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The influence of pairing and dynamical a-type correlations on the structure of nuclear states
is studied in the framework of the enlarged superfluid model. A new superfluid phase,

the so-called a-like superfluid phase, is introduced. New types of isomers with corresponding
bands of elementary excitations are predicted. The odd—even staggering of the charge

radii of chains of isotopes of various nuclei is explained together with some other experimental

data.

INTRODUCTION

Symmetries introduce beauty and order into physical
phenomena and their mathematical description. Some can
help us (and are often used as a tool) to hide the absence
of a deeper understanding. However, they die if they are
not changed. Moreover, if a symmetry is broken, then, as is
well known in art or architecture, this creates life and gives
new strength. For this reason, the breaking of a symmetry
may give us more information about a physical system
than if the symmetry were unbroken. The causal symmetry
associated with the conservation of particle number was
valid for a long time and therefore could be used as a
restriction. The discovery of its violation became a great
stimulus for experimental and theoretical investigations.

In 1958, Bohr, Mottelson, and Pines! pointed out a
certain similarity between the structure of nuclei and the
electron structure of metals. In particular, they emphasized
the analogy between the energy gap which exists in the
spectrum of intrinsic excitations of nuclei and the energy
gap observed in an electron excitation of superconducting
metals. Their paper opened up a very rich and general field
of investigations between solid-state physics and nuclear
physics; specifically, the two fields are united by the phe-
nomenon of pairing. Application of this theory explains the
energy gap in the spectrum of even—even nuclei, introduces
a certain mixing of configurations near the Fermi surface,
and shows how the nuclear moment of inertia decreases
from the rigid-body value calculated in accordance with
the Hartree—-Fock model to the experimental value. Effec-
tive pairing and long-range interactions are studied in the
framework of the random phase approximation (RPA),
which, therefore, describes elementary collective excita-
tions. In the framework of this approach, normal fluid nu-
clei are well separated from superfluid nuclei, and the tran-
sition between these two phases occurs in the second
order.? Elementary single-quasiparticle and collective exci-
tations will be described in the framework of the superfluid
model for the quasiparticle-phonon nuclear model
(QPNM)3'4 when the investigated objects are superfluid
nuclei. Such a model, which is good for heavy nuclei, has a
shortcoming, since the possibility of formation of neutron—
proton pairs is omitted from it. The argument for neutron—

187 Sov. J. Part. Nucl. 23 (2), March-April 1992

0090-4759/92/020187-23$04.00

proton pairing correlations is particularly strong for light
nuclei, in which the neutrons and protons occupy the same
orbitals; however, the density of the single-particle levels is
too low, and cases of superconducting light nuclei are not
observed. Such correlations can be included in the frame-
work of Hartree—-Fock-Bogolyubov (HFB) theory and ex-
plain new phenomena that cannot be investigated by ordi-
nary Hartree-Fock (HF) plus Bardeen—Cooper—Schrieffer
(BCS)>® theories. These include neutron—proton correla-
tions, Coriolis antipairing, pair alignment, gapless super-
conductivity, shape transitions, coexistence of shapes, and
branching of spectra. However, there exist experimental
data relating to odd—even staggering of the charge radii of
nuclei in chains of isotopes of various elements’~'? that
cannot be explained in the framework of HFB theory,
which includes only the interaction of two nucleons.
Geometrical symmetries are used to describe special
simple properties of complicated structures. Examples of
geometrical symmetries associated with reflections and ro-
tations can be seen in many objects, including nuclei. Dy-
namical symmetries are associated with relatively simple
ordering, which can sometimes be discovered in the laws
that govern the behavior of physical systems. Because of
the complexity of the nuclear many-body problem, one
cannot expect such symmetries to play a decisive role in
nuclear physics. However, it has been shown that the ar-
rangement and decay properties of the excited states of a
large number of even—even nuclei can be correctly calcu-
lated by using a symmetry in which valence nucleons are
paired with the formation of bosons with spin 0 and 2.
Such a model, the interacting boson model (IBM) is char-
acterized by a special picture of nuclear energy levels,
which depends only on the number of bosons present.!>!*
This symmetry already ensures the unification of several
different forms of nuclear collective motion (for example,
rotation, vibration, and intermediate behavior of the sys-
tem between these limiting cases). All these models can be
described in a unified manner by the symmetry associated
with the IBM, which depends simply on the number of
valence interacting bosons present in each nucleus. Since
the model is used in this manner to describe the collective
characteristics and shell properties, one can hope to obtain
a generalization of the shell and collective nuclear models.
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The most recent achievements have been associated with
enlargement of this model to odd and odd—odd nuclei. This
enlargement includes coupling between unpaired nucleons
and bosons (paired nucleons) in neighboring nuclei, per-
mitting calculation of the properties of nuclear states, for
example, in odd and even—even nuclei by means of a simple
formula, as in the QPNM. This coupling is characterized
by supersymmetry. However, in contrast to the IBM,
which has had tremendous success in a wide range of even—
even nuclei, there are as yet only a few successful examples
of supersymmetry, while for nuclei which are only slightly
removed from this region there exists a serious discrepancy
with the supersymmetry predictions. At the present time it
is not clear what is the origin of the problem: Is it in the
supersymmetric model and its calculations or in the inabil-
ity to analyze and generalize experimental results in a way
that reveals the expected supersymmetric picture? At the
least, it is known that unpaired nucleons can change the
symmetry properties of an even—even core.

To eliminate some shortcomings of the QPNM com-
pared with the IBM, we included'*>™!® additionally a four-
nucleon (proton-pair-neutron-pair) effective residual in-
teraction. This model—the enlarged superfluid model
(ESM)—makes it possible to consider new phenomena
that cannot be investigated in the QPNM, HFB approach,
and IBM, for example: 1) superfluidity of the neutron and
proton systems in the region of heavy nuclei (rare earths
and actinides); 2) enrichment of the phase structure by a
new superfluid phase dominant in a-particle correlations;
3) new predicted first- and second-order phase transitions;
4) new predicted isomers (so-called superfluid isomers)
with corresponding bands of elementary excitations. The
inducing of superfluidity from the neutron to the proton
system and vice versa is the key to the explanation of the
odd-even staggering of the charge radii in chains of iso-
topes of various elements as well as the explanation of the
unusually large cross sections of two-nucleon and a-
particle transfer reactions and the reduced widths of a
decay, especially in the region of magic nuclei. The pres-
ence of the new phase discussed above can explain the
existence of the experimentally observed superfluid isomers
in 2Sm.

A new type of first-order phase transition, i.e., a tran-
sition between the superfluid pairing phase and the new
conjectured a-like phase can be found by studying two-
nucleon transfer reactions in the region of Sm.

In conclusion, we note that the problem of nucleon
correlations in superfluid nuclei is, on the one hand, a mod-
ern problem and well developed but, on the other hand,
poorly understood. The solution of this problem will be the
key to the description of cluster phenomena such as «a
decay,'®%* the radioactivity of heavy particles,?® and fis-
sion.

It is possible that a step forward was taken in a paper
of Barranco et al.,>” who, on the basis of a theory of col-
lective motion with large amplitudes in superfluid nuclei,
calculated for the first time effective factors for a, C, Ne,
Mg, and Si decays. The agreement with the experimental
data on decay with emission of heavy clusters is very good
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but it is rather poor for a decay. Of course, this conclusion
indicates that a decay is mainly a collective phenomenon;
however, the noncollective ingredients stimulate selection
rules, which may change the collective picture.!®%’

1. WHAT IS AN « CLUSTER?

The starting point for this discussion could be to check
the definition of the word cluster, as it is given in several
dictionaries.

A cluster is a group of identical or similar elements
collected together or situated near each other. It is clear
that this definition is so general that it becomes difficult to
find examples of physical systems that do not consist of
ensembles of clusters; moreover, today’s cluster is yester-
day’s elementary particle. Bearing this in mind, perhaps it
would be better to change the question and ask: What is
not a cluster?

A system close to satisfying this definition may be one
of the hither to unobse entities—a quark—gluon plasma.

The Bloch-Brink a-cluster model?® includes varia-
tional calculations that use a trial wave function in which
a clusters are regarded as elementary building blocks. The
total energy of the system is minimized by the variation of
parameters that are actually the centers of the a clusters.
The model presupposes that a clusters are objects well
localized in geometrical space and formed from two pro-
tons and two neutrons. The extensive and complicated in-
vestigations in the cluster model?*~* include the multicon-
figuration resonating-group method (RGM), the
generator coordinate method (GCM), and the orthogonal
condition method (OCM), proposed by the group of Wil-
dermuth and Tang, Mikhailovich’s group, and a Japanese
school. However, there also exist other types of cluster.

