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Progress in the study of threshold phenomena during the last two decades is reviewed. It is
shown that anomalous behavior of the excitation function near the reaction thresholds

is a typical phenomenon and is observed in nuclear reactions for all nuclei. Feshbach’s theory
of nuclear reactions has been significantly developed for the description of threshold
phenomena. The resonating-group method has been widely used in various modifications for
this purpose. The possibilities for determining parameters and properties of a nuclear

system as a result of analysis of complete and incomplete experiments are studied. Problems
of multiparameter analysis of experimental data are discussed. The most interesting
experimental data are analyzed. Unresolved problems in the theory and analysis of threshold

phenomena are formulated.

INTRODUCTION

Threshold phenomena in nuclear reactions have al-
ready attracted the attention of physicists for almost half a
century because of the unique possibility that they offer for
detailed study of nuclear structure near the energy thresh-
old for production of new particles or the opening of new
reaction channels. In the region of a threshold, the energy
dependence of the physical quantities changes abruptly be-
cause of the radical internal rearrangement of the nuclear
system.

After Wigner’s pioneering theoretical study in 1948 of
threshold phenomena,' there were some experimental
studies’ that stimulated further development of the theo-
retical description of threshold irregularities in the scatter-
ing and reaction cross sections. Breit? investigated the en-
ergy dependence of the cross section near the threshold for
production of two charged particles. Baz’ proposed* prin-
ciples for extending the theory to an open channel in the
region of a two-particle neutral-particle production thresh-
old. The early theoretical studies!** were based on R-
matrix theory, and their results are applicable to problems
with one open channel and one resonance. The theory of
threshold phenomena then developed along several direc-
tions based on different approaches: 1) R-matrix theory; 2)
Feshbach’s unified theory of nuclear reactions;’ 3) the
resonating-group method;® 4) analytic S-matrix theory;’
5) dispersion theory of nuclear reactions.® Three ap-
proaches are based on the microscopic Schrodinger equa-
tion; the last two use the analytic properties and unitary of
the S matrix. The first two approaches determined the di-
rection in the development of model-free theory, the main
aim of which is to find the energy dependence of the sys-
tem’s wave function and a parametrization of it in the
space of reaction channels. In low-energy physics and in
the framework of model-free theory, requirements for a
complete experiment were successfully formulated,*® and
it was shown that it is in principle possible to determine the
parameters and to recover the wave function in the sub-
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space of reaction channels. Approaches 3-5 facilitated the
development of model threshold theories to make it possi-
ble to calculate physical quantities with good accuracy.
Comparison of the results of analysis of experimental data
by model-free and model theories is a good test of the
validity of the theories and a stimulus for further develop-
ment of investigations of threshold phenomena.

A task of primary importance is the accumulation of
new fully reliable experimental data. As a rule, the existing
data are not sufficiently accurate or complete, and it is only
for nuclei with 4 =4-8 that the experimental data are suit-
able for systematic analysis, although they are not suffi-
ciently complete.

Threshold irregularities are most clearly expressed in
reactions of 1p-shell nuclei. This review is devoted to a
description of the investigations of the threshold states of
these nuclei. In Sec. 1 we analyze the known data on light-
nucleus levels and find about a hundred neutron thresholds
with low-lying compound-nucleus levels. These energy-
correlated threshold-resonance state pairs have several
properties typical of them all. Threshold states without a
neighboring resonance are encountered less often (10-20%
of the cases) and exhibit a greater diversity of properties.
For medium and heavy nuclei, it is more difficult to trace
the behavior near thresholds; however, here too, anoma-
lous behavior of the cross sections is observed in the region
of thresholds of analog channels. In Sec. 2, we present the
existing theoretical approaches to the analysis of the exper-
imental data with their advantages and shortcomings. The
fullest exposition is of the application of Feshbach’s unified
theory to threshold phenomena, by means of which the
authors of this review have analyzed experimental data. In
Sec. 3, the complete-experiment problem is considered, and
its solution used to determine the volume of physical in-
formation that can be obtained from an “incomplete” ex-
periment in which the integrated excitation function and
the excitation function at a certain angle are measured.
Requirements on the experimental data are also formu-
lated. In Sec. 4, we discuss some problems of multiparam-
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eter least-squares description of experimental excitation
functions near a threshold. In. Sec. 5 we present the results
of analysis of experimental data. Open problems of theory
and experiment in threshold regions are formulated in Sec.
6. In conclusion we summarize the theoretical and exper-
imental investigation of threshold phenomena.

The review is based on experimental and theoretical
studies made by colleagues at the All-Union Institute of
Experimental Physics during the last decade. The aim of
the review is to describe the general status of threshold
investigations at the present time and to characterize the
main tendencies and directions in the development of these
investigations.

1. UBIQUITY OF THRESHOLD SITUATIONS IN
NUCLEI

We give some definitions that will be used in the paper.
We define a threshold state of a nucleus as a state at energy
equal to the threshold energy for the opening of a new
reaction channel. A threshold level of a nucleus is a reso-
nance state of it lying in the neighborhood of a threshold at
a distance of the order of the level width. The number of
threshold levels can be high for high level densities and
large widths. A resonance threshold state is a threshold
state near a resonance of a nucleus. We now show that the
number of threshold states and threshold levels is large.
Their study opens up a wide field of activity. Light-nucleus
levels near neutron decay thresholds, 4 - (4 —1) +n, have
been analyzed. Threshold situations in which a neutron
threshold state is a resonance have been selected. The se-
lection criterion were: 1) the level of nucleus A4 is within a
distance of the level width of the threshold,
|E’”—Eq| <T’", where E/™ and T7" are the energy and
width of the level, which has spin J and parity m; E, is the
threshold energy; 2) the threshold and resonance states
have similar structure (large partial reduced width 12); 3)
the final nucleus 4 —1 in the threshold channel has a long
life, i.e., its width is I''" < T’", where I is the spin of the
nucleus 4 —1.

Several tens of threshold situations satisfying criteria
1-3 were found'® in the mass range 4A=4-18. They are
given in Table I, which gives properties of the nuclei 4 and
A—1, and also the minimum neutron orbital angular mo-
mentum [/ in the threshold channel, the neutron-decay
threshold energy E, of the nucleus 4, and AE =F "—E,

It can be seen from Table I that in the majority of cases
the neutron thresholds are at nuclear excitation energies
10-20 MeV, and the minimum neutron orbital angular mo-
mentum is zero. Neutron threshold levels have isospin in
the interval 7=0-2. Levels with higher isospin are evi-
dently at higher excitation energies. The correlations in
Table I between the thresholds and the threshold levels of
the nuclei together with the structural similarity of neigh-
boring threshold anomalies in the TLi(¢, p)9Li reaction ex-
citation function in the region of two thresholds of the
"Li(t, n)°Be*(T=3/2) reaction''™ and in the "Li(*He,
p)°Be reaction excitation function near two thresholds of
the 'Li("He, n)°Be(T=3/2) reaction'* showed that the
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isobaric multiplet with 4=10 and isospin =2 has a to-
pological system of neutron threshold levels, i.e., states
with the same quantum numbers and related structure.
Moreover, analysis of the two threshold anomalies in the
IOBe(a, P) 3B reaction excitation function'® near two neu-
tron thresholds of the '“Be(a, n)'*C(T=3/2) reaction
showed that the quantum numbers of the two Be(r=2)
threshold levels are the same as in the 4 =10 multiplet.
The strong-interaction isobaric invariance'® suggests that
the isobaric 4 =14 multiplet with 7=2 will have proper-
ties similar to those of the 4=10 multiplet with 7=2,
especially since the nuclei of these multiplets belong to the
p-shell nuclei. The data of Table I indicate that the thresh-
old levels of the isobaric A =18 multiplet with =2 have
the same quantum numbers. The A4 =4 periodicity noted
here in the properties of the threshold states and threshold
levels is also suggested for isobaric multiplets with other 4
and 7. This is indicated by the quantum numbers of the
levels in Table I for the compound and the residual nu-
cleus:

1B(11/2,3/2) -»'1B(0",1) +n,

BN(1%/2,3/2) - “N(0,1) +n.

The limited data on light-nucleus levels does not permit
further comparisons and analogies.

The pair correlation of threshold states and threshold
levels can be fortuitous at a high density of thresholds and
resonance states. This makes it difficult to look for depen-
dences exhibited with increasing mass number A4 due to the
strong suppression of the threshold irregularities of the
resonance structure in the excitation function. However,
here too anomalous behavior of the cross sections is ob-
served in the region of thresholds of analog reaction chan-
nels. Typical threshold irregularities can be seen!” in the
cross sections for elastic and inelastic scattering of protons
by nuclei with masses 4 =23-35 near the (p, n) reaction
threshold. These nuclear processes involve production of a
compound nucleus. Threshold effects have also been dis-
covered in direct (d, p) reactions near the neutron
threshold.'® Return to a situation with rare resonances and
thresholds is possible in medium-heavy nuclei if isobar an-
alog resonances are studied near (p, n) reaction thresholds,
when the averaging over the continuum of resonances with
T _ leads to a smooth energy dependence of the cross sec-
tions far from the isobar analog resonances.!® Threshold
anomalies have been observed in the cross sections of direct
nuclear (d, p) reactions on nuclei with masses 4=90-210
near the (d, n) reaction threshold with excitation of analog
states. %%

In recent years, the discovery of threshold phenomena
has been extended to fissioning nuclei. Analysis?!*?? of the
fissilities and fission-fragment angular distributions of some
isotopes of thorium, uranium, and plutonium in (d, pf ),
(¢, pf ), and (n, nf ) reactions showed that in the fission
channel at excitation energies 5-8 MeV, or even—even nu-
clei at least, there are intermediate states that are corre-
lated, within their widths, with neutron thresholds for the
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TABLE 1. Data on levels of the compound nucleus 4 and final nucleus 4A—1 in the neutron channel
near the A— (4—1)+n decay threshold.

Nucleus | E, J* T r, A-1 E, ' T r, L |E, |AE,
A MeV keV |(final MeV keV MeV |keV
nucleus
+ particle)
‘He 20,1 |o%1 270 [*H+p |0 1*/2;1/2 |o 0 {19.8 |300
SHe +n |0 1*/2;1/2 |0 0 (20,6 |-500
SHe |16,760|3'/2;1/2100 |*H+d 0 1*/2;1/2 |0 0 {16,696 |64
*He [1,797 |@% 1 [113 |PHe+n |0 37/2;1/2 1600 | 1 1,87 |-73
SLi |16,657(3%/2:1/2|300 |*He+d |0 1*/2;1/2 |0 0 |16,387{270
SLi {431 (240 1,700 |He + p |0 37/2;1/2 |600 | 1 |4,593 |-283
5,366 |2%1 540 |“Li+n |0 37/2;1/2 {1500 | 1 {5,666 [-300
565 [1%50 1,500 [SLi+n |0 37/2;1/2 {1500 | 1 |5,666 |-16
i 7,460 |57/2;1/2(|89 |®Li+n |0 1*;0 (] 1 {7,250 |210
967 |77/2;1/2[400 [Li+n [2,185|3%0 0,024 1 {9,435 [235
9.85 |[37/2;1/2{1200 |*He +p |0 01 0 119,975 |-125
11,24 |37/2;3/2{260 |*Li+n  |3,562 |0%1 0 1 |10,812428
i [2,255 [3%1 33 |TLi+n |0 37/2;1/2 |0 1 2,033 |222
321 |1%1 1000 |"Li+n |0.478 |17/2:1/2 |0 1 [2.511 |701
*Be 1,67 |@%1 |1160 |PLi+p |0 37/2;1/2 {1500 | 1 |0,59 |-1080
'Be |7,210 |57/2;1/2(500 |Li+p |0 1% 0 0 1 [5,606 |1604
927 |7/2;1/2|— |*ui+p |0 340 0,024 1 [7,791 [1479
9.9 |37/2;3/2(1800 [*Be +n |0 01 92 1 |10,676|-776
11,00 |372;3/2(320 |*i+p |3.562 0% 1 0 1 |9,168 |1842
!Be |16,626(2* 108 |"Li+p |0 37/2;1/2 |0 1 {17,254]|-628
16,922 | 2* 74 |"Li+p 0 37/2;1/2 |0 1 [17,254|-332
17,64 |1%1 107 {"Li+p 0,478 [17/2;1/2 |0 1 [17,732]-92
18,15 |1%0 138 |"Li+p 0,478 [17/2;1/2 |0 1 {17,732|418
18,912|2° 51 |{™Be+n |0 3/2;1/2 |0 o [18,898]12
19,055 3% 1 294 |'Be+n |0 37/2:1/2 |0 1 {18,898{172
19,218(3% 0 203 |'Be+n |0 37/2;1/2 |0 1 [18,898 342
19,399 |17 640 |"Be +n  |0,429 [17/2;1/2 |0 0 |19,327(63
°Be [1,685 [1*/2;1/2{150 |®Be+n |0 0% 0 0 0 (1,665 |20
Be {2,429 |57/2;1/2|0,77 |*He +a |0 37/2;1/2 |600 | 2 [2,46 |[-31
16,975(17/2;3/2|0,47 |"Li+d |0 37/2:1/2 |0 0 {16,696 (279
17,298 57/2 200 [Li+p o 241 0 1 [16,887 411
17,493 |7%/2;1/2 {47 |Li+1¢ 0 i*;0 ()} 2 (17,688 ]-195
18,02 |— — "L+t 0,981 |1*;1 0 — 17,868 252
18,58 |— —  |fLi+¢ 0 10 — | —117.688]892
YBe (9,27 [@);1 [150 |[°Be 2,429 |57/2 0,8 | 2 ]9,241 |30
9,4 |[2%1 291 |°Be 3,049 |5*/2 282 | 0 |9,861 |-460
"B 11,589(5%/2 170 |'°B 0 3*0 0 0 |11,454 140
g 112,557(1*/2;3/2]|210 |'°B 1,740 [0*; 1 0 0 [13,194|-640
13,16 |5*/2;- |430 |'°B 2,154 1% 0 0 2 {13,608 |-448
15,32 |5%/2;3/2]635 |'°B 3,587 2% 0 — 0 |15,041 (280
18,37 |(1/2;3/2;|260 |'°B 7,002 [(1;2%0 [100 | 0 |18,458|-86
5/t
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TABLE 1. (Continued.)

