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The variational approach to the problem of seeking nucleus-like solitons is reviewed. The
solution of this problem is the first step in the construction of a nuclear model of chiral solitons.
The structure and some properties of solitons with the quantum numbers of the lightest
nuclei in the original Skyrme model are discussed. Theoretical analysis reveals the exclusiveness
of each individual state, which is manifested both in the structure of the classical

solitons and in the strong dependence of the effective quantum Hamiltonian on the topological

sector.

INTRODUCTION

In the infrared region of quantum chromodynamics
where the hadron spectrum is formed, effective chiral La-
gragians put at our disposal collective degrees of freedom
corresponding to observable fields which can be used to
describe phenomena in a limited energy range.

Nonlinear chiral Lagrangians naturally lead to soliton
sectors. The classical chiral solitons are already very sim-
ilar to hadrons. The topological stability makes baryon
number conservation experimentally observable. Chiral
solitons are essentially extended, strongly interacting ob-
jects. The soliton size corresponds to the non-pointlike na-
ture of observable particles characterized by strong and
electroweak form factors. They are massive objects: their
masses are considerably larger than the masses of the quan-
tum fluctuations of the fields appearing in the Lagrangian,
in complete correspondence with the observed large ratio
of the baryon mass to the m-meson mass.

It is precisely such objects which can serve as classical
prototypes of nucleons and nuclei. All the properties of
these solitons are based on the chiral symmetry, the pres-
ence of which has been confirmed experimentally in a large
number of elementary processes involving strongly inter-
acting particles.

We shall restrict ourselves to discussion of a model
which possesses chiral SU(2),®SU(2), symmetry bro-
ken down to the vector symmetry SU(2) via the mecha-
nism of chiral symmetry breakdown with the appearance
of massless pseudoscalar Goldstone excitations with the
pion quantum numbers.

The effective boson Lagrangian describes the dynamics
of Goldstone bosons and preserves this symmetry. In order
to construct such a Lagrangian, we choose as the funda-
mental variables the elements U of some SU(2) group, the
local coordinates of which are identified with the bosonic
fields. Left and right transformations are associated with
left and right multiplication by elements of this group. The
chiral SU(2);XSU(2)g group of transformations of the
field U will correspond to the direct product of left and
right transformations of elements of SU(2): U-»AUB™
with arbitrary constant SU(2) matrices 4 and B. The chi-
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rally invariant action density is usually constructed by
means of the left-invariant Cartan form L,=U"9,U.

For example, the SU(2) Skyrme model is defined by
the following Lorentz scalar:!

F? 1
__T 2
& =1 Ti(L,L,) + 353 Tr[L,L,)% (1)

Here the currents L, are expressed in terms of SU(2)
matrices

U(x)=exp 3 (2)

i% 7% (x)

determined by the isospin triplet of pion fields 7(x) and
the Pauli 7 matrices. The parameters of the model are the
dimensional constant F, and the dimensionless constant e.
The Lagrangian is obviously invariant under the global
SU(2)XSU(2)g chiral group of transformations
U(x)>AU(x)B* with arbitrary constant unitary unimo-
dular matrices 4 and B. This symmetry corresponds to
conservation of left- and right-handed currents.

The success of the Skyrme model' in describing
nucleons®* and the deuteron®'® as the quantum states of
solitons of the chiral field makes it natural to apply the
model to heavier objects. Such objects are, for example, the
lightest nuclei heavier than the deuteron. The first step in
describing nuclei using the Skyrme model was taken using
the potential approximation.

In this approach one calculates the Skyrmion interac-
tion potential,g’10 and nuclei are treated as Skyrmion bound
states.'

However, the potential (adiabatic) approximation is
not the only possible approach to the problem of describing
nuclei in the Skyrme model. A more direct method of con-
structing systems with arbitrary baryon number is to
search for solitons of the classical equations for the chiral
fields with the corresponding topological charge and to
quantize the soliton degrees of freedom. In this approach
to the theory of nuclear states it must be assumed that the

© 1992 American Institute of Physics 239



nucleons themselves can be created only near the nuclear
surface and, strictly speaking, do not exist in the interior of
the nucleus.

Numerical calculations of toroidal soliton configura-
tions with topological charge B=2-4 were undertaken in
Ref. 16. Recently, significant success has been achieved in
searching for nontoroidal solitons with the minimum mass
in sectors with B<6 (Ref. 17) by direct numerical meth-
ods. Here it should be noted that the search for these six
configurations required 170 h of CPU time on a Cray-2
supercomputer. Moreover, the accuracy of the calculations
fell with increasing topological charge. For example, in the
calculation of the configuration with baryon number B=6
about 0.22 units of baryon charge were lost.

In connection with this it is necessary to develop a
variational approach to solving the problem of seeking
nucleus-like configurations. In addition, this approach usu-
ally makes it easier to understand the nature of the solu-
tions found and to quantize the classical degrees of free-
dom.

The variational approach was used in Refs. 16-22. The
properties of toroidal configurations with baryon number
B<4 were studied. It was shown that the variational ansatz
that was used satisfactorily reproduces the results of direct
numerical calculations for toroidal configurations. The
physically interesting solutions are described in detail in
Ref. 19.

Nontoroidal solutions are sought for the following rea-
sons. First, it has not been possible to find stable toroidal
solitons with B>4. This was rather depressing, since the
growth of the soliton mass with increasing baryon number
was ‘almost linear. On the other hand, it is difficult to ex-
pect that nucleus-like solitons will have an exclusively to-
roidal form, although comparison of the calculated elec-
tromagnetic form factors of a-particle-like objects 'is
consistent with this version.?*

Second, for the quantum states of toroidal solitons
with k>3 studied in Ref. 24 the order of the picture is
spoiled by the presence of a rigorous quantum condition on
the 3-projection of the spin and isospin kT3% +S5 in the
body-fixed coordinate system. This, in particular, causes
the state with quantum numbers 7'=1/2, S=3/2 to be the
lowest state, the analog of the tritium nucleus in the model.

