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In the SU(4) supermultiplet symmetry approximation the problem of the interaction of
clusters 4 and B can be reduced to a set of one-channel scattering problems with potentials
V], where [ f] are the allowed Young schemes for the system 4+ B. This is important

for channels with minimum total spin .S, where the nonunitary elastic scattering amplitude T/
is the half-sum of two strongly differing amplitudes 7}/), and the inelastic amplitude

with spin—isospin flip of the deuteron or deuteron charge exchange is the half-difference. The
cluster pairs d+1t, d+p, p+t(h), and d+d are studied. A good description of the

available experimental data on the elastic and inelastic cross sections is obtained and many
predictions are made. These pairs of clusters are interesting for the physics of
thermonuclear reactions. The potentials that are obtained are defined both as the momentum
distribution of the clusters in the initial state and as their final-state interaction in the

case of photonuclear reactions. The technique of preparation of continuum states with a
specified symmetry [f] is outlined. Comparison with experiment shows that

quantitative agreement is obtained.

INTRODUCTION

The nearly twenty-year-old potential description of the
scattering of light clusters'™ such as a+a, h+t(h), a
+12(h), and a+d was based on the idea of deep attractive
potentials with forbidden states. This description was the
generalization of an important preceding step—the
orthogonality-condition model.’ Besides revealing the very
simple physics of the scattering process compared with the
widely used resonating-group method (RGM),® the poten-
tial description produced an important new result: for the
first time it was shown that the E dependence of the phase
shifts §; (E) obeys the generalized Levinson theorem.” All
the important phases are positive, and as the energy in-
creases from zero they begin from different values (n
+m)m (n is the number of observed bound states, and m
is the number of bound states of the potential but forbidden
by the Pauli principle). In the end, as E increases they
enter the general region of Born values 8;(E) < 1. This
implied a fundamental revision of the overall picture com-
pared with the RGM picture, where it was assumed either
directly or indirectly that the cluster interaction has a re-
pulsive core, since the scattering phases for E_  >5-10
MeV were assumed to be negative. For all the pairs of
nuclei listed above, effects of nonlocality of the potential,
expressed, for example, in the damping of the wave func-
tion at small distances, are small. They begin to play an
important role in '%0+'%0 scattering.?

This potential description was later widely used for
various purposes: in the experimental study of a+a scat-
tering at energies E,, up to 400 MeV (Ref. 9); as a model
for solving the inverse scattering problem;!® as the first
example of a deep attractive potential in composite-particle
interactions in reinterpreting the data on heavy-ion inter-
actions, where during the last ten years the repulsive core
has been rejected in favor of deep attractive potentials,®!""!2
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as discussed by us in Ref. 13; in the study of the 3a
system!* and the *Be nucleus as the system a+a+n (Ref.
15); as the basis for the theoretical explanation of photo-
disintegration "Liy—a+1 or ®Liy—a+d, where the cross
section falls off relatively slowly with increasing energy,
since in the ground state of 'Li there is a node in the P
wave in the a+¢ relative motion, i.e., there is enrichment
by large momenta;'® as the first example in the reinterpre-
tation of the NV interaction as the interaction of composite
quark-containing particles.!’

Meanwhile, for unclear reasons this very effective po-
tential description was not widely used in the scattering of
the lightest clusters such as d+d, p(n)+d, p(n)+t(h),
and d+1t(h). This “conspiracy of silence” was justified,
since the description of such systems required an important
step which was unknown earlier: the introduction, into
certain channels with given total orbital angular momen-
tum L and total spin S of interference between the two
potential amplitudes corresponding to two different Young
schemes [ f]. This was done in our studies of Refs. 18-20.

The introduction of a dependence of the potential on
the symmetry [f] is justified when this dependence is
strong and determines important qualitative features of the
interaction. This was precisely the situation in the systems
that we considered. Typically, in the few studies®'?? in
which the p+d system was not studied using the super-
multiplet description with interference of potential ampli-
tudes with different symmetries [ f] in channels with S=3,
unsuccessful attempts were made to combine the potential
description of the ground state of the *He nucleus as a p+d
system and p+d scattering in a fairly wide energy range.
The problem is that if the ground state of the *He nucleus

- accurately corresponds to the symmetry [ f]=[3][23], then

in the continuum for channels with §=3 we have a super-
position of the symmetries [ f]=[3] and [f]=[21] with
equal weights!
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Our approach concerns direct nuclear processes, and,
as we shall see, is well justified. But formally it is directly
related to the studies of Ref. 24, where the decay of qua-
sistationary states of light nuclei was studied assuming that
these states are characterized by the Young scheme [ f],
which is a good quantum number. However, when the level
density is high (even in a nucleus such as *He at excitation
energies E*¥~25 MeV), this assumption is not valid (as in
the case of the levels of the ®Be nucleus at energies
E*=16-17 MeV, the isospin T is not conserved®).

Regarding the more detailed comparison of the sys-
tems that we consider here with systems such as a+a, we
note that the a +a system is characterized by only a single
Young scheme [ f]=[44], and all the angular momenta L
are even. For the system a+¢ again only one symmetry
[f1=[43] is allowed, but there are both even and odd or-
bital angular momenta L, and splitting of the potential in
the parity of L occurs (as for the system a+d). This effect
leads to an increase in the scattering cross section in the
backward hemisphere.!! The next stage of complication is
the system ¢+ 4, where the Young scheme [ f]=[42] cor-
responds to even L and [ f]=[3] corresponds to odd L (see
Refs. 4, 26, and 27 on these questions), but here a single
Young scheme [ f] corresponds to a channel with given
values of L and S. But in the system d+d, for example, we
encounter a much more complicated and interesting situ-
ation: two Young schemes [ f]=[22] and [ f]=[4] are pos-
sible in each of the channels with even L and S=0, and
therefore, as will become clear, the phase shifts are com-
posite. In fact,

-
N

X = [1]2]s]4] + [1]2]5] + [7]2]4] +
%] 3

(1

where even permutations (12)<«>(34) (change of sign of
the radius vector), i.e., the Young schemes [ f]=[4] and
[ f1=[22], must correspond to even L, and odd permuta-
tions, i.e., [ f]=[31] (see Ref. 28 for the Young scheme)
must correspond to odd L. Since deuterons are bosons,
S=0 and 2 can correspond to even L, and S=1 to odd L
(this is related to the symmetry properties of the Clebsch—
Gordan coefficients). The antisymmetry of the full wave
function in the four nucleons causes the value S=2 to be
incompatible with the orbital symmetry [ f]=[4], since the
spin-isospin symmetries have the form [fg]=[4],
[Lfrl=I[4].

The lightest p-shell nucleus possesses a very clearly
expressed supermultiplet structure,?® characterized, for ex-
ample, by the fact that a large energy AE=15 MeV is
needed to break the Young scheme [ f]=[4]. The impor-
tant role played by this fact in the theory of nuclear reac-
tions involving very light nuclei has been analyzed repeat-
edly in the literature.’> Continuing this line of
investigation, we base our work on the concept of a reac-
tion amplitude with fixed total Young scheme [ /] and take
a natural step forward: we represent the total scattering
amplitude as a superposition of amplitudes with different
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Young schemes [ /] (Ref. 18). Here it is important that the
scattering amplitude in channels with even L and S=2 is
unitary, since the Young scheme [ f] has the single value
[f1=[22]. Consequently, in determining the potential
V?2(r) we take the corresponding phases from
experiment®® and the RGM calculations for the dd
system>® (redefining the phases by means of a suitable term
n owing to the presence of a forbidden state). A similar
situation occurs in odd waves with odd L and S=1, where
[f1=[31]. Meanwhile, for channels with even L and S=0
we have a superposition of potential amplitudes T/1 with
the symmetries [ /]=[4] and [ f]=[22]. This creates a very
interesting situation which has not been discussed before.
An inelastic channel with spin—isospin flip, dd —»dd,, ap-
pears, where d is the singlet deuteron. The amplitude of
this inelastic channel is (71— T9%). At E_,, =6 MeV
the elastic nonunitary amplitude T, =3( 71+ TEZZ]) for L
=0 and 2 is close to zero, owing to the destructive inter-
ference of the two potential amplitudes, which arises be-
cause of the very strong difference between the potentials
Vw(r) and V(7). As a result, in this region there is no
interesting composition law for the phase shifts of elastic
singlet scattering 26L=6?]+6&22] which could allow us to
determine the phase shifts 8} from the known phase shifts
6, for S=0 and 2. Nevertheless, the potential V[4](r) is
determined fairly reliably by the two levels O} and 05 of
the “He nucleus and by the fact that there is apparently a
D state at energies of 3-6 MeV above the a —d+d thresh-
old. The 05 level is characterized by a large spectroscopic
factor Sy, 1, which suggests that §;;=1, as occurs for the
0" ground state (in the ®Li nucleus the spectroscopic fac-
tors S,, and S, are also large).

The scheme described here is valid also for other pairs
of very light nuclei p+d, t+ A, t+d, and related ones.

1. THE FORMAL METHOD

Assuming SU(4) symmetry,”’31 we have the obvious

expansion of the partial 4+ B scattering amplitude:

Ti= 2

sott| f]

XA falSata[ f51Satp| [ F1XS1)

X TY L F 1St [ f41S" 4t 4 515" 5t 5)

X (Sa|S' 0 1, 50" 5) (t1-| t' 7't 5T ). (2)

(tATA,tBTBltT) (SAO'A,SBG'B|S0’)

Here S, t, and [ f] are the spin, isospin, and spin—isospin
Young scheme of the system 4+ B; o and 7 are the spin
and isospin projections, respectively, and ([ f,]S4
[fBlSsts| [ f1St) are the isoscalar factors of the Clebsch—
Gordan coefficients of the group SU(4) (Ref. 37). The
quantities T&n are the parts of the 7" matrix invariant un-
der SU(4) transformations.

The partial amplitudes T, determine the expansion of
the total scattering amplitude f(9) in orbital angular mo-
menta L:
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f®)=—5 S QLADT,Py(cos 6),
Po L

where p, is the momentum of the relative motion of parti-
cles A and B in the c.m. frame.

The cross section for elastic scattering (both elastic
and with “soft” rearrangement of the spin—isospins of par-
ticles 4 and B without change of their Young schemes),
averaged over the initial orientations of the spins 04 and op
and summed over the final ones o’ and o’ (we consider
the scattering of polarized particles), has the form

:1% (ﬁ)z(ZSA'Fl)l(ZSB-}-l) WB;N,B /() ?
1 ©
_(Z)E 1P1(cosﬁ),r
1 o0 L+!
Bl=(2SA+1)(2SB+1) Léo L,=|2L_” (2L+1)

X (2L" +1) (LO,L’0|10)? ; (LTt 57| 27)
1T
[ff] ’I ’

X (¢ 47" gt g7’ p|t'7") (47 gyt g7 p| T)

X o 5’| 07) X (2S+1TL

XT50) 1%L FalS st F51Spts] [ F1XSt)2
XALSa1S b 4| F51S" 58 5| [ F11S')2 (3)

We shall familiarize ourselves with this general expression
by studying special cases. In particular, for d+d scattering

L+1

> 3

B
= (25:1+1)2 L=0 L'=|L—1|

(2L+1)(2L'+1)

X (Lo,.L'oli0)? ¥ s+

[FLIS]
X Y (25+1)([2]10,[2]10| [ £150)>
S

X ([2]10,[2]10| [ /1502, (4)

where we must use the following nonzero isoscalar
factors:’

([2]10,[2]10] [22]00) = {1/2,

([2110,[2]10] [4]100) = /172,

([2110,[2]10| [31]10) =1,

([2110,[2]10| [22]20) =1. (5)

We write the amplitude 7%/7 as the potential amplitude
(see the Introduction)

T,/ =exp(2i8L/1) —1, (6)

and immediately find from (4) and (5) that for $=0 and,
accordingly, for even L
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TP+ TP, (7)

Going to the S matrix, for elastic scattering we have

Trs_o=

S5 s=mnrsexp(2i8, ) =T Ls+1,
NLs—o=|cos(8;1 -8y |, (8)

SLs—o=16041 1151221, (9)

The nonunitarity of the elastic scattering amplitude
implies the opening of the charge-exchange channel d
+d—nn+pp and the channel with flip of the deuteron
spin—isospin, d+d—d +d;

ST%_o=(10,10]00) GT}* —372),

(10)
S1,5-0=(11,1—-1]00) GTE" 1T}

(these expressions contain the Clebsch-Gordan spin—
isospin coefficients),

|STol2+ | ST8| 24285 0] 2=1,
|ST1 %=1, |8%,2=1.

