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The problems in the use of the theory and practice of algebraic coding theory for data
compression and processing in multichannel charged-particle detectors are discussed. A system
of analogies between the theories of correcting codes and hodoscopic systems is described.

The main result of this approach is the development of radically new logic units,

such as parallel encoders for #> 1 signals, majority coincidence circuits for a large number of
inputs, dynamically programmable modules, and special-purpose processors with

algebraic structure based on elements of the Galois field GF(2™) for fast event selection. It is
also shown how calculations in Galois fields can be used to design dynamically program-
controlled logic modules, which appear promising for use in trigger systems.

INTRODUCTION

In spite of their simple mathematical structure, Galois
fields hold great promise for use in information technology
and in other areas of science and technology, for example,
in electronics methods in high-energy physics. In Fig. 1 we
show the areas in which finite-field algebras are applied.
More than 30 years ago, Peterson' applied Galois field
theory for decoding codes correcting ¢> 1 errors. This area
has continued to develop up to the present time. In turn,
algebraic coding theory has stimulated the development of
three new areas in contemporary information technology:
source encoding,” signature analysis® for designing systems
for testing microprocessors and large-scale integrated cir-
cuits, and the syndrome coding technique,* proposed by
the author for fast data compression and the development
of parallel encoders for fast coding of #>1 signals using
combinational circuits.*® Such encoders are unique. A
number of theorems and ideas of algebraic coding theory
have been used by the author to design majority coinci-
dence schemes for a large number of inputs (n>100),
special-purpose processors for fast event selection in spec-
trometers used in high-energy physics, and time-to-number
converters, and parallel encoders for light coding of devices
for compressing and processing data recorded in two-
coordinate detectors.” This method has also been used to
construct a trigger processor.lo

There are also other areas where Galois fields are used:
in Fourier transformation,“ and in sequential automatons,
where the inputs and outputs are encoded by Galois field
elements, which play an important role in computational
techniques'>™'® and in nuclear electronics.’

Here we give a systematic review of the studies on the
development and use of the syndrome coding technique for
compression and analysis of data recorded in multichannel
charged-particle detectors. The method is based on the use
of algebraic coding theory, which, in turn, is based on the
methods of the algebra of Galois fields.
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OPERATIONS ON ELEMENTS OF THE GALOIS FIELD

In contrast to the ordinary, familiar binary arithmetic,
in the syndrome coding technique arithmetic and algebraic
operations are carried out on an extended Galois field
GF(p™), where p is a prime number, called the character-
istic of the field. For a binary system p=2 and m is an
integer. The rules for performing operations on the field
elements are described in several studies.!”™" To facilitate
the reading of this review by readers unfamiliar with the
methods of performing arithmetic and algebraic operations
on elements of the Galois field GF(2™), here we give the
necessary information.

The elements of a Galois field can be added, multi-
plied, inverted, and so on, just like the ordinary, more
familiar rational, real, and complex numbers. The basic
difference is that the latter contain infinitely many ele-
ments, whereas the Galois field, by definition, contains
only a finite number of elements'> n=p™. A field contain-
ing p™ elements is denoted by GF(2™). Consequently, the
Galois field GF(2!) contains the two elements 0 and 1. The
number of nonzero elements of a finite field is equal to the
degree of its characteristic, i.e., n=2"— 1, where the num-
ber of different elements of the field is referred to as its
order. All the elements of a given field can be obtained
simply by using an irreducible polynomial. Tables of such
polynomials up to the 34th degree are given in Appendix C
of Ref. 1. In what follows, to construct various schemes for
the compression and analysis of data obtained using mul-
tichannel charged-particle detectors containing n=15, 31,
and 63 channels we shall use irreducible polynomials of
degree 4, 5, and 6: X*+X+1, X°+X>4+X+1, and
X%+ X+ 1. It should be noted that in our examples the +
sign denotes mod-2 summation.

Among the field elements there are m linearly indepen-
dent (basis) elements. For example, for the polynomial
f(X)=X°+X+1 (m=6) we have the following basis el-
ements: = 100000, a' =010000, a*=001000, a>=000100,
a*=000010, and @>=000001. One of them, the element a,
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is a root of the polynomial f(X). Therefore, each nonzero
field element can be represented as a power of the element
a'. In other words, the multiplicative group of a finite field
is cyclical in nature. Furthermore, the smallest positive
number for which a"=a°=1 is called the order of the el-
ement a'. If the order of the element a' is equal to 7, the
elements a°, @', &%,...,a" ! are distinct. Thus, in our exam-
ple n=2"—-1=63. Therefore, for example,
a'?=(a%)?=d° a*=a"%, a'=d', and so on. Using the
fact that @' is a root of the polynomial f(X), the other
elements of the field GF(2°) can be obtained from the
relation  a®4+a'+1=0, ie, a®=a'+1=110000,
a'=a’+a'=011000, and so on. A list of all the elements of
this field is given in the Appendix.

It is often convenient to express a field element 4 as a
polynomial of degree m—1 (a vector):
A=dyd’+d\a'+dyi*+...+d,,_,a" *+d,,_,a™"!, where
the coefficients dy, d,, d,,....d,,_,, d,,_ are 0 or 1. For
example, for the element ¢°=a*+d°, dy=d;=d,=d; and
dy;=d,=1. Just as in ordinary arithmetic, in a Galois field
there are differences in carrying out operations on the field
elements by computer and by hand. This is primarily true
of such operations as multiplication, division, raising to a
power, and extracting the square root. The operation of
multiplication is simple to do by hand: the degrec of the
product is equal to the sum of the degrees of the factors
(taking into account the cyclic nature of the field). The
operation of division of an element 4 by an element B is
equivalent to multiplying the element A4 by the inverse el-
ement B~!. In turn, the inverse B! of the element B is
found from the expression BB~ '=1=4a°. For example, for
the element @’ the element @ is the inverse element, since
da*=a%=a" A simple rule can be used for calculations
done by hand: the degree of the inverse element having
degree k is 2" —1—k. For example, the degree of the in-
verse element a* is 38. Next let us consider extracting the
square root. If i is an even number, then (@) 2=d"? If i
is an odd number, the degree of the element corresponding
to (a’)V?is (i+2™—1)/2. For example, (a°)/*=a**. The
operation of raising field elements to a power is performed
as for ordinary numbers, except that it is performed mod-
ulo n. For example, (a6°)12=a720=a63 X1g27— 4% Such
operations as addition and subtraction in the field GF(2™)
are equivalent and are performed modulo two.

63
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HARDWARE REALIZATION OF CERTAIN
OPERATIONS IN A GALOIS FIELD GF(2™)

Counters

To obtain a sequence of field elements in both the for-
ward and the backward directions, shift registers with log-
ical feedback are used.' The structure of the connections in
such circuits depends on the irreducible polynomial chosen
for constructing the field. In Fig. 2 we show the registers in
a Galois field for counting in the forward and backward
directions modulo the polynomial X®+ X + 1. If the lowest
bit of the register shown in Fig. 2a is set to 1 and the others
are set to O, successive shifts of the register give a repre-
sentation of successive powers of the element a' in the form
in which they are given in the Appendix. The presence of
feedback from the highest bit to the lowest one makes it
possible to obtain the value a®=a'+ 1. Shifting to the left
(Fig. 2b) corresponds to division by a' such that 1 carried
from the lowest bit gives the value a=1+a> (Ref. 6).

Multiplication and raising to a power

The multiplication of two field elements for a given
basis can be performed if these elements are represented as
polynomia]s.19 For example, if one field element 4 is writ-
ten as

A=ad%ay+a'a,+a%a,+a’a;+a*a,+a’as,
and another element as
B=a"y+a'b,+a*h,+a’by+a*b,+a’bs,

the direct multiplication of these polynomials mod 6 gives
the product of two elements of the field GF(2°), which is
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FIG. 2. Counters in a Galois field modulo the polynomial X4+ X+1: (a)
counter in the forward direction; (b) counter in the backward direction;
1-6 are the shift-register elements, and & are mod-2 adders.
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simple to realize by using AND logic elements and a
parity-checking scheme. Such circuits are essentially multi-
input mod-2 adders. Denoting the corresponding coordi-
nates of the product element by g,, &, &2, 83, &4, and gs,
we obtain the following Boolean expressions for the prod-
uct of two elements:

8o=aobo+a1b5+arbs+asby+asb, +asby,

81=ayb4+ayb5+a3by+a3bs+asby +asby +aphy +a1by
+a,bs+asb;+ashy,

82=aoby+a1by+a3bs+asbs+asbs+asbs+asby +asbs
+aybo+azbs,

83=aob3+a by +a3bo+asbs+asbs+asbs+asbs+asbs
+ayb,, (1)

84=aobs+a1b3+ayby+a3by +asbo+asbs+asby+asbs,

8s =aobs +a1bs+ayb3+a3by +agh, +asby+asbs.

If in Eq. (1) we set A= B, we obtain the Boolean expres-
sions for the field element (we shall assume it is element B)
squared:

go=bo+b3, g1=b3, g =b+b,,

83=by, g4=by+bs, and gs=bs. (2)

By computer iteration it is easy to obtain the Boolean ex-
pressions for any field element raised to a higher power.

Extraction of the square root

The extraction of the square root and solution of a
second-degree equation in a field of characteristic 2 are
linear operations, and so their hardware realization is fairly
simple. For example, we have the relations
(X+Y)’=X*+Y*and (X4 Y)2=X"24 Y2 (Ref. 20).
To extract the square root of the element A it is necessary
to transform from one basis a°, @', @2, @°, a*, @’ to another
basis (a%)2=a% (a")2=a%; (&})?=d; (&*)"?=d’%;
(ahHV 2=az; (a’)*=a**. Then the expression for extract-
ing the square root of the element B is obtained from the
matrix equation
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I S| doed,
do dy dq dy dy ds

FIG. 3. Basic circuit for finding the square of an arbitrary element in the
field GF(2°). Here S is the SN7486 chip.

As an example, in Fig. 3 we show the basic circuit for
computing the square root of any element of the field
GF (2%). Methods of solving equations in a Galois field will
be discussed below.

Calculation of the inverse element

To calculate the inverse B~! of the element B it is
necessary to raise the latter to the power 2™—2, since
BB2— B"' _ 1 1tiseven simpler to calculate the in-
verse element by using a programmable memory, i.e., by
tabular arithmetic techniques.

GALOIS SWITCHING FUNCTIONS

A Galois switching function over a field GF (p") can
(which is very important) be represented as a polynomial
of degree less than p"” (Refs. 12 and 13). This representa-
tion is widely used in the theory of Galois switching func-
tions (GSFs). Since the Galois field GF(2™) is a natural
extension of a Boolean field, the representation of switch-
ing functions as polynomials where both the variables and
the coefficients are field elements has a number of funda-
mental advantages.

1. It is possible to perform algebraic operations on
GSFs, which simplifies the problem of minimization and
its formal representation.

2. In a Galois field there are operations like addition,
multiplication, and division which give additional advan-
tages over Boolean fields.'®

3. The representation of switching functions in the
form of polynomials makes it possible to use standard pro-
gramming systems to calculate complicated logic struc-
tures.

4. Since the input and output states of a logic structure
are coded by field elements, the following state can be rep-
resented as a polynomial function of the current state and
the current output.