The strongest nucleon correlations in nuclei—pairing
correlations—presuppose the existence, in a nucleus, of
clusters constructed from correlated pairs of nucleons, al-
though such clusters do not exist as free formations. Nev-
ertheless, a good description of the spectra of 0" states and
the strength of transitions between them can be obtained
for nuclei near closed shells on the basis of a model that
assumes the existence of elementary building blocks in the
form of nucleon pairs with spin 0: the pair vibration model
(PVM) of Bohr and Mottelson.?

A more general model that has a certain analogy with
the PVM includes pairs with spin O and 2 and an interac-
tion between them—the interacting boson model. This
model describes reliably the pattern of energy levels and
the transition strengths in a wide range of even—even nuclei
even though the structure of the elementary bosons is not
defined and they probably do not exist in the free state.

Although the clusters that are the building blocks in
the PVM and IBM do not exist in the free state, they can
be constructed in the framework of these models. In par-
ticular, both models can be used>®>” to construct a-cluster
states from pairs of neutrons and protons. This approach
has success in explaining the observed picture of the a-
particle transfer reaction more than in the case of two-
particle transfer. Something that is not discussed in any of
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these approaches is the question of the absolute strength of
a transfers or the a-decay widths.

In the case of the a decay of heavy nuclei, the observed
a-decay rates in general presuppose a relatively small per-
centage admixture of the decaying state [if it is described
by shell-model wave functions with a residual (pairing
+quadrupole) interaction] in the state of the daughter nu-
cleus + a particle (if one works in the R-matrix
formalism®%). Theoretical estimates'>? of these quanti-
ties are in excellent agreement with the experimental data.

For light nuclei, the situation is somewhat better;
namely, the a-cluster models can describe the transition
rates, the absolute strengths of the a transitions, and the
decay widths.*® This is the case when the a-cluster struc-
ture is dominant in the structure of the nuclear states.
There exist situations, indeed many of them, in which «a
clusters are not dominant in the structure of the nuclear
states. This is the case for the low-lying 2+ states in the %0
nucleus, the structure of which is determined by many
four-particle components distributed in the shells 1p,,,
1ds/,, and 2s, , but not necessarily of two-proton and two-
neutron type.

The Fermi liquid model was recently proposed®® and
tested?'?* for various a transitions. This model appeared
as a result of comprehensive analysis'® of widely used mod-
els of a decay, and it was shown that the wave functions of
the well-known modern models of nuclear structure are
inadequate to describe a clustering, a decay, and a-
transfer reactions. A nonpotential form of the scattering
amplitude of the a-transition operator is needed. In the
Fermi liquid a four-nucleon interaction for the irreducible
amplitude of the a-cluster formation reaction in the four-
particle channel is introduced into the a decay and a clus-
tering on the basis of an idea of Migdal,** which follows
from Landau’s theory of quantum liquids. In this way, we
can take into account the mismatch of the angular mo-
menta. This Fermi liquid model for « clustering could be a
first guess in the description of the phase transition from
the Fermi-liquid state to the a-cluster state.

This picture of cluster states in nuclei makes it possible
to identify quasistable states that have an origin based on
complex cluster configurations. One of the best examples is
Mg, in which we find a diversity of cluster configurations
having a large overlap with two '2C nuclei, either in the
ground state or in an excited O state. Indeed, once a
statistical cluster configuration has been identified, it is
possible to study the dynamics of this configuration, and
then the identification of vibrational excitations coupled to
the rotational degree of freedom has great complexities of
the type observed in resonance scattering or '>C+ '2C re-
actions.

In recent years, there have been discoveries of a great
diversity of cluster configurations, for example, fissioning
shape isomers, superdeformed nuclei, etc. In Refs. 15-18,
we introduced a special form of neutron—proton interaction
which leads to a new type of correlation between protons
and neutrons somewhat stronger than pairing
correlations—dynamic a correlations. This type of corre-
lation can be understood as intermediate between pairing
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FIG. 1. Energies of the first 2% excited states as functions of the number
of neutrons for singly magic tin nuclei and for neighboring elements with
several valence protons.

correlations (for which the Cooper pair is regarded as a
two-nucleon condensate) and an a condensate. One can
say that we have proposed a new type of cluster con-
structed from two Cooper pairs (one proton pair and one
neutron pair), but the interaction between these Cooper
pairs is weaker than the interaction between the nucleons
within a Cooper pair or an a condensate.

2. SOME EXPERIMENTAL DATA RELATING TO THE
PROTON-NEUTRON RESIDUAL INTERACTION
IN NUCLEI

In what follows, we present some experimental data
having a bearing on the introduction of a neutron—proton
residual interaction in the average nuclear field.

Energy of 2+ levels in magic nuclei

The energies of low-lying levels of even—even nuclei
provide one of the examples of direct experimental data
indicating the importance of the neutron—proton residual
interaction. The energies of the lowest 2" excited states of
nuclei in the region of Sn are shown in Fig. 1. They are
almost equal for the Sn isotopes and much smaller for
nonmagic nuclei. Since the energies of these lowest 2i
excited states are typical for a collective state and defor-
mation, the key role of the proton—neutron interactions is
obvious—the valence proton-neutron residual interaction
undoubtedly vanishes for Sn but not for other nuclei. It has
been shown**? that the excitation energies of j* configu-
rations are independent of # in the seniority scheme. More-
over, seniority is a good quantum number for many real-
istic two-nucleon residual interactions, for example, a §-
function interaction, acting on these configurations.
Therefore, the constancy of the energies of the lowest 2
excited states for the Sn isotopes is not remarkable. An
interesting feature of Fig. 1 is the very different behavior
for nuclei near Sn with valence protons and neutrons. The
proton—neutron residual interactions are much more effec-
tive when there is a simple nucleon configuration mixed*!
in the proton—neutron system than in states with T'=1,
which break the seniority scheme and eliminate the con-
stancy of the excitation energies. Finally, the empirical be-
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FIG. 2. Difference of the mean-square charge radius of Pb isotopes from
calculations in the droplet model (sloping line).

havior in Fig. 1 will be regarded as a basis for taking into
account the role of proton—neutron residual interactions.

Odd-even staggerings of the charge radii of nuclei in
chains of isotopes of various elements

The experimental data™!! on the isotopic shifts reveal

a remarkable feature—characteristic “odd-even stagger-
ings” of the charge radii in chains of isotopes of various
elements. The staggerings reflect the fact that the mean
square radii of the nuclei of odd-neutron isotopes are some-
what smaller (usually of the order of 102 fm?) than the
radii of the even-neutron neighboring nuclei (Fig. 2). With
a few exceptions such behavior is observed in the entire
periodic table and is confirmed with increasing accuracy.
In some regions, for example, in highly neutron-deficient
isotopes of Hg, Au, Sm, and Ce, the staggerings are very
large and can be ascribed to special deformation effects.*3
In some other regions, for example, the lead and tin iso-
topes, specific shell effects are manifested.* However,
apart from these special cases it is found that the charge
radii of odd-neutron isotopes are smaller than the mean-
square radii of the even-neutron neighboring nuclei. This
effect is usually called the “normal odd—even staggering.”

The isotope shifts are related to the nuclear parameters
(A44) as follows:

’

SUAA’ZM—,ATA’_-'_FA’AAI s (1)

where
A=8(P) 4+ C,8(r*) + C38(r%) +...=0.936(*) 2)

and

84rP) gar= APy 4= (). (3)
In Eq. (1),

F=22.1(3.3) GHz/fm?, (4)

M=17.1(13.1) X NMS, (5)
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FIG. 3. Staggering parameter for Pb isotopes.

where NMS is the normal mass shift, equal to 27(270)
MHz. The quantities F and M are determined by King’s
curve, which uses independent information on A from a
combined analysis of electron scattering and data on the
muonic decay of stable isotopes.'!

Another observable quantity associated with the stag-
gerings is the staggering parameter

2P a1 —(P)a)
=T P ar— P4
_2[6UA+1—5UA—M/A(A+1)]
- SUA+2—SUA—2M/A(A+2) ’

(6)

where A4 is an even—even nucleus. This staggering param-
eter can be extracted from the F factor, but with a reason-
able estimate for M. For this quantity, Thompson et al.'°
proposed

M=1(10) X NMS. (7

Recently, King and Wilson*® deduced from theoretical
calculations of the specific mass shifts in atomic transitions
that

M=0.19(0.25) X NMS. (8)

The experimental staggering parameter'! is always less
than 1 and approaches 1 for magic numbers (Fig. 3); this
is an experimental confirmation of the dominant part
played by the residual proton-neutron interactions in this
case.

Separation energies of unpaired nucleons

Figure 4 gives experimental separation energies of un-
paired nucleons.>? It can be seen that the separation energy
of such nucleons increases with the addition of nucleons of
the other species, and decreases with the addition of nu-
cleons of the same species. Therefore (see, for example,
Fig. 4a), S(n) increases with increasing number of protons
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FIG. 4. Single-particle neutron (a) and proton (b) separation energies.

but decreases with increasing number of neutrons, i.e., in
adding neutrons to the nucleus we make the last neutron
less bound, whereas in adding protons we make the last
neutron more bound. This is a simple and clear manifesta-
tion of the fact that on the average the interaction of like
nucleons must be repulsive while that of unlike nucleons
(proton-neutron interaction) must be attractive. Of
course, this assertion applies to the component with zero
isospin since the component with isospin, 1 must be iden-
tical in the proton—proton and neutron-neutron interac-
tions. Therefore, the correlations are mainly due to the
proton—neutron residual interaction.

