x) =const in the
neighborhood of x,, then we can write down the approx-
imate equation

"NSo( ") fdxA (x)So(x) +¢,

or

So(x,)
)NfdxA (x)Sp(x) Y,.

Multiplying (67) by x,,;—x,, we obtain an approxi-
mate analog of the expression (65). It can be seen from
these considerations that a bad resolution and appreciable
dev1at10n of Sy(x) from S(x) have the consequence that
A S have not departed appreciably from the original mea-
surements Y.

Another more complicated form of the correction-
factor method takes the relation (65) as the first step of an
iteration process

S(x, (67)

S(’ 1)
[dxA,(x)S— 1>(x)

where S~V (x) =2,Sf,"l)xn(x). Figure 10 shows S® ob-
tained at the end of the iteration process on the basis of the
condition max | (S{?—SU~1)/8()| <0.01 (number of it-
erations 85). It can be seen from the figure that the insta-
bility of the solution of the problem with respect to the
fluctuations of Y,, which we mentioned in discussing the
least-squares method, is also manifested in this approach.
This can be understood from the following considerations.

S(l)

(68)
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FIG. 10. The broken histogram is S, obtained from the function S(x);
S, §(=) is the estimate of S, by the correction-factor method on stabilization
of the solution.

We write the denominator of the relation (68) in the
form

[ et ) S5m0 = S S,
m m

where A,,,=(A4,|xn)- The condition for stabilization of
the iteration process means that

Y,
s oi=D ~1,
2 A nmSm

i.e., on stabilization, we have the approximate equation®

> A4,SiVxy,. (69)
m

However, the matrix 4,,,, like the Gram matrix G,,,, may
have small eigenvalues, and this leads to an unacceptably
large noise component of .§’f,°°).

The picture is radically changed if Y, is replaced by
Yy s 1.€., in the absence of fluctuations of Y, (Fig. 11). The
histogram S = [ dxS™ (x) X»(x) obtained from the least-
squares solution is much closer to S,. This reflects the fact
that S + was sought in the form of a linear combination of
the functions A 2(x), which form a basis of the “measured”
space, while S °°)(x) was sought in the form of a linear
combination of y,(x). The difference of S, §() and S * from
S, characterizes the minimum systematic error of the least-
squares method and correction-factor method.

Speaking generally, the correction-factor method is
thus a regularization method whose parameter is the num-
ber of iterations. If the number of iterations is chosen to
minimize D?=3 (S(i) S, )2, then we obtain the 5'(")
shown in F1g 12 (four iterations). We also give there
ST fdeT(x))(,,(x), where ST(x) is the estimate in
Tikhonov’s method for a minimum of D?
= [dx[ST(x)—S(x)]* In this case, we obtain sensible es-
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ken histogram is S, obtained from the function S(x); $¢=) is the
correction-factor estimate on stabilization of the solution; S+ is the least-
squares estimate.

timates $°, but both estimates S’ and $7 acquire an
additional bias on account of the regularization. Because of
the nonlinear procedure for obtaining the estimates, we can
neither calculate their statistical errors nor give a charac-
teristic of the systematic error in analytic form. We merely
note that in the correction-factor method one gives as sta-
tistical errors the errors obtained in the first iteration,
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FIG. 12. Comparison of the estimates by the correction-factor method
and Tikhonov’s method from the condition of a minimum of D? in the
presence of errors in the measurements. The broken histogram is S, ob-
tained from the function S(x); S is the estimate in the correction-factor
method; S is the estimate in Tikhonov’s method.
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which we show in the figures. As can be seen from com-
parison of Figs. 9 and 10, these will be clear underesti-
mates, since with increasing number of iterations they in-
crease. Note that the values of 3‘5,") become correlated from
the second iteration. At the same time, for 3',7; we can
calculate the error matrix X and the residual instrumental
function Ag,(x):

>=ATG'KG~ 4,

Agy(x) = %A,fké;:l‘Az(x);&x,,(x).

In the analysis of real data, D?is, naturally, unknown,
and to choose the optimum value of the regularization
parameter—the number of iterations—it is necessary to
use other criteria, not a minimum of D? In the previous
section, we considered the problem of the choice of the
optimum value of the regularization parameter for linear
estimates on the basis of an analysis of Sp 3, Sp 4, y* In
the case of the correction-factor method, y” remains avail-
able for analysis. In accordance with the residual
principle,'* the regularization parameter is determined
from the condition y*=N. For Fig. 12, y*=22.9. It can be
seen from it that for the optimum number of iterations the
value of XZ can deviate appreciably from N.

In the NA4 experiment (see, for example, Ref. 18), an
iteration process based on the relation (67) was used to
estimate the structure function F 2(x,QZ). However, in con-
trast to the previous treatment [the relation (68)], it was
written in the form

S(t—l)(x )
[dxA,(x)S"— 1)(x|a)

where S~")(x|a) is a parametric function whose param-
eters are determined from the fit of SU~V(x |a) to
St=D (x,). In this case, the stabilization condition leads to
the approximate equation

SO (x,)= (70)

fdxA,,(x)S’“_”(x|a)zYn (71)

In Fig. 13, we give S(=) (x,) for such an approach (20
iterations).

Note, however, that in place of the parametric function
we have used the spline approximation 3’“‘”(;? ). It can
be seen from Fig. 13 that in this approach the noise com-
ponent S(°°)(x ) is unacceptably large. However, compar-
ison of it with Fig. 10 shows that the noise component is
smaller than in the step approximation of S, §(=) 1t appears
that the algorithm (70) is more stable to the fluctuations of
Y,. If in place of ¥, we use ¥,,, the result is better than in
Fig. 10. However, the systematic error is still quite large.

Figure 14 gives the estimate 3'(")(2,,) (i=3, X2=6.5)
obtained from the condition of a minimum of
D*=3,(S(%,) —S™(%,))? and the values of $7(%,) ob-
tained by Tikhonov’s method.

Thus, for the solution by the correction-factor method
one can calculate the noise characteristic after one itera-
tion, but the solution contains a systematic error, which
depends on the function Sy(x) (model dependence).
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FIG. 13. The broken histogram is S, obtained from the function S(x);
S{=)(x,) is the estimate in the correction-factor method [Eq. (70)] under
the condition of stabilization.

