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Methods for calculating the coupling impedance for the coupling of the beam with the
accelerator vacuum chamber are reviewed. The definitions and properties of these impedances
and their relationship with the wake potentials are discussed in detail. Attention is

focused on methods which can be used at low frequencies and in the resonant region. An
attempt is made to classify impedance calculation methods. Analytic formulas for
calculations are collected. This paper can also be used as a guide to the literature on the

subject.

1. IMPEDANCES AND WAKE POTENTIALS

As a charged-particle beam passes through the vacuum
chamber of an accelerator, it excites currents in the cham-
ber wall. The fields generated by these currents in turn act
on the beam particles. This interaction of the beam with
the vacuum chamber results in beam energy losses, alters
the shape of the bunches, alters the shifts of betatron fre-
quencies, and, finally, may drive instabilities of various
types (see the reviews' ™). The beam stability problem is so
important, especially in advanced high-intensity accelera-
tors, that the beam-chamber interaction must be examined
carefully. For such studies it is convenient to use the con-
cept of coupling impedances, associated with the coupling
of the beam with the vacuum chamber, or the related con-
cept of wake potentials. [The Russian word used in the
Russian-language version of this paper as the translation of
the English word “wake” is navedennyi’ (“induced”), al-
though ostavlennyi’ (“left behind”’) would be more accu-
rate. There are the further equivalents sputnyi (“accompa-
nying”) and kil’vaternyi (“‘wake”).]

1.1. Definitions and properties

Longitudinal impedance. We consider a cyclic acceler-
ator in which the average radius of the equilibrium orbit is
R. We introduce a cylindrical coordinate system (7,0,z), as
is customary in the theory of cyclic accelerators.* The z
axis runs perpendicular to the plane of the accelerator (z
=0), and 6 is the azimuthal angle along the orbit. We
assume that a “rigid” bunch with charge ¢ is moving
through the vacuum chamber and that the charge distri-
bution is

p(r,6,2,1) =gA(0—wot) f(r,2), (1.1)

where wy=PBc/R and Bc are the angular and linear veloc-
ities of an equilibrium particle, and f(r,z) and A(6’) are
the transverse and longitudinal distributions of the charge
of the bunch, normalized by the conditions

2T
ffrdrdzf(r,z):l; fde'uo')=1.
0

As usual, the assumption that a bunch is “rigid” means
that the shape of the bunch changes so slowly that the
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charge distribution can be assumed to be in a steady state
in the frame of reference of the bunch: A(6’,t)=A1(6"),
where 6'=60—wyt. We are ignoring synchrotron oscilla-
tions of the bunch particles. Since we are discussing longi-
tudinal effects at this point, we will also ignore betatron
oscillations and assume that the bunch current density has
only a longitudinal component j, (we omit the subscript
below):

J(r0,z,t) =worp(r,0,2,t). (1.2)

The current in the chamber is

J(6,t) = f rer dzj(r,0,z,t) =gl (0—wgt). (1.3)

It is natural to switch from the longitudinal field
E(r,0,z,t) excited by the beam in the chamber to the field
averaged over transverse coordinates with weight f(7,z):

E(6,t)= J-rdrfdzf(r,z)E(r,G,z,t). (1.4)
We introduce a Fourier representation for average quanti-
ties as follows:

Y e ™E. (0), (1.5)

n=-—oo

1 ® )
E(6,1) =2 f doe !

with a corresponding expression for J(6,¢). From (1.3) we
easily find the current harmonics:

Ju(@) =wpgh 6 (0 —won),
where

2T
Ap= dO exp(—inB)A(0)/(2m)
0
and 8(x) is the Dirac 6 function.

It follows from the linearity of Maxwell’s equations
that the relationship between the current harmonics and
the harmonics of the field excited in the chamber is linear.
If the accelerator chamber is azimuthally uniform (i.e., if

there is no dependence on ), the relationship is thus
—27RE(0) =Z,(0)J (o), (1.6)
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where the function Z,(w) is called the longitudinal cou-
pling impedance of the beam with the vacuum chamber.
The concept of a beam—chamber coupling impedance was
apparently introduced by Lebedev and Zhilkov,’ although
all the calculations necessary for finding the longitudinal
and transverse impedances of a smooth chamber had been
carried out in earlier studies.*’ Instead of a weighted av-
erage over transverse coordinates® as in (1.4) it is frequent
to find authors using either the field at the center of the
beam, E(r=R,0,z=0,t) or simply the field averaged over
the beam cross section.” That approach is equivalent to
choosing f(r,z) =6(z)6(r—R)/R in (1.4) or taking this
function to be a product of unit step functions, e.g.,
f(rz) =0(a— |z|)O( \/ai—zz — |r—R| )/ (wa*r) for a
beam with a circular cross section of radius a.

In the more realistic case in which the chamber has
various irregularities, all harmonics of the current gener-
ally contribute to the nth harmonic of the field:

—2TRE,(0)= X Zyn(0)p(@).

m=— o

(L.7)

The quantity Z,,,(®) can quite naturally be called the ma-
trix of the longitudinal coupling impedance.>®

Since only the nth harmonic of the field excited in the
chamber has a systematic effect on the nth harmonic of a
perturbation of the equilibrium beam charge distribution,

it is customary to restrict Eq. (1.7) to diagonal terms:

—27RE,(0)=Z,,(0)],(®), (1.8)

with @ =newy, since E,(®) and J,(») are proportional to
6(w—apn). The function Z(w)=Z,,(nw,) is called the
longitudinal impedance. However, the off-diagonal ele-
ments of the impedance matrix Z_, ,(w) are also impor-
tant in research on the mutual effects of oppositely directed
beams in a single chamber.'°

From the representation (1.5) we find
E_,(—0)=E¥ o) and J_,(—0)=J¥(), so that
Z_,_,(—o0) = Z () follows from the definition (1.7).

The calculation of a chamber impedance is a purely
electrodynamic problem. An impedance, as a function
characterizing an accelerator chamber, should not depend
on characteristics of the beam.!” For a study of the beam
stability we find a second relationship between the harmon-
ics of the field and the current from a kinetic equation:

Jp(@)==2aR 2, T(0)E,(0),

n=—ow

(1.9)

where I1,,,(®), the “beam conductance matrix,” incorpo-
rates information on the beam characteristics (Ref. 3, for
example). Once the chamber impedance matrix and the
beam conductance matrix have been calculated, substitu-
tion of (1.7) into Eq. (1.9) yields an eigenvalue problem
for the spectrum of beam excitations. The existence of ei-
genvalues with Imew >0 indicates an instability of the
beam, and the value of Imw determines the instability
growth rate.

To show that the definitions (1.6)—(1.8) are equiva-
lent to other common definitions of the impedance, and
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also looking ahead to a generalization to aperiodic struc-
tures, we consider as a model chamber an infinite periodic
structure with period D=27R. We introduce a cylindrical
coordinate system (r,9,z), directing the z axis along the
chamber axis (Fig. 1,a and b). Everything said above can
be said about this structure if we change some notation and
the normalization of the distributions:

27R
ffrdrd¢f(r,<p)=l, f dz’A(z')=1.
0

In the approximation of a rigid bunch we have

A(z—PBet) = Y dweiot Y 4, 8(w—Bck,),
where k,=n/R, A,=[3Rdzexp(—ik,z)A(z)/(2mR),
and the Fourier harmonic of the current is

J,=2mqPcA 6 (w—PBck,).

All the rest of the discussion is analogous.
As a perturbation of the charge density of the equilib-
rium distribution, Keil and Zotter’ consider a single mode

p(rp.z,t) =p.explik,z—iv,t)0(a—r),

propagating in a chamber with phase velocity w,/k,=pBc
equal to the velocity of the beam particles. Correspond-
ingly, the perturbation current in the chamber is

J(z,t) = p Bema’exp(ik,z—io,t).

We solve Maxwell’s equations in the @ domain with a
current p,fc exp(ik,z)0(a—r) on the right side [we omit a
time dependence exp(—iw,t) from all quantities]. We de-
note the resulting complex amplitude of the longitudinal
component of the field by E,(7,z), and the average over the
beam cross section by

1 a 2T
E,(rz) =_2 fo ra’rJ-O doE,(rz).

It is a straightforward matter to derive expressions for the
Fourier harmonics:

®© . 1 27R
_ it
"m(“’)‘f_wd’e 2R ),

=27p,Bena’8 (0 — @) S

dz e~ %] (2,1)

: (1.10)
R o
E(w)=6(0—w,) 7R J;) dz e“'kFEz(r,z).

Substituting (1.10) into the definition of the impedance
matrix, (1.7), we find the matrix element Z;,(0=w,). The
expression for the longitudinal coupling impedance,

Z,(0)=Z,,(0=0,),
becomes
1 2R
Z,(0)= ~oBerd )

which is the definition used by Keil and Zotter.’
We turn now to the case of an aperiodic structure. We
consider a model vacuum chamber consisting of an (infi-

dz e *fE,(r,2), (1.11)
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nite) smooth tube on which there may be one or several
irregularities (Fig. 1,c-h). The chamber of any accelera-
tor, of course, is either closed or of finite length. Neverthe-
less, our idealized infinite structure is convenient for cal-
culating the impedance of chamber elements remote from
other irregularities. We assume that a rigid bunch with
charge distribution

p(x,y,2,t) =qf(r,z)A(z—pct)

is moving along the z axis of the chamber with velocity Bc,
where the longitudinal and transverse distributions are
normalized by the conditions

ff dxdyf(x,y)=1; Jw dz’A(z')=1.

The total charge of a bunch is thus g. The current in the
chamber is J,(z,t) =qBcA (z—Pct). As before, we introduce
fields which are averaged over the transverse coordinates
with weight f(x,y),

E(zt)= f fdxdyf (x)E(x,y,2,t),

but instead of the Fourier representation (1.5) we use a
double Fourier integral,

1 © A © ;
E,(z,1) =2’ J‘*m dow e ™! f_w dk e E,(k,w).
(1.12)
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FIG. 1. Irregularities of a vacuum chamber.

We then have J,(kw) =21rchz(k)6(w—Bck), where
A(k) = [dz exp(—ikz)A(z). Since all possible harmonics
of the current contribute to the field harmonic with wave
number £ in a nonuniform structure, a natural generaliza-
tion of Eq. (1.7), which introduces the impedance matrix,
to an infinite aperiodic structure is

l 0
E(ko)=—5- f dk'Z(kk';0) T, (k' \0). (1.13)

The kernel of the integral longitudinal-impedance operator
in the definition (1.13) has the dimensionality of an im-
pedance (ohms). If the structure is uniform along z (if the
chamber is smooth), this kernel is diagonal:

2
Zo(k,k’;w)=—g 5(k—k')Zy (kw),

where L is the length of the structure. The quantity
Z;(k,w)/L is the longitudinal impedance per unit length
of the smooth chamber (Sec. 2). Since
J (k' \w)=J,(k'=0/Bc)6(w—Pck’) in the rigid-bunch
approximation, the integral in (1.13) can be evaluated:

E(k Z( Kk == L =2
(hw)=—2]k =Bc’? | 2mBe’\" TBe)
It follows from dynamic considerations that the only har-

monic of the field which has any systematic effect on a
bunch is that which is synchronized with the bunch; i.e.,
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the only quantity of interest for the dynamics is
E,(k=w/Bc,w). By analogy with (1.8), the longitudinal
impedance of the structure is then

( 1) 1) ) E,(k=w/Bc,w)
Z(0)=Z| k=— k' =— ;0 | = —27fc ———— .
Bc Be J,(k'=w/PBc)

(1.14)

It is usually more convenient to calculate fields in the o
domain, i.e., to find the quantities

E(zw)= f dk exp(ikz) E(k,w)/(27),

rather than E(k,w). Inverting this Fourier transformation,
we rewrite (1.14) as

2mBc ® Wz
Z(w)=—F—" J- dzexp| —i — |E,(z,0).
J(w/Bc) J - Bc
(1.15)
If we consider a point charge g, we have

fep)=8(x—x0)8(y—yo), A(z2)=—8(2), A(k)=1, and
J,(k')=2mgPBc. From (1.15) we then find

! o 1.16
Z(w)——q f_w zexp( th)Ez(z,w), (1.16)
where E,(z,0) is taken at x;, y;—on the trajectory of the
charge. The expression (1.16) is the same as the usual
definition of the longitudinal impedance for an infinite tube
with an irregularity.!!