5. The description of multivalued and multilevel
schemes is very compact, which simplifies their theoretical
study.
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TABLE 1. Elements of the field GF(2%) (a*+a+1).

Elements Decomposition Binary equivalents Minterms
in basis elements
° ° o0 }Gm) *X X,
o 1 100 XX, X,
a a 010 ?ox,i,
@ a | ool XX, X,
& I +q! 1o  GRZ) XX, X,
a* d  +d | 01l XX, X,
& 1 +d +a | 11 XX, X,
a® 1 +a® | 101 X X, X,
d=d 1 100 XX, X,

Below, we shall present the latest results obtained by
the author on the practical use of GSFs for constructing
fast programmable modules and processor devices for elec-
tronics methods in high-energy physics experiments. In ad-
dition, we shall consider the fast algorithms which have
been developed and devices for performing combined op-
erations on elements of a Galois field GF(2™). For this we
have used analytic calculations and computer calculations
using such programming languages as PL/1, REDUCE,
and SCOONSCHIP.?'"?* Readers interested in more de-
tails about the properties of GSFs may consult the
literature.>+28

As an example, in Tables I and II we give three pos-

TABLE II. Elements of the field GF(2*) (a*+a+1).

sible ways of representing the field elements of GF(2*) and
GF(2%).

Let us consider some examples of using GSFs. It is
well known that any GSF F(X)=F (Xy,X|,X5,..:Xn_1)
of m arguments in the field GF(2™) can be represented as
a polynomial:'

F(X)=BO)+A(DX+AQ)X2+A43) X3 +...
+402"—1)2"" (3)

The coefficients A(k) are calculated from the expression

Elements iEnxg::iZi?l]ementsn Binary equivalents Minterms
° ° * Yora XX XXy
& 1 1000 X X, X, X,
a' a 0100 XX, X, X,
a @ 0010 X X, X, X,
@ & | 0001 X X, X, X,
a* I +d 1100 XoX, X, X,
@ d +d 0110 XX, X, X,
a® @ +d |0011 XX, X, X,
y I+ +d 1101 GRZY) | xx,%x,
a a '
o 1 +at 1010 XX, X, X,
@ a' +q* |0101 XX, X, Xy
10 I +d' +d? 1110 XX, X, X,
n d +a +4 o1 XoX, XX,
12 1 +d' +d +d [un XX, X, X,
a"? 1 +a* +d 1011 XX, X, X,
' | +d* | 1001 XX, X, X,
1s 1 1000 X X, X,X,
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TABLE III.

Inputs Outputs
X ={X, X,, X3} B(a)
0 = 000 0=000=0 O
& =100 @=100=1 0
a' =010 @=100=1 0
a* =001 L=100=1 0
a@=110 a'=010=0 1
a* =011 a'=010=0 1
=111 F=110=1 1
& =101 ad=010=0 1
a =100=qa" @=100=1 0
{ i
S.-C

2m_q
A(k)= Y a7*[B(0)+B(a))], k=123,.,2"",

i=1

where B(a ;) are substitution elements obtained from the
table of inputs and outputs, and B(0) is the value of the
function at zero. Therefore, the following sequence of steps
for synthesizing GSF variables can be proposed:

1. An irreducible polynomial of degree m is selected
from the tables of Ref. 1, and all the nonzero elements of
the field GF(2™) are found. For large values of m these
calculations can be done by computer.

2. The input—output correspondence table is con-
structed.

3. The coefficients 4(k) are calculated.

4. The polynomial representation of the function is
expanded in basis elements, and similar terms are com-
bined, taking into account the fact that the addition is
mod-2.

Example 1 (Refs. 21 and 22). Let us consider GSFs
over the field GF(2*) formed by using the irreducible poly-
nomial P;=X>+ X+ 1. We assume that a’°=100, a' =010,
and a®?=001 are linearly independent field elements, and
the element a' is a root. Under these conditions it is easy to
obtain the other four elements: a*=a’a'=a?+a!=011,
d=d'd'=d+a*=a*+a'+a°=111, da®=d’d'=a*=a°
=101, and @’ =a° Suppose that we want to construct a
scheme for a one-bit complete adder. Let us consider the
input—output correspondence table (Table III).

The quantities X,, X, and X, correspond to the first
and second bits of the sum and the carry, respectively, and
S and C denote the sum and carry. It follows from Table
III that the elements of the substitution B(1) - B(7) in
our example are the elements of the field GF 2.

For methodological purposes let us consider in more
detail the process of calculating the coefficients 4(k):

0 aO aO al al a3 al

A(1) =;o+a—r+;z+;§+07+a—5+;5
=a’+a%°%+d%’ +a'a* +d'd +a’a* +a'a' =d".

The operation of division is replaced by multiplication by
the inverse element. Then we have
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0 & @ al al &
AQ2)= (a°)2+ (01)2+ (az)z+ (03)2+ (a4)2+ @)?
a' 4
=

Similar calculations give A(3)=da’% A(4)=A(7)=0,
A(5)=a", 4(6)=101. Then Eq. (3) has the form
F(X)=X'+a'X*+a*X°+a°X°+ X°. (4)

Current technology permits two realizations of Eq. (4). 1)
Tabular arithmetic methods can be used. However, this
would be too awkward. 2) Equation (4) can be expanded
in basis elements in order to obtain Boolean expressions.
For this it is sufficient to represent the coefficients a*, a®
and the values of the variable X', X2, X3, X3, and X® as
polynomials. For example, a*=a'+d? a°=a+d?
X?=Xy+X,a'+ (X,+X,)d% and so on. We have

F(X)=(Xo+Xa'+X,a*) +a' [Xo+ X 0"
+ (X1 +X) @] + [ (Xo+ X1+ X+ X1.X,) ]
+ [ (X1 + XX+ XoX,)a' + (X4 XoX ) d?]
+(a'+ad*) (Xo+ X+ X, + X,X;)
+ (X1 + X2+ XoX5)a' + (X +XoX |+ XoX,) d?
+ @+ [(Xo+ X+ X, + X,X,)
+ (X, +XoX )a' + (X, +X,Xo)a?].

After multiplication and collection of similar terms, we
obtain the Boolean expressions describing the operation of
a or-bit adder in the logic AND and exclusive-OR logic
base:

S=Xo+X;+X, (a°)
C=XoX|+XoX,+X X, (a').

Example 2. Let us design a circuit for a sequential
automaton coded by the correspondence table given below
(Table IV). In other words, elements of the field GF(2%)
are supplied to the automaton inputs in the order of in-
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TABLE IV.
Inputs Outputs
X = {Xg X1 X3 X;} FX)
0 = 0000 0
a = 1000 a
a' = 0100 0
a* = 0010 a
a = 0001 4
a*=1100 a"°
@ =0110 a"
a® = 0011 a"
a =110l a®
a®=1010 a
a’ = 0101 a
a’=1110 &
a''=0111 0
a'?=111 a
a?=1011 a*
a'! = 1001 &

creasing degree. These elements are easily generated by
using a register in the field GF (2*). The same elements are
obtained at the automaton outputs, but in the order given
in Table IV. For constructing the automaton circuit it is
necessary to calculate the 16 coefficients of the polynomial

F(X0,X1,X,X3)=B(0) +A4(1)X+A4(2)X*+A4(3)X*
+AB X +A5)X°+A4(6)X°
+A(NX +A4(8) X +4(9)X°
+A4(10) X%+ 4(11) XM
+A4(12) X2+ 4(13) X"
+A4(14) X"+ 4(15) X5, (5)

The coefficients 4(1)-A4(15), like the expansion in basis
elements and collection of similar terms, were done by
computer. The following Boolean expressions were ob-
tained:

XoX1+X3+XoX5+XoX3+ X1 X+ X1 X3+ XoX 1 X3
+ XXX+ XoX XX (a) (6)
Xo+Xo+ X3+ X X3+ XoX X3+ X, XoX;  (a')
X3+ XoX | +XoX3+ XX+ X X5+ X XX
+XoX X X5 (a?)

Xo+ X X3+ XoX X3+ XoX X5 (@)

In Fig. 4 we show the basic automaton circuit, and in Fig.
5 we show the basic circuit of the modulo summator con-
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FIG. 4. Basic circuit for a sequential automaton: 7’1, T2, and D are
triggers, S is a mod-2 adder, and M1-M4 are SN74180 parity-checking
circuits.

taining 144 inputs. Such circuits together with AND logic
elements are needed for the fast execution of various oper-
ations in the field GF(2™).

Example 3. Let us design a circuit for a three-bit adder
with carry. This device must contain six inputs and four
outputs. This means that the calculations must be per-
formed with GSFs of six variables in the field GF(2°). The
elements of this field are treated as 6-bit binary numbers
Xo, X1, X3, X3, X, and X5. Of these, the first three digits
represent the first term, and the last three represent the
second. The following Boolean expressions were obtained
by computer:

XoX3+XoX 1 X34+ X 1 X3X, + XoX 1 X0 X5+ XoXoX (X5
+X1X2X3X5+X2X3X4X5 (ao)—>lst bit

Xo+ X34+ XX+ X X, X5+ X,X X5 (a')-2nd bit

X+ X4+ X, X5 (a*) -3rd bit

X+ X5 (a®) - carry.

In Fig. 6 we show the basic circuit of the adder. It
should be noted that it is difficult to construct by hand the
input—output correspondence table for this number of vari-
ables. In our example this was done by computer, as were
the calculations.®
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FIG. 5. Basic circuit of the mod-2 adder with 144 inputs: M1-M13 are
MC10160 chips.

COMBINED (JOINT) OPERATIONS AND THEIR
APPLICATION

Analysis of Egs. (3) and (4) shows that the hardware
realization of GSFs together with such operations as addi-
tion, multiplication, division, and raising to a power in the
field GF(2™) require the calculation of complicated ex-
pressions, like the simultaneous multiplication (division)
of terms raised to powers. The problem is how the features
of Galois fields can be used to find effective algorithms for

Xo X1 X2 Xa XoXs
1& =]
- <Q°%
=
o
%.-L "2 |<d> 2
& '| 5‘; 2
- <a’> 2°
T
[&]
|
i
—1_
1]
_L_
3]
J
[&]
—e ’_.
XeXeXaXoXeXy
A 8

FIG. 6. Basic circuit of a three-bit adder: M1-M4 are SN74180 or
MC10160 chips, and & is the AND logic element.
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FIG. 7. Multiplication table for two elements in the field GF (24.

the hardware realization of complicated algebraic expres-
sions. There have been several studies devoted to parallel
methods of performing operations in a Galois field (Refs.
14, 19, 29, and 31). In turn, the author has proposed sev-
eral fast algorithms, including the technique of combined
operations.’®*! We shall use the term “combined opera-
tion” to mean simultaneous calculation without the use of
clock pulses containing several elements raised to powers.
There are three ways of carrying out combined operations.