Alpha decay of Pb isotopes

Alpha decay between ground states of even—even nu-
clei is favored.'*?> The reduced widths for these s-wave
transitions behave regularly as functions of the number of
neutrons and the atomic number. They are greatest for

a-decaying nuclei with two or four particles outside a
closed shell (with an abrupt minimum at the shell) and
decrease as the next closed shell is approached. It is known
that most a-decaying heavy nuclei are superfluid and that
a large part of the formation probability (the so-called
spectroscopic factor) is due to pairing correlations.>!*?®
The reduced widths for singly magic nuclei predicted by
the pairing model is an order of magnitude smaller than for
other a-decay nuclei and does not agree with experiment.
However, the pairing model>> does not contain residual
proton—neutron interactions.

In a recent study Toth et al.™ demonstrated experi-
mentally that the reduced a-decay widths of neutron-
deficient Pb isotopes have the same order as the superfluid
nuclei in the region of the actinides and other nuclei that
are neighbors of the Pb isotopes (Fig. 5).

This is a new experimental fact that must be regarded
as confirming the role that can be played by residual
proton—neutron interactions in describing, for example, the
a decay of singly magic nuclei.

1.46

Single-particle energy levels in nuclei with one
valence nucleon

In the multipole expansion of the residual effective
proton—neutron interaction the monopole and quadrupole
components are usually dominant. These two components
give additional effects. It has been shown*’ that the mono-
pole proton-neutron residual interaction shifts the single-
particle energy levels of one particle species as a function of
the number of nucleons of the other species. This occurs
mainly because the order of the single-particle levels in the
shell model is not the same through the complete chain of
nuclei. A particularly dramatic example of such a situation
is shown in Fig. 6, in which we compare the single-particle
energies of *'Zr, 13!Sn, and 2" T1. The most striking change
is the rapid decay of the 1g;,, orbital from °'Zr to '*!Sn.

FIG. 5. Experimental reduced widths for s-wave
a transitions as functions of the number of neu-
trons for isotopes with Z from 78 to 100.
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FIG. 6. Single-particle energy levels in nuclei with one valence nucleon.
The rectangles above each level indicate the extent to which the levels are
filled in each nucleus.

Between these two elements, with Z equal to 40 and 50,
respectively, the proton orbital 1g;,, is closed. The mono-
pole interaction remains constant in the entire space, and,
therefore, the proton-neutron matrix elements depend
only on the overlap of the proton and neutron wave func-
tions and will be greatest for similar orbitals. The attractive
plgy,—nlg,,, interaction from Zr to Sn leads to a decrease
of these single-particle energies, as can be seen in Fig. 6. On
the approach to Tl, the following, higher neutron and pro-
ton shells are filled, and they have, on the average, higher
values of j than for the lower shells. Therefore, there tends
to be an increase in the attractive interaction for orbitals
filled higher in j than lower in j. This effect is also demon-
strated in Fig. 6, in which the orbitals with higher j are
situated below the single-particle levels with lower j.

3. ENLARGED SUPERFLUID MODEL
The Hamiltonian

The enlarged superfluid model for nonrotational states
of deformed nuclei includes the average field of the neutron
and proton systems in the form of the axisymmetric
Woods—Saxon (or Hartree-Fock) potential, monopole
pairing, isoscalar and isovector pk and pp multipole and
spin-multipole interactions between quasiparticles, and the
so-called a-like four-nucleon interaction.'>'® For the ph
and pp multipole and spin-multipole interactions, we use a
separable interaction**~! of rank N> 1:

H=H,+H', 9)
where

Ho= 2 (H3y(7) =G PPy + Hy (10)
in which

Hyy(n =X Eai s, (1)

P,= ) a,a,,, (12)
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H,=G,PPP,P, (13)

and

2 kgt

n==%*1

H’=2{—% 2 g:

T Auo n=1

+ 0K Q1,10 (T) Qo (117

+ Giﬂpjl/lya(T)Pnﬂyo(T)r

1 N
533

LApo n==+1

> (kG

n=%1

+ nk{‘jﬂ) Tlep.a(T) TnLAucr(T/T)

. (14)

+ Gflﬂp xL/lua( )P, nL/l/.w( 7)

Here, 7= +1/2 for the protons and neutrons, respectively,
aIT,,T (a5, ) are the fermion operators of creation (annihi-
lation) of nucleons in the single-particle state |s,0,), where
o, is the symbol of projection of the angular momentum of
the state onto the symmetry axis of the nucleus, and s,
denotes the remaining (N, nz, Qp, m...) quantum num-
bers that identify the single-particle energy levels. The term
H, in Eq. (13) is the effective coherent interaction of two
pairs (four nucleons), including dynamical a-type corre-
lations of four nucleons in the superfluid nuclear
phase.'>"!® The strength of the pairing interaction is given
by G,, and G* and GE* are the coupling constants of the
pp interaction;'® k¢, K and kLM, ki* are the isoscalar
and isovector coupling constants of the pk multipole—
multipole and spin-multipole interactions;® G, is the con-
stant of the four-nucleon interaction, and o==+1. We
make a Bogolyubov-Valatin canonical transformation

asa=usas—a+o'vsaja (15)
and obtain
D LS Lo
P.= - Uupst+55 A1) (88) =575 v Ay (ss)
1 (+)
—Euﬂ B )(ss) |, (16)
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A (55 =AL ) () £ A (85, AT () =A]_(s5) A (s5),
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1
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B (ss)=2al_jau,, B y(ss)=3Yoal a,,
and
Po=pi1(s8)Ep__(s8'), Po=p,_(s8)Ep_,(s8'), =g, (ss')£q__(ss'),

— + +
9o=9q,_(ss')£q_,(s5'), u,=uporvuy,, v_,=uis*vp,.

(17)

(18)

(19)

(20)

The matrix elements of the pp and ph multipole and p P (Y a7 )
spin-multipole interactions are mee "

A or
DPoor(s8') =(so|p|s'c’ (21)
~ p=RLM (1) {cY ,
900 (55") = (s0|q|s'0’) (22) P o) (VY L

With é\:'%il(tph) (r) Y/l,cr’u(ﬂy
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or

q=RH (N{GY Y - (24)

The properties of the pp and ph matrix elements are
discussed in Ref. 3.

Equations for the gap

As a trial wave function for the nuclear ground state
we use a wave function of BCS type, and for a start we take
only the H, part of the Hamiltonian (9):

|BCS) = H(us—i-vsas va! _)|o>, (25)

TSy

where u>+v2=1 and |0) denotes the absolute vacuum.
Then the energy functional is

W=(BCS|Hy— 3, A,N,|BCS)

Sr

-3 (S22 -, f)-caid o

A
Here, A is the Fermi level for a nucleon, N - is the operator
of the nucleon number,

x-={BCS| Zas +al _|BCS)+ 2 gy, (27)

is the so-called pair correlation function or order parame-
ter, and

2 2
Esp(n) Sp(n) ( (")+G“X"(P))vsp(n)
L 2 v} (28)
4 4v5() - Sn(p)

are modified (compared with Esp(n)) single-particle ener-
gies. These corrections to the self-consistent field are usu-
ally omitted.?

Minimization of the function W with respect to the
variational parameters given by Eq. (26) leads to the equa-
tions

I

1
5( (n)+G4Xn(p)) 2

p(n)

2 [1-(E, —A)s;'1=N,, (29)

Sr

& = 1’(F:s’_—-ﬂ,.,.)z-~{-A1.,

for even—even deformed superfluid nuclei. For odd and
odd—-odd deformed superfluid nuclei, these equations are
modified with allowance for the blocking effect.’
The Bogolyubov-Valatin parameters u, and v, are cho-
sen in accordance with the formula
2

usf 1 I:EEsT—;LT
v?f —2 g ) (30)
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and the correlation function takes the form
1 —1
_EATZEST. (31)
S‘T

The equations for the initial gap and constraint with
allowance for trivial solutions have the form

Bp(m =Xp(m) (Gpim)+ GaXn(p)) 2 205, =N (32)

The trivial solutions A,=0 exist always, but there are
cases when the total minimum of the correlation energy
(which determines the ground state of the nucleus) is ob-
tained for nontrivial solutions. These are the cases of su-
perfluid nuclei.

The equations for the gap in spherical nuclei are ob-
tained from the above equatlons for the gap by the simple
replacement of ;! by Q_vss , whereas in the constraint
equatlon we must multiply each term in the sum by

Q,=3(2j,+1). The correlation function is modified in ac-
cordance with the prescriptions of the equations for the
gap.