Nucleus| E, J* T I, A-1 E, J*5 T r, | |E, AE,
A MeV kev |(final MeV keV L;ev keV
nucleus
+ particle)
25 13,388 |31 o . |'"B 0 37/2;,1/2 |o 2 {3,370 |18
Bc (143907720 280 [|'iC 9,641 |3 34 0 {14,597 (207
“c 11,306 (1" 46 |YC 3,089 |1*/2;1/2 |0 0 [11,266]40
“N 10,5401 140 |N 0 */2;1/2 0 [10,553(-13
14,250 (3% 0 420 |"N 3,547 |5%/2;1/2 |47 0 |14,100|150
18,1 |4* 600 |['*N 7,155 |71*/2;1/2 |9 0 17,708 {400
18,2 (3 400 (13N 7,356 [57/2;1/2 |15 0 [17,929|270
20,1 {1° 500 |13N 9,476 [37/2;1/2 |30 0 [20,029|70
20,8 |37 500 [13N 10,36 | (572,772 |76 0 [20,913{-113
22,5 [271 — IBN 11,700|57/2 115 | 0 |22,253(250
SN [10,804[3*/2 10 |“N 0 %0 0 (10,833|-30
11,6151%/2;3/2 405 |"N 2,313 |0%;1 0 {13,146|-1500
17,67 {3*/2;1/2|600 |'*N 7,028 |20 0 [17,861 [-190
20,5 [3*/2 400 |“N 9,703 |1*;0 15 0 |20,536|-36
25,5 |3/23/2|— |"N 14,66 |2 100 | 0 |25,493/7
N 17,637 |3 7 SN 5,270 |5/2 ) 0 {7,761 [-120
"N 9,459 [=2 100 BN 7,155 [5/2 0 0 (9,646 |-186
10,055 | =3 30 BN |7,567 [1/2 0 0 {10,058 [0
1,716 (1M; 2 |12 BN (9,225 (172 0 0 [11,716]0
0 |10,168{77/2 49 %0 16,130 {370 0 0 |10,274|-110
10,913]5%/2 42 %9 6,917 |2%0 0 0 |11,061|-150
11,079117/2;3/2 | 2,4 % {7117 (150 0 0 |11,261|-180
12,998 |57/2;3/2 (2,5 180 8,872 |27;0 0 0 [13,016(-18
15,10 |©9'/21/2) | 500 10 11,09 /4% 0 0,3 | 0 |15,240(|-140
%o |8,216 |2* 1 o o 5*/2 ()} 0 /8,044 (170
13,1 |1° 700 o |4,552(37/2 40 0 12,596 100
13,8 |1° 600 o 5,939 |17/2 32 0 [13,983]|-180
147 |1 800 o 6,862 |17/2 <1 0 |14,906 [—200
158 |17 700 o {799 |17/2 270 | 0 [16,034|-230
16,38 [(1M;2 |30 Yo (8,20 |3/2 60 0 (16,244 |140
17,3 |15;2 600° 7o  |9,147 |17/2 4 0 [17,191 110
o |9.42 [37/2 120 | 0 [17,464|-164

given nucleus and neighboring isotopes. These numerous
correlations (10 in number) are hardly fortuitous and in-
dicate a similarity of the threshold states and threshold
levels in the fissioning nuclei.

The data considered here reveal a rich diversity of neu-
tron threshold situations in nuclei. If our ambit is extended
to thresholds for charged-particle production, the number
of threshold situations is considerably multiplied. How-
ever, they are difficult to study for two reasons—the inten-
sity is suppressed by the Coulomb barrier, and the energy
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dependence is complicated.>* Threshold states and levels
in light nuclei are the most favorable for study.

2. THEORY OF THRESHOLD PHENOMENA

There are several known theoretical approaches to the
description of threshold nuclear states and levels and also
threshold singularities in scattering and reaction cross sec-
tions. In low-energy physics, theories based on a micro-
scopic Schrédinger equation have been widely used. Wig-
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ner’s R-matrix approach has been most fully developed
(Refs. 1, 3, 4, 23, and 24). The limitation in practice of this
approach to single-channel and single-resonance problems
stimulated the development of a different approach based
on Feshbach’s unified theory of nuclear reactions.’ One of
the present authors (Lazarev) has extended the model-free
theory of threshold phenomena®!!'%% to threshold situa-
tions with arbitrary number of resonances and reaction
channels, including many-particle channels. The
resonating-group method, proposed by Filippov,® and also
by Hoffman,? is widely used to study threshold states and
levels in model calculations.

We shall also briefly describe the application of field-
theory methods to threshold phenomena in low-energy
physics in the form of analytic S-matrix theory and disper-
sion theory.

R-matrix theory

In all forms of R-matrix theory (Kapur—Peierls®’) it is
necessary to have a complete system of formal states of all
particles; this system is determined in the volume of the
nucleus by imposing certain boundary conditions on the
surface of the volume. The main advantage of the formu-
lation proposed by Wigner is that it leads to an explicit
dependence of all expressions on the energy. This is
achieved with energy-independent boundary conditions.
The energy dependence of the elements of the R matrix is
expressed in the simple form

YicYac
Rcc,(E)=§, E_E (1)

where A labels the complete system of states. The ampli-
tudes ¥, of the reduced widths and the energy eigenvalues
E; in the states A do not depend on the energy but do
depend on the channel radius a, and the boundary condi-
tion B, The indices ¢ and ¢’ label the entrance and exit
reaction channels. The simplicity of the analytic form of
the R-matrix elements is a consequence of probability con-
servation, the time reversal principle and, apparently, the
causality principle.”> However, the connection between the
R-matrix and the collision matrix U, which directly deter-
mines the reaction cross section, is rather complicated:

U=QWQ, W=1+ZY*(1—RL°)"'RZ "y,

Qf +exp{i(w.—®}}, @) =arctan(F./G,),
!
w,=0—0p= 2, arctan(n/n), n=2Z,Z,eu/#k,
n=1

Pr=Pi=[p/(Fi+G)], 0, koe=po w}=2i,
L=(p.0,/0.), _q=S.+iP, (2)
O} = (G +iF,)exp(—iw,),

L°=L—B, S.=[p(FF.+GG.)/(F+G)],_, .

Here, the superscript + indicates positivity of the energy
in the channel; k is the wave number; Z; and Z, are the
charges; u is the reduced mass; 7 is the Coulomb param-
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eter; F, and G, are the solutions of the Schriodinger equa-
tion for the relative motion of the two nuclei in channel ¢
that are regular and singular at the origin, respectively; B is
a real diagonal matrix of the boundary conditions B,; O, is
the derivative of the function O, with respect to r. The
diagonal matrices Q, &, L, and w are defined on the chan-
nel surface.

Because of the difficulty of inverting the matrix
1—RL°, the expression (2) is unsuitable for practical ap-
plications if more than two channels are open (the order of
the matrix is equal to the number of channels).

The derivation of the energy dependence of the colli-
sion matrix (2) and of the cross sections near threshold
proposed by Wigner! is made under the assumption p<1;
in the case of charged particles, the condition %#>1 must
also be used. The derivation does not use the approxima-
tion of an isolated level; however, it proceeds from the
requirement that the interval of variation of the energy be
much less than the distance to the following level of the
compound nucleus. The problem of finding the energy de-
pendence near the threshold is greatly facilitated by the
fact that the operator |1—RL°| ™! in the collision matrix
(2) is essentially constant for all channels in a region in
which there are no compound-nucleus resonances. The
cross section for production of particles in the threshold
channel (the reaction energy Q is negative) depends on the
energy as follows:!

20 +1
UCC'~kC’ 5 ’7']:0,

oo ~exp(—2mm,), >0, (3)

o.~1, Mm<O.

If the entrance channel is a threshold channel (Q > 0), the
energy dependence of the cross sections can be obtained
from (3) by the substitution ¢’ —¢, k. — k., with multipli-
cation of the cross sections by k%

In the case of elastic scattering of slow particles,’

20420
k; , m=0,

Ocer ~
olcc""'kc_2 exp(—4m.), 711>0, (4)
acc,~kc_2, 7<0.

If there is an isolated resonance level near a threshold,
then??
| PP PP

W ’ 2= s
| Wee| (Ex+A,—E)*+T7/4

(3)

where an energy dependence is now contained in the
widths T, through the penetrability factors P (2):

F/lczzpj?’/zlc’ = Z Fio A3= 2 Ajes
P c

Alcz —S(c)yic’ ngsc_BL" (6)

Thus, possibilities for determining the energy dependence
of the cross section near a threshold in R-matrix theory are
limited to a small number of situations in which not more
than two reaction channels are open and there is not more
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than one isolated compound-nucleus resonance near the
threshold. In all the more complicated situations, it is nec-
essary to seek simplifying assumptions. Three-particle de-
cay can be described only if it takes place in two stages:
a+X—b+ Y* b+ c+d. Another shortcoming of the the-
ory is the fact that not all parameters have a transparent
physical meaning.

Unified theory of nuclear reactions

We describe the theory in the projection-operator rep-
resentation, in which the main results can be most suc-
cinctly formulated. Thus, for the system of 4 nucleons we
consider the microscopic Schrodinger equation

(E—H)Y(ry,ryyrs) =0. (7

The variables r; include the spatial coordinate, spin, and
isotopic spin; H is the Hamiltonian of the system.

In the complete space of many-particle states of the
A-nucleon system, we separate the subspaces of open reac-
tion channels. The subspaces contain the states |j, m),
which describe the internal motion of two clusters, m and
A—m, characterized by the set of quantum numbers j.
Each of the clusters may consist of a single nucleon. A
cluster of two or more nucleons may be in a state in either
the discrete or the continuous spectrum. Assuming that the
states |j, m) are mutually orthogonal and normalized,

(j,m|j',m'>=8jj/8mm, > (8)

we construct from them the projection operator

7 =2 |jm)(jm|, (9)
Jm
which includes all states of open channels. Application of
the projection operator to the wave function of the system
in the form

PW= 2 U™ () [im), u™(r,)={(jm|¥) (10)
Jj.m

leads to separation of the subspace of open-channel states.
The amplitude uj(-’")(rm) describes the relative motion of
the two clusters of m and 4 —m nucleons; r,, is the distance
between their centers of mass.

The projection operator and its complement Q, which
projects onto the subspace of closed channels, have the
properties

P=P, Q=I-P, PQ=0. (11)

Application of the projection operator to the Schrodinger
equation (7) with allowance for the properties (11) leads
to an equation with an effective nonlocal Hamiltonian
528

(E—-H)Z¥=0,

H=2 [H+HQ(E'") — QHQ)~'QH| 7, (12)

EY=E+iy, y—+0.

The Green’s function in the Hamiltonian H is represented
in terms of the energy eigenvalues ¢,, £ and eigenfunctions
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®,, @, of the discrete and continuous spectra, respectively,
of the Hamiltonian QHQ:

Ao P, D) (D,
(EF)—QHQ) =§, Tt fdsm.
(13)
If the energy varies within a certain group of N reso-
nances, this group of singular terms must be separated
from the Green’s function (13); the remainder will be
weak functions of the energy. After substitution of (13) in
(12), the Hamiltonian H can be represented as a sum of a
resonance part H, and a potential part H,:

N PHO®)(®,QHP
H=H,+H, H= Y 0%,) (2,0
v=1

E—¢, ’
A HQ®,)(®,00
Hp=.@ H+ név—E:E;——-———
HQo,) (0,0 (14)
t)ETE = |7

In accordance with this, the solution

PV= Z (yvc_ z Uc’cgc’)’ Uoe= UE"nc)+U§"rC)'
g ¢ (15)

of Eq. (12) in the subspace of open channels ¢ contains
potential, U”, and resonance, U'", parts in the collision
matrix U; 7, and & are incoming and outgoing spheri-
cal waves.?

The resonance part of the collision matrix has the
form®

(4)
=2 T8
]

i
A= 2 XX )V V), (16)
v

V,=(®,0H7 (7¥),),

where X, are eigenfunctions, E; are complex eigenvalues of
the equations

2 | (E—€,)8,,—W,,| X,=0,

A 1 A
W= (<I>“QH97 m ZHQD,), (17)
2 (X)TX,=5;, X (X)TX,=8,,,
v i
and the function (Z V) p satisfies the equation
(E—-H,)(Z2V¥),=0 (18)

and also the condition of being a superposition of an in-
coming and outgoing wave in the region of the reaction
channels.

Not every resonance term of the matrix (16) has the
Breit—-Wigner form with numerator proportional to the
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imaginary part of the denominator. Indeed, from the sum
rule for the eigenvalues of Eq. (17),

SE=73 (et Wy,
i I3

>ImE=YIm W,=-T/2, T=2XV, V],
i Iz Iz

(19)
Y ReE=Y (g,+Re W)=Y (e,+A,),
i K 3

A 1 A
A#= ((D#QH@ (P m) .@HQ@,)

we find that the imaginary part is not proportional to 4;
(16). However, the sum 24,=X2,V, V,}L is proportional to
the total width T" (19) of the resonance. Therefore, the
Breit-Wigner formula holds on the average. For a single
resonance, the Breit—-Wigner formula is valid. In Eq. (19),
A, is the energy shift of the resonance, and the symbol P
denotes the principal value of the integral.

The nonresonant energy dependence is determined by
the solution of Eq. (18) regular at the origin. Above the
threshold (p®>0), this dependence can be represented ex-
plicitly in the form?*?%3°

(ai)c’c
Mc’c=§Uec’ + z ’
T & E—E

1/2 1/2
U..=P’M,

’ c

1/2 1/2 (p) 1/2, 1/2
(Ai)c’C=Pc' (ai)c,cP ’ UL"L‘=PC’ Sﬁc, s

c c
2141

P”=P’=[_(ZITI)!_!]Z Q/(n), (20)

I
Qi(n)=C H1 (1+7*/m*)exp(2iw)),

m=
Ci=2mn/[exp(2my) —1].

The energy dependence of P, near the threshold is the same
as the dependence of the penetrability P, (2) in R-matrix
theory. Far from the threshold (p>»1), P.~const in an
energy interval <1 MeV.