It is well known®>?® that the Skyrme model can be
viewed as a “broken” series, which arises in the expansion
of an effective nonlocal Lagrangian in powers of the pion-
field derivative.?’° The effective nonlocal Lagrangian it-
self originates in the QCD generating function, into which
collective pseudoscalar variables are introduced with an
integration over the quark and gluon variables.>' % At first
glance, the quality of the Skyrme-model description could
deteriorate with increasing baryon number. If, for example,
we dealt only with Skyrme-Witten configurations, we
would encounter precisely this situation. The derivative of
the profile function would grow with increasing baryon
number roughly in proportion to the latter.

However, if the Skyrme model satisfactorily repro-
duces the saturation of the nuclear forces, the radius of the
system will increase with increasing baryon number. This

240 Sov. J. Part. Nucl. 23 (2), March-April 1992

leads us to expect that the derivative of the pion field will
not be increased, so that there is no danger of going outside
the region of applicability of the Skyrme model. The cal-
culations of nucleus-like states which have been carried
out® convincingly support this picture.

1. GENERAL FORMULATION OF THE PROBLEM

The trivial (chirally asymmetric) solution Uy(x)=1
defines the vacuum state. One of the conditions which any
solution must satisfy is that the solution U(x) must tend to
the vacuum, U(w ) =1, in the asymptotic region. There-
fore, we are dealing with maps U(x) of coordinate space
R? with identified points at infinity (which is topologically
equivalent to the sphere S°) to the sphere S° of parameters
of the matrix U.

It is possible to construct a trivally conserved topolog-
ical (Noether) ‘currentl

1
I£= “m Euvpa Tr(LvaLo) (3)
with charge
B= f I8 (x)dx, (4)

classifying such maps. The topological charge, which is a
homotopic invariant, is conserved independently of the dy-
namics of the system. In the Skyrme model the topological
charge is identified with the baryon number.

It is known that the stationary solution in the sector
with unit topological charge is the spherically symmetric
solution or “hedgehog” configuration*

U(x)=exp{irNF(r)}, (5)

where r=|r| is the modulus of the radius vector r and
N=m=/|@|=r/|r| is the unit isotopic vector correlated
with the space vector n=r/|r|. This configuration is re-
ferred to as the Skyrme-Witten ansatz. We choose the field
of the isotopic vector N in a form sufficiently general for
our purposes:

sin 7(6) cos ®(6,¢),
N={sin T(0) sin ®(6,p), (6)
cos 7(0),

where the functions ® and T are arbitrary functions of the
angles 0 and ¢ in spherical coordinates determining the
local orientation of the isotopic vector N.

In Refs. 14 and 20 this ansatz was used to search for
toroidal solitons. It was shown that this ansatz leads to a
series of physically interesting solutions not only in the
baryon sector, but also in the topologically trivial sector
(Refs. 19, 20, 41, and 42).

The computation of the Lagrangian
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F?
£ =5 [(8,N-3,N)sin’ F(x) +3,F (x)3,F (x)]
1
—22 [(3,N-3,N)*—(3,N-3,N) (8,N

1
:3,N) ]sin* F(x) — 7= [(8,N"3,N)3,F (x)

-3,F(x)— (8,N) " (8,N)3,Fa,Flsin’ F Q)

does not involve any serious difficulties. Therefore, here we
restrict ourselves to several formal remarks. This represen-
tation is valid for any fields of the unit vector N and arbi-
trary shape function F(x). The constants F, and e are
treated as arbitrary parameters, although F, in the boson
sector has the meaning of the pion decay constant, and e
determines the amplitude of the p— 2 transition.

The expression (3;N-3N) written in terms of the
functions F, T, and ®, reduces to the following:

1((8T\* (3®\*
(akNakN)=;§ {(—(—96) +(§5) sin T

sin? T (92 g
tin’ o (aq;) }’ (®)

whereas for the square of the vector product [3,NXdN]>
we have

aNxaN=2 3 T oy 9
[iXk]—;zsi—nz—e()(), 9
and, since the vector N is independent of the variable r,
ni(aiN'akN)nk=0. (10)
Therefore, for the Lagrangian of the static field config-

urations we obtain

L= f$2d3x+ f L dx, (11)

where

-

Id 2
+(—) sin? T
dp

sin? T (3®\? (9T\?
+ws (@) + ()
sin? F

7 (12)

and
P 1 sin? F (sin? T (dT\?[9®\?sin* F
4722 2 |sin?6 (80) (an) r

sin? T (3®\*> (9T\? 2 (9P )
s (&) +() +7()|
oF\?
()|
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(13)

Let us minimize approximately the functional that we
have obtained. From this point of view as the functions
®(6,p) we shall consider only functions of the form

®(6,p) =k(6)@+const, (14)
where
k(8) = 2 k{®(6;11—6)—O(6;—0)}. (15)

Here © is the Heaviside step function. These functions
obviously satisfy the equation

/99> =0 (16)
in the regions 0,<0<0,,,. We immediately find the fol-
lowing condition for the boundary values:

T(6;)=ml;. (17
This is obtained from the condition that the coefficients of
the singular functions vanish. In general, the function k()
must satisfy the condition that the vector N be single-
valued throughout space. In order to ensure that the solu-
tion N(0,p) is single-valued, we must require that the
function k(0) be an integer except, perhaps, at points 0,
where the function 7°(€) is a multiple of . The points
T =i correspond to the south or north pole of the sphere
in the isotopic coordinate system. At these points the vec-
tor N has components {0,0+ 1} or {0,0,— 1}, and the func-
tion k() effects a rotation of the vector N only about the
3-axis. Therefore, k(0) is arbitrary at the points 6, The
range [0,7] in which the functions 7'(0) and k(8) are
defined is  therefore divided into  segments
[60,61),(64,6,),...,(6;—1,8]], where the boundary points are
determined from the conditions

