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Problems related to the calculation of the FEL-amplifier output characteristics in the
saturation regime are discussed. The optimization of the FEL-amplifier efficiency by variation
of the undulator parameters is investigated. A scheme for calculating the optimal

undulator parameters is described, and the output characteristics of the FEL amplifier with
optimal undulator are given. The proposed computational schemes are based on the

use of similarity techniques and the results of numerical modeling, which are represented as
universal plots. The mathematical model of processes occurring in FEL amplifiers used

in the numerical modeling takes into account factors such as the space charge and the energy
spread of the beam particles. The rigorous results of the linear theory of the FEL

amplifier are used as the standard for testing the numerical-modeling programs. A large
number of universal plots which can be used directly for developing and designing FEL

amplifiers are given.

INTRODUCTION

This study is devoted to the systematical exposition of
the applications of similarity techniques in the linear and
nonlinear theories of the FEL amplifier."’ This technique is
used to transform absolute variables into relative ones. At
the same time the parameters of the problem are combined
into dimensionless power-law combinations, the similarity
criteria. These similarity criteria are the only parameters of
the problem, which has been reduced to dimensionless
form. There is a dimensionless criterion corresponding to
every factor influencing the operation of the FEL amplifier
(the space charge, the energy spread, and so on). The
similarity criterion for a given effect is a measure of its
relative strength. If the situation is such that some effect
becomes unimportant for the operation of the FEL ampli-
fier, this is necessarily reflected in the corresponding selec-
tion criterion, which in that case takes small values and
completely drops out of the set of arguments of the prob-
lem.

The advantages of using the similarity technique are
obvious. A dimensional analysis of any problem, carried
out before an analytic study, not only decreases the num-
ber of relevant independent terms, but makes it possible to
systematize the grouping of the dimensional variables in
the manner most convenient for further study. In the end,
by solving dimensionless equations it becomes possible to
represent the result of the study in a form such that its
information content will simultaneously be very general
and completely specific.

Similarity techniques have been widely used and very
useful for disseminating concepts in the traditional area of
ultrahigh-frequency electronics. However, these techniques
are not yet as widely applied as they deserve to be in the
physics of free-electron lasers. At the present time there
seems to be a need for a text on this subject which would
aid the experimentalist in the use of similarity techniques
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in practical applications of the FEL technique. The present
study is an attempt to provide such a text which can to
some degree prove useful to specialists.

Our basic goal is to instruct the reader how to obtain
approximate results from dimensional analysis using a sim-
plified model of the phenomenon in question. Such a quick
way of estimating the FEL-amplifier parameters can prove
very useful in injector and laboratory practice, particularly
during the experimental design stage.

This review is short and does not deal with all aspects
of the problem. For the sake of clarity we have restricted
ourselves to the consideration of the one-dimensional ap-
proximation. The authors have made every effort to give a
clear exposition. Therefore, almost all the results presented
here are derived from first principles, and the reader can
follow the derivation from beginning to end. The power of
similarity techniques can also be demonstrated for models
of a FEL amplifier in which diffraction of the radiation, the
influence of the waveguide walls, etc., are taken into ac-
count. However, if we adhered to the detailed style of ex-
position that we have adopted, the description of the ele-
mentary model for these effects would drastically increase
the size of this study. Therefore, to learn about such gen-
eralizations of the theory the reader should consult the
original studies.

This study is organized as follows. In Sec. 1 we discuss
the linear theory of the FEL amplifier. In our description
of the linear theory, we focus on finding the analytic solu-
tions of the self-consistent field equations, taking into ac-
count the influence of the space charge and the energy
spread of the beam particles. The process by which the
electron beam interacts with the electromagnetic wave in
the undulator in the linear regime can be described by a
single integro-differential equation. The solution of this
equation for given initial conditions at the entrance to the
interaction region makes it possible to determine the de-
pendence of the amplitude of the wave field on the undu-
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lator length and thereby to calculate the output character-
istics of the FEL amplifier. The initial-value problem is
solved by the Laplace-transform method. Our rigorous re-
sults, which are represented in normalized form, are used
to find universal graphs which allow the output character-
istics of the FEL amplifier to be calculated in the linear
operating regime. In addition, our analytic solutions serve
as a reliable basis for developing numerical methods. One
area in which only numerical methods can be used is the
analysis of nonlinear processes. It would be difficult to test
numerical-modeling programs without using the rigorous
results of the linear theory as a standard.

Similarity techniques play an important role in the nu-
merical modeling of processes occurring in FEL amplifiers.
In the one-dimensional approximation the output charac-
teristics of the amplifier are determined by a system of
eight dimensional parameters of the beam and undulator.
The system of self-consistent field equations describing the
interaction of the beam and the wave in the undulator can
be formulated as a relation between dimensionless quanti-
ties. It follows from these equations that the set of similar
operating regimes of the FEL amplifier is determined by
the values of five dimensionless parameters. When the am-
plification factor is high, i.e., when the dimensionless un-
dulator length is sufficiently large, the output amplitude of
the field in the saturation regime is independent of the
undulator length and the amplitude of the input signal. In
this practically important case the maximum efficiency of
the amplifier is a function of only three dimensionless pa-
rameters: the detuning parameter, the space-charge param-
eter, and the energy-spread parameter.

In Sec. 2 we present a scheme for calculating the out-
put characteristics of the FEL amplifier in the saturation
regime. This is the first presentation of such a scheme
which is applicable for practical engineering. This scheme
is based on the use of similarity techniques and numerical-
modeling results, which are represented in the form of
computational formulas and universal graphs. All the
stages of numerical experiments are discussed: the physical
formulation of the problem, the construction of a mathe-
matical model of the amplifier, and the realization and
actual calculation of the algorithm.

A promising method of raising the efficiency of FEL
amplifiers is that of variation of the undulator parameters
along its axis. This increases the amplifier efficiency to a
factor of order unity. In Sec. 3 we discuss the further ap-
plication of similarity techniques to calculations of the am-
plifier efficiency with varying undulator parameters. We
give the first description of a scheme for an engineering
calculation of the optimal undulator parameters and out-
put characteristics of a FEL amplifier with optimal undu-
lator.

In all the equations we use the Gaussian system of
electromagnetic units, and the time dependence is taken to
be of the form exp( — iwt).
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1. THE LINEAR AMPLIFICATION REGIME
Preliminary remarks

We shall consider the linear operating regime of a FEL
amplifier with the following assumptions: (1) the electron
beam has a uniform density distribution in the direction
perpendicular to the undulator axis; (2) the electrons
move along identical trajectories parallel to the undulator
axis; and (3) the amplified wave is a plane wave.

Many studies by various authors have been devoted to
the problem discussed in this section. Those of Refs. 1-3
are important. The authors of Ref. 1 carried out the first
theoretical study of the linear operating regime of a FEL
amplifier using the above approximations. They obtained
the self-consistent field equations and derived from them a
characteristic equation taking into account the effects of
the space charge and the energy spread of the beam parti-
cles. In Ref. 2 the Laplace-transform method was used to
obtain the solution of the initial-value problem for the sim-
plest case where the energy-spread effect is absent. The
most complete analysis of the solutions of the initial-value
problem using the Laplace-transform method is that of
Ref. 3. The authors of that study obtained the Laplace
transform of the self-consistent field equations, taking into
account the effect of the energy spread of the beam parti-
cles, and managed to derive from them an expression for
the Laplace transform of the field amplitude. The desired
amplitude itself can be found by means of the inverse trans-
form. This requires the computation of a complicated in-
tegral. For a number of cases, for example, for a Lorent-
zian energy spread, this integral can be transformed to an
integral along a closed contour in the complex plane and
calculated using residue theory. This mathematical trick
does not work for a Gaussian energy distribution, and in
that case the authors® solved the initial-value problem us-
ing numerical methods. However, it is important to note
that in practice there is often no need for a complete solu-
tion of the initial-value problem, since it is sufficient to
consider only the case of high gain. The present study is
the first to point out the fact that in the limit of high gain
the Laplace-transform method can be used to obtain an
analytic solution of the initial-value problem even in the
case of a Gaussian energy spread. The corresponding as-
ymptotic expression for the gain is derived in this section.

The effective Hamiltonian

Let us consider a FEL amplifier with a helical undu-
lator, the magnetic field of which varies according to the
law

Hy(z) =e,H, cos(koz) — e,H) sin(kpz).

Here e, , are unit vectors directed along the x and y axes of
a Cartesian coordinate system (x,y,z). It is assumed that
the beam electrons are displaced only along the z axis in
the undulator. The rotation angle 6, of the electrons in the
undulator is assumed to be small, and the longitudinal
component of the electron velocity v, is taken to be close to
the speed of light, v,=c.
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We represent the electric field vector of a circularly
polarized electromagnetic wave moving along the undula-
tor axis (the z axis) in complex form:

E, +iE,=E(z)explio(z/c — 1)].

The complex amplitude of the field E at any point in
space is independent of the time ¢. This corresponds to the
usual formulation of the problem with certain conditions at
the undulator input at z=0. The frequency w is a real
quantity and corresponds to the frequency of the signal
entering the amplifier input. We also assume that the com-
plex amplitude of the field of the amplified wave E is a
slowly varying function of the coordinate z in the sense
that |3E/dz| <ky| E|.

Let us consider the Hamiltonian formalism for the
equations of motion of the beam electrons in the total elec-
tromagnetic field of the undulator, the radiation, and the
space charge. The Hamiltonian is defined as

I (ppzt) =[(pe — ed,)? + (A, + Ag)? + mic*]/?
-+ e@.

Here e is the electron charge, my is the electron rest mass,
D, is the longitudinal component of the generalized particle
momentum, 4, is the vector potential of the wave, ¢ and 4,
are respectively the scalar potential and vector potential of
the space-charge field, and

Ap(z)= — e, X f Hy(z)dz

is the vector potential of the undulator field. In the one-
dimensional model the transverse generalized momentum
of the particle is an integral of the motion, and we take it
to be zero. We transform the Hamiltonian 7 from the
variables p,, z, and ¢ to variables convenient for describing
the amplification process. We choose z as the new time
coordinate, and we take the phase 1 = kypz + w(z/c — t) as
the new generalized coordinate. We shall treat the trans-
formation to these new variables as a canonical transfor-

mation. In our case the condition for a transformation to
be canonical is conveniently written as equality of the ac-
tion variation in the old and new coordinates:

— Hbt+ pz= — Fz + P8, (1)

where 7 is the new Hamiltonian and & is the new gen-
eralized momentum, which is canonically conjugate to the
phase 1. We express the time variation 8¢ as the variation
of the new coordinate 81 and the new time 6z:

— 6t=06y/w — (kg + w/c)bz/w. (2)

Substituting (2) into (1) and equating the coefficients of
identical variations, we obtain & =J7°/w. The equations of
motion preserve their canonical form with the new Hamil-
tonian:

F (& .2)= (ko + 0/c) ¥ /o — p,= (ko + 0/c) ¥ /o
—ed,/c—c (HF —ep)?