Longitudinal wake potential. The concept of a longitu-
dinal wake potential is introduced in the following way. We
assume that a point charge g is moving with velocity v~c
parallel to the z axis of a vacuum chamber with a trans-
verse displacement r’'=(x’,y") from the axis. For a point
test charge Q following the leading charge g at distance s,
with the same velocity and with transverse displacement r,
the energy losses can then be written

AU=QqWi(sxrr"), (1.17)

where the function W%(s,r,r’) is called the longitudinal
wake potential of the point charge. Denoting by E(r,z,t)
the field excited by the charge ¢ in the chamber, we can
calculate AU in (1.17) by integrating the work performed
by the field E on the charge Q. We find

1 ©
Wﬁ(s,r,r’)=—5 J dtBcE,(r,z=Pct—s,t)

1 = z+s
= _; f_w dzEz(r,z,t—E—).

The dimensionality of W® is V/C, so that this quantity
cannot, strictly speaking, be called a “potential.”?) Never-
theless, this is the usage which has developed historically.
We also note that several assumptions have been made in
the definition (1.18):

e It is assumed that the charges are ultrarelativistic,
i.e., that B— 1, and the dependence on B is omitted in w’
Under the condition 8 < 1, the concept of a wake potential
becomes considerably less convenient.'?

(1.18)
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o The change in the trajectory of a test charge due to
the fields induced in the structure is ignored. This assump-
tion is usually justified in the limit - 1.

o Finally, it is implicitly assumed that the energy losses
and thus (1.18) are independent of the absolute coordi-
nates of the charges, z, and z,, depending on only their
relative positions, i.e., on s=z,—2zy. In a uniform structure
(one which is translationally invariant along z), this cir-
cumstance is obvious. In other cases, one should distin-
guish a systematic effect; e.g., in a periodic structure, one
should examine average properties over a period (more on
this below).

One of the most important properties of the wake potential
follows from causality considerations (v—c):

Wo(s)=0 for s<O.

The longitudinal coupling impedance can be

defined'®!! as the Fourier transform of > W?(s):

o ds ws
Z(orr')= (i—

o €XP Be

Substituting W3(s) from (1.18), and making a simple
change of variables, we find

)W‘S(s,r,r’). (1.19)

1 (= d oz
Z(w)=—§ J._w zexp(—tE)Ez(z,w),

which is the same as the result derived above [see (1.16)].

The relationship between Z(®) in (1.19) and the wake
potential W°(s) yields several analytic properties of the
longitudinal impedance as a function of the frequency in
the ultrarelativistic limit (8- 1<y — « ). We continue the
analytic function Z(w) into the complex » plane. Then we
can draw the following conclusions:

e Since Im W(s)=0, then Z(—o0)=2Z*(0); ie.,
ReZ(w) is an even function, and ImZ(w) is an odd func-
tion.

o Since W'S(s) =0 for s<0, all the singularities of the
function Z(w) lie in the lower half-plane.

o Since W°(s) = [$dw Re Z(w)/ is a finite quantity,
the asymptotic behavior as @ — o is ReZ(w) ~0™% a>1.
From these properties we find dispersion relations between
ReZ and ImZ:

20 - REZEO)
mz(e) =Py [ " (1.20)
.2

2 LAY
ReZ(w) =; P.v. fo dg—gz—_-w—z— .

Using the definition (1.17) for the wake potential, we
easily find an expression for the energy losses per particle
of an isolated bunch with a normalized charge density dis-
tribution p(sr), [dsdrp(s,;r)=1. The loss coefficient is
(Ref. 11, for example)

AU
kE_qu J dsldl'ld.S'zdl'zp(Sl ,l'l)p(Sz,l'z) Wa(Sl—Sz,l'l ,l'2).
(1.21)
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If we ignore the transverse dimensions of the bunch, we
have p(s,r)=A(s)6(r) and

1 (o

== J do ReZ(o) |A(0) |3, (1.22)
0

where A(w)=[2 dsexp(—iws/c)A(s) is a harmonic of

the bunch spectrum. For a Gaussian bunch with mean-

square length / we have A(s) = exp( — s%/2P)/( \27l),

Aw) =exp[— (wl/c)*/2], and (1.22) becomes

1 ©
== f do ReZ(w)exp[ — (wl/c)?]. (1.23)
0

In addition to the wake potential of a point charge,
W5(s), a bunch wake potentia[“ ) is often introduced:

W(s)=q fj dzA(2) Wo(s—2z)

—q [ anwis—2

- o0

(1.24)

or

W(s)=q f: dzA(s—z) W(2).

Here gA(z) is the longitudinal charge distribution of the
bunch. The loss coefficient in (1.21) is expressed in terms
of W(s) as follows:

=l dsA(s) W (s).
q — o0
Warnock® defined the longitudinal wake potential for
the case of a cyclic accelerator as the average of
W (wqr,t) = —2mRE[wy(t—7),f] over the orbital period. In
an azimuthally uniform accelerator, the ¢ dependence of W
drops out, and we find, using (1.6),

W(wor) =wog 2 € ™A,Z,,(nwp).

n=—o0

(1.25)

If the chamber has irregularities, we find, using (1.7),

W(ogr,t)=wyg 2 e "0Z, (mwg)d,en—mat
nm=—oo

Averaging this expression over the period T=27/w,, we

single out the systematic effect; we again find (1.25), which

is analogous to (1.24).

The longitudinal coupling impedance introduced above
[see (1.6), (1.8), (1.11), and (1.15)] means the ratio of a
harmonic of the voltage induced in the structure to the
magnitude of the harmonic of the current perturbation
which created this voltage.

Transverse impedance and wake potential. If the beam
is displaced from the chamber axis in the transverse direc-
tion, a transverse force arises and acts on the beam by
virtue of currents induced in the chamber wall. The ratio of
the harmonic of the integral transverse force acting on an
individual particle of a bunch to the magnitude of the har-
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monic of the dipole moment of the beam current which
created this force is called the transverse (dipole) coupling
impedance.

One definition of transverse impedance is given in Ref.
13. Let us consider a uniform circular beam of radius a in
a cylindrical chamber of radius b. We direct the z axis
along the chamber axis. The period of the structure is 27R.
Transverse oscillations of the beam with a small amplitude
d in the vertical direction (along the y axis; the azimuthal
angle is ¢=m/2) are simulated by introducing a surface
perturbation of the beam charge density:

p=pnd sin pé(a—r)exp(ik,z—iw,t),

which propagates through the chamber with phase velocity
o,/k,=Pc, where w,=nw, and k,=n/R. The correspond-
ing current density is j=(j sin ¢, j cos ¢, poc), where
Jj=ip,dk,c(B,—PB)0(a—r)exp(ik,z—iw,t). The quantity
B¢ is the longitudinal velocity of the beam particles, which
is generally different from the phase velocity Bc of the
perturbation wave. The further arguments are analogous to
those in the introduction of the longitudinal impedance:
Egs. (1.10) and (1.11). Finding the field amplitudes from
Maxwell’s equations in the  domain, we find the average
transverse component of the Lorentz force, averaged over
the beam cross section:>’

1
; FL (Z,t) B [E(r’q)az) +BpCXB(r,¢)Z) ]1 CXP( —iwnt)-

By analogy with (1.10), we switch to Fourier harmonics of
the dipole moment,

J(@)d=2mpBrera’ds(w—w,),
and of the integral force,

217-R 27R ik
TFl (@) =2716(0—w,) dze "r
0

X [E(r,@,2) +ZoB,xH(r,e,2)], ,

where Z, = \uo/gg = 1207 Q. The transverse impedance is
defined as

27RF,| (o)

"B (@)d

The factor i is introduced because the phase of the deflect-

ing field and that of the dipole moment differ by 7/2. We
thus have

Z (0)=Z (0,)=—

27R "
=——— dze "
ZJ_ (w) Bf,c dpn'Tsz 0

X[E(r,tp,z) +Z(ﬁpXH(r9‘p!Z)]l . (126)

The dimensionality of Z, is Q/m. In addition to the ex-
plicit dependence on Bp in (1.26), Z, also depends on
B=w/kc through the fields. The dependence on B drops
out of the expression for the transverse impedance of a
smooth chamber [see (2.3)]. However, if one calculates the
resonant impedance of an irregularity, the result depends
on the ratio of 8 and B, through the combinations (8 —By)
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and (1—pB,). Incorporating betatron oscillations, it be-
comes possible to impose the relationship f=(1+0/n)B,,
where Q is the betatron frequency.

Again in the transverse case, one can define an analog
of the impedance matrix (or integral operator). We con-
sider a point charge ¢ moving with velocity B,c along the z
axis of the chamber with displacement 7’ from the axis. It
is a straightforward matter to find a harmonic of the dipole
moment of the current:

J(ko)r' =2mqBcr'8(w—PBck).

The transverse deflecting force acting on a unit charge at
the point (r’,z) at time ¢ is written as a double Fourier
integral, by analogy with (1.12):

1
P F, (r,z,t)=[E+vXB], (rz1)

1 . o1
= J. dow et f dk e'** ol (r,k,w).

Since generally all harmonics of the dipole moment con-
tribute to a harmonic of the deflecting field with wave
number k, we introduce a transverse impedance operator
Z, (kk',®) as follows:

il 1 [
—B—szl (r,k,w)zﬁ J_w dk'Z, (k.k'\0)r'J(k',w)

(1.27)

[cf. the definition (1.13)]. Substituting J(k’,®), and ex-
pressing F, (r,k,®) in terms of F, (r,z,0), we find

Z_L (k,(l)) =ZJ_ (kak' =C()/BPC,CO)
—i

7 e B0 + 28,

xH(r,z0)], . (1.28)

The arguments k and w in Z, are generally independent.
They can be related on the basis of dynamic considerations,
with allowance for betatron oscillations: k= (0 £ wg)/Bc.

Another way to define the transverse impedance is in
terms of the wake potential. The transverse momentum
acquired by a charge Q moving along the z axis of the
chamber with displacement r=(x,y) from the axis, at a
distance s from the leading charge g (with displacement r’
and velocity v=c~c), can be written

P, =% Wf (s,r,r'). (1.29)
Denoting by E(r,z,t) the field excited by the charge g in the
chamber, we write the “transverse wake potential” (more
precisely, the “point function”) as

1 ®©
W‘f (s,r,r’ 571 f dz[E4+vXB], [rz,t=(z+s)/v)],
o (1.30)

i.e., as the ratio of the integral deflecting field to the mag-
nitude of the charge.”’ For a periodic structure or for an
element of the accelerator chamber, the range of the inte-
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gration along z is finite. The assumptions are the same as in
the introduction of the longitudinal wake potential.