For uncharged particles, n=0, the function Q;(17) =1.
The matrix elements I and (a;) are weak functions of the
energy in the threshold region. They can be represented as
series expansions in positive integer (beginning with zero)
powers of the energy, as follows from the p —0 asymptotics
of the solutions of a one-dimensional Schrodinger
equation.?>?° The level shift A, has a similar energy depen-
dence. The energy dependence of the resonance-level
widths I', is determined in accordance with (6), in which
the penetrability P, must be replaced by the function P,
(20), and the reduced width 72, by the parameter 72,
which is proportional to it and has energy dependence
analogous to that of A, I, and a;

The energy dependence of the collision matrix below
the threshold can be obtained by analytic continuation to
the complex energy plane. In the region of a two-particle
neutron threshold (1=0), it is sufficient for this to make
the substitution E—E,— —|E—E,| and p—i|p| in the
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expressions (20). If two charged particles are produced in
the threshold channel, the threshold point is essentially
singular in the complex-energy plane. Analytic continua-
tion to the below-threshold region is made with a wave
function valid both above and below the threshold.>* This
problem requires additional investigations.

The unitarity of the collision matrix makes it possible
to determine the energy dependence near the threshold in
all open (nonthreshold) reaction channels. In the region of
a neutron threshold, the matrix element of a nonthreshold
channel can be expanded in powers of p==kr. Restricting
ourselves to the first two terms, we find®

U= Co/,-j—% Ek) U 2 UnUsie k=iyj. (21)

n
Here, i/,j is the value of Uj; in the absence of a threshold.
The summation over k includes all open channels. The
expansion (21) is valid both above and below the neutron
threshold.

We consider a threshold in which three particles are
produced—one neutral and two charged ones with charges
of the same sign. In this case, there is a logarithmic singu-
larity at the threshold point.3 132 The energy dependence of
P, (20) can be represented in the form*

PY?*=a(E—E,)+b(E—E)*[1+cIn(E—E,)], ERE,.
(22)

Here, a, b, and c¢ are constant complex quantities. The
energies are expressed in dimensionless units.

If a three-particle threshold channel involves forma-
tion of a neutron and an unstable nucleus consisting of two
particles, Y*-b+c, then*3*

P, [Re(E—E,+iy/2)]+V2, (23)

where the threshold energy E,— E,—iy is replaced by the
energy eigenvalue of the nucleus Y*. The imaginary part of
the energy leads to a smearing of the threshold singularity
by an amount of the order of the level width y.

It is obvious that in Feshbach’s unified theory there are
no restrictions on the number of open channels and reso-
nances of the compound nucleus. The energy dependence
of the cross sections of nonresonance reactions near the
threshold in the case /=0 corresponds to the energy de-
pendence of the cross sections (3)-(4) obtained in R-
matrix theory.

The resonating-group method is a model method

A description and applications of the resonating-group
method can be found in many studies. We are interested in
those in which the method is applied to the description of
threshold phenomena in light-nucleus reactions. The
method uses a many-particle oscillator basis to expand the
wave function of the system. In the basis space of functions
one distinguishes several subspaces corresponding to rela-
tive motion of clusters in different channels and in bound
states. The wave function of the system is constructed as a
series expansion with respect to the basis states |v, a) of

these subspaces:52¢
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V=2 Ci|v.a),

va

(24)

where v is the index of the basis function, and « is the set
of quantum numbers that identify the cluster states in the
continuous and discrete spectra.

To find the expansion coefficients of the wave function,
it is necessary to solve the system of linear algebraic equa-
tions

S (av|H—E|v',a’yC% =0, (25)
vi,a'

where H is the Hamiltonian of the nucleus.

If a complete oscillator basis is used in the calculations,
the results must be independent of all parameters. In real-
ity, however, one can choose only part of a complete basis,
making plausible assumptions about the physics of the phe-
nomena in the nucleon system. The influence of the part of
the basis not included within the treatment must be man-
ifested in the introduction of certain free parameters. One
such parameter is the oscillator radius 7y (or oscillator
frequency w=#/urt), which is chosen to give the best
description of the structural features of the system. The
realistic Volkov®® and Hasegawa—Nagata®® potentials are
used as nucleon—nucleon interaction potentials.

The resonating-group method has been used to inves-
tigate the few-nucleon systems with 4=4 (Refs. 37 and
38), A=5 (Refs. 39 and 40), and 4=6, 7 (Refs. 41 and
42). Taken together, the results of these studies reveal the
strength and weaknesses of the resonating-group method.
The strengths include: 1) comparative simplicity (relative
to multidimensional Schrédinger or Faddeev—Yakubovskii
equations?) of the solution of the system of linear alge-
braic equations; 2) high sensitivity of the solution to the
chosen system of subspaces of functions used as an expan-
sion basis for the wave function of the system; 3) the pos-
sibility of calculating all physical phenomena observed ex-
perimentally. A weakness of the method is the
unpredictability of the results in the sense that it is difficult
to predict in advance the consequence of restricting the
function basis to a few subspaces of selected channels. The
choice of the model of nucleon-nucleon interactions plays
an important part and cannot be readily made in advance.

Analytic S-matrix theory

A Hamiltonian and other operators of quantum me-
chanics is not used in S-matrix theory.” It retains only the
superposition principle. It is assumed that the momenta
and directions of particle spin before and after a collision
are the only observable quantities.

The central property of the .S matrix is its analyticity
as a function of the momenta of the incoming and outgoing
particles. The particles are associated with poles. The most
important of them are those that can be expressed in terms
of channel invariants—the square S. of the total energy in
the center-of-mass system of channel c:
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2
5= Sn). (26)
1ec
where p; is the momentum of particle i.
In addition, for each channel c there exists a threshold
S equal to the square of the sum of the masses of all the
particles in the channel:

2
Si= ( Z m,-) .
lec

The channel thresholds are branch points and are inti-
mately related to the unitarity of the S matrix by the +ie
rule for avoiding the branch points. The analytic continu-
ation is made on the physical sheet and is specified by
describing cuts from each threshold branch point in the
positive direction along the real axis of the channel-
invariant variable to infinity. The rule for avoiding the
branch points permits an analytic continuation of unitarity
(or calculation of the discontinuity of the reaction ampli-
tude). The unitarity relation is the basis in the formulation
of dynamical models. For example the avoidance of one
branch point corresponding to the threshold of a two-
particle channel leads to a discontinuity in the connected
four-point function:

1 g.(8)
16 s

where S, lies directly below S on the sheet that can be
reached by going once counterclockwise around the nth
branch point; ¢,(S) is the modulus of the momentum of
each of the two particles in channel #; Q, is the branch-
point avoidance contour. Despite the apparent transpar-
ency of analytic S-matrix theory, its application in practi-
cal calculations encounters serious difficulties. This is due,
in the first place, to the two-dimensionality of the Lorentz-
invariant reaction amplitude, the independent variables of
which are two of the three quantities s, ¢, and %, which are
related by the equation

Myo(S) —Myu(S,) = f QM (S,) Ma(S),

4
2
s+t4u= 2 mj,
i=4

which is obtained from the momentum 4-vectors.

In the framework of a nonrelativistic model, the cou-
pling constants and other dynamical characteristics can be
determined. For example, in a resonance—particle system
the analytic properties of the amplitude* there have been
studies of, and of the state spectrum,44 which exhibits an
anomaly with a point of accumulation of resonances at the
threshold of the masses of the resonance and the particle.

Dispersion theory of nuclear reactions

The dispersion (diagrammatic) approach uses field-
theory methods to calculate the cross sections of nuclear
reactions at low energies. Mandelstam’s double dispersion
relations® determine the analytic properties of the ampli-
tude as a function of the two independent variables s and ¢.
Augmenting the dispersion relation by the unitarity condi-
tion, it is possible to obtain a closed scheme for a dynam-
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ical description of the system that is equivalent to the
Schrodinger equation.***

A dispersion theory is developed in Refs. 47 and 48 for
the description of the resonance structure of nuclear-
reaction cross sections near two-particle thresholds. For
the partial-wave amplitudes there is a system of integral
relations similar to Bethe-Salpeter equations*’ for each
value of the total angular momentum J. Near the thresh-
old, this system of relations is transformed in the effective-
range approximation into a system of algebraic equations
whose solutions have complex poles. These poles corre-
spond to threshold states of the compound nucleus. It was
shown in Ref. 48 that the expression obtained by using a
method of quantum field theory to find the amplitude in
the effective-range approximation is identical to the ampli-
tude obtained in nonrelativistic quantum mechanics.>

3. COMPLETE AND INCOMPLETE EXPERIMENTS.
REQUIREMENTS ON THE EXPERIMENTAL DATA

An important question to answer is that of what ex-
periments give the necessary and sufficient information for
unique recovery of a wave function near a threshold. The
theoretical solution of this problem not only determines the
necessary set of experimental data and a method of recov-
ering the wave function but can also help to formulate the
basic requirements on an experiment and establish which
problems can be solved in an incomplete experiment.

Elastic scattering of two spinless particles near a
threshold for production of two neutral spinless particles
and in the absence of resonances of the intermediate system
was considered in Ref. 4. It was shown that a necessary
and sufficient condition for recovery of the wave function
in the elastic-scattering channel is measurement at each
scattering angle, of the cross section at the threshold point
and of its slopes to the left and to the right of the threshold.
The cross section in the threshold reaction channel can be
determined from these data.

We have investigated the same problem when there is
a compound-nucleus resonance near a threshold. The en-

20" +1

P
)"]2 |M1’1l2’

L Jy N .
IUI’Il =1 [(2r—1

P2 +1p, (27)

—el G810 1 _ 2
UIII—e 1+01 (1 [(21’ DI IM]:]l ),
p=k,r<l, P;=const,
where 8, is the phase shift of potential scattering, and &, is
the wave number of the relative motion in the neutron
channel. Below the threshold (E < E,), the wave number
—1i becomes |k,,l. The unitarity condition is satisfied up to
terms of order p +1 In the complete threshold region, we
have the condition

|e®1|=1, EZE,. (28)
Therefore, the phase shift §; is real both above and below
the threshold. Its series expansion can contain only integer
powers of the energy, including negative ones:

r
—50 5D L S 29

6,=6; ' +8; 'E+...+arctan 2E—E) (29)
The pole term is responsible for the resonance elastic scat-
tering. In accordance with (19) and (20), I, a;, and A,
are constants up to the first term of the expansion in pow-
ers of E. For scattering of spinless particles, /=1/". We shall
calculate the energy dependence of the elastic-scattering
cross section near a threshold. Without loss of generality,
we can set the resonance angular momentum equal to zero,
lp=0. In the matrix elements (27) of U, we shall ignore
the powers of p above the first. For angular momentum
1=0, we find

. 1 .
U0=e2‘50(1—5p|M0|2), e?ido

: 30
_ ek iy (30
E—Ey+ily/2)
For />0,
U=e®0,  §,=const. (31)

Substituting (30) and (31) in the expression for the dif-
ferential elastic-scattering cross section,

o(6,E)=|f(6,E)|?

ergy dependence of the collision matrix in the threshold 1 (32)
channel is determined by the expressions (20). In the open f(6,E)= 2 (214-1)P((cos 8) (U,—1),
channel, it is determined from the unitarity relation
(E>E)): we determine its energy dependence:
|
) 3 lp| I ol
o(B.E) = | F(O.E) |~ | fB.E)| = 2 L [co(E—Ep)+si To/2] 47— | f(0,B,) | -
(si—To.Z [co(E—Ey) +si Ty/2]), E>E,,
X (co+ToL [si(E—Ey) —co Ty/2]), E<E,,
3
L =[(E—Ey)*+T¥4]7}, (33)
si=sin[26(()0)—-a(9)], co=cos[28((,0)—a(0) ].
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The amplitude
f(B,E)=|f(B,E,)|&*® (34)

also describes potential elastic scattering in the threshold
region with accuracy ~p2 and does not depend on the
energy. To the same accuracy, the phase shifts 8;° and
a=a(0) are constants. Comparison of the cross section
(33) with the nonresonance cross section of Ref. 4 shows
that in the absence of a resonance amplitude they are iden-
tical. The same can be said of the threshold cross section

or=g S QDU Pz ol 1Mol (39)
The cross section (33) can be generalized to the case of
several resonances near a reaction threshold by using the
expressions (15) and (16) for the matrix U. Such a gen-
eralization does not introduce significant changes into the
energy dependence of the cross section. Therefore, we shall
solve the problem of a complete experiment for the case of
one resonance, avoiding unnecessary complications.

A compound-nucleus resonance introduces four addi-
tional parameters into the description of the cross
section—the complex quantity @, and the two real quanti-
ties £y and I',. Since the amplitude of the threshold chan-
nel occurs quadratically in the cross section (33), the
phase of the amplitude of potential interaction does not
come into consideration. Five constant parameters remain.
Besides them, the cross section (33) contains all the quan-
tities (6, E,) and a(6), which depend on the angles, and
a(0) occurs in the combination 28(0) —a with the constant
6(0) For given scattering angle 6, determination of the
seven parameters

|§IR0|’ Re ap, Im aos EO! FO’ |f(903Eq)|’

X [28§” —a(6p)]

is possible if the excitation function o(6,, E) is measured
at not less than seven energy points in the region to the left
and to the right of the threshold. The parameters are found
by variation in accordance with the least-squares method.
The angular dependence of the parameters f(0, E ) and
26(0) a(0) is determined from the theoretxcal least-
squares description of the squares of the excitation func-
tions ¢(0, E) measured at various angles. As a result of
this, we obtain a series expansion in Legendre polynomials
P/(cos 0), of

(36)

o—i(26 —a(6)) |f(6.E,)| =e—2i6(()0)f(9,Eq)_ (37)

N

I (E—
a(E):U(EqH—v,? z (1 T,

X
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(2sin28{") — L [To(E—Ey)sin 28{” + T3(1+sin?65") 1),

From the expansion of the amplitude (32) in Legendre
polynomlals at E=E, all U, = e? for >0 and U,

= ez“st(’ can be determmed Thus, near the reaction chan-
nel the phase-shift analysis can be made uniquely. In ad-
dition, the reaction cross section (35) can be determined,
since the first five parameters (36) are known from the
phase-shift analysis. We summarize the results. A complete
experiment for phase-shift analysis of elastic scattering
near the reaction threshold is provided by measurement of
the excitation function below and above the reaction
threshold at a number of energy points equal to or greater
than the number of parameters (36). The excitation func-
tions must be measured at different angles in order to ob-
tain a true expansion of the scattering amplitude in Leg-
endre polynomials. This result is valid for scattering of
spinless particles in the region of a two-particle threshold
with production of a neutral particle. In the case of scat-
tering of particles with spin, a complete experiment will
also include measurements of the analyzing power (spin—
orbit and spin-spin correlations) with a view to determin-
ing the expansion of the scattering amplitude with respect
to functions of the total angular momentum of the system.
Otherwise, the principle for recovering the scattering am-
plitude is analogous to the case of spinless particles.