1. The tabular method

The use of this method is based on the simple fact that
no matter how complex an expression is, the value of one
of the field elements is obtained as the result. From the
practical point of view this means that the number of ad-
dress inputs of the programmable memory is determined
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FIG. 8. Table for the multiplication of element B by element A°.
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only by the number of elements entering into the given
expression. For example, the size of the memory contain-
ing the solution table will be the same in the realization of
the following expressions:

ABC+D
L))
Fy=APBIC"(D°)~Y(E" "'+ D+C,

where 4, B, C, D, E, F,, and F, are elements of the field
GF(2™), and p, g, r, s, and ¢ are integers or fractions. It is
easily seen that a memory with 5m inputs is required for
calculating F, and F,. Let us consider an example of the
use of the tabular method to perform combined operations.

Synthesis of a universal dynamically programmable
logic module. This area is currently receiving a great deal
of both theoretical and, particularly, practical attention.
The problem is basically that the criteria for selecting phys-
ical events are becoming more complicated, making fast
switching of trigger systems essential in many new
problems.” The goal is to design a logic device which will
perform the maximum number of logic operations for the
minimum number of control inputs (tuning coefficients) as
economically and quickly as possible. It follows from Eq.
(5) that:

1) The coefficients A(1)-A(15) determine the type of
GSF that is realized.

2) The calculation of a polynomial altogether requires
carrying out operations on field elements such as addition,
multiplication, and raising to a power.

By using the technique for carrying out combined op-
erations, it is possible to considerably simplify the calcula-
tion of Eq. (5). In Fig. 7 we give the multiplication table
for two elements 4 and B in the field GF(2*). In Fig. 8 we
give the analogous table but with element B raised to the
third power. For example, the expression BA? for A=d’
and B=a'? is equal to @’. Or, in greater detail,

alz(a7)3=a12c12] = (033) =aa®a* =33, In this manner it is

and

ty
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possible to write down 14 tables which can be used to
program the contents of the memory module. In Fig. 9 we
show the circuit of an UDPLM of four variables. It con-
tains 4 inputs for the variables, 60 inputs for the tuning
coefficients, and 4 outputs.”’ We see from this figure that
the construction of such a module requires 15 circuits for
simultaneous multiplication with raising to a power and a
mod-2 adder. A fast MC10149 memory module can be
used for this. In Fig. 10 we show a circuit for carrying out
combined operations. It consists of a 4-bit register in which
the value of the tuning coefficient is stored and an
MC10149 chip. By varying the coefficients 4(k), where
k=1, 2, 3,...,15, it is possible to tune the UDPLM to per-
form any of 65536 switching functions of four
variables.?*%

Let us consider several of the simplest logic functions
shown in Table V. In the first column on the left we give
the elements of the field GF(2%) and their binary equiva-
lents. The signals corresponding to these codes are fed to
the 4 inputs of the module. In the other columns we give
the values corresponding to them obtained at the module
outputs and the coefficients calculated by computer. We
assume that the GSF has its true value if it is equal to the
unit element a’=1000. The following coefficients are ob-
tained for 4-fold coincidences: A(1)=a° A4(2) =d5,

Xy —
X = \ Outputs
Ao i —~
==
2
Ay | 3

FIG. 10. Diagram for the multiplication of element B by the power
element A4: 1 is a register, and 2 is the MC10149 programmable memory
module.
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TABLE V. Representation of some logic functions of elements of the field GF 2%.

Inversion

Inputs/function Coincidence Repeat

X=X, X, . Xp. Xy | AX)=X0. X, X0 Xy AGK) | f(X) =X A(K) | X=Xy X,. X;. X, A(K)
a' = 0100 0000 e a &
a® = 0010 0000 P pr 0000
a® = 0001 0000 ad @ | 0000
a* = 1100 0000 a'? ot 0000
& =0110 0000 o & 0000
a® = 0011 0000 & & | 0000
a =110l 0000 & a4 0000
a =1010 0000 & & | 0000
a® =010l 0000 a'? & 0000
a%=1110 0000 & a'° 0000
a'=o0111 0000 & al! 0000
a?=1111 1000 & a'2 | 0000
a? =1011 0000 & a'®* | 0000
a'* = 1001 0000 a? a'* | 0000
a'’ = a° = 1000 0000 &L a'’ 0000

1011 &

1101 0000
1110 0000
0011 0000
1001 0000
1100 0000
0010 0000
0101 0000
1010 0000
0001 | 0000
1000 0000
0000 0000
0100 0000
0110 0000
0000 a"?

A(3)=d’,..,A(14)=a"?, and A(15)=a’. As a result we
obtain the equation

F(X)=a*X+a°X*+ X +a"*X*+a°X° + a°X°®
+a6X7+09X8+012X9+00X10+03X“
+06X12+09X13+012X14+00X15. (7)

The fact that the use of Eq. (7) describes a coincidence
circuit with four inputs can be checked by two methods.

1. Substituting X=a'%,, we obtain a’a'?=d"
a®(a'*)*=a*=a"%a"" =4’ and so on: 15 identical values
a®. After mod-2 addition we obtain F(X)=a". If into Eq.
(7) instead of the variable X we successively substitute the
other values of the elements, then each time in Eq. (7) we
obtain 15 different elements a®—a'%, the sum of which is
equal to zero by definition. It is easy to see that it makes no
sense to design a coincidence circuit in this form.

2. If Eq. (7) is simplified by expanding the field ele-
ments in the basis elements, after simplification by com-
puter we obtain the following equation:

F(X)=F (XX X,X3)=d".

This means that the UDPLM outputs take the value a°,
i.e., the true value, if all the inputs are in the logical 1 state.

Let us consider the second column in Table V, which
illustrates the tuning of the module for performing a “pas-
sive” operation, when the values at the inputs and outputs
are identical (repeat of logic symbols). In this case only
one coefficient is nonzero. We therefore have

F(X)=a’X=a"a’Xg+a'X,+a*X,+a’X;)=X.

If we substitute the corresponding coefficients a° of X
and a'? of X? into Eq. (5), we obtain the logic equation
for inversion, except for zero:
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F(X)=a"’X +a*xXP¥ =X +a'%

2. A fast algorithm for performing combined
operations

The realization of this algorithm requires AND logic
elements and mod-2 adders. We shall describe the method
by means of examples. First let us consider the operation of
multiplying two elements 4 and B in the field GF (24). We
have

P=AB=(Ay’+A,a' + A,a* + 4;a°)

X (Bya®+ Bja'+ Bia+ Bga)
=Py’ + P,a' + P,a* + Pya’,
where
Py=AyBy+A4,B3+4,B,+43B, (a®)

P,=AyB,+A; By+4, By-+4,B,+ A, By+43B,
+4;B, (a')

Py=AoBy+A4,B)+4,By+4,B;+43B,+43B;  (a’)

Py=AyBy+A,B,+A,B,+A;By+A;B, (a%).

Setting A= B, we obtain the Boolean expressions for squar-
ing any element A:

Po=Ap+4, (d®)
Pi=4, (a")
Pi=A+4; (d*)

1‘>3=A3 ((13).
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Obviously, to obtain the expressions describing the
combined operation of multiplication of B by 4%, we need
to perform the following calculations:

BA*=(Bya®+ Ba' + B,a*+ Bya®)
X [(Ag+A4,)a®+ Aya' + (4, +A43) @+ 43a°).
After simplification we obtain
Ko= Bodo+ BoAy+ B, A1+ BsAy+ Bid;+ Byd;  (d°)
K= Body+ BiAy+ ByA,+ BiA3+ B34, + B3A,
+ B3A;+ B A, (a')
Ky = Bod,+ BoAs+ B\Ay+ Bydo+ Byd, + Byd,  (a®)
Ky=Bod;+ B\A,+ B\ A3+ B4, + B3Ao+ B34,
+ B34 (@).
Example. Let B=a® and A=a'2. Then
BA =a}(a"2)?=g? =q2,
By=Ag=A,=A,=A;=1,
We find

and Bo= -Bl =B2=0.

Ky=K,=K,=K;=1 and BA’=d’(a'?)?=4a'%

To realize combined operations on the basis of combina-
tional logic circuits, the author has proposed a module
performing such procedures as B*4*(B*/4*), where
k=1—2""2 For m=4 the module consists of a matrix of
AND logic elements, 14 groups of mod-2 adders, and a
multiplexer which switches the operation of the module to
perform one of the operations of the type BA>, B’A, B°A°>,
and so on (Fig. 11).*° Such an approach can also be used
to construct modules performing more complicated func-
tions.

3. Use of logarithms and antilogarithms

For the efficient realization of complicated expressions
in a Galois field, Berlekamp'* proposed that the logarithms
and antilogarithms of elements of the field GF(2™) on the
base of a! be used. For example, in the Galois field GF 24
the degree of the product of two elements 4=a’ and
B=a"" is equal to two. In fact, log,a’=0111, and
log,a'®=1010, (lowest bit on the left). Adding the result-
ing binary numbers, we obtain 0010,. Similar calculations
can be performed when an element 4 is divided by an
element B. Logarithms and antilogarithms are easily ob-
tained by tabular arithmetic methods using programmable
memory modules, as was shown in Ref. 42. By using the
simple rules for logarithms, we can perform the addition
operation by replacing it by multiplication:

d+a=d(1+d ).

To shorten the time for the cyclical summation of powers
of field elements when there are many terms, the author
has proposed a method of cyclical compression and a de-

vice corresponding to it. In Fig. 12 we show two examples
illustrating the algorithm for the operation of a cyclical
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A=) Coincidence matrix _
B Q A,‘B‘ » AI.A) Bi » BlBin, A"AjAk. BlBjBkt A'lA),B"Bj

a T 1
< )

v nd

[ DBA Module ] [ DBA Module |-+ - - - [ DBA Module ]
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FIG. 11. Version of a chip for performing combined operations on two
elements 4 and B in the field GF(2*).

compressor. The first example on the left corresponds to
the simultaneous multiplication of 15 elements a°—a'* or,
equivalently, the raising of the element ¢° to the 15th
power. The (mod 15) cyclical summation process in this
example can conveniently be divided into five stages. In the
first stage as a result of counting the number of 1s in each
column the 15 terms are compressed to four. The result of
the summation is written along the diagonal beginning
with the first column on the right. A similar procedure is
carried out in the second and third stages of the summa-
tion. In the end, the 15 terms are reduced to two, split into
two parts. The second part of the sum is the largest number
(11010000), which is equal to the sum of the carrys arising
in the cyclical compression process. Finally, to the number
0010 we add 1101 mod 15. In Fig. 12 on the right we give
an example for the simultaneous calculation of the sum of
powers of the product a'%a'*a°a®a’a®a’=a'* in the field
GF (24). These examples serve simultaneously as the dia-
grams for constructing the basic circuit of a cyclical com-
pressor (Fig. 13). In this scheme we do not show the
programmable or read-only memory (ROM) modules
used to calculate the logarithms and antilogarithms. We
see from Fig. 13 that the first cascade of the compressor
consists of four (15,4) parallel registers which essentially
form a tree of complete adders.*” The second cascade of the
group of parallel registers has a smaller number of inputs.
After the third stage of compression only two terms are
obtained, which are added by using an ordinary adder with
cyclical carry. High operating speed of the cyclical com-
pressor is obtained by the use of parallel registers.

Let us summarize our conclusions. By using GSFs and
analytic computer calculations it is possible to synthesize
complex logic devices, including programmable modules,
which are very promising for use in first- and second-level
trigger systems. In the following sections we shall show
how algebraic coding theory based on the theory of the
Galois field is used for fast compression and analysis of
data in high-energy physics experiments.
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FIG. 12. Two examples illustrating the operation of a parallel cyclical
compressor in the field GF(2*).