The expression for “almost elastic” 4+ B scattering with
change of only the spin-isospins of particles 4 and B
(when at least one of them is a deuteron) has the form

do o1 QS4D@Sp+D) ,
aq (M= 4k (2S,+1)(255+1) (" ot 57" 5| 17)

x| Y (2L+1)Pr(cos )
L

XL FalSata [ F51Sst5] [ F11St)
X[ F41S" st 4L £518" 5t 5| [ F11S6YTL/V
+([ fA]SAtA’ [ 7B]SBtB| [fz]Sf)

- 2
XALLA1S" 4t L 751" 5t 5| [ fo]SHTL2Y|

(11)

Here Sp=1, S B—O 4 B_l [[B] 2], t3=0, [fB] [2]
S4=1 S’ —2’ tA—Z! tA_Z’ [fd=[fd= [1] t=3 =%
and S=1 for the e p+d and d+h systems; S,=1, §',=0,

=0, tA_l [fd=[f]d=[2], =0, 7=0, and S=0 for
the d+d system. Here if spin—isospin flip of the deuteron
occurs without charge exchange, 7’,=3, 7’'5=0 for the p
+d and d+h systems and 7’ ,=7"5=0 for the d+d sys-
tem. If charge exchange does occur, then 7’ ,=1, 7/ ;=1 for
the p+d and d+h systems and 7/ 4,=1, 7'5=—1 for the
d+d system.

The expressions given above generalize the well known
Lane approach® to optical scattering, where the term
(T'7) is related to the charge-exchange cross section and
the corresponding contribution to the elastic scattering am-
plitude. Below, we shall see for our first example, d+d,
that the phases 5[ and 8% differ strongly, so that Egs.
(8)—(11) are essential for the physics, and it is important
to carry out the corresponding measurements of the cross
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FIG. 1. Phase shift for the potential y2A(p). Experimental data from
Ref. 34.

section for the reaction d;—d,. Below the d+d—d+d;
threshold, instead of Eq. (8) we should have 7, ¢_o=1,
and the validity of Eq. (9) is a separate question. Equation
(10) shows that the cross sections for inelastic processes
are expressed in terms of the phase shifts of elastic scatter-
ing for the dd interaction.

2. RECONSTRUCTION OF THE dd INTERACTION
POTENTIAL

Now for the example of the dd system let us discuss the
approach to the experimental data and the problem of re-
constructing the potentials Vi), with [f]1=[4],
[f1=[31], and [ f]1=[22]. We begin with the S=2, even-L
“potential” channels, where only the single Young scheme
[f1=[22] is allowed. Experimental data on the phase
shifts® are difficult to obtain, since the S matrix for the
elastic scattering of two particles with unit spin involves
many parameters. There are several mixing angles, and
polarization experiments are required even in a simplified
treatment where the mixing angles are neglected. These
experimental data (which exist in the narrow range
E_ ., =4-6 MeV) are in good agreement with the RGM
calculation.?® In choosing the potential we start from the
requirement that it have a forbidden S state, since the
Young scheme [ f]=[22] can be realized beginning with
the configuration s’p* (see the analog in Ref. 26). Mean-
while, the known 05 (20.1 MeV) state does not correspond
to the Young scheme [ f]=[22], since it decays via the z+p
channel with the large spectroscopic factor S,=1 (Ref.
39) and is related in the literature® to the symmetry

1
~05}
1y
e 0
€ \
-075 1 1 1 1
0 1 2 3 4nF

FIG. 2. Wave function of S-wave scattering for the potential V22 (r) for
E,_, =0.5 MeV.
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FIG. 3. Phase shifts for the potential ¥*!/(r). Experimental data from
Ref. 34.

[f1=[4] (we shall use this fact below). The set of phase
shifts (even in a narrow energy range) for three values of
the orbital angular momentum L=0,2,4, together with the
fact that a forbidden S state exists uniquely determines the
parameters of the dd interaction potential for the symme-

try [f]1=[22]):
[f1=[22],
R,=145 F, (12)

(here we have in mind a potential of the Woods—Saxon
type). The results of calculating the phase shifts with the
potential (12) plus the Coulomb interaction are shown in
Fig. 1, where we see that the description is qualitatively
good (for channels with S=2 and even L). In Fig. 2 we
show the wave function for the S wave at low energy
E. ., =0.5 MeV. The node of this wave function at the
radius r=3.2 F (reflecting the existence of a forbidden S
state) was perceived earlier® (exactly as in aa
scattering?®) as a repulsive core, whose radius 7,=4 F was
determined from the slope of the S-wave phase shift at low
energies.

Turning now to other channels with the potential de-
scription characterized by the quantum numbers S=1, odd
L, and [ f]1=[31], we have the simplest realization of this
symmetry in the shell configuration s’p, from which we
conclude that there are no forbidden states in the potential
V?”(r). In Fig. 3 we show that the potential is well deter-
mined by the experimental values of the P- and F-wave
phase shifts. In particular, the P-wave phase shift at zero
energy begins from the value §;=#. The unknown poten-
tial corresponding to the results in Fig. 3 has the parame-
ters

[f1=[31], Vy=-31.8 MeV,
Ry=2.33 F, a=0.76 F.

Vo= —41.5 MeV,
a=0.81 F

(13)

It gives a good description of the experimental data and
predicts a behavior of the phase shifts at higher energies in
good agreement with the RGM (as in Fig. 1).3¢ We neglect
a splitting of the P-wave phase shift in the total angular
momentum J, which, as shown by the experiment of Ref.
35, does not exceed 10° at energies E,,, >6 MeV. Mean-
while, at low energies E,, —0 the phase shifts {8, for
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L=1 and J"=0" and 2~ become 15,=m (there are
weakly coupled states”), and a quasistationary state cor-
responds to J7=1 (Ref. 39). This difference is interpreted
as the effect of the tensor NN interaction. For a more
accurate description it is not difficult to introduce into our
scheme the J splitting of the depth of the potential ¥3!(7):
Vo=Vo+ (—1)AV,.

Let us now turn to the problem of the dd potential
V(7). Here it is natural to base our analysis on the fol-
lowing:

1. The ground state of the “He nucleus is a strongly
coupled state in the potential ¥(r).

2. The above-mentioned excited state 01 (20.1 MeV)
of the *He nucleus is an excited state in this potential [the
wave function ®y;(rz;) with a node, N=2, L=0]. It is
true that for this state there are no experimental data on
the spectroscopic factor S, [*He* (07 )] of its virtual decay
into two deuterons. This spectroscopic factor must be close
to unity in the potential model (as occurs for the ground
state of the “He nucleus). These two facts already specify
the parameters of the potential ¥ (r) very closely, even if
we do not attempt to reproduce the energy of the 05 (20.1
MeV) level very accurately (i.e., the binding energy of this
level is 3.7 MeV in the d+d system). This level apparently
has a fairly complicated wave function,*® even when the
spectroscopic factor S ; approaches unity.

3. It would appear that the primary role must be
played by the analysis of the phase shifts in the S=0,
even-L channels, which according to Eq. (9) are compos-
ite. Here we use the supermultiplet approximation and
identify the phase shifts 572 with the known phase shifts
s01, S=2, as noted above. Then from (9) we can deter-
mine the “experimental” values of the phase shifts 8.
However, we must take into account a new feature: the
possible nonunitarity of the elastic S=0, even-L channels,
reflected by Eq. (8). After all, if n;<1, the phase-shift
analysis is meaningless, as it becomes unstable.

Direct information on 7, could be obtained by exper-
imental study of the four-particle disintegration dd;—dd;
with the detection of the two final protons in an interval of
at least AE=10 MeV from threshold, taking into account
the charge-exchange channels (10), d+d—np-+np and pp
+nn. However, these very important data are not yet
available. This cross section should be small compared
with that for the elastic process, since the cross section in
a channel with given S contains the statistical factor (25
+1) (Ref. 33), and, on the whole, channels with total spin
S'=2 dominate, while channels with S=1 also play a sig-
nificant role.

Let us consider this question of the inelasticity in our
potential model, for which we construct the potential
V() satisfying the following requirements. It must give
binding energies of the dd system close to the experimental
values £(0;" ) = —23.8 MeV and £(05 ) = — 3.7 MeV, while
not leading to a 2* (VL =22) bound state. It should give it
in agreement with the available experimental indications®!
in the form of a resonance at 2-5 MeV [for the aa system
the 2T (WNL=42) level is located 2.8 MeV above the
01 (NL=40) level; Refs. 4, 26, and 27]. All these require-
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FIG. 4. Phase shifts for the potential ¥1*(r). The experimental data are
not reproduced (see the text).

ments in the form of a (perhaps not optimal) compromise
are satisfied by the potential with parameters

[f1=[41], Vy=—70.0 MeV,

Ro=192 F, (14)

a=095 F,
the phase shifts for which are shown in Fig. 4. The energies
of the 0] and 0 levels are, respectively, e= —24.0 and
—0.5 MeV (the Coulomb interaction is included every-
where).

Using the phase shifts 854](E ) and 854](E ) that we have
obtained together with the phase shifts 8§2(E) and
5522](E ) discussed above, from Eq. (8) we directly obtain
1 <1 for /=0 and 2 right in the region of the experimen-
tally measured phase shifts £, =6-7 MeV. Of course, Eq.
(9) is literally valid at energies considerably above the
dd —dd threshold, but qualitatively it suggests an interest-
ing phenomenon even closer to the threshold. Therefore,
on the one hand, it would be important to experimentally
observe the dominant inelasticity dd;—dd, in a region sev-
eral MeV wide above the threshold for the singlet channels
with §'=0 and even L, while, on the other hand, we cannot
determine the above-mentioned ‘‘experimental” phase
shifts 8%, or verify Eq. (9), etc. It is apparently difficult to
see the effect of the strong absorption in the singlet chan-
nels from the form of the differential cross section for elas-
tic scattering because of the small contribution of the sin-
glet channels, but in Fig. 5 we show the calculated charge-
exchange cross section for the energy E=12.65 MeV,
which assumes a coincidence measurement of the pp pair.

Of course, the entire scheme for treating d+d scatter-
ing is literally applicable also to °Li+°Li scattering (for
example, there are obvious analogs in the multiplication of
the Young schemes). In particular, there are some exper-
imental data on spin—isospin flip*? analogous to the data on
d+d—d +d,. But here the supermultiplet splitting of the
potentials will play a smaller relative role than in the case
of the d+d system.

We note that a dd potential very close to the potential
(13) is optimal for describing the stripping (a,d) reaction
on light nuclei by the distorted wave method* [this, by
definition, is precisely the potential ¥ (r)]:

(a,d): Vo=—66.6 MeV, R,=2.01 F, a=10 F.
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FIG. 5. Differential cross section for the reaction d+d—d;+d; for
E, . =12.65 MeV.

We also note that the potential V4(r) (13) exceeds the
potential V22(7) (11) in the “strength” VOR% by about 3
times, which is a beautiful manifestation of supermultiplet
effects.”® This difference is obtained immediately in the
simplest numerical version of the resonating-group
method, where, however, projection according to the
Young schemes is applicable and effective local potentials
are derived.** The potential Vm](r) has neither bound
states nor resonances (a bound S state with energy e~ —6
MeV is forbidden). Therefore, in particular, there is no
bound four-neutron system corresponding to a system of
two bineutrons ([ f]=[22], L"=0%, T=2, §=0, and in
the supermultiplet approximation this level would be close
in energy to the level with L™=0, T=0, S=2, of which
there is no hint).

Owing to the small binding energy of the forbidden S
state, the S-wave node in the continuum for small positive
energies lies outside the range of the potential (see Fig. 2)
and therefore will be relatively mobile as the energy is
changed, in contrast to the aa system. *2627

We see that there is a very strong dependence of the
interaction on the spin, not directly, but via the Young
scheme [ f]. Nevertheless, polarization effects are weak'>'¢
because the J splitting of the phase shifts is small (this is
determined by the weak effect of the tensor or spin—orbit
forces). To refine the potential V#(r) it would be useful to
have data on the photodisintegration reaction
‘He+y—d+d (Ref. 45), where the final state can have
the Young scheme [ f]=[4] (quadrupole absorption sensi-
tive to the D resonance) and [ f]=[31] (spin—dipole ab-
sorption with P-wave excitation and change of the total
spin S). In these photonuclear data there is no interference
between the amplitudes TE‘] and Tm], which, as we shall
see, obscures the manifestation of the potential V[4](r) in
dd scattering. Our simple and clear treatment will appar-
ently be equivalent to the RGM calculation if the channel
coupling dd<»dd, is included (this has not been done) and
the elementary algebra of the SU(4) group is used.