— (A, + 40)* — mic*]V2 (3)
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For our purposes it is convenient to transform this Hamil-
tonian to another equivalent form. It follows from the
Maxwell equations that the scalar potential ¢ and the lon-
gitudinal component of the vector potential 4, can be sub-
jected to a gauge transformation

P—@'=p—c~'dy/dt, A,—A,=A,+ /%,

where y is an arbitrary function of the coordinate z and the
time ¢. Here the longitudinal component of the electric field

E,= — 3p/dz — ¢~ '94,/9t

remains invariant. We note that the generalized momen-
tum Z is not gauge-invariant, but is defined with the same
arbitrariness as the potentials. We make a gauge transfor-
mation with the function

x=c¢ f dtgp(z,t).

This transformation eliminates the scalar potential, and the
field is described by only the vector potential. As a result,
the Hamiltonian (3) takes the form

F= (ko + 0/c)E /0 — ¢~ [E2 — (A, + Ay)>
‘ e
—mictV2 — p J dYE,(z,9).

Now the interaction of the electron with the space-charge
field is expressed entirely in terms of the longitudinal elec-
tric field E,. In the gauge that we have used the generalized
momentum Z is the particle kinetic energy & divided by
the frequency w.

Before turning to the calculations of the interactions
between the electrons and the wave in the undulator, the
Hamiltonian that we have obtained can be simplified in
two stages. First, # can be expanded in powers of the
vector potential of the wave field 4, , keeping only the
first-order terms. This approximation is valid when the
transverse motion of the particles is determined by the
undulator field rather than the wave field, i.e., when the
condition

E (1 —v,/c)<H,

is satisfied. Here E,=c~ '}d4 4/0¢t| is the amplitude of the
electric field of the wave. In the first order of the expansion
in 4, the Hamiltonian is

F=(8/0)(ky+ a/c) —c™'[E2 — | Ao
— mc* 1% 4 (/)AL Ag[ €2 — 2| Ao

Y R )

The second stage is to expand the Hamiltonian in small
deviations of the particle energy from the value & = &,
keeping only second-order terms. The final expression for
the effective Hamiltonian is
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» , '
H(P,¢,Z)=CP+WP2 — (Uel? 4 Ure—1¥)
z90

- fdz/zeEz, (5)

where P=& — & C=ky— w/(2cy?) is the detuning
from resonance of a particle of energy & = &;

=— eGOE (2)/(2i) is the complex amplitude of the ef-
fective  interaction  potential; 0y = eHy/ (8 ko)
¥: 2=y 72465 and ¥ = €/ (mc?) .

The self-consistent field equations

The equation for the electron distribution function

Sf(Pa,z) is
f OHIf OHOIf
% TP e par (6)

We shall seek solutions for f and E, in the linear approx-
imation in the form

f=fo+fie¥+ fre= ¥, E,=

Since the problem is one-dimensional, from the Maxwell
equations we have the following equation for E;:

OE,/3t= — Amj,= — 4mj, cos(¥ + ).

Here j; and ¢, are, respectively, the amplitude and phase of
the first harmonic of the beam density, which are related to
the complex amplitudes j;(z) and f,(P,z) as

E'zei"'+E;"e_i¢. (7)

1 . \ <~
3 exp(in) == [ fidP

Then, using (7), we find the following expression for the
amplitude E:

E,= — i4mj,(2) /0. (8)

The evolution of the amplitude f, according to Egs. (5)-
(8) is described by the equation

a
Efl +i(C + @P/(cV2& ) f1 + (U

~ a

— 4meji(2)/0) 55 fo=0. 9
In (9) we have omitted the term proportional to dU/JP. It
can be shown that the effect of this term on the evolution
of f, is negligible for our restrictions on the beam and
undulator parameters. This point is discussed in more de-
tail in Sec. 2. For definiteness, we shall consider the case
where the beam is not modulated either in velocity or in
density at the undulator input, i.e.,

f1lz20=0,  fol|=0=JoF(P), (10)

where in our notation jj is equal to the average density of
the beam current. The distribution function F(P) is nor-
malized by the condition

JF(P)dP: 1.
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The solution of (9) taking into account (10) has the form
W@ =jo fo dz'{e0,E(2')/2
— 4riej (2')/w} f dP(dF(P)/dP)

X exp{i[C + wP/(cy2€)](z' — 2)}. (11)

_ Another relation between the amplitudes j;(z) and
E(z) must come from the solution of the electrodynamical
problem. The vector potential of the radiation field can be
found using the wave equation

VA, — ¢~ 23PA, /32 = — (4/¢)j, ,

where the density of the transverse current in the case
under consideration has the form

Jx +1j,=/160 exp( — ixpz)cos (¢ + ).

We shall seek a solution for 4,(z,¢) in the form
Ayy=A,,(2)explio(z/c —1)] + C.C.,

in which we have explicitly isolated the strong z depen-
dence of 4,. From the wave equation we have

A4\ 8 (4
exp[lw(z/c—t)][21 ( ) 622( )I+CC

cos(kqz)

— sin(kgz) (12)

= —41r00c“1( )jlcos(¢+¢z1).

If in (12) we neglect rapidly oscillating terms of the type

exp{ +i[2kpz + w(z/c — 1)1},

then Eq. (12) can be transformed to an equation contain-
ing only slowly varying amplitudes:

dE/dz= — w0~ 5, (2). (13)

Here we have used the fact that the vector potential and
the electrical field vector of the electromagnetic wave in
our one-dimensional approximation are related as
E,,= — d(4,,)/dt. The characteristic scale of variation of
the complex amplitude E is much larger than the wave-
length, so in (13) we have omitted the second derivative of
E with respect to z. Substituting (11) into the right-hand
side of (13), we easily obtain a single integro-differential
equation for the desired amplitude E. For the rest of our
discussion it is convenient to transform to d1mens1on1ess
variables, which are introduced by the relations z7=Ayz,
C=C/A, P_wP/(cyZ%vo), and Kk, = Kk/Aj. Here
Ao = [7 joBie oy, %y~ I 1" is the amplification fac-
tor; «,=[4mq joy, 2y~ s 1]1/ 2 is the longitudinal plasma
wave number; and I,=17 kA is the Alfvén current. As a
result, we obtain the following dimensionless working
equation:

9E (3 ., IE(2) ~dF

—= | @E®Z) +i —

3z 0 (z K dz — dP
xexp{i(P+ C) (2 — )} (14)
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Here F(P) is the distribution in the normahzed momen-
tum P satisfying the normalization condition f. F (P)dP— 1.

Solution of the self-consistent field equations by the
Laplace method

Equation (14) is an integro-differential equation for
the field amplitude E (z) and can be solved by a Laplace
transform. It is well known that such a transform is defined
by the integral (Rep>0)

E(p)= f: d exp( — p&)E(L).

The Laplace transform of Eq. (14) has the form

pE(p) ext— [E(P) +1K2(PE(p) ext)]
°° F'(§)
X f dé' —"g—/\ . (15)
—o p+i(E+0O)
Here E,,, is the amplitude of the wave field at the undula-

tor input at z=0. If we solve Eq. (15) for E(p), we obtain
the expression

ext

E(p)=—= i (16)
S Y
Here we have introduced the notation
A ® ﬁ’( )
p= f g— L& (17)
—wo pH+i(§+0C)

In order to find E (? ) we must take the inverse Laplace
transform of (16). This transform is defined by the integral

~ A 1 Y +io  — ~
E(z)=—_f dAE(A)exp(Az)
2w Y —iew
exp(/l?)

Eyy (7 +iw
= f dA = AL

2m Jy —ie A—D/(1—ik,D)
Let the integration in the complex A plane run parallel to
the imaginary axis. The constant 7’ is a real positive num-
ber, larger than the real parts of all the singularities of the
integrand. The linear integral (18) obtained by the inverse
transform is usually calculated by closing the integration
contour by a semicircle at infinity in the left half-plane and
using the residue theorem. For this trick to be applicable to
the integral (18) it is necessary that the integrand in (18)
have an analytic continuation into the left half-plane, and
that the coefficient of exp(/l? ) in the integrand in (18)
satisfy the conditions of Jordan’s lemma.

According to (17), the function D is a complex inte-
gral and has a discontinuity on the imaginary A axis. This
integral becomes an analytic function if, following Land-
au’s method,* the function D is defined as

(18)

A @® ﬁ'
D=f —_(é‘—)/\, Re A>0;
~o A+i(§+C)
A © 1/7\’ A A
=Pf i—/\——FFF'(M—C), Re/1=0;
—x  A+i(§+0O)
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ﬁ, A A
© L mPa-b,

= Re A <0.
A+i(E+C)

p= fw d
7 (19)

Here P(..,) denotes the principal value. If the distribution
function F(P) is such that the coefficient

1
A—D/(1-ik2D)
of exp(/l? ) in the integrand in (18) satisfies the conditions
of Jordan’s lemma, the complete wave field can be repre-
sented as a superposition of partial waves. Finally, using

the residue theorem, we obtain the following expression for
E (z ):

exp(42)
1-Di/(1—ik2D)*

Here we have introduced the abbreviated notation

E(z)=Eq, 2 (20)

~ dD
;g
dAl,_,
where 4; is the jth root of the equation
A—D/(1—ikD) =0,
and the function ﬁ is defined by Eq. (19).

(21)

Solution of the initial-value problem for the case of a
cold electron beam

As an illustration of the use of the expressions we have
obtained, let us consider the cage of small energy spread,
when the distribution function F(P) can be replaced by a
delta function F (P) 6(P) In this case the function D is
given in the entire complex A plane by

D=i(A +i0) 2.