T(6,)=mi, O<i<l, 6y=0, O,=m. (18)
The piecewise-constant function
k,, 0<6<6,,
k(8) = ky,, 0,<6<0,, (19)

k], 0,_:1< o<m

is determined by the set of integers k;
Let us consider the terms in the functional . contain-
ing (39/30)%

™ Idb\?
- f sin T(8) (——) sin 6d6. (20)
. T

This integral vanishes if
T|g.g~mi+a(6—0)", m>1. (21)
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It is not difficult to find the equations for the functions
T,(0) on each interval (6,_,,6,): dropping the terms in .¥
proportional to the integral (20), we obtain

P F2 (10F)\? o sin? T (9T\?| sin® F
2“?[(5)* ()sin29+(89) 7]
(22)
& 1 sin’F 20 sin? T (9T\?sin® F
4T T2 2 (6) sin? @ (%) 7

k29sin2T aT\*| (OF\?
e (@) |5

for the function k(0) of the form (19). Integrating (22)
and (23) over the volume and changing to the dimension-
less variable x=F_er, we obtain the mass of the stationary
configuration for a particular value of the number

(23)

l l
F
M= 3 M=m—" 3 (a:4;+bB,+C). (24)
i=1 i=1

Here M; are the contributions to the total classical mass
from the energy concentrated in the spatial region

{0<r< w0, O<p<2m 6,_,<0<0; i=1,..,1}.
The quantities a;, b; and 4, B, C; are given by the integrals

o; sin? T';
— 2 ! 1 V2 | o3
a= fe,-_, K —g+ (") sin 646,
o (ST (25)
bi= ife,-_l sin?g (1) sin 6d6,
. 1
A,:J- sin? F;| =+ (F',)? |dx,
. 4
© Sin4 Fi
B— f — dx, (26)
0 X

c,.=f°° (F'x)dx, i=l,.,l, 6,=0, O=r.
0

The prime is used to denote the following derivatives:

8<I), aT, aFl
T F

i =30 Ti=%

,=%, (27)

From the condition that the classical mass be finite we can
conclude that the functions F;(x) must satisfy the condi-

tions
F,-(0)=1Tn,-, F,(OO)=O (28)

We therefore obtain the equations for the functions F;
and T following from the minimization of this functional:

2 inl F1E". " . I_Z_Zi
[x“+2a; sin® F;]F";4+-2xF' i+ | a;(F',) 2
sin? F,
—2b,-—~x—2—]s1n(2F,-)=O, 0<x< (29)
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2 ST . Sin(2T)
2 Ai+ki3im T"—k;[4;—B(T"))"] sl 0
sin? T}
+2T";cot 0 A,-—k?B,-—T]: 5
sin® 0
9,‘_1<9<0,~, i= 1,...,1. (30)

It is not difficult to determine the behavior of the func-
tion Fy(x) for x—0 and x— o0, of T,(8) for -0, and of
T,(0) for 6—m. For example, near the origin

F(x)|x_o~mn—ax?, 31)

and F(x) behaves asymptotically as a polynomial (for
m,=0) (Ref. 18): F(x)|,.,~B/x"*! with the same

value
\/1+2a—1
P=_‘2—- (32)

For the function T(0) near the boundaries of its do-
main of definition we have

T(0)|9-0~05T(0)|q..,~ml— (m—06)*. (33)

Thus, all solutions U 3,/(x) will be characterized by a set
of integers ny,...,n. Let us now calculate the baryon-
number density distribution:

1 sin? F(r) 3F(r) sin T 3T dd

B _— e —— _
Jo(rbp)=—35—7> or sin6 90 g (0:9).
(34)

For the solutions discussed above we immediately ob-
tain

1 sin® F(r) 9F

. sin T() 3T(8)
Jo(r,6,p)= 7 R k() ———

a8 -
(35)
Integrating Eq. (35) over the coordinates 7, 6, and @, we

obtain the baryon number for solutions characterized by
the number /:

sin 6

!
B=— Y (=1)"n,k,. (36)
m=1

In deriving the last expression we have used the boundary
conditions on the function F(r) and the form of the func-
tion k(6) (19).

Let us discuss Eq. (36) in more detail. To simplify
matters we take n,,=n (m=1,...,[):

1
B=—n Y (—=1)"k,. (37)
m=1

It is obvious that for k,,=k (m=1,...,/) the baryon num-
ber can be written as

nk for odd /,

B= 0 for even!/ (38)
in agreement with Ref. 18. Therefore, setting k,, <0 for
even m and k, >0 for odd m, we obtain configurations
with positive baryon charge. Obviously, in the general case
(36) we must require that
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FIG. 1. Contour lines of the baryon-number density of the 3S configu-
ration.

n,k,>0 for odd |/

n,k,,<0 for even L (39)

Below, however, we shall consider only the n,,=1 solu-
tions (m=1,...,]), since we are interested in solutions with
a linear (or nearly linear) dependence of the classical mass
on the baryon number.