A simple investigation of the equations for the gap
shows that the proton and neutron equations are coupled,
i.e., it is possible that the superfluidities of the proton and
neutron systems generate each other even when the Be-
lyaev condition®’ is not satisfied for one system in the ab-
sence of four-nucleon interactions. The additional term
G,x* can increase the pairing forces, bringing about fulfill-
ment of the Belyaev condition. Moreover, as we shall see
below, the equations for the gap can, for some nuclei, have
more than one set of solutions, and this fact opens up a new
field of investigations.

Determination of coupling constants from
experiment

To determine the coupling constants in a number of
studies in the framework of the ESM for special cases we
use the well-known mass difference’

=—{2£(Z—1N)——£(ZN)—E(Z 2,N)},  (33)

N== {28(ZN——1)—£(ZN)—6(ZN 2)} (34)

for the pairing interaction (G, and G,) and
Py=e(ZN)—e(Z—2,N—-2)—e(Z+1,N)
+e(Z—-1L,N)—e(ZN+1)+e(ZN—-1)  (35)

for the four-nucleon interaction (G4).18 Then

e<z,N>=z(zzE i — sz)—@xzz (36)

T

for an even—even nucleus, and
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TABLE 1. ESM coupling constants and parameters of the energy gap calculated with and without

allowance for the H, interaction for various nuclei.

Nucleus C, C, C, A, MeV A, MeV
152Nd,, 19,3 17,1 21,7 1,170 1,160
26,4 23,6 0 0,920 1,110
13esm,, 18,3 18,0 29,2 0,777 0,889
24,4 21,8 0 0,685 0,850
18eGd, 21,0 21,6 27,0 0,832 0,991
26,7 24,9 0 0,752 0,925
14Dy,, 24,2 21,8 22,7 0,818 0,833
21,7 24,6 0 0,739 0,800
13N, 00 25,5 22,1 21,6 0,949 0,887
9,4 26,1 0 0,832 0,839
VSHE o, 23,2 19,9 19,1 0,755 0,843
218 2,3 0 0,737 0,840
BV 06 26,8 19,8 22,2 0,908 0,803
31,3 23,0 0 0,878 0,786
13405, 0 24,1 25,2 22,1 0,688 1,175
31,6 26,3 0 0,670 1,080
240
24PU, 46 34,0 21,8 15,2 0,900 0,685
246
Cl1 4 31,7 19,9 14,5 0,609 0,355

e(Z-1LN)=E, + Y 2E,

sp:,éso,p

2 2
PUSP+ Sz 2Esnv5n_
n

!

PXp

~GoXn— Gy (37)
for an odd-proton nucleus,® where
vo= > uu, . (38)
XP 5 7&-‘0,p P °p

The experimental values of P, Py, and P, are obtained
from Eqgs. (35)-(37) by replacement of the energies ¢ by
the experimental binding energies (—B).>* We can choose
P, by the same method by analogy with the quantity for
pairing vibrations,>**? namely,

Py=e(Z,N)—e(Z—2,N—2)—24,—24,. (39)

Eight nuclei are considered to determine P,, Py, and
P,. For each nucleus of this set, we must solve a system of
35 nonlinear equations with 35 unknowns for each nucleus
(Z,N). Taking into account in the usual manner the 4
=(Z+ N) dependence of the coupling constants

1 1
Gy=4Cp G=7C, (40)
and
1
G4=Z; Cs, (41)

TABLE II. Experimental odd-even mass differences and the value of P, [see Eq. (27)] calculated

with and without allowance for the H, interaction for various nuclei.

Nucleus Pz, MeV | P, MeV | Py, MeV| p, Mev | Py, MeV | P, MeV
(exp) (theor) (exp) (theor) (exp) (theor)
'oINdg, 0,675 0,676 0,971 0,973 0,163 0,104
0,674 0,971 -0,736
1essm, 0,474 0,474 0,721 0,721 -0,177 0,181
0,473 0,720 0,617
1e%Ga,, 0,517 0,517 0,754 0,752 -0,216 | -0.218
0,517 0,754 -0,766
"e¢DYos 0,428 0,429 0,684 0,684 -0,582 -0,576
0,428 0,684 -0,825
1S2Er, o 0,504 0,504 0,667 0,667 0,401 -0,401
0,504 0,667 0,883
TSHE, 0,594 0,593 0,728 0,727 -0,348 -0.340
0,593 0,728 -0,576
MW | 0681 | o068t | o741 | 0742 | 0076 | 0070
0,680 0,741 -0,508
13405, 0 0,439 0,440 0,910 0,912 -0,823 -0,830
0,439 0,910 -1,222
2Py | 0591 0,603 0,443 0,419 -0,313 -0,326
e 0,538 0,542 0,546 0,543 -0,266 -0.253
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TABLE III. Superfluid correlation functions [see Eq. (19)] (spectroscopic factors) calculated with

and without allowance for the H, interaction for various nuclei.

2 2
Nucleus C‘ p X
152

Nd 21,7 37,7 53,6
S 0 27,9 51.5
156

Sm 29,2 22,4 38,7
62754 0 19.1 37,5
160

Gd 21,0 23,4 38,3
e 0 20,2 35.2
14Dy, 22,7 22,0 29,7

0 19,0 28,2
168

Er 21,6 26.9 31,2
00 0 22 29,2
176

Hf 19,1 22,3 44,0
(& 0 21,9 43.8
180.

W 2.2 26.6 38,9
74 7106 o 25'4 37’7
184

Os 2.1 15,9 63,1
76708 0 15.2 56.9
240
pu,,, 15,2 33,7 47,6

we calculate for some nuclei in the region of the rare earths
and actinides the gap parameters C,, C,, C, and the theo-
retical values of P, Py, P,, which are chosen as close as
possible to the experimental values. The results of Ref. 18
are given in Tables I-III and in Figs. 7-12. The expression
(41) can be obtained by assuming approximate factoriza-
tion of the vertex of the two-pair interaction with coupling
forces in the form (40). We attempted to fit the experi-
mental mass differences P,, Py, P, on the basis of an 4
dependence of G, close to 1/4% (1/4°7 or 1/477%), but the
fit was unsuccessful. In the calculations, the energy cutoff
includes approximately 40 neutron and 40 proton levels of
the deformed Woods-Saxon potential.>> The gap parame-
ters are slightly increased in the region of superfluid nuclei,
when G, comes into play. However, at the boundary of the
superfluid regions we can have more than one solution,
and, of course, the gap parameters have different behavior.

Solutions of the gap equations and the phase
diagram

The boundary between the normal and superfluid nu-
clei when G,=0 is given by’

Gp(n)=Gpiny» (42)
where
=1 (43)
sz IE —A,|

with ;=1 for a deformed axisymmetric nucleus and
Q=13(2j,+1) for a spherical nucleus. The phase structure
of this model with respect to the controllable parameters
G, decreases (independently of the neutrons and protons)
the normal phases for G,<G% and the superfluid phases
otherwise, and the phase transitions are of second order.
Such phase transitions are observed in two-nucleon trans-
fer reactions,56 in a-clustering processes, etc. In the case of
our model, an analogous boundary is not observed. A com-
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plete discussion covering the three controllable parameters
(Gp G,, G4) and an arbitrary single-particle spectrum is
practically impossible. To understand the nature of the
phase structure and identify the specific features associated
with the strength G, of the new interaction, we discuss a
simplified model that warrants attention in its own right
and has very nontrivial behavior in a realistic case.

We assume that the single-particle part (10) of the
Hamiltonian (9) has equidistant spectrum for two fermion
species (we shall call this simplified single-particle model
the homogeneous model), and introduce the notation

E, =Eq(t)—k/p,, (44)
A=Eg()+0./p,, (45)
&=p:G;, (46)
x.=(p,A,)? (47)
84=pGs, (48)
where
1

and k are integers belonging to the A shells’’ (energy cut-
off) and are determined by the intervals [—N,,, N,_];
E¢(7) and A, are, respectively, the Fermi energies for non-
interacting fermions by means of H,,,;.+H, and for inter-
acting fermions by means of H, ,+H4 of the type 7. More-
over, we analyze the “symmetric” case, when the protons
and neutrons have identical properties,

Pp=Pn=pP> 8p=8n=82

(50)
Apy=Ay=4, o,=0,=o0,

and for which the gap equations have only symmetric so-
lutions

X=Xp=X,, (51)
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FIG. 7. Experimental and theoretical values of P, (with and
without allowance for H,) [see Eq. (27) and the text].

FIG. 8. Proton pairing energy gap (with and without allowance
for the H, interaction).

FIG. 9. Neutron pairing energy gap (with and without al-
lowance for the H, interaction).

FIG. 10. Proton pairing constant.

FIG. 11. Neutron pairing constant.