The transverse impedance can be defined as the Fourier
transform of —iW? /r";

, i (o d 1 oS W ,
Z, (o,rr )=—;7 f_w sﬁexp(zﬁ) 1 (s,r,r').
(1.31)
After substituting (1.30) into (1.31), we find
, i (= P 0z
Z, (o,rr )=—;7 f_w zexp(—tﬁc)
X [E4+vXB], (rzw), (1.32)

which is the same as (1.28) in the limit S 1, Bp—> L, k=w/
Bc, aside from changes in notation.

The Panofsky-Wenzel theorem'* relates the transverse
momentum p, which a test charge Q acquires as it moves
through a closed cavity with the field excited in the cavity
by a charge which passed through it previously or by an rf
oscillator:

L
P =Qf dzV,| A,(r,z,t=z/c),
0

under the condition A, =0 at z=0, L. The integration
here is over the trajectory of the charge Q in the cavity, A
is the vector potential of the field in the cavity, and V, is
the 2D gradient operator in the z=const plane. We can use
this equation to relate the longitudinal and transverse wake
potentials [(1.18) and (1.30), respectively]:

an (s,r,r’)

35 =V, W3 (s,r,r )T

(1.33)

Equation (1.33) is valid for many cases of practical
importance,'? in particular, in a cylindrically symmetric
structure and for a cavity of arbitrary shape in the case in
which the approximation of a “closed” cavity is applicable.

The Fourier transformations (1.19) and (1.31) of the
wake potentials into impedances can be used to find the
relationship between the transverse and longitudinal im-
pedances in the limit y— oo from (1.33):

c

Z (orr')=—7V, Z(o,rr’). (1.34)

or'

Higher multipoles. In addition to the longitudinal and
transverse impedances and potentials, one introduces im-
pedances and wake potentials of higher multipolarities
(Refs. 1 and 12, for example). Let us consider an axisym-
metric structure in which a leading charge ¢ is moving
parallel to the z axis with velocity v~c, and a test charge
Q is following at a distance s. We assume that the trans-
verse coordinates of ¢ are r’' = (#',0), and those of the test
charge are r=(7,@). The field created by the first charge
can be expanded in azimuthal harmonics cosm¢. For the §
function we use the expansion 2mw6(p)=1
+22>_, cos me. The boundary conditions in an axisym-
metric structure do not mix azimuthal harmonics E™,
H'™_the solutions of Maxwell’s equations for fixed
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m—with different values of m. On this basis we define
m-pole wake potentials by analogy with (1.18) and (1.30):

1 ©
W|6| m(S,l',l") = _E f

—

z+s
din"” (r,z, =T)cos me;

(1.35)
1 Y
Wf m(SET) =, f dz{e,(Eﬁ'")—-ZoH;'"))cos me

+eq,(Efp"‘) +Z,H ™ sin me}.

As before, we are assuming that in the case of an infinite
periodic structure we deal with quantities averaged over a
period, and the fields depend on z and ¢ only through the
combination (z—ct). In (1.35) we have singled out the
dependence on the angle ¢ which follows from Maxwell’s
equations in the case p, j,« cos mg. It can be shown'>!%12
that in an axisymmetric structure we have

Wf m(SET)=r"r'"F] (s)cos me;

(1.36)
W8 (s,r,r’) =mr"~'r"F, (s){e, cos me—e sinmg}.

For m=0 we have Fy(s)=0 and F{(s)=W?®(5,0,0) [cf.
(1.18)], while for m>1 we have F,,(s) = (d/ds)F,,(s)
(Ref. 12, for example). Furthermore, since we have f— 1,
causality requires F,,(s) ~ O(s). It is easy to verify that
the m-pole potentials defined in (1.36) satisfy the relation
(1.33). It can be seen from the definition (1.36) that
W°,=0 and that the longitudinal wake potential
Wo(s,r,r') EWﬁ o(s,r,r’) is independent of r and r’. Fur-
thermore, the dipole transverse potential satisfies
Wf (s,r,r’)EWf 1(s,r,x’")=r'F,(s); i.e., the direction of
the transverse deflecting force is the same as the direction
in which the leading charge is deflected and is independent
of the radial position of the test charge. We also note that
in the case r=r’, i.e., in the case in which the two charges
are moving along the same trajectory, we have Wf,,,,=0,
since ¢ =0, and the vector of the m-pole transverse poten-
tial is directed radially.

It follows from dimensionality considerations that
F! (s) ~ b~ in (1.36), where b is a characteristic trans-
verse dimension, e.g., the radius of a smooth chamber.
Since the transverse deflections 7 and 7' in accelerators are
usually considerably smaller than b, the m-pole (m>1)
wake potentials are suppressed:

“~) (5)
(i) ()

We can thus restrict the analysis of the beam dynamics to
the lower-index wake potentials—the monopole (m=0)
longitudinal potentials and the dipole (m=1) transverse
potentials—and thus the same impedances. :

We now define m-pole longitudinal and transverse im-
pedances by analogy with (1.9) and (1.31) in terms of the
Fourier transforms of W, separating out the dependence
on the transverse coordinates [( 1.36)]:7)
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w ds NoA
Z” m(a)): f ?exp(t ?)FM(S),
” (1.37)
s

w d.
Z, m(a))=—if ?sexp(i——)Fm(s).

c

For this definition of the multipole impedances, the dimen-
sionality of Z; ,, is /m””, and that of Z, ,, is @/m*"~".
Working from the Panofsky—Wenzel theorem, (1.33), the
relationship between F,, and F,,, and the relationship be-
tween impedances of identical multipolarity at m>1, we
find

Z) n(@)==Z; (o). (1.38)

Finally, we note a relationship between the impedances
of different multipolarities, specifically, a monopole longi-
tudinal impedance and a dipole transverse impedance:!’

2c Z(w) 2R Z(w)

2= =T T

(1.39)

where R is the average radius of the accelerator, b is the
cross-sectional radius of the vacuum chamber, and n=kR
=wR/Pc is the harmonic of the orbital frequency. This
approximate relation is often used to estimate Z, , since
the latter is more difficult to calculate than the longitudinal
impedance. Equation (1.39) can be found from (1.38) in
the m=1 case, in which one assumes, on the basis of qual-
itative considerations, Z, =Zb%. The coefficient of 2/8 is
introduced so that (1.39) will hold exactly for the low-
frequency impedance of a smooth chamber stemming from
a finite conductivity of the wall [see (2.2) and (2.3)].

Once the initial concepts have been defined, it is natu-
ral to take up the question of just why we need to know
impedances and/or wake potentials.

1.2. Effects caused by the interaction of the beam
with the vacuum chamber

Beam energy losses. The energy lost by a single particle
bunch due to the interaction with a certain element of the
chamber is AU=kg’, where q is the charge of bunch, and
k is the loss coefficient for the given element, given by Egs.
(1.21)-(1.23) above. If a periodic train of bunches passes
through an element, and if the fields excited by the leading
bunches have not yet decayed by the time at which subse-
quent bunches arrive, the interference of fields can substan-
tially increase the losses; see, for example, the review of
Wilson'? and the bibliography there. It can be seen from
Egs. (1.22) and (1.23) that the losses are due primarily to
the behavior of ReZ at frequencies below the characteristic
bunch frequency w=c/I. For the typical transverse cham-
ber dimension b, the cutoff frequency is w,~c¢/b. The high-
frequency (0> w.) behavior of ReZ thus affects the losses
only in accelerators with very short bunches (/<b), e.g., in
linear electron accelerators.

e The low-frequency reactive part of the longitudinal
impedance, ImZ(w), determines the distortion of the po-
tential well created by the accelerating voltage, leading to a
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distortion of the bunch shape.' The “negative-mass” insta-
bility and the increase in bunch length are related to
ImZ(w) (Ref. 1).

@ The reactive parts of the longitudinal and transverse
impedances cause shifts in the synchrotron and betatron
Sfrequencies, respectively. The shift of the betatron fre-
quency in a cyclic accelerator, for example, is

Iq ON ImZ L xy
B 2777’Qx,y ZO ’

where ro=g3/mc? is the electromagnetic radius of the par-
ticles being accelerated, N is the total intensity, ¥
= 1/|1— Bi, and Q, , is the betatron frequency.

o Finally, a study of the beam stability conditions in
accelerators leads to constraints on the magnitude of the
coupling impedances.'®'® As an example, we write the con-
dition for the stability of an unbunched beam in a cyclic
accelerator:'®

Z 2\n|E [Ap\?
_,,dﬂlﬂl (_13)'
eIO P

n

Here n=w/w, is the index of the longitudinal mode of the
perturbation, Z,=Z(nw,), I, is the average current,
n=a—1/9y%, a=1/y? is the orbit expansion coefficient,
E=ymyc?, p is the equilibrium momentum, Ap is the mo-
mentum spread, and the factor F depends on the shape of
the momentum distribution. For real-world distributions
we would have F~1. The real part of the impedance de-
termines the instability growth rate. There are also con-
straints like (1.41) for the transverse impedance.

Information on the impedances or wake potentials thus
makes it possible to calculate effects resulting from the
interaction of the beam with the accelerator vacuum cham-
ber. An analysis of the chamber-beam interaction in terms
of impedances and an analysis in terms of wake potentials
are, in principle, equivalent. The latter approach is taken
more often for linear accelerators, while for cyclic ma-
chines it is often more convenient to work in the frequency
domain, i.e., with impedances.

The problem of determining an impedance (or wake
potential) for a given geometry of the vacuum chamber or
of elements thereof has been under study for more than
two decades. Methods for solving this problem have been
developed extensively. There are both theoretical methods,
which yield impedances, and experimental methods, which
make it possible to find impedances from experiments on
prototypes or working accelerators. The purpose of the
present review is to examine existing methods for calculat-
ing the coupling impedances of structures or individual
elements of an accelerator. We focus on those methods
which are most important for large proton synchrotrons, in
particular, the UNK.

We should cite several reviews on this subjec
Wilson’s review'? of wake potentials is a good introduction
to the subject. It contains references to earlier papers (see
also Refs. 21 and 22). Ng’s lecture?® on impedances is of
interest, although it deals basically with that author’s own
results. A good review was recently published by Heifets
and Kheifets.!! It discusses in detail questions concerning

8Q0,,= (1.40)

(1.41)

t. 12,20,11
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the behavior of the impedance at high frequencies—
questions of importance for the design of new linear e*e™
colliders with very short bunches. Palumbo and Vaccaro®
have reviewed methods for measuring impedances.

2. IMPEDANCES OF TYPICAL ELEMENTS OF
ACCELERATOR CHAMBERS

2.1. Curvature effects

In a synchrotron, the chamber as a whole is toroidal, if
various irregularities are ignored. In an analysis of the in-
teraction of a beam with a chamber, on the other hand, it
is customary to ignore the curvature of the chamber and to
deal with a rectilinear infinite periodic structure. It is in-
tuitively clear that this approach is justified if the radius of
curvature is large. This approximation was recently stud-
ied quantitatively in Refs. 24-27, which also contain refer-
ences to earlier papers. According to Ref. 26, the incre-
ment in the longitudinal impedance due to curvature is®’

Z_ i (Y aeam(2)
£l

where 4 is the height of the chamber (a chamber with a
rectangular cross section is assumed), R is the radius of
curvature of the orbit, v=wh/c is a dimensionless fre-
quency, and the coefficients 4 and B are on the order of
unity. Equation (2.1) is valid under the condition v
< \/R—/h It describes a very small increment in the imped-
ance of accelerators in which the condition A/R <1 holds.
At frequencies v > M there are some resonances due
to the curvature of the chamber. According to Ref. 25, for
the SSC they contribute R,,/n values on the order of 103
Q at ~5000 GHz. For the tevatron the values are 1072 Q
at ~500 GHz. Estimates for the UNK, with R=3306 m
and £=~6 cm, lead to R,;,/n=~10"2 Q at frequencies ~700
GHz. Clearly, such impedance levels pose no danger. Fur-
thermore, the irregularities in the ring of a real
accelerator—primarily the rectilinear sections—can
strongly suppress these “curvature resonances,” making
the figures given above upper estimates.