With regard to the solution of the correction-factor
method in accordance with the iteration scheme, we can
draw the following conclusions:

the correction-factor method reduces to the solutions
of the systems of equations (69) and (71) in the absence of
noise in Y,,;

the exit from the iteration process using the stabiliza-
tion criterion can lead to an unacceptably large statistical
error;
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FIG. 14. Comparison of estimates in the correction-factor method [Eq.
(70)] and in Tikhonov’s method. The broken histogram is .5, obtained
from the function S(x); ${?(%,) is the estimate in the correction-factor
method, and SZ (x,) is the estimate in Tikhonov’s method.
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by choosing a smaller than optimal number of itera-
tions, one can make the statistical error acceptable;

it is difficult to interpret the estimate based on the
correction-factor method, since, the procedure being non-
linear, it is impossible to calculate the characteristics of the
noise and the systematics in the estimate;

the estimate by Tikhonov’s method was found to be
better, and for it one can calculate the characteristics of the
noise and the systematics.

Examples of the use of other nonlinear iteration
schemes can be found in Refs. 9, 19, and 20. However, it
appears to us that, without the use of a priori information,
such nonlinear estimates have only one advantage, the sim-
ple computational algorithm, but at the same time one
loses the possibility of a statistical interpretation of the
estimates.

It seems to us better to use nonlinear estimates that are
obtained in conjunction with a priori information on the
positivity of S(x).

Estimates satisfying the property é(x)>0

In Ref. 21, the functional (35) of Tikhonov’s method
was algebrized for k=0. This was done by using some
numerical quadrature formula, and the integrals were re-
placed by sums and the function S (x) by the vector S of its
values at the integration point S;=S(x;), i=1,...,I. Then

I
¢=z(n—2AAJmm
n,m i=1

1
X (Y,,,— » Amjsj) +a ) S5 (72)
j=1 i
As an estimate .§‘,-, one takes the vector .S; that minimizes
(72) under the restrictions S;>0. Numerically, the prob-
lem is solved by the iteration method of Ref. 22. In Ref. 23,
an estimate S’,->O is sought from the functional (72), in
which 3,57 is replaced by Z/(S;,,—2S;,;+S;)? which
corresponds to Tikhonov’s method for k=2. The details of
this approach can be found in Refs. 24 and 25. Unfortu-
nately, the authors analyze neither the systematic nor the
statistical errors that arise in such a method of estimating
S'(x). All that is obvious is the fact that the transition from
S(x) to S(x;) with interpolation between the points x;
during the integration already leads to a systematic error.
The desire to reduce this error leads to a large value of 1
and, therefore, to a high dimension of the problem. Note
that the dimension of the problems of obtaining linear es-
timates is always equal to the number of measurements Y,,.
A more advanced method in the sense of the interpre-
tation of the estimate is the approach proposed in Ref. 3. In
it, the estimate S(x) is sought in the form S(x)
=exp{Z(x)}, and this automatically ensures that it is pos-
itive. The problem is then also algebrized by replacing
Z(x) by Z;=Z(x;). In the calculation of the integrals
JdxA4,(x)S(x), a linear interpolation Z(x) between the
points x; was made. To estimate Z;, Tikhonov’s method for
k=2 was used. The functional, which is nonlinear in this
case, was minimized by means of the program FUMILI.2
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Besides the minimization, the program estimates the error
matrix of the parameters Z;, and this, in its turn, makes it
possible to calculate an approximate matrix of estimates of
S(x;). Moreover, the authors obtained an expression Ag
for the “quasiresidual” instrumental matrix for Z;, the de-
viation of which from unity characterizes the systematic
errors in the estimates of Z;:

Ofn ., Ofn
(AR)iy= ZZk'l W, ax (73)
where
af,  af, dg; 9g;
2= En: 9z, W a_z,.+a 2 5 ax; dx;’
= J-dxA,,(x)exp{Z(x)},

8(2)=2,,,—-22, ,+2Z,,
in which g;(Z) is the finite-difference second derivative.
The error corridor of the function S(x) is given approxi-
mately by

5*(x) =exp{Z;= (252,
where

afn fw
Wnaz, Zin

Z ka

ijn
The numerical examples given in Ref. 3 show that the
expressions for A4z and =Z calculated in the last iteration
are fairly accurate. In the same paper a study was made of
the systematic and statistical errors of functionals of S(x):

D= f dxD(x)S(x).

The program written on the basis of this approach has been
used for many years at the Institute of High Energy Phys-
ics to estimate the spectra of scattered neutrons by means
of Bonner spheres. In this case, 4,(x), n=1,..., N=5-7,
are the response functions of N independent detectors. The
small number of measurements and the very “broad” func-
tions 4, (x) make the use of the information S(x) > 0 sim-
ply essential here. This is illustrated in Fig. 15, which gives
the estimate S(x) by Tikhonov’s method with and without
the use of this information.

Maximum-entropy principle

This principle for obtaining an estimate of .S(x) enjoys
quite wide popularity (Refs. 27-31 and 40). The fact is
that this principle ensures not only positivity of the esti-
mate S(x) but also has an information statistics justifica-
tion. Whereas, for example, Tikhonov’s method proposes
that among all functions S(x)=Cp(x) that satisfy the
given experimental restrictions one choose the solution
with the minimum norm ||S||, this principle proposes that
one should choose the one that has maximum entropy H,
which is equal to

H(p)=— de In p(x)p(x). (74)
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FIG. 15. Recovery of the spectrum of 252Cf. The continuous curve is the
true spectrum, the chain curve is obtained by the linear method of esti-
mation, and the broken curve by the nonlinear method.

Classical examples of the use of the maximum-entropy
principle demonstrate that the choice of (74) as a measure
of the uncertainty of p(x) is sensible.

1. The distribution that maximizes the entropy on the
interval [a,b] is the uniform distribution p(x)=1/(b—a).

2. On the axis (— w0, ) the function that maximizes
(74) and has ¥=p, (x—p)? = o? is the Gaussian distribu-
tion with these parameters pu and o.

In Ref. 27, the case when nothing is known about the
distribution ¢, was considered. In our exposition, we shall
follow Ref. 28.