With the summary of Egs. (12)-(14) and using Refs.
4, 26, and 27, we can give the systematics of the “parent”
potentials v (), v33(p), and 22 (7) for systems of
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identical particles successively describing aa (even L, S
=0), th (odd L, $=0), and dd (even L, S=0 or 2) scat-
tering:

[f1=[44],
R,=1.78 F,
[f1=1[33],
Ry,=1.85 F,
[f1=[22],
Ry=145 F,

Vo= —125 MeV,
a=0.66 F,
Vo=—76.5 MeV,

a=0.71 F, (15)

Vo= —41.5 MeV,
a=081 F.

Here the successive deletion of a column from two
squares causes the relative weight of antisymmetric pairs to
systematically increase, and this in relation to the Majo-
rana forces is the main reason for the rapid decrease of the
potential “strength” VR3. Actually, the strength decreases
much more slowly in a different family of potentials, where
the decrease of the number of nucleons in the aa-th-dd
system is accompanied, conversely, by a decrease of the
relative weight of antisymmetric pairs (in the 4 system, L
is even and S=1; in the dd system L is even and S=0):

[f1=[44], Vo=—125 MeV,

Ry,=178 F, a=0.66 F,

[f1=[42], Vo=-—97.5 MeV,

R,=185 F, a=0.71F, (16)
[f1=[4], Vo=-—70.0 MeV,
Ry=192 F, a=0.95 F.

3. CONSTRUCTION OF THE POTENTIALS V! FOR
THE d+p AND d+h SYSTEMS

Here we are dealing with a region which is much better
studied experimentally than the region considered in the
preceding section. According to the above discussion, we
write

S5 s=nrsexp (216, 5)=Tps+1, (17)
5L,1/2=%5£f‘] +%5[Lfll, (18)
6L,3/2=62f1]’ (19)
M,12= |C°S(5£fl] —5[Lf2]) l, (20)
M3p=1 (21)

The nonunitarity of the elastic scattering amplitude in the
doublet channels (20) arises from the inclusion of the deu-
teron spin—isospin-flip channels d+p—d,+p, d+h—d+h
and the charge-exchange channels d+p—pp+n, d+h—pp
+t

sfie =@ L1o)d Hr i),

(22)
Siip=0G 1|3 %)(%T[Lf‘]—%Tyﬂ)
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[here the coefficients are the Clebsch—Gordan coefficients
of the isospin group SU(2)]. The S matrix is unitary:

1 i 1
L1/2 ﬂL‘,l/Z Li2l =5 L3l =1
|ST12 2+ 1STh a1 P+ 1811n 17 =1 |STsnl? 123)

Following Ref. 20, let us discuss the problem of recon-
structing the potentials V[Ln(r) corresponding to different
allowed spatial permutation symmetries [ f]. We begin our
discussion with the p+d system. For it there is a great deal
of experimental data on the phase shifts and inelasticity
parameters 7; in a wide range of energies up to 30 MeV
and for a large set of partial waves /=0-8 (Refs. 46 and
47).

The experimental data on p+d scattering are in good
agreement with theoretical calculations carried out on the
basis of solving the Faddeev equations.*® Analyzing the
experimental data, we notice the fairly large inelasticity of
the doublet channels (7;<0.5 for E>7 MeV) and the uni-
tarity of the quartet channels (7,=1 in the entire energy
range), which directly corresponds to our approach (20),
(21). Furthermore, the behavior of the S- and D-wave
phase shifts in the quartet channels is interesting: the D-
wave phase shift is negative at low energies (= —10°) and
then changes sign, and the S-wave phase shift is character-
ized by a sharp falloff with increasing energy. This indi-
cates the presence of a peripheral repulsion related to nu-
cleon exchange (the effect of such exchange has been well
studied in heavy-ion reactions!!). We construct the corre-
sponding potentials in the form

VIS Y () =V, exp(—ar?) +V, exp(—Br), (24)

where the exponential addition models the repulsion at the
periphery. This conclusion, first obtained in the prelimi-
nary study of Ref. 49, has been confirmed by the indepen-
dent results of Ref. 50. In constructing the potentials we
take into account their splitting in the parity of the orbital
angular momentum.*’

Reconstructing the potential L2 1 for even L we start
from the fact that it must have a forbidden S state, since
the symmetry [21] is realized beginning with the configu-
ration Os(1p)2. In the fractional-parentage decomposition
of this three-nucleon configuration into the product of an
(0s)? state of the deuteron and the function y (#) of the p—d
relative motion, nodal behavior (the 2§ state) appears in
the latter, owing to the conservation of the number of os-
cillator quanta, and the nodeless wave function y(7) of the
form 0S, corresponding to the (0s)? configuration, is ex-
cluded by the Pauli principle (we are considering quartet
channels). The corresponding deep potential V2! for even

TABLE 1. p+d-interaction potentials.
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FIG. 6. Phase shifts for p+d interaction potentials in channels with
[f1=[21] (taking into account the Coulomb interaction). The experi-
mental values of the phase shifts are from Ref. 47, and the spread of the
experimental phase-shift data of Ref. 46 is shown.

L contains this state as a forbidden state (see Refs. 4, 26,
and 27). The node of the wave function y(7) in the § wave
was interpreted earlier as a repulsive core.? It is interesting
that in the rigorous three-particle scattering theory it is
possible®! to find an interpretation of these forbidden states
as so-called ghost states.

The parameters of the potential V2! in the form of
Ref. 24, reconstructed from the experimental phase shifts*’
for even L, are given in Table 1. The energy of the forbid-
den state is E=—2 MeV. In Fig. 6 we show the results of
calculating the phase shifts for scattering with the potential
Vi1 for even L, where the Coulomb interaction in the
p+d system is also included.

The potential ¥ for odd L does not give forbidden
states. The behavior of the phase shifts*’ makes it possible
to choose it to be an attractive Gaussian potential. Its pa-
rameters are given in Table I. The phase shifts for this
potential, taking into account the Coulomb interaction, are
given in Fig. 6.

Turning now to the nonunitary doublet channels, we
note that direct reconstruction of the potentials ¥¥! from
the experimental phase shifts is impossible, since in a p+d
scattering experiment states with symmetry [ f]=[3] are
not realized in pure form. However, using the supermul-
tiplet aproximation (18) and identifying the phase shifts
8121 with the quartet states, it becomes possible to isolate

U] L Vl ’ MCV als'FAZ Vzv MeV azv F_l W' ;MCV al ) F_ZL Strength
21 Even —57,0 0,37 71,2 0,36 — —_ —53
21 | Odd —8,38 [ 0,06 — — - — _73
Even -—55,8 0,31 -— — 17,0 0,43 —90
Odd —138 | 0,16 1,6 009 | —624 | 0,33 —30
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FIG. 10. Differential cross sections for the deuteron spin—isospin flip to
the singlet spin state for various values of the scattering energy. The
experimental values for E=11.4 MeV are from Ref. 53.

the “pure” phase shifts 57! at energies several times above
the threshold. These phase shifts should then be used to
reconstruct the potentials ¥\, Here we must take into
account the fact that in the case of significant nonunitarity
of the elastic channels with S=3, i.e., for 5, <1, the phase-
shift analysis becomes unstable. Therefore, for a reliable
determination of the potentials V{L3] it is necessary to use
additional data, for example, the cross sections for He
photodisintegration and for p+d radiative capture. The
effect of triplet three-particle disintegration can be taken
into account by the introduction, into the potential, of an
imaginary term in the form iV exp(—a,7?).

In the reconstruction of the potential V?l for even L it
is necessary to take into account the fact that the S state in
this potential is the ground state of the *He nucleus as a
p+d bound system with binding energy E=5.5 MeV. The
parameters of the potentials ¥} are given in Table I, and
their corresponding phase shifts are shown in Fig. 7 (with
the Coulomb interaction included). In Fig. 8 we show the
inelasticity parameters 71, ,, for the lowest partial waves
with L=0-3 calculated using (20).

TABLE II. d+*He interaction potentials.

In Fig. 9 the differential cross sections for proton elas-
tic scattering on the deuteron are compared with the ex-
perimental data of Ref. 52 for two values of the scattering
energy. In Fig. 10 we show the differential cross sections
that we calculated for deuteron spin—isospin flip into the
singlet. For comparison we show the results of Ref. 53, in
which the experimental values of the cross sections are
normalized by two different methods. We note that the
available experimental data are for an angular range which
does not include the characteristic dip in the cross section
near =120 and it is very important to make more com-
plete measurements in this region.

We have therefore found the interaction potentials and
the corresponding p+d scattering amplitudes in all the
allowed channels with S=3 and 3, and also [f]=[3] and
[ f1=[21]. The reliability and effectiveness of the potentials
that we have found have been studied in Ref. 54 for the
He photodisintegration reaction *He(y,p)d.

Let us now turn to the analysis of the d+/ system
(Table II). Owing to the poor accuracy of the experimen-
tal data on the elastic scattering cross sections and the
polarizations, the phase-shift analysis for this system was
carried out only at low energies (E<3.4 MeV) and turned
out to be ambiguous.’® For higher energies we make direct
use of the differential cross sections for elastic scattering®®
and the phase shifts calculated in Ref. 57 by the
resonating-group method.

In constructing the potential ngl for even L we start
from the fact that it must have a forbidden S state, since
five-nucleon states with the Young scheme [ f]=[32] are
realized beginning with the s°p* configuration, which in the
fractional parentage decomposition into states 3N X2N
X x (r) again gives a function for the SHe and d relative
motion which contains a node. The lowest observed state
of positive parity is the known resonance with J"=3" at
E=0.26 MeV (Ref. 56) in the d+#4 system. Using the
quartet phase shifts calculated with the RGM (Ref. 57) as
the initial approximation, we then refine the potential V3%
directly using the differential cross sections for d+ # elastic
scattering.’® The resulting phase shifts for channels with
S=3, even L, and [ f]=[32] are shown in Fig. 11, and the
potential itself is given in Table I. The energy of the for-
bidden state is E=—4.61 MeV. In the case of odd L we
take into account the presence of a forbidden P state (the
lowest allowed configuration is s’p*). The parameters of
the potential ¥$%, again chosen to be of the form (24), for
odd L are given in Table I, and the corresponding phase
shifts 872! are shown in Fig. 11. The energy of the forbid-
den state is E=—8.0 MeV.

A L V,»MeV | a,,F? V,,MeV | a, F~! Strength
32 Even —50,0 0,15 —_ — —167
32 0odd —73.1 0,23 18,1 0.56 —123
41 Even —57.0 0,16 8.4 0,21 —138
41 Odd —69,0 0,14 — — —246
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FIG. 11. Phase shifts of d+ >He scattering in the channels with [ f]=[32]
(including the Coulomb interaction). The RGM phase shifts are from
Ref. 57 (open circles), and the experimental phase shifts are from Ref. 55
(black circles).

Now let us consider nonunitary doublet channels. Us-
ing Eq. (18), we reconstruct the phase shifts 6?1] corre-
sponding to the Young scheme [ f]=[41]. In reconstruct-
ing the potentials VS:“] we shall start from the fact that the
potential Vi*!! for even L contains a forbidden S state,
while for odd L it contains an observed bound P state
corresponding to the J"=3~ ground state of °Li in the
d+h channel. The J"=3" state decays via the channel
*He+p with the large spectroscopic factor Sp=1 (Ref.
29).