Since the coefficient of exp(l? ) in (18),

1 1
A—D/(1—ik2D) A—i/[(A+i0)?+ k2]’
is of order A~ ' for |1| = w0, the condition of Jordan’s

lemma is satisfied. Therefore, Eq. (20) is applicable and
the partial-wave expansion of the wave has the form

exp(ij?)
1—2i(4;+ lC)/lz,

E(Z)=E., 2

where A; are the roots of the cubic equation
A=i[(A+i0)2+ &4~ (22)

Using the relations between the roots of the cubic equation
(22),
AAds=i, Ay + Ay + A= — O &
A4 Ay + Ay = —2iC,
after simple algebra we obtain the familiar expression for
the wave amplitude:>
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FIG. 1. The linear regime. Dependence of the amplitude of the wave field,
normallzed to the amphtude of the input signal, on the normalized length
for C= 0, k2 » =0, and A =0. The solid line was calculated using the
analytic expression (24), and the crosses are the results of numerical
modeling using Eqgs. (44) and (45).

AiAs expAy(Z)
Ay —A3) (A, —4y)

.45 exp(A,2)
(A1 —A2) (A1 — A3)

AiA; exp(A;2) ‘
(A3 —A) (A3 —A))

Exactly on resonance (6 =0) in the absence of the > space-
charge and energy-spread effects the solution for E(z) is
written as

E” 1 ﬂHA+ —V3I+i,
z)=—FE,{ex z exp| ——=z
3| P T Pl7

+exp(—i?) .

E?) =E[

(23)

(24)

The graph of the dependence of |E|/E,,, on the dimen-
sionless length Z in the initial section of the undulator cal-
culated using Eq. (24) is shown in Fig. 1. If the undulator
length is sufficiently large, the contribution in (24) from
the growing wave will exceed the other_ terms, and their
contribution can be neglected. Then for E (z ) we can write
the asymptotic expression

v@—ki,)

~ . 1

E(z)=§ ext exp( z|. (25)
An important output characteristic of the amplifier is the
power gain G= |EL2/E§xt According to (25), the value of

G’ in decibels for C=0 is asymptotically equal to
G=101g(|E|¥/EL,)=1.52—9.5.

It follows from Eq. (22) that for :?; = 0 the partial-wave
propagation constants A;, 4,, and 4, are universal func-
tions of only the detuning parameter C. Study of the char-

acteristic equation
A(A+i0)2=i (26)

shows that one of the partial waves is a growing wave in
the detuning range C<1.89. We denote the propagation
constant of the growing partial wave by A. Then in the
detuning range C < 1.89 the power gain for a sufficiently
long undulator can be written asymptotically as
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FIG 2. The linear regime. Dependence on the normalized detuning C for

p— 0, AT =0. Curve 1 is the normalized increment from Eq. (26),
curve 2 is the pre-exponential factor from Eq. (27), and the crosses are
the result of numerical modeling using Eqs. (44) and (45).

G=4 exp[2 Re(A)7], (27)

where the increment Re(K) and the pre-exponential factc/)\r
A are universal functions of the detuning parameter C.
Graphs of these functions are shown in Fig. 2. The maxi-
mum increment is reached exactly at resonance (C=0).
For small deviations from resonance, when C«1, the in-
crement is given by

2 Re(A) =V3[1 — C¥9].

For large negative detunings €'< — 1 we asymptotically
have

‘@‘ 172

The electromagnetic-wave amplification process in an
undulator displays resonance behavior, which causes the
amplification factor to depend strongly on the detuning
parameter C. Usually the amplification bandwidth is de-
fined as the difference of the input signal frequencies
®; — @, = Ao for which the power output is decreased by
a factor of 2 relative to its maximum. It is convenient to
introduce the amplification bandwidth in the reduced de-
tuning AC, which is related to the amplification bandwidth
in the frequency of the 1nput signal as
Am/wo—(AO/KO)AC where wg_ 207, Ko is the resonance
frequency. The amplification bandwidth can be found by
solving the initial-value problem. In Fig. 3 we show a
graph of the dependence of the amplification bandwidth
AC on the maximum power gain. This graph was calcu-
lated using Eq. (23) and the roots of the characteristic
equation (26). As an illustration, in Fig. 4 we give a graph
of the amplitude—frequency characteristic for the maxi-
mum gain G, =40 dB.

Let us now consider the effect of the space-charge field
on the wave amplification process in the undulator. In the
region of parameters of the problem where the space-
charge parameter fc\; is small, the space-charge effect can
be included using perturbation theory. After simple calcu-
lations using Eq. (22), we find that for ,’(\2<1 the maxi-
mum mcrement is attained for the detumng parameter
C= C = K 2 and is given by

max[2 Re(A)] =32 —

Re(A)=

—1202
3 K 5

Saldin et al. 109



FIG. 3. The linear regime. Dependence of the normallzcd amphﬁcatlon
bandwidth on the maximum power gain for C—O K =0, and AT =0.

In the opposite case &k 2>1 the space-charge field signifi-
cantly aﬂ‘ects the 1ncrement which at the maximum for
c=C, —K is equal to!

max[2 Re(A) ] = (25,) ~ 2.

In the region where the space-charge parameter is compa-
rable to unity, the increment can be found by solving the
cubic characteristic equation (22). It should be noted that,
according to Eq. (22), the maximum increment and the
detuning C,, for which this maximum is reached are uni-
versal functions of the space-charge parameter Kf,. The pre-
exponential factor 4 in the asymptotic expression for the
amplification (27) for tuning to the maximum increment
(i.e., for C=C,,) is also a universal function of the param-
eter Kz. Graphs of these functions are shown in Fig. 5. As
an illustration, in Fig. 6 we show the curve describing the
dependence of the increment on the detuning for & f, =1
In the calculations carried out above it was assumed
that an unmodulated electron beam and the electromag-
netic wave from a master oscillator are fed to the amplifier
input. This is discussed in more detail in Appendix A.
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FIG. 4. The linear regime. Dependence of the field amplitude at the
amplifier output, normalized to the amplitude of the input signal, on the
normahzed detuning. The normalized length of the amplifier is 2=6.6,
2=0, and A} =0.

110 Sov. J. Part. Nucl. 23 (1), Jan.—Feb. 1992

FIG. 5. The linear regime. Results of calculations using Egs. (22), (23),
and (27) for tuning to the maximum increment. Dependence of the max-
imum of the normalized increment (curve 1), the pre-exponential factor
from (27) (curve 2), and the optimal normalized detuning (curve 3) on
the space-charge parameter :?,2, for A2 =0.

Solution of the initial-value problem for the case of a
Lorentzian energy spread

Let us consider the case of an electron beam whose
energy distribution function is given by a Lorentzian dis-
tribution

F(&)=(a/m)[(& — &p)*+a?] L

The expression for the dimensionless quantity F will have
the form

FP=(@/m[P+4&]" (28)
The relation between the parameters a and @ is given by
(?:aw/(‘yfcgvo).

Substituting (28) into (19), we find that in the case of a
Lorentzian distribution, the function D in the entire com-
plex A plane is given by

el . A . A

D=i(A+a+iC) 2
The coefficient of exp(/l? ) in the integrand in (18) in this
case is equal to

A

-1 -1
D 1
A = A— A~ A~ A~
[ 1—i pD] l [(/1+a+iC)2+K},]‘

pul TN

0,4} / x\
\
|

o 1
-1 g 1 2 C

0,2

FIG. 6. The linear regime. Dependence of the normalized increment on
the normalized detuning for :?f,: 1 and A% =0. The solid line is the
result of solving Eq. (22), and the crosses are the result of numerical
modeling using Eqgs. (45) and (52).
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and obviously satisfies the conditions of Jordan’s lemma.
Therefore, Eq. (20) is applicable:

_ exp(A2)
E(?)=E a+iC)A?
(z) ext% 1_2i(/1j+a+iC)/1,2~

Here A, are the roots of the cubic equation
A=i[(A+&+i0+ &4~
Therefore, in the case of a Lorentzian distribution the elec-

tromagnetic wave in the undulator can be represented as
the sum of three partial waves.

Solution of the initial-value problem for the case of a
Gaussian energy distribution

We conclude this section by considering the case of a
Gaussian energy distribution:

F(& — &) =[2n((A%)*)] 2
(% —&,)?
T 2(ag))? ]’

The corresponding distribution in the normalized canoni-
cal momentum P has the form

F(P)=(4mA2) ~ 2 exp[ — P/(4A%)] .

X exp

The parameter X% is related to the rms energy spread
((A&)?) as

A2=02((AZ)2)/(2/'PA2ED).

We begin the calculation of the function D with the case
ReA > 0. From Eq. (19) we have

o (e F(&)
= d - A~
b f_w §A+i(§+c)
- F(&)
= dé ——M—,
lf—w S AtiEt OF

Substituting the equation

ReA1>0. (29)

1
[A+i(E+ O

into (29) and integrating over £ first, we obtain

J:o Texp{ — [A +i(§+ 6)]7’}(1’7‘

D=i fw Texp{ — 1’\\%7'2 —[A+ i@]r}d'r, Re1>0.
" (30)
In the left half-plane, using Eq. (19) and the expression
m= J: rexp{[A +i(§ + C)I7}dr,
Re A <0,
the expression for the function D can be brought to the
form

D=i fm Texp{ — X%Tz + [A+ ia]'r}d‘r
0
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i A, A~ 1/\_2 PN
. wIA1 “[A +iClexp 4AT [A +iC)%},

Re A <0. 31

We note that the expression for D in the left half-plane
contains a_term proportional to exp(A?). Therefore, the
function D has a singularity at infinity. In this case, as
follows from the Picard theorem, the integrand in (18) has
an infinite number of poles in the left half-plane, which
bunch up at infinity and are located near the lines arg(A)
= =*37/4. According to Jordan’s lemma, the calculation
of the linear integral (18) by closing the integration con-
tour with an infinite semicircle in the left-hand plane is
possible if the function E(A) tends to zero for |A| = «
uniformly in the argument of A. This condition is not sat-
isfied for the Gaussian distribution function. In this case
the Laplace-transform method does not lead to an analytic
solution of the initial-value problem in closed form. How-
ever, it is important to note that there is often no need of a
complete solution to the initial-value problem, since it is
sufficient to consider only the case of high gain. Below we
show that for the Gaussian distribution function the
Laplace-transform method can be used to obtain an as-
ymptotic expression for the amplification of a FEL ampli-
fier in closed form.