) (2.1)

2.2. Impedance of a smooth chamber

Knowing the effects which stem from the curvature of
the chamber, we can treat the vacuum chamber of a cyclic
accelerator as an infinite structure with a period equal to
the perimeter of the accelerator. We first consider the con-
tribution to the impedance from the smooth part of the
chamber, which is a waveguide with a constant cross sec-
tion. To calculate the fields excited in the smooth vacuum
chamber by the current, we solve Maxwell’s equations with
boundary conditions at the chamber wall and with the
periodicity condition. We use the definition of the longitu-
dinal impedance, (1.11) [or (1.26) for the transverse im-
pedance]. There is no difficulty in solving such a problem
in the axisymmetric case. The longitudinal impedance per
unit length of a cylindrical chamber is? (Ref. 9, for exam-
ple)
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Z(w) Z 1)
L ~ O

i b1 5
B)? (ln ;+Z)+(l_l) ﬁ}, (2.2)

where L=27R is the perimeter of the accelerator, §
= 2/(poow) is the skin thickness at frequency o, o is the
conductivity of the wall material, a is the radius of the
beam, and b is the radius of the chamber cross section.
Equation (2.2) was derived through the use of Leontovich
boundary conditions. It is valid under the following con-
ditions: (i) 6<A, where A is the thickness of the chamber
wall, and (ii) wb/c<y. The latter condition stems from a
simplification of the expression of which (2.2) is a limiting
case; this condition is not of fundamental importance. The
first term in square brackets in (2.2) stems from space-
charge effects. Its rapid decrease ( «y~2) with increasing
energy stems from a cancellation of the effects of the elec-
tric and magnetic fields on the beam in the relativistic
limit. The second term arises from the finite conductivity
of the wall material. At low frequencies, under the condi-
tion &>A, it is modified by the substitution?®
58 cot[(1—i)A/8]=8%/[(1—i)A]. On occasion, the real
part of the impedance is written

L
Re Z(w)=g R,

b

where & is the surface impedance of the chamber wall,
which is Zybw/2c = uew/20 in the case §<A and
1/(Aco) in the case 6> A. As an example, we can look at
the numbers for the vacuum chamber of the second stage
of the UNK, where o~2 - 10° S/m is the conductivity of
stainless steel at 4 K. We use A=2.5 mm and an energy
range 400—3000 GeV. According to (2.2), the space charge
contributes i/(5.8-0.14) m(. The contribution from the re-
sistive wall is much larger: (1 — 7)2.3/ ,/ f(MHz) Q in

the frequency range from 20 kHz to 500 GHz. At lower
frequencies, it becomes purely resistive and independent of
the frequency: 18.9 (). Such a value of Re Z would lead to
a large heat evolution in the chamber wall: ~0.1-1 W/m,
depending on the operating conditions of the UNK. This
situation would be tolerable in an ordinary accelerator,
while in a superconducting accelerator it would signifi-
cantly increase the load on the cryogenic system. In order
to reduce the ohmic losses in the walls, it has therefore
been suggested that the inner surface of the UNK-2 vac-
uum chamber be plated with a thin layer of copper. The
conductivity of copper, o., differs from that of stainless
steel in that it increases greatly at liquid-helium tempera-
tures: by a factor of 50-5000 from the value 0,~6- 10’
S/m at 300 K, depending on the purity of the copper. As a
result, the ohmic losses are lowered by two orders of mag-
nitude. On the other hand, there is an increase in the losses
due to eddy currents excited in the walls by the magnetic
field, which varies during the acceleration cycle. As a com-
promise, the thickness of the copper plating would be from
0.3 to 3 um, depending on the conductivity of the copper.

The transverse impedance (the dipole mode) of a
smooth axisymmetric chamber is'’
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i 1 1 b
Z, (0)=2ZyR B (P—Ei)'f'(l—i) E}]- (2.3)

The first and second terms in (2.3) have the same meaning
as in (2.2): the space charge and the impedance of the
resistive wall. The values for the UNK-2 are /(0.91-0.12)

MQ/m with y=426-3200 and (1 — #)0.43/ /f(MHz)

MQ/m, respectively.

The primary effects of the interaction of a beam with a
smooth chamber are the beam energy losses and, at low
energies, the negative-mass instability. Since electromag-
netic waves with phase velocities below the velocity of light
cannot exist in a rectilinear smooth chamber, there are no
resonances in such a structure.

2.3. Resonances

Various irregularities in a vacuum chamber (cavities,
inserts, adapter sections connecting sections with different
cross sections, etc.) raise the possibility of slow waves in
the chamber, which can interact resonantly with the beam.
At low frequencies, the irregularities make a basically re-
active contribution to the impedance.

At higher frequencies, resonances begin. Two cases are
possible here. First, there can be narrow-band resonances
due to elements with substantial resonator properties at
frequencies below the cutoff frequency w, of the smooth
part of the vacuum chamber. In this case the system has a
memory, and it acts on the coupled oscillations of the
bunches. As an example we cite the resonators of the ac-
celerating stations of the UNK, in which it is necessary to
damp several high-index oscillation modes,?’ since the lon-
gitudinal impedance which they create is above the stabil-
ity threshold of multipole oscillations of the bunches. The
second case is that of elements whose resonator properties
are poorly expressed or for which the frequencies of the
resonances are well above w,.. Such resonances have large
widths, due to radiation into ports of the energy of oscil-
lations excited in the interior of the resonator. These reso-
nances affect an individual bunch and may thereby change
the shape of a bunch and drive single-bunch instabilities.
The sources of these resonances might be various small
irregularities (a corrugation, bellows, points at which vac-
uum equipment is connected, etc.) or regions of a large
flaring of the chamber.

The discussion above dealt with an individual element
of a chamber. The calculation methods which are reviewed
in Sec. 3 or impedance measurements usually make it pos-
sible to find the impedance of an individual element or a
periodic structure of identical elements. However, how do
the elements affect each other? If we know the impedance
of the individual elements, can we find the impedance
which the set of elements creates? For elements which are
far apart (i.e., waves excited in one do not reach another),
the impedances are evidently additive at any frequency.
For neighboring elements, the interaction may be impor-
tant, especially at frequencies near resonances (more on
this in Sec. 3).
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Since the resonant frequencies of the various chamber
elements are different, the frequency dependence of the
chamber impedances may be exceedingly complex. Under
certain conditions, the impedance of the real chamber is
replaced by a model impedance in order to study the effect
of the chamber on the beam, in particular, on an individual
bunch. For example, the model of a wide-band resonator>’
with the parameter values!® Q=1, f,=1.3 GHz,
R, /n,=|ImZ/n|=0.9 Q is used in calculations on the
dynamics of a beam in the LEP. This substitution is legit-
imate, since the distances between bunches in the LEP are
very large (there are 4-8 bunches over the orbit with a
perimeter of 27 km in the LEP), and the bunches them-
selves are short. As a result, the detailed structure of the
impedance (narrow peaks) does not affect the dynamics,
especially single-bunch effects.

3. METHODS FOR CALCULATING IMPEDANCES

A calculation of impedances or wake potentials ulti-
mately reduces to solving an electrodynamic problem: that
of finding the fields (electric fields, magnetic fields, and
force fields) excited in a chamber by a given beam current.
There are various ways to solve this problem. The various
calculation methods can be classified (extremely arbi-
trarily) on the basis of the following characteristics:

@ the approach taken (electronic-circuit or electrody-
namic),

o the solution method (analytic, semianalytic, or direct
numerical), and

@ the initial formulation of the problem (in the time
domain or the frequency domain).

Clearly, different methods may be convenient, depend-
ing on the geometry of the element of a vacuum chamber
and on the particular frequency range or, in the case of
wake potentials, on the particular interval of lag times
which is of interest in the problem at hand.

3.1. Electronic-circuit methods

The element of the vacuum chamber, which usually
has a complex geometry, is replaced by some equivalent
electronic element (a long line, an RLC circuit, etc.). The
parameters of the equivalent element, e.g., the resonant
frequency, the Q, or the length of the line, are determined
from additional considerations. The model of a broad-band
resonator mentioned above can be put in this category. The
studies which have taken the electronic-circuit approach
are characterized by the following:

o The (complex) geometry is replaced by equivalent
electronic circuits, and the parameters of these circuits are
estimated on the basis of heuristic considerations.

® The results are derived in the form of fairly simple
expressions (which should be classified as analytic on this
basis).

o The frequency interval in which the replacement is
successful is limited (the frequencies are usually low,
0<o,).

A typical example of this approach is Ng’s calculation
of the low-frequency impedance of beam separators.’? In
that study, the system of separator plates with external
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circuits is modeled by a circuit with lumped parameters: a
resistance R, an inductance L, and a capacitance C. The
values of these parameters are related to the geometric
dimensions of the irregularity and to the resistance of the
external circuit. As a result, one finds an expression for the
longitudinal impedance at low frequencies:

R—iowL
1—&’LC—ioRC’

Z(w) =4 sin?( 2 3.1)
(w) =4 sin 20) .
where / is the length of the separator plates.

The following formula is used to calculate the imped-
ance of strip-line beam-position sensors at low frequencies:

. 2((01) . (col) (a)l)
sin?| — | —i sin[ — |cos| —
c c c

where Z_ is the characteristic impedance of an electrode, /
is the length of the sensor, and ¢ is the angle in the cross
section subtended by the electrodes. This formula was de-
rived in Ref. 33; see also Ref. 34, and for more details, Ref.
35.

The impedances of traveling-wave kicker magnets at
low frequencies were calculated in Refs. 36 and 37 by re-
placing the magnet by an equivalent long line with a cer-
tain characteristic impedance, loaded at its ends.

b

2
4
Z(w) -—Zc(—z )

3.2. Electrodynamic methods

Electrodynamic methods constitute another, larger
group. By directly solving Maxwell’s equations with a
given current, one finds the electromagnetic field excited in
the chamber and determines the coupling impedances or
wake potentials. Here we should distinguish between two
subgroups on the basis of the initial formulation of the
problem: in the time domain or in the frequency domain. In
methods which use the frequency domain, one calculates
the fields created by a given harmonic of the current
I <exp(—imt). An integration of the field directly yields
the coupling impedance (Sec. 1). In the time domain, one
calculates the wake potentials created during the passage of
a given charge distribution through the structure. One then
finds the impedances by means of Fourier transformations.
The Fourier transformation (1.19) relates the impedance
to the wake potential W(s) of a point charge, i.e., the
response function. When the wake potential is instead cal-
culated for a bunch of finite dimensions (this is the case for
most of the numerical methods which work in the time
domain), the Fourier transformation yields not the imped-
ance itself but its convolution Z(w)A(®), where A (w) is
the spectrum of the bunch. For high frequencies, the quan-
tity A(w) is usually small; for a Gaussian bunch, for ex-
ample, it is (@) =exp( —@%0%/2¢%). The unavoidable er-
rors in the convolution calculation lead to errors at high
frequencies.

In order to solve Maxwell’s equations it is necessary to
impose boundary conditions on the fields. At the wall of
the vacuum chamber, this condition can be the condition
E,=0 in the limit of ideally conducting walls, or it can be
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TABLE I. Electrodynamic methods in the @ domain.