2. MASSES OF CLASSICAL NUCLEUS-LIKE
CONFIGURATIONS

We see from the system of equations (29) and (30)
that the sign of k does not affect the solutions F;(x) and
T(x). Therefore, the classical masses of the resulting soli-
ton configurations will correspond to the classical masses
of soliton—antisoliton configurations from Refs. 20 and 24,
in which all (or some) of the antisolitons are replaced by
solitons. In addition, the boundary points 0; for the classi-
cal analogs of nuclei in this case will be determined by the
expression

Q=misl, i=1,.,I—1. (40)

In general, when 4| k,,|, the points 6, cannot be found
from Eq. (40). They can be determined by using the con-
dition for a minimum of the mass functional, i.e., they
must take values for which the mass of the classical con-
figuration is a minimum for solutions of the system of
equations (29) and (30). However, below we will not find
the exact values of the boundary points, but will restrict
ourselves to only qualitative arguments, taking Eq. (40) as
our first approximation. In this case the geometric shapes
of the solitons are changed only quantitatively but not
qualitatively. The masses of the classical configurations
which will be obtained below should be viewed as estimates
obtained by variational analysis. If for these solutions
| k,,| =const, for all i=1,...,/, Eq. (40) is exact, so that the
accuracy of the masses will be determined solely by the
accuracy of the numerical integration.

Let us consider one of the possible solutions with
baryon charge B=3. This solution is characterized by the
numbers

l=2, k1=1, k2=—- (Or k1=2, k2=—-1)
In this case the function k(0) has the form

n=1,
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FIG. 2. Contour lines of the baryon-number density of the S25 configu-
ration.

1, 0<6<6,

k(0)= —2a 91<9<7T)

(41)
where 6, is the boundary point, which we will determine
from the condition (40): 6;=m/2. In the terminology of
Ref. 24, this configuration is referred to as the S2.5 config-
uration. The baryon-number density distributions in the
x,py plane are shown in Figs. 1-3 for three configurations
38, 5§28, and SSS with B=23. The masses of these solitons
calculated from Egs. (24)-(26) are M =234.585 for 3S,
M ,=35.947 for S2S, and M =46.332 for SSS. In the
B=4 sector there are six different possible soliton shapes.
Their classification and the corresponding masses are given
in Table 1. In Figs. 49 we show the contour lines of the
baryon-number density in the (x,z) plane for all these con-
figurations.

The kS configuration shown in Fig. 4 for k=4 is a
spread-out torus. The more complicated SkS configuration
consists of a single deformed soliton with baryon number
B=1 and a soliton with toroidal form of the baryon-
number distribution with B=k. In Fig. 5 we show such a
configuration for k=3. As seen from Eq. (35), all solitons
are assumed to be axially symmetric. Here all of space is
split into regions bounded by cones embedded in each
other. The distributions of baryon charges concentrated in
interior regions of space always have the shape of a (de-
formed) spread-out torus. In the inner regions of the soli-
ton they have the shape of a torus only for k~1. For
example, the SS2S configuration (see Fig. 7) in the upper

FIG. 3. Contour lines of the baryon-number density of the SSS config-
uration.
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TABLE I. Classical masses of solitons with topological charge B=4.

Structure | Classification in the numbers Classical mass in
units of 7E_/e
4S8 n=1, I=1, k=4 47,675
53§ n=1, [=2, k={1, -3} 46,529
2828 n=1, =2, k={2, -2} 45,536
$828 n=1,1=3, k={1, -1, 2} 54,521
S28§ n=1, =3, k=(1, -2, 1} 57,175
SSSS n=1, =4, k={1, -1, 1—-1} 71,169
2[ hma,005 Z[h=0,005 }
5 ) G’
2 ./\?% /—\ 2} °p“\
| | $
2P 2 -2}
‘ %J T
- v
4 1 X 1 1 1 " 1 1 L1 -4 1 /l |m m 1 1
M -+ 2 ] 2 4 x - -4 -2 .0 2 ¢ X

FIG. 4. Contour lines of the baryon-number density of the 45 configu-

ration.
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FIG. 7. Contour lines of the baryon-number density of the SS2S config-
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FIG. 8. Contour lines of the baryon-number density of the S2SS config-
uration.

FIG. 5. Contour lines of the baryon-number density of the S35 configu-
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FIG. 6. Contour lines of the baryon-number density of the 2525 config-

FIG. 9. Contour lines of the baryon-number density of the SSSS config-
uration.

uration.
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TABLE II. Classical masses of toroidal Skyrmions (in units of 7F,/e).

B 1 2 3 4

M 11,605 22,458 34,585

47,675

61,569

region of space has the shape of a deformed sphere (S5),
and in the lower region it has the shape of a deformed torus
(25).

According to our calculations, the masses of solitons
with identical topological charge differ strongly. We see
from Table I that for B=4 the object of lowest mass is that
consisting of two spread-out tori 252S. This configuration
is stable with respect to breakup into components with a
baryon-number B<3. The quantum state of the 2525 soli-
ton is a possible candidate for an a particle.

The masses of stationary configurations with a baryon-
number distribution of toroidal shape are given in Table II.
In Table III we give the lowest masses of Skyrmions with
baryon-number up to B=12. It is easy to see that they
correspond to an almost linear dependence of the classical
mass on the baryon number. It might be thought that,
upon being quantized, the solitons whose masses are given
in Table II can be interpreted as physical nuclear states.
Some of the states can have isomer states differing in the
shape of the baryon-number distribution (and also in the
shape of the energy distribution). The rms radii given in
Table III are seen to grow with increasing baryon-number
roughly as B2

3. CLUSTERS IN THE NUCLEAR MODEL OF CHIRAL
SOLITONS

With the development of accelerators and experimen-
tal techniques for studying nuclei far from the S-stability
line, greater possibilities have been opened up for studying
nuclei with an unusual ratio of the number of protons to
the number of neutrons. It has become possible to study
highly excited collective nuclear states “buried” in the con-
tinuum. The ability to obtain such unstable nuclei and to
separate, identify, and scatter them on stable nuclei makes
it possible to study nuclei of anomalously large dimensions
together with weakly coupled structures on their surface.
Experimental data on the fragmentation of incident nuclei
will probably lead to conclusions about the general struc-
ture of nuclei.