THE SYNDROME CODING TECHNIQUE

As is well known, modern multichannel charged-
particle detectors contain an enormous number of position-
sensitive detectors (communication channels). Fortu-
nately, only some fraction (10-20%) of these detectors is
triggered during the recording of an event. The signals
from these detectors are amplified, shaped, and processed
using fast electronics and specialized processors for the
purpose of generating a fast signal triggering a physical
device. The selection (filtration) of useful events is multi-
level in nature. In terms of time, the first-level decision
must be made within 100 ns and occasionally less. The
main event-selection criteria at the first level are the mul-
tiplicity ¢ of the recorded events, the types of particle, the
particle emission angle, the presence of a decay vertex, and

|

— 7-bit adder

-

]
ol ol |I o‘ c‘ 1]0

FIG. 13. Circuit for a compressor in the field GF(2*).
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so on. At later levels it is possible to use more complicated
criteria such as determination of the event coordinates un-
der conditions of high multiplicity, calculation of the par-
ticle momenta, calculation of the magnitude of the energy
release using calorimeters, and so on.

The operation of a typical multilevel trigger system is
illustrated in Table VI (Ref. 33). Measurement of the time
begins at the first picosecond, when the signal formation
begins in the detectors, and runs up to the time at which
the candidate for a useful event is written on magnetic
tape.

In Fig. 14 we show a simple scheme consisting of a
target T and a detector. We assume arbitrarily that the
detector consists of 31 elements, for example, scintillators
located in a single plane. The passage of two particles can
give rise to two or more simultaneous signals. After am-
plification and shaping, they are fed to the inputs of a
majority coincidence scheme (MCS) for determining the
signal multiplicity ¢ and to the inputs of an encoder used to
determine the particle coordinates (Fig. 15). A single par-
ticle can often trigger two or more scintillators. In such
cases (as in calorimeters) the problem of cluster recording
and identification arises. If it is known for certain that
t=1, then the construction of a parallel encoder using only
combinational circuits (without memory elements) is not
difficult. Shift registers and priority encoders are often used
to solve the problem of ¢>1. However, the operation of
such circuits requires clock pulses, so that when the num-
ber of recording channels » is large a great deal of time is
required to determine the event coordinates. Modern pro-
grammable read-only memory devices (PROMs) or pro-
grammable logic matrices (PLMs) have a limited number
of inputs (of order 15-30) for variables, so that their use
cannot solve the problem of fast coding at large n> 30. The
use of the syndrome coding method makes it possible to
solve the problem of constructing a fast MCS and a parallel
encoder with a large number of channels for 1>1 (Ref.
34).

A SYSTEM OF ANALOGIES

To apply algebraic coding theory to hodoscopic sys-
tems, it is useful to consider a system of analogies existing
between the basic conclusions and concepts used in alge-
braic coding theory and algebraic methods of signal pro-
cessing in hodoscopic systems. In Table VII we give such a
system of analogies.**

Let us comment on Table VII line by line.

1. Redundant coding is used in communications and
computational technology to increase the reliability of
communications devices and information processing. Re-
dundant coding in this sense is widely used in electronics
methods for high-energy physics experiments. However,
studies by the author have shown that the technique of
correcting codes can be used successfully also for designing
detectors and hodoscopic systems with the optimal relation
between the multiplicity of recorded signals, the spatial
resolution, and simplicity of the coding scheme.
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TABLE VI. Diagram illustrating the event-analysis process in fixed-target and collider experiments.

Fixed target Colliding beams
1ps 1ps
10 ps 10 ps
100 ps 100 ps
First level
1 ns «Particles pass through silicon detector - 1ns
« Writing of all signals
10 ns
Particles leave the large detector —
Writing of all the data 100 ns 100 ns
Period of beam intersection. Writing of all the signals—
1 us 1 us
Second level
Data transfer to event processor 10 us Calculation of p¥* 10 us
100 us Selection of useful tracks and data on decay vertices 100 us
Calculation of invariant particle masses
1 ms Start of track event reconstruction 1 ms
Third level 10 ms 10 ms
100 ms «Event written to magnetic tape 100 ms
Event written to magnetic tape - ls

pY¥ is the particle momentum in the calorimeter.

2. A block code is a correcting code in which a se-
quence of n symbols is used. The code vector of a block
code consists of k information and m=n—k extra control
bits. A vector consisting only of zeros is called a null vec-
tor. A null vector corresponds to a null word read out from
the detector or the hodoscopic plane in the case where no
data elements are triggered. In contrast to coding theory,
where a code word is usually treated as an ordinary binary
code transmitted via a communication channel, in ho-
doscopic systems the information is read from position-
sensitive detectors, and so the coordinates of the triggered
detectors are obtained in the form of a unitary position
code.

3. An error vector e can be added to the code vector
during the data transfer along a channel. In the theory of

hodoscopic systems this vector corresponds to a physical
event, as a result of which signals are fed from the detec-
tors via the recording channels.

11
21 Track 1

Particle
beam M 3

) Track 2
621

61
|
Detector

FIG. 14. Simple scheme illustrating the method of recording two particles
in a scintillation hodoscope: M is the target; 1-63 are scintillators. A
single plane is shown.
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4. An error burst in transmission channels corre-
sponds to a cluster which arises as a result of the triggering
of a group of adjacent detectors. Therefore, the theory of
error-burst correcting codes can be used to construct de-
vices capable of recording cluster coordinates.

5. The parameter ¢ is the number of distorted infor-
mation symbols which can be corrected by a given code. In
the theory of hodoscopic systems the value of ¢ determines
the maximum number of triggered detectors, the coordi-
nates of which are uniquely determined by the coordinate
Pprocessor.

6. An important code parameter is the number of
check symbols (the code syndrome). This quantity de-
pends on the construction of the code, the block length,
and the parameter ¢. For example, if we take the widely
known Hamming code, for which =1, the block length is
n=2"—1 and the number of information symbols is k=n
—m. If t> 1, for optimal codes the number of check sym-
bols is N=mt.

7. The code efficiency v is determined from the ratio
v=k/n. In hodoscopic systems this parameter corresponds

1

; Majority ’
3 coincidence — 32
: scheme — 33
62
63
L
e d =
Encoder . X1.XZ
FIG. 15. Circuit for fast event selection.
N. M. Nikityuk 88



TABLE VIIL

Algebraic coding theory

Algebraic theory of signal processing in hodoscopic systems

1. Redundant coding

. Code vector of a block code consisting of n symbols
Error vector e

Error burst

. Correcting capability of the code ¢
Number of check symbols m¢

. Code efficiency

Coding device

. Check matrix

10. Code distance d

11. Weight of the code vector

12. Weight of a column of the check matrix
13. A completely asymmetric channel

14. Tterated coding

PNV A WN

o

Redundant coding for the purpose of increasing the spatial resolution
and increasing the functional possibilities of hodoscopes

Code word computed from n position-sensitive detectors

Physical event recorded in a multichannel detector

Event with a cluster

Number of simultaneously triggered position-sensitive detectors ¢
Number of bits at the outputs of a parallel encoder

Compression coefficient K,

Parallel encoder

Coding matrix

Code distance d

Weight of a row of the coding matrix

Coefficient for splitting of signal from an element, X,

Recording channel in the hodoscopic plane

Coding of data in a detector consisting of several hodoscopic planes

to compression coefficient K, equal to n/N. This is one of
the most important parameters of a hodoscope using syn-
drome coding, since it characterizes the degree of data
compression.

8. A coding device forms the control symbols at the
transmitter end. In hodoscopic systems the analog of a
coding device is a parallel encoder. In scintillation ho-
doscopes the coding can be performed at the level of the
hodoscope construction, for example, by installing the cor-
responding connections between the scintillators and PMs
using light guides. It should be noted that the coding de-
vice can operate either in parallel or in sequential fashion
using shift registers with logic feedback.

9. The structure of the coding device is specified by the
matrix of check ratios consisting of zeros and ones and
containing N rows and n columns. Examples of such ma-
trices will be encountered frequently in this review. In ac-
cordance with the analogy, parallel encoders with specified
properties can be constructed by using check matrices
which, when employed in hodoscopic systems, will be re-
ferred to as coupling matrices or coding matrices. Coupling
matrices can be used to find not only the basic parameters
of the parallel encoders, but also their basic circuits. In
order to eliminate the uncertainties in calculating the co-
ordinates of the triggered detectors or even one of them, all
the columns of the coupling matrix should be different, and
each position-sensitive element should correspond to a sin-
gle column. Linear and nonlinear operations are performed
on the columns of the corresponding coupling matrix in
order to analyze the functional possibilities of a parallel
encoder. For example, if all possible sums of two columns
are different, such a matrix can be used to construct a
parallel encoder for determining the coordinates of at least
two triggered position-sensitive detectors. In addition, the
number of rows in the coupling matrix corresponds to the
number of outputs NV of the parallel encoder.

10. One of the most important parameters of a cor-
recting code is its code distance d. Knowing the code dis-
tance of a given code, it is possible to select or construct the
coding matrix with the required properties. Since the initial
code word read out from the detector is treated as a null
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word, it is often more convenient to use the following
theorem:*> a linear (n,k) code with check matrix
H=[hy,hy,h,_,], where h;, i=0,1,...,n—1 are column vec-
tors of dimension [#—k] X 1, has the minimum code dis-
tance d if and only if any d—1 columns of the coding
matrix H, y are linearly independent. With this theorem
we can calculate coding matrices with given properties by
computer, especially for large values of n.

11. The weight w of a code vector is defined as the
number of nonzero components of this vector. The number
of ones in a line of the check matrix, as in a line of the
coupling matrix, characterizes how difficult it is to realize
coding devices, since the number of inputs of the parity-
checking scheme is equal to the number of ones in the rows
of the coding matrix.

12. The weight of a column of the check matrix is also
related to the complexity of realizing a coding device or a
parallel encoder. The weight of a column of the coupling
matrix determines the signal branching coefficient X,,. The
smaller this quantity with the other parameters fixed, the
simpler the coupling between the detector outputs and the
logic elements or amplifiers of the parallel encoder.

13. A channel in which only one type of error occurs
is completely asymmetric, i.e., either transformation of ze-
ros into ones or only ones into zeros is possible. In this
sense the data-readout channels in hodoscopic systems are
purely asymmetric. The need to introduce such an analogy
is dictated by the fact that several codes with good param-
eters are available for asymmetric channels, and such codes
are easy to realize.

14. The two-dimensional iterated code used for opti-
mal data coding both in scintillation hodoscopes and in
MPWCs is the simplest iterated code. In this coding
method the n detectors are arranged as a square matrix
containing k rows and k columns, and the syndrome for
the rows and the columns is calculated. As a result, the
number of signal amplifier-mixers (PMs) is decreased to
2n'2, The syndrome is calculated by using an amplifier-
mixer. It should be noted that in a two-dimensional iter-
ated code the total code distance is d=d,d,, where d, and
d, are the code distances of the initial codes selected for
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iteration. It is important that iterated codes form an exten-
sive class of codes which is interesting from the practical
point of view, since any codes with good initial parameters
can be chosen for iteration.