Method Solution method Basic studies Type of irregularity Comment
Eigenfunction method Anal. e.g., Refs. 39, 49, and 50 Fig. 1,aand c b-0
Numer. see Refs. 45, 47, 48, 52, and 51 Fig. 1, c—- I
Fig. ,aand b P
Field joining method Semianal. [75, 76, 77, 78, 79] Fig. Ic I
[9, 57, 56, 59] Fig. 1a P
[81, 82, 80] Fig. 1g I
Matrix method Semianal. [66, 67] Fig. 1b P
Corrug.
Perturbation method Anal. [61, 62, 65, 63, 51] Fig. 1b h<b
D>h
Equivalent boundary conditions Anal. [72, 73, 74] Fig. la h<b
Corrug. P
Integral equations Anal. [83, 84, 85, 86] Fig. 1, ad Pand I
Semianal. [87] Fig. 1,d and f I
Direct numerical methods Numer. [88, 89] Fig. 1, c—- I
Diffraction method Anal. [90, 50, 91, 11] Fig. 1, a,¢c, g, h Pand I
0> o,
Energy method Anal. [97, 98] Fig. 1,aand g Approx. method

the Leontovich condition for a metal. In addition, to
“close” the problem it is necessary to impose some further
conditions:

® the periodicity condition—for an infinite periodic
structure which can serve as a model of a linear accelera-
tor, for an iris-loaded waveguide, etc., or a cyclic acceler-
ator with curvature effects ignored;

® the radiation condition—for open aperiodic struc-
tures (a resonator with infinite ports or a semi-infinite
waveguide);

® the “closure” condition—the boundary condition at
some imaginary surface which closes the region in which
the fields are being calculated. For example, imaginary
metal mufflers in feed ports transform a resonator with
ports into a closed resonator, making it possible to study
the impedance at frequencies below the cutoff frequency.

Electrodynamic methods in the frequency domain.
Methods for calculating impedances in the frequency do-
main are listed in Table I. The papers cited here are papers
in which the method was proposed or papers with exam-
ples of the use of a method and the basic types of irregu-
larities to which it applies.

The “Comment” column gives limitations on the
method and states whether the method is applicable to
periodic structures (P) or to an individual irregularity sep-
arated from other chamber elements (I). There are of
course some methods which do not conform to the classi-
fication of this table. For example, an elegant proof>® that
the impedance of irregularities which are axisymmetric but
asymmetric in the longitudinal direction is independent of
the direction of the beam is based exclusively on Maxwell’s
equations and on the formal definition of the impedance in
(1.16). The assignment of Refs. 88 and 89 to the “direct
numerical methods” row is also arbitrary. Those papers
use approximate boundary conditions which simulate the
conditions of radiation into open ports for structures of the
type in Fig. 1, d and e, making it possible to use known
numerical methods.
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Eigenfunction method. In the frequency domain, in the
approximation of a ‘“closed resonator,” the calculation of
an impedance can be reduced to a standard internal eigen-
value boundary-value problem. Since the solution of the
inhomogeneous equation is expressed as a series in eigen-
functions, the impedance can be expressed as a formal se-
ries. In practice, however, this approach yields only reso-
nant values of the impedance (for the modes whose
eigenfunctions have been found) or the behavior of the
impedance at low frequencies for very simple models, in
which it is possible to find all the eigenfunctions analyti-
cally and to sum the series.

We denote by E; and H, the complete set of eigenfunc-
tions of a boundary-value problem with ideal boundary
conditions at the walls of a closed resonator. Here
s=(51,5,,53) is a generalized index. The eigenfunctions sat-
isfy orthogonality conditions u,[dVH:H,=¢,[dVE¥E,
=6,,,/V,, where §,,, is the Kronecker delta, N, is a nor-
malization coefficient, and the integration is over the vol-
ume of the resonator.’® We seek a solution of the inhomo-
geneous Maxwell’s equations with a current j,

curl H= —iwegE+j, (3.3)

curl E=iougH,

with the same ideal boundary conditions, in the form
E=3aE , H=3BH,, where a, and B, are undetermined
coefficients.* Substituting the series in eigenfunctions into
Egs. (3.3), we easily find

a.= i X f dv jE*
s mf—wz Ns 174 J s2

Wy
Bs=; Q.

The Fourier transform of the current of a point charge q is
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j(®) =% 6(r—a)b(@—eo)exp(iwz/Pc).

From the definition (1.16) of the longitudinal impedance
we then find

iwz

1
Z(w)= ~q J; dz cxp( B )Ez(r=a,z)

5 io |I(w)|?
= - w—z“__wz NS ’

s

(3.5)

where I (0) = [ ;dz exp(—iwz/Bc)E,(r=a,z).
From (3.5) we easily find an expression for the low-
frequency limit of Z(w) at o<min(w,):

7z , IIs(w)lz
(0)=—iw —wm—

s

(3.6)

It can also be seen from (3.5) that in the limit 0 - o,
there is a resonant increase in the sth term in the Z(w)
series. We introduce a nonzero but small absorption in the
resonator walls, adding an imaginary part to the eigenval-
ues: 0, - @, — i, = w;(1 —i/2Q;) (Ref.71). The Qofthe
sth mode in this case is Q; = o, W/ P; > 1, where W ;=Ny/2
is the energy of the sth oscillation mode in the resonator,
and P, is the average power dissipated in the resonator
walls. The power loss is defined as

1
e 2
P=ss Lds|Hs,| ,

where o is the conductivity of the wall material, § is the
skin thickness at the frequency w;, Hy, is the tangential
component of the magnetic field near the wall, and the
integration is over the inner surface of the resonator. At
® =~ o, the sth term in the expression (3.5) for the lon-
gitudinal impedance is dominant:

3.7

O )|*
w:st.Sdslerl ’

alternatively, using the expression for the Q, we find

Z(wo=0,)=R=

(3.8)

2
a&‘dez exp(—iw—sz)E,,(r=a,z)|
R= be (39)
: [ sds|H,.|* '

We can write expressions for a cylindrical resonator in
the limit in which the feed ports have a small radius
(b—0). We denote the length of the resonator by L and the
radius by d. We use the index s= (m,n,p), where m is the
number of azimuthal variations [exp (im¢)], m is the num-
ber of radial variations, and p is the number of longitudinal
variations of the E field. We denote by y,,, the nth zero of
the Bessel function of the first kind, J,,(x). The (m,n,p)
resonance has a frequency approximately equal to
the resonant frequency of the resonator, ,.,,

= \/,uim,, + (mpd/ L)*c/d. The longitudinal impedance is
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(3.10)
The upper line in the curly brackets corresponds to even
values of p, and the lower line to odd values.
Correspondingly, singling out the dipole («cos @)
component of the current j,(®), we find the resonant value
of the transverse (m=1) impedance for the £ modes:

sin?

cos?

oo oL B 8
l”p—SWBE%Jg(uI,,) n

¥ s eal)
L B Bido(k1n)
1L 2 rap\*7?(sin® 1L
<|5) -G Ll (5)
(3.11)

This expression for R,,, corresponds to a radial trans-
verse force which is acting on the beam, i.e., Z, ,. In gen-
eral, the transverse impedance Z; [see (1.26) and (1.28)]
is a two-dimensional vector which has two independent
components Z, , and Z, ;, (or Z, , and Z, ,). In an axi-
symmetric chamber, however, we would have Z, =0

More than a few methods have been developed for
numerically solving the spectral problem with boundary
conditions at an ideally conducting surface. These methods
make it possible to calculate the lower eigenvalues and
eigenfunctions. The best-known pieces of software for axi-
symmetric structure are SUPERFISH (Ref. 40, axisym-
metric modes), ULTRAFISH [Ref. 41, modes with a vari-
ation exp(img)]l, MULTIMODE,* PRUD,*® and
LANS.* These pieces of software use the method of finite
elements. The URMEL package*’ uses the so-called FIT
algorithm. Where the geometry is definitely three-
dimensional, one can use the URMEL-3D program, which
is part of the MAFIA package.*® By introducing a finite
wall conductivity o, one can determine the quality factor
Q; for the given mode and the value of Re Z(w;) at reso-
nance for the jth eigenfunction which is the subject of the
calculations. The approximation of a closed resonator in
the eigenfunction method thus makes it possible to find
resonant values of the impedance at frequencies below the
cutoff frequency of the chamber. This comment applies to
large irregularities of complex shape, e.g., the resonators of
accelerating stations*’ and regions where the chamber is
flared in experiment zones.*®

If the irregularity has a simple geometry, the eigenval-
ues and eigenfunctions can be calculated analytically. For
example, a cylindrical resonator with small exit apertures
was studied in Refs. 49 and 50. The eigenfunctions and
eigenvalues were approximated by the eigenfunctions and
frequencies of a closed resonator. In Ref. 49, the effect of
ports was evaluated by calculating the energy dissipated in
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them. In Ref. 50, approximate analytic expressions for the
longitudinal and transverse impedances in the low- and
high-frequency limits were calculated by summing a series
of eigenfunctions.

A minor modification of the eigenfunction method
makes it possible to calculate resonances at higher frequen-
cies also, but for periodic structures: the “closure” condi-
tions are replaced by periodic boundary conditions. For
example, the MULTIMODE package*? was used for this
purpose in Ref. 51. The modified URMEL-P program>
can be used for the same purpose. In that case, however, it
is necessary to calculate dispersion characteristics of the
periodic structure. Such calculations are extremely
lengthy, especially for structures with a long period.

Joining method. To calculate the fields in structures
which have axial or planar symmetry, with a boundary of
fairly simple shape (Fig. 1, a and c), the method of partial
regions, also called the joining method, is used. The volume
inside the chamber is partitioned into simple subregions
within each of which variables can be separated in the
wave equations. The solutions in each subregion are ex-
pressed as series with undetermined coefficients. Substitu-
tion of the solutions into the continuity equations at the
boundaries of the subregions and into the boundary con-
ditions at the chamber walls leads to an infinite system of
linear equations for these coefficients. Strictly speaking, in
order to select unambiguously the solution for an infinite
linear system it is necessary to impose some additional
conditions, e.g., so-called conditions at an edge.’> Usually,
however, the system can be truncated at a finite size on the
basis of physical considerations, and simply a few coeffi-
cients are sufficient to calculate impedances. Among the
papers which have used the joining method to calculate
longitudinal impedances, that by Keil and Zotter® is well
known. The period of the structure is a cylindrical cham-
ber of a cyclic accelerator of length D=27R with a flaring
region of length g, a chamber radius b, and a flaring of d
(Fig. 1a). The nth harmonic of a perturbation, j,(z,rt)
= p,.Bcexp(izn/R — iwt)0(a — r), propagates along the z
axis of the chamber; here w=pBcn/R, and a is the beam
radius. The fields are joined at the boundary between the
cavity and tube at r=5. The matrix equation found as a
result of this joining process can be solved analytically in
the low-frequency limit. For example, under the conditions
w<c/g and w<c/d, a short (g<b) flaring section in the
chamber makes an inductive contribution to the longitudi-
nal impedance:

VA g d
Pha —iZPB —In—

7RG (3.12)

Approximate expressions for resonant values of the imped-
ance and the frequencies are also derived. In general, the
truncated system of equations is solved numerically. The
elements of the kernel (matrix) of the equation are slowly
convergent series. In some later papers by other
authors,>* the range of applicability of the method was
expanded. In particular, a transformation was used which
made it possible to improve the convergence of these series
and thus to simplify the calculations. Expressions for res-
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onant values under the condition b<d were given in Ref.
55, and a program was developed for numerically calculat-
ing the impedance for a broad range of parameter values.