To solve our problem, it is natural to seek the estimate
of p(x) on the basis of the condition of an extremum of the
functional

2
D=2, w,,ly,,—c fdxA,,(x)p(x)] —aH(p)

+/ll fdxp(x)—l],

where C=1/[dxS(x), and A is the Lagrangian multiplier
of the term that takes into account the fact that p(x) is
normalized. The function p(x) that extremizes the func-
tional (75) for given a must, first, be compatible with the
experimental data Y; and satisfy the normalization condi-
tion and, second, must have maximum entropy, i.e., must
be the least informative estimate. Then one reduces the risk
of including in j(x) information that is not needed to de-
scribe the experimental data. This is the main attraction of
using the maximum-entropy principle for regularization.

In addition, the use of H(p) as a stabilizer leads, as we
shall see, to positivity of p(x), i.e., to automatic allowance
for the only accessible a priori information of a general
nature.

(75)
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We first consider the case when C is known, i.e.,
E(x)=1and 1/C=32,Y,. Variation of the functional (75)
with respect to p(x) gives the following equation for p(x):

o
- — Y,—-C
(%) alnp(x)+a 22,:,w,, [ n

X fdx’A,,(x’)p(x’)]CA,,(x)+/l
=0. (76)
Introducing the notation

2Cw,

ay=———

Y,—C deA (x)p(x) |,

(77)
y=—1-A/a,

we can write a formal solution of Eq. (76) in the form

(78)

p(x)=exp{y+ ZaiAi(x) .

It can be seen from the expression (78) that positivity of

the estimate p(x) is ensured by its functional form.
Substitution of (78) in the equation

g/l= dep(x)—l:O (79)
enables us to eliminate ¥ and write #(x) in the form

p(x|a)=exp| 2 ant(x) |/Z(a), (80)
where

Z(a)= fdx exp ga,,A,,(x)]. (81)

The equations for the parameters a, are obtained by
substituting (80) in (77):

a
F,=Y,—CC\(a) —55—,=0, (82)
n

where

C,(a)= fdxA,,(x)ﬁ(xla).

The system (82) is nonlinear with respect to the parame-
ters a,. We shall describe our method of solution below.

Now suppose that E(x)<]1, i.e., that the parameter C
is unknown. Differentiation of the functional (75) with
respect to C gives an additional equation, and, combining it
with the system (82), we arrive at a system of N+ 1 equa-
tions for the parameters a,, C:

a
Fn=Yn_CCn(a)—2Cwn an=0’ n=1,...,N, ( 3)
8

I;‘N+lE z wnCn(a)[Y,,—CC,,(a)]=0,

Figure 16 shows the result of a numerical experiment
on the recovery of S(x)=Cp(x) from the first section.
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FIG. 16. Reconstruction of S(x)=Cp(x) using the maximum-entropy
principle for the example of the first section. The broken curve is for
known C, and the chain curve is for C as a parameter.

It should be noted that the inclusion of C among the
unknown parameters makes the convergence of the itera-
tion process poorer. This is a consequence of the fact that
the last equation of the system (83) for =0 can be ob-
tained from the first N equations. Moreover, for unknown
C the range of values of a in which a significant improve-
ment of the resolution can be achieved is appreciably
smaller than the region for known C.2® The solution of the
systems (82) and (83) was determined by minimizing
2,(F, )2 by means of the program FUMILI?*® and was
achieved for known C after ~ 10 iterations but for known
C after ~25.

It can be seen from the expression (80) that, generally
speaking, the estimate p(x) is biased and the difference
p(x) — p (x) is determined by the possibility of describ-
ing In p(x) by a linear combination of 4,(x). In addition,
the terms aa,/2Cw, in the system (83) lead to an addi-
tional bias.

We now consider the noise component of the estimate
P(x). It is determined by the error matrix of the parame-
ters a, which can be obtained approximately as follows. Let
a; be the solution of the system (83) for £,=0, and
a j=(7j+Aa ; be the solution for ¢,70, ie., for
Y,=Y,+¢&,. We write the system (83) in the form

F(a;+Aa;,Y,=Y,+¢,)=0,

ji=1L.,N+1, n=1,.,N,

and expand F; with respect to Ag;

selves to the terms linear in Agj, €, (a N1=

(84)

and ¢,, restricting our-
C). We have

F(a,,Y)+2 Aa,+2 £,=0.

By definition, F(a ; ,Y,,) =0, and we can therefore write
oF; OF;

—_p-! _ e
Aa=— B7 ' Dg, 3a,’ D, 3Y,’

Bij=
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Bij:'—CC,"— 61']') iL,j=1,.,N,

a
2Cw,-
Byy,j= Z w;Y,C;;—2C 2 wC,C;;,

' ' (85)

a
Bin1=—Cit3a, Civ Byijni1=— 2w,
]

i

Dij=8ij’ i,j=1,...,N, DN_H,,-:w,C,-,
dCi(a)
U~ Qa; -

J
le

3°=B"'Da?DTBT!, &, =£,6m="YOpm-

From (85) we find that the error matrix a
(86)

The matrix 27, i,j=1,...,N is the error matrix of the pa-
rameters q;, i=1,...,N, in terms of which we obtain approx-
imately the error operator p(x):

dp(x|a) E": ap(x'|a)
da; da;

i

N

P(xx)= X (87)
Lj=1

There exists a class of problems in which it is known
that the unknown distribution p(x) must be close to some
given py(x). In this case, it is natural to use the Kullback—

Leibler distance (Refs. 32 and 33).”

Qp)=1(p.py) = deP(X)ln[p(x)/Po(x)]>0,

which reaches a minimum when p(x) =py(x). When py(x)
is a uniform distribution, py(x)=1/L, where L is the
length of the interval of measurement of x in the experi-
ment, then

I(p,po) = fdxz?(x)lnp(x) - fdxp(x) (1/L)

=—H(p)—-1/L,

i.e., the maximume-entropy principle is equivalent to mini-
mization of 7(p,py) when py(x) is a uniform distribution.
Thus, the principle of a minimum of the Kullback-Leibler
distance generalizes the maximum-entropy principle for a
given a priori distribution p,, becoming identical to it when
Do is a uniform distribution.

Thus, we shall seek an estimate of p(x) from the con-
dition of an extremum of the functional

2

&= Sw,|¥,—C fdxA,,(x)p(x)

+a1(p,po)+/1[ fdxp(x)—ll.