The parameters of the potentials P}*!! that we found
are given in Table I, and the corresponding phase shifts are
shown in Fig. 12 (including the Coulomb interaction). The
energy of the forbidden state of the potential V! for even
L is E=16 MeV. Here we again note the large role played

s,, deg
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FIG. 12. Phase shifts of d+He scattering in the channels with [ f]=[41].
The values of the “pure” phase shifts 8/ obtained from the RGM phase
shifts of Ref. 57 are indicated.
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FIG. 13. Reflection coefficients 7, ;,, in doublet channels of the d-+ He
system.

by peripheral repulsion for even L. This is explained by the
complicated behavior of the S-wave phase shift and the
negative values of the D-wave phase shift at low energies.
The D-wave phase shift changes sign with increasing E.
Comparing the theoretical result with the phase shifts 872
obtained from the RGM calculations, we note that here
also 77,«<1 (Fig. 13) and that the inclusion of this fact in
the RGM procedure via the purely phenomenological in-
troduction of a strong imaginary part in the interaction
potential does not give the coupling dh—d,+ppt. The
agreement with the experimental data on the differential
cross sections for elastic scattering with our values of the
phase shifts is also good, as can be seen from Fig. 14. In
Fig. 15 we show our predictions for the inelastic cross
sections for deuteron spin—isospin flip into the singlet state,
d+h-pp+t, which can be measured by detecting the tri-
ton (or the pp pair). It is very desirable to carry out such
an experiment.

Turning to the analysis of the potentials V}/1(r) (see
Table I), we note that potentials corresponding to different
spatial symmetries [ f] differ strongly in strength, even for
the same system. It is convenient to define the strength by
the volume integral

w}”(r): J‘ Vi (ryrdr. (25)
This strength is decreased considerably in going from
states with a more symmetric Young scheme [ /] to states
with a less symmetric scheme, owing to which the scatter-
ing amplitudes for different [ f] differ strongly. This fact
justifies the use of the supermultiplet scheme, in spite of its
approximate nature.

Our results allow us to understand why the attempt to
construct a potential description of the doublet channels in
the d+p system with the single potential ¥ ;,, (Ref. 21)
encountered serious difficulties.

4. INTERACTION OF THE pt AND ph CLUSTERS

In the case of proton elastic scattering on *He, we have

1 1 1 —_— 1 1

[fd=[1), ty=2 T4=3 S4=3 and [fR]=[3], tp=2 Tp=3
Sp=1 The total isospin of the system is z=1, and the
allowed values of [ ] are determined by the outer product
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FIG. 14. Differential cross sections for elastic d+>He scattering at vari-
ous energies. The experimental data are from Ref. 56.

[11X[3]=[31]+[4]. Using the values of the isoscalar fac-
tors of the group SU(4) (Ref. 37), we find that in chan-
nels with S=1 and §=0 the scattering amplitude is the
purely potential amplitude T¢}s. However, in the case of
P+t scattering we find that in singlet channels with §=0
the partial scattering amplitude T, s=0 is a superposition
of potential amplitudes with different fixed Young schemes
[f] and total isospins #:

Tr0= (1, =717 00) TEG o+ (4,7t | 10)* T4,

(26)

The formally allowed term with [ f]=[31] and #=0 is ab-
sent, since the corresponding isoscalar factor is zero (all
such factors which are nonzero are unity for our exam-
ples).

For triplet channels in the p+2(S=1) system there is
only isospin interference:

Tpy= (4t i, 00)2TE0 ) + (4,7t 10)2TEN. (27)
Going to the partial S matrix, we write
T 4=S14—1 (28)

where the amplitudes T[L +s are potential amplitudes (this
is one of the central features of the theory'®%’),
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FIG. 15. Differential cross sections for the charge-exchange reaction
d+3He— pp+ *H for various energies.

S} =exp[2i8}/ 4], (29)
S5 s=7L,5exp(2i8,5) =T s+1, (30)
5L,s=o=%5g&,o +%521l,]0’ (31)
8L,5-1=10L0) + L1 (32)
Nrsm0=|cos(8(0—8E1H) |, (33)
Nr,s=1=|cos(8F 1 -8 |. (34)

The nonunitarity of the elastic scattering amplitude (33),
(34) is due to the inclusion of the charge-exchange channel
p+t—n+h, and the corresponding S-matrix elements are

8% s_o=1TH o, —1TP1), (35)
85 s—1=1T ok —TE1 (36)

Let us first discuss the p+ 4 interaction. Consistent exper-
imental data are available at energies E,<20 MeV (Refs.
59-63). The RGM calculations® agree only qualitatively
with experiment. In Ref. 65 separable potentials of the first
and second rank were proposed, one for each LSt partial
wave in the p+#h system, but the symmetry [ f] was not
introduced; i.e., elastic scattering and charge exchange
were not coupled.

In reconstructing the potential VE,_I s in triplet
channels (S=1) for even L it is necessary to take into
account the fact that it possesses a forbidden S state (the
configuration (0s)* is not compatible with the symmetry
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TABLE IIL. p+’He interaction potentials.

A L N t VI.MeVaI.F_z‘ Vz.MeVaz,F‘l Vso,Mevzso,vF“z' Strength
31 | Even 11 |—432] 02 | — — — | —83
31 | Odd 1 1 |— 21,7] o,11 —_" — —1,54 0,11 —99
31 | Even 0| 1 |—110,0| 0,37 | 450 | 0,67 — —59
31| Odd 0] 1 |— 48] 005 — — — —47

[f1=[31]). Our calculation indicates that the energy of
this forbidden state is about —5 MeV. For the analogous
reason the potential VE}LLS:O in singlet (S=0) channels
for even L also possesses a forbidden § state.

The parameters of our reconstructed potentials, chosen
in the form (24), are given in Table III, and the corre-
sponding phase shifts (including the Coulomb interaction)
are shown in Fig. 16. We note that the second term in the
potential V() models the peripheral repulsion associated
with nucleon exchange.*’

Let us turn to the p+¢ interaction potentials. Here the
phase shifts are known only at low energies E<12 MeV
(Refs. 66 and 67), and their accuracy is poor. Therefore,
we make direct use of the differential cross sections for
elastic scattering®”®® and charge exchange p+t-n+h
(Ref. 68), which are available in a wide energy range.

The RGM description pertains only to low energies,®
and the agreement with experiment is qualitative. Al-
though the potentials Vy,] s cannot be reconstructed from
the phase shifts, owing to the composite nature of the ob-

8, deg

180

120 - )\&n -

served phase shifts [see Egs. (31) and (32)], we can use
the results for the p+hA system, changing only the Cou-
lomb interaction. For example, we obtain the phase shifts
SE}LLS for §=0 and 1, and then it is easy to use these
phase shifts and the experimental p+¢ phase shifts to re-
construct the “supermultiplet” phase shifts 5E4,]z=o,szo-
These phase shifts are shown in Fig. 17. The parameters of
the corresponding potentials are given in Table IV.

In reconstructing the potential V{L},}‘]:O,Szl for even L
we took into account the fact that it has a forbidden S
state. Its energy is —0.01 MeV. In constructing the poten-
tial V[L4,]t=o,S=o for even L it is necessary to take into ac-

count the fact that its S state is the J”=07" ground state of
the “He nucleus® as a p+1 system with binding energy

dy4 deg
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FIG. 16. Phase shifts for the potentials VP!, (a) and VP!, (b) of the
p+>He system (taking into account the Coulomb interaction). The ex-
perimental data are from the following studies: O from Ref. 59;X from

Ref. 60; A from Ref. 61; 00 from Ref. 62.
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FIG. 17. Phase shifts for potentials of the p+H system (including the
Coulomb interaction). (a) The potential VEJQ_O. The values of the “pure”
phase shifts 62’0,0 obtained from the experimental phase shifts®*®’ are
indicated, together with the “pure” phase shifts 62},]’0. (b) The potential
VE},],I. The values of the “pure” phase shifts 5%‘,1 obtained from the
experimental phase shifts®%7 are given together with the “pure” phase
shifts 6F1,.
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TABLE IV. p+3H interaction potentials.

T \ 1 | .

Lf]_ L s |t |V, MeVia,,F~2|V,,MeVa,, F~ ! |Vg,, MeVrg F~2 Strength
Even 010 ‘ —72,5 | 0,23 — — —_ —158
0dd 0|0|—79]| 003 — - — —133

31 | Even 1]0}—470] 039 | 6,05 | 0,39 —_ —42

31 | Odd 1{of—182] 0,11 — — | —187] o1 —83

19.8 MeV. We note that the potential that we have con-
structed not only reproduces the binding energy, but gives
a proton momentum distribution in the *He nucleus which
is in good agreement with experiment.

The differential cross sections of elastic p+ scattering
calculated for three values of the proton energy are shown
in Fig. 18 together with the experimental cross sections,
taken from Ref. 68. In Fig. 19 we show the differential
cross section for the charge-exchange reaction (experiment
from Ref. 68).

An important conclusion which provides justification
for our approach is that the strength of the potentials (25)
decreases considerably as the symmetry [ /] decreases. At
the same time, the additional isospin splitting of the poten-
tials is small, but is reliably determined by the form of the
charge-exchange differential cross sections.

We thus have used the generalized potential approach
as a unified basis to establish for the first time a relation
between the elastic-scattering and charge-exchange cross
sections. In addition, the potentials obtained here can be
used to obtain a quantitative description of the correspond-
ing photonuclear reactions, as we shall show below.
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FIG. 18. Differential cross sections for p+>H elastic scattering at various
energies. The experimental data are from Ref. 68.
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5. PHOTONUCLEAR REACTIONS

Beginning with the well known studies of Gorbunov,
photonuclear reactions involving the lightest nuclei have
attracted the attention of both experimentalists’’"® and
theoreticians.”*® As a rule, the theoretical description of
radiative capture processes and two-particle photodisinte-
gration is based on the use of complicated multiparticle
wave functions for the nuclear ground states,””’® or is car-
ried out within microscopic approaches like the RGM or
the K-harmonics method.” Although they permit certain
typical features of the phenomenon to be understood, such
approaches have important deficiencies. For example, the
approach based on the use of multiparticle wave functions
does not contain a practical recipe for including the final-
state interaction for photodisintegration processes and the
initial-state interaction for radiative capture processes,
making it impossible to obtain an accurate quantitative
description. The existing microscopic calculations (see, for
example, Ref. 79) do not include the coupling of elastic
scattering channels to the inelastic deuteron spin—isospin-
flip and charge-exchange channels in the initial or final
state, which, as shown above, plays an important role be-
cause it determines the form of the corresponding poten-
tials and wave functions. In connection with these defects
of the “accurate” microscopic approaches, the simple po-
tential description of photonuclear reactions acquires spe-
cial importance.w’”“76 However, the traditional potential
approach, which is quite adequate for describing photonu-
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FIG. 19. Differential cross sections for the charge-exchange reaction
p+> H-n+ 3He for E=10.2 MeV. The experimental data are from Ref.
68.
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clear processes in systems characterized by a single allowed
symmetry [ f], for example, the reactions 6Liy—>d +a and
"Liy—a+>H, encounters practically insurmountable diffi-
culties when attempts are made to apply it to reactions
involving very light nuclei, such as d+d—*Hey (Refs. 75
and 76). In Ref. 75 it was even concluded that this ap-
proach is inapplicable for describing photonuclear reac-
tions involving the lightest nuclei (mainly with the specific
reaction d+d— *Hey in mind). The problem here is that in
systems of very light nuclei several possible spatial symme-
tries of the system, [ f], are often realized, so the tradi-
tional potential approach needs to be modified accordingly.
Using the generalized potential description of nuclear in-
teractions developed above, let us consider photonuclear
reactions involving these nuclei. We will treat the problem
from two viewpoints:

(1) As a good check of the cluster—cluster and
nucleon—cluster interaction potentials constructed from the
scattering data, especially off the mass shell.

(2) As an attempt to construct a quantitatively accu-
rate and at the same time technically simple formalism for
describing photonuclear reactions in systems of very light
nuclei.

The approach proposed here is to a certain degree sim-
ilar to that used in Ref. 80 to study the electromagnetic
form factors of °Li in the antisymmetrized multicluster
dynamical model with Pauli projection. The characteristic
feature of the approach distinguishing it from the RGM is
its “antisymmetrization after variation.” This amounts to
first solving the dynamical problem without explicit anti-
symmetrization of the wave function of the system (but
taking into account its effective form in terms of model
interaction potentials and the conditions of orthogonality
of the wave function to the forbidden states of these model
potentials). Only later in the calculation of the matrix el-
ements for electromagnetic transitions is the complete an-
tisymmetrization of the wave functions of the final and
initial states implemented. This procedure is considerably
clearer and simpler than the RGM scheme. In addition, for
the first time it allows a simultaneous correct quantitative
description of both the scattering of very light nuclei and
the photonuclear processes involving them in a wide en-
ergy range, from values slightly above the threshold to
E,=30-40 MeV.