We shall use the following mathematical trick. Shifting
the integration path in (18) to the left half-plane, we use
the residue theorem to transform the linear integral to the
form

Y +ic —_ ~
f dAE(A)exp(Az)

‘y'—iw

—a' +iw —_ ~
= J dAE(A)exp(Az)

—a' —iew

+ Y  ResE(A)exp(A7), (32)

-—a'<Re/1j

where the summation runs over the roots of Eq. (21) lying
to the right of the line ( —a’ —iw, —a’ +iw). Here a’ is
a real positive number, and ResE(4)) is the residue of the
function E(A) at the pole /11-. Using Egs. (30) and (31), it
can easily be checked that there is only one root in the
right half-plane of Eq. (21), and for any finite value of o'
the number of roots in the interval — a’<Re(4) <0 is
always finite. If the undulator is sufficiently long, the con-
tribution to (32) from the term proportional to exp(4,z)
with Re(4,) >0 will be greater than all the others, and the
contribution of the latter can be neglected. Then for the
amplitude E(Z) we can write down an asymptotic expres-
sion of the form

exp(/l,?)

E(Z)=E, ~ o,
“1-Di/(1 —ikD))?

(33)

where the values of the functions D and D’ at A = A canbe
found from (30). The rest of the problem consists of cast-
ing Eq. (33) in a form convenient for numerical calcula-
tions.
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We express the function D (A) in terms of the function
D(A). From integral tables we find the expression for
Re(4)>0:

D=i fw exp[ — A2 —
0
i iy

A 1 A
= — A+iC A+iC)?
;17\:"2; Zﬁ( +i )CXP[ZE( +i )]

(A +iC) 7] rdr

1 A
X {1 —erf|—=(A +1iC) | };
2At

D'(A)= —i f: exp[ — — (A +iC)r)dr

——(/1+1C) J—[ (/1+IC)2+AT]
4A% A3

T

1 A 1
Xexp[m(/l + iC)2] [1 - erf[ix-(/l
T T

+ia>”.

Here erf(&) denotes the error function of a complex argu-
ment:

9
erf(§) =2~ mJ- exp( — u?)du.
0
In the end we obtain

a, iA_4 A 1 ) ~
D'(A)=7zAr "[A +iC] + (A +iC)" + A7l

XAr?|D—3Ar 2| (A +iC1 (34)

Using Eq. (21), the value of the function DforA= A, can
be expressed in terms of the root A4,:

Dy =aml1+ic%]- (35)

Using Egs. (33)-(35), we easily obtain an asymptotic ex-
pression for the gain in a form convenient for numerical
calculations:

E(?)=E,, exp(&)ll +i(i— R2A)?

A . VAR | 1
Al — KpA) —Z\c{
T

A A 1 A A
X | (A+iC) '+ A+iC
( ) ﬁ( )]

-1

1 A

+—A—(A+iC)] , (36)
4A%

where A = A, is the growing root of the characteristic
equation
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FIG. 7. The linear regime. Dependence of the field amplitude at the
amplifier output, normali}z\ed to the amplitude of the input signal, on the
normalized detuning for A} = 0.1, k; = 0.5, and z=38. The solid line is
the calculation using Eq. (36), and the crosses are the results of numer-
ical modeling using Eqs. (45) and (52).

A

A D A b
A——_—;z—x=0, D=iJ- exp[—;\\%fz—-
1—ik,D 0

+iC)7}rdr, Re(A)>O0.

A particularly simple expression is obtalned when the
space-charge effect is absent. In the limit K 2_,0, from Eq.
(36) we have

E(2)=2E., exp(AZ)A%[A +iC]

_ x[2CA: +i— AR +i0)? 17}, (37)
where A is the growing root of the characteristic equation

K=ifw exp[ — A27? — (A +iC)r]7dr, Re(A)>0.
0

(38)

An amplifier characteristic of practical importance is

the power gain G, which for a sufficiently long undulator
can be written as

G=|E|Y/E%,=A exp[2 Re(A)7], (39)

where in the general case 4 and A are functions of the
parameters C K2 » and A% In Fig. 7 we show the depen-
dence of the field amplitude at the amplitude output on c
for z=8. The space-charge and beam spread parameters
are for illustration taken to be k2 »=05and AT =0.1. We
constructed the curve using the results of the calculation
carried out with the asymptotic amplification formula
(36). For the parameter region where the space-charge
effect can be neglected ( K2 ™ 0), the increment can be
found by solving the transcendental characteristic equation
(38). For a small energy spread, when ATil the maxi-
mum increment is attained for the detuning C= C = 6AT

and is
max[2 Re(A)] =32 — 32242,

In the opposite case, when KT>1 the energy spread sig-
n/{ﬁcantlx aﬁ'ects the increment, the maximum of which at
C=2"2Ar is!

max[Re(A)]=0.38A7 2

It should be noted that according to Eq. (38), the maxi-
mum of the increment and the detuning C,, at which this
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FIG. 8. The linear regime. Results of calculations using Egs. (37)-(39)
for tuning to the maximum increment. Dependence of the maximum of
the normalized increment (curve 1), the pre-exponential factor (39)
(curve 2), and the optlmal normahzed detuning (curve 3) on the energy-
spread parameter A-l- for K =0.

maximum is reached are universal functions of the energy-
spread parameter A2 The pre-exponential factor 4 in the
asymptotic amplification factor for tuning to the maximum
increment (i.e., for C C ) is also a universal function of
the parameter A2 Graphs of these functions are given in
Fig. 8. For illustration, in Fig. 9 we show the curve de-
scribing the dependence of the ingrement on the detuning
for the energy-spread parameter AT =0.5.

2. SATURATION EFFECTS
Preliminary remarks

In the preceding section we discussed computational
methods applicable to the linear operating regime of a FEL
amplifier. In this regime an increase of the input power
W leads to a directly proportional increase of the output
power W, When W, is increased further, the operation
of the amplifier becomes nonlinear. In the nonlinear regime
W s increases more slowly than W,, and at a certain value
of W, the output power reaches a maximum. To deter-
mine the maximum W it is necessary to solve the equa-
tions of the nonlinear theory of the FEL amplifier. Ana-
lytical methods are of limited usefulness in the theoretical
study of the nonlinear regime, and numerical modeling
must be used. The first numerical calculations of the non-
linear operating regime of the FEL amplifier were carried
out in Ref. 5, and they were developed further in the later
studies of Refs. 6 and 7. The authors of Ref. 14 were the
first to write the working equations in dimensionless form
and to introduce variables close to those used here.

Similarity techniques play an important role in the nu-
merical modeling of processes occurring in FEL amplifiers.
In the one-dimensional approximation the output charac-
teristics of the amplifier are determined by a set of eight
parameters:

I’KO’(D’ gOJO!HOy < ( A g ) 2) ’Eexty

where [ is the undulator length. It follows from the equa-
tions that the set of similar operating regimes of the FEL
amplifier and all the dimensionless combinations formed
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from the various physical quantities are determined by the
values of the five dimensionless parameters

Aol,C, K2, A% E o/ Eo.

Here E, is new normalization factor arising in the descrip-
tion of the nonlinear regime. The combination E/E,
where E; is the amplitude of the wave field at the amplifier
output, is dimensionless. Therefore, in the general case we
can write

Ef/Eo—g(Aolc K AT’ ext/EO)

The universal function & can be calculated by numerically
solving the dimensionless self-consistent field equations.

The system of working equations

The equation describing the variation of the particle
energy & as a function of the coordinate z along the un-
dulator axis can be obtained from the Hamiltonian H writ-
ten in the variables & and ¥ = kyz + w(z/c —t) corre-
sponding to the energy and the longitudinal phase
canonically conjugate to it. In first order in the expansion
in the vector potential of the wave 4, neglecting space-
charge effects, the Hamiltonian (4) can be written as

%
H(% z2)= f [ko— (v, (&) —c—")]d¥

— @ sin(Y + 1), (40)

where v,( ) is the longitudinal component of the electron
velocity in the undulator, ¢ = (e6yE), and ¥, are, respec-
tively, the amplitude and phase of the effective potential;
and E = |3dA,/d(ct)| is the amplitude of the electric field
of the amplified electromagnetic wave. The parameters ¢
and ¥y are related to the complex amplitude of the effective
potential U as in Sec. 1: (¢/2)exp(iyy) = U. The equa-
tions of motion corresponding to the Hamiltonian (40) are
written in the form

d% /dz= — dH/Ip=¢ cos(¥ + y);
dy/dz=0H/3% =Ko — 0o(v; ' —c~ 1) (41)
— 0p/3% sin(y + ).
ReA XN
0,4 | X
0,3 // \x
02f f \"
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-1 o0 1 2 3 ¢

FIG. 9. The linear regime. Dependence of the normalized increment on
the normalized detuning for A2 —0.5 and 2= 0. The solid line is the
result of solving Eq. (38), and the crosses are the result of numerical
modeling using Eqgs. (44) and (45).
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From the Maxwell wave equation we easily find that,
owing to the coherent radiation of the electron beam in the
undulator, the amplitude and phase of the effective poten-
tial will vary as

do/dz= — (mmo*} /1) p, cos(vo — P1);
d/dz= (mmyc*03I/14) (pi/@)sin (g — 7)),

where p; and v, are, respectively, the amplitude and phase
of the first harmonic of the beam density p:

(42)

1 2T
proosi=_ [ " pcos va,
T Jo

27
p sin ydy.
0

The normalization of the function p(z,¥) is chosen in such
a way that Ip can be interpreted as the longitudinal com-
ponent of the current density of the beam. Here I is the
average beam current. Equations (41) and (42) form a
system of self-consistent equations for the FEL amplifier in
the one-dimensional approximation.

For small deviations of the energy from the initial
value, the Hamiltonian (40) takes the form

H=CP+ 0P/ (22€ ) — @ sin(¥ + 1),

where P=% — &, and C is the detuning from resonance
for a particle of energy &

C=ko + 0/c — 0/v,(& o) =ko — 0/ (2cV?).

It is convenient to replace the variables z, P, ¢, and p1 by
others proportlonal to them by setting z-Aoz,

P_mP/(cyzgvo), P=wg/(cV2€,A3), and P, =p,S.
Here S is the cross-sectional area of the beam (jy=1/S5).
As a result, Egs. (41) and (42) can be rewritten as

dP/dz = cos(¢ + y);

1
pisin = ——

(43)

dy/dz=P + C + B sin(¢ + 1o); | “
dp/dz= — p) cos( — t);

P (45)
diy/dz=(p\/P)sin(Po — ¥y),

where we have introduced the notation 8 = cy?Ay/w. The
parameter B is inversely proportional to the number of
undulator periods on the characteristic distance over
which the wave field grows in the linear regime and is
always small. Therefore, the terms proportional to B can be
neglected in the second equation of the system (44).