We have considered the main analogs and, in general,
this list could be continued. For example, important prac-
tical conclusions can be made on the basis of the following
analogy. In coding theory there is a so-called superposition
code which is rarely used in practice. It contains M code
words such that for a positive number g the Boolean sum
of g different code words differs from each sum of g or
fewer code words. In addition, these sums must differ from
the terms. For example,

1000 1101 o110
\% \ \

0100 0011 0001

1100 1111 0111

In practice, this means that encoders for superposition
codes can be designed on the basis of signal mixers (PMs),
ordinary amplifier-mixers, fiber-optics light guides, and so
on. However, when all the other parameters are fixed, su-
perposition codes have a smaller code distance and, ac-
cordingly, smaller compression coefficient K, since the
syndrome formation is performed not modulo two, but
according to the rules for a Boolean sum, where the num-
ber of code combinations obtained is smaller. For example,
1+1=0, 1+1+14+1=0, 140=1, 0+1=1 (mod 2).
Meanwhile, by the rules for Boolean addition we have
1+1=1,14+14+14+1=1,0+1=1, 140=1.

Thus, the essence of the syndrome coding technique is
the following (Fig. 16). First let us consider a typical
multibit transmission system using correcting codes (Fig.
16a), which contains a one-bit register on the transmitter
side. In the process of transmission and coding to a one-bit
word a k-bit syndrome code is added in accordance with
the selected code. Then the (1+4-k)-bit word is transmitted
to a device containing the decoding apparatus. If errors
arose during the transmission via the communication chan-
nel, they are corrected (within certain limits) and then the
one-bit word is stored in the register. Now let us consider
a simpler transmission scheme used in an experiment (Fig.
16b). In the absence of an event or for false triggering of
position-sensitive detectors, the information word is always
equal to zero, and the event detection is treated as the
addition of an error vector to a null information word, the
length of which is equal to the number of recording chan-
nels n. If the optimal code correcting # errors is used, at the
output of the parallel encoder the length of the readout
word is compressed to N =log,n. For example, assume that
the number of recording channels is 31, and that signals
are sent from 10 and 22 transmission channels:

0000000001000000000001000000000

(the channels are counted from left to right). If the BCH
(Bose—-Chaudhuri-Hocquenghem) code correcting =2
errors is used, at the output of the encoder the following
syndrome N is obtained:

90 Phys. Part. Nucl. 24 (1), January-February 1993

RG| c

MD

FIG. 16. Explanation of the syndrome coding technique. (a) An ordinary
transmission system, where correcting codes are used; C is an encoder,
and D is a decoder. (b) Multichannel transmission system, in which the
syndrome coding technique is used; MD is a multichannel detector.

N=log,31=10.

We therefore arrive at the following conclusions.

For t<n (this condition is usually satisfied in practice)
the efficiency of the syndrome coding technique increases
with increasing n. When a BCH code is used at the encoder
outputs, a code one obtains which is equivalent to a certain
set of elements of the Galois field GF(2™) on which vari-
ous arithmetic and algebraic operations can be performed.

The syndrome code carries information both about the
number of triggered position-sensitive detectors and about
their coordinates.

Thus, the use of the syndrome coding technique in-
volves the following procedures: 1) data compression by
means of parallel encoders #; 2) calculation of the signal
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FIG. 17. Basic circuit for calculating one bit of a syndrome, using
MC10160 chips.
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multiplicity; 3) determination of the coordinates of the
triggered position-sensitive detectors (data elements) in
the hodoscopic plane of the detector.

PARALLEL ENCODERS

In accordance with the syndrome coding technique,
the data elements of the detector are numbered in order of
increasing degree of the elements of the field GF(2™). The
transformation of the unitary code read out from a multi-
channel detector into field elements after amplification and
formation of the signals is done by means of an encoder
which, as usual in the theory of BCH codes, is described by
means of a matrix of check ratios**® H” (coding matrix
H,,.). A detailed description of BCH code theory can be
found in Ref. 1. The general form of the coding matrix
H,,, is

1 1 1 1
gl & & 21
a2 &b 10 221
Hn,mt_ a3 a9 15 a3(2!—1) (8)
R T VI C RS M C V)

We see that the first column contains the elements of the
field GF(2™) in the order of increasing degree. The second
column contains the cubes of the corresponding elements
in the first column, and so on. To simplify matters we
assume that the multichannel detector has n=2°—1=63
data elements (m=26). This means that the Galois field is
formed by means of the polynomial X®+ X+ 1. For multi-
plicity 1<4 the coding matrix Hg;,4 has the form

Positions of Binary equivalents
data elements
0* T S 100000 100000 100000 100000
1 d B S 010000 000100 000001 001100
2 @ ab g0 ¢ 001000 110000 000011 001010
3% B3 O o 000100 000110 000101 110111
4 Hez24=| a* 4'2 42 42| — [000010 101000 001111 001110
5° S aS B S 000001 000101 010001 110100
59 S S PSS 101111 110101 111011 110100
60 a0 54 M 02 100111 111010 101100 010111
61 61 5T 53 449 100011 011111 010101 010110
62 a2 o0 oS58 56 100001 100111 111111 111110
T ¢ ! }
S Sy 8 & S| Ss Sy

We assume that the data elements at the positions X;=a’,
X,=a’, and X;=a’ are triggered simultaneously. Then to
calculate the Newton power symmetric functions S-S it
is necessary to perform the mod-2 addition of the elements
located at the positions labeled *. This gives

S;=d®+d’+d’=d?,

Sy=a"+d°+a%=a", (9)

S5=a°+als+025=a35,

S;=a®+a?' +a¥5=db,

To obtain a high operating speed the syndrome is calcu-
lated by using parallel check circuits (Fig. 17). Analysis of
the matrix Hgj 54 shows that the number of parity-checking
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circuits can be decreased considerably if coincident ones
are grouped together in the corresponding columns of the
check-ratio matrix.>

The syndrome code can be generated in only 12 ns if an
MC10160 chip with 6 ns delay is used. In our example the
number of syndrome bits is N=18 for n=63 and t=3.
Therefore, a unitary 63-bit code is transformed into an
18-bit code consisting of three elements of the field
GF(2%), S, S5, and Ss. Here the compression coefficient is
K,=63/18. In the examples given below we will use 7.

A NEW TYPE OF MAJORITY COINCIDENCE SCHEME

Since the syndrome code of a BCH code carries infor-
mation about the multiplicity ¢, the next step after data
compression is the determination of z. For this we use the
following property of the matrix L,. The zX¢- matrix'’
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(10)

is nondegenerate if the power symmetric functions depend
on ¢ or ¢t+1 field elements, and it is degenerate if the S;
depend on fewer than ¢— 1 different field elements. In other
words, to calculate ¢ it is necessary to calculate the deter-
minant det L, in the Galois field. The expressions for the
determinants for t=1-4 are given in Table VIII.

We see that det L, can be zero or any field value.
Therefore, the logic expressions for the majority coinci-
dence scheme (MCS) containing » inputs and ¢ outputs
have the form’

outputl=det L;V det L,V det L;V...det L;V...det L,>1
output2 = det L,V det L3V...det L;V...det L,>2
output3= det Ly... det L;V det L>3
output j= det L;V det L;>j
output = det L>t.

(11)

If to the MCS described by Egs. (11) we add simple
schemes for analyzing determinants for Os and 1s, we can
also obtain rigorous equalities, as shown in Fig. 18. It
should be noted that such devices can be realized in prac-
tice by using tabular methods or the other algorithms dis-
cussed above. The circuit shown in Fig. 18 was designed so
that it can be realized for large numbers by using PROMs
containing 2m address inputs. For =2 or 3 and m=10-
15, programmable logic matrices (PLMs) can be used.

Let us consider an example. Let 7=3. We have

det Ll =S1 20237(:0,

det L,=a%+a® =%+ a%' =a*5£0,

det Ly=a'3®+a%a5 +4%a% +a'2

=a12+a4+a58+0597/:0’ (12)

but

det L4=a‘”+a33+024—+—a16+a17+059+a7+a4=0.

Thus, the values of 7 can be calculated rapidly by analyzing
the values of the determinants.

DETERMINATION OF EVENT COORDINATES

Using the syndrome properties and algebraic methods
of decoding the error positions, while determining the mul-
tiplicity ¢ it is possible to simultaneously find the event
coordinates X; (i=1,2,3,...,¢). This has two key features."

1) For t<5 tabular methods can be used.

2) In general, to find the event coordinates it is neces-
sary to solve an equation! called the coordinate equation:®

PX)=X'+ o X"\ 4o X4 . 4o,
= (X+X) (X+X)...(X+X,)) (X+X). (13)

The Newton power symmetric functions S; and the event
coordinates X; are related as (for the binary case)

t
Si= 2 X!, i=123,.t; j=135,..(2t—1).
i=1

Therefore, the Peterson algorithm (applied to the syn-
drome coding technique) for determining the event coor-
dinates involves three steps.

1) The calculation of the values of .S e

2) The calculation of the power symmetric functions
o;. In turn, the values o, are related by the Newton S
expressions (for binary arithmetic):

S1+0'1=0,
S3+0’1S%+0'2S1+U3=0,

Ss5+0181+ 05534038} + 0,5, +05=0.

3) Finding the roots X; of the polynomial P(X). The
roots are found by successive substitutions of all possible
field elements into Eq. (13). It is easy to see that this
method of determining the event coordinates takes a long
time. However, for <5 there are well known tabular meth-
ods of calculating the roots of Eq. (13) (Refs. 38—44). Let
us consider the cases =2 and t=3 in more detail.

For t=2 we have

X*+0,S+0,=0, (14)

where S, =0, and 0,=(S3+53)/S,. Substituting X=0,Y
into Eq. (14), we obtain

Y 4+ Y=y, (15)
where y=0,/0}, X,=0,Y,, X,=0,Y,, and Y,=Y,+1.

TABLE VIIL

t det 7,

1 s,

3
2 5+ S,
3 2
3 S+ 828, 485,85+ S
7 ] 2 3 2 3
4 $0+8'S, + 58,4555 +55)+5.5,+52+5's,
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FIG. 18. Circuit for calculating determinants in the field GF(2™) for
t=1-4.

The algorithm for solving a quadratic equation (Ref.
14) is well suited for realization by the combined-operation
method. It has been shown that if we have the operator
T(r)=0, then

m—1
Y= ;0 Y- (16)

In turn, the values y; are found from
s @ Tr(a)=0
Yit+y= d+ak=1.
After simple algebra we obtain the following values of
Yoys for m=6 (Ref. 6):
yo=a’ for a'=0,

y1=a“

y=a%

for a’=a%,

for d'=a*,

y3=d’ for a'=0,

33 38

ys=a>> for a'=a%*,

ys= a43

In the field GF(29),

for a'=a'®.