We shall describe photonuclear reactions involving
very light nuclei using the standard formalism described in
Refs. 81-85. Following Ref. 81, we write the differential
cross section for two-particle photodisintegration of the
3He nucleus, averaged over the projections M of the nu-
clear total angular momentum J and the photon polariza-
tions A= £ 1, and summed over the spin states of the final
particles o/ and o} (for reactions with unpolarized parti-
cles and photons), in the form

do pupo 1 z

40 qy_HPo _° oli|? 37
a0 ) =amk, 2771 ,,;,,U;,A,M,Hf 10191 (37)

where p is the reduced mass of the final particles 4 and B
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(the proton and deuteron), p, is their momentum in the
c.m. frame, and ky is the photon wave vector.

We calculate the matrix elements {f|O|i) of the elec-
tromagnetic interaction operator O in the long-wavelength
approximation, since at the photon energies of interest to
us, E,<30-40 MeV, the wavelength is cons1derably larger
than the characteristic dimensions of the *He nucleus. To
simplify the notation in the multipole expansion of the
operator O, we choose the z axis of the coordinate system
to lie along the direction of the photon wave vector k. Then

Y QLA DA AT+
LA

TE)|i),
(38)

(f]0iy=—

where ff 2 is the electric and f"ﬁ is the magnetic multipole
operator. In the rest of the calculations we include only the
convective part in the electric multipole operator, while in
the magnetic multipole operator we include only the spin
part, so that the contributions of the spin part to TL,I and
of the convective part to Tu are considerably smaller than
them.

Of all the possible multipole transitions inducing pho-
todisintegration of the *He nucleus, we include only the E1
and E2 and the magnetic M1 transitions (it follows from
the experimental data of Ref. 70 that in the region E,<30
MeV the contribution of these transitions is dominant).
The operators corresponding to these transitions have the
form

TH=—\2/3k, ; erY(Q,), (39)
NI
Tﬁz=—g-\/gkij§1e,-r§Yu(ﬂ,j), (40)
~ 1 5a

TMI_ _mkﬁg‘l o - (41)

We write the expressions for the electric multipole opera-
tors (39) and (40) in the form prescribed by the Siegert
theorem,86 which allows the effective inclusion of a large
part of the meson exchange currents.®!

For the wave function of the ground state of the *He
nucleus we use the cluster wave function of the nucleus as
a p+d system:

15 ={@(23)x00(R) Yoo(Q) 3| [31d0t 1. (42)

The curly brackets in (42) imply symmetrization of the
spatial part of the nuclear wave function, corresponding to
the spatial symmetry of the system [ f]=[3], |[f]1So?r) is
the spin—isospin function of the nucleus, ¢(23) is the (spa-
tial) wave function of the deuteron formed by the nucleons
with numbers j=2 and 3. For the deuteron function we use
the very simple single-Gaussian parametrization:?2

a 3/4 1
e(23)=|— CXP(—EG 23), a=0.154 F~2, (43)

although if necessary we can also use a realistic deuteron
function in the form of an expansion in a sum of several

Neudachin, Sakharuk, and Smirnov 223



Gaussians (this leaves the entire formalism practically un-
changed). The function for the relative motion of the pro-
ton and deuteron yy,(R), is an eigenfunction of the Hamil-
tonian

HP=T+Vd (44)
where ng]en 1 is the potential constructed from the scatter-

ing data in Sec. 3. It corresponds to the J"=1" bound state
of this potential and is found by means of a variational
calculation in the form of an expansion in 15 Gaussians:

15

Xoo(R) = kE cx exp(—aiR?). (45)
=1

The symmetrization in (42) is carried out by using the

Young projection operator in the nonstandard basis corre-

sponding to the reduction U(3) DU (2) X U(1) (Ref. 23):

(46)

In the symmetrization of the spatial part of the wave func-
tion for the ground state of the *He nucleus the normal-
ization of the function is changed, and this must be taken
into account in calculating the photodisintegration cross
section [Eq. (37) was derived by assuming that the initial-
state wave function |7) is normalized to unity, while the
final-state wave function |j) is normalized to
(2m)%a(py — p§)]. It is easy to calculate the normalization
constant of the symmetrized wave function (38) directly,
using the expansion (45):

3
PHm;[l]m=§(E+P12+P13)-

1 29 15
(NP =2 Noore+g— (@m)™> 2 cxcie

kk'=1

XA [(10a+9a, ) 2a+ay +4ay)
1
—(3a;,—2a)?] —3/2+5 [(4a+ap+ay)

X(@a+9(ar+ap))—9(ap—ay)*]1 7321,

(47)

where NZ.. is the normalization constant of the wave
function |7) before symmetrization (NZr is the spectro-
scopic factor).

The asymptote of the wave function of the continuous
spectrum of the p+d system in the final state corresponds
to a converging wave.®” Its partial-wave expansion has the
form

|f>s¢.‘,;’=4w%i’exp<—i6,)Y7:,,(n,,0)
X Y1 (QR) X ni(PoR) (23)

~ 1 11 -
x’m 37433 | 2110700, (48)

In this form the function 1/;1(,0_) is not antisymmetric under

all possible nucleon permutations. In order to obtain the
completely antisymmetric wave function from (48), it is
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necessary to perform two operations. First, the spatial part
of the wave function (48) must be symmetrized by using

the projection operators (46) and
Pm%z];[l][z]=%(2E—P12—P13)- (49)

Second, the spin—isospin part of the function (48) must be
given a definite spin—isospin symmetry [ /] which is conju-
gate to the symmetry [ f] of the spatial part of the wave
function:

’ 11 5 ’
o'a33) |12110/,00)
-, (00

11
X(EE’OOI”)

~ 1 11 ~ ~
X‘[l] Ea’Azi;[Z]la'BOO:[f]SotT>.

N -

{ﬂ

1 -~ ~ 1 , ,
5,[2]10| [f]St> (EO'A,IO' B|S0)

| —

(50)

Here the total isospin of the system is t=1/2, 7=1/2, and
[ f] can take two different values, [f;]=[21] and [f,]=[3].
Then the totally antisymmetric continuum wave function
takes the form

/= 2 [4772ilexp(—i51)
5,0,[ f] Im
[f]
XYfm(ﬂpo)Ylm(QR)an(p()-R)(p(zz’)]

~ 11 - ~ I\ /1
x (1113312101715 3) (50410150 )

~ 1 11 ~ ~ 11
X’[l]EO"AEE;[Z]IO"BOO:[f]SO'EE>. (51)

The functions y,/(poR) are determined by numerically
solving the Schrédinger equation with the potentials P/
constructed earlier from the elastic and inelastic scattering
data. We particularly stress the fact that only the use of
such “correct” (from the viewpoint of nuclear scattering)
potentials makes it possible to quantitatively describe pho-
tonuclear processes involving these nuclei without any free
parameters.

Since it is impossible to antisymmetrize these functions
numerically, the relative-motion functions y,;(poR) were
expanded in an analytic basis of the form

K

Xm(R)=R' % &x(po)exp[ —ki(po) R’] (52)

using a Chebyshev discretization mesh for the scaling co-
efficients k;(py) (Ref. 88):

2
, k=12,..,K

4

Kr(po) =K1(po) [tan |7 (53)

Here K is the number of Gaussians in the expansion (52)
(the dimension of the basis), and the quantities Q and
K1(pp) are selected on the basis of the condition that the
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norm |y(poR) — x| be a minimum. The Chebyshev
mesh (53) proved to be quite economical in the sense that
a small number of basis Gaussians are needed for an “ac-
curate” approximation of a large class of wave functions
(error in the approximation of the function not exceeding
0.1%). If the approximation region is finite, the asymp-
totic behavior of the wave functions in question is not im-
portant. However, we note that outside the approximation
region the constructed expansion y3P" of the exact wave
function y,;(poR) can have behavior completely different
from that of the true function y,,(poR) (for example, it
can grow without bound). Therefore, in the calculation of
electromagnetic transitions with high multipole order (be-
ginning with E2) the requirements on the accuracy of the
expansion (52) at large R and on the correct choice of the
expansion length increase sharply. In the actual calcula-
tions the required accuracy in calculating the matrix ele-
ments (f|O|i) was ensured by choosing the approxima-
tion region for the functions y,;(ppR) and yg(R) to be
fairly large: OKR<20 F.

As in the case of the initial-state function (42), the
normalization of the continuum function (48) changes
upon symmetrization. Since this wave function is normal-
ized according to its asymptotic value,®” it is necessary to
determine the asymptotic form of the functions | /') and
| 2. For the symmetry [ f]1=[3] in the final state (we,
consider only the spatial part of the wave function),

P 1,011 21X (PoR) Y i (Q2) 9(23)
=5{Xni(PoR) Yim(QR) @(23)

+Xn(PoR") Y (Qpep(13)
+Xn(PoR") Y 1 (QR")@(21) }, (54)
where
R'=—ir;—R, R’=iry—R,
ry=3—R, ry=13+R (55)

For R— « the functions ¢(21) and ¢(31) fall off, since ¢
is the bounded deuteron wave function (43). Accordingly,
we obtain the normalized final-state wave function | f{3])
by multiplying the function PR}, y;1/) by the normal-
ization factor equal to the inverse coefficient of the unit
operator in the projector (46). In the case of the symmetry
[f1=I[3] this factor is 3, while for [ f]=[21] it is 3/2.

The calculation of the matrix elements of the electro-
magnetic transition operators (39)—(41) between the an-
tisymmetrized wave functions (42) and (48) can be re-
duced, thanks to the Gaussian expansions (45) and (52),
to elementary integrals by simple algebraic transformations
(the E1 transition is studied in detail in the Appendix)
performed using programs written in REDUCE, a lan-
guage for analytic computations. Here in the operators
(39)—(41) it is necessary to transform from single-particle
coordinates to Jacobi coordinates, on which the cluster
wave functions of the initial and final states depend. As an
example, let us consider the E2 transition operator acting
in the system
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Here we have chosen the set of Jacobi coordinates r,;
and R. The E2 transition operator in these coordinates has
the form

Th=- Tkye RYzA(QR)+4'§3Y2A(Qr23)

1100 &
+- X7 Y (1A-M1M|21)
33 M=

XRrZSYIM(QR)Ylll—M(Q ) . (56)

T3

Usually, in calculations of the photodisintegration of light
and very light nuclei, the unit term proportional to R%is
kept in this operator:

N 1
I3i=—5 g keR YulQp), (57)

since it is argued that the contribution of this term is over-
whelmingly large compared with that of the other terms in
(56).8%% A similar argument for the reasonableness of this
step is given in Ref. 91. In the calculation of the differential
cross section for photodisintegration of the *He nucleus to
the p+d channel we use the full form of the electric-dipole
transition operator, including all possible Jacobi coordi-
nates, while keeping only the part (57) dominant in the
intercluster coordinate R in the electric-quadrupole transi-
tion operator. The calculations show that also in the El
transition operatgr_the dominant contribution to the ma-
trix element ( f| Tﬂ |31y comes from precisely that part of
the operator which is proportional to RY;(Qpg).

The explicit form of the matrix elements of the opera-

tors (39)—-(41) is

(f| |t[3])—— \/Fkyeexp(w1 ])YM(Q 5)

X|50' plo5l50 | 2 cllcalgl[c’ :
2 27 ) kx

2a 3/2[ 2a— 3K[21]
3 ]

X{ Z+—7 100 —9% [21]+1

20 3/2
7//[2”-3’[2”+2—z 3

20— 3kl
k21 y g, (58)

10a+9K[ I
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A \/217
(f Tff|i[3]>=27 T kfﬂyu(ﬂpo)

1 1
>< —O’A,IUIB]‘”'O' z c,[g]
2 27 ) ix

% 15[3” exp(i6}2') [ e

3/2

a
+;175v#[21] +2§,[3] exp(i6£3])

3a3/2
X[Z?gsl—-w.ﬂ[}]”, (59)

(f1 T 831y =o. (60)
Here
2

2a— 3K,[(,f ]

8
g[f]_g%f]

A=
10a+91, /1 7 °

/]
18 (f] 38a—9xky;

X |\ 73 '— e
2a——-3K,[c,f] 2 10a +9K,[c,f} *

2a— 3L/ \ 2a— 3L/ ,
8 +
O 10a+9x/T)? 102+ 9«7

1
ng/gf]g([)f]+§ ' raul

(61)

Riim
ng]=fol Y exp

1
-2 [2a+4a,[c3”+lc,[c,f]

(2a—3kL/1)? P
" 10a+9«L/]

’

dy, (62)

P r“‘“yq S .
¢ =)y 16

(2a—3kl/1)2
" 2a+4af k]

102 +9«L/!