Varying the functional ¢ with respect to p(x) and using
the normalization condition, we can obtain

S a,4,(x)|/Z(a), (88)

n

B(x|a)=po(x)exp

where
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> a,d,(x)

n

Z(p)= fdxpo(x)exp

2Cw,
ay=—" [Yn—c fdxp(x)A,,(x)

Substitution of the expression for j(x|a) in the last equa-
tion leads to the system of equations

a
F,=Y,—CC,(a) 55— a,=0, (89)

n

where

C,(a)= fdxA,,(x)ﬁ(xIa).

The system (89) is formally identical to the system (82),
like the equation for dF/3C. The only difference is the
appearance of the function py(x) in the integrand in the
definition of C,(a):

Y a,4,(x)|/Z(a).

n

C,(a)= f dxA,(x)po(x)exp

It should be noted that a distribution of the form (88)
is obtained when /(p,p,) is minimized subject to the con-
dition that

J-dxA,,(x)p(x) =Y,,

and it is called the conjugate distribution.3*

In Ref. 31, the estimate S(x) is sought from the min-
imum of the functional (75) for known C, and the function
p(x) is approximated by a step function; however, the sys-
tematic and statistical errors of the method are not ana-
lyzed.

In Ref. 29, it is proposed to use the maximum-entropy
principle to correct an experimental distribution with re-
spect to multiplicity 0(m) equal to

N
o(m)= 2 P,,T(n), m=1,.,M,
1

n=

(90)

where T'(n) is the studied distribution, and P,,, is a matrix
that describes the distortions of the detector. However,
instead of minimization of the discrete analog of the func-
tional (75) it is proposed in the paper to maximize the
entropy of the distribution 7'(»n) under the condition that
the moments

M N M
(miy= 2 mO(m)= Y ( > mQPm,.)T(n) (91)
n=1 n=1 m=1

are equal to their experimental values. The problem is
solved by the method of Lagrangian multipliers. The num-
ber of employed constraints is increased until Xz reaches
the value M, and the variable criterion of the series is M/2.
The decision not to use all the experimental information
0(m) but only some moments is justified by the author by
the simplicity of the problem compared with the y? mini-
mization. However, this approach also leads to the prob-
lem of solving nonlinear equations. There is no analysis of
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the systematic and statistical errors. The numerical exper-
iments made by the author gave satisfactory results.

In Ref. 30, the estimate of the distribution is sought
from the condition of a maximum of the entropy of this
distribution under the condition that y? be equal to the
number of experimental data. The problem is solved by the
method of Lagrangian multipliers, and this actually corre-
sponds to choosing the regularization parameter a in the
functional (75) in accordance with the residual principle.'*
This does not guarantee an optimum value of a or, there-
fore, an optimal estimate S (x).

3. ESTIMATES OF STRUCTURE FUNCTIONS USING
DATA ON DEEP INELASTIC LEPTON-NUCLEON
SCATTERING

One of the main problems of experiments on deep in-
elastic lepton—nucleon scattering is the model-independent
extraction of the nucleon structure functions. These are
used to obtain the parton distributions in the framework of
the QCD parton model.

Muon and electron scattering in the neutral-current
channel

Let Y, be the numbers of events in the bins of the
histogram of the measured cross section d’o/dxdQ? for
given  s=(p,) +py)2  For brevity, we write
d’0/dxdQ*=S(x,Q*|s); E(x,Q?) is the probability of de-
tecting an event with given x, Q2 (the detector accep-
tance); K (x’,QZ' |x,Q2,s) is the probability of obtaining as
a result of analysis of an event the measured values x’,
QZ' instead of the true x, Q2 (it is the function that de-
scribes the resolution of the experiment and also the radi-
ative emission of a lepton); €, is the fluctuation of the
number of events Y,; Y, is the expected number of events.
Then Y, can be written in the form

Y,=Y,+e,=L f dx'dQ? f dxdQPK (x' Q%' | x,0%s)
Sﬂ

X E(x,0%)8(x,0%) |s) + &y,

where L is a number determined either by the number of
leptons directed onto the target in the experiment and the
number of nucleons in the target (extracted-beam experi-
ment) or by the luminosity of the collider and the time of
statistics collection (colliding-beam experiment), and S, is
the area of the nth bin of the experimental histogram with
respect to x, 0. For what follows, it is convenient to write
the expression (92) in the form

(92)

Y,= fddezA,,(x,Qz,S)S(x,Q2|S) +&,, (93)

where

A (x,Q%s)=L f dx'dQ* K(x',Q% | x,0%5) E(x,0?).
S,

If we make no model assumptions about the structure
functions, then
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Sxnc(x,Q*|8)=fL(OVF L(x,Q%) + f2(3,QP) F(x,0%)
F f3(0,0) F3(x,0%), (94)

where

y=0(s—M"x, fr(»,0")=—4ma¥y*/xQ,
F2(0,0%) =4ma*(1—y+y*/2)/xQ",
f3(0,0%) =4ma(y—y*/2) /0"

The problem simplifies if we assume F;=0 (the
Callan-Gross relation holds). The cross sections take the
form

Sxc(x,Q|9) = fL(n ) Fa(x,Q%) F f3(3, Q) F3(x,0).
(95)

Another approximation S %c(x,0 | s) is obtained by ig-
noring the parity-violating terms:

Sxc(x,Q|5)=fL( Q) F (x,0%)
+ 2, Q) Fy (x,Q%).

Finally, a very simple expression for Sﬁc(x,Q2|s) is ob-
tained by using both approximations:

Sic(x,@|5) = (30" Fa(x,0%).

At the present time, the experimental resolution and
radiative corrections are taken into account using the
correction-factor method. However, as we have seen, this is
not the best approach to the problem. We now describe the
approach presented in Ref. 35.

(96)

(97)

Estimation of the structure functions using estimates
of the cross sections

We now base the estimation of the structure functions
on equality of the cross sections in one of the models (94),
(95), (96), (97) to their estimates in accordance with one
of the methods of the first section.