We shall analyze in somewhat more detail the most
typical examples of an incomplete experiment and establish
what information about the nuclear system can be obtained
from them.

A. Measurement of the excitation function at one
angle 6

In this case, all the parameters (36) can be deter-
mined. By means of them, we find (37) at the energy
threshold point E, and at angle 6=6,, and also the energy
of the compound-nucleus resonance and its total and par-
tial widths in accordance with the expressions

plag|’=T,To, 2p7,=T,, T=To+T,, (38)
where 7?2 is the reduced partial (neutron) width. Simulta-
neously, the reduced potential amplitude || for transi-
tion to the threshold channel is determined.

B. Measurement of the integrated excitation function

In this case, one measures the cross section

U(E)=% §1j(21+1)pu,—1|2, (39)

We substitute in (39) the elements (30) and (31) of the S
matrix:

Ey)
22— in 25y +2sin25(()°’) —0,(k,)

E>E,, (40)

(sin 285" + % [2To(E—Ep) (1+sin?8{”) —sin 25§’ T}/2]), E<E,.
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The description of the integrated excitation function by the

theoretical energy-dependent function (40) by the least-
squares method permits determination of the parameters

U(Eq) :Un(kn) 7E0’F0’6(()0)'

Thus, from analysis of the integrated excitation function it
is possible to find the cross section for elastic potential and
resonance scattering and the interference of them, the pa-
rameters of the compound-nucleus resonance, and the
phase shift of the potential scattering at the point of the
reaction threshold. If the amplitude of potential interaction
is ignored in comparison with the amplitude of resonance
interaction in the amplitude M of the threshold reaction,
then the reduced neutron width can be estimated from the
expressions (40). In connection with the problem of com-
plete and incomplete experiments, the requirements on the
experimental data can be found. Naturally, limits must be
set on the energy resolution and the experimental errors.
We estimate these limits as follows. We calculate first of all
the number of independent real parameters in the theoret-
ical function of the energy by means of which the experi-
mental excitation functions are analyzed. Each element of
the collision matrix of the resonance type (28) has six
parameters, while each element of nonresonance type has
only two. Having estimated by means of the reaction en-
ergetics and the angular momenta what matrix elements
(and in which channels) play the important parts, we can
count the number of parameters. All the remaining matrix
elements can be approximated by a constant or by some
simple function of the energy. However, the number of
parameters must not exceed 50-60. This upper limit is
determined by the technical capabilities of computers cur-
rently accessible to us. Least-squares minimization of a
functional with a larger number of parameters is ineffec-
tive. To determine 50-60 parameters by the least-squares
method, the number of experimental points must be of
order 100. The near-threshold energy interval can be esti-
mated from the condition p=kr < 1 and is equal to 1 MeV
for light nuclei. As a result, from these two numbers we
obtain the required energy resolution:

AE=10 keV. (41)

Besides the estimate (41), which is obtained independently
of the structure of the excitation function in the threshold
region, another estimate due to this structure may also
exist. The threshold singularities (“cusps,” “steps”) ex-
tend in energy over about 100 keV. Therefore, the energy
resolution (41) is sufficient to describe the threshold sin-
gularity. Compound-nucleus resonances can have widths
in the range of energies from a few electron volts to several
mega-electron-volts. An energy resolution a few times less
than the resonance width is needed for their experimental
description. The most typical values of the widths of reso-
nances in the region of light nuclei are above several tens of
kilo-electron-volts. For their description, the energy reso-
lution (41) is also sufficient.
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We consider the requirements imposed on the accu-
racy of the experimental data. The requirements depend
not only on the number of parameters in the theoretical
function of the energy but also on its form. We estimate the
accuracy for a power-law function of the energy—the
weakest energy dependence. We take the difference of a
function of the energy of the minimum power 1/2 and a
constant in the threshold region p=kr <1 and impose the
condition that in the greater part of this region the differ-
ence be greater than twice the experimental errors in the
function p~ (E—E)) 172, Setting the constant equal to zero,
we find

p>20, O0.1<|E—E,| <05.

The region in which the function of the energy can differ
from a constant is defined nominally by the interval [0.1,
0.5]. From this there follows the dependence of the possible
growth of the experimental errors with increasing distance
from the threshold:

0<(0.05—0.1). (42)
Thus, the experimental errors must not exceed a few per-
cent.

4. PROBLEMS OF MULTIPARAMETER DESCRIPTION
OF EXPERIMENTAL DATA NEAR A THRESHOLD

An element

(ai)c'c

1/2 1/2
Uy=P*M,, P, i

MC,C=§D?CIC+

of the collision matrix contains three unknown complex
quantities: M, (aq;), which must be found by analysis of
experimental data in the region of the threshold. Usually,
all three quantities are constant near a threshold. There
may be an exception in the case of the imaginary part of E,
which is proportional to the total width of the resonance, if
just one channel (19) is open:

T
Im E=—~(E—E)" .

Although the real part of E; does depend on the energy, its
principal term is a constant:?

Re E;=A=A" +APE+....

There is a similar energy dependence for I and (a;). Thus,
the minimum number of parameters in an element of the
collision matrix is two for the potential term and four for
each resonance term. In the case of resonance scattering
when only the elastic scattering channel is open,’

—1
,—=7 Im E;exp (2i6),
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the number of parameters in an element U. . can be re-
duced from six to three.

This counting of the parameters shows that a wave
function containing up to about ten elements of the colli-
sion matrix can be analyzed by the least-squares method. A
greater number of states can usually be included in the case
of a small number of resonance states of the compound
nucleus or if certain terms in the expansion with respect to
the energy are ignored. As a rule, the principal term of the
expansion is retained. Terms of higher order are retained if
necessary for physical reasons (for example, there is reten-
tion of terms with orbital angular momenta /> 1 in the
threshold channel) and when the experimental errors do
not exceed 2-3%. If the experimental errors are 5-10%,
there is no point in retaining terms in the expansion with
respect to the energy apart from the leading term, since the
varied parameters are correlated. Correlated parameters
can vary in wide ranges without a change in the value of
x> For successful least-squares analysis it is sometimes
helpful to eliminate from variation some strongly corre-
lated parameters, fixing their values at certain physically
sensible constant values.

5. RESULTS OF ANALYSIS OF EXPERIMENTAL DATA

The experimentally observed threshold anomalies have
been described theoretically in studies of the authors (Refs.
11-13, 25, 52, and 53) and others (Refs. 3742, 47, and
48). We begin our presentation of the results of the theo-
retical analysis with our studies, in which, it seems to us,
the properties of nuclear threshold states have been most
systematically investigated. Several highly excited '°Be
states at energies from 17 to 23 MeV were analyzed. The
states were investigated in the "Li(s, p)9Li, "Li(s, ay),
"Li(s, a;), and "Li(t, n) reactions’>*’ with energy resolu-
tion 20 keV and the rather low error 2-3%. In the process,
we shall analyze the Li(°*He, p)9Be reaction,'* with for-
mation of the compound nucleus 198, which is a member of
the same isobaric multiplet with 4=10. We shall then
present the results of phase-shift analysis of proton elastic
scattering by 'Li at energies E,=1.5-3 MeV in the region
of two neutron thresholds of the "Li(p, n )"Be reaction. At
the end of the section, we shall describe the results of anal-
yses made by other authors.

Analysis of threshold anomalies in the excitation
function of the ’Li(t, p)°Be reaction

The results of measurement of the integrated excitation
functions for the 'Li(z, p)°Li, 'Li(¢, @), 'Li(t, d), and
"Li(t, n) reactions at energies E,=3-10 MeV of the inci-
dent tritons in the laboratory system are presented in Refs.
53-56. Around the energies E,=5.649 and 8.339 MeV, at
which the channels of the "Li(#, n)°Be(T=3/2) reaction
are opened, '’ giant anomalies (up to 30%) are observed in
the "Li(z, p)°Li excitation function. To explain the shape
and intensity of the anomalies, it was necessary to assume
that the threshold neutrons are formed in a state with or-
bital angular momentum /,=0 and that near the thresh-
olds there are °Be states with probable isospin 7'=2,
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which are analogs of the ground and excited states of '°Li.
In Ref. 55, an analysis of the shape of the neutron yield
curve near the first threshold as a function of E, showed
that /,=0. In addition, a shell-model analysis of the struc-
ture of light-nucleus levels made in Ref. 58 showed that the
ground state of the '°Li nucleus has the configuration
(15)*(1p)°(2s1d)" and spin—parity J"=2", which corre-
sponds to /,=0. Subsequently, in Refs. 11-13, it was con-
jectured that the second anomaly has the same nature as
the first. Both of these states represent the *Be nucleus in
the first and the second excited states with 7T=3/2 to-
gether with a weakly bound neutron. This is supported by
the results of Ref. 58, from which it follows that the second
excited '“Be state with 7=2 has spin—parity J"=1". The
threshold neutron must be emitted with /,=0.

A theoretical analysis of the two threshold anomalies
was made on the basis of the above approach in Refs.
11-13. The theoretical function of the energy (integrated
cross section) was constructed from the matrix elements
(20) and (21) with sets of quantum numbers that included
the orbital angular momenta of the triton, proton, and
threshold neutron:

I,1,=0,1,2, 1,=0,1. (43)
With allowance for the spins and parities of the incident
and emitted particles in the p and n channels,

s,=5,=1%/2,

p sLi=SB8=3_/2!

we find the values of the total angular momentum and
parity of the system: J=I1+s, where s is the spin of the
channel.

To reduce the number of parameters in the theoretical
function, all orbital angular momenta except zero were
ignored in the first approximation. A second simplification
was to make the analysis in the single-channel approxima-
tion. For this, there is a strong experimental justification,
namely, the absence of an energy dependence (except for
the Coulomb dependence) in the excitation functions for
all channels except the (7, p) reaction channel and the
experimentally uninvestigated elastic-scattering channel.
The end effect of the second assumption was that the ma-
trix elements for all reaction channels except the (z, p)
reaction were set equal to a constant multiplied by the
penetrability factors C(z) (20) in the entrance and exit chan-
nels. As a result, the integrated reaction cross section de-
pends on the energy as follows:!1"!?

2
t

CZ
Op=—rt ” A+B.|E—E,|'"?+(1—C,|E—E,|'")

Dy+D\E
XE—E+([172)

T=>;<, (44)

where the symbols > and < denote the regions of energies
above and below the threshold E; E’™ and T™ are the
energy and width of the level of the 1°Be compound nu-
cleus with isospin 7’=2. The real parameters 4, B, C are
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FIG. 1. Theoretical description of excitation functions of the "Li(t, p)°Li
reaction near the first threshold of the reaction 'Li(t, n)°Be*
(E,=14.3922 MeV, T=3/2).

linear combinations of the squares of the amplitudes for the
different quantum states of the system. The parameters D
are related to the resonance-scattering amplitude by

Do=k(2J+1) 2, | D2 |*h(4]),

Lp
Dy=k(2J+1) 2 | T2 Re 4],
t‘p
1 (45)
T

h(dy) =4y |*—2 Re AJE'™+2 Im 4,]T77/2,

where p, is the reduced mass in the entrance channel, and
1/8 is a statistical factor. The indices ¢ and p label not only
the channels but also the complete sets of quantum num-
bers in them. The summations indicate that it is necessary
to take the sum over all orbital and final spin angular
momenta of the particles.

The "Li(t, p)°Li excitation function in the two thresh-
old regions was analyzed by means of the theoretical func-
tion (44) by least-squares variation of the parameters to
achieve the best description of the experimental data. The
quality of the description can be judged in Figs. 1 and 2.
The parameters of the theory and the physical quantities
were estimated from the values found for the parameters.
Table II gives data on the T'=3/2 levels of the *Be nucleus
and the corresponding neutron thresholds in the energy
scale of the '°Be compound nucleus,'® and also the energy
and widths of the 7'=2 levels of the Be nucleus determined
from the least-squares analysis.

The reduced partial widths, in mega-electron-volts,
were estimated from the relations (45) 1

75=0.008, 7;=0.128, ¥,=0.376.

It follows from this that the neutron width has the order of
the single-particle width.

States with 7’=2 for the 4= 10 isobaric multiplet were
also found experimentally for the °B nucleus in the exci-
tation function of the "Li(*He, p)°Be reaction near two
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FIG. 2. Theoretical description of excitation functions of the "Li(¢, p)°Li
reaction near the second threshold of the reaction 'Li(f, n)°Be*

(E,=16.975 MeV, T=3/2).

thresholds of the reaction 'Li(*He, n)°B(T=3/2)."* The
theoretical analysis used the function of the energy (44), in
which the Coulomb factor C? is replaced by Cﬁe, the pen-
etrability of the Coulomb barrier for *He. This approach to
the analysis is justified by the equivalence of the (¢, p) and
(*He, p) reactions apart from the Coulomb interaction and
the ¢ and *He mass difference. In these reactions, all the
quantum numbers are the same. The assumptions and cal-
culations in accordance with the shell model,>® which are
valid for '®Be with T'=2, are also apparently valid for '°B
(T=2).

The least-squares analysis of the "Li(*He, p)°Be exci-
tation function gave results for the two °B levels with
T=2 matching those for 108¢. To see this, it is necessary to
compare the data of Tables II and III.