The numerical-modeling algorithm

We split the electron beam into a large number of
layers perpendicular to the axis. Let there be N layers in
the wavelength at which the beam is modulated, i.e., in the
interval of the phase ¥ from 0 to 27. The beam density
function p periodic in the phase v in the phase interval
(0,27) can be written as

p= W’T g (0 — 1), (46)
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FIG. 10. The nonlinear regime. Dependence of the normallzed ﬁeld am-
plitude on the normalized undulator length for C_O K =0, AT =0,
and E,,/E,=0.01.

where ;) is the phase of the jth layer and §(¢ — Y(j) is
the delta function. According to the definition (46), the
function p is normalized by the condition

27

pdy=2.
0

The relation between the amplitude of the first harmonic of
the beam density p, and the function p is given by the
expressions

N

2
N 21 COs ‘l)b(j),

Jj=

1 27
proos =2 |7 pos vaty=

A 1 (o 2 § .
p18in ¢ = —;fo p sin Ydyp= TN A sin ¢ 5,

where 1 is the phase of the first density harmonic.

The equations of motion (44) applied to all N layers
together with the field equations (45) give a system of
2N + 2 equations. By solving them numerically it is possi-
ble to study the nonlinear operating regime of the FEL
amplifier. Let an unmodulated electron beam and an elec-
tromagnetic wave of amplitude E,,, be fed to the undulator
input. Then the initial conditions for z=0 will be

P(0)=0, p;(0)=0, P(0)=us;=Eue/Eo,

where the parameter E;, according to the definition of & @, is
Eq=(c2€ A3/ (ew6y). The dependence of the normal-
ized amplitude of the ﬁeld @ on the normalized undulator
length Z for C=0and § @ext = 0.01, found by the method
described above, is shown in Fig. 10. The field stops grow-
ing in the saturation regime of the amplifier, when the
beam is overmodulated and a significant fraction of the
electrons begin to be accelerated by the effective potential.
The maximum value of the normalized amplitude of the
field for C=0 is

Pmax=Euar/Eo=2.34

and for high gain, i.e., when E,,,/E,<1, it is independent of
the field amplitude at the amplifier input.
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Power conservation in the interaction between the
electron beam and the electromagnetic wave

in the undulator

The coefficient characterizing the transformation of
beam energy into radiation (the efficiency) for high gain
can be defined as the ratio of the flux density of the radi-
ation power at the amplifier output to the flux density of
the electron beam power at the input. In the one-
dimensional approximation that we are using, the average
power transported by the wave is given by

W=cE*S/(4m).

Therefore, the efficiency of the amplifier in the limit G> 1 is
found from the expression

n=eW/(&l)=Bp*/4 (47)

The electromagnetic power radiated by the electron beam
in the undulator must be equal to the difference of the
kinetic-energy fluxes at the input and output of the ampli-
fier, i.e., W= — (P)I/e, where (P) is the average change
of the energy of the beam particles. Therefore, using the
power conservation law, we can define the amplifier effi-
ciency as the ratio of the average change of energy of the
beam particles (P) to the nominal energy &
n= —(P)/%, Now we transform to the dimensionless
quantity (P) Then the expression for the efficiency will
take the form n = — f3 (P) In the macroparticle model we
have

N
(dP/dzy=pN~' Y, cos(, + vo)-
j=1

Here we have used the first canonical equation of motion of

the particles in the wave field (44). The sum in the latter

can be expressed in terms of the amplitude and phase of the

first harmonic of the beam density, using the expression
N

N~ '21 cos () + o) = (1/2)p; cos(¥; — Vo).
j=

Using the first equation of the system (45), we obtain
(dP/dzy = — p(1/2)dp/dz.

From this it follows that
n=— B(P)=Bp"/4

Comparison with Eq. (47) shows that the power conser-
vation condition is satisfied. In the special case of tuning to
resonance (C=0), from Eq. (47) we obtain the following
simple expression for the reduced maximum efficiency of
the FEL amplifier:

nmax/B= 1.37.

Saturation in FEL amplifiers with high gain

When the amplifier has normalized length z>4, the
power gain in the saturation regime for C=0 can be cal-
culated from the following expression with an error of a
few percent:

Gax= (1/38)exp(V3Agz), (48)
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FIG. 11. The nonlinear regime. Dependence of the field amplitude at the
amplifier output, normalized to the amphtude of the 1nput signal, on the
normalized detuning C for K =0, A-,- =0, z=74, and EmEg
=2.34X10~2 Exactly on resonance (C 0) the amplifier operates in
the saturation regime.

or, in decibels, G,,(dB) = 10log(G,.x) = 7.5A¢z — 15.8.
The field amplitude at the amplifier input E,,; at which the
saturation regime is reached is found from the expression

E./Ey=2.34/ \/Gmax ’ (49)

with G given by Eq. (48). It should be noted that using the
graph shown in Fig. 10, we can calculate the change of the
amplitude of the wave field along the undulator axis for
any amplifier with normalized length Z> 4 operating in the
saturation regime for C=0. The point where the field
reaches its maximum at z=8.4 in Fig. 10 corresponds to
the amplifier output, i.e., according to (48) and (49), to
the point with coordinate equal to

Zmax=AoZmax =31+ 2(3) = VIn(Eo/Ecy).-

The field amphtude at a point lying a distance
7= zmam — AZ from the amphﬁer mput is equal to the field
amplitude in Fig. 10 for z—=8.4 — AZ. Starting with AZ> 4
the linear approximation becomes applicable, and the am-
plitude E can be found using Eq. (25) with E,,, in it found
from Eqgs. (48) and (49).

An important output characteristic of the amplifier is
also the bandwidth of the amplification in the saturation
regime. Let us consider a specific example. Let the normal-
ized length of the amplifier be z=7.4. Then, according to
Eqgs. (48) and (49), exactly on resonance the saturation
regime is reached for the input amplitude
E,, = 2.34X 107 2E,, and the gain is G = 40 dB. The de-
pendence of the field amplitude at the output of such an
amplifier on the detuning parameter is shown in Fig. 11. In
this case the amplification bandwidth is AC=1.54. The
graph in Fig. 12 can be used to find AC for an amplifier
operating in the saturation regime for C=0and having a
different value of the gain G (i.e., a different normalized
length).

In the general case, for any value of the detuning pa-
rameter satisfying the condition c < 1.89, there exists a
value of the input amplitude E,, for which the output
amplitude reaches a maximum. The maximum efficiency of
the amplifier 7,,,, is a universal function of the detuning
parameter C. A graph of this function is shown in Fig. 13.

(50)
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FIG. 12. The nonlinear regime. Dependence of the normalized band-

width of the amplification on the power gain for fc\: =0 and K_zr =0.

Exactly on resonance (C=0) the amplifier operates in the saturation
regime.

We see that the maximum efficiency of the amplifier is a
growing function of the detuning parameter.

The power gain in the saturation regime is also a uni-
versal function of the parameter C:

Gax=A,(C)exp[2 Re(A)7]. (51)

A graph of the function A,,,(é) is shown in Fig. 14. The
values of the normalized increment are found using the
graph in Fig. 2. The amplitude of the input signal at which
the saturation regime is reached can be determined using
the graphs in Figs. 2, 13, and 14 and the expression

Eext/Eozz[nmax/(BGmax) ] hi

In practical situations it is often important to know
how the field amplitude varies at the amplifier output as
the input amplitude is varied. The dependence of E on E
for an amplifier operating in the saturation regime for C=0
is shown in Fig. 15. It should be noted that for high gain
the amplitude characteristic of the amplifier is independent
of the gain. The admissible pulsations of the beam current
can be determined using Fig. 16, where we give graphs of
the dependence of the field amplitude at the amplifier out-
put on the beam current for different values of the gain G.

The number of layers N in the numerical modeling
procedure is often taken to be 200 to 400. Here the results

of calculations for the nonlinear regime are independent of

/B
J

1 1

L A
0 17 ¢C

FIG. 13. The nonlinear regime. Dependence of the normalized efficiency
of the amoplifier in the saturation regime on the normalized detuning for
k2=0and A} =0.
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FIG. 14. The nonlinear regime. Dependence of the pre-exponential factor
in Eq. (51) on the normalized detuning.

the actual value of N to within an error of 0.1%. The
programs have been tested by numerical modeling of the
linear regime. In Fig. 2 we compare the values of the in-
crement obtained by numerical modeling with the values
obtained by solving the characteristic equation (26). In
Fig. 4 we compare the amplitude—frequency characteristic
of the amplifier obtained by numerical modeling with the
results of the analytic solution of the initial-value problem
using Eq. (23). We see that there is good agreement be-
tween the numerical and analytical results. For N=200
macroparticles the discrepancy is less than 0.1%.

Space-charge effects in the saturation regime

To carry out a comprehensive numerical modeling of
the processes occurring in FEL amplifiers, the macropar-
ticle equation of motion (44) must be supplemented by the
corresponding term determining the effect of the space-
charge field. In the model that we are analyzing the elec-
tron beam is represented as charged layers of zero length in
the longitudinal direction. There are N layers within the
wavelength A of the beam density modulation. The surface
charge density of each layer is 0,=jjpd (v,V). We transform
to a comoving reference frame to find the longitudinal
component of the space-charge electric field generated by
the system of charged layers. In this approximation the

0
(I-19)/1,

FIG. 15. The nonlinear regime. Dependence of the normalized field am-
plitude at the amplifier output on the field amplitude at the input, nor-
malized to the optimal E7,,. The saturation regime is realized for E, =
E7,. Here C=0, fc\f, =0, and A2 =0.
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FIG. 16. The nonlinear regime. Dependence of the normalized field am-
plitude at the amplifier output on the change of the beam current for
various values of the power gam The saturation regime is realized for
I=1I, Here C_-O x =0, and AT = 0. The field amplitude is normalized
at the current /= 10

motion of the layers in the comoving frame is nonrelativ-
istic, and the space-charge electric field can be calculated in
the quasistatic approximation.

We consider two reference frames. One, K, is station-
ary and the other, K’, moves relative to the first along the
z axis with rectilinear motion at speed v, equal to the speed
of the beam particle at the undulator input. To calculate
the space charge it is necessary to know the positions of the
layers along the z axis both behind and in front of the
observation point. The characteristic length scale over
which the space-charge field is formed in this model is the
wavelength A’ = y,A. In our approximation the character-
istic length over which the beam density varies is much
larger thar A" Therefore, in finding the field generated by
the system of charged layers at a given observation point z’,
we can assume that these layers are arranged periodically
with period A'. The position of the layers within a wave-
length is a function of the coordinate z’ and the time ¢'.

The quasistatic potential of the system of charged lay-
ers located throughout the distance A’ in the frame K’ is
defined as

V,=2mo, f: rdr r’ dép ([P + (2 — £~
pO)= 2 8(5—nd)

=(1/A") Y, exp(2mint/A’).