Model (97). In this case, the model contains one un-
known structure function F. z(x,QZ), and therefore its esti-
mate is

Fy(x,0) =Sx/ fo(x.@s)
= 4,(x,0%5)G Y/ £r(x,QPs).  (98)

Using the fact that in the framework of this model

Yi= f dxdQ?A4,,(x,0%s) f2(x,0%5)F,(x,0%),

we find that
Fi(x,0%) = fdx’sz'AR(x,Qz,X',Qz',S)Fz(x’,QZ'),
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AR(xrgzyx',Qz',s)

= z f{l(x7Q215)An(x1Q2as)

X 5}?}7}Am(x”Qzlys)fZ(x’sz’ys)y
Sp Ag=Sp GG~ . (99)

The noise component of the estimate (98) is charac-
terized by the error operator

= (x,0%x',0% )
S 7 x0s)4,(x,05) GorlK

n,m,k,l
- , B ,
X Ga'd,(x" 0 5) f5 1 (x', 0% s),
where K* is the error matrix of the measurements Y;;, and
as a whole®

|Focl>=Sp G'KG~( f57'4| f7'4),

= Y A4,(x,0%5) Gl / fr(x,.Q%s),

n,m

where the matrix (f5'4|f7'4) is (f5'4|f5'4) m
= [dxdQ*f; A,y

Model (96). In this case, the cross section contains two
unknown structure functions F L(x,Qz) and F 2(x,Q2), and
it is required to measure, for example, the cross section
Syc(x,Q%|s) for two values of s: 5, and s,. Then after
estimates of Spc(x,Q2 |s;) have been obtained, we have the
system of equations

fLe@s)F L6 + f(x, P s) Fy (x,0)
=Syc(x,Q|51)

Frx@s)E L0+ fo(x P Fa(x Q) [
=Syc(x0|s:)

We introduce the notation

fL(x’Qz’sl) fZ(x’Q29sl)
C(x,QZ) - (fL(x’QZ’SZ) f2(xaQ29's2)).

Then the estimate of F,(x,0?), for example, can be written
in the form

(100)

ﬁZ(x’QZ) = z C{jls\';C(x’Qzlsj)
J

= 2 CZJIA (x,Qz,sj)Gn (SJ) (101)

Jj,n,m
where Y7, are the measurements for s=s ;. From the ex-
pression (101) and the fact that in the framework of this
model the Y7 satisfy

7= [ drd@ay(x.@Psp L FiF L+ foF2)

it follows that

Fyx,0M) = J-dx’sz’ARZLFL'f‘ fdx'dQZ'ARZZFZv
(102)
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where

Apr (62X, 0¥ )= 2 Cyj'dy(x,05s) Grn(s))

Jimm

XAm(x'7Q2’,sj)fL(x'1Q2'1sj)y

A Pox' P = T C5}'4y(x,5))G o (s))

Jjsnym
XAm(x'SQZI’Sj)f2(x,,Q2,’Sj) .

It follows from the expression (102) that, in contrast
to the model (97), the bias of the estimate F 2(x,Q2) de-
pends not only on the function F,(x,Q?) itself but also on
the function F,(x,Q%).

Similarly, for F 1(x,0%) we readily find that

F (0" = J-dx'dgz'ARLLFL+ fdx'dQZ’ARL2F2,
(103)

where

App (6 Px )= Y CrlA(x,05)Grn(s))

Jrn,m

X A (%', Q% 5 f (%", 0 15,

ARLZ(x’QIJ Q2 )— z CLIA (nyzrgl)G (SJ)

j,’l,m
XAm(X',Qz',Sj)fz(x',Qz',Sj).

The noise characteristics F,E(x,Qz) of the estimates
F, (x,Qz) are determined by the error operator

Y C;la,(x0%s)Gr(s))

Jsnm,Lk

XK{nIéIIIAk(x"Qz 951) ij ,

3(x,Q%x", 0% 5) =
(104)

where K’ is the error matrix of the measurements Y? for
=s;, and we have used the fact that the errors of the
measurements for different s; are independent.

Model (95). In this case, the estimates of the structure
functions F, and F; can be sought either from measure-
ments of the two cross sections Sy for one value of s or
from measurements of one cross section for two values of s:
s; and s,. We consider first the first possibility. Equating
the cross sections to their estimates, we obtain the system
of equations

26, @)y (x,0P) + f3(x,0P9) Fy (x,0%)
=Syc(x.@|s)

F2(6 @) Ey(x,Q) — f3(x, @) F3(x,00) |
=§;C(x,Q2|s)

(105)

From the system (105), we obtain®
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ﬁZ(nyz) =%(§;c+‘§;c)

2_22,4 G N Y- +Y)/fy

A & (106)
F3(X,Q2) =E(SNC_S$C)
=13 4,G Yo+ Y1)/ fs
In the framework of this model
7i= [ drd@a, @O SF 5 SF). (10D

Using this expression, we find that

FT‘i(stz)= fdx’dQZ’ARi(x’QZ,xI1Q2,as)Fi(x'1Q21)a

AR,-(X,QZ,X',QZI,S) = 2 fi_l(x’Qz»s)An(x,st)

X 6’1—"}14"'(‘x,’QZI’s)fi('x"Qzl)s),
Sp Ag=Sp GG~ . (108)

The noise component of the estimate ﬁi(x,Qz) is char-
acterized by the error operator

Ei(x’Qer' QZ,,S) = z %fi_l(xigzis)An(x’Qz’s)an_n}
n,m,k,l

XK Gy (x' Q¥ ) 7 (%', s,
(109)

where K? is the error matrix of the measurements
Y, —i—Y;L , K is the error matrix of the measurements
Y, +Y,, and as a whole

IFel?=Sp G~ 'KiG=( 7 '4| £ '4).

Model (94). Suppose that we are given measurements
SNc(x,Qzls) for s=s;, 5,. Then there is a possibility of
estimating all three structure functions F,(x,0?%),
F 2(x,Q2), F 3(x,Q2) “in accordance with the following
scheme. From the system of equations for s;>s,,

fL(x;szgl)ﬁL(stz) +f2(x’Q2’sl)ﬁ2(x9Q2)
+f3(x:Q29sl)ﬁ3(fx’Q2) =§;C(X)Q2|s1)’

A A 110
FrLx Q) F L (%,Q%) + f2(x,Q%s5)) Fy (x,0%) (110)
— f3(x s F3 (2,00 =85 (%, 5)
we have
Fa(x,0%) =3[ Syc(x,0%|s1) —S’,tc(x,QZ |51/ f3(x,@%s1),
(111)
FL@s)F (x,0%) + £2(x,051) Fa(x,0%)
=1[Snc(x,@|51) +Sxc(x. Qs 1.
In this case,
= [ &A@ F1F L+ FiF 2o fF3)
(112)

447 Phys. Part. Nucl. 24 (4), July—August 1993

Using the last relation, we calculate FT' 3(x,0%):

1§3(-";Q2)

=110 0%s1) 2 An(x,02s1) Gl (s) [ Yy — Y]
=f3_l(x’Q2’Sl) 2 An(x:ergl)én_"f (sl)
X J. dx'sz'A,,,f3F3

= fdx'sz'Am(x,Qz,x',Qz')Fs(x',Q’), (113)

where

AR3(X’Q2’x’:Q2,) == 2 f;l(x’szsl)An(x’QZJI)

X Gl (51) Am(x', 0% 51) f3(x", Q% s1).