A similar approach was taken to calculate the trans-
verse impedance in Ref. 56 for the same geometry. A sys-
tem of equations was derived for the field coefficients. Ap-
proximate expressions were found for the low-frequency
region. For example, a short flaring region in a chamber
under the restrictions on the frequency given above leads to
the following increment in the transverse impedance:

g d*—b

L=l g E R

(3.13)

Several programs for calculating fields in an axisym-
metric periodic structure with the geometry of Fig. 1a have
been developed on the basis of joining methods. The
KN7C program®’ can find the parameters of azimuthally
symmetric modes: the frequencies w,, the field pattern,
and the loss factor k,. From these results it is a simple
matter to find the wake potential, since we have!?
W(s)=27_k,cos(w,s/c). A Fourier transformation
yields the impedance, whose real part consists of § func-
tions at the points w, with weights 7k, . The discrete peaks
are usually ‘“smeared out,” and an average quantity
Z(0) =2m"/A03 k, is dealt with, where the summation is
over the modes which fall in the interval® (0 —Aw/2,0
+Aw/2). The TRANSVRS program® works in the same
way as KN7C for modes with an azimuthal variation
cos(me).

Aperiodic structures. For irregularities remote from
other elements of the vacuum chamber it is convenient to
treat the idealized problem in which the irregularity is as-
sumed to be positioned on an infinite smooth chamber. It is
of course not possible to formulate an internal boundary-
value eigenvalue problem and then use various programs
for solving it in this geometry without resorting to the
approximation of a closed resonator. It is necessary to con-
sider the radiation conditions at infinity: There is only an
outgoing wave in an output port, while there are incident
and reflected waves in an input port.

The method of partial regions (the joining method) is
used in this problem when the irregularity has a simple
geometry. Expressions for the fields in the open region are
written with allowance for the radiation boundary condi-
tions at infinity. For a simple cylindrical irregularity (Fig.
Ic), the joining at the longitudinal cavity-tube boundary
leads to either an integral equation or a matrix equation for
the coefficients of an expansion -of the field in the cavity
(the longitudinal impedance’> and the transverse
impedance’®). The truncated linear system is solved nu-
merically (the ICYRP program). This method has also
been generalized to the case of several equidistant identical
irregularities of this type, and the mutual effects of these
irregularities have been studied.”’

Another version of the joining method is possible: a
joining at (port)-irregularity end joints (Ref. 78, for ex-
ample). A joining of the fields in the transverse plane was
used in Ref. 79 to calculate the longitudinal impedance of
an arbitrary axisymmetric structure. The irregularity was
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approximated by a sequence of stepped transitions. Matrix
equations for field coefficients arose as a result of the join-
ing at the common boundaries of neighboring regions. The
approach of joining in the transverse plane is a natural one
for calculating the impedance created by collimators.®
This joining method is also used when the radii of the input
and output ports are different and also to study an abrupt
transition between waveguides of different dimensions.3"%?

Perturbation-theory methods. The joining method is
suitable for only the simplest shapes of irregularities of the
vacuum chamber. If there is a small variation (of arbitrary
shape) in the transverse dimensions of the chamber,
perturbation-theory methods are used to calculate imped-
ances. We denote by D the period of the perturbation of the
wall of an axisymmetric chamber, and we describe the
shape of the boundary in a longitudinal cross section,
@=const, by means of the function r=>5(z) =5b[1 +£s(z)]
where s(z)=27" _ pexp(t‘ZTrpz/D), =0, c_, = cp ,
Var[s(z)]=2. The fields excited in the chamber by a given
current are written as a series in spatial harmonics with a
known radial profile, with undetermined coefficients. The
coefficients can be found from the boundary conditions at
the chamber wall:

E,+b'(2)E, ZoH, o,

1—
;]1+[b’( )] 3+ ( rebi(s)

where § is the skin thickness. The quantity e=h/2b<1 is
the small parameter here, where 4 is the height of the
irregularity, and b is the mean radius of the chamber. Sub-
stituting the fields into this boundary condition, and ex-
panding the resulting equation in powers of £, we find a
recurrence sequence of boundary conditions at »=5b. From
them we find the field coefficients and the impedance as a
series in ¢: Z=Z(°)+EZZ(2)+£3Z(3)+..., where Z® is the
impedance of the smooth chamber, and Z(!’=0. The ap-
proach of expanding in a small parameter in the boundary
conditions, which we will call the € expansion, is referred
to in the mathematical literature as a transfer of the bound-
ary condition to a regular boundary.® The ¢ expansion was
originally used in accelerator theory to calculate the energy
losses of a beam in a cylindrical waveguide with a periodic
variation of the radius.’' The method was used in Ref. 62
to calculate the longitudinal and transverse impedances of
a chamber with a small periodic perturbation of an ideally
conducting wall (0— o) in the ultrarelativistic limit
(Y- o). The increment in the longitudinal impedance of
the smooth chamber is

(3.14)

1( P)

*dox, ) O )

—iZ?G* Y pPle,|?

pP=—o

Ny S 20 .12 S 1 3
=—iZ’G2 X Ple|’ X 7—=+0(),
pP=—o r=1 10r+xp

(3.15)
where G=2mb/D, x}=2£pG+p*G*, J,,(j,)=0, and
J,.(x) and I,,(x) are the ordinary and modified Bessel

functions of the first kind. It is then a simple matter to find
Z/n at low frequencies (§=wb/c-0, ie., x,— [p|G). In
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. Zotter

addition, one can derive simple formulas for the resonant
frequencies f),, of the rth radial mode, the width of the
resonances (2Af),,, and the values of Z,, of the reso-
nances:

2
4 Jor
for=%m (PG+;G~),
6 Jor 2
(2Af)p,r=fp,r§-5 [1+ (p_(;) ]’

Z -2
ozl |2—[1+(’°’)] L0, (318)

(3.16)

(3.17)

The increment in the transverse impedance in the case
0— 00, Y— o0 is

0

>

2R
Z, =—iZE'GP—

v =
I{(xp) Il(xp) 3
X xpll(xp)wxili(xp) +0(¢e). (3.19)

The first term in square brackets here is the E-wave con-
tribution, and the second is the H-wave contribution. Cor-
respondingly, there are two families of transverse reso-
nances.

The e-expansion method was used in Ref. 63 to derive
a general expression for the longitudinal impedance at an
arbitrary beam energy and for a finite wall conductivity.
The effects of random deviations from periodicity in the
positions of the irregularities were taken into account by a
statistical approach. The parameters of the resonances
were compared with the results of numerical
calculations,’! and it was shown that the agreement is good
for small perturbations and sufficiently long periods.
Higher orders of perturbation theory in £ were studied in
Ref. 65. The £ expansion is valid only for perturbations
whose boundary b(z) is a single-valued function of z, and
for which the derivative |b'(z)| is bounded. A more gen-
eral method was used in Ref. 66, where an additional lim-
itation on the applicability of the € expansion at low fre-
quencies was pointed out: D> A, where D is the period of
the structure.***%” The ¢ expansion can thus be used to
carry out calculations on structures with small and smooth
variations of the boundary under the condition that the
period is significantly larger than the variation of the trans-
verse dimension, e.g., for transition sections and joints.>!"68
For corrugations, i.e., for D~ A, the £ expansion does not,
strictly speaking, work.

Matrix method. To calculate the impedance of a cor-
rugated vacuum chamber at low frequencies, Kheifets and
proposed a method which we will call here the
“matrix method.” A modification of this method proposed
in Ref. 67 can be used to calculate the longitudinal and
transverse impedances in the resonant region also. The ma-
trix method can be used for periodic structures with axial
or planar symmetry; the chamber boundary b(z) must be a
smooth, single-valued function of z (Fig. 1b). Structures of
the “pill-box” type (Fig. 1a), for example, do not fall in
this category. In this case it is not required that the vari-
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ation of the boundary, #=max[b(z) —b] be small. The so-
lution of the wave equations with a given current, written
as a series in spatial harmonics with undetermined coeffi-
cients, is substituted into the boundary condition (3.14).
The resulting equation is then expanded in the complete
system of spatial harmonics. As a result, one finds an (in-
finite) matrix equation for the coefficients. After trunca-
tion, this equation is solved numerically: by the IMPASS®
and NM® programs. As a result, the matrix method, like
the joining method, should be classified as semianalytic. In
the case < b, the matrix equation can be expanded in the
small parameter ¢, and an analytic solution can be found;
this solution is the same as the £ expansion discussed
above. The additional conditions under which the expan-
sion of the matrix equation is valid are sufficient conditions
for the applicability of the £ expansion.®®®’ The size at
which the matrix is truncated (PXP) in the numerical
solution is proportional to the length of the period. Values
as low as P=5 or 7 are sufficient for corrugated
structures.’’ The matrix method is thus convenient for
structures with a short period.

Method of equivalent boundary conditions. The imped-
ance of chambers with a corrugated wall is also calculated
by the method of equivalent boundary conditions, which,
like the € expansion, transfers the boundary conditions to a
smooth boundary. In a calculation of the fields in a corru-
gated waveguide, a so-called impedance condition is im-
posed. This condition imposes a linear relationship be-
tween the components of the electric and magnetic fields
on some smooth surface. For example, in the case of a
cylindrical waveguide of radius b, with a rectangular cor-
rugation with period D and depth 4 (h<b), we have

5 o Ep=0, (3.20)

D—g wh

Ez=iZo—tan(—c-)H E,=0
at r=>b, where g/ D is the corrugation filling factor.”® An-
other example of this approach is the study by Balbekov,
in which an “effective” boundary condition at a smooth
boundary arises from a conformal mapping of a cell of the
corrugation into a rectangle. The corrugated surface is re-
placed by an “equivalent” smooth surface with r=b.s and
with a dielectric coating whose dielectric constant depends
on the longitudinal coordinate z. In the long-wave approx-
imation A> D, an average over z can be taken. As a result,
one finds a boundary condition of the impedance type at a
smooth surface. This method was used in Ref. 72 for an
analytic calculation of a resonance of the longitudinal im-
pedance with a frequency of about 6 GHz caused by a
wave slowed by a corrugation in the U-70 accelerator. The
transverse impedance of the corrugated U-70 chamber has
been calculated in a corresponding way.”* Interestingly, the
effect of irregular inserts in an accelerator (sections of
smooth chamber, etc.) which disrupt the periodicity of the
corrugated structure reduces the size of the resonance by
more than an order of magnitude. The result agrees well
with measurements at the U-70. The impedance of this
corrugated structure was calculated in Ref. 73 with the
help of the standard impedance boundary condition stated
above. The matrix method, applied to the same problem in
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the case of an undisrupted periodicity,®’ leads to the same
parameter values for the slow-wave resonance as in Refs.
72-74. In addition, it indicates that there is a series of
resonances of the longitudinal and transverse impedance at
higher frequencies, ~14 GHz. There are two series of
high-frequency transverse resonances, corresponding to E
and H waves. For the slow-wave resonance and for the E
series, the empirical relation (1.39) for the longitudinal
and transverse impedances holds well. The same is true of
the low-frequency increment caused in the impedance by
the corrugation.