]y’ dy, (63)

Nim
3”;”:[ M exp

1
. T [10a+9kL/ ’]ﬁ]dy, (64)

Riim 1
g1= [ " yrexp| 5 20+ 4af 44/ ]]yz]dy,

(65)

Rjim
z = fo o expl — (@ +ii/ 1)y 1dy.

The integration in Egs. (62)—(66) is formally extended to
infinity, but it is actually necessary to integrate only up to
some limiting value Ry;,,. This is related to the fact that the
continuum functions are expanded in Gaussians only in a
finite (not too large) range of R, outside which the behav-
ior of the approximating series (52) is arbitrary. In partic-

(66)
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FIG. 20. Differential cross section for the reaction *Hey—p+d at the
angle 6=90". The experimental data are from various studies: A from
Ref. 94; O from Ref. 96; X from Ref. 95.

ular, it can increase without bound. In practice, Ry, is
selected on the basis of the condition that the quantities
W{qﬂ, @gﬂ, K4 [Iﬂ, 9511], and & gﬂ be stable with respect
to small variations of the argument y.

It is clear from Eq. (58) that the electric dipole tran-
sition diagonal in the symmetry of the system [ /] does not
contribute to the matrix element. The situation here is sim-
ilar to that occurring in the translationally invariant shell
model (TISM) in the study of transitions between bound
states with different symmetries [f]. In fact, it is well
known?® that the transition between the states |y’[3]) and
|s?p[3]) in the TISM is spurious. It corresponds to excita-
tion of the center of mass of the three-nucleon system.

It is interesting to note that in the potential approach
there is no magnetic dipole transition in the system. Ex-
actly the same conclusion was drawn earlier in Refs. 92
and 93 from completely different considerations.

In Fig. 20 we show the differential cross section for the
reaction *Hey—p+d for proton emission angle in the lab
frame 6=90° in the range of photon energy E, from the
reaction threshold E,=5.49 MeV to E,=24 MeV. This
emission angle was chosen because of the availability of
experimental data.”®*°® It should be noted that the exper-
imentally measured cross sections for this reaction fall into
two strongly differing (by up to 30%) groups (Fig. 20).
The values of the photodisintegration cross sections ob-
tained from the experimentally measured cross sections for
radiative capture p+d— >Hey lie considerably higher than
the experimental photodisintegration cross sections ob-
tained directly. The results of the calculation of the differ-
ential cross section for photodisintegration of the *He nu-
cleus obtained using our generalized potential approach
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FIG. 21. Angular distributions for the reaction p-+d—3Hey. The exper-
imental points are from Ref. 99.

fall into a band lying between these two groups of experi-
mental points.

Let us now analyze the angular distributions. We note
that the overwhelming majority of experiments study the
radiative capture reaction p+d—>Hey (Refs. 94 and 99),
which is the inverse of the two-particle photodisintegration
of the *He nucleus. Using the detailed-balance equation,”’
we obtain the angular distributions for this reaction from
37):

da.capt k_7 2 da,dlsmt

dQ k,| dQ
In Fig. 21 we show the results of the calculation and the
experimental data of Ref. 99 for two deuteron energies,
E;=19.8 and 29.6 MeV. We see from this figure that the
calculated results are in good agreement with experiment.

The electric dipole transition dominates in the energy
range under consideration, E,<24 MeV. The contribution
of the E2 transition to the total cross section is about 2—
3%, which agrees with the theoretical estimates of Refs.
100 and 101 and with the experimental results of Ref. 70.
The transition itself is manifested in the angular distribu-
tions mainly through the interference with the E1 transi-
tion, which leads to a slight asymmetry of the angular
distributions. As already noted, the M1 transition is absent
in the potential approach (if we use the simplest model
functions for the nuclei involved in the reaction). How-
ever, it follows from the experimental data (see, for exam-
ple, Ref. 70) that even though the isotropic component in
the angular distributions is very small, it is still there. This
component owes its origin to the presence, in the ground-
state wave function of the He nucleus, of the mixed-

2
(3)=3 (6). (67)

227 Sov. J. Part. Nucl. 23 (2), March-April 1992

symmetry component with [ /]=[21], which was not con-
sidered in our approach. We note that by including this
component in the calculation of the differential cross sec-
tion for *He disintegration and comparing the results with
the available experimental data, we can estimate the con-
tribution of this component to the ground-state wave func-
tion of the *He nucleus.

We conclude by pointing out another important ad-
vantage of the potential approach to the description of
photonuclear reactions involving very light nuclei. This is
the simple but correct inclusion of the final-state interac-
tion. The importance of this was analyzed in Ref. 101,
where it was shown that the use of the plane-wave approx-
imation leads to an increase of 20-25% in the maximum of
the differential cross section for photodisintegration of the
3He nucleus to the p+d channel for 6°=90".

The differential cross section for the radiative capture
reaction d+ *He — Liy, averaged over the spin states of the
deuteron and the helium nucleus, o4 and o, and ‘summed
over the allowed photon polarizations A= =1 and the pro-
jections M of the total angular momentum J of the °Li
nucleus as a d+He system, has the form

o pk, 1
(9=
20 9 =2, @5, 7 1) (2554 D) EAM

|(£101iy |2
(68)

Here p, is the momentum of the relative motion of the
deuteron and the helium nucleus in the c.m. frame in the
initial state, u is the reduced mass of these particles, and k,
is the photon wave vector.

As in the calculation of the photodisintegration of the
3He nucleus to the p+d channel, we carry out all the
calculations in the long-wavelength approximation (38),
taking into account only the E1, E2, and M1 transitions
(39)-(41), which give the largest contribution to the cross
section (68).

As the initial-state wave function we use the contin-
uum cluster wave function of the d+°>He system, whose
asymptote is a diverging wave.¥ Its partial-wave expansion
has the form

- )
|i)y= 1(7:

=41 X i’ exp(i8) Y3, (D)) Y () Xni(PoR) 04 (123)
Im

~1 11 -
XI[3] 50A55)¢B(45)|[2]]0’BOO>, (69)
where @5(45) is the spatial part of the wave function (43)
of the deuteron formed by the nucleons numbered 4 and 5,
and @ ,(123) is the spatial part of the wave function of the
He nucleus:!*?

3/2
exp

3
—BZ(Z "%2+P2) J’

B=0.385 F—l, Iy, =r;—ry, p:%(r1+r2)—r3 .

¢A(123)=[§

(70)

To antisymmetrize the wave function (69) using the recipe
described above, we use the Young projection operators in
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the nonstandard basis corresponding to the reduction
U(5)DUBB)XU(2) (Ref. 23),

P%gﬂz];[s][z]=%(6E—2P14—2P24—2P34—‘2P15—2P25
—2P35+ P14Prs+ PyyPis+ PiyPss
+P34P15+ PyyPys+ Py Pys), (71)
P31y 31121 =5(6E+Pra+ Poy+ Prg+ Ps
= Pys+ P35 —2P14Pys— 2Py Ps— 2Py Pss
—2P3 P 15— 2Py Pys—2P3Pys),  (72)

and also the supermultiplet expansion
30455 ) 11301
3150433 ) | E1000)

= X

sot7[ f1
1 11
X (5 O'A,IO'BISO’) (55,00“7')

~1 11 < ~
Xl[3]EUAEE;[z]IGB()O:[f]SUtT>.

~ 11 - -
(13135 210/ [ 715T)

(73)

The final-state wave function is the function of the J™=3"
ground state of the °Li nucleus as a d+’He bound
system:'®

|f[4l]>=PBH21;[31[2]¢’A(123)<PB(45)X11(R)

X Y1n(Qg) | [41] 307 D). (74)
As before, it is necessary to take into account the change of
the normalizations of the initial- and final-state wave func-
tions due to their antisymmetrization. In calculating the
matrix elements of the operators (39)—(41) between the
cluster wave functions (69) and (74) we use the same
Gaussian expansion technique as before. In the present
case for y;;(R) we take

15
y1(R)=R kEl cx exp(—a,R?). (75)
In the electromagnetic transition operators we include only
the part which is dominant in the intercluster coordinate
R.

In Fig. 22 we show the angular distributions for the
reaction d+>He—’Liy corresponding to three values of
the °Li excitation energy, E,=E,+Q0=19.9,20.7, and 23.2
MeV. Here @~ 16.6 MeV is the binding energy of the °Li
nucleus in the d+>He channel according to the data of
Ref. 104. The experimental data shown in this figure are
also taken from that study.

The differential cross section for the reaction
d+’He-’Liy at the angle §=90° is shown in Fig. 23 to-
gether with the experimental values of the cross sections.®
We see from Figs. 22 and 23 that the agreement between
the theoretical results and the experimental data is quite
satisfactory.

228 Sov. J. Part. Nucl. 23 (2), March-April 1992

a
4 ° 5
o o °
&2 : 1 1
NE ‘I b
O 4k o
S ° o 0o
S
(] 1 1
A1
<)
2L o
L 1
0 60 120 180

8 CIm{deg

FIG. 22. Angular distributions for the reaction d+°He— °Liy. The ex-
perimental data are from Ref. 104: (a) E,=19.9 MeV; (b) E,=20.7
MeV; (c) E,=23.2 MeV.

We note that the main contribution to the radiative-
capture cross section comes from electric dipole transitions
occurring with rearrangement of the spatial symmetry of
the d+°He system (from the state with symmetry
[f1=I[32] to that with symmetry [ f]=[41]). The contri-
bution of transitions diagonal in the symmetry [ f] is con-
siderably less important. Here for low energies of the final
photons (see Fig. 22a) the contribution of E1 transitions
leading to a decrease of the total angular momentum of the
system J (transitions J"=3" »J"=1%) is somewhat
greater than the contribution of transitions leading to an
increase of J (transitions J"=3"—J"=3%). This is due to
the presence of a clearly expressed resonance in the S wave
of the potential Vgﬂ, - At higher energies (see Fig. 22c)
the relative roles of these contributions are reversed (the
transition to the J"=3"1 resonance in the D wave of this
potential plays the dominant role). The electric quadru-
pole transition is weaker than the electric dipole one by
almost two orders of magnitude. It is manifested mainly
through interference with the E1 transition, leading to a
weak asymmetry of the angular distributions. The contri-
bution of M1 transitions is negligible in this energy range.

o
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FIG. 23. Differential cross section for the reaction d+>He—’Liy at the
angle 6=90". The experimental values of the cross sections are from Ref.
104
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Recently, there has been a surge of interest in the ra-
diative capture reaction d+d— *Hey and its inverse, two-
particle photodisintegration of the *He nucleus to the d+d
channel (Refs. 71, 73-76, 105, and 106). This is due to the
possibility of determining in a relatively simple manner the
admixture of the D-wave component in the ground-state
wave function of the “He nucleus. In fact, in contrast to
photonuclear reactions in the systems z+>He and p+°H,
where the full series of E1, E2, and M1 electromagnetic
transitions is possible and it is necessary to take into ac-
count the complex realistic function of the three-particle
nucleus (*H or *He), here in an energy range not too close
to the threshold at E=23.848 MeV and not exceeding 50
MeV, the dominant transition is the electric quadrupole
transition (in  the  photodisintegration reaction
“Hey—d-+d this is the transition from the 'S state of the
*He nucleus to the D, scattering state in the d+d system).
When the admixture of the D component in the “He wave
function is taken into account, another electric quadrupole
transition becomes possible: for the photodisintegration
process this is the transition from the 1D, state to the 35,
scattering state of the d+d system. In addition, the realis-
tic deuteron wave function is fairly well known.'”’ By cal-
culating the theoretical cross section for two-particle pho-
todisintegration of the “He nucleus, or, nearly the same, for
radiative capture d+d—*Hey, and comparing the result
with the available experimental data (Refs. 71, 73, 75, 76,
and 108), we can extract information about the unknown
admixture of the D-wave component. Here it better to
avoid energies near the threshold, since there the contribu-
tion of the M2 transition is large, amounting to 25.3% at
E=24.448 MeV, according to the data of Ref. 73. Our goal
here is not to determine the admixture of the D component
in the ground-state wave function of the *He nucleus. It is
to develop a simple and effective, but also fairly accurate,
formalism for calculating the cross sections of the photo-
nuclear reactions discussed above.