The parameters of the °B (7'=2) levels are deter-
mined with large errors due to the insufficient accuracy of
the experimental data (3-6% ) and small number of exper-
imental points (about 20 points near each neutron thresh-
old). The remaining parameters are determined with er-
rors exceeding the values of the parameters. For this
reason, it was not possible to estimate the !°B partial decay
widths.

The good description of the two threshold anomalies
with allowance for resonance enhancement in the 'Li(z,
p)gLi excitation function confirms the conjectured exist-
ence in '°Be of two states with =2 and 7= —1 that are
analogs of the ground and excited [Ex(loLi)=1.8 MeV]
states of '°Li. Shell-model calculations®® give for these '°Li
levels J”=2" and 1, respectively. The total width of the
second state is greater than that of the first by a factor of
7.5. This is mainly due to the sharp increase in the contri-
bution of the neutron width from the first n+°Be threshold
channel (7'=3/2, E,=14.393 MeV). This analysis did not
take into account the influence of three n+°Be(T=1/2)
neutron thresholds'® on the form of the excitation function
in the region of the second anomaly. The decay of the
J"=17, T=2 state to these levels is strongly suppressed
because /,> 0. The influence of these three thresholds will
be considered later.
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TABLE II. Data on levels of the nuclei °Be (7=3/2) and °Be (7T'=2) near thresholds of the

"Li(t, n)°Be(T=3/2) reaction.

Thresh-  Energy £'7 of °Be  Threshold Energy E'™ of Total widths
old level, MeV energies E,, 1Be Jevel, MeV 7, Mev
MeV
1 14,393 21,205 21,218 = 0,005 0,112 = 0,022
J*=3/2" J =27
2 16,976 23,788 23,034 + 0,011 0,84 * 0,06
J =1/2" J =1

The parameters of the °Be and '°B nuclei with 7=2
determined in the analysis allow us to make some predic-
tions concerning the properties of the 4 =10 isobaric mul-
tiplet under the assumption that they are structurally sim-
ilar. It appears that the first two levels have the following
structure: a core of nine nucleons (J"=3/2" for the first
level and J”=1/2" for the second level) with 7=3/2 and
a closed (1s)*( lp)5 shell plus an outer nucleon (weakly
bound or unbound with /=0) in the (2s 1d) shell. The
energy interval between these levels is 1.7-2 MeV. The
energy of the first 7=2 level in '°C is estimated to be 23
MeV, and that of the second to be 25 MeV. The '°Li and
1N nuclei are mirror nuclei. It can therefore be assumed
that their ground states are characterized by quantum
numbers J”=2" and T'=2, and the first excited states by
J"=1" and T=2. The neutron binding energy in '°Li
must be close to the proton binding energy in °N.

We calculate the neutron binding energy in '°Li by
using the energy relations of the neighboring nucleus '°Be
in accordance with the formula®

£,("°Li) =AE.("°Li—'"Be) — E,(°Be(T=2))
+5,('%Be), (46)

where AE, is the energy of the Coulomb rearrangement,
determined in accordance with

1
AEc=a(Z+5)/A‘/3+B,

E ["®Be(T=2)]=21.218 MeV,

S,('°Be) =10.636 MeV,

where S, is the proton separation energy in 10B¢.10 The
Coulomb rearrangement energy was estimated in two

ways—by extrapolation to 4=10, Z=3 and to 4=9, Z
=3. The scheme using even 4 gives AE.=1.342 MeV, and
for odd 4 we have AE,=1.539 MeV. The difference be-
tween them is a pairing effect.’® The odd-4 estimate of AE,
is sensible if it is borne in mind that '°Li and '®Be (T'=2)
probably have a structure of the core type [’Li and
Be*(T=3/2)] plus a neutron with binding energy near
zero. The value obtained for AE, corresponds to binding
energies'!

€,=—1(0.03;0.23) MeV. 47)
The estimate*’” of the binding energy &, was recently con-
firmed experimentally® in the stopped-meson reaction

UB 47~ - 10Li4p. (48)
Near the upper limit of the proton spectrum there was
found to be a powerful resonance corresponding to produc-
tion of '°Li in the ground state (Fig. 3). The '°Li binding
energy was estimated at £,=—0.15+0.15 MeV. An earlier
estimate®! of the °Li binding energy from the °Be(°Be,
*B)!%Li reaction was £,=—0.8 MeV. It is obvious that
these data contradict our results and the experimental data
of Ref. 60.

With regard to the first excited '°Li level, it is assumed
in Ref. 60 that its energy is ~0.5 MeV and that it cannot
be resolved on the background of the powerful resonance
corresponding to the ground state of the '°Li nucleus, since
the experimental energy resolution is 0.4 MeV. According
to our assumptions, its energy is approximately 2 MeV. In
the proton spectrum at this energy a bump was observed in
Ref. 60, which, given sufficient statistics, could be a reso-
nance describing the first excited level of '°Li.

The excitation function of the "Li(z, p)9Li reaction was
analyzed above in a simplified form. No allowance was
made for: 1) the Coulomb interaction of the nuclei in the

TABLE III. Data on levels of the nuclei °B(T=3/2) and '°B(T'=2) near thresholds of the

"Li(*He, n)°B(T=3/2) reaction.

Thresh- Energy E'™ of °Be Threshold ener- Energy /" Total widths
old level, MeV gies E, MeV of '°Be level, MeV r’m, Mev
1 14,66 23,095 22,7 £ 0,35 1,1 1
J*=3/2" J =27
2 17,076 25,511 24,4 2,3
Jr=1/2" J'=1"
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FIG. 3. Probability of production of '°Li in the 7~ +!'B—p+'°Li reac-
tion.

entrance channel of the "Li(z, n)°Be(T'=3/2) threshold
reaction; 2) threshold states with /> 0; 3) the multichannel
nature of the 'Li+#; 4) the three neutron thresholds of the
Li(s, n)9Be( T=1/2) reaction near the second
10Be(7T=2) resonance; 5) the smearing of the neutron
thresholds due to the finite width of the Be* levels. A
repeat analysis®? eliminated these shortcomings in order to
determine more accurately the spectroscopic characteris-
tics of the compound-nucleus resonances and to estimate
the influence on them of the changes made in the analysis.
The number of partial waves included in the entrance
channel was restricted to three: /=0, 1, 2. Even and odd
waves excite negative- and positive-parity states of the Be
compound nucleus, respectively:

J= (091s293,4)—, lt=0,2,

J=(0,1,2,3,)", [=1.
In the neutron threshold channels, it is sufficient to take
into account two partial waves with /, equal to O or 1. In
the nonthreshold neutron and « channels the penetrability
does not depend on /. In the deuteron channel, waves with
1,<2 were included in the calculation. The "Li(z, p,)°Li*
reaction was not considered because its cross section is
small [ < 10% of the (¢, py) reaction®*¢]. The number of
neutron threshold channels in the considered intervals of
energies E, (5-6.3 and 8.5-10 MeV) is determined by the
number of *Be states (Table IV).!°

In the region of the first and second n+9Be(T=3/2)
neutron thresholds resonance states of 1OBe(Z_, 2) and

10Be (17, 2) are excited, respectively. Four forms of least-
squares calculations were made. Version I1(10) (10 is the
number of parameters) corresponds to the numerical anal-
ysis made in Refs. 11-13. A difference of the calculations in
Refs. 11-13 is that the Coulomb interaction in the entrance
channel is taken into account in the 'Li(z, n)°Be(T=3/2)
threshold reaction. In version II(12) terms with /,=1 are
also taken into account. Calculations in version ITI(15)
were made in the region of the first threshold with allow-
ance for all reaction channels. In version IV(19), in the
single-channel approximation, the effect of three “addi-
tional” neutron thresholds of the 'Li(z, n)°’Be(T=1/2)
reaction on the parameters of the 0Be(J™=1", T=2) res-
onance state in the region of the second threshold was
investigated. It can be seen from Table IV that in the re-
gion of the first threshold too there is an “additional” *Be
level with E,=14.4 MeV and I'=0.8 MeV. Its influence on
the resonance parameters of the 0ge(J™=2", T=2) level
can be ignored because I'>T>.

The dependence of the parameters of the 10Be( T=2)
resonances on the version used is shown in Table V, which
also gives the values of X2 for comparison of the quality of
the description. The numbers of experimental points in the
region of the first and second thresholds are 135 and 82,
respectively.®? The final column gives the values of E/™ and
[/ obtained by conversion, to the scale of the '°Be nu-
cleus of the versions I1(12) for the 2~ level and IV (19) for
the 17 level.

Comparing the parameters in Table V obtained for the
10Be(7'=2) levels in the various versions of the analysis62
with the results of the calculations in Refs. 11-13 we find
that the values of all the parameters apart from I''  agree
with the corresponding parameters of Refs. 11-13, within
their errors. The parameter I'!" differs by almost a factor
of two from the analogous parameter in Refs. 11-13 and is
far outside the error limits. Therefore, in determining the
parameters of the compound-nucleus levels it is necessary
to take into account all the low-lying neutron thresholds.
Decay of the '°Be(27, 2) state to the neutron threshold
channel n+°Be(3/2~, 3/2) does not destroy its isospin
purity. The same applies to the n+°Be(1/27, 3/2) decay
of the °Be(1~, 2) state. However, the second branch
n+°Be(5/2F, 1/2) of the '°Be(1~, 2) decay introduces a
12% admixture with isospin 7=1. The analysis is incom-
plete. As was noted at the beginning of the section, there
has been no experimental investigation of the 'Li+¢
elastic-scattering channel in the region of the two studied

TABLE IV. Levels of the nucleus °Be in the intervals E,=14-15 and 16.5-17.5 MeV.

E . MeV J* T Cems keV (E})1apy MeV
14,3922 3/2° 3/2 0,381 = 0,033 5,649
14,4 0,3 ~800 5,66
16,67 + 0,008 (5/2% 1/2) 41+ 4 8,904
16,9752 /2 3/2 0,49 + 0,05 9,339
17,298 + 0,007 (5/2) (1/2) 200 9,8
17,493 + 0,007 (1/2%) (1/2) 47 10,079
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TABLE V. Parameters of levels of the nucleus '°Be (T'=2) for various versions of analysis of the

"Li(t, p)°Li reaction cross section.

Thresh- Param- Data of 1(10) 1(12) HI(1S)| IV(19) Ex' rcms
old eter Refs. 11-13
1 E? MoB |5,669 5773  [5,666+0,033 |5,673 21,216+0,023
r? B |160 290 11544 133 80+30
x? 1701 [1368 1363 —
2 | E' MsB (8,263 8,695 |8,447 — [8,520,3 |23,163+0,205
M kB 1200 1668  |1444 — |685+570 |480+400
P 1113|1088 — |1048 —

Note: The energies are given in the laboratory system, except for the '°Be levels.

thresholds. If a strong energy dependence of the excitation
function is found in this channel, the results of the analysis
may be changed. In addition, in the "Li(z, p)gLi excitation
function at £,=5.58 MeV a break is observed (see Fig. 1).
There are two possible reasons for it: the existence of an
unknown 7+ °Be neutron threshold or overlapping of two
resonance levels of the '°Be compound nucleus. Both fac-
tors could be operative. We shall discuss the influence of
the first. The existence of an unknown °Be level with exci-
tation energy E,=14.34 MeV is improbable, since the *Be
levels have been studied in many different reactions'® up to
excitation energy 25 MeV. However, if its existence is al-
lowed, then from the “smearing” width of the threshold
singularity it may be concluded that the width of this level
is I'=30-50 keV. Therefore, the level must have isospin
T=1/2.

A second possibility is the existence of two overlapping
resonances of the '°Be compound nucleus near the first
neutron threshold with 7'=2. The isospins of these reso-
nances are probably 1 and 2, since it is unlikely that both
resonances have 7'=2. Being in this last case analogs of the
'Lj levels, the presence of spins would indicate the exist-
ence of an excited '°Li state at £, =10 keV. The spins of
these '°Be levels could be different, with opposite parities.
For a near-threshold resonance the parameters will evi-
dently be as before: J7=2", E;,, = 5.65 MeV, I';,,=160
keV. The presumed parameters of the neighboring reso-
nance are E;,, = 5.56 MeV, I';,,=30 keV (see Fig. 1).

Levels of the '°Be nucleus near the threshold of the
’Li+t channel

The differential reaction cross sections measured at 90°
in the energy range E,=80-500 keV were analyzed to es-
tablish the structure of the '°Be compound-nucleus levels
near the threshold of the "Li+ 7 channel.?> Orbital angular
momenta />1 can be ignored. Taking into account the
spins and parities of the ground states of the "Li(3/27)
and T'(1/2) nuclei,'® we can determine the '°Be states ex-
cited in the threshold channel:

J7=27,17,01,11,2+,3+, (49)
To the ao+6He(O+) reaction channels there decay four
states of the '°Be compound nucleus:
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J'=17(s=1),07(s=1),2%(s=1,2), (50)

where s is the spin of the ’Li+¢ channel. To the
a1+6He*(2+) reaction channels there already decay 13,
and to the neutron channels more than 20, '°Be states for
all pairs of the numbers J” (49). An analysis was made of
the differential S factor, defined by analogy with the astro-
physical S factor:

N do : : N
S(90°,E) =~ E(e™—1)= > BP;(cos 90°)
L=0

1

=By—3 5, (51)

Here, B, contains not only the squares of the matrix ele-
ments but also interference terms of positive-parity states.
In the (¢, a,) reaction, the 0" and 2 (S=1) states inter-
fere.

The energy dependence of the S factor (51) is deter-
mined by the penetrabilities in the entrance channel and by
the resonance states of the compound nucleus. The energy
dependence in the exit channels of the reactions can be
ignored, since the reaction energy is Q~ 10 MeV:!°

S(90%E)= X p’ | M |*+ (kR)*(1+7?)
=

M |?

x{;

+ " Re ((ML)*ML; (52)
J

Here, p and g are known constant coefficients. The terms of
opposite parity have different energy dependences.
Analysis of the S factor (52) of the Li(z, a0)6He
reaction showed that a 27 (s=2) resonance state is not
present in the '°Be nucleus and that the parameters of the
2% (s=1) resonance are close to the experimental values of
Ref. 10 (Table VI). After this, the parameters of the
2t (s=1) state were fixed at the experimental values:
E>* =770 keV, T** =157 keV. The remaining parameters
were varied. The table shows that the quality of the de-
scription remained almost the same; the parameters of the
0% resonance were unchanged, while those of the 1~ res-
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TABLE VL. Parameters of '°Be resonance states near the 'Li+¢ threshold. The values of E and T’

are given in kilo-electron-volts (laboratory system).