FIG. 12. Constant of the four-nucleon interaction.
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and in the case of a half-filled A shell

Ny,=n, Ny, =n+1 (52)
the constraint equation in (29) has the solution

o.=0=1/2. (53)

The correlation energy in our model becomes

e=pEeor=p[ W(x) —W(0)]

=2(n+1)2—45,(x) +4xS_,(x)
—2gyxS” | (x) —gxS* | (x) (54)
with
]l 1\ 2172
S)(x) =5 kgn x+(k—5) : (55)

which must be studied for the solution of the gap equation

F(x)=[g,+8g¢xS” (x)]S_,(x) —1=0. (56)

To find the number and nature of solutions of Eq.
(56), it will be helpful to use the following curves in the

(g2, 84):

F=0, LX) _g (57)
dx
£(0)=0, F(0)=0, (58)
£0x)) —£(x3) <0 (59)
and, additionally,
e(x)=0, F(x)=0. (60)

For n=20, the curve (57) (chain curve in Fig. 13)
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g,x10°

separates regions in which the numbers of solutions of the
gap equation (56) differ by a factor two. The curve (56)
[continuous and horizontal (4DBF), beginning at the point
(8,=0.2, g4,=0)] separates regions in which the numbers
of solutions differ by 1 and in the case g,=0 decreases the
critical value obtained from the Belyaev condition.’® At the
point of intersection of the curve (59) (continuous curve
CIBH in Fig. 13), the system changes its global minimum
from £(x;) to £(x3), where the solution x, corresponds to
the maximum of the correlation energy £(x). Intersection
of the curve (60) (broken curve in Fig. 13) changes the
sign of the correlation energy for one solution of the gap
equation (56). It must also be borne in mind that the
global minimum of the correlation energy (54) corre-
sponds to the ground state of the system, whereas a local
minimum can describe a metastable state. Bearing in mind
that the derivatives of the correlation energy (54) with
respect to the controllable parameters g, and g, for x=x,
where X, is a solution of the gap equation (56),

de(x) 5

7z, = —2x057 (%) <O, (61)
de(x)

72 =—x58* (%) <O, (62)

jump when the gap parameter has a discontinuity, we ar-
rive at the following conclusions (see Fig. 13).

If for the moment we forget the trivial solutions of the
gap equation (A,=0and A,=0) in the region O4DG, then
Eq. (56) has no solutions, and the ground state of the
system exists in the normal phase.

In the region ADECF, the gap equation has one solu-
tion, which corresponds to a negative minimum of the cor-
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relation energy. The ground state of the system is in the
pairing superfluid phase.!>!3

In the region GDECFHG, the gap equation has three
solutions, two of which correspond to a minimum of the
correlation energy, and one to a maximum. One of the
minima is deeper (global minimum) and corresponds to
the ground state of the system; the other (local minimum)
corresponds to a metastable state. If this metastable state
has a long lifetime, it can be regarded as an isomer. In the
region HBDC, the ground state is in the normal phase,
whereas the metastable state corresponding to a local min-
imum is in an a-like superfluid phase.!*™'®

In the region BDC, the ground state is in the pairing
superfluid phase, while the metastable state is in the a-like
superfluid phase.

In the region BCF, the situation is reversed—the
ground state is in the a-like superfluid phase, and the meta-
stable state is in the pairing superfluid phase. Finally, in the
region HBF, the ground state is in the a-like superfluid
phase, the metastable state is in the normal phase.

Intersection of the continuous horizontal line ADBF
corresponds to second-order phase transitions. Such phase
transitions are already known from studies in the frame-
work of the pair model>>® (which is a special case of our
model for g,=0). In the framework of the ESM, intersec-
tion of the boundary is replaced by a vertical line along g,
(see Fig. 13) at the point (g,=0.2, g,=0).

Note also that along the line ADBF in our phase dia-
gram two types of second-order phase transitions between
the normal and pairing superfluid phases are possible: one
for ground states in the region HBDAOG, and the other for
metastable states in the region HBF. Intersection of the
curve CIBH corresponds to first-order phase transitions of
two types: from the pairing superfluid phase to the a-like
superfluid phase (CIB), and from the normal phase to the
a-like superfluid phase.

Some comments are appropriate here. The first is that
our average-field approximation is not taken into account
seriously for gaps slightly less than the cutoff (in our case
n+1), in contrast to the situation with strong coupling. In
particular, transition through the curve CIBH, which ap-
pears when \/J_C>22 [otherwise for Fig. 13 and
\/x>2(n+1)], can indeed create certain difficulties. It is
possible that a renormalization-group investigation will in-
dicate whether or not an improved correlation energy re-
duces or strengthens this transition. In an alternative ap-
proach clarifying this point, one can consider the
dependence of the controllable parameters g, and g,, for
which a natural cutoff is present. In any case, a large part
of the phase diagram in Fig. 13 is in the domain of our
approximation, so that at least part of the richness of be-
havior that we have found is guaranteed.

The new phase considered here, the a-like superfluid
phase, lies in the part of the phase diagram in which g, is
dominant (see Fig. 13), while the pairing superfluid phase
is in the region with dominant g,. Since g, is the coupling
strength in the interaction H,, which is in practice an in-
teraction between one proton Cooper pair and one neutron
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Cooper pair, we have called this new phase an a-like su-
perfluid phase.

4. PHASE TRANSITIONS AT FINITE TEMPERATURES

Since the concept of temperature was introduced®® in
nuclear physics, it has been intensively studied, both from
the point of view of a formalism that includes temperature
and from the point of view of understanding physical pro-
cesses that can be described by means of this parameter.
Although nuclear systems. are finite, a large number of
degrees of freedom can be excited at not too high energies.
Therefore, a statistical treatment is needed. This fact was
known from the initial stage of development of nuclear
physics, basically for the description of reactions with neu-
trons and fission. This has now been supplemented with the
field of heavy-ion physics, for which information is ob-
tained in the same approximation. Levels above the yrast
1ine®® are mostly excited through collective states (7'
=0). Since the time needed to achieve thermal equilibrium
is found to be less than the excitation time™® of states
above the yrast line, it is to be expected that in this exci-
tation region the nucleus can be described by average-field
models at finite temperature (740). At the same time, it
is found that the temperature is a suitable parameter for
distinguishing phase transitions specific for the average
field. Extensive variables are S (entropy), I (spin), and N,
(number of nucleons of species 7), and intensive variables
are T (temperature), w (quantum of rotational energy),
and A, (Fermi energy of interacting nucleons), which are
Lagrangian parameters associated with S, 7, and N, re-
spectively.

Thermodynamic potentials of various types can be in-
troduced, for example, G=E—-TS—wl,
G.=E-TS—AN, and G,=E-TS—-ZAN, or
Gip=E—TS—wl—2 AN, Analyzing the behavior of
these thermodynamic potentials with respect to the inten-
sive variables, we can determine (in the framework of the
various approximations: HF,*-%* HFB,>*% BCS + crank-
ing model,%%%° etc.) phase transitions, which may be of
different types (and order), for example, a first-order phase
transition from spherical to deformed shape,®>* a second-
order phase transition from the normal to the superfluid
(pairing) phase,5% etc.

Gap equation at finite temperature

In our case, the thermodynamic (Gibbs) potential for
the system of interacting nucleons has the form

Y =H— Y AN, —ksTs, (63)
T
where H=H, from (1) and
§=23 % In{(1—n,)"% '™}
T 5
=23 > };—Tesﬁsr—ln(l—ﬁsf) (64)
is the entropy.®® In these equations
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g \ !

_ r 65
(1+exp kBT) (65)
are the occupation numbers of the single-quasiparticle
states, E; and g; are the single-particle and single-

quasiparticle energies, AST are the Fermi energies for the
interacting nucleons, kz is Boltzmann’s constant, and T is
the temperature. We determine the single-quasiparticle
Hamiltonian as follows:®

fI: U0+ Z Z Esfajrafasfar ’ (66)

T S50,

where U is a constant and the thermodynamic mean value
of any operator O is defined by

Tr| O i
 foen{ ) )
oo )
Using the thermodynamic mean values
< 2 aLa,,_“s,a,) =2’751, ’ (68)
Sr 0
(4(s5,57) )0=0, (69)
P,=(Pyo= X u; v, (1-27,), (70)

Sr

we write the Gibbs thermodynamic potential (63) in the
form

G=1 [ 23 (B, —A;) 7, +v2 (1—27,)] - G,P*

1
—2kgT Y [FT 7, e, —In(1—7,) ] } —G,P2PE. (71)

In the limit G4,— 0, the expression (71) is identical to
what is obtained in Refs. 60 and 65 in the framework of the
pair model.