The theoretical approaches to the interpretation of
these data fall into two categories. In one, already existing
approximations are used to describe the data. In the other,
new models are proposed for them. For example, there are
some indications that traditional approaches like the shell

model cannot reproduce these data. These models under-
estimate the nuclear cross sections and radii obtained from
measurements on light targets for neutron-enriched
nuclei. ¥4

In Refs. 46 and 47 microscopic calculations were car-
ried out for the ®He, °Li, and °Be nuclei using the a+2N
model with pair potentials fitted to low-energy two-particle
scattering.

Two possible configurations of the nuclear-density spa-
tial distributions have been obtained. The two-nucleon type
of distribution corresponds to a compact pair of neutrons
located on one side of the a particle. The other cigar-
shaped distribution corresponds to neutrons localized on
opposite sides of the a particle.

The rms radii of the nucleon distributions are approx-
imately 2.6 F, i.e., they reproduce the data of Ref. 48.

The variational approach formulated in the preceding
section can be used to study possible structures for Skyr-
mions with B=6.

Analysis shows that the toroidal Skyrmions with B<4
studied earlier can be represented in the structure of
heavier Skyrmions. However, the structure of even light
objects with B=4 and B=6 is fairly complicated. An ob-
ject with B=4 similar to the a particle can consist of, for
example, one toroidal soliton with B=2 and two solitons
with B=1 (see Fig. 7). We denote this configuration by
Uy311,1,2y- Another possible configuration is Uy, 33, which
consists of one toroid with B=3 and a soliton with B=1
(see Fig. 5). The other three possible configurations are
U114y (see Fig. 4), consisting of one soliton with B=4,
U\4(1,1,1,1p consisting of two apple-shaped solitons and two
toroidal solitons, each with B=1 (see Fig. 9), and U,;(; 5}
with the lowest mass, consisting of two toroidal solitons
with B=2 (see Fig. 6).

The rms radii of these configurations are given in Table
Iv.

About 15 different configurations can be manifested in
the structure of the six-baryon system. We shall consider
only the most interesting of them, which are given in Table
V.

Just as for B=4, the configuration represented by two
toroids Ujy(; 53 is the most compact. Its rms radius differs
greatly from those of other configurations containing non-
toroidal solitons. It should be noted that toroidal solitons

TABLE III. Smallest masses in units of 7F,/e and rms radii of solitons for topological sectors with

B<12 [in units of (F,e)™'].

B 1 2 3 4 6 8 9 12
M 11,605 | 22,458 | 34,585 | 45,536 | 66,701 | 89,310 | 103,08 | 134,45
<?>"Y%| 212 | 2,829 | 3.497 | 3841 | 4613 | 5353 | 5610 6,336
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TABLE IV. Rms radii of the baryon-number density distributions in units of (F,e) ™) for config-

urations with B=4.

11{4) 12{1,3} 1,2{2,2}

Unigr(ayy

13(1,1,2}

14{1,1,1,1}

<>V gz 8,26 8,54 7,68 8,50

8,19

with B=1 appear in the interior of multi-Skyrmions. It is
especially important to stress the fact that two forms of a
particle are manifested in the interior of objects with B=6.
One is the most compact of the two toroids, and the other
is the “broad” toroid with B=4.

The dimensions of the configurations U;3(; 43 (of the
dinucleon type) and Uz 4y (of the cigar-shaped type)
are practically the same. Their rms radii calculated with
the constants F,=109.45 MeV and e=4.138 are consider-
ably closer to those measured experimentally in Ref. 48
than is the radius of the configuration Ujy(y ;- This re-
sult can be interpreted as evidence that the a particle in the
Li structure can be in an excited state. The values of the
constants F,. and e given above correspond to the values at
which the smallest masses of the classical solitons with
B=4 and B=12 correspond to the masses of the “He and
2C nuclei.

4. QUANTUM PROPERTIES OF NUCLEUS-LIKE
STATES

Let us obtain the effective quantum-mechanical Hamil-
tonian by the method of introducing Bogolyubov collective
variables.* We restrict ourselves to configurations with a
symmetric distribution of the energy (mass) density in the
(x,y) plane. This means that from the class of all solutions
considered, characterized by the numbers n,/,{k}), we
choose only the solutions satisfying the condition

ki=ki1_» i=1,.,(1—1)/2 for odd I,

ki=—k; 1, i=1,.,l/2 for even L (42)
For such configurations no additional difficulties arise with
the separation of the center-of-mass motion. These config-
urations exhaust almost the entire class of nucleus-like
states.

It should be noted™ that the energy of the system is not
changed if the static solution Uy(x) =0(x) +i[r-$(x)] is
transformed as

Up(x)»o(x") +ir'Tig/(x"), x,=(R™")pmXpm ,

where I and R are constant orthogonal 3 X 3 matrices. The
matrix I specifies the rotation in isotropic space, and R
specifies that in coordinate space. The parameters of the
rotation matrices I and R can serve as collective variables
describing the rotational degrees of freedom. Therefore,

the time-dependent field configurations including these
motions are’!>?

Ux,t) =0(x") +ir'l(1)¢/(x"),
' 1 (44)

x()=(R™ ) p(t)x,,.
The introduction of the collective variable corresponding
to monopole vibrations is somewhat less well justified.
However, the first calculations including monopole vibra-
tions already revealed that the latter have a very important
influence on the baryon properties.'®2*

The collective variable corresponding to monopole vi-
brations is introduced by the scale transformation
x—x exp{A(#)} in the stationary field configuration U(x).
Therefore, it is more general to assume that the form of the
time-dependent solution is that in (44), where

X (8)=(R™1) () x,,e*. (45)

The time-dependent scalar parameter A(z) corresponds to

uniform density fluctuations of the observed quantities.
Let us calculate the Lagrangian in which the time com-

ponents of the currents Lj now play an important role:

F;

2
L=—M(1) +£ f Tr(LoLo)dr

1
e f Tr[Lo,L)%dr. (46)

The part of the Lagrangian independent of the time deriv-
atives has the form

—M(A)=—e""M,—e*M,, (47)

where M, and M, are defined by (12) and (13).