—

After simple transformations we find

Vi=20k 21: cos(nk'z") fo rdr J_ 3 d§ cos(nk't)
X [’2 + gZ] — 1/2.

Here k'=2m/A’'. We have discarded the term with n=0. It
describes the potential of uniformly charged space and is
not of interest for our discussion. Using integral tables, we
obtain
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’I/g

FIG. 17. The nonlinear regime. Dependence of the normalized efficiency
of the amplifier in the saturation regime on the space-charge parameter
K2 for tumng to the maximum increment. The parameter ¢
=C m( K ) is determined using the graph in Fig. 5, and AT =0.

” 4aq i cos(nk'z’)
—
Accordingly, for the electric field we have
d V' d 1n(nk’

E,=— 0,2 —————

1
Using the well known mathematical formula

) sm(n§) T—¢§

T n 2

(0<é&<2m),

we find that the field E, will vary with z’ in the range
0<z'<A’ as

E,=2ma,(1 —2z'/A").
From this we find the expression for the space-charge field
at the ith layer:

E=20, X [7sgn (Y —¥p) — ey — )]
i
Here 9, and 9;, are the phases of the ith and jth layers,

sgn(Y) — P(p)=1 for (Y — ) >0,

sgn(YPy —Yp)=—1 for (Y —9Py) <0

Using the expression for the Hamiltonian (5), we find that
the inclusion of the effect of the space-charge field in this
case reduces to the addition of the term eE,(v,z) to the
right-hand side of the first equation of the system (44).
Finally, the equations of motion of the ith layer are written
in the following normalized form:

dpP; ~ |1
—=@cos(Py + ) + Ko {— 2 [7sgn(¥y
7 ? (Y + %) + &, [N ‘21 120)

— ¥ — We —¥p)] ],

dy;y/dz=P, + C. (52)

When the space-charge effect is taken into account, the
maximum efficiency of the amplifier is a universal function
of two parameters, the detuning parameter C and the
space-charge parameter 1?12,. In the special case where the
parameter C is chosen such that the growth increment of
the field in the linear regime reaches its maximum, the
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FIG. 18. The nonlinear regime. Dependence of the normalized efficiency
of the amplifier in the saturation regime for tuning to the maximum

increment on the energy-spread parameter A ;? = 0, and the parameter
Cc=C, (AT) is determined using the graph in Flg 8.

amplifier efficiency in the saturation regime is a universal
function of only the single parameter :?f,. This dependence
is shown in Fig. 17. We see from this figure that the max-
imum efficiency of the amplifier is a growing function of
the space-charge parameter.

Numerical modeling of the linear regime was used to
test the computational program for the nonlinear regime,
taking into account the space-charge effect. In Figs. 6 and
7 we compare the results of the numerical and analytic
calculations. When the number of macroparticles (layers)
in the interval of the phase v from O to 27 is N=200, the
results of the numerical modeling coincide with the ana-
lytic results with better than 0.1% accuracy.

Energy-spread effects in the saturation regime

When the beam has a Gaussian energy spread, the
maximum efficiency of the amphﬁer is a universal function
of the three parameters C ©2 » and AT In the special case
where K 2_,0 and the detuning parameter is C where the
mcrement reaches its maximum, the efficiency of the am-
plifier in the saturation regime is a function of the single
parameter AT A graph of this function is given in Fig. 18.
From it we see that the energy spread leads to a sharp drop
in the amplifier efficiency.

The energy spread of the beam was included in the
numerical modeling of the nonlinear regime by dividing all
the macroparticles in the phase interval 0<¢¥<2m forz=0
into a small even number of groups. The macroparticles in
each group have identical phases  for z=0. The initial
values of the normalized moments P; of the particles in
each group are described bX a Gaussian distribution with
rms deviation ((AP) )y = 2AT The phases of the groups of
particles for z=0 were distributed in the interval from O to
27 in such a way that the amplitude of the first harmonic
of the macroparticle density was equal to zero.

The program was tested by numerical modeling of the
linear regime. In Figs. 7 and 9 we compare the analytic and
numerical solutions of the self-consistent field equation in
the high-gain limit. The solid lines are calculated using the
analytic expressions (37) and (38), and the crosses are the
results of numerical calculations using Eqgs. (45) and (52).
In the numerical modeling the initial number of subdivi-
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sions in the phase 9 in the interval between 0 and 27 was
taken to be 8. The number of macroparticles for modeling
the spread in each of the eight groups was taken to be 200.
We see from the figures that there is good agreement be-
tween the numerical and analytic results.

3. OPTIMIZATION OF THE POWER OUTPUT OF THE
FEL AMPLIFIER BY VARIATION OF THE
UNDULATOR PARAMETERS

Preliminary remarks

The operation of the FEL amplifier is based on the
prolonged (resonance) interaction of the electron beam
with the electromagnetic wave in the undulator. Therefore,
the parameter Ay/k,, which is proportional to the inverse
number of undulator periods in the characteristic rise
length, is always much less than unity. The decrease of the
electron velocity due to electron deceleration by the wave
field leads to violation of the synchronism between the
particles and the wave, as a result of which the amplifier
efficiency turns out to be limited to be a value of order
Ay/Ko.

A promising method of raising the efficiency of an FEL
amplifier is by variation of the undulator parameters along
the undulator axis. This allows the preservation of the syn-
chronism required for the amplifier operation and raises
the efficiency to a value of order unity. This technique of
raising the efficiency of FEL amplifiers was first suggested
in Ref. 8. Later, numerical modeling was used to carry out
calculations of the efficiency of an amplifier with varying
undulator parameters.” !

The FEL amplifier with optimal undulator (the low-
efficiency approximation). Technique for
calculating the optimal undulator parameters

According to the system of equations (44), the particle
motion is determined by the detuning parameter

C=ko — 0/2cV =Ko — o (1 + Q%) /(2¢1?),

which is a function of the undulator period Ay = 27/k; and
the parameter describing the magnetic force Q=eHy/
(moc’k). Variation of the undulator parameters causes the
detuning parameter to become a function of the coordinate
z. We consider one of the possible methods of varying the
undulator parameters, namely, variation of the period A,
for constant magnetic-force parameter Q = const. The lat-
ter condition implies that the field H, on the undulator axis
must vary as the inverse of the period (Hyx Ay ).
According to Ref. 11, in the case of a helical undulator
with bifilar winding, the field on the axis is (in SI units)

Ho=I(mR) ~'[kiR?Ko(KoR) + (koR)K,(KoR) 1,

where I and R are, respectively, the current and radius of
the helical winding, and K, and K, are second-order mod-
ified Bessel functions. The magnetic-force parameter Q for
constant current in the winding (/; = const) for such an
undulator is a universal function of the parameter xyR.
Therefore, the variation of the undulator period for con-
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stant Q in this case is realized by shaping the windings to
be proportional to the period, i.e., R <A,

First we assume that the amplifier efficiency is in-
creased many times by variation of the undulator param-
eters, but still remains much smaller than unity. This ap-
proximation is not only of methodological but also of
practical interest, since the amplifier length grows consid-
erably with increasing efficiency, and under real conditions
in many cases it is necessary to impose the limit, for ex-
ample, that the efficiency increases from n=1% to 7
= 10% and no more. When numerical modeling is used,
the condition that 1 be small means that the system of
normalized equations (44), (45) can be used, as in the
above calculation of the nonlinear regime of the FEL am-
plifier with constant undulator parameters. The detuning
parameter C in the second equation of the system (44) is
now a given function of z and is expressed for Q = const in
terms of the variation of the undulator wave number «; as
C=C(0) + Ax,.

Let us consider the method of varying the undulator
parameters in which the detuning is a constant in the initial
section of the undulator and then, beginning at some dis-
tance, grows smoothly and monotonically as a quadratic
polynomial:

C(z) =C(0) + Axy(2)
=g+ a;(z—2z;) + a,(z— z,-)z,

where z; is the point where the variation begins. The pa-
rameter C in Egs. (44) can be rewritten in normalized
form as

A

C=ko+ ki(Z—2) + ky(Z—72)?,

z,=Aoz,-, kozao/Ao, k1=01/A(2), k2=02/A3.

(53)

The choice of this type of variation of the detuning is
easily understood when it is recalled that the amplitude of
the radiation field of a completely bunched electron beam
in the undulator exactly on resonance must grow in pro-
portion to the undulator length, according to Egs. (45).
From the power balance condition (47) it follows that the
variation of the particle energy for constant tuning to res-
onance must be proportional to the squared length of the
radiation section. In the low-efficiency approximation we
see from the particle equations of motion (44) that for the
synchronicity condition to be satisfied, the detuning pa-
rameter C should compensate for the change in the particle
beam energy. These heuristic arguments suggest the for—
mulation of the following restriction on the function C(z ).
For any type of variation of the undulator parameters lead-
ing to the capture of beam particles into the coherent
bremsstrahlung regime, the asymptote of C(z) must be a
quadratic function of the undulator length. There are many
ways of varying the undulator parameters which satisfy
this condition. The variation that we use is simplest and
requires the optimal selection of only the four coefficients
ko, k1, ky, and z;. The coefficient selection was done using a
program of optimization to the field maximum for
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E/E,

FIG. 19. Parameter variation. Dependence of the normahzed field am-
plitude on the normalized undulator length. Here C= 0, x =0, AT =0,
and E,,/E,=0.01. Curve 1 is for the case without parameter variation,
and curve 2 is for the case of variation of the detuning parameter accord-
ing to the law c= 0forz<7 and C=1. 44(z— 7) +0. 36(z— 7)? forz>17.

(z—2z)>1.
We obtained the values
ky=0, k;=144, k,=0.36. (54)

The optimal length of the undulator section with constant
parameters is determined from the condition

7=17+203) "2 In(Ey/E.y). (55)

Comparing Egs. (50) and (55), we conclude that the vari-
ation should start before reaching a distance Az=1.4/A to
the maximum of the field in the undulator with constant
parameters. The coefficient of particle capture into the
bremsstrahlung regime for the values of the coefficients in
(54) and (55) is 65%.

The coefficient of particle capture into the coherent-
bremsstrahlung regime when the undulator parameters are
varied according to the law (53) strongly depends on the
value of the coefficient k,. For k, > 0.4 there is no particle
capture into the coherent-bremsstrahlung regime and no
significant increase of the efficiency. When k, is changed to
values below 0.36, the coherent-bremsstrahlung regime re-
mains stable, and the capture coefficient is even increased
slightly. However, the equilibrium bremsstrahlung phase
of the entrapped particles moves closer to 90°, which causes
the field amplitude to increase more slowly than for
k, =0.36.