As in the case of the systems considered above, we use
the generalized potential approach for describing the two-
particle photodisintegration of the *He nucleus. In this ap-
proach the differential cross section of the process is given
by Eq. (37), where J=0 is the total angular momentum of
the a particle. For the reasons stated above, we restrict
ourselves to the inclusion of only the dominant E2 transi-
tion from the 'S, bound state to the continuum of the 'D,
d+d system (this condition imposes a certain limit on the
allowed energy interval: we must not get too close to the
reaction threshold, where the contribution of M2 transi-
tions is large). In the electric-quadrupole transition oper-
ator (40) we transform to Jacobi coordinates

and

Fig=Fy—Fz2 ,

"u—"z L)

=L trer-L(rpera)
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" ke (1

Tg_ 3% RYZA(QR)'*' rZYZ/l(erz)
1
1R (9,34)+ J107/3R

—

X 2 (IA=M,IM|24)Y;_p,(Qg)
M=-1

X [r2Y1a(Q, ) —raY12(Q,,,) ] (76)

"2
and then we take into account only the leading term in the
coordinate R:

A K2

T§j=—10Ye6R2Yu(nR). (77)
As the wave function of the ground state of the *He

nucleus we use the cluster wave function of this nucleus as

a d+d system:

|1 ={@(12)@(34) x00(R) Yoo Q) }*| [Z]ooom.(78

Symmetrization, denoted by the curly brackets in (78), is
accomplished by means of the Young projection operator
in the nonstandard basis corresponding to the reduction
UM4)DU2)XU(2) (Ref. 23):

P{)ayi212=3(E+Pr3+Pyy). (79)

Up to an overall factor, this projection operator was con-
structed earlier in Ref. 44. The normalization constant of
the symmetrized wave function (78) is calculated directly
using the Gaussian expansion (45) for the function

Xoo(R):

1 a3 15
N2 —_ N2 cxe{d(a+a,) 37
(N2 =3 Nostre g7 & cicldlatan

X [(3a+ak,)2—(ak,—a)2]'3/2+(2a)_3/2

X [Qa+ap+a)?—(ap—a)*1 ¥,  (80)

where NZ,. is the normalization constant of the wave
function |i) before symmetrization.

The continuum wave function of the d+d system in
the final state corresponds to a converging wave in the
asymptotic region.®” Its partial-wave expansion has the
form

If[f])EW,(;_)][”

=47 2

Y4(2,)
s'a,[ f]

> i exp(—iby)
Im

[f1
X Y (QR) X ui(PoR) @ (12) @ (34)

%{[2110,[2]10| [ £150) (10’ 410" 5| Sa) |
X [2]10” 400;[2] 10" 500:[ £ 15000). (81)
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FIG. 24. Angular distributions for the reaction y*He—d+d at E=39.8
MeV (a) and 45.3 MeV (b). The experimental values are from Ref. 108.

The selection rules for [f] and S [the values of all the
nonzero isoscalar factors of the Clebsch—-Gordan coeffi-
cients of the group SU(4)] together with the requirement
that the total spin .S of the system be conserved give two
possible final states: (1) [f]1=[4], $=0; 2) [f]=[22], S
=0. However, since the electromagnetic transition is a
one-particle transition, it can lead only to a one-square
rearrangement of the Young scheme of the system. For this
reason only the final state 1 above is possible. Using the
Gaussian expansion (52) for the function y,,( p‘,R ), we can
obtain the matrix element for the E2 transition operator:

K2
v exp(i8£4] )

TE2| {41y = (_1)1+7'4
(fITE ) =(=1) R TNITS

15

Riim
4
XY@y 3 gy fo R®

xexp[ — (a}¥ +«Li)R?1dR. (82)

The functions yu(R) and y,,(poR) are determined by nu-
merical solution of the Schrodinger eqwhtion with the po-
tentials constructed in Ref. 22, using the elastic RGM and
the experimental phase shifts.

In Fig. 24 we show the differential cross sections of the
two-particle photodisintegration of the “He nucleus to the
d+d channel by photons of energies E,=39.8 and 45.3
MeV together with the experimental data of Ref. 108, cal-
culated using Eq. (82), including only the E2 transition. In
Fig. 25 we show these differential cross sections as func-
tions of the energy E,=E,—Q (Q=23.848 MeV is the
reaction threshold) at the angles 3 =137° and 3=152° in
the c.m. frame. We see that the agreement with the exper-
imental data is not bad.

We note that there have also been earlier attempts to
apply the potential description to the photonuclear reac-
tions d+d —*Hey and *Hey —d+d (Refs. 74 and 76). For
example, in Ref. 76 it was shown that the results of the
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FIG. 25. Differential cross section for photodisintegration of the ‘He
nucleus to the d+d channel at 6=137° and 156° in the c.m. frame. The
experimental data are from Ref. 108.

potential description of the radiative capture reaction
d+d—*Hey depend strongly on small changes of the pa-
rameters of the interaction potential. On this basis it was
concluded in that study and in Ref. 105 that the potential
approach is altogether unsuitable for describing photonu-
clear reactions involving very light nuclei. From our point
of view this conclusion is wrong. The reason is that the
d+d interaction potentials used in Ref. 76 are incorrect. In
fact, as the interaction potential in the final channel with
[ f1=I[4] the authors of Ref. 76 chose a very shallow po-
tential with depth of about 19 MeV. Obviously, this poten-
tial does not contain a bound state of the d+d system—the
ground state of the “He nucleus, so that it is not at all
consistent with the potential determining the ground-state
wave function of the “He nucleus. Only the use of the
correct, microscopically justified interaction potentials [see
(14)] leads to the correct description of photonuclear re-
actions involving two neutrons. This conclusion is also
confirmed by the independent results of Ref. 74, where the
two-neutron system in the final and initial states was de-
scribed purely empirically using a Woods—Saxon interac-
tion potential with the parameters

Vo=740 MeV, Ry=17F, a=09 F.

It is easily verified that this potential is very close to the
potential (14) and ensures an excellent description of the
available experimental data on photonuclear reactions in a
wide energy range.”* Now we clearly see that the success
here is due to the fact that the same Young scheme
[f1=[4] is realized in both the initial and the final state.
Now let us consider two-particle photodisintegration
of the “He nucleus to the p+>H and n+>He channels.
These mirror reactions are interesting because they may
help to explain the possible violation of the charge inde-
pendence of nuclear forces.'” The reaction data are usu-
ally described using microscopic approaches like the
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RGM. However, the same results can be obtained in the
simple potential approach described in Secs. 1 and 2 for the
systems p+d, d+°He, and d+d.

From the ideological point of view the calculation of
the differential cross section for a-particle two-particle
photodisintegration is practically identical to the calcula-
tion of the cross section for the reaction 3Hey —p+d stud-
ied earlier. As before, we include only E1, E2, and M1
transitions, which according to the results of Ref. 109 give
the dominant contribution to the cross section for the re-
actions *“Hey—p+°>H and *Hey—n+>He. We keep only
the leading terms in the intercluster coordinate R in the
operators for these transitions. As for the systems studied
earlier, for the wave functions of the initial and final states
we use the cluster wave functions of the “He nucleus as an
N+ 3N system in the continuum (the latter is either the
p+3H or the n+>He system):

|1 ={@(234) yoo(R) Y0 ( Q) }1*! | [4]000), (83)
LN=d) =Van(= D) 3, | X lexp(—id)
[f]
X yh(Q )Yz,,,mR)xn,(poR)q:(zu)] - 1]
1,1~ 1,1 -
XEUAE T4[3] EO'BEPE[“']OOOO)- (84)

Here ¢(234) is the spatial part of the wave function of the
bound three-nucleon subsystem (the H or *He nucleus)
consisting of the nucleons numbered 2, 3, 4; 7,=1/2,
Tp=—1/2 for the p+°He channel, and 7,=—1/2,
Tp=1/2 for the n+3He channel.

The wave functions (83) and (84) are antisymme-
trized using the Young projection operators in the non-

standard basis corresponding to the reduction

U(4)DU(1) X U(3) (see Ref. 23):
Pm[s];[l]m=%(E+P12+Pl3+Pl4), (85)
PRHH;[I][S]=%(3E_P12_P13_P14)- (86)

The relative-motion functions yg(R) in (83) and
Xn(PoR) in (84) are found by numerically solving the
Schrddinger equation with the interaction potentials VY,‘ s
constructed above. All the needed matrix elements can be
obtained for these functions by using the Gaussian expan-
sions (45) and (52). As an illustration, we write down the
matrix element for the E1 electric dipole operator:

(FITH i)

ik
o 2’24— exp(i8}™") ¥14(2,)

Riim
4 31
s [

Xexp( — (@M +«¥R%R

=( )1/20A6

15
X X

kk' =1
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23 0

1 22 ) Riim
Xexp( 2 (22 —-}—:—)R )drf x
3 0

2 2
X exp -3 2x

16172 [334 243,43, unm R

Rim 3
deJ. l r§3exp(—~5621§3)dr23], (87)
0

where

1 [31]

3= +a+, 3=k,

32
3;=56+ x,‘j”,

and the value of Ry, is chosen on the basis of the stability
condition for the values of the integrals in (87) [Ryn,
should not be greater than the length of the region in which
the functions y,,(poR) and y(R) are approximated by
sums of Gaussians].

It is interesting to note that, as in the case of the p+d
system, the electric dipole transition is nondiagonal in the
symmetry of the system, [ f]. In addition,

CFITH ) =0 (88)
in complete analogy and for the same reasons as for the
p+d system.

The change of the normalization of the initial-state
function (83) due to antisymmetrization is found by direct
calculation:

27p432 15
(N¥4)2= Nbefore+6772[ kkz,:—l cllcﬂcl[;]
, )
X[24(162526—T (4z6+>:5+z7)] , (89)
where
24=Bz+a][‘4]+;a;:], 25=Bz+;a][:]r

4 4
26=32+9a][¢l]’ z7=B2 905(,].

The procedure for calculating the changed normalization
of the continuum function (84) is analogous to that de-
scribed earlier for the p+d system.

In Fig. 26 we show the differential cross section of the
reaction “Hey —p+>H as a function of the proton emission
angle 0 (in the c.m. frame) together with the experimental
data of Ref. 70 for two values of the y energy, 27 and 29
MeV. In Fig. 27 we show the differential cross section of
the reaction *“Hey—n+>He for Ey=29 MeV. Here the
experimental data are also taken from Ref. 70. We note
that the dominant contribution to the cross section comes
from the E1 transition. As can be seen from Figs. 26 and
27, the theoretically calculated cross sections are in good
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FIG. 26. Angular distributions for the reaction *Hey—p+°H at Ey=27
and 29 MeV. The experimental data are from Ref. 70.

agreement with the experimental data, and we therefore
conclude that the potential approach is correct and prom-
ising.

CONCLUSION

We see that on the whole the optical model of nucleon
scattering on nuclei proposed about forty years ago re-
mains a viable and fruitful approach to the physically deep
problem of composite-particle scattering, since it admits
conceptual development and complexification. Using a
very simple theoretical technique, we have predicted the
cross sections with deuteron flip to the singlet state, which
as yet are poorly studied experimentally. Here there is a
broad area which deserves study. We have presented cal-
culations of binary photonuclear reactions which show
that the quantitative description of the experimental data
in the region Ey<50 MeV does not at all require compli-
cated ground state wave functions of nuclei such as *He,

o 180 | o
iy °
5 o
o -
8 120 o
3 o
o o
3
s 60 + ° )
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0 wcm 120 180
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FIG. 27. Angular distribution for the reaction *Hey— n+>He at Ey=29
MeV. The experimental data are from Ref. 70.
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*He, and *He (here the shell functions transformed to clus-
ter channels are in fact sufficient), and that it is based on
the correct inclusion of the final-state interaction, where
amplitudes with different symmetry [ f] can interfere. The
pairs of nuclei that we have studied are important for the
physics of fusion reactions. The theoretical scheme out-
lined here is easily generalized, for example, to 6Li+a7,
6Li+h, 6Li+"’Li, etc., scattering. It is also applicable for
treating spin-isospin flip N+ N—A+A and, more gener-
ally, N+ N — N*+ N* at energies of several GeV, since the
quark description of nucleons in the NN system is at
present constructed in many studies by using also the
quantum numbers of the permutation symmetry [ f]; the
difference is that the unitary symmetry groups used here
are more complicated than SU(4).