For the time-dependent components it is easy to obtain
the expressions for (Ly-Ly) and [LyXL,]? in terms of the
fields o and ¢:

(43) (Ly*Ly) =0¢03y0 + (g 3ped), (48)
TABLE V. Calculated soliton masses in units of 7F,/e and rms radii of the baryon-number distri-
bution in units of (F,,e)’l for solitons with B=4.
Unitk(d)} 12{3,3) 12{2,4) 13(1,1,4) 13(1,4,1} | 14{1,1,2,2}
M, 66,69 67,41 72,41 82,30 88,88
<A>1/2.g1/2 11,3 12,00 13,7 13,67 12,45
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[LoX Ly ]*=3800300 (8x8x) + 8100, (3o$* o)
—20008,0 (3 X ) + [8o X 3]
(49)

Differentiation immediately gives

3,0 =iF’ sin FsA, (50)

dpp=—i{[NX @] +6N( e,jkﬂk+6,/l) }sin F

—iF’ cos FNSA. (51)

Here 3,=3/3s, s;= (R~ ) yxse’, s = \58» F'=0F/0s, the
dot denotes differentiation with respect to the time, and the
frequencies of isotopic rotations w* and spatial rotations
Q, are given by the equations

Y Y9=e%k, (R™Y)4Rp=—eus. (52)

Calculating the scalar product (dy¢-dy¢) and substituting
it into Eq. (48), we obtain

(Lo'Lo) = (F) %A +{[NX 0]*+ ([NX @] -32)S;
+S,(IN-3N)S }sin® F, (53)
where
Si=(—£53Q+8,)S;.

The expression for the vector product is somwhat more
complicated:

[LoXLi]*=—
+2([NX®]-dN)S;+S,(IN-aN)S}
—{(F")*?4? cos? F+ ([N X w]?

(54)

(F")? sin*F{ (ON-9N)s*A>

+2([NX]-dN)S;+S{(IN
-0N)S;) sin® FH(F')*+ (3N-3N)}
+{([9NXN]o)?sin’ F+5,3N

-ON)sin® F+ (F')? cos® FAs}2.  (55)

Substituting the explicit form of the isotopic vector N into
the last expression and integrating over all space, after
simple but tedious manipulations we can write the time-
dependent part of the Lagrangian in the form

-3

L= 2 | 7 xtdx(F)2|—
TFe" )

sin? F [~ sin?

T
J;) sin 0d9(k2 m+(T')2)l

+et

—3A
sin? F

2
+Wf dxf sin 6d0
[

sin‘T sin’F
2
K sin’6 +(T) )

X

+e—*((F')2+
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2 +@%) (14cos? T) +20% sin> T

— 4k sin® T+ (T")2(Q2 + Q)

)

sin“ T
+Kk? 75 [(Q}+Q3)cos? 04203 sin® 6]
_SintF [ sin® T
—e - 70 {(w1+a)2)cos

4203 sin’ T}+(T')2(5§+5§)
3= o S0t T 4021 02
— 4530 ——r o+ (T) (03 +0D)
it T

sSin
+k——

pemc 37} [(Q,+.Qz) cos? 0+20 sin? 0]”.

(56)

Here o,= (1 _l)ijwj and x=sF e is a dimensionless coordi-
nate. In the calculation of the integrals over the angle ¢ in
spherical coordinates we need to calculate integrals of the
type

J-Z” sin(g)sin(k@)dp= J~27 cos(@)cos(kg)de
0

0
0, k+l,

= m, k=1. (57)

Equation (56) is valid for configurations with k-~1. Con-
figurations with k%41 will be studied in what follows.
Dividing the range of integration over 6 into intervals
limited by the boundary points 6, we write the part of the
Lagrangian describing the rotational degrees of freedom as

1

Lro[= E Ll’Ot

m=1

1
Z [Q7 (03 +Q2) + Q7 (2 +ad)

NI‘-—-‘

+Q™(@3— 2k @323+ K 03) 1. (58)

The moments of inertia Qf', QF, and Q™ are given by

Qr(A) = f def sin 6d0

_Askazssz 2
X1¢ x? ( sin?6 °%°

-3

e
+(T')2)+sin2F T+e—*((F')2

2sin2 T 3 sin> F
+[k sin26+(T) J—xz—)](l

+cos? T) Y, (59)

Nikolaeva, Nikolaev, and Tkachev 247



w 2 Om .
or (1) =72 f x°dx L sin 6d6

m—1

sm ‘F
x| e

x2

4sm
k —rcos 0+ (T")*

e sin“ T
T+e—1((F')2+[k2—2—

sin” 0
’F
S|

sin? T
X (k2 —Sim cos? 9+(T')2) ],

+sin? F

+(1)?

(60)

o)==, fw 24 fe'" in 6d6

= xax sin

Fe’ Jo O

—3/1

4

ism F 2sm T
X\|—e —2—k —2—6‘+Sln Fl—

in® T
sin® 6

—1((F') +[k2

"

Equation (58), like Egs. (59)-(61), is valid only for
solutions with k~1.
Using the condition (42), we obtain

1 )
Lrot=E 21 [Q.,S‘n(n

+Q™(@3— 2k @303+ K2 03) 1. (62)

The momenta conjugate to the collective variables Q;
and o, are

+(T")? sin® T'|.