Reaction |Number | % 1~ 0* 2*
of param- E r|E r|E T©|E T

"Litta)®He | 20 |41,57|-180 178 | 174 50 | — — | 606 165
14 |4162]-219 104 | 173 S0 | — — [770 157

Litta)®He*| 20 [6378| — — | 165 9% |20 21 | — —
16 |6824] — — | 168 100|206 23 | — —

onance were slightly changed. Figure 4 illustrates the least-
squares approximation of the differential S factor of the
"Li(t, &) He reaction by the function (52).

Analysis of the S factor of the 'Li(z, a;)®He*(2%)
reaction indicated the existence of two resonances of op-
posite parity in the investigated energy region. One of
them, 0™, has practically the same energy as in the (¢, a;)
reaction. However, the width parameters differ by a factor
of two. This may be due either to different statistical accu-
racies of the measurement of the excitation functions [in
the (¢, a;) reaction the statistical errors were less] or to the
experimental individuation of the resonance [in the (¢, a;)
reaction, there were fewer experimental points than in the
(2, a;) reaction]. From both points of view, the data from
the (¢, ;) reaction are to be preferred. The negative-parity
resonance evidently has J=2, since the /”=1" resonance
is outside the investigated energy region, as is indicated by
the analysis of the (7, o) reaction. The results of the ap-
proximation of the S factor of the "Li(z, a1)6He*(2+)
reaction by the function (52) are given in Table VI and
shown in Fig. 5.

In the analysis of the differential cross section of the
Li(e, a;) reaction, the resonance at E,=260 keV was
eliminated because of its poor experimental individuation
(just four experimental points in Fig. 5). This resonance is
not present in the differential cross section of the Li(s, ag)

6,10727cm?

12

4 L 1 11 1 1 1
0,4

1
Et, MeV

FIG. 4. Theoretical description of differential S factor at angle 90° in the
"Li(t, ay)®He reaction.
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reaction. Comparing (49) and (50), we can conclude that
its quantum numbers must be chosen from the three pairs

JT=2",1173%, (53)

Confirmation of the existence of the 260-keV reso-
nance can be found in analysis of the differential cross
section of the "Li(¢, n) reaction measured®* at 0 and 90°
(Fig. 6). The cross section was described theoretically by
means of the function (52) by the least-squares method.
The number of neutron channels was more than 20. There-
fore, it is not possible to determine the quantum numbers
from the available experimental data. We need here mea-
surements of the differential cross sections for the individ-
ual channels and at different angles. The analysis in the
neutron channel unambiguously indicates a resonance at
260 keV, as can be seen from Fig. 6. The resonance width
is estimated at 20 keV, and the quantum numbers are ev-
idently determined by one of the pair of numbers in (53).

Summarizing the analysis of the 'Li(¢, o), 'Li(z, a;),
and "Li(¢, n) differential cross sections, we can give the
following scheme of previously unknown '“Be levels near

8,107%7cm?
70 |- t
< ]
50f
- o
(]
301
]
0}
1 1 1 1 ] 1 1 1
0,1 0,2 0,3 0,4 E,MeV

FIG. 5. The same as in Fig. 4 in the "Li(t, a;)*He*(2*) reaction.
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FIG. 6. The same as in Fig. 4 in the "Li(z, n) reaction.

the threshold E,=17.2498 MeV of the "Li+t channel (Ta-
ble VII). The actual existence of the 1~ (E,=17.11 MeV)
level is in doubt, since it is not found in the experimentally
investigated region E,=80-500 keV. The observed growth
of the differential cross sections on the approach to the
"Li+ ¢ threshold (see Figs. 4 and 6) need not necessarily be
due to the presence of a near-threshold resonance but
could also arise from an /=1 partial wave, giving a linear
dependence on the energy E, (52). The theoretical func-
tion (52) is defined only above the threshold. It cannot be
used for predictions below the threshold.

Phase-shift analysis of proton elastic scattering by
’Li nuclei near two thresholds of the “Li(p,
n)’Be reaction

ferential cross sections measured at proton energies
E,=1.35-3 MeV in the laboratory system” at six scattering
angles 0: 70, 90, 110, 130, 150, and 167.1° in the center-of-
mass system. At proton energies E,=1.88 MeV and
E,=2.3705 MeV two thresholds of the 'Li(p, n)"Be reac-
tion open, corresponding to production of the 'Be nucleus
in the ground and first excited states. The phase-shift anal-
ysis is complicated by two circumstances: competing open
channels of the (p, p;), (p, @), and (p, ) reactions'® and
also the existence of four resonance states of the *Be com-
pound nucleus shown in Table VIII.'®

The levels of the ®Be nucleus are measured from the
first neutron threshold. The phase-shift analysis made ear-
lier in Ref. 65 using the same experimental data’ could not
be satisfactory because it did not use a theory of threshold
phenomena permitting prediction of the energy depen-
dence of physical quantities. It was decided to repeat the
phase-shift analysis having made preliminary investiga-
tions of the possibilities of adequate description of the ex-
perimental data by means of a theoretical function by least-
squares variation of parameters.

The original attempt at a theoretical description of the
first threshold level and of the 2~ resonance level nearest to
it (see Table VIII) in an energy interval containing these
two states did not lead to success. A further extension of
the energy interval and inclusion, in the theoretical func-
tion of the next state of the compound nucleus in this
interval improved the description of the experimental data.
The best description was achieved when the theoretical
function included both threshold states and all four ®Be
resonances (Table VIII). These investigations showed that
all six states strongly interact with one another. The influ-
ence of the ®Be resonances at the ends of the investigated
energy interval was ignored. The description of the differ-
ential cross section for "Li+p elastic scattering is given by
the expression?

2
The theory of resonance threshold phenomena found do =l ' P, (54)
application®® in phase-shift analysis of "Li(p, p)'Li dif- dQ, 8| cTIN’ R
TABLE VII. Levels of the nucleus '’Be near the threshold of the Li—+ ¢ channel.
E,, MeV Feme keV J" T
(17,11 £ 0,02) (100 + 30) - 1
17,37 £ 0,01 60 + 30 0* 1
17,40 + 0,005 152 " 1
17,43 + 0,005 15+2 1
TABLE VIIL. Data on levels of the nucleus ®Be and the corresponding energies of the incident
protons E,. (c.m.s.) and E, (lab).
Level E_,MeV J* T I keV E,, MeV | E, MeV
1 18,91 a 0 48 + 20 1,656 1,893
2 19,07 3t | 270 = 20 1,816 2,075
3 19,24 3* 0 230 + 30 1,986 2,270
4 19,4 1~ 0 ~650 2,146 2,453
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where 1/8 is a statistical factor. The Coulomb, f, and
nuclear, fy, parts of the amplitude can be represented in
the form

V7
fc=7€‘p" [—Cp:(ep,)]ﬁpp; )

o . op
2in, In sin >

% = Tt sn®(6,72) °°
iy

fN=_k_” S 2L 1Y () (5O M)
P

(55)

X(s"'V'm'[IM)T 1 oop

ps'psi— SXP (2i0p11)8p15111psi— USS’I’,psl’

where (1, and 6, are the solid and polar scattering angles;
v, m, and M are the projections of s, /, and J, respectively.
The primed quantum numbers correspond to the exit chan-
nel. The scattering matrix U and the Coulomb phase o are
determined in (20) and (2), respectively. The general
form of the elements of U was specified in the single-
channel approximation with allowance for the correction
from the multichannel formulas (21) in the form of a re-
distribution of the real parts of the amplitudes I and a in
favor of the imaginary parts:

il

__pl/2, JT
p’s'l’,psI_Pl' (Ep) (ms’l’,sl

(a}(’”) 1 ,sl
+2 -

IR Sl o S Pl/Z(E)
v E—E,’V”+ir{§/2) b

X

-3 (C,ff)snlf,(E——Eq,,)’"“/z].

ns,l,
(56)

Here, the sum over N includes all resonance states of the
compound nucleus with the same set of quantum numbers
J, 7. The sum over n denotes a summation over all thresh-
old energies E, .. In the absence of open channels of the (p,
1), (p, @), (p, v) reactions, the coefficients C, must be
real and positive parameters of the coupling of the (p, n)
channels; this follows from unitarity. They were taken thus
in the calculations of the differential cross sections. In ac-
tual fact, the replacement of the multichannel expressions
(23) by the single-channel expression (56) can lead to
complex values of C,. A further simplification in the cal-
culations was a restriction to zero orbital angular momenta
in the threshold channels. This meant that the threshold
states were excited by partial waves with even / equal to O
and 2, since the mirror nuclei "Li and "Be in the ground
and first excited states have the same spins and parities,
which are 3/2~ and 1/27, respectively.'® The theoretical
function describing the energy dependence of the differen-
tial cross section (54) contained 28 real parameters. Of
these, 20 depended on the scattering angle, and eight were
the parameters of the energy E and width T of the four *Be
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resonances (see Table VIII). We were interested in testing
whether the ®Be level parameters were independent of the
scattering angle and matched the recommended values
given in Table VIII, and also in estimating the quality of
the description of the differential cross sections at different
angles.

The differential cross section was described theoreti-
cally as follows. For each of the six scattering angles, the
initial procedure consisted of fixing eight parameters of the
¥Be levels at the recommended values (Table VIII) in the
theoretical function and varying the remaining 20 param-
eters by the least-squares method. After the best descrip-
tion had been achieved, the level parameters were made
free, and all 28 were varied. This resulted in a significant
improvement of the description compared with the case of
variation of 20 parameters, though the ®Be level parame-
ters changed little. The results of the least-squares analysis
are given in Table IX.

For each scattering angle, this table gives the number
of experimental points, the minimum y?, the width of the
energy interval, and the calculated parameters of the reso-
nances of the ®Be compound nucleus. The experimental
accuracy of the data in Ref. 2 is 1-3% depending on the
cross section. The values of min y? per point increase on
the average from 1.8 for angles 70-110° to 5.3 for 130-
167.1° i.e., the deviation of the calculated curve from the
experimental points does not exceed twice the errors. The
largest deviation is observed for 167.1°. Figure 7 illustrates
the quality of the description of the differential cross sec-
tion at this angle. It can be seen that the first threshold
anomaly is convincingly reproduced by the calculations,
while the second is manifested less clearly. There is a good
description of the region of strong interference of the iso-
spin doublet of J7=3" states with T=1 (E=1.801 MeV)
and T=0 (E=1.963 MeV) in *Be. It follows from Table
IX that the spreads of Ey and I'y are small. Thus, the
analysis establishes that: 1) the theory is viable and de-
scribes adequately the experimental data in the case of
interaction of two threshold and four resonance states of
the ®Be compound nucleus in a 1-MeV energy interval; 2)
the parameters of the compound-nucleus resonances do
not depend on the scattering angle and agree with the
recommendations'® within the above accuracy; 3) the dou-
blet of 3T levels is shifted downward by 15-20 keV, this
being attributable to the neglect of /,=1 threshold states
excited by partial waves with odd /, equal to 1 and 3.
According to our data, a “threshold” level (18.91 MeV,
J'=27, T=0) is situated 10 keV above the neutron
threshold to the 'Be ground state and is an ordinary quasi-
stationary state of the ®Be nucleus. This conclusion agrees
with the observation of a resonance at E=1.658 MeV (T
=50 keV) in the "Li(p, 7)®Be*(16.6 and 16.9 MeV) -2«
reaction cross section'® but not with the hypothesis that
this state is virtual,66 i.e., lies below the threshold (Qpno
= 1.646 MeV). Such a conclusion was based on analysis of
the energy dependence of the "Li(p, n,)"Be reaction cross
section and the °S, phase shift® near the threshold in the
scattering-length approximation. The estimate of the width
(I'=50 keV) is close to our value. Note that the position
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TABLE IX. Parameters of resonances from analysis of differential cross sections for elastic scatter-

ing of protons by "Li. The energies are given in the center-of-mass system.

Scattering angle (in c.m.s.), deg Data of
Parameter Ref. 10
70 %0 110 130 150 167.1 | Mean of.

No. 74 97 73 79 69 73 — —_

of points

min 2 107 263 92 306 319 545 — -
E,, MeV |1,18-2,23|1,17-2,621,18-2,28|1,18-2,64| 1,18-2,3 | 1,18-2,42| — —
E*,Mev| 1,654 | 1,650 | 1,657 | 1,654 | 1,664 | 1,670 | 1,654 | 1,656
I kev | 49,6 41,8 48,6 48,0 74,0 75.2 48,5 | 48+20
E}'Mev| 1,802 | 1,804 | 1,809 | 1,803 | 1,789 | 1,796 | 1,801 [1,816+0,03
Iy kev | 281 301 2715 | 290 | 318 301 | 295 | 270+20
E}%Mev| 1,965 | 1,965 | 1,959 | 1,964 | 1,950 | 1,978 | 1,963 |1986+0025
r;f kev | 211 206 210 208 191 194 203 | 230+30
E' MeV | 2,145 | 2,146 | 2,142 | 2,144 | 2,147 | 2,149 | 2,145 | 2,146
Miev | 651 637 636 649 641 626 640 ~650

of the S-matrix pole (42 keV from the real axis in the
complex energy plane) corresponds to a Breit—-Wigner
width 84 keV. If the resonance with width 46 keV that we
have found were virtual, then it would lie 24 keV below the
threshold, i.e., 34 keV lower than was found in the descrip-
tion of the experiment. The discrepancy in the position of
the 27 state can be attributed to the difference between the
theoretical approaches to the description of the same data.

5,107%7cm?

8,=167,1°
140 ?
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120
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100 -

|
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101
L

|
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501
ol T,
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«
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FIG. 7. Theoretical description of excitation function in "Li(p, p)’Li
scattering at angle 167.1°.