The technique for calculating the output
characteristics of the optimized FEL amplifier

In Fig 19 we show a graph of the normalized ampli-
tude E(z)/E, for the case where E,/E, = O 01. The vari-
ation of the undulator parameters begins at z = 7 and fol-
lows the law

C/Ap=1.44(z2—17) +0.36(z — 7)~

For comparison, in Fig. 19 we also show the dependence
E (? )/E, for the undulator with constant parameters.
The graph in Fig. 19 can be used to calculate the vari-
ation of the field amplitude along the undulator axis for an
arbitrary value of E,,/E,. In fact, up to the value 7=z
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FIG. 20. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output in the low-efficiency regime on the nor-
mahzed initial detumng for various lengths of the bremsstrahlung section.
Here K =0 and AT =0.

given by Eq. (55), the function £ (z )/E, can in general be
found as described in Sec. 2. above. Then the point with
coordinate ?, is put into correspondence with the point in
Fig. 19 at 7= 7, and the value of the normalized field am-
plitude at the point with coordinate z=z; + AZ is equal to
the value E(7 + AZ)/E, in Fig. 19.

In the general case the variation of the field amplitude
in the undulator with parameters varying as in Egs. (53)-
(55) can, for (? - ?,-) > 3, be calculated from the approx-
imate expression

E(Z)/Ey=p(z)=2—2(3) "2 In(EyE.,). (56)

We recall that the results given above are val/i\d ’v\vhen the
efficiency is small at the amplifier output for z=z, i.e.,

n=[(2)1°8/4<«1.

In Fig. 20 we show graphs of the dependence of the field
amplitude at the amplifier output on the initial detuning C
for various lengths of the bremsstrahlung section. The gain
G on the segment of the undulator with constant parame-
ters here is G=40 dB. The initial detuning C is

C—Ko(O) — Cl)(l + QZ)mQCS/(zg ),

E/E,
(2'—2[)=15
15
8
10 |-
5k 3
) 1
q0,5' 0 0,5 1,0
(I-19)/Io

FIG. 21. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output in the low-efficiency regime on the change
of the beam current for varlous lengths of the bremsstrahlung section.
Here C= 0, K =0, and A% = 0. The parameters are normalized at /=1,
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FIG. 22. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output on the field amplitude at the input, nor- -
malized to E,,. The coordinate z, of the begmmng of the variation section
is calculated for E,,, = Eg, K =0, and AT =0.

where k((0) is the initial value of the undulator wave num-
ber. We see from Fig. 20 that as the efficiency of the am-
plifier increases, the amplification bandwidth remains prac-
tically the same as in the saturation regime, so that the
restrictions on the pulsations of the beam energy remain
unchanged. These restrictions can be obtained using Fig.
21, in which we give graphs of the dependence of the field
amplitude at the amplifier output on the beam current for
various values of the length of the bremsstrahlung section.
Here the deviation of the beam current is AI=1 — I, and
the normalization factors are calculated for the current
equal to I, We see from this figure that the coherent-
bremsstrahlung regime remains stable for significant devi-
ations of the beam current toward higher values. This is
explained by the fact that, according to Eq. (53), an in-
crease of the beam current keeping the other parameters of
the problem fixed actually leads to a decrease of the coef-
ficient k,, which, as mentioned above, still satisfies the con-
dition for the existence of particle capture in the coherent-
bremsstrahlung regime. The amplitude characteristics of
an amplifier with parameter variation are shown in Fig. 22.

The electron energy distribution at the output of the
FEL amplifier

In practice it is often very important to know the en-
ergy distribution of the electrons in the beam at the ampli-

(AP)?>

0,7

0,6

7/ U S W U TR W TN W S
4 6 & 10 Z-2;

FIG. 23. Parameter variation. Dependence of the normalized rms energy
spread of the entrapped particles on the length of the bremsstrahlung
section in the low-efficiency regime.
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FIG. 24. Parameter variation. Dependence of the capture coefficient on
the space-charge parameter in the low-efficiency regime for optimal vari-
ation of the undulator parameters. The energy-spread parameter is zero.

fier output. In Fig. 23 we show a graph of the dependence
of the rms spread of the normalized momenta of the cap-
tured particles on the normalized length of the bremsstrah-
lung section. We see from this figure that the spread in the
particle energies grows slowly during the bremsstrahlung
process. This is explained by the fact that there is conser-
vation of an adiabatic invariant in the phase oscillations of
the captured particles. Assuming that the oscillations are
linear, this invariant is (6P)%/ (2«;), where 6P is the am-
plitude of the oscillations of the normalized particle mo-
mentum, and

K= ($Sin(¢s - l/JO) )1/2

is the reduced wave number of the phase oscillations. From
this we can conclude that for constant bremsstrahlung
phase (¢, — v¥p) an increase of the amplitude of the effec-
tive potential  leads to an increase in the momentum
spread proportional to $'/*. The rms energy spread of the

particles is calculated using the expression
((AF?)/EF=FX(AP)Y).

For a significant increase of 7 the average energy of the
captured particles is

& =& — 0.388% %/ E2.

The rms energy spread of the particles which have not been
captured and their average energy are practically indepen-
dent of the length of the bremsstrahlung section and are
equal to

((A®)Y)/B2=3B, T =&,— 0.458%,.

Effect of the space charge and the energy spread on
the electron capture coefficient in the coherent-
bremsstrahlung regime

Studies of the space-charge effect in amplifiers with
variable undulator parameters have shown that, as ex-
pected, there is a defocusing effect which decreases the
coefficient describing capture into the coherent-
bremsstrahlung regime. Optimization calculations were
carried out using the system of self-consistent field equa-
tions in the low-efficiency approximation (45), (52). The
variation was done as
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FIG. 25. Parameter variation. Dependence of the capture coefficient on
the energy-spread parameter in the low-efficiency regime for optimal vari-
ation of the undulator parameters. The space-charge parameter is zero.

6:8,,, for z<Zz,
C=C, + k| (Z—72) + ky(z— 7)* (57)

where 6’,,, is the value of the detuning parameter at which
the increment reaches its maximum. In this case the opti-
mization problem was simplified by keeping the initial
value of the detuning parameter fixed and equal to C,,
This choice is based on specific physical considerations and
is close to the optimal value. The parameters k;, k,, and Z;
were selected by means of a program of optimization to the
field maximum for z— z» 1. Figure 24 demonstrates the
variation of the capture coefficient as a function of the
space-charge parameter for optimal variation of the undu-
lator parameters.

We used Eqgs. (44) and (45) to study the effect of the
energy spread in the beam on the process of capture and
coherent bremsstrahlung of the particles by the wave in an
undulator with variable parameters. In carrying out the
optimization calculations the undulator parameters were
varied according to (57). The capture coefficient as a func-
tion of the spread parameter for optimal variation of the
undulator parameters is shown in Fig. 25.

A A
for z>z,

Limits on the applicability of the low-efficiency
approximation

Above, we described the relative motion of particles in
an electromagnetic field by the Hamiltonian (43) obtained
from the Hamiltonian (40) by expansion in the small de-
viation P= & — &, This approximation can become in-
valid in the case of an undulator with parameter variation.
Then it becomes necessary to describe the motion of the
layers using Eqgs. (41) and (42), obtained from the original
Hamiltonian (40).

We normalize Eqgs. (41) and (42) in the usual manner
with the only refinement that all the normalization factors
are calculated using the initial values of the beam and un-
dulator parameters. As a result, taking into account the
fact that the magnetic-force parameter is Q = const and
the rotation angle of the particles in the undulator depends
on the particle energy as

0=0y/(1 + A /%) =6,/(1 + BP),

we obtain the following system of working equations:

P ¢
Z\=mcos(¢+ Yo);
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FIG. 26. Parameter variation. Dependence of the normalized field am-
plitude on the normalized undulator length for various values of the
parameter 8 and l’c\,2,= 0, A2=0, and E, ext/ Eo=0.01. The normalized
detumng varies as follows C =0 for z<7 and

C=1.44(2—17) + 0.36(2— 7)2 for 2> 7.

dy P(1+BP/2) & g Sn@ + o)

=== t+tC+pp——m——=. (58)
@ (1+BP” TR
Here, as before, the detuning parameter is
a_Ko(Z) mico(1 + Q%)
T Ao 2%
The equations for @ and ¥, have the form
@_ 2 ul cos(¢ j + o)
&z N j=1 1+,81/5- ’
(59)
dyp 112 & sin(Yg ) + ¢o)
& PN A +BP,

Let us first consider the situation where the undulator
parameters are varied in such a way that the detuning
function C is, as before, a quadratic polynomial, the coef-
ficients of which have the values (54) and (55) optimal for
the low-efficiency regime. I.e., for Z>Zz; we have

C=1.44(7— %) +036(z ~ 7).

The results of the numerical modeling of this case using the
system of equations (58) and (59) are shown in Fig. 26 in
the form of curves describing the dependence of the nor-
malized field amplitude E/E, on the normalized undulator
length Z for various values of the parameter B. For rela-
tively small lengths of the bremsstrahlung section the
change of energy of the captured particles is small:
A% /&, =pPP<1. In this case the system of equations
(58), (59) becomes the system (44), (45), and the graph
of the function (,’5(?,3), shown in Fig. 26, coincides on this
segment of the undulator with the graph of the function
<p(z) in Fig. 19. At the beginning of the bremsstrahlung
section the average momentum of the captured particles
decreases quadratically with the undulator length, com-
pensating for the quadratic increase of the parameter C in

the equation for the phase i of the system (58), dy/dz: —p

+ C. Here the average variation of the phase of the cap-
tured particles is zero: (dl/}/d/z\ ) =0, and their motion cor-
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responds to phase oscillations about the equilibrium
bremsstrahlung phase ¥, — 1y = const (according to the
second equation of the system (59), for E/Ey>»1 the
change of phase of the effective potential ¢, can be ne-
glected). As the length of the bremsstrahlung section is
increased further, the difference between the approximate
system of equations (44), (45) and the original system
(58), (59) becomes important. According to the equation
for the phase of the initial system,

dp P(1+BP/2) A
iz  (1+pP)?

cancellation of the quadratic growth of the detuning pa-
rameter C will occur for slower stopping of the captured
particles. Numerical modeling using the original system of
equations (58), (59) shows that the number of captured
particles does not change on the final bremsstrahlung sec-
tion, and the particle motion corresponds to phase oscilla-
tions about the equilibrium bremsstrahlung phase ¥, — 1,
which, in turn, undergoes a slow adiabatic decrease such
that the phase difference 9, — 1, approaches 90°. As a re-
sult, the growth of the field amplitude is slowed, and fur-
ther increase of the undulator length becomes ineffective.
The curves in Fig. 26 can be used to obtain some idea of
the limits on the applicability of the coherent-
bremsstrahlung regime considered above in the low-
efficiency approximation. For example, from this figure we
see that in the range of practical interest of the parameter
B (0.003 <B<0.03), the use of the results obtained with
the approximate system of working equations (44), (45) is
justified if the final amplifier efficiency is below 10%.