APPENDIX

Here we give a detailed derivation of the matrix ele-
ment for the operator of the E1 transition from the ground
state of the *He nucleus to the continuum of the p+d
system.

According to (42), the wave function of the initial
state (the J"=3" ground state of the *He nucleus) in the
cluster representation is written as

1
|il31>=m{<p(23)m(m+<p(13)xOo(R')

+@(21)x0(RM)}| [31o} . (A1)
The wave function of the final state (the continuum of
the p+d system) is

A= X {417-2[1exp(—1'61)Y7‘m(QP0)
s,0,[ f1 Im
[f]
XY 1 (L) Xni(PoR) P (23)

X ([114,12110] [ F1S%) Go'ploy| So) | [1]

X3 0% 3[2]10500:[ £1503 7). (A2)

Since the electric dipole operator fﬂ (39) does not
contain any spin dependence, the spins of the initial and
final states coincide, S=1. Among all the possible values of
the isoscalar factors of the Clebsch—-Gordan coefficients of
the group SU(4), {[1]35,[2]10| [f]3), only two are nonzero:
one corresponds to the symmetry [ f]= [21] and the other
to [ f1=[3]. Therefore, the matrix element for the E1 op-
erator (transition to the P wave) becomes

A 21T 1 1
TEl -[3] ] r
Sl TH 1D ‘/jz(zaA,laB|2a)

9
x{Z@j+2%,, (A3)
j=1 j=1

where the symbols % ; denote the parts of the matrix ele-
ment corresponding to the transition nondiagonal in the
symmetry [ f] (from [ f]1=[3] to [ f]1=[21]), and the sym-
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bols Z; denote the parts corresponding to the diagonal
transition (from [ f]=[3] to [ f1=[3]). For what follows it
is convenient to have the explicit expressions for %;:

2
@1=§iexp(i8{2”) > Y1m(Qy) f Y1, (QR)yiT"

X (PoR)@(23) TEY BV (R)p(23)drysdR,  (A4)

1
02/2=§iexp(i5£2”) 2> Yin(Qp) j 73, (Qp)xi!

X (poR")@(13) TEXR (R)p(23)dr,5dR, (AS)

1
@3=§iexp(i5¥2”) z Ylm(npo) f YTM(QR")X’[I%”
m

X (poR"))@(21) TEY B (R)p(23)dryydR,
(A6)

2
02/4=—§iexp(i5{21]) 2 Ylm(ﬂpo) f Y?m(n’k)x'[j]]

X (oR)@(23) TELW B (R)p(13)drydR, (A7)

@5=-31-iexp(ia{2”) S Yin(Q) f Y2, (Qp )y (2!

X (PR p(13) TEY R (R @(13)drydR, (A8B)
U= i exp(iBf) 5 ¥in(0y) [ Prani

X (PoR™)(21) TEX B (R")@(13)dr,5dR, (A9)
Y 4= —;iexp(lﬁgm) % Yim(Qp) J- Y, (Qp)xi!

X (poR)p(23) TELS (R") p(21) drp5aR,
(A10)

1
%=§iexp(16£2”)2Ylm(ﬂpo)fom(QR')xL%‘]
m

X (PR @(13) TEY B (R") @ (21)drysdR,
(All)

1
@9=§iexp(i¢5¥2”) z Ylm(ﬂpo) f Y,]km(ﬂR")XL%l]
m

X (poR™)@(21) TELB1(R")p(21)dr3dR.
(A12)

The expressions for %; are analogous Egs. (A4)-
(A12) above; only the phase shifts 6}/1 are changed to
correspond to the relative-motion functions XL{] (poR): in
the case of % ; they correspond to the symmetry [ f]1=[21],
and in the case of #; they correspond to [f]=[3]. For-
mally, we can write (up to the substitutions mentioned
above)
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B\=1U\, Br=—U»p By=—Us, Bs=1%
Bs=—Us, Be=—s -@7=%@7,
‘@8= _@8’

.%9:—@9. (A13)

In Egs. (A4)-(A6) the E1 operator acts on the cluster
wave function of the system

This operator, written in the form (39), is a function of the
single-particle coordinates r;, while the initial- and final-
state wave functions in the matrix element (A3) are func-
tions of; the Jacobi coordinates. Therefore, also in the op-
erator T'(; we need to transform to the Jacobi coordinates
ry; and R. In these coordinates 7% is rewritten as

?E‘——V—ik Y Y0, )~ RY (0
w=—3kgj3m 1(2,.)) 3 1 (Qg) |

3

(A14)

Using (A14), we can easily calculate the values of
(A4)-(AS6) for %,, %, and % ;. In fact,

2v2
@I=——9— ieky exp(i(S{z”) 2 Ylm(ﬂpo)
m

1
X [5 f YE,(Qz)x 3 (poR)

X@(23)r3 ¥ 1(0,,))

3

1
X X8 (R)p(23)dr;dR—3 f Y (QR)x

X (PoR)@(23)RY 11 (Qp)x ! (R)@(23)drysdR .

(A15)
Since

[ v, a0, =s8:0=0,

only the second term remains in (A15). Using the expan-
sions (45) and (52), we obtain

V2
U= ek, exp(i8}*1) Y1,(,,) ,% gl

Rim
xf " R exp[ — (a1 +«2')R?]4R. (A16)
0

In the case of %, the situation is somewhat more com-
plicated. Here
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@/2=—?iek7 exp(i5[?1) ,2,,: Y1m(€p)
xl% [ e @R e 13 (0, )
X xS (R)@(23)dry;dR—= f Q31
X (PoR")@(13)RY 1, (QR)x&! (R)p(23)dry3dR

V2
= — ieky exp(i8{*) % Yim( Q) [2¥+29),

(A17)

g [21]fR YT, (Qr)RY;(QR)

1 1
Xexp( =3 arﬂ—i ark;—al’IR?

_K,B”R'Z)drBdR. (A18)

We isolate the total square in the exponent of (A18),
using the relation between different sets of Jacobi coordi-
nates (55):

1 1
_5ar%3_§ar§3_a1[(3]RZ_Kl[31]R12
2a— SKIBI] 2
=16 10a 9K, r 2———R
( + k )(23 10a +9K[21] )
1 (2a—3k21)?
—7 [ 20+4af) 42— X 1R2 (A19
4( e+ 10a + 9k .

and then transform from the old coordinates r;3, R to the
new ones

20— 32!

=r ——RR
y=ry— 10 +9 21]

The Jacobian of this transformation is unity. We also take
into account the fact that

Y?:m(Q'R’) =@?gm(R,) ZQ?M
) _% RY’lkm(Q’R),

—ir3—3R)
_%r23Y‘l'=m(‘Q‘r23
(A20)
and, therefore,
“y mn|_3 o u
3, oflef| 3 okl 2]
(A21)

where
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1
UN= J-r23YTm(Qr23)RYM(‘QR)eXp( —16 (10a

1
+9K,E?”)y2)exp(—z (2a+4a[31+,<“”

(2a—3k21)2
_h) Rz)dr23dR,

10 + 9«21 (A22)

Riim

@gg=4ms,m

¥ exp( — (10

1
+9Kk,1])y2) f R4exp(—z(2a+4a,[(3]

Qa 3K[21])
O

BT (A23)

Equation (A22) also is easily reduced to trivial inte-
grals of the type (A23) after a transformation analogous to
(A20):

2a— 3K[21]
r23Y?m(Qr23) =¥ },(ry) —@1m(}’+2 m R)

[21]

a—
r}.(Q )+2ﬁ0 5 RY* (Qg.).

Then

2a-3 (n,
R L N ‘”‘P( 16 (102

+9Kk,1])y2) f R* exp(—~ (2a

(2a—3k2')2
+aaP 42— K \R2 4R

M_
21=

FN .

10+ 9k "]
(A24)
We calculate %) in a similar manner:
2 3] g[21] 1 0
7] g g
(A25)
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Riim
XY, =478, l rg3exp( (10a+9x[2”
0

(2a—3x2")?
_2a+4a[3]+ [21]

Rijm
) ’%3 ) dry y2

Xexp

_—(2a+4a[3]+xk,”)y2]dy, (A26)

20— 3K[21] Riim
[21] 8m/1 0 ,V2

Uy =2 ——————117
22 2+4a[3]+

1
X exp ~32 (2a+4a}(3] +K,[31] A

Riim 1
XdyJ. ‘ o) Xexp( 16 (10a+9K[21]
0

(2a—3kl)?
— . .031. .21 ’%3 d"23-

A27
2a+4a[3]+:c ¢ )

Now we turn to the calculation of Eq. (A6) for % ;. Here
v2
Uy=—g iek., exp(i8i*') % Yim(Qp)
1 [21]
X E fy‘l"m(QR”)an
X (poR") (2113 Y12(L,,)

[3](R)¢(23)dr23dR—§ f Y} (Qpn)y 3
X (poR”)cp(Zl)RYM(QR)X[”(R)<p(23)dr23dR}

)

— ik, exp(i8*) X ¥y, (Q,) [ 23+ 23],
m

(A28)

/2
21 ”
P ]fR %D ) RY 11(Qp)

1 1

Xexp( —5 ga 21_-2— a 23_a}c3]R2"‘K}j”R”2)

Xdl'23dR. (A29)
Isolating the total square in the exponent of (A29)

1

211 pn

—Z %3 H—al IR~k 'R
1 21 2a— 3k 2
=16 (10(1—|—9K}c, 1)(r23+2m )

2

" 10a+9x2!
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EQ (P) [between (A35)&(A36)]: 5 pica Depth

and using the relation

Y%, (Qpn) =23, (R") =21, (r3—1R)
=%r23Y’1"m(Q,23) —3RYT.(QR),
we find that
Y =23 (A30)
Similarly,
U=, (A31)

In calculating % ,— % it is necessary to take into
account the fact that the El-transition operator acts in the
“rearranged” system, which now has the form

4@P

d n
r&é{ - R" %
p

Transforming to the set of Jacobi coordinates in (39),
we obtain

vZ_ (1 1
TE —3 k”eli ra¥i(Q, ) —3 R Yu(QR')]-
(A32)

The rest of the calculations are completely analogous to
those carried out above, and therefore we give only the

final expressions for % 4— % ¢
2v2
U y=—g- iek, exp(iB{"") Y12(Qp) [ 23"+ 23],
(A33)

—3% (A34)

>
Uo=—g ieky exp(i8{"') ¥1,(Q, ) [ 23— 2I].
(A35)

Calculating the values of %,— % g, We again rearrange the
E1 transition operator. Now it acts in a different system
and has a different form:

PE1 2v2 ”
Tll:_TekTR YIA(QRII). (A36)

Then after trivial calculations we obtain
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42 -
Uy=——5- ek, exp(i8]*') ¥1,(Q, ) 77, (A37)

V2. .o[21] M
02/8=—9—zeky exp(l61 )Y]A(on)@z , (A38)

Collecting Egs. (A16), (A17), (A23), (A28)-(A30),

(A31), (A33)-(A35), and (A37)-(A39), we have

EQ:O%—-giek exp(is12!] Blg2i] (Mim s v Bl (20 g2 2|3 2% 3,
& j="g leky p(i8;7") Y12(Qp) k'Zk,ck §p lfo R* exp[ —(ay +Kk, )R ]dR+T 10a+9 [21]+ }
21
OR"'“R4 exp i(2a+4a[3]+ o '————(fga _:::,[2]1? )R2 dR
Ftm [21] 3 2a_3"’[31]
yzexp[ — (10a+9;; )yzldy+ma T [21]+3]
Riim 1 1] (2a 3:(“1])2
Xfo 73 €Xp —E(10a+9 & " +4a[21]+K[2”)
Xdry OR""'yzexp —7 Qa+4af 42y dy]- (A40)

For transitions occurring with conservation of the symme-
try of the system, [ f], taking into account (A13), we for-
mally obtain

d 1 1 1
2 Bj=y Ur—Ur—Ust5 U= Us—Us+5 U
j=1
—Us— s

1 1
=(’2‘ @1—'@5—@9)—(@2+ @3—5 @4—}- @6

1
—5 %74— @3)

11 %) o
=(5@1+5@1—%1) Const—(@ +@ )

v2 V2 v2
+g (2 = U+ U+ 1) +5 (23

2v2 22
—@‘2’)——9— @3’—7 @9{]:0. (A41)
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