Applying the variational principle to this Gibbs poten-

tial,
i S i on, 72
693 (&, 00435, ) - 2

subject to the condition 4> + v> = , we obtain
T T

3% 2(1-27,)

{(B; —A:)2u; v, — (4} —v2 )A}=0,

I, u,
(73)
where
A,=P(G,+G,P ) (74)

and
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a9
657_2{“? —A,) (2 —v ) +2us v A —E} =0.
(75)

In the solution of the last two equations, we obtain for
the single-quasiparticle energy the expression

£, = J(E, —1,) "+ A2 (76)
and the occupation probability
u?,_ 1 I:hEST_AT 7
vfr 2 & 77
The gap and constraint equations have the form®"5°
1— 2n
{G +G,PL }E (78)
E, -1,
2 {1-(1-2m) ]—NT, (79)
T ST

where N is the number of particles of species 7 that con-
tribute to the superfluidity of the system. The solutions of
the last two equations at the given temperature establish
the phase to which the analyzed nucleus belongs.

New forms of phase transitions at finite temperatures

To understand the nature of the phase structure as a
function of the temperature, we again use the homoge-
neous model (see Sec. 3).

The correlated Gibbs potential, like the correlation en-
ergy, has the form®"%®

£(g2’g4’t;x) EP[ g (gz,g4,t;x) - g (82,84:1‘;0) ]
=45,(£0) —4S,(t;x) +4xS_;(t,x)

—2g,%5% | (£,x) —gux2S* | (1,x)

n+1
—4t Y {r'ey(x)m(t,x) —In[1
k=—n
—n(t,X)1}, (80)
where
t=pkgT, (81)
n+1
S =5 X [x+(k=1/2°V[1-m (0],
k=—n
(82)
k—1/2 241/27—
ni(t,x)=|1+exp (x+( - Lkt , (83)
ex(x) =[x+ (k—1/2)%]2. (84)

A similar expression for the gap (56) can be written in
the form

90 (g2.84,5:X) .

ax (85)

F(82.841:x) =
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FIG. 14. Correlated Gibbs potential for the P nucleus (see the text) as a
function of the gap parameter for various temperatures.

A phase diagram like the one in Fig. 13 is again very
difficult to obtain, but one can analyze two hypothetical
nuclei P (g,=0.26, g,=0.00180) and Q (g,=0.26,
24=0.00183), the first of which belongs to the pairing su-
perfluid phase, and the second to the a-like superfluid
phase (see Fig. 13). In Figs. 14-19 we see the phase tran-
sitions discussed in the previous section, analyzed for in-
creasing temperatures. In the framework of the thermal
approximation, the existence and characteristics of the nor-
mal and superfluid phases can be analyzed more clearly. A
second-order phase transition between the pairing super-
fluid and normal phases exists when the temperature is
increased to t=0.51 for the P nucleus.

A first-order phase transition between the a-like super-
fluid and normal phases exists when the temperature is
increased to =0.58 for the Q nucleus.

As can be seen from Figs. 16 and 17, there exist new
critical temperatures corresponding to the a-like superfluid

E(Gg2941 s %)
QA(gy=0,265 §,=0,018)
2

0

s
y=1n(x+1)

FIG. 15. Correlated Gibbs potential for the Q nucleus (see text) as a
function of the gap parameter for different temperatures.
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FIG. 16. Energy-gap parameters of the P nucleus (see the text) as a
function of the temperature.

phase in addition to the well-known pairing critical tem-
peratures (see Figs. 16-19 and Ref. 60).

Some other conclusions concerning phase transitions
for metastable states (superfluid isomers) can be drawn on
the basis of Figs. 14-19.

5. SOME APPLICATIONS OF THE ENLARGED
SUPERFLUID MODEL

Nature of odd-even fluctuations of the charge radii
of chains of isotopes of various nuclei

Some experimental data relating to odd—even fluctua-
tions of the charge radii of chains of isotopes of various
elements were given in Sec. 2. In this section, we shall
attempt to give a model-dependent explanation of this ef-
fect.

For many years, nuclear charge radii have been the
subject of intensive investigation.” From the liquid-drop
model there follows an expression for the rms nuclear ra-
dii:

(P(4))2=(3/5)ro(4) 4", (86)
where 75(4) has a weak 4 dependence:
ro(A)=1.5+184"22—-1.24"43 (87)

However, modern techniques give rather large devia-
tions from this law. Such measurements of the isotopic
shifts have been made by means of optical spectroscopy,’
laser spectroscopy,” or in pu-mesic atoms.

Attempts at theoretical explanations have been based
on allowance for the blocking effect of the ground state of
nuclear vibrations by an odd neutron and allowance for
blocking of pairing correlations together with polarization
of the proton distribution by the neutrons. A first step in

X; .
Xg(mun

80 2 (T7)
50}
:g"' X (max)

g - Xy (min) 0(9,=0,26, ].=0,00763)

1C 1 1 1 1 ) 1 1

0 02 04 06 08 1,0 1,2 1,4 t

FIG. 17. Energy-gap parameters of the Q nucleus (see the text) as a
function of the temperature.
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FIG. 18. Correlated Gibbs potential at points of minima for the P nucleus
(see the text) as a function of the temperature.

the explanation of the deviations was taken in Ref. 70 in
the framework of a model with pairing and quadrupole
interactions and with phenomenological allowance for
monopole and quadrupole polarizations of the core. In this
case, the B(E2) probabilities for even—even nuclei were
reproduced. However, the staggerings were not. A stagger-
ing parameter’ was introduced as a measurable magnitude
of the deviations. Another explanation is that the stagger-
ing is a manifestation of the zero-point vibrations of the
quadrupole vibrations, which are larger for odd nuclei.”"
However, the calculations, including phenomenological as-
sumptions or fitting of parameters, give, in the best case, an
effect that is too small.

Talmi’s description

Talmi described the staggering by core polarization
associated with a separable neutron-proton interaction
that depends on three parameters (4,B,C). The charge
radius is given by

1 1
(0|r2|0)=(r2>o+nC+§n(n—l)+ Sn(B,  (88)

where 7 is the number of neutrons in the j shell, and [x] is
the integer part of x. The parameters 4, B, and C are fitted
but have no physical meaning. For the case of the Pb iso-
topes, we see in Fig. 20 a comparison with experiment of
the predictions of Talmi’s model.

Zawischa’s 2N model

Among other theoretical explanations, we mention ap-
plication of the theory of finite Fermi systems with careful
fitting of the single-particle energies to the problem of the

Emil  p(g,=0,26, g,=0,0018)

QN DO

-2

FIG. 19. Correlated Gibbs potential at points of minima for the Q nucleus
(see the text) as a function of the temperature.
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FIG. 20. The staggering parameters for lead isotopes as found
experimentally'! and calculated in the Talmi and Zawischa models and
the ESM.

normal staggerings. To improve the agreement with exper-
iment, it was postulated that the two-particle (2N) inter-
action must be realistic.

Zawischa, Speth, and Pal,¥ using an effective density-
dependent zero-range ph and pp interaction in the param-
etrization of Migdal and Lipkin,®® successfully explained
the structure and transition strengths for low-lying and
high-lying states with K"=0", 1", and 2% as well as for
resonances with K"=0" and 1~ for deformed rare-earth
nuclei in the MHF framework. This model, applied to the
problem of staggering the charge radii,”* gives practically
no staggering (see Table II and Fig. 20).

Zawischa’s 2N+ 4N model

A more interesting suggestion was that of the existence
of a four-nucleon interaction (two protons and two neu-
trons) in addition to the two-nucleon interaction. This led
to the first positive results in the staggering problem, which
were obtained by Zawischa et al'737

To the Hamiltonian of the theory of finite Fermi sys-
tems, those authors added the four-nucleon interaction

term

E=§8(r1—r2)8(r1—r3)8(r1—r4)
X%[l_pa(l’z)]%[l_po'(SA')]’

where £, the coupling constant, was chosen to reproduce
the staggering. The term (89) presupposes a mechanism
that couples strongly the pairing properties of the protons
and neutrons, like the term H, (13) in the Hamiltonian
(9) of our model.

In the framework of this approach, the staggering
mechanism (see Table IV and Figs. 20 and 21) is explained
by corrections to the normal density of the protons due to
the parts of the self-consistent field that are generated by

(89)
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TABLE 1V. Comparison of experimental’™"" isotopic shifts 8(7#) (fm?) with results of calculations
in the HFB(2N) and HFB(4N) models and the ESM. For the explanation, see the text.