For the error operator of the estimate ﬁ'3(x,Qz) the
following expression is valid:

23 (x’Qz!x',Qz’»ﬁ )

2 J; L(x,0%51) Gl (51) (K™ + K ) i

X G (s A%, ¥ 51) £ (2", 0% 1s9). (114)

To obtain estimates of F(x, Qz) and F,(x,0%), we use
the half-sum of the cross sections S %c(x,Q%|s) for s=s,.
Together with Eq. (110), we have

Fre@s)F L6 + fa(x@s) Fa(x,0h) )

SN 51) + 8%, s1)],

FL@ ) F 1 (x,0%) + fr(x,@s) Fy (x,0%)
=11SNc(x.Q|52) +Sxc (%02 51)]

Introducing the matrix C(x,Ql), as we d1d in the so-
lution of the system (100), we obtain for F, (x,Qz) the
expression

Fix@H=12
J

(115)

J

Ci;l [,S’;;C(x,Qzlsj') +A§’;C(xaQ2 |sj)]

=13 C;' 3 A4y(x,0%5))Gom (s))
J n,m
X[ Y, (s)+ Y5 (s)]. (116)

Using the expression (112), we obtain F (x,0%):

Fx)=12C;' 3 A,(x0%5)G(s)
J

n,mk
X J dx'dQ¥ 4,,(x',0% ;5;) % S

X (x’,QZ',sj)Fk(x’,Qz'), k= L9 2.
Thus,
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fi(x’Q2)= % fdx’dQZ,ARik(xrgzsx’ygr)Fk(x’yQZ’),

ARtk(stz,x Qz )= z z 4 (x’ S j )Gnm (S )
XAm(x', 0% ) fi(x', @ 5)).  (117)

For the error operator of the noise component
PP =13 C;' T A4,(x,0%5)G o (s))
j n,m

X [5,;(Sj)+5;l,:(sj)]

we obtain the expression
2 A, (%,0%5)) G (3))

x,0F) = ZC_ .

X [K_(Sj)+K+(Sj)]
xé,;‘(s VA (x', 0% 5;)C;;. (118)

As we showed, S (x, Qz|s);éS (x,QZ]s) Therefore,
our use of the equation S(x,0%|s)= S(x,Q2|s) is not en-
tirely correct and leads to a systematic error in the estimate
of the structure functions F ,-(x,Qz). Therefore, it is natural
to estimate the structure functions directly from the exper-
imental data. Of course, these estimates will also be biased.
However, a priori, without making numerical experiments,
it is difficult to give preference to one of these approaches.

2i(-xa

Estimate of the structure functions F,, F,, F; from
experimental data

Model (97). Suppose that we are given measurements
of, for example, the cross section S;c(x,Q2 |s). In the
framework of this very simple model, their expected values
can be written in the form

}_’n= fddezAi(x’Qz,s)FZ(x:Qz):
where

A2(x,@5) =4, (x,0%5) f(x,0%5).

Therefore, the problem of estimating F,(x,0Q?) is for-
mally identical to the problem of estimating the cross sec-
tion S,T,C()C,Q2 |s) itself. Thus, we write down directly the
expression for the estimate,

F(x,00) = Y 42(x,0%5)G,Y,,

where G is the regularized Gram matrix of the functions
Af,(x,Qz,s), and its characteristics

AR(x,Px', )= 2 AX(x,0%5)Gppdl (x', 07 )5),

Sp Ag=Sp GG,

2(X,Q2,XI,Q2)= 2 Ai(x,Qz,s)a;"}Km,GA;lAi(x',Qz’,s),

n,m,Lk
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|F2el|=Sp GG~ KG—.

Model (96). Suppose, as before, that we are given mea-
surements Y,(s;) and Y,(s,), n=1...,N, of, for example,
the cross section S,T,c(x,Q2 |s) for two values of s. We write
Y,(s;) in the form

Fi=7,s)= f dxdQPAf (x,Q%s) F  (x,0%)

+ [ @A @PFax @), (119)
where
A7 (x, Q% 5) =A,(x,Q5) f (%, %5,
A%, QY 5) =A4,(x.P5) (...

We introduce a single vector of the measurements

YZN)’

its weight matrix W, its covariance matrix K, the vector
functions

(AL (%, | =(Af . AjAR ;1 - Azy),

(A (%, Q) | = (A4} AjdYy 1. ADy),

and the vector of structure functions
(F(x,Q%) | = (F,F,). Choosing different forms of the sta-
bilizer in the functional ofA Tikhonov’s method, we can
obtain different estimates |F(x,0%)). We choose the sim-
plest one:

(Y| =(Y,..¥y ¥y

O=(Y-V)TW(Y-7)+a fddezFL+a fddeze

=(Y—P)TW(Y—7)+a|F|> (120)

We consider the estimate |ﬁ’(x,Qz)) in accordance
with the functional (120). Variation of (120) with respect
to F L(x,Qz) and F. Z(x,Qz) leads to the system of equations

5d _
s =F1— 4" | W|Y-T)=0,
L
(121)

oF, =F,—(4*(x,Q*) |W|Y—Y) =0.

It follows from it that for F L(x,Qz) and F 2(x,Q2)

F":L(X,QZ) ) =l z ArI;(x’QZ)>

sz) n(x:QZ) (122)

where
|AY=W|Y—7Y). (123)

Substitution of the expressions (122) in (123) with the

use of (119) leads to the following system of equations for
A,:

[aK+{A4L| 4Ly + (42| 4%)]|A) = | V).