(61)

24 02) + O (2 +@3)

)
StE= Y OorA)Q; for i=12,
1

m

(63)

~

$5t= 2 knQ" (1) {kn3—0},

1
= 2 OrA)@ for i=12,
m=1
! (64)
3= Y 0"(A){o3—k, s}

m+1

Calculating the Hamiltonian using the expressions

Heok oot i 2 65
= St aA T (65)

and requiring that the conjugate momenta satisfy the ca-
nonical commutation relations, we arrive at the expression

T2 S?
2m(A) T 20;(0) T205(A)

where the momentum P conjugate to A is defined canoni-
cally as

H=MQ)+

+H;, (66)
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FIG. 10. Spectrum of quantum states of Skyrmions with B=12 (2C).

aL_
“a

and for the mass m(A) we have

2m , e _AsinzF
m=p [ et
T 2T
xf 2l +(T’) sin 6d0|x*dx. (67)
0 Sln

The rotational moments of inertia Q7 and Qg are given by

Qr(d)= 2 Or(A), Qs(A)= Z K2QZ(A). (68)

The part H; of the Lagrangian dependmg on the internal
quantum variables is

1 o 1
= [Qle—Qf) or

?bf _1_[ 02 __1_
)*210.:0,- G 05

171 1 £ ll
=3 [@—Q—T](ﬁ’ )+5 {Q -

1
a‘(@;f)i’- for even [
s

(70)
Here
! /
o= X k0", &M= X g"A),
/
Os(M)= 2 knQ"(A). (71)

We should point out that now the 3-components of the
spin and isospin are in general not coupled together in the
body-fixed coordinate system.

The result of calculating the spectrum of quantum
states for the nucleus with B=12('2C) with the constants
F_ =142 MeV and e=35.5 is shown in Fig. 10.

The rotational band with isospin one unit larger than
that of the ground state is embedded in the spectrum at a
height of about 40 MeV.
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5. COMPRESSIBILITY OF SKYRMION MATTER

Among the various collective nuclear excitations, those
of the monopole or “breather” mode are of particular in-
terest. They are interesting in connection with the discov-
ery of giant resonances of the collective type in the inelastic
scattering of electrons and hadrons on nuclei. It should
also be noted that such excitations probably significantly
affect the one-nucleon structure function of nuclei, which
determines the EMC effect.>*

It is commonly assumed that the breather mode cor-
responds to nuclear-matter density oscillations and char-
acterizes the compressibility of nuclear matter. In Ref. 54
this interpretation was proposed also for the Roper reso-
nance. In this version the nucleon bag radius is assumed to
be a dynamical variable, and the energy of the Roper res-
onance corresponds to the first excited state of the quan-
tum radial motion of the surface. The bag energy as a
function of the bag radius R plays the role of the potential
energy of the motion ‘“‘along” the collective variable R.
There is some difficulty in defining the kinetic-energy op-
erator in the corresponding Schrédinger equation for this
model. It is natural to assume that this operator is propor-
tional to the second derivative of the wave function with
respect to the radius R. The wave function determines the
amplitude of fluctuations of the system size. A similar
equation can be obtained in the Hill-Wheeler—Gr:ffin
approximation,*® and was also introduced by Dirac® in the
theory of the electron. The common difficulty of these ap-
proaches is the calculation of the effective mass entering
into the Kinetic-energy operator. The effective mass is usu-
ally a phenomenological parameter of the model which is
estimated from heuristic considerations.

An interpretation of the Roper resonance as an exci-
tation of the breather mode of solitons of the chiral field in
the Skyrme model has recently been proposed.’! The re-
markable feature of this model is the unity of the descrip-
tion of nucleons and nuclei as topologically nontrivial soli-
tons. The dynamical variables in terms of which nucleons
and nuclei are described are the boson fields satisfying the
Euler-Lagrange equations corresponding to the chirally in-
variant Lagrangian. Topologically nontrivial configura-
tions of these fields are interpreted as baryons. Configura-
tions which are topologically equivalent to the vacuum
correspond to mesons.

These arguments suggest that the nucleon breather
mode becomes the nucleus breather mode.

Let us formulate our goal more explicitly by consider-
ing the simpler case of the breather mode of a piece of
nuclear matter. In general there is no single definition of
the incompressibility K of a finite system with mass num-
ber 4. The incompressibility can be defined, for example, as
the second derivative of the energy per particle, with re-
spect to the radius R at the equilibrium point Ry

, P(E/A)

Ro

However, in order to estimate this expression we need to
know the dependence of the energy E on the radius R. On
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the other hand, the scale transformation r— Ar applied to
the single-particle ground-state wave function leads to the
so-called “scaling incompressibility”

3*(E/A
o (E/A)

A= (73)

A=1

The kinetic-energy density in the neighborhood of the

point 7 is given by
m? m(r ZRZ (74)

-3 (&)

if we assume that the breather mode preserves the unifor-

mity of the system. Then the total kinetic energy of the

system containing A4 particles with particle distribution

density

34 0
p(r) =R (R—r),

(75)
is
; 1.3
T= fp(r)T(r)d r=ER gmNA. (76)
The last equation corresponds to the effective mass
3
meﬂv=§ mNA (77)

Here my is the nucleon mass. It is Eq. (77) for A=1 that
was taken as the approximation to the effective mass of the
nucleon breather mode in Ref. 54.

For the energy of monopole vibrations we have

K 1 \/T 1 \[_IT
meg Ro N(3/5)my rd> N (3/5)my
(78)

To simplify the discussion we can drop the contribution of
rotations, since it is of order 1/N, compared with the terms
of order N, for the classical mass and N° for vibrations. We
restrict ourselves to the scaling transformation
U(r) - U(ret 1)y for the field U in the Skyrme Lagrang-
ian. This transformation does not change the baryon-
number, but corresponds to a change of the system size.
Now the simplified Lagrangian takes the form®!?

fiw =

1. 1.
L=3 /lze‘3’1Q2+§ Ae*Q—Mye *— M e (79)

After the canonical transformation and the quantiza-
tion procedure we obtain the quantum Hamiltonian

~ 1
H=oo——+ > P2(My+ M) + M)+ M, . 80
2(Q2+Q4)+2 (My+My)+M+M, (80)
For the incompressibility K of the soliton we find
K=M,+M,=M, (81)

which is equal to the soliton mass.