A HFB (2N) | Zawischa®® ESM Experiment
Ref. 6. Ref. 10

197 0,052 0,034 0,055 -0,037 0,002
198 0,052 0,098 0,088 0,082 0,082
199 0,052 0,033 0,050 0,009 0,005
200 0,043 0,075 0,091 0,085 0,088
201 0,053 0,032 0,048 0,023 -0,0007
202 0,053 0,074 0,088 0,080 0,081
203 0,054 0,031 0,043 0,027 0,014
204 0,053 0,074 0,078 0,080 0,081
205 0,055 0,029 0,034 0,029 0,026
206 0,055 0,077 0,082 0,077 0,079
207 0,057 0,054 0,058 0,045 0,044
208 0,063 0,075 0,078 0,047 0,074
209 0,066 0,081 0,078 0,091 0,093
210 0,057 0,116 0,090 0,112 0,117
211 0,065 0,077 0,068 —_— 0,089
212 0,056 0,115 0,117 — 0,115
213 0,064 0,073 0,065 - —_
214 0,057 0,115 0,112 — —

the four-particle interaction. These corrections are func-
tions of the neutron pair density.'>>""

Description in the enlarged superfluid model

In the framework of the ESM,'>!® the staggering is
generated by corrections to the proton density due to the
mutual behavior of the proton and neutron superfluidities
through a four-nucleon interaction [see Eq. (29)] and
blocking of the pairing and a-like correlations. The charge
radius staggering in the isotopes of lead (which is a magic

der?, fm?

nucleus) is one of the most important cases for the ESM
because Belyaev’s critical condition (see Sec. 3) will not be
satisfied when the interaction H, is switched off, and the
proton system will be in the normal phase. When the in-
teraction H, is absent, proton superfluidity is induced by
the already established neutron superfluidity. Therefore,
the charge-radius staggering is associated with induced
proton superfluidity and does not introduce changes™ in
the canonical basis.”’

Table IV and Fig. 20 show the isotopic shifts of the

0,10 |
0,09 |-
0,08 |-
0,07
0,06
0,05
0,04
0,03
0,02
0,01

0 -

A=208

FIG. 21. Odd-even staggering of mean square charge
radii for lead isotopes. The experimental data are
taken from Ref. 11.
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TABLE V. Experimental and calculated (see the text) energies of the first low-lying 0% states,

divided into two superfluid bands.

Superfluid band 'K Ep MeV Eiheors MeV
0*o 0 0

Ground state 0*0 0,685 0,670

Isomer state 0%0 1,082 0,837
0*o 1,737? 4,500

charge radii for nuclei of lead isotopes. The results of cal-
culations based on the HFB method with a density-
dependent two-nucleon interaction, on the basis of the
HFB method with inclusion of Zawischa’s four
interactions’® and on the basis of our ESM, are compared
with experimental data.”!! In the calculations, we use the
single-particle energies and wave functions of the Woods—
Saxon potential for very small deformations (S,,=0.005
and B,4=0); the parameters of the potential are taken from
Ref. 3 (p. 21 of the Russian original), and the ESM pa-
rameters are C,=12 MeV, C,=30 MeV, C,=12 MeV.

Despite the quantitative differences between Zawis-
cha’s model and the ESM, the tendencies are qualitatively
the same (see Table IV and Figs. 20 and 21). This shows
that at least in the region of lead the ESM describes a large
part of the staggering amplitude.

Superfluid isomers

We have chosen the term superfluid isomers by analogy
with fission shape isomers, which are in fact shape isomers
corresponding to a second minimum of the potential en-
ergy with respect to elongation.”® An analogy can be made
in the spirit of Bohr-Mottelson symmetry breaking.? The
appearance of pair rotations,’’ for example, as elementary-
excitation modes, is associated with breaking of the sym-
metry of the nucleon-number conservation. This type of
symmetry breaking generates a superfluid phase of nuclei
with nonzero static deformation A of the pairing fields.

4my MeV

6 T, IL-H
6
F

S+
F

“F ]
7

3—

21

i)

]

/ i1
B¢ 2 3 |4  dpyMev

FIG. 22. Correlation energy with respect to the proton and neutron
energy gap. The two minima have the coordinates described in the text:
A=—918.35 MeV, B=—918.07 MeV, C=—917.80 MeV, D= —917.52
MeV, E=—-917.24 MeV, F=-916.96 MeV, G=—916.69 MeV, H=
—916.41 MeV, I=—916.13 MeV, J=—915.85 MeV.
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There is here a complete analogy with the presence of a
rotation spectrum in deformed nuclei, i.e., the breaking of
the rotation symmetry leads to the appearance of a nonzero
static deformation S of the self-consistent average field and,
therefore, to rotational levels in the nuclear excitation spec-
trum. The value of the deformation parameter B corre-
sponds to an overall minimum of the system’s potential
energy with respect to elongation, and this minimum de-
termines the ground state. Fission isomers and other shape
isomers correspond to a local minimum of the potential
energy. By analogy, we can obtain a second (local) mini-
mum as a function of the static deformations A, of the
pairing field, as we shall show in what follows.

Solution of gap equations in a realistic case

Our task is to minimize the energy functional, for ex-
ample, for an even—even nucleus [see (26)],

W( uspyvspyusn’vsn) = Z (2 z Eslvi—GlXIz) _G“X;Xi’
5

i=p,n -8
(90)
Xi= 2 Usbs » (91)
ufi+ vfi= 1 (92)

with respect to the variational parameters Vs, which satisfy
the condition

§2vfi=N,-, (93)
E, MeV
917,0
917,7 |-
A T T B R VY

FIG. 23. Profile of correlation energy as a function of the proton energy
gap along the path between the two minima.

O. Dumitrescu 204



where N; (i=p, n) is the number of nucleons contained in
the truncated energy interval, and E; are the renormalized

single-particle energies. This problem is analogous to min-
imization of the functional

F(vs,vs,i A )—W(vj,v ) — D /I(ZZU — )

i=p,n i

(94)
with respect to v, ) and A,.,), and therefore, taking
A;=A,(A?) and the gap equations (29), or minimizing the
functional

=Wlv, (A7)0, (A7), 4,(A).4,(A7)] (95)
with respect to Ap(,,), we take into account the condition
(93), where the functions Us o) must have the parametri-
zation (30).

In our case, the role of the potential energy for the
fission isomers will be played by W’ as a function of A,,),
the static deformations of the pairing and four-nucleon
fields.

We now analyze the case of 1528m90 This nucleus has
well-defined rotational bands’® corresponding to the fol-
lowing intrinsic K, states: ground state 0*; B-vibrational
state 07 (E=0.685 MeV); y-vibrational state 2* and oc-
tupole vibrational state 1~. There exist three additional
intrinsic 0" states with E,=1.082 MeV, E;=1.656 MeV,
E,=1.736 MeV. On the second 0" excited state
(E,=1.082 MeV) there is based a rotational band with
moment of inertia less than the moments of inertia of the
ground and B-rotational bands. This second 01 excited
state (E,=1.082 MeV) may be a first indication of the
existence of a superfluid isomer in this nucleus, since the
second minimum corresponds to a large gap parameter
(see Table V and Figs. 22 and 23) and therefore, it is
understood, a smaller moment of inertia.

The possible interpretation of this excited state as a
two-phonon S state, two-quasiparticle state, or neutron
pairing vibrational state contradicts the experimental data
on the position of the energy level, the moment of inertia,
and the electromagnetic transition strengths (Fig. 24 and
Ref. 78).

Calculations of the theoretical parameters, given in Ta-
ble V and in Fig. 22, were made'® on the basis of the
single-particle Woods-Saxon scheme with deformation
(B,=0.3 and B,=0.05) and shape parameters taken from
Ref. 3, and with ESM parameters C,=22.4 MeV, C,=16.2
MeV, C,=28 MeV. For the global minimum of W' (Fig.
22), corresponding to the '*?Sm ground state, the gaps and
Fermi energies were found to be A, —0 597 MeV,

/lp =6.938 MeV, A = 0.586 MeV, and/l = 6.372 MeV,
1

whereas for the second (local) minimum, of the superfluid
isomer state, they are Apz = 4.567 MeV, ipz = 7.117 MeV,
A,,2 = 3.920 MeV, and /l,,2 = —6.508 MeV.

It is found that the ratio of the EO probabilities of the
isomer-state—ground-state and vibrational-state—ground-

state transitions will be rather large (=250),” in agree-
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FIG. 24. Experimental rotational bands based on the ground and first two
0% excited states of *2Sm.

ment with the interpretation of the second 0% excited state
n ’Sm as a superfluid isomer.

Discussion of the moment of inertia

The experimental value of the moment of inertia of the
second 0% excited state is half the value for the ground-
state rotational band (/, =24.8 MeV ™" and Iigymer=14.2
MeV ). This indication is confirmed by the fact that the
moment of inertia predicted by the superfluid model de-
creases with increasing gap parameter (A,). Alterna-
tively, in our case the gap parameter for the global mini-
mum (ground state) does not differ too strongly from that
predicted by the quasiparticle-phonon nuclear model
(QPNM).? If the moment of inertia®® is calculated in ac-
cordance with Belyaev’s formula, we obtain a value too
small compared with the experiment, though our calcula-
tions did not take into account the possible change of the
deformation of the average field in going from the ground
state to the isomer state. There are indications (Refs. 50,
51, 80, and 81) that the isomer state has a much smaller
deformation (and even B=0) than the ground state. This
may increase the calculated moment of inertia in the ESM
for the parameters that we use for the superfluid isomer.