148 Sov. J. Part. Nucl. 23 (2), March-April 1992

A second “threshold” ®Be state (19.4 MeV, 17) is
manifested near a second threshold (Qpn, = —2.073

MeV) but very weakly, this evidently reflecting the weak-
ness of the resonance enhancement, which depends on
I',/T. The total width I'=650 keV is 13 times greater than
at the first resonance because of the growth of the neutron
width I‘,,0 in the open channel. With I', unchanged, the

enhancement effect decreases rapidly because of the large
growthof ' =T, + I, + I, . After the preliminary inves-
tigation of the differential cross section for elastic scatter-
ing of protons by "Li nuclei, a phase-shift analysis of the
scattering was made. The successful solution of this prob-
lem depended to a large degree on the correct choice of the
parameters in the theoretical function. The parameters
must satisfy the following conditions: 1) they must be in-
dependent of the angle and energy variables; 2) they must
be mutually independent; 3) the number of parameters
must be minimal. The problems of mutual independence of
the parameters and independence of the angle variables
was solved by Seyler.>’ Independence of the energy was
solved by expanding the parameters in powers of the en-
ergy near the neutron thresholds, and the minimum num-
ber of parameters is determined by the physical formula-
tion of the problem and the technical capabilities of the
computer.

For incident-proton energies E, < 3 MeV, it is sufficient
to consider partial waves with /,<2. The channel spin takes
two possible values: s=1 and 2. Under these conditions not
more than three elastic-scattering channels correspond to a
definite set of numbers J, , this being a consequence of the
triangle law for addition of the angular momenta / and S
and of parity conservation. In accordance with Refs. 65
and 67, the matrix of elastic scattering can be represented

in terms of intrinsic phase shifts 6" and real orthogonal

matrices u”;
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JrJr - oJ7T

U{:m),c(n)z Z upmupnexp(zlac(p))ﬁ (57)
p=1

where c(i) is the channel label determining the combina-

tion of numbers s; and /; in the ith intrinsic phase 6.(;. The

matrices u”

¢, and n:

are given in terms of the mixing parameters &,

ujy=cos pcos §, upp=sin7ycos§, wu;3=sing,

;= —cos € sin 7 —sine sin § cos 7,

U, =CO0S £ COS 7]—sin £ sin § cos 7, u3=sin € cos §,

. . . (58)
u3;=sin € sin —cos € sin § cos 7,
3,= —sin € cos 1) —cos € sin § sin 7, u33=cos £ cos §.

The parameter € mixes the channel spins s without mixing
the orbital angular momenta /; {£ mixes / without mixing s;
7 couples partial waves with different / and s.

When there are only two elastic-scattering channels for
given J” with possible mixing of the spin channels, Eq.
(57) can still be used if the term with p=1 in it is set equal
to zero and n=£=0 in Egs. (58). If only one elastic-
scattering channel is possible, then U=exp(2i§) for this
channel. An exception is the case /=37, for which in one
channel (s, /=2, 1) there exists a doublet of states of the
Be compound nucleus with 7=1, 0. In accordance with
the theory of nuclear reactions, (20) and (23), the corre-
sponding element of the scattering matrix can be repre-
sented in the form of two terms:

+ 1 .31
Uin=3 2 exp(2i83; y)-

N=23

(59)

Using the relations (21), we find the energy dependence of
the intrinsic phase shifts:

S =AT 87 g 1+172
8e(p)=ABe(p t+ ac(p),N+'2' 2": @ (pyn(E—Eg)

! JT N2
X|1+3 (@) ) (E—Ey)6p|, (60)
where 6{:‘”),  is the phase shift of the resonance scattering,
and

ot
87  —arctan —————. (61)
c(p),N 2( EII\;T —E)

In the absence of a resonance for the set of J” numbers, the

contribution of the resonance phase is set equal to zero.
The phase shifts (60) represent an expansion of the

function of the energy in powers of E up to E*?, since the

threshold states with /=0 and 1 are taken into account.

Therefore, the potential-scattering phase shift A" is a lin-

ear (entire) function of the energy. To reduce the number

of parameters, it was decided to take A”" to be a constant,

averaged over the energy interval. The parameters a’ of
the coupling of the (p,n) channels are real constants. Our
approach and the approach of Ref. 65 to the problem of
phase-shift analysis are similar in giving the description in
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terms of the intrinsic phase shifts 6 and the real orthogonal

matrices u’. However, there are important differences in
the two approaches. In Ref. 65, the phase shifts were least-
squares varied as unknown functions of the energy. In our
work, the energy dependence of the phase shifts is deter-
mined theoretically, and the parameters A, a, &, {, and 7,
which are in fact constants, are varied. In addition, in Ref.
65 the ®Be doublet with J/=3T and T=1, 0 is described

by the single phase shift 5;: (°P;). We describe the doublet

by two phase shifts 63;\,, where N is equal to 2 and 3. In
Ref. 65, the contribution of the competing (p, n), (p, p1),
and (p, a) reaction channels was taken into account by the
introduction of imaginary parts in the intrinsic phase shifts
5, and the imaginary parts were also varied. In our work,
the contribution of the (p, n) reaction channels, which
makes the largest contribution, is taken into account ex-
actly by the introduction, in the phase shifts (60), of the
threshold energy dependence with parameters a’”. The
contribution of the (p, p;), and (p, a) reaction channels is
specified numerically as follows. Near the first neutron
threshold, unitarity is used to calculate the absolute value
of the corresponding elements of the scattering matrix on
the basis of the known cross sections of these reactions.
Thus, for the (p, p;) reaction it was found that

| Upiopi0]> = 0.467, from which it follows that the matrix

element U },1_0,1,10 must be multiplied by 0.730. At the same
time, it is assumed that the energy dependence of the phase
shift (60) does not change. It remains an open question
whether the (p, p;) reaction channel influences the other
elements of the scattering matrix. The angular-momentum
and parity conservation laws do not forbid it. OQur restric-

tion to a single element U,ln_o,pw is merely a plausible as-
sumption, given the weak anisotropy in the angular distri-
bution of protons p; (Ref. 68). A similar assumption was
made in Ref. 65. It is more complicated to determine the
contribution of the (p, @) channel. Because of the strong
anisotropy in the a-particle angular distribution,® it is nec-
essary to take into account orbital angular momenta /
equal to 0 and 2. From the differential cross section of the
(p, ) reaction the absolute values of the elements of the
reaction matrix cannot be determined uniquely. We there-
fore first found limits on the variation of their values and
then chose mean values. In determining the absolute values
of the elements of the scattering matrix by means of the
unitarity relation, we made essential use of the fact that the

+ .. . .
parameter €2 of the mixing of the channel spins vanishes.
As a result, we chose the absolute values

+ + +
|U(1)1,11|2=0~837> |U%1,11I2=0-933’ |U§1,21|2=0-98-
(62)

In Ref. 65, only the one phase shift 6(1’; was subject to
influence of the (p, @) reaction. In both Ref. 65 and our
work, the influence of the (p, ¥) reaction on the phase
shifts was ignored. In place of the numbers (62), one could
introduce additional varied parameters into the corre-
sponding phase shifts. We rejected this approach to avoid
overburdening the already complicated problem. The
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TABLE X. Parameters of phase shifts.

”~ s Al a)" a)" e g n"
0~ 2,2 0,08 —_ — — — —
ot 1.1 0,277 -0,414 | -1,211 — — -
1 1,0 -1,367 0,956 0,122 — — —
2,2 ~1,841 - - -1,35 -0,8 -0,14
1,2 -2,152 — — — —_ —
1t 1,1 -0,576 | -0,181 0,89 1,565 — —
2,1 0,263 -0,278 — — = —
2" 2,0 -4,666 0,048 - — —_ —
1,2 0,048 — — 3,06 0,23 1,56
2,2 0,254 - — —_ —
2t 1,1 0,149 0,536 -4,106 | —0,036 — —
2,1 -0,202 | -2,159 — — — -
3" 2,2 0,181 - - 1,17 — —
1,2 0,0053 - — — — —
3t 2,1 1,335 -2,027 — — - —
2,1 -1,569 1,628 —_ _ - —
4~ 2,2 -0,064 — — — - —

Note: Here A, ¢, §, and 7 are measured in rad, a{A in MeV~— 12,

phase shifts contain 17 parameters A, 13 parameters a of
the coupling of the (p, n) channels, and nine mixing pa-
rameters &, §, . If necessary, the resonance parameters E
and I', for N=1-4, can also be varied.

Table X gives all 39 parameters of the phase shifts
obtained as a result of the best description of the differen-
tial cross section for 'Li(p, p)’Li scattering.

It follows from Table X that the potential-scattering
phase shifts A are small in absolute magnitude for /=1 and
2, which is a natural result for the considered low-energy
incident protons. An exception is the case of states with J”
equal to 1~ and 3*. For the case with J7=1", this can be
attributed to incorrect allowance for the competing (p, p;)
reaction channel; in accordance with the unitarity relation
for the scattering matrix, we concentrated its effect on the
single elastic-scattering matrix element U }0_ 10- The angular
momentum and parity conservation laws made it possible
to distribute the effect over 14 matrix elements. The other
exception, in the case with J7=3", arises because the
states of the isotopic doublet with 7=1, 0 interact strongly
with each other. The difference AL,~!—AJ=°=2.9 is near
7, indicating strong interference of them. Separate analysis
of the phase shifts for positive and negative parities shows
the following. For 7= (—) and /=2, we have A, > A,
i.e., the potential scattering is stronger in the state with
parallel spins of the proton and target nucleus (s=2) than
in the state with antiparallel spins (s=1). For given J—,

the signs of the phase shifts AJ, and A, are the same. The
phase shifts with /=0 are negative and large in absolute
value, as is characteristic of S-wave phase shifts. For 7= (
+ ), the phase shifts with parallel and antiparallel spins
have opposite signs: for s=1, positive signs correspond to
even J and negative signs to odd J. For s=2, this corre-
spondence is reversed.

We now consider the mixing parameters ¢, §, and 7. In
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+ . _
and a‘zl in MeV~—%2,

all states apart from 2%, there is strong mixing of waves
with different spins. Only €2 = 0. This fact was used in
distributing the influence of the (p, a) channel over the
elements of the elastic-scattering matrix (62) with J"=27.
The values of the { parameters, which mix states with
different orbital angular momenta, indicate that noncentral
forces play an important part in the p+’Li channel, al-
though the ®Be compound nucleus is an even—even nucleus
and the contribution of the tensor forces must be minimal.
It is interesting to note that all three mixing parameters in
the state J7=1" have negative sign, and in the state 2~
positive sign.

For the study of nuclear reactions, the parameters of
the coupling of analog (p, n) channels are very interesting.
Although there is no simple connection between them and
the cross section (amplitude) of the "Li (p, n)"Be reaction,
this cross section can be calculated. In addition, the pa-
rameters of the coupling of the (p, n) channels make it
possible to estimate the effective sizes of the nucleus in the
neutron threshold states. From the maximum values of
a” in Table X, we find that the effective sizes for the Be
nucleus can exceed the value in the ground state by a factor
of 1.5 for the S threshold and 3 for the P threshold.

We compare the results of the phase-shift analysis with

the results obtained in Ref. 65. The S phase shifts 63, and
8], in Ref. 65 are not resonance quantities. The phase shift

6%0_ has a cusp in the region of the first neutron threshold.
In the remaining region of energies both of the S phase
shifts are practically constant, near zero. In our calcula-
tions, the S phase shifts have large negative values, increase
by  in the region of the resonances, and at the points of
the neutron thresholds undergo a “break” ~(E—E,) Y2 in
accordance with the relation (60). The D phase shifts are
constant in the states /=07, 37, 4, while in the states
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with J7=2", 1~ they have resonance values. None of them
have threshold singularities. The D phase shifts are not
given in Ref. 65.

Comparison of the P phase shifts shows that in Ref. 65

the two P phase shifts 83; and 63: have anomalous behav-

ior. For 65:, this is evidently due to the neglect of the
contribution of the (p, a) reaction channel to the 27 state.
The irregularity of the P phase shift in the 37 state is due
to interference of the two levels of the isotopic doublet with
T=1 and O, although it is described in Ref. 65 by one
phase shift instead of two. In our work, the P phase shifts
are ~(E—E,)>?, and for the 3% isotopic doublet are also
resonance in nature. It is interesting to compare our results
with those of the phase-shift analysis of aa scattering made
in Ref. 70. In the phase shifts 8, §,, and 8, one can clearly
see threshold anomalies at E=39 MeV corresponding to
the first and second neutron thresholds. The threshold
anomalies in §; and §, are due to P threshold states, and in
84 to an F threshold state (/=3). These experimental data
indicate a significant influence, on the phase-shift analysis,
of not only threshold states with /=0 but also those with
high angular momenta.

The difference between our phase shifts and those of
Ref. 65 is explained not only by the different approaches
but also by the number of phase shifts in which the scat-
tering channels and different projections are taken into ac-
count. For comparison, we give these numbers for our
work and for Ref. 65, respectively: 17 and 16 in the (p, p)
reaction, nine and three in the (p, n) reaction, three and
one in the (p, a) reaction, and one and one in the (p, p’)
reaction.

The numerical values of the phase shifts given in Table
X were used to calculate the polarization of protons scat-
tered elastically by "Li nuclei through angles 70, 90, 110,
130, and 150°. The experimental values of the polarization
for the same angles are given in Ref. 65. The calculations
give qualitative agreement of the theory and experiment at
angles 70-90°. With increasing angle and decreasing im-
portance of Coulomb scattering, the agreement becomes
qualitative, indicating adequacy of the theory and suffi-
ciently reliable estimates of the parameters of the ‘“nu-
clear” scattering. Figure 8 shows calculations of the polar-
ization at 150°. The broken curve shows the calculations of
the polarization with allowance for only .S threshold states.
It is clear that they do not correspond to the experiment.
In our view, the last result is unexpected, since in the
threshold channel and in the elastic-scattering channel the
contribution from the P waves is small, except for the res-
onance 3% states of the isotopic doublet. The coupling of
the (p, n) channels in the /=1 state radically changes the
polarization of the protons in the elastic channel.

Investigation of few-nucleon systems by the
resonating-group method

The resonating-group method is successfully used to
analyze nuclear structure and to describe the cross sections
of nuclear reactions near thresholds in few-nucleon
systems*’*? in the region of excitation energies ~20 MeV.
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FIG. 8. Analyzing power in elastic scattering of polarized protons by Li
nuclei at angle 150°.