The frequencies #iw of the breather mode in light sys-
tems with baryon-number B are given in Table VI (Ref.
57) in units of eF,.
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TABLE VI. Frequencies #iw of the breather mode in light systems.

B 1 2 3 4 6 8

Tw 0,31 0,27 0,24 0,23 0,20 0,18

0,17 0,15

Owing to the linear dependence of the classical soliton
mass on the baryon-number B, we can easily determine the
soliton incompressibility:

K=M=M'B. (82)

Our calculations give M’ =M | z_,. For the nuclear in-
compressibility, following the definition (82), we find

KA=K/B=M’EM|B:1=KB:1. (83)

The calculation gives the value 800 MeV for K. This is
consistent with the idea that the nuclear incompressibility
is of the order of the nucleon incompressibility, which, in
turn, is of the order of the nucleon mass.

It follows from our discussion that the nucleon
breather mode is transformed into the nucleus breather
mode. In other words, these two phenomena have the same
origin. It seems that so far the Skyrme model is the only
model in which this idea is realized. Although the calcu-
lated frequencies obey the dependence #iw ~ B~ /3, they lie
considerably higher than the energy of the giant monopole
resonances calculated in traditional approaches. For exam-
ple, in the hyperspherical-functions method*® the energies
of the giant monopole resonances lie in the range from 20
to 35 MeV for mass numbers 4<A4<16.

In principle, in heavy nuclei there must be two 0%
vibrational modes, since there are at least two dimensional
parameters in the problem. These are the nuclear radius R
and the diffusion parameter b. The compressibilities and,
accordingly, the frequencies corresponding to time varia-
tions of R and b are different. Of course, these two modes
are not mutually orthogonal, but this is not important for
us.

In light nuclei one might also expect the existence of a
hard and a soft breather mode. However, at first glance, in
light nuclei one of the dimensional parameters becomes
meaningless. But it is precisely in such nuclei that the non-

hey eFyr
0,35

0,30
0,25
0,20
0,15

LB L L L

0,10

1
L

FIG. 11. Dependence of the frequency % of the soliton breather mode on
the soliton baryon-number. The points are from our calculation. The solid
line is the approximation B~
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pointlike nature of the nucleon becomes important. We
again have two dimensional parameters, the nuclear radius
and the nucleon radius, which become comparable in this
range of mass numbers.

It seems to us that the hyperspherical-functions
method describes vibrations of the locations of pointlike
nucleons and therefore encompasses only the soft mode.
The scaling transformation in the Skyrme model changes
not only the nucleon position, but also the nucleon size.
Therefore, the Skyrme model describes a mode lying above
the harder mode, which may be a manifestation of the
nucleon size in light nuclei.

Some indications of the existence of narrow 0% reso-
nances in light nuclei at energies of about 45 MeV have
been obtained in experiments on neutron and deuteron
scattering on helium nuclei.’*%

IN PLACE OF A CONCLUSION

Let us try to summarize the results covered in this
review. In the low-energy region of quantum chromody-
namics, effective chiral Lagrangians put at the disposal of
theoreticians “convenient” colorless degrees of freedom—
bosonic fields for describing events in strong-interaction
physics. Although the use of chiral Lagrangians is usually
restricted to the semiclassical approximation, the success
attained by the Skyrme model in the last few years in de-
scribing nucleons as quantum states of chiral solitons pro-
vides justification for using it or generalizations of it in
nuclear physics.

It is important to develop a nuclear model of chiral
solitons using a formalism and, even more importantly,
variables which are the same as those used in the current
nonlinear field theory of nucleons.

The construction of a nuclear model of chiral soliions
is also important in connection with existing and projected
experimental programs to study the structure of light nu-
clei far from the B-stability line. The Skyrme model stresses
the uniqueness of the structure of each individual nucleus,
in contrast to potential models. The Skyrme model gives a
new view of such problems as the existence of compound
nuclear states involving antinucleons in their structure,
shape isomers, and high-lying 0" vibrations in light nuclei.

It is also important to develop variational approaches
to solving the nonlinear problems which arise. The varia-
tional approach to understanding the physics of various
phenomena requires considerably less time for numerical
calculations than the direct search for solutions, even when
supercomputers are used. The exclusivity of each individ-
ual state in the chiral soliton model is also emphasized by
the strong dependence of the effective quantum Harmil-
tonian on the topological sector. Not only the inertial pa-
rameters of the effective Hamiltonian, which are function-
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als of the solutions in a given sector, but also the actual

form of the effective Hamiltonian depend on the baryon-
number. Here we should point out the difficulty with the
overbinding of states with the quantum numbers of the
lightest nuclei. It should also be noted that reproduction of
the details of the electromagnetic form factors obviously
requires studies with generalized Skyrme models including
the additional scalar (dilaton) and gauge vector fields of a
hidden symmetry, although the Skyrme model already
qualitatively reproduces the existing experimental data on
such details as the deuteron polarization tensor in
electron—deuteron scattering.

It seems to us that the model of chiral-field solitons
will be a useful tool in the future theory of light nuclei
which will allow the study of the familiar problems of the
theory of few-particle systems from a completely new point
of view. And a new view of a problem implies new solu-
tions.

The authors are grateful to V. B. Belyaev, M. K.
Volkov, V. N. Pervushin, L. Miinhof, W. Weise, G.
Holzwarth, and W. Plessas for useful discussions about the
problems touched upon here.
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