The elements of the matrices (AI‘|AL) and (AZIAZ) have
the form
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(4| 4%y, = fddezALAL

A = [ drd @A,
In what follows, we shall for brevity use the notation

R(a)=aK+ (4L 4Ly + (42| 42).

Thus, we arrive at the following estimates for

F;(x,0%) and F,(x,0%):

FL(X»Qz) Ay O\
Fz(x,Qz) ) = zm |Ai(x’Q2) )Rn ()Y,,.

Using the expression (119) for Y,,, we can write F r and
F, in the form

I;L , ’ FL)
ﬁ'2> —JdXszAR F2

_ fd 'dQ? (ARLL ARLZ) ?ﬁ)’

Apyr Arn

(124)

(125)

where

Aprr= 2 AF (xR, (@) AL (x",0%),
A= 2 AF(x,O)R, ()45 (x",07),

Agyr= ZA (xR ()AL (x',0),

Apn= Z Ay (x, )Ry () A2, (x',0%).

It follows from (124) that the error operator of the func-
tion vector |F) is

, 2. 2
2 @1x 00 =( 3 55),

where

(126)

Si= 2 ARxOIR N )K,.Ri (@)AE(x',0%),

n,m,Lk

2L2=22TL

= > AXx,OR;Na)K,.Rz (@)4A(x",0%),

nmIk

3= 2 AAxCIR;N)K,.Ri'(a)4i(x',0%).

n,m,lLk

As a whole, the estimate |ﬁ (x,Qz)) is characterized by
Sp Ax=Sp R(0)R~!(a),
|IF||I>=Sp R(0)R~!(a)KR~!(a).

We now consider what in this case are the “measured”
and “unmeasured” components of the function vector | F).
It follows from the definition (119) for Y, that for the

“unmeasured” component F*
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fddeZA,fFlL + J dxdQPALF; =O0. (127)

The “measured” component |FA ) must be orthogonal
to the component |F* ) for the chosen scalar product in
the space of the function vectors |F*). If it is chosen in
accordance with the stabilizer in the functional (120), we
must have

f dxdQ’FiF + fddezF;F; =0.

The relation (127) will hold if
(P = Sy, S anti]

One can show that substitution of IFA(x,Qz)) in ac-
cordance with (128) in the least-squares functional and its
minimization with respect to a, leads to the estimate

Ff(x0Y AL\,
F‘:*(x,Qz)> B 2(x,0%) )Rn (0)Y,, (129)

which agrees with (124) for a=0.

We consider one further method of regularizing
R(0)—the spectral-window method. We introduce the
function vector | W,(x,0%)) in accordance with the expres-
sion

|\I’L>—7—’l

where r”) are the eigenvectors of the matrix R(0), and 4,
are the eigenvalues.

It can be shown that the functions |¥;) form an or-
thogonal basis in the “measured” space for the previously
introduced scalar product:

(128)

n.m

AL
rd ) (130)
n

1 1
W ¥y = 3 == AOHO LA A 4 (D],

1 1
— (N (k)
2 T RO

1 1
() (k)
= r, Ar
— 6. (131)
Replacing R~!(0) in (129) by
~ S
Roi=2 7 =nir, (132)
] 1

where f(A)<1 and f(1)/A—const as A -0, we have

FL(st2)> Z |\I’1(x,Q2)) %_L) (I)Y (133)

FZ(x9Q2)

The simplest choice of f(4) is the step function: f(41)=1
for A > Ay, and f(A)=0 for 1 < /INR. Proceeding as
before, we find that in this case

Ar(x, Q2 x", Q¥ ) = ; |W/(x,0%) f (AW, (x",0%) |,
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S(x,x,0)= 2 1\I'z(x,Q2)>%4) ol

Ln,m,k
)
XK mg(k)%&—k‘ (x|,

2 f (4080 Kuml -

,mn

I1Felf*=

A different orthogonal basis, in which the expressions
Ag, Sp Ag, 2, ||F.||* simplify, is given in Ref. 35.

Model (95). Suppose that we are given measurements
S}c(x,Q2|s) and S;C(x,Qzls) for one value of s. Then
estimates of Fz(x,Qz), F3(x,Q3 ) can be constructed as fol-
lows. From the expression (95) we can calculate the struc-
ture functions F, and F; in terms of the cross sections
SYc(x,@%|s) and Syc(x,Q%|s):

Fz(x,Qz) = [S;C(x,Qzls) +S;C(X’Q2|s) ]/2f2(y9Q2)’
F3(x,0%) = [Syc(x,0|s] —SFc(x,0%|$))/2f3(»,0).

This fact suggests that it is sensible to go over from the
measurements Y to the statistics

V=3Y, +Y)), Y,=3Y, =Y.

Their mathematical expectations in the framework of this
model are

P f dxdQPA%(x, 025 Fy(x,0%),

V= J-ddezAf,(x,Qz,s)F3(x,Q2),
where

Ai(x9Q21s) =A,,(x,Q2,s)f2(x,Q2,s),

A (x,0%5) =4, (x,05) f3(x,Q5).

Therefore, the “measured” components of F,(x,0%)
and F 3(x,Qz) are linear combinations of Af,(x,Qz,s) and
Af,(x,Qz,s), respectively. Thus, we seek estimates of F, and
F; in the form

N

Fy(x,0") = 21 6,42 (x,@|s),

(134)
N ~
Fyx0)= X bA(xQ19).

We obtain the estimates 4, l;,, in accordance with the
least-squares method by minimizing the functionals

q>2=(Y2_ ?Z)Tw2(y2_f'2)’
®;=(Y’—

and substituting in them the expressions (22) and (23):

=Y (G Y2,

?S)TWS(Y3_)_73)’

(GZ)nm=<AiIA3n)9
by=2 (G)in Yoy (G3)um=(4,|4,).
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It can be shown that the estimates

Ff (x,0%) = 2 A2(x,0%5) (G Y2,

(135)
Ff(x,0)= 2 42 x5 (G Yy,

are unbiased estimates of the “measured” components of
F, and F, with the residual instrumental functions

AP (x,0*|x",0% )= X A2(x,0%5)
X (Gp) 42 (x, 0 1s),
AFV (@ |x,0") = X A, (x,0"5)

X (G3) 143 (x", 0% \s)

and correlation operators

2+(2)(x,Q2|x',Q2’)= z Ai(x,QZ,S)
n,m,Lk
X (Gy) mK2(Go) it A3 (", @F 15),

SO x,P|x, )= X Ay (x0s)

n,m,Lk
X (G3) K3 (G i A2 (x", @ 5).