Method of integral equations. For an irregularity of
fairly general shape, the impedance calculation can be re-
duced to the problem of solving an integral equation. An
integral equation in which the unknown is the field at »=b,
and the kernel is a series in the eigenfunctions of the cavity,
was constructed in Refs. 83 and 84 for an axisymmetric
structure. The integral of the solution of this equation
yields the longitudinal impedance. For small irregularities,
the kernel can be simplified, and the results can be derived
explicitly.’® The same possibility holds in the high-
frequency limit for irregularities of a particular type.3* The
results are generalized to several identical inserts and, in a
limiting case, to a periodic structure.®®

To calculate the impedance of one or several equidis-
tant irregularities of a fairly general type [under the restric-
tion that b(z) is a single-valued function of z; i.e., Fig. 1d
but not Fig. le], another integral equation was found in
Ref. 87. The longitudinal impedance is expressed in terms
of the solution of this equation at a selected point. For an
irregularity of simple shape, the kernel can be evaluated
analytically, but in general it is a definite integral. A simple
numerical procedure for solving the integral equation
makes it possible to find the impedance at both low and
high cutoff frequencies. At low frequencies, irregularities of
the chamber which are regions of flaring or contraction
generate a primarily inductive increment in the longitudi-
nal impedance: Im Z(w) = —w.Z. The dependence of the
inductance .¥ on the geometric dimensions was studied
in Ref. 87 by fitting the results of a numerical solution of
the integral equation for certain types of perturbations. For
a flaring of a cylindrical chamber whose axial cross section
is a triangle with base L and height A, for example, the
following result was found:

Z, Lh 2k

" 2me wh L2+4h* (3.21)
If the inductance of an insert of this sort is calculated in the
approximation of an unperturbed field of the beam as the
ratio of the magnetic flux to the current,9 the result
& =2ZyLh/(4mch) is found. The result (3.21) differs from
this approximation, since it incorporates the distortion of
the field inside the insert.

For a contraction of a chamber with the same triangu-
lar shape we have

Z, h*

=3me B (3.22)
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For perturbations with a trapezoidal cross section—a
pair of transition sections of length / which make the tran-
sition from the radius b of the smooth chamber to a radius
b+h (or b—h; Fig. 1f)—and under the condition /< L, b,
the quantity Im Z is nearly independent of the distance
between transition sections, L. Under the condition L > b,
the inductances created by the flaring and contraction of
the chamber are identical for equal values of 4. For L>2b,
they are given approximately by

Zy h?

£ =55 P

(3.23)
where tan 0=~h/1.

The same method has been used to study the interac-
tion of N identical equidistant small perturbations in the
resonant region. An extremely interesting result emerged:
Even if the distances between irregularities are large, D> b,
the size of a resonance in the longitudinal impedance, di-
vided by the number of these resonances, oscillates in the
interval [0,N* ReZ,], where ReZ, is the resonant imped-
ance of one irregularity. The frequencies of the resonances
are nearly independent of N and D. In the limit of a peri-
odic structure (N — o), the integral equation becomes an
infinite linear system—the same as that which arises in the
matrix approach.®’

Diffraction methods. To calculate the impedance of an
irregularity at high frequencies, diffraction-theory methods
are used. The first study in this direction was carried out by
Lawson.”® A picture of the present situation in this field is
drawn by Heifets,”! who studied the high-frequency behav-
ior of the impedances of some simple irregularities. Let us
take a closer look at the situation at frequencies wb/c> 1.

For a long time, the results derived on the behavior of
the impedance at high frequencies were afflicted by a con-
tradiction. The asymptotic behavior Re Z(w) ~o~/? was
found for the longitudinal impedance in several
studies,’®>%92%3 while the numerical results of Ref. 15 and
the results of several studies (e.g., Ref. 94) using the model
of an optical resonator’ indicated an »~*? asymptotic
behavior. The contradiction was successfully resolved by
Heifets and Kheifets,”® who showed, by a joining method,
that for an isolated pill-box irregularity the asymptotic be-
havior is ReZ(®») ~»~ /%, while that for an infinite peri-
odic structure is ReZ(w) ~w~*2. In the case of a finite
number of irregularities M, the transition from the o~
regime, which prevails in the frequency range
L/b<wb/c<M?¥*L/b, to the /2 regime occurs at wb/
¢>ML/b. Here L is the distance between the elements,
and b is the radius of the smooth part of the chamber.
Corresponding results have been derived in the diffraction
model.”! The asymptotic behavior of ImZ was also studied
in Refs. 84 and 85. These results are important for electron
accelerators with a very short bunch.

The review'' by Heifets and Kheifets gives a detailed
description of results on the impedance at high frequencies,
including studies by both the diffraction and joining meth-
ods. We will cite only one result here: The longitudinal
impedance of a collimator consisting of a diaphragm of
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radius d on a smooth chamber of radius b (d <b) takes the
constant value

d

i (3.24)

Zy

Z(w)=—In

o
at 1<wd/c<y. An abrupt change in chamber radius (b
>d; Fig. 1g) has the same impedance at high frequencies.

Energy method. This approach occupies a somewhat
special position among electrodynamic methods, since it
allows one to avoid a rigorous solution of the electrody-
namic problem of the excitation of a waveguide by a given
current in calculating impedances (or wake potentials). It
is similar in this regard to the electronic-circuit approach.
It can be classified as an electrodynamic method because
the field patterns in the individual parts of the structure are
studied, as in the joining method. In particular, the fields
are expanded in the system of waveguide modes. On the
basis of simple qualitative considerations regarding the
field characteristics—the field excited by a relativistic par-
ticle is localized in the half-space behind the particle, etc.—
the joining conditions can be replaced by an equation ex-
pressing the energy balance between the radiated waves
and the field of the charge in some volume (Refs. 97 and
98, for example). The energy method is ordinarily used for
calculations on slow-wave structures, either uniform (with
a dielectric) or periodic, of the iris-loaded-waveguide type.
Along this approach one can also study the impedance of
the irregularity which arises at a joint between two
waveguides differing in size.

Aperiodic structures. Direct numerical methods in the
frequency domain are used to calculate the impedance of a
resonator of arbitrary shape with infinite ports at frequen-
cies o> w,. The boundary conditions in a field-calculation
problem were formulated in Ref. 88 in such a way that the
SUPERFISH program*’ could be used. The radiation con-
ditions are replaced by the introduction of a medium,
which fills the smooth chamber. The medium has a small,
purely imaginary dielectric constant. However, the calcu-
lations must be repeated for each new value of the fre-
quency, and much processor time is required. Another pro-
gram, URMEL-L? uses approximate boundary conditions
at open ports. It then becomes possible to formulate the
problem in a closed region and to calculate the longitudinal
impedance numerically at frequencies above w,.

A semi-infinite waveguide is an irregularity of a differ-
ent type. The problem of calculating the longitudinal im-
pedance of a semi-infinite cylindrical waveguide with ide-
ally conducting walls was solved in Refs. 99 and 100. The
problem reduces to a system of two integral equations of a
special type, which can be solved by a factorization method
(Ref. 101, for example).

To conclude this section of the paper, we cite some
recent studies!®"'™ in which the impedance created by
holes or slits in chamber walls (used for evacuation) was
calculated. Such irregularities are typical elements of the
chamber of large ring colliders; furthermore, there are usu-
ally a lot of them. The method proposed can be classified as
a version of the method of equivalent boundary conditions
according to Table I. On the other hand, it is similar to the
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energy approach in that it allows one to avoid a rigorous
solution of a complex three-dimensional problem of calcu-
lating fields. This method is based on the theory of wave
diffraction by small holes which was derived by Bethe.'®
The basic idea of the method is to replace a hole excited by
an incident electromagnetic wave by effective “magnetic”
currents in order to satisfy the boundary conditions at the
walls. If the holes or slits are small, the fields generated by
these currents can be calculated as the fields of effective
electric and magnetic dipoles, whose magnitudes are ex-
pressed in a simple way in terms of the unperturbed fields
in the chamber. The fields excited by the holes are conve-
niently expanded in eigenmodes of the chamber. After an
integration, one obtains simple expressions for the imped-
ance. The problem has been solved for a small hole of
arbitrary shape in an ideally conducting wall in a circular
chamber'®!® and in a chamber with arbitrary cross
section.'™ The range of applicability of the results is deter-
mined by the conditions wh/c <1, where 4 is a character-
istic dimension of the hole, and 4 <b, where b is a charac-
teristic transverse dimension of the chamber. Bethe’s
theory is valid under these conditions.

We will reproduce the results for a circular chamber,
which have a simple analytic form.

We assume that a cylindrical chamber has a cross sec-
tion of radius b, ideally conducting walls, and a small hole
in its wall whose center is at the point (r=>5, ¢, z). The
longitudinal impedance of a single small hole of arbitrary
shape in the wall of this type of circular chamber is

o (a,+a,,)

Z()=—iZo  —p

where the polarizabilities of the hole, a, and a,,, depend
on the shape of the hole. If this shape is simple, the polar-
izabilities can be calculated analytically (this is true of an
ellipse,106 for example). Otherwise, they can be measured
on a prototype.

For a circular hole of radius A4, the polarizabilities are
a,= —2h%/3 and a,,=4h’/3, and the impedance is

(3.25)

. Zo (Oh3
Z(w)——zm—cp-. (3.26)
As was shown in Ref. 103, allowance for a finite wall thick-
ness reduces the impedance introduced by the hole (by a
factor of 0.56 when the wall thickness is larger than the
hole diameter).

In the limit of a narrow longitudinal slit of length / and
width w, with w<«/, the polarizabilities approach
a,=—mlw?/24 and a,=mlw’/24. It follows from Egq.
(3.25) that under the condition wl/c €1 the low-frequency
longitudinal impedance is zero in the first approximation.
This result is not surprising, since a longitudinal slit causes
almost no disruption of currents induced in the wall. In-
clusion of succeeding terms leads to the following expres-
sion under the conditions w </ < b:

Zy owt | 41 . 327
Z(w)=—19—6;?b—21(n;— ) ( . )
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A narrow transverse slit, in contrast to a longitudinal
one, greatly disrupts the structure of the currents induced
in the wall by the beam. The impedance introduced by an
irregularity of this sort is naturally much greater. Substi-
tuting a,= —7lw*/24 and a,,=l/24/[In(4l/w) —1] into
(3.25), and ignoring the contribution of the electric dipole,
which is small in comparison with that of the magnetic
dipole in this case, we find

Ly o P

Aoy =g Pln@l/w)—1] "

(3.28)
This formula is applicable under the condition w</<b.
Small holes in chamber walls make an inductive con-
tribution to the impedance.
The transverse impedance of an isolated small hole of

_ arbitrary shape in the wall of a circular chamber is

"y AmtTQ,

Zl ((l)):——lZo_ﬂijah COS(q)h—q)b), (3.29)
where a, is a unit vector directed toward the hole, and ¢,
is the azimuthal angle through which the beam is deflected.
We recall that the problem is not axisymmetric, and the
deflecting force is not necessarily directed along the trans-
verse displacement of the beam. Equation (3.29) shows
that this force is directed toward the hole (or away from
it). In a chamber of arbitrary cross section, this would
generally not be true.'® The magnitude of the impedance
depends on the angle between the direction to the hole and
the vector transverse displacement of the beam.

For certain particular shapes of the hole, the following
transverse impedances are found from (3.29):

3

2
Zl ((D)=—I.Z()W8h COS(¢;,—¢71,) (330)

for a circular hole of radius #4;
) 4 4]
Zl (w)= —IZO m (ln E_ 1)8;, COS(¢;,—(pb)
(3.31)

for a narrow longitudinal slit of width w and length /
(w<«!); and

B
~iZo 247b*[In(4l/w) —1] a, cos (@p—@s)
(3.32)

for a narrow transverse slit of width w and length / under
the condition w</<b.