In Ref. 37 a study was made of the continuous spectrum of
the “He nucleus between the thresholds of the p+ T and
n+>He reactions and of the 0 resonance with energy 0.3
MeV above the p+ T threshold. It was shown that in the
single-channel approximation (p+ T channel) there is no
0" resonance. Inclusion of a closed neutron channel leads
to the appearance of the 0% resonance with width o’
= 1.63 MeV (experimental value I',,,=0.27 MeV). After
allowance for a third, closed d+d channel, the theoretical
parameters of the resonance, E° = 0.12 MeV and rot
= 0.26 MeV, were close to the experimental values. There-
fore, the redistribution of the wave-function amplitudes
(62) between the pT, n*He, and dd channels helps the
formation of the 0" resonance. This resonance is satisfac-
torily described by the singlet phase shift. The triplet phase
shift is much smaller. Representation of the phase shift at
the threshold of the neutron channel in accordance with
the theory of threshold phenomena in the form of the series

8o(e) =8 —A(E—E,)"?

makes it possible to calculate the imaginary part of the
singlet scattering length for neutron scattering by *He and,
therefore, to find the effective cross section for capture of
thermal neutrons by the *He nucleus. Calculations were
made with the Hasegawa—Nagata potential and in the
three-channel approximation satisfactorily describe the
known experimental data on p+ T and n+ >He interactions
in the region between the thresholds of these channels and
somewhat above the n-+>He threshold.

Thus, the Coulomb barrier in the p+ T channel cannot
ensure the appearance of a resonance state. The 0T reso-
nance is formed under the influence of the dynamics of the
three coupled channels (pT, n*He, dd) of decay of the “He
nucleus. In Ref. 38, it is asserted that the O resonance is
a superposition of simple 1p—-14 excitations.

The 3% /2 resonance of the *He compound nucleus and
of its mirror nucleus °Li have different properties. Calcu-
lations of the cross sections of the mirror reactions d(T, n)
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and d(°He, p) at below-barrier energies using the
Hasegawa—Nagata potential are given in Refs. 39 and 40.
In the single-channel d+ 7'(*He) approximation, the phase
shift §; has a pronounced resonance behavior, reflecting
penetration of the colliding nuclei into the region of the
compound nucleus. Allowance for coupling with the exit
channel does not lead to a qualitative change of §;. At the
same time, the coupling of the entrance and exit channels
significantly changes the behavior of 8, in the exit channel
n+a(p+a). In the single-channel approximation, 8, is
practically constant. Allowance for the channel coupling
leads to a strong energy dependence of §, and indicates a
resonance behavior of it. The parameters of the resonance
(energy and width) increase with allowance for channel
coupling, since the presence of a second open channel ef-
fectively decreases the Coulomb barrier, allowing the sys-
tem to break up through this channel. Calculations of the
energy dependence of the d(T, n)a and d(*He, p)a reac-
tion cross sections agree well with the experimental data.
The values of the astrophysical S factor at zero energy
were also calculated. As a result of the calculations it may
be concluded that the existence of the 37 /2 resonance is
due to the Coulomb barrier in the entrance channel. This is
confirmed by an analysis of the wave functions in which
the ratio of the squares of the amplitudes of the wave func-
tions of the d+¢ and n+a channels is calculated. It has the
order 10*-10° in the region of the resonance energy.

In Ref. 40, experimental data on the *He(d, p)a and
SH(d, n)a reactions’' with polarized deuterons at low
near-threshold energies were analyzed. The resonating-
group method was used to calculate the components 7’5,
T,,, Ty, and T, of the polarization tensor. Except for T,
all components agree well with the experimental values.
The amplitude of T, is half the experimental value in the
region of the 37 /2 resonance at 430 keV (laboratory sys-
tem). This means that not only the partial wave /=0 but
also waves with /=1 and 2 contribute to the resonance.*’
Thus, it is shown that the 37 /2 resonance has an admix-
ture of positive-parity states. For the *H(d, n)a reaction,
this admixture is smaller.

In Ref. 41, a study was made of the mechanism of
isospin conservation in the *He(d, *He)T reaction with
polarized deuterons in the energy interval from the reac-
tion threshold and above: 14-33 MeV (center-of-mass sys-
tem). An improved resonating-group method was used to
calculate the differential cross section and the component
T,,(0, E) of the polarization tensor in order to verify the
Barshay—-Temmer theorem o(0)=o0(7—6). The noncon-
servation of isospin is 5-10% and arises from the coupling
to an intermediate S+ 1 structure in a two-step mechanism
of nucleon transfer.

In Refs. 42 and 72, the resonating-group method was
used to study the seven-nucleon system. In Ref. 42, the
astrophysical S factor of the ‘H(a, y)7Li and >He(a,
) "Be reactions at E=0 was calculated in the framework
of the algebraic version of the method.® One open channel
was taken into account. The influence of closed channels
was ignored. The nucleon-nucleon potential used was the
potential MHN, 3¢ whose parameters were chosen to repro-
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duce accurately the experimentally observed parameters of
the "Li and "Be nuclei. The variational conditions of sta-
bility for each of the clusters are not satisfied separately.
The values obtained for the S factor,

S(0)=69-10"% cm?-keV("Be),
S$(0)=15.5-10"2° cm?-keV(Li),

exceed somewhat the results of extrapolation of the exper-
imental data and agree with the estimate given in Ref. 73.
Calculations of S(0) were also made in Ref. 74 in the
framework of a simple cluster model in which the clusters
are assumed to be structureless. The interaction between
them is modeled by a local potential of Gaussian form. The
Coulomb interaction corresponds to interaction of a point
charge with a uniformly charged sphere of finite radius.
The values of the S(0) factor obtained in Ref. 74 are ap-
proximately 30% smaller than the values of S(0) obtained
in Ref. 42. The discrepancy evidently arises because the
parameters of the model of Ref. 74 were chosen to give the
best description of the parameters of the free clusters a,
3He, and *H.

The differential cross section o(60, E) for elastic scat-
tering of polarized protons by °Li nuclei in the interval of
energies from the threshold of the 6Li(p, a)*He reaction
and above, namely, 1.6-10 MeV, was calculated in Ref. 72.
A group of four resonances (1/2, 3/2, 5/2) in 'Be at
excitation energies 9-13 MeV was predicted. Phase-shift
analysis of the experimental data of Ref. 75 using the cross
section o(0, E) and the vector analyzing power A(6, E)
made in Ref. 72 confirmed the existence of four broad
overlapping resonances in the energy region considered in
Ref. 72.

We give a summary of calculations, by the resonating-
group method of the dynamics of nuclear reactions in two-
nucleon systems in a threshold energy region. The far from
complete list of studies gives a picture of the wide group of
problems that can be solved by this method. We note that
the resonance states 0% in *He and 3%/2 in *He and °Li
near the thresholds have shell-filling schemes (1s)3(2s1d y!
and (15)*(2s1d)’, respectively, leaving the 1p shell empty.
Structurally, the nucleus is a core plus a distant nucleon.

Dispersion-theory study of threshold resonances in
the °Be(p, n)'°B reaction

Measurements of the excitation function of the '°Be p,
n)'°B reaction at energies E, <2 MeV of the incident pro-
tons are given in Ref. 77. At energy E,=0.248 MeV, the
first neutron threshold opens, and at £,=1.039 MeV the
second one opens. Above the second neutron threshold,
neutrons from the two (p, ny) and (p, n;) reaction chan-
nels were detected simultaneously. In the interval of ener-
gies £,=1.039-1.4 MeV several (four or more) previously
unknown resonances with widths ~ 50 keV and amplitudes
differing from one another by not more than 30% were
found. These resonances are at the position of the known .S
level of the !'B nucleus with excitation energy 12.56 MeV
and width 210+20 keV (see Fig. 9).1° The resonances are
interpreted in Ref. 48 as threshold P resonances of the !'B
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FIG. 9. Neutron yield in the '°Be(p, 7)!°B reaction.

nucleus in the 10Be(p, nl)loB reaction (E,=0.7184 MeV,
11). According to the data of Ref. 48, two resonance states
with channel spins 1/2 and 3/2 are formed in the
n+1°B(17) system. Each of them is split into two with J
values 1/2 and 3/2. As a result, four P resonances are
formed. If this interpretation is accepted, it is easy to cal-
culate the ratios of the amplitudes of the P resonances. The
total width of the resonances is equal to the sum of the
partial widths in the p, ng, n,, @, t, ¥ channels, and only the
partial width I“,,l ~ Ef,/ 2 has a strong energy dependence in
the region of the second neutron threshold. The total width
I' and all the remaining partial widths in the threshold
region of energies E,=1.039-1.4 MeV are weak functions
of the energy, and I' > I', . In this case, the ratio of the
amplitudes of the resonances is determined by the ratio of
the partial widths L, at the energies corresponding to the

energies of the resonances. According to the data of Ref.
48, for J=3/2 it is necessary to calculate the ratio of the
amplitudes of the third and the first resonances. It is

F"1(175 keV)_ 175\ 3/2 .
I, (30 keV) _( 30) -

This estimate contradicts the results of the experiment.”’
Therefore, in our view the interpretation of the nature of
the four resonances given in Ref. 48 cannot be maintained.
One may suppose that the broad S resonance of !'B (12.56
MeV) is fragmented into narrow .S resonances (Fig. 9), or
that its nature is more complicated, the narrow resonances
having different natures and different parities (for example,
a mixture of S and P resonances). At the same time, not all
of them need be threshold resonances. The phase-shift
analysis of elastic scattering of protons by °Be nuclei cur-
rently made’® has shown that the resonance structures ob-
served in the elastic scattering are analogous to the struc-
tures in the neutron channel. It may be hoped that phase-
shift analysis will clarify the physical nature of the levels of
the nucleus near the second neutron threshold.

6. OPEN PROBLEMS OF THEORY AND EXPERIMENT
IN THRESHOLD REGIONS

Investigations of threshold phenomena in the frame-
work of model-free theories of nuclear reactions have been
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made in the region of a neutron threshold or above the
threshold of charged particles. At the present time, it is not
possible to advance into the below-threshold region of
charged-particle production because of the insufficiency of
the theoretical investigations of this question. Preliminary
investigations for charged particles of the same sign
(Z,Z,>0) were made in Refs. 1, 3, 79, and 80 in R-matrix
theory. The case of oppositely charged particles (Z,Z, <0)
was investigated fairly fully in Ref. 4. In the unified theory
of nuclear reactions, these questions have not been studied.
They must be considered in order to extend the set of
studied threshold phenomena. Energy thresholds with the
production of charged particles constitute a more numer-
ous and varied family of phenomena than neutron thresh-
olds. Interest in the interaction cross sections of slow
charged particles (E <1 MeV) arose originally in connec-
tion with the investigation of physical processes within
stars.®! At the present time, the interest has shifted to a
large degree to energies E < 1 keV in connection with the
problem of cold fusion.*> Theoretical determination of the
energy dependence of the wave function and cross section
above and below a threshold will make it possible to ex-
trapolate an experimentally measured cross section to the
region of theoretical determination of the cross section.
The cross section extrapolated to the region of zero energy
will describe the interaction of “bare” charges. Here, we
shall not discuss questions associated with electron screen-
ing of charges and the influence of other factors interesting
from the point of view of cold fusion.

Another important unresolved problem is that of the
reliability of the numerical values of the wave-function pa-
rameters obtained by least-squares theoretical analysis of
excitation functions. The complicated energy dependence
of a wave function leads to a strong correlation of the
parameters. The existing methods of statistical analysis,
including the least-squares method, have a theoretical basis
for linear problems and errors of measurement with a nor-
mal distribution.’! In the analysis of threshold phenomena,
the excitation function depends linearly on the parameters
in power terms with respect to the energy. The parameters
occur nonlinearly in the resonance dependence on the en-
ergy. The problem of phase-shift analysis is also nonlinear.
Nevertheless, all problems of the statistical analysis of
threshold phenomena can be classified (there are not more
than three of them, as follows from Sec. 3) and investi-
gated theoretically.

CONCLUSIONS

The investigation of threshold phenomena has only be-
gun. One is acutely aware of the lack of proper experimen-
tal data (see the discussion of complete experiments in Sec.
3). In our view, two of the most promising theoretical
methods of analysis are Feshbach’s model-free unified the-
ory of nuclear reactions and the resonating-group method.
These methods complement each other. From the analysis
of the experimental data by means of the model-free theory
one determines the physical parameters of the system, in-
cluding the channel-coupling parameters, needed in the
model theory to select the wave-function subspace in the
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resonating-group method. The information about the wave
function extracted in the analysis of the threshold phenom-
ena by means of the model-free theory must be compared
with the analogous information obtained in theoretical
model calculations in order to test the two sets of results
against each other and to justify the model assumptions.

Light nuclei are the most convenient objects for inves-
tigating threshold states and levels because of the possibil-
ity of energy resolution of each of them separately. In me-
dium and heavy nuclei, such possibilities rarely exist (see
Sec. 1).

The requirements on the experimental data are as fol-
lows. The excitation functions must be measured simulta-
neously in all open reaction channels with an error not
more than 3-5%. The number of experimental points must
be approximately 100 in the threshold region E_ +0.5
MeV. The energy resolution must be AE=10 keV.

In the theoretical analysis, it is necessary to take into
account the influence of all open reaction channels. Con-
trary to the existing opinion,l’:"4 one must take into ac-
count not only the partial waves with minimum orbital
angular momentum (/=0) in the threshold channel, but
also, waves with opposite parity and with higher /. As a
rule, the levels of light nuclei nearest the neutron threshold
have large reduced neutron widths. The structure of the
nucieus in a threshold state can be represented in the core
+ neutron form. The ‘“‘outer” neutron is in the 2s1d shell,
despite a vacancy in the 1p shell.

During the last 25 years, nuclear reactions in non-
Soviet laboratories have been made mainly with polarized
beams and targets. These experiments meet the require-
ments of a complete experiment to the greatest extent. We
hope that in the coming years experiments with polarized
particles will become normal in the laboratories in this
country too.
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