Overall, it is convenient to characterize F+ (x,Qz) by the
quantities

SpAg = fddezAz (x,0*|x,0") =N.

(136)

IFF|*=SpKG~", F}(x@= X 4,(x0)G 'z,

Model (94). Suppose that we are given measurements
of Sic(x,0Q%|s) for s=s;, and Syc(x,0%|s) for
s=s,<s;: Y*(s;). The mathematical expectations of these
quantities can be expressed in the form

YE(s)= fdde’[Af(x,Qz,s)FL(x,Qz)

+45(x, @) Fa(x,0%)
FA,(xP5)F3 ()], (137)
where

An=4;(x,Qs) =A,(x,05) f L),

Ay =A,(6,0%) =A%) (D),

A=A, (6 Q5) =4, (6,05 [3(x,0.5)).

We otder all the measurements Y, as follows:
Y,=Y!(S,) for n=1.,N; Y,=Y,(sy) for n=N

+1,..,2N; Y,=Y, (s,) for n=2N+1,...,3N. We introduce
accordingly function vectors |4,), which are equal to
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|4,)=| 4,

|4,y =42 ) n=N+1,..2N; (138)

|4,)=|4% ) n=2N+1,...3N.

Using the expressions (137) and (138), we see that the
mean value of any measurement Y, can be expressed in the
form of the scalar product

,=(4,|F), n=1,.3N, (139)

where (F|=(F,F,,F3). It follows from this that the

“unmeasured” component |F' ) satisfies the conditions
(4,|F' y=0, n=1,..,3N.

Therefore, if |F“) is sought in the form

|FAy= Y a,|4,), n=1,.,3N, (140)

then the condition of orthogonality (F4 |Fl ) of the “mea-

sured” and “‘unmeasured” components will be satisfied.
We seek the least-squares estimate of | F) by substitut-

ing the expression (140) in the least-squares functional

b= 2 (Ym—l_’m)Wm(Ym_ ?m)

and minimizing with respect to a,,
We then obtain for |F+) the expressmn

|Fty= Y |4n)Gpm (141)

where G is the Gram matrix of the function vectors
IAH>: Gnm= <AnIAm)'
Using (141), we obtain

|F+y= 2 |4n)Gpi{Ad,y|F).

n,m

Therefore, Ay in this case is a matrix integral operator

A;ij(x’QZ:x,;QZ,)= > 145G A (X, 0F) .

" (142)
The error operator of the noise component
|F)y= 2 |4,)G,, (143)
nm
is
2t (000 ) = 2 |4 GonKnGit (Ax]. (144)
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If some regularization method is used, the expressions
(141)-(144) are obtained with the replacement of G by
the regularized Gram matrix G, and the systematic and
statistical errors | F) are characterized by

Sp Ap=Sp GG,
|F.||>=Sp GG—'KG—".

Neutrino and antineutrino scattering through the
charged-current channel

The nucleon structure functions can be estimated in
this case by the methods presented for muon and electron
scattering. However, one cannot directly use the given ex-
pressions for the estimates and their characteristics, since,
in contrast to monochromatic beams of muons (or elec-
trons), beams of neutrinos (or antineutrinos) have rather
broad distributions with respect to their energies. This sig-
nificantly changes the expressions. For lack of space, we
refer the reader to Ref. 36. In another paper,”’ the reader
can find an approach that generalizes the use of B splines.'!
We mention that the use, in the study, of only two-
dimensional splines even though the problem depends on
the three variables E,, x, Q* leads to unjustified approxi-
mations.

Use of estimates of structure functions to determine
Ain QCD

It is obvious that the arguments given at the end of the
first section relating to parametric analysis also remain
valid for this problem. The use of the initial experimental
data Y, to determine A in QCD from a nonsinglet fit for
data from a 15-ft bubble chamber can be found in Ref. 38.

CONCLUSIONS

We thank our coauthors of the original studies used in
this review: V. V. Ammosov, E. A. Belogorlov, T. B. Ko-
stkina, A. A. Spiridonov, and Z. U. Usubov; we thank S.
N. Sokolov, L. A. Tyapkin, and Yu. P. Pyt’ev for fruitful
discussions; and we thank E. V. Zaichenko and R. A. Ma-
keeva for tremendous assistance in preparing the text and
diagrams.

The results of the numerical experiments and the illus-
trations (except for Fig. 15) used in the review were ob-
tained by means of the program package SLIP1 (Solution
of Linear Inverse Problem in 1-Dimension).*

DIn what follows, the bar above an expression will denote averaging with
respect to the measurement errors, and the symbol * over a function
will denote an estimate of the function.

DNote that if the resolution with respect to the variable x depends on
other kinematic variables, the instrumental functions may depend on the
model of the interaction adopted in the Monte Carlo program.

HThis can be used to eliminate $(x) from the terms of the expansion for
which the coefficients are statistically insignificant, i.e.,
&Yy <30=3.

“In the exposition of this approach, we use the equations and notation
employed earlier.

5)Note that for all methods except the dual method the behavior of
| 4% —Ag|l3 as a function of a is similar_to that of the function

—Spéj, since ||A+—AR||2 N—2Sp GG~'+Sp GG~ -0, Sp Ay
=Sp GG~'- N as a—0; in Fig. 6, we therefore give only Sp Az.
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$)Note that the scheme of the correction-factor method presented here is
Gold’s method!” of solving (69).

The expression “distance” in this case has a nominal nature, since
I(p,p,) does not satisfy the symmetry condition p(p,py) = p(py,p) for a
distance. Kullback®? himself calls 7(p,p,) the mean information for the
separation of p and p, with respect to p.

8Here and in what follows, we use as the characteristic of the noise
component its norm || F,||>, which is equal to Sp = only in the case of the
L, norm.

9Here and in what follows, we assume for simplicity that N~ =N, that
the bmnmg on measurement of the cross sections Syc is the same
(A =A4,=4 ';)’ and G+ G =G (the regularization parameters in
the estlmates SHc and Sx ~c are the same).
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