Isomer superfluid band

Applying now the MHF treatment® for the Hamil-
tonian (9) of Ref. 15, in which the part H' (14) is re-
stricted to the quadrupole—quadrupole interaction, we cal-
culate the energies of [B-vibrational states (see Table V)
based on the ground and superfluid isomer states. The ex-
istence of a first MHF root for the superfluid isomer at
lower energies than the first band confirms the correctness
of our model in the description of the superfluid isomer.
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The solutions to the gap equations discussed above, corre-
sponding to global and local minima, determine the pairing
and a-like superfluid phases, respectively. The ground state
of the pairing superfluid band contains rotational bands
based on the ground, B-vibrational (0.685 MeV), y-
vibrational, and octupole vibrational states, whereas the
superfluid isomer band contains at least a rotational band
based on the second 0" excited state (E,=1.082 MeV)
(see Figs. 22-24 and Table V).

New types of nuclear phase transitions

It is firmly believed that the shape of nuclei in the
ground state in the region of Sm changes from almost
spherical to almost spheroidal (deformed) as the neutron
number is changed from 82 to 94. The reasons for such a
transition are extremely varied and include changes in the
structure of the low-lying levels,”® in the probabilities of
transitions between the first excited and ground states,82
and the systematics of the binding energies.®> These data

Ay MeV

indicate an abrupt transition between N =288 and N=90.
Figure 25 shows the “measured” backbending curve in this
region (namely, the number of neutrons with respect to the
neutron Fermi energy, taken as half the two-neutron sep-
aration energy), which can be interpreted as a phase tran-
sition. The steepness of the transition reflects the fact that
528m (N=90) is “very deformed” with a clearly distin-
guished ground-state rotational band (the ground-state
moment of inertia is /=25 MeV !, which confirms the
value B=0.3 of the deformation parameter), while 150gm
(N=88) is a spherical nucleus in the ground state.”

The (t, p) and (p, t) transfer reactions in the region of
samarium

Hinds ez al® found that in (¢, p) stripping reactions

on the spherical nucleus '*°Sm certain “spherical states” of
1523m will be strongly excited. They observed a large cross
section (75% compared with the reaction to the ground
state) for the (¢, p) stripping reaction, leading to a state

TABLE V1. Comparison of cross sections for (p, ) and (1, p) transfer reactions leading to the 0+
final state in Sm isotopes. The cross section of the *2Sm(p, 1)'**Sm reaction to the ground state is

normalized to the cross section of the inverse *°Sm(#, p)'*Sm reaction.

A, Kl‘ MeV o(p. 1), arb. units o(t, p). arb. units
146 0 349 290
2,611 <4 90
148 0 428 —
1,426 15 -
1,923 4 —
° 2,206 14 e
2,358 27 _
150 0 190 570
0,738 156 140
1,255 1t 0
152 0 282 190
0,638 79 140
1,091 <3 130
1,662 4 0
154 0 — 300
1117 - 30
1,218 — 100
156 0 - 300
1,068 — 20
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0", E,=1.082 MeV, a result which usually leads to the
conclusion that the considered nuclear state has a spherical
shape. Somewhat later, Maxwell ef al.,®® using the inverse
1528m (p, t) 150Sm reaction, observed an analogous situa-
tion on occupation of the 0" (E,=1.28 MeV) state in
1598m and concluded that this '’Sm state is deformed.
Such a conclusion can be drawn from analysis of the rota-
tional bands’® corresponding to the ground state and the
first two excited 0 states in '°%!>2§m. These investigations
were repeated in Refs. 80 and 86, and more convincing
experimental data (see Table VI) were found.

Interpretation of phase transitions as shape
transitions

For a long time, it was difficult to explain the experi-
mental data in going from N =288 to N =90 by all nuclear
models. Attempts to explain the data were made by Mot-
telson and Nilsson,?” on the basis of a change in the prop-
erties of the self-consistent field due to the presence of a
1A/, intruder state in the proton system. Almost all the
models proposed later follow the idea of treating the pair-
ing properties as practically unchanged. In Refs. 50 and 51,
the change was regarded as a phase transition from a
spherical to a deformed shape in going from *°Sm to *2Sm
(for the ground states) and in the other direction if we go
from the ground states to the second 0% states. Kumar®
developed a time-dependent HFB pairing + quadrupole
model, using it first for the energy levels and the electro-
magnetic moments W, O, and P, and then modifying and

extending it for states with higher angular momenta. He
made a comparison with experiment for the energy levels,
B(E2) probabilities, quadrupole moments, magnetic mo-
ments, electric monopole transition moments, isomer
shifts, and the ratios £2/M1 and EO/E2 for the nuclei
10Sm and '*2Sm. Spectroscopic factors for single-proton,
single-neutron, and two-proton transfer reactions were
given. He gave a microscopic and collective explanation of
the phase transition from the vibrational-type spectrum in
10Sm to the rotational-type spectrum in '*’Sm. He at-
tempted to introduce shape coexistence, but found that in
such a model the E2 branching ratios are not satisfied.

Kishimoto and Tamura developed a boson technique
of Belyaev—Zelevinskii expansions up to the sixth order.
They applied such an expansion up to the fourth order’! to
nuclei in the region of samarium. Despite the almost ideal
agreement with the experimental data obtained in that
study, it may be suspected that this good agreement was
obtained only because of the different sets of parameters
that were used for different nuclei, and/or the convergence
of the Belyaev—Zelevinskil expansion may be suspect.

The (p, t) and (¢, p) reactions considered above can,
however, be reproduced only under the assumption®® that
the wave functions of the ground and first two excited
states of 1**!%2§m are superpositions of two wave functions
of Nilsson+BCS type that depend on different deforma-
tions (B) of the self-consistent field and leave the pairing
properties unchanged. The contribution of each compo-
nent to the superposition is found by fitting the transfer

FIG. 26. Experimental cross sections (o) and spectroscopic fac-
tors ( )(2) for (p,t) and (z,p) transitions: a) ground-state—
ground-state; b) ground-state-second-0* -state.
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reaction data. A hybrid model of this kind contradicts the
microscopic treatment of Refs. 50 and S1.

Interpretation of experimental data on the basis of a
phase shift between two superfluid phases

Although the theories we have considered above are
very complicated, none of them can be used to analyze the
specific properties of the neutron—proton interaction in nu-
clei and beautiful specific experimental data such as the
staggering of the charge radii of the isotopes of a given
element. Kumar™ found, for example, a discrepancy for
152Sm between theory and experiment by a factor of three.
This gives hope that our term H, in Eq. (13) could play an
important role in describing the phase transition from
150Sm to *’Sm.

Figure 26 gives a possible explanation of this phase
transition as a transition between an a-like superfluid
phase and a pairing superconducting phase. It was as-
sumed in the calculations that the '°Sm ground state be-
longs to the former (with large gap parameters; see Fig.
22), and the *>Sm ground state to the latter (small gap
parameters; Fig. 22).

Figures 22a and 26b show the experimental data®® and
reproduce the spectroscopic factors for the pt and #p pro-
cesses.

In the calculations, we used the same model parame-
ters as earlier for fixed .

The realistic calculations include variations both in the
self-consistent field (for example, B) and in the properties
of the pairing field (61,(,,)).

CONCLUSIONS

We have considered the influence of pairing and dy-
namical a-like correlations on the structure of nuclear
states in the framework of the enlarged superfluid model.
We have compared the ESM with other contemporary
models of nuclear structure such as the quasiparticle—
phonon model, the interacting boson model, the time-
dependent HFB method, the HFB method, and Migdal’s
model of finite Fermi systems. We have obtained new gap
equations. The phase structure is enriched by a new super-
fluid phase, the so-called a-like superfluid phase, which is
dominant in a correlations. New first- and second-order
phase transitions have been predicted. A first-order phase
transition between the a-like superfluid phase and the pair-
ing superfluid phase is observed in the region of Sm. New
isomer types are predicted, so-called superfluid isomers
with their own bands of elementary excitations. One of
them is observed in '*’Sm. These isomers correspond to a
second (local) minimum of the correlation energy with
respect to pairing deformations and are analogous to fis-
sion or superdeformed (shape) isomers corresponding to a
second (local) minimum of the potential energy with re-
spect to the elongation in the nuclear shape. In the region
of heavy nuclei, the superfluidities of the neutron and pro-
ton systems can generate each other. This leads to an ex-
planation of the odd—even staggerings of the charge radii in
chains of isotopes of various nuclei. The fact that the re-
duced a-decay width (7%) of neutron-deficient Pb isotopes
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is almost equal to the 7? value for a decays of the actinide
region induces, as discussed above, the neutron superfluid-
ity in the proton system. The ESM can explain such exotic
data, especially in the region of magic nuclei. In the frame-
work of the ESM, one can find a natural microscopic ex-
planation of the scissors mode, which is dominant in the
K™=1% structure of magnetic states.’®’!
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