Y1=y108°+y11a" +y128*+y130° +y140* +y150°

and
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r=70a"+ 118+ 128*+ 738 +v4a* + v5a’. (17)

Therefore, from (16) we have
Y10=Yo» Yu=%Yo+71+7%s

Yu=Y1+Y2+V3+¥s» Vi3=%o,

Y1a=Yo+V3+7Ys,» Vis=Yo+Yi+YV2+VYs+vs-

In Fig. 19 we show the diagram for solving Eq. (14) (Ref.
43). The speed of operation of the coordinate processor
can be estimated from the equation

Tiu=Ty+2T;+ Tpromy>

where T, is the time to multiply two elements in the field
GF(2™), T is the time for mod-2 addition, and Tpgoy is
the delay in the PROM. If fast logic circuits are used, it is
possible to calculate simultaneously two coordinates in less
than 10 ns. Let us consider a specific example. We assume
that data elements at the positions X;=a° and X,=a are
triggered simultaneously. We have S, =a?, S y=a',
o,=a'%, 0,=ad% and y=a"'=101110. From Eq. (17) we
obtain po=y;=p;=ps=1 and y,=y,=0. Then Y,a’! and
Y,=a*. Finally,

12 51 0

X,=a"% =4 12,53 _ 2

and X,=a“a>=a".
It can be checked that the values of the elements ¢° and a?
satisfy the equation

X*+a2X+a*=0.
Solution of a cubic equation (f=3)

For t=3 the syndrome has 3m bits. If the value of 3m
is such that direct decoding is impossible owing to the
limited size of the PROM or the PLA, the more econom-

ical parallel-sequential tabular method of solving a cubic

equation can be used. We have
X3 +0,X*+0;=0. (18)

After the substitutions X=0,+Y and Y=2Z (a%+02)1/ 2,
Eq. (18) becomes**#!

Z’+Z=cC, (19)
where
0107+ 03
C= . 20
(U%+0'2)(U%+02)1/2 (20)

To simplify the calculation of the constant C it is useful to
express it directly in terms of Sy, S3, and .S5. We have

[55)

S1+8;
ST+S5\ (S]+Ss
S1+83/\S1+S3
The circuit for the tabular solution of a cubic equation is

given in Fig. 20 (Ref. 43). The solution time T',; can be
calculated from the relation

12— D(EEI/Z) _1.

T13=5Tprom+2T.
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FIG. 19. Circuit for solving a coordinate equation of second degree in
GF(2™).

The authors of Ref. 41 give an algorithm for solving a
quartic equation
o(X)=X*+0X’+0,X*+ 03X +04. (21)

After a series of substitutions the problem reduces to the
solution of two quadratic equations, which are then solved
by the tabular method, as described above. This problem is
solved in Ref. 42, but the operations are carried out on
logarithms of the field elements. The circuit for a coordi-
nate processor for r=4 and ¢=35 is described in Ref. 44.
Here for the economical realization of the values of o, the
author used the Berlekamp transformation method:*

U3=R3+R102, (22)

_R7+R50'2

R (23)

04

where
g,=R,
03=R3+R 0,
Rs+R;30,+R04=0
R,+Rs0,+R40,=0 (24)

R;=S;+S=B

Rs=S5+838;=V

R,=S;4+P+V+S],

with P=52S; (Fig. 18). Equation (24) does not contain
R, and therefore is simpler to calculate than (23):
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FIG. 20. Circuit for solving a coordinate equation of third degree in
GF(2™).

_R5 +R30’2

94=""R, (25)

Therefore, after preliminary calculation of o,, which is
relatively simple, from (22) and (23) we find o3 and oy.
The expressions for calculating o, for #=2-5 are given in
Ref. 46. The solution of an equation of fifth degree reduces
to the solution of a quadratic and a cubic equation (Refs.
41, 42, and 44).

THE HYBRID METHOD OF SOLVING THE
COORDINATE EQUATION

The complexity of the calculations of o, and S; grows
rapidly with increasing multiplicity z. The method of solv-
ing the general form of the coordinate equation without
calculating o, (Ref. 47) is therefore of particular interest.
This approach makes it possible to design a hybrid proces-
sor using the syndrome properties. Depending on the value
of ¢, such a processor can be used to solve the coordinate
equation either by the tabular method if <5 or by the
method of cyclical shifts of the resulting syndrome, where
the following properties of the determinants 4 and d are
used. The determinant
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1 0 0......0

S, S 1.0

A=| S, S, S,....0
Sp—2 Sau—3 Syu_4-Si_y

is nonzero if the values of S;, j=1,2,...,2¢, are formed by
power sums of ¢ or t—1 different field elements, and it is
zero if the values of S; are formed by power sums of 1—2
or fewer different field elements. In addition, it is necessary
to check the determinant

1 1 L.l
s 1 0.0

Syu—1 Su—z Syu_3-8i_1

For t=3 we have

1 1 1 1

S, 1 0 0
d=

S; 8, S 1

Ss S, S; S,

=si(1 +51+8) +85(1 +814+82+51+53)

+5S5(1+S5;)=0.

It should be noted that for the characteristic field 255=S7,
S,=S%, S¢=253, and so on. For t=2 or t=3 the determi-
nant

1 0 0
A=|S; §; 1|=53+s,
S, S S,

is nonzero. However, 4=0 for z=1, since S3=Si’. Let us
consider an example. To simplify the discussion we assume
that t=3. Let X, =a®, X,=a%, and X;=a°. The proce-
dure for finding the roots amounts to multiplying S, S;,
and S; by a!, &°, and d°, respectively, in each cycle. After
six such transformations we have

S; S; S«
initial values 2 gl a*£0
after first cycle B gt P40
after second cycle o** o’ a'*=0

25 10

a® ¢¥=0

26 13 24

7416 gP4g
a

28 19 a34 750

a

a

a
after third cycle a
after fourth cycle a
after fifth cycle a
after sixth cycle a

The circuit for a coordinate processor is shown in Fig. 21.

Depending on the value of ¢, the processor calculates the
coordinates in tabular fashion (#<5) or cyclically. If t=h
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and 4> 5, the number of cycles will be only #—35, after
which the processor again returns to the tabular solution
for calculating the other five roots. Let us briefly consider
the operation of the processor. If the majority coincidence
scheme triggers a ¢>5 signal, counter 1 is set up and the
generator G begins to generate clock pulses. Counter 2 is
used to calculate the value of the degree X;. In each cycle
the value of the syndrome S; is multiplied by the corre-
sponding constants, and the contents of the multiplication
circuits M ,—M, are added to the register contents. As soon
as a 5 appears in counter 1, the comparator is triggered and
the process of computing the coordinates by the tabular
method begins.

THE USE OF FIRE CODES

Often in sequential readout from coordinate detectors
a pulse burst is recorded and it is necessary to determine
the coordinate of the center of the cluster (Fig. 22). The
signals from the planes are read out using delay lines.*® An
economical scheme for coding the read-out signals using
Fire codes was proposed in Ref. 49. Fire codes were spe-
cially developed for correcting error bursts in communica-
tions and computational technology.! Tables of generating
polynomials for constructing Fire codes of length n=15-
1200 are given in Ref. 50. The number of bits in the en-
coder is equal to the degree r of the generating polynomial
g(X). The following generating polynomial is useful for a
cluster of length =3 and n=15 shifted pulses:

gX) =X+ X+ X+ X+ X+ 1.

Here the compression coefficient is the ratio n/r. The com-
pression increases with n, since the size of the cluster is
limited. In Ref. 51 it was shown that optimal Fire codes
exist for b=3 and 4. For example, as follows from Ref. 51,
for b=3 instead of a 9-bit register it is possible to use a
6-bit register and K.=4096/14. As a result, a PROM can
be used to decode such a code.

PARALLEL ENCODERS FOR TWO-COORDINATE
DETECTORS

By now semiconductor two-coordinate (pixel) detec-
tors have been developed which contain a set of pixels with
amplifier-shapers and very simple schemes for determining
the limits on the multiplicity using comparators.*? Priority
encoders are used in some applications; their defects have
been noted above.> In this section we shall show how the
syndrome coding technique can be used to encode coordi-
nates and determine the multiplicity of events recorded in
two-coordinate detectors. In addition, there is also the pos-
sibility of efficiently solving the problem of recognizing
“ghosts,” since the use of priority encoders even for t=2
does not solve the problem when they, are used for separate
readout of the X- and Y-coordinate data. If the syndrome
coding technique is used for these purposes, two ap-
proaches are possible: 1) the use of iterated codes (see
below); 2) the use of the algebraic coding theory for BCH
codes.>*
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FIG. 21. Circuit for a hybrid coordinate processor: G is a pulse generator,
T'is a trigger, D is a delay, I is an inverter, & is an AND element, M-M,
are devices for multiplication in a Galois field, and R is the setup at 0.

We shall assume that the detector consists of
n=2"—1=kXk pixels, located in the X, Y plane, and
m>2. As an example, in Fig. 23 we give the diagram of a
detector containing 49 pixels (k=7). To simplify matters
we assume that /=2 and that the pixels with coordinates
X,=3, Y,=6 and X,=4, Y,=5 are triggered simulta-
neously. Otherwise the pixels with coordinates X;=3,
Y,=5 and X,=4, Y,=06 are triggered simultaneously. If
the data are read out to registers arranged along the X and
Y coordinates (not shown in Fig. 23), uncertainties arise in
the calculation of the event coordinates, even if priority
registers are used. We shall consider two cases for the so-
lution of this problem: 1) the use of separate parallel en-
coders for each row and each column separately; 2) the use
of a single parallel encoder for all n readout channels.

For example, for =2 and m=3 we have the following
coding matrix H :

_— vd 7
NTE %
No— ('] WU
T/
LTI

U Anode wires X
4 Cathode plane

FIG. 22. A two-coordinate detector with cathode readout.
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FIG. 23. Schematic depiction of a two-coordinate detector containing 49
pixels; * and O are events.
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In Fig. 24 we give the diagram of a detector in which
separate parallel encoders for rows and columns are used.
We see from Table IX that in this approach the ghost
problem is solved rapidly and simply.

In Fig. 25 we give the circuit for an encoder for n=7.
In the second coding method all the pixels are numbered in
succession and a single parallel encoder is used for all n
recording channels. Our example requires an encoder with
49 inputs (Fig. 26), and therefore we choose the following
parameters: m=6, n=2°—1=63, and t=2. Since S, and
S; are elements of the field GF (26), they are represented as

S1=S108°+ 811"+ 81,8* + S130° + S 14a* + 8 150°,
S3 =S3000+S3101 +S32a2+S33a3+S34a4+S35(15. (26)

Below, we give the coding matrix Hyg,, which consists of
two columns, since t=2. For events labeled with the * we
have

101001

+ +
001101 101100

$1=100100=¢%2 §,=011111=4"".

110011

To estimate the determinant det L; we calculate Si:
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S5= (031)5+ (a37)5=02><63029+02><63059

In Fig. 27 we show the basic circuit for calculating the
component S, of the vector .S;. Comparing the two ap-
proaches to coding, we see that the first is useful when the
number of pixels in the rows (columns) is large.

Signal processing

Let us consider an example to demonstrate the other
approach to processing a syndrome code. This is based on
the representation of the field elements as polynomials. For
our example we have

det L,=S,=a?=10010040,
det L,=(a**)3+a" =a%a% +a"" =a% 4 a"'=£0,

det L3=a192+096a57+a”4+a32a12

=a189a3+a63az7+a51+a32a12

=a3+027+a51+a44=0.

It is easy to find, as expected, that det L; is equal to
zero:

000100

+
011100

+
110101

+
101101

000000=det L;.