If there are M holes (M>3), distributed uniformly in
one cross section of the chamber, the impedance is found
through a vector addition of expressions of type (3.29) to
be

Zl (Cl)) =

_a,t+a,M
Z, (0)= —lzo_ﬂ,szj a,,

where a, is a unit vector in the direction of the transverse
displacement of the beam. We see that the deflecting force
is now directed along the beam displacement; i.e., the axial
symmetry is restored. The maximum value of Z, is larger

(3.33)

S. S. Kurennoi 396



by a factor of only M/2 than that in the M =1 case. In
addition, the empirical relation Z, =(2R/b6*)Z/n holds;
see (1.39), which holds only in axisymmetric structures.

An expression for the real part of the longitudinal im-
pedance has been derived!%>104 by calculating the energy
radiated by a hole. That calculation essentially reproduces
the result found by Sands,'”” who calculated the total en-
ergy radiated by effective dipoles. The real part of the im-
pedance of small holes is much smaller than the imaginary
part in the frequency range considered.

Electrodynamic methods in the time domain. A “cal-
culation of the impedance in the time domain” implies the
following steps: One first calculates the wake potential. The
impedance is then found by means of a relationship in
terms of a Fourier representation, (1.19) or (1.31). Meth-
ods for calculating wake potentials are discussed in detail
in Wilson’s review.!> We will go into detail here on only
those methods which are substantially different from the
o-domain methods and which are used to calculate imped-
ances. We are thinking primarily of the use of the TBCI
program.'!3

As a general comment we note that a calculation of
fields in the time domain is usually more complicated than
one in the frequency domain. For this reason, it is custom-
ary to find first the Fourier components of the fields, i.e., to
solve the frequency-domain problem, even in calculations
of wake potentials. This is especially true in cases in which
the vacuum chamber has a simple geometry.

Analytic methods. Analytic methods for calculating
fields in the # domain have much in common with the
methods discussed above. For example, the “c expansion”
was originally used® to calculate the energy losses of a
beam in terms of a longitudinal wake potential, rather than
in terms of an impedance [see (1.21)]. Transverse wake
potentials in a chamber with a small periodic variation of
its boundary were calculated by means of an £ expansion in
Ref. 108. Wake potentials for a cylindrical resonator with
ports were derived in Ref. 50 through an analytic approx-
imation of the eigenfunctions. Reference 109, an éxample of
another approach, essentially uses the time domain. In that
study, the longitudinal wake potential in an axisymmetric
chamber with a simple irregularity (a diaphragm or reso-
nator) was calculated in a limited interval of lag times,
7< L/c, where L is a characteristic dimension of the struc-
ture. For this purpose, the electrodynamic equations in
Kirchhoff form were integrated approximately.

Several semianalytic methods for calculating wake po-
tentials are based on a joining of fields. The KN7C>” and
TRANSVRS* programs, which we mentioned earlier, cal-
culate the parameters of eigenmodes of the periodic struc-
ture in Fig. 1a (up to several hundred modes). By a simple
summation, those programs make it possible to find the
wake potential W(s)=22_,k, cos(w,s/c) (Ref. 15). For
example, the 450 lowest modes were taken into account in
numerical calculations for the SLAC accelerator; the con-
tribution of higher modes was summed analytically in the
model of an optical resonator.!>%*

A comparison of “direct numerical methods” in the @
and ¢ domains reveals some important differences. For an
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axisymmetric structure consisting of a resonator with infi-
nite ports (Fig. 1, ¢ and d), so-called open boundary con-
ditions at the ports have been formulated. They simulate
propagation of the wave front in the structure as time
elapses in the case y— oo (Ref. 110). These boundary con-
ditions make it possible to carry out calculations on a mesh
covering a finite region. Maxwell’s equations in integral
form are replaced by a discrete finite-difference scheme
along the time as well as the coordinates with the help of
the FIT algorithm.!!! The TBCI program''>!3 carries out
a numerical solution of a discrete problem. This is the most
versatile of the programs using the # domain and also the
one most commonly used. The TBCI program can calcu-
late the fields excited in a resonator by a bunch with a
given distribution of charge per unit length in uniform
ultrarelativistic motion. A lower limit is imposed on the
bunch size by the step of the mesh along the longitudinal
coordinate; for a Gaussian distribution, for example, this
limit is 0> (4-5)Az. There is one more dimension—the
time—here than in the eigenvalue problem in the fre-
quency domain, but this complication is partially offset on
the computational side, since it is not necessary to invert
large matrices. The capabilities of TBCI are reviewed in a
recent paper.!!*

The applications of TBCI are extremely numerous.
The most common one is that of calculating the response
of the resonators of the accelerating stations as a bunch
passes through them (Ref. 112, for example). This soft-
ware has been used to calculate the longitudinal and trans-
verse impedances of bellows and corrugations!'>!1"3 and
flaring regions of the chamber in experiment zones.*®

A specific feature of TBCI is that this program works
well for resonatorlike structures with feed ports of identical
radii. In this case the range of integration of the fields is
finite only along the surface which is an imaginary contin-
uation of the tube in the resonator (r=»b, where b is the
tube radius), since the condition E,=0 holds on the ideally
conducting wall of the tube outside the resonator. For
structures with feed ports of unequal size, of the adapter-
section type, this simple approach fails, as it does for ir-
regularities such as collimators and diaphragms. An im-
proved algorithm for the general case, which is also
suitable for a modification of TBCI, was recently proposed
by Napoly.''® In that approach, the wake potentials are
expressed in terms of integrals of the magnetic field over
the surface of the irregularity, without a contribution from
the smooth part of the chamber.

There are some other distinctive features of impedance
calculations by the TBCI program which deserve mention.
First, since the bunch is not a point entity, a Fourier trans-
formation of the wake potential yields a convolution of the
impedance with the bunch spectrum I(w): Z(w)A(w).
Since the condition A(w)<1 holds at high frequencies
[for a Gaussian bunch we would have A(®)
=exp( —w202/2c2)], errors in the calculation of the con-
volution rule out calculations of the impedance at high
frequencies (at > c/Az, since 0>Az). Second, TBCI gen-
erates the wake potential in a limited interval of lag dis-
tances, typically up to a few tens of centimeters!!® or a few
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meters,*® since numerical instabilities set in at this point

(they set in at even smaller distances in the transverse
case). As a result, there are errors in the calculations of the
impedance at low frequencies w <c/L, where L is the
boundary of the interval of lag distances.

Impedances are sometimes calculated®'*! by choosing
the parameter values for the broad-band resonator (w, Ry,
and Q) by fitting a plot of the loss coefficient k(o) against
the bunch length o. There is also the original method of
Ref. 119 for calculating the low-frequency impedance of
very simple irregularities. The inductance is found by fit-
ting the formula .= —V, ,/(dl/dt), where I(t) is the
current of the bunch passing the element, to the results of
a time-domain calculation of the voltage induced at an
element of the chamber, V. Empirical formulas like
(3.21)-(3.23) have been obtained for the inductance of
simple irregularities of the types in Fig. 1, ¢ and f, under
the condition A <b.

A three-dimensional version of TBCI is now available:
the T3 program,'?? which is part of the MAFIA package.*
The use of this program to calculate the impedance of
chamber elements of fairly complex geometry was demon-
strated in Refs. 119 and 121. Calculations of the wake
fields in a chamber with a small hole in its wall by the T3
program recently yielded estimates of the low-frequency
impedance generated by this hole.'? A fit of the numerical
results yielded a formula similar to the analytic expression
(3.25).

A basic advantage of the TBCI (or T3) approach in
impedance calculations is its versatility; disadvantages are
the extensive processor time required and the circumstance
that the method does not always yield accurate results (see
the discussion above).

In addition to TBCI, there are other programs for cal-
culating wake potentials and impedances which use the ¢
domain. The ABCI program'?* is extremely similar to
TBCIL. The TWA program'? solves an inhomogeneous
wave equation for the vector potential on a rectangular
mesh. The CLS program,'?® which solves an equation for a
Hertz vector, can be used to study chambers with coaxial
conductors. Novokhatski’s program'?’ uses a mesh of ar-
bitrary quadrangles. The recently developed AMOS
program'?® performs a finite-difference modeling of the
time evolution of the fields generated by a source with a
user-specified spatial and temporal modulation in axisym-
metric structures.

4. CONCLUSION

Despite the long list of references attached, numerous
studies lie outside the scope of this review. These are pri-
marily studies which develop classical electrodynamic
methods for field calculations, in particular, methods using
Green’s functions. Many interesting studies by authors in
our country on calculations of fields and the radiation by
particles in waveguides have also been omitted from this
list. These studies are close to the studies which we have
discussed here, but they do not use the concepts of cou-
pling impedances and wake potentials. Their basic thrust is
to calculate other electrodynamic characteristics of the in-

398 Phys. Part. Nucl. 24 (3), May—June 1993

teraction of a beam with a vacuum chamber, e.g., the ra-
diative loss of a bunch. Without attempting to cover all the
literature pertinent to this subject, we refer the reader to
some monographs'?'** which contain fairly extensive bib-
liographies.

As we mentioned in the Introduction, this review has
focused on those methods for calculating the beam-
chamber coupling impedance which are the most impor-
tant ones for large proton synchrotrons. In this applica-
tion, minimization of impedances is an important weapon
for combating instabilities. Other approaches may prove
convenient for other applications. It is nevertheless my
hope that this review will be of assistance in understanding
the many papers on this topic and that it will serve, if not
as a reference book, at least as a guidebook.

It can be seen from the discussion above that there are
a large number of different methods for calculating cou-
pling impedances for beams in accelerator vacuum cham-
bers. On the other hand, we also see that there is not yet a
universal method, suitable for all cases, for all structures,
etc. Perhaps one of the strongest candidates for such a role
is the TBCI program, especially the T3 program in the
MAFIA package. As more-powerful computers become
available, this approach will acquire even more advantages.
Nevertheless, the (semi)analytic methods remain ex-
tremely useful. In the first place, they make it possible to
develop the physical intuition necessary for reaching a bet-
ter understanding of electrodynamic problems which arise
in accelerator theory. Second, they are occasionally the
simplest and fastest way to get a result. It thus appears
necessary to develop the existing methods and to seek new
and better ones, both numerical and analytic.

I wish to thank V. I. Balbekov for support of this
study, useful discussions, and comments. Some of the cal-
culated results were found in a collaboration with S. V.
Purtov, to whom I am extremely indebted. I also wish to
thank J. Garrett, S. V. Ivanov, O. Napoly, F. Ruggiero,
and, especially, B. Zotter for discussions of certain ques-
tions, for useful advice, for reading the manuscript,“) and
for comments.

DThis is not exactly true. The expressions for the impedance of a smooth
chamber [Egs. (2.2) and (2.3)], for example, contain the beam radius,
in the space-charge term.

DFor this reason, some authors'"! prefer to call W(s) the “point wake
function.”

3The assumption r'=r=0 is often used.

“The quantity defined in (1.24) has the dimensionality of volts, justifying
the term *“potential.”

S)Since the field components satisfy E,, E,, H,«sing, and E,, H,,
H, « cos @ under the conditions p, j=sin g, it is easy to verify that after
we take an average we have F =0); i.e., we are left with only the vertical
component of the force.

©For small # the relation W? «# holds (more on this below), and
therefore a factor 1/7 is sometimes introduced on the right side of the
definition (1.29) (Ref. 11).

"The dipole transverse impedance Z, defined earlier [see (1.31)] is re-
lated to the impedance introduced here by Z, =Z, r'/r’.

9 A different result was derived in Ref. 27; in particular, the second term
had the opposite sign.

9If we use (1.16) instead of the definition (1.11), i.e., if we take E,(r=0)
in place of the average field over the beam cross section, the term 1/4 in
(2.2) is replaced by 1/2.
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