We represent det L, and det L, in the form

43 49
T
36 AN W
9| & I 8 || e
T —§ P 43-
[JZZ ({] E 3
S Ah——a Y
;-4 ®
| 7
J
L Encoder ]
t
Outputs

FIG. 24. Schematic depiction of a detector with parallel encoders for each
column and each row; ¥, O, 0, and A are events.
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23 — 45—
24 —— 46—
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27 — 49—
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lﬁsl S|
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FIG. 25. Parallel encoder for one row (column); t=2 and n=7.

det L,=S,
=a"S10+4a'S;1+a% S +a@’S13+a*S 14 +a°Sys,
det L,=(S3+S3)
=(a"S1o+a'S 1 +a°S 1, +3°S13+4a"S ),
+a°815)°+ (a°S30+a'S3, +aS3+ S5,
+a*S3+a°Sss). (27)

After raising to the power and combining similar terms, we
have the following values of the coefficients for the term S3:

L Swo
| Sy

. - S12
L sy St

— St
— S‘s‘

- S30)
— 531
— S3
— 53
| 53@
|— S35

i
l
Encoder

>S3

49 ——

e

FIG. 26. Circuit for a parallel encoder for =2 and n=49.
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TABLE IX. Coding of coordinates of triggered pixels.

Coordinate X

Coordinate Y

* . [\] 0 o o
i Y S A S C

A10=S10+S12+S14+S16513+ 513515+ 511514+ 513514

+811815+5 12815,

A11=81+510511+ 510513+ 5115 13+ 512513+ 513514

+514515+5115145

A;p=S814+S10S12+S11513+ 512514+ 512515+ 514515

+510511+ 510514 +S11515)

Ap=S11+S13+S15+S11S14+512513+ 512514+ 512515

det L2 H

Finally, we obtain the following Boolean expressions for

det L2 =det Lzo —+ det L21 + det L22 + det L23 + det L24

“+ det L25 .
det L20 =A 10+S30

det Ly;=A4;;+S3

det L22=A12+S32 (29)
+S513515+ 514515+ 510513+ 5105145 (28)
det Ly;=A4,;+S
A14=S8134 514515+ 510512+ S 10514+ 510515+ 511512
+S511514+512514+ 512515+ 513514 det Log=A14+S4
A;s=S15+S11S12+S1S13+ 511815+ 512513 +513515- det Lys=A;5+.S3s.
TABLE X. Coding matrix Hsy,.
Pixel GF2Y)-  |Cubes of | Pixel GF(2)- Cubes of
number elements [these elements number elements these elements
1 100000 100000 26 010001 101000
2 010000 000100 27 101000 000101
3 001000 110000 28 011100 111100
4 000100 000110 29 001110 110111
5 000010 101000 30 000111 100010
6 000001 000101 31 110011 011100
7 110000 111100 * 32 101001 110011
8 011000 110111 33 100100 010010
9 001100 100010 34 010010 011010
10 000110 011100 35 001001 011011
11 000011 110011 36 110100 010111
12 110091 010110 37 011010 100110
13 lOlOOO 011010 * 38 001101 101100
14 010100 011011 39 110110 110101
15 001010 010111 40 011011 111010
16 000101 100110 41 111101 oLLl1l
17 110010 101100 42 101110 100111
18 011001 110101 43 010111 100000
19 111100 111010 44 111011 000100
20 011110 [(BRRE! 45 101101 110000
21 001111 100111 46 100110 000011
22 110111 100000 47 010011 101000
23 101011 000100 48 111001 000101
24 100101 110000 49 101100 111100
25 100010 000011
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In Fig. 28 we show the basic circuit of a processor for
determining the coordinates X; and X, and multiplicity
t<2. A PROM or a PLA can be used to transform the field
elements S and S5 into natural binary code. For obtaining
the maximum operating speed, it is sufficient to use coin-
cidence matrices and parity-checking schemes in the con-
struction of the MCS. Such devices can be realized as chips

-

S0
Su

S
Sn
Sty
(S1s

S0
Sat
S32
Su
S3
\S3s

S

PROM

S3¢

S

S10 Sy i

Su

with large-scale integration. All the logic couplings in the
processor are described by means of logic equations, so
that the design process can be automated for large » and ¢.

The rate of operation of the MCS, Ty, can be calcu-
lated from the expression

TM=2TP+3TANDs

where T, is the delay in the parity-checking circuit and
T snp is the delay in the AND logic element. If fast circuits
are used, for sufficiently large n and ¢ the value of T will
be less than 10 ns. Therefore, to construct an MCS using
the syndrome coding technique it is necessary to perform
the following procedures.

1. In accordance with the number of inputs #», an ir-
reducible polynomial of degree m is selected (Ref. 1) and
the 2™ —1 nonzero elements of the field GF(2™) are cal-
culated. For m=4-10 the following polynomials can be
recommended:

X 4X+1, X+ X2+ X+1, X+X+1, X' +X+1,
X4+ X+ X3+ X2+1, X°+X*+1, and X4+ X +1.

2. The matrix of check ratios H,, is constructed for a
given t<n/2. The number of columns in the matrix must be
t.

3. In the matrix H, , the field elements are replaced by
their binary equivalents.

4. The order-t determinants are calculated.

5. If PROMs or PLMs are not used to calculate the
determinant, all the values of the field elements are repre-
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FIG. 28. Basic majority coincidence circuit for 7<2; M1-M7 are MC10160 chips, and M8 is an MC10102 chip.
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sented as polynomials of degree m—1 and the required
calculations are carried out in order to obtain the Boolean
expressions in the AND and exclusive-OR basis.

6. The basic MCS circuit is designed in accordance
with the expressions (29). Here it is best to use semicon-
ductor technology. A hybrid processor can be used to cal-
culate the event coordinates.

Let us continue the discussion of our example. For
t=1, 8§,=a'=101001, ie, S,,=S,+S;s5=1 and
S11=813=81,#0. Then S;=4°=110011, e,
830=93,=534=835=1and S;,=55;=0. It can be checked
that det L;=.5,50, but det L,=0. In this case the AND
logic element (Fig. 28) is open, and signals > 1 and t=1
are shaped at the MCS output. It can be checked that
signals #>1 and <2 are formed for t=2.

USE OF THE THEORY OF THE REED-SOLOMON
CODE

In some experiments it is necessary not only to record
the coordinates of individual triggered position-sensitive
detectors, but also to determine the number of clusters,
their coordinates, and even their shapes as rapidly as pos-
sible. For example, from the size of a cluster recorded in a
calorimeter it is possible to determine the energy of the
interacting particles. In coordinate detectors, recording the
cluster center makes it possible to increase the accuracy of
determining the event coordinates. In such cases it is pos-
sible to use the theory of error-burst correcting codes. It is
well known that in coding theory an error burst of length
B is defined as an error vector in which all ones are en-
closed in a sequence of symbols with the condition that the
end symbols of this sequence are ones. For example, bursts
of length 6 might look as follows:

0011111110000 001000010000 001100110000, etc.

Burst 1 Burst 2 Burst 3
In Ref. 55 the author suggested that such events be
recorded using the theory of Reed-Solomon (RS) error-
burst correcting codes.*® If it is assumed that the cluster

length is B<m, where m is the degree of the irreducible
polynomial, then the compression coefficient is

(2™ —1)/2t, where 2™ —1 is the number of information
symbols and 2¢ is the number of check symbols of the RS
code, since they have a length of n=2"—1 symbols, each
symbol containing m bits. Among these symbols there are
2" —1—2¢ information ones and 2 check ones, where ¢ is
the number of erroneous symbols corrected by the code.
The general form of the check matrix for the RS code,
which in our case is simultaneously the coding matrix, is

a® a® a°.. nd®
al (@)? (@i, ..(aV)!
@ (@)? (@ (@)
He . (30)

an—l (an—l)Z (an—-l)3 (an—l)t

For t=2 and m=4 we have
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Groups
of inputs
L L O O
*Q d & & &
*21 2 & & &b
» S & &2 a?
4 P I S
5 S ad® &L b
6 LI L B
Z He16= a a* & B (31)
9 & & PO P
10 a9 a3 alZ a6
11 a® & PO 4°
12 PR T B B v
ii a? &P LS D
a® a' P 4
a% g g2 gt

In the matrix (31) the quantities a’~a'* are elements of the
Galois field GF(2*).

For definiteness we assume that the multichannel de-
tector has 60 measurement channels, split into 15 groups of
4 channels. In turn, the groups of measurement channels
are numbered by the degrees of the elements of the Galois
field GF(2*), and the number of the groups of channels in
which a cluster appeared is labeled *. As in algebraic cod-
ing theory, we assume that the nonzero component of the
coordinate vector of the triggered position-sensitive detec-
tors e(X) is specified by a pair of elements Y;, the cluster
shape symbol, and X, the cluster coordinate. If there were
t events, the vector e(X) has # nonzero components, so that
to describe such events it is necessary to have ¢ pairs X;,
Y;. Then we have

t
S;= 2 YXi, 1gj<2t (32)
i=1
The methods described above can be used to solve Eq.
(32). The theorem given in Ref. 1 can be used to determine
the number of clusters recorded. The matrix

n, columns
e
4 Y
‘
£
2 - §
o ) X Inform. bits °
- - €
< K?_ )
{ Syndrome

FIG. 29. Structure of a two-dimensional iterated code.
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FIG. 30. Form of events in the two-dimensional plane; t=1-3; E is an
“even” and E is an “odd.”
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is nondegenerate if the S; are formed exactly from ¢ differ-
ent nonzero pairs (X;,Y;), and the matrix (L,) is degen-
erate if the S; are formed from fewer than 7 nonzero pairs
(X;,Y;). In other words, the properties of the determinant
det L, are such that if, for example, t=1, then det L;#0,
but in return all the other determinants of higher order are
zero. If t=2, then det L,540, det L,50, but det L;=0,
and so on. For =3 we have

Sy Sy S3|det L,=S,
Ly=|S; S; S,|det L,=S,S;+5; ,
S, S, Ssldet Ly=5,5:85+8,S5+85355+53

Let us go on with our example. We assume that t=2 clus-
ters have been recorded in the multichannel detector at the
positions X;=a° and X,=d’, with Y,=a'=1101 and
Y,=a''=0111. Let us consider two cases.

a) The cluster a''=0111 was located at X, =a* Then
from (32) we have

Sy=a'l?=a", S,=a''a*=a'5=a",

S;=a"e®=a?, S,=a''a®=d".
In addition, from Eq. (33) we have
det L;=a"£0, det Ly=a"a’+a°=0,
det L3=al3a2a6+a13a8+a°a6+a6=0.
b) We assume that X;=a°, Y;=da’ and X,=d%,

Y2=a“, i.e., t=2. Furthermore, we have

Sy=d'd®+a"a*=d’, S,=dld®+a'la* =2,

18 _ g3,

S;=a'a®+a""e®=a"%, and S,=d'a’+a
To find the values of X, and X, it is necessary to solve the

quadratic equation

X2+0'1X+0'2=0. (34)
For the special case =2 we have
5385+5152S4 5,54+53
g (35)

TS558, | PTSE4s.Sy

and from Eq. (32) we obtain a relation between the S, X;,
and Y;:

S;=X,Y,+X,Y, and S;=X3Y,+X3Y,. (36)

From Eq. (35) we have o, =a® and o0,=a% It can be
checked that for these values of 0, 0, and X;=d°, X,=a’
Eq. (34) becomes an identity. Similarly, Eqs. (36) become
an identity for the given values of S}, S; and X}, X;. It is
therefore possible to calculate rapidly the multiplicity ¢, the

101
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(33) cluster coordinates X;, and the cluster shapes Y; by using
the syndrome code S; and a special-purpose processor.>
: ‘ 424
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THE USE OF ITERATED CODES

In some cases it makes sense to use so-called iterated
codes®”*® instead of codes with algebraic decoding meth-
ods. The former are convenient for coding information re-
corded in two-coordinate detectors. Any known correcting

Information symbols

!
Xll X12 X13
X21 X22 X23
Xal XaZ Xa3
a a a
.EIX” _EIXQ ZX{.')
= 1= =

Checks over columns

After this, checks in rows and columns are added. In
Fig. 29 we show the diagram of an iterated code. An im-
portant feature is the fact that the total code distance d of
a y-dimensional iterated code is d=dd,...d,, where y is
the number of codes used for the iteration. Recalling the
familiar relation t=(d—1)/2, for large numbers n this
code can be used for the economical recognition of com-
plicated events with high multiplicity. The simplest iter-
ated code is a code of the OR-OR and “even—even” type
(d=2X2=4). Analysis has shown®’ that an OR-OR code
is useful in scintillation hodoscopes for economizing on
PMs in recording single-particle events with clusters. The
check ratios of even—even codes are calculated using mod-2

adders, so that PMs are not suitable for this, since these
devices act as signal amplifier-mixers. However, an iterated

even—even code can be used effectively if the coded signals
have logic levels. Let us consider two figures. In Fig. 30 we
show pictures of events in the two-plane for t=1-3. The
event positions are absolute. We shall count the number of
events by computing the number of “even” or “odd” signs
separately in the X and Y coordinates. As can be seen from
Fig. 31, for t=1 we obtain a single “odd” in the X coor-
dinate and a single “odd” in the ¥ coordinate. For t=2, 3,
and 4 there are 2, 4, and 10 different pictures, respectively.
In Fig. 31 we show the analogous pictures for =4 (E is
“even” and E is “odd”). There is no need to give the
symmetric pictures, which lead to the same result. There-
fore, if parallel counters are used to count the number of
“even” and ‘““odd” signals, it is possible to construct an
economical and fast device® for recording the multiplicity
in one- and two-coordinate detectors. For example, let us
assume that a two-coordinate detector contains 31X 31
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codes can be used as the initial codes for constructing it-
erated codes. We shall discuss the method of constructing
a two-dimensional iterated code for the following example.

First, the information bits X,;;=0, 1 are represented as a
matrix:

Checks over rows

!
m
........ X’J le E Xl]
j=1
m
........ le sz Z X2]
j=
................................. (37)
m
........ XyjooXom Y Xom
j=1
a a
e 2 X 2 X
i=1 i=1

=961 pixels (31 rows and 31 columns). To make things
simpler, in Fig. 32 we give the main part of the scheme for
a single row (column). Since zero is an even number, a
certain number of OR logic elements is required in order
not to read out zero. The operating speed of such a counter
T, can be calculated from the expression

T.= Tp+2TAND+ T+ Td!

where T is the delay in the parity-checking scheme, T snp
is the delay in the AND logic element, T, is the operating
speed of the (31,5) counter, and T, is the delay in the
decoder. If ECL logic is used, T, is less than 43 ns! (Ref.
60). Naturally, to record large values of ¢ it is necessary to

choose more powerful codes (codes with large d). There
are two approaches to choosing codes with large 4. 1) Two

more diagonal checks are added to the simplest two-

FIG. 32. Part of the circuit for a parallel counter for a two-coordinate
detector containing 961 pixels: PC is a parallel counter, 1 is an OR
element, & is an AND element, and E is a decoder.
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dimensional iterated code. 2) Codes with large code dis-
tances are used. It is known that the modified Hamming
code has a code distance d=4. Then the two-dimensional
Hamming-Hamming iterated code has d=16 and t=15.
In addition, it follows from the theory that such a code can
be used to record simultaneously v=1¢/2 coordinates.

Let us summarize. If we compare the efficiency of
codes with an algebraic structure, such as BCH codes and
iterated codes, we see the following. Codes with an alge-
braic structure are relatively easy to decode. Moreover,
since the theory of the finite Galois field provides the the-
oretical basis for such codes, in addition to performing
encoding and decoding processes on the data it is easy to
realize various types of logic and algebraic operations. The
syndrome of an iterated code is a random set of binary
symbols, and therefore tabular methods based on PROMS
and PLMs are best for decoding it.

THE USE OF SUPERPOSITION CODES

In the examples that we have considered the syndrome
was usually calculated using mod-2 adders, the construc-
tion of which requires inverters, and the input and output
signals must be logic signals. There is another class which
is interesting from both the theoretical and, especially, the
practical points of view, namely, that of superposition
codes.5! The distinctive feature of such codes is the fact
that ordinary signal amplifier-mixers like PMs can be used
for the syndrome-calculation circuits. In other words, the
coded signals can be both electrical signals of arbitrary
shape and amplitude and light signals. In particular, the
author has shown that such popular codes as the ordinary
Hamming code and the Gray code are superposition
codes.%

Below, we will show how a series of such codes and
encoding devices developed by the author can be used to
construct efficient event-selection circuits. The operation of
one of these devices is based on a property of the coding
matrix C (the number of combinations of N elements two
at a time; Refs. 62 and 63). The matrix contains n=C%
columns and N rows. Each column contains only two ones
(the signal branching coefficient is equal to two), and the
compression coefficient is K,=C%/N. For example, let
n=28; then N=7. In Fig. 33 we show the coding matrix
Hyg 7, and in Fig. 34 we show how bits 1, 3, 4, and 8 of the
syndrome are calculated. Flexible light guides can be used
as signal splitters. By means of this coding scheme it is
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possible, with the optimal value of the compression coeffi-
cient, to record uniquely single-particle events with three
clusters, as is easily checked by computing the Boolean
sums of two and three adjacent columns.* In addition,
such a coding scheme can be realized as a mask, as shown
in Fig. 35. Let us consider two cases.* 1) A single particle
without a cluster is recorded in the hodoscopic plane, i.e.,
t=1. Then the weight of the syndrome is two. Since all the
columns of the coding matrix are different, the 7-bit syn-
drome code carries information both about the fact that
t=1, and about the coordinate of the triggered position-
sensitive detector, which is simple to decode by using a
PROM. 2) If a double or triple cluster is recorded, the
syndrome weight is three or four, and the values of the
codes differ for all combinations of one, two, and three
triggered adjacent data elements.

A cluster counter

The coding matrix Hg, g consisting of eight repeating
unit matrices of eighth order I can be used to construct an
economical counter for clusters with 1<b<8. In Fig. 36 we
show the circuit for the counter. The PROM module is
programmed so that if the syndrome weight is w=1, then
b=1, while if the weight is w=2, then =2, and so on. In
general, to construct a counter with b=z it is necessary to
use a unit matrix of order z.

Superposition iterated codes

To increase the code distance of superposition codes,
for the iteration it is possible to use the popular Hamming

3,10,16,21.2526.27 1, 8,164,19,23,26.28
PM B
{

4, 1,17,22,23,2425 1,2,3,4,5.6,7

=/ g

FIG. 34. Circuit for calculating bits 1, 3, 4, and 8 of a syndrome; PM is
a photomultiplier.
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code (d=3) and the Gray code (3<d<4) in conjunction
with a simple coding scheme, when the checks for one of
the coordinates are calculated using OR logic elements.’’
Let us assume that a two-coordinate detector contains 225
pixels arranged as a square matrix containing k=15 rows
and 15 columns. For example, for the rows we calculate
the check symbols in accordance with the (15,4) Gray
code, and for the columns we use ordinary OR elements
(d=2). As a result, we obtain the following coding matrix
for a single row, the columns of which are essentially 4-bit
words H,;, of Gray code:

N
l
110011001100110| 1
011110000111100| 2
154= (000111111110000| 3
0000000111111111 4

/20 D 15

In Fig. 37 we give the basic circuit for calculating the
syndrome for a single line. On the whole, this scheme re-
quires 15 OR elements for 15 inputs and 4X 15 OR ele-
ments for 8 inputs. The code distance of such an iterated
superposition code is 8. It should be noted that in practice
it is useful to first model events for each particular exper-
iment and detector, and then the corresponding code for
fast and optimal coding can be worked out.

CONCLUSIONS

Current and future experiments in high- and
superhigh-energy physics are tending to be performed un-
der conditions which are contradictory from the viewpoint
of electronics and computational technology: it is neces-
sary to select useful events at a very high rate while record-
ing an enormous amount of information and seeking rare
events at the level of a large background. It has become
obvious that the solution of this complicated problem re-
quires a nontraditional approach to the design of fast, mul-
tilevel systems. The syndrome coding technique essentially
amounts to the following. Many problems in the selection
of useful events which have traditionally been solved using
ordinary binary arithmetic, in which the series of opera-
tions is rather complex, can be solved using the algebra of
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2% Outputs

finite fields. Here, before analyzing events, the data read
out from multichannel charged-particle detectors is first
compressed in the ratio n/log,n.

In addition, it has been shown that by using the tech-
niques of calculation in a Galois field GF(2™) and per-
forming analytic calculations by computer, it is possible to
synthesize rather complicated devices such as program-
controlled logic modules, parallel encoders, majority coin-
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FIG. 36. Circuit for a cluster counter for n=64; N=8 and b=38.
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FIG. 37. Circuit for calculating a syndrome for a single row: 1 is an OR
element, and 1P—4P are outputs.

cidence schemes, and special-purpose processors for fast
selection of physical events. It is also important that the
realization of a universal dynamically programmable mod-
ule will make it possible in future to design complicated
trigger systems which do not contain mechanical contacts
and can rapidly be reprogrammed for solving different

physical problems.

APPENDIX
ELEMENTS OF THE GALOIS FIELD MODULO
X 4+X+1

a°= 100000 a*'=110111 a*?=010111
a'=010000 a?=101011 a?=111011
a*=001000 a*=100101 a*=101101
3=000100 a**=100010 a*=100110
#=000010 a*=010001 a*$=010011
5 =000001 a*®=111000 a*'=111001
a®=110000 a*'=011100 a**=101100
a’=011000 a®=001110 a¥=010110
a®=001100 a*®=000111 a>°=001011
a’=000110 a**=110011 a’'=110101
a'°=000011 a*'=101001 a*?=101010
a''=110001 a@**=100100 a’>=010101
a'2=101000 a*=010010 a>*=111010
a'*=010100 a**=001001 a>>=011101
a'*=001010 a*=110100 a*®=111110
2" =000101 a*$=011010 a’’=011111
a'®=110010 a*’=001101 a*t=111111
a'"=011001 a*¥=110110 a®=101111
a'®=111100 a¥*=011011 a®=100111
a"®=011110 a*=111101 a%'=100011
a®*=001111 a*'=101110 a%?=100001

% =a"=100000
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