Calculations for FEL amplifiers with high efficiency

The results quoted above show that the efficient deep
stopping of the captured particles requires variation of the
undulator parameters such that the detuning parameter C
increases with increasing length of the bremsstrahlung seg-
ment faster than the quadratic polynomial (53). It can be
assumed on the basis of the form of the phase equation
(58) that the linear law governing the rise of the field
amplitude remains in force also in the deep stopping re-
gime, if for z> ?,-:?,,, — 1.4 the detuning parameter is var-
ied according to the law

C=T(2)[1 —BT(2)/2][1 - BT(Z)] 2%,
T(z)=144(z—7) + 0.36(z—2,)> (60)

The results of the numerical modeling confirm this as-
sumption. In fact, when the parameter C is varied as in Eq.
(60), the normalized field amplitude varies according to
the linear law (56),

P(ZB) =P(2) =7 — 2, + 3,
even in the region where the amplifier efficiency becomes
comparable to unity. The particle motion in the deep stop-
ping regime is the following. The stopped particles execute
phase oscillations about the equilibrium bremsstrahlung
phase 1, — 1, which nevertheless is slightly decreased, ap-
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FIG. 27. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output in the high-efficiency regime on the vari-
ation of the field amplitude at the input. The normalized detuning varies
as in Eq. (60), and the coordinate of the beginning of the variation section
Z;is calculated for E,, — ET,. For E., = ET, the amplifier efficiency is
7 =40%, and the power gain on the undulator section with constant
parameters is 40 dB.

proaching 90°. This decrease of ¥, — 1, compensates for
the slight increase in the beam emission, owing to the in-
crease in the rotation angle of the captured particles.
Using Eqgs. (47) and (56), we can calculate the total
length z; of the undulator required to attain the efficiency
n:
z;=Ag '[2(0/B)2 4+ 2(3) "2 In(Ey/Ee) ] (61)

The amplifier efficiency 1 must obviously be smaller than
the capture coefficient, which is 65%. The total change of
the undulator wave number according to Eq. (60) is

C=Aky(zyf)
=27[Ag '(zp) — Ag '(2)]

=AoT(z)[1 — BT(zp)/21[1 — BT (zp)] ~2,

where T (?f) and ?fz Agz; are calculated from Eqgs. (60)
and (61).

In Figs. 27 and 28 we show the output characteristics
of an amplifier with 7 equal to 40%. We see from these
figures that when the amplifier efficiency is raised to a value

E/Eo
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FIG. 28. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output in the high-efficiency regime on the nor-
malized initial detuning. For zero initial detuning the amplifier efficiency

is 7 =40%, and the power gain on the undulator section with constant
parameters is 40 dB.
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FIG. 29. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output in the high-efficiency regime on the change
of the beam current. For 7= I, the amplifier efficiency 7 = 40%, and the
power gain on the undulator section with constant parameters is 40 dB.

under unity, these characteristics remain practically the
same as in the low-efficiency regime. The dependence of
the field amplitude at the amplifier output on the beam
current for 7 = 40% is shown in Fig. 29. We see that even
for a significant increase of the current the output field
amplitude is practically unchanged, and the amplifier effi-
ciency is decreased only owing to the increase of the beam
power. For example, when the beam current is raised by a
factor of 1.5 with the other parameters of the problem
fixed, the efficiency is decreased from 40 to 33%.

CONCLUSION

In this study we have systematically described the one-
dimensional theory of the FEL amplifier. For this model to
be applicable it is necessary that during the amplification
process the radiation practically does not go outside the
limits of the electron beam. This means that the wave-
length of the radiation is small compared with the trans-
verse dimensions of the electron beam. As a rule, the one-
dimensional model gives a fairly good description of the
FEL amplifier in the optical and ultraviolet regions. More-
over, the construction of the one-dimensional theory is also
of great methodological importance as the first step in the
development of complete three-dimensional models. The
use of similarity techniques in constructing the theory not
only makes the theory extremely clear and easy to under-
stand, but it also provides a method of calculating the

TABLE 1. The setup parameters.

The accelerator:
electron energy, MeV 25

beam current, A 1000
energy spread, % 0.2
emittance, cm-rad 27 - 104
beam radius in the undulator, cm 0.13
The undulator:
period, cm 4
field strength on the axis, G 1515
The master laser:
wavelength of the radiation, um 10.6
power, kW 1
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TABLE II. The normalized parameters.

Rise parameter Ag, cm ~ ! 3.1-1072
Space-charge parameter "(\122 0.16
Energy-spread parameter A 0.05
The parameter 3 0.01

output characteristics of the amplifier which is very con-
venient for practical applications.

As an example, let us carry out the calculations for a
FEL amplifier at a wavelength of 10.6 um. The accelerator
parameters are given in Table 1.

The master laser on the given wavelength has a power
of 1 kW and optimal focusing for the electron beam. We
use a helical undulator with a period of 4 cm. From the
synchronism condition (5) C=0, we uniquely obtain the
required value of the magnetic field strength on the undu-
lator axis: Hy= 1515 G. The condition for the electron
beam to match the undulator uniquely determines the ra-
dius of the electron beam. We therefore have all the needed
characteristics and can calculate the dimensionless param-
eters of the problem. These are given in Table II.

Analysis of the parameters shows that in this case the
influence of the space charge and the energy and angular
spreads is small, so the calculations can be carried out
using the equations for a “cold” electron beam, neglecting
the space charge. Using the value of the normalized incre-
ment, v3/2, we find the increment of the power gain to be
23.3 dB/m. Using Eq. (24) and the graph in Fig. 1, we can
obtain the values of the amplified power on the linear seg-
ment of the amplifier. We find that the linear stage of the
amplification stops at a distance of about 160 cm from the
beginning of the undulator. For the case of an undulator
with constant parameters, Eqs. (50) and (48) can be used
to determine the length at which saturation is reached and
the efficiency of the amplifier in the saturation regime. For
the case of an undulator with variable parameters, Eq.
(55) gives the value of the coordinate where the variation
begins, and Eq. (56) gives the law governing the variation
of the field amplitude of the amplified wave as a function of
the coordinate. Equation (53) can be used to calculate the
change of the undulator period:

Ap(z)=40cm for z<260cm, and
Ao(2) =(0.25 + 2.23-10  *(z — 260)
+1.73-10~%(z — 260)2) ~ ' cm,

for z> 260 cm. At the end of the variation section (z=430
cm) the undulator period and the magnetic field strength
are Ap=2.9 cm and Hj, = 2.1 kG, respectively. Here the
efficiency is increased to 10%. It is easy to check that in
this example all the requirements for the one-dimensional
model to be applicable are satisfied. The amplitude, cur-
rent, and frequency characteristics can be calculated using
the corresponding normalized graphs. In Table III we give
the basic characteristics of the amplifier.

Of course, an efficiency greater than 10% can be at-
tained, but then the conditions for the applicability of the
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one-dimensional model are violated and it becomes neces-
sary to include diffraction effects, which lie outside the
scope of the present study. Nevertheless, the calculation
based on the one-dimensional model presented here is of
practical interest and can be technically realized at the
current level of development of accelerator technology.

In conclusion, we should note that, owing to limita-
tions on the size of this study, we have consciously omitted
one special point which is of practical interest. This is the .
study of systems with a longitudinal driving magnetic field.
Here other types of instability can develop in addition to
radiative instability, and the Coulomb instability of the
negative mass of the longitudinal motion can be of partic-
ular interest from the practical point of view. Nevertheless,
calculations carried out using the three-dimensional theory
show that most cases of systems with a longitudinal field
which can be realized in practice must be studied using the
three-dimensional theory.

APPENDIX A. THE GENERAL FORM OF THE
SOLUTION OF THE INITIAL-VALUE PROBLEM
FOR A FEL AMPLIFIER WITH A COLD ELECTRON
BEAM

In Sec. 1 we solved the initial-value problem using the
Laplace method. In this Appendix we shall discuss a com-
pletely different method of solving this problem. When a
cold beam is being analyzed, the kinetic equation (9) and
the wave equation (13) can be reduced to a single differ-
ential equation for the field amplitude of the amplified
wave E:

(62)

where the prime denotes differentiation with respect to .
Since Eq. (62) is a linear ordinary differential equation
with constant coefficients, it is natural to seek a solution in
the form

E" 4+ %CE" + (K2 — O)E'=iE,

E(?):A exp(/l?).

According to Eq. (62), the factor A in the argument of the
exponential satisfies the algebraic equation

A
ALA+iO? + K31=i, (63)
TABLE III. Output characteristics of the amplifier.
Linear amplification regime:
undulator length, cm 160
gain, dB 279
frequency bandwidth of the amplification, % 3
Saturation regime (constant parameters):
undulator length, cm 300
efficiency, % 1.4
gain, dB 55.2
frequency bandwidth of the amplification, % 3
Regime with parameter variation:
total undulator length, cm 430
length of the segment with parameter variation, cm 170
efficiency, % 10
gain, dB 63.8
capture coefficient, % 65
frequency bandwidth of the amplification, % 3
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which gives three values of A determining three linearly
independent solutions for the field amplitude:

El=exp(/112), Ez=exp(ﬂ.2?), E3=exp(/l32).

To solve the initial-value problem we must know the three
quantities

E(0), E'(0), E"(0),

which correspond to the field amplitude and its first and
second derivatives with respect to z at the undulator input
for z=0. Then

E E
E' | =M(Z|0)| E' |,
Ell ? E" 0

where the transition matrix M (2] 0) is equal to
- o~ Es )
M=|E| E, Ej|x|E E; E
E Ey|, |EV B B

The explicit expression for M has the form

M1 =238, + A1A3B; + A1A2Bs,
— (A +A3)B —
M ;=B + B, + B,

My,= (A1 +43) By — (A1 + 4,) B,
My 1=212,A3M 3,
My= —241(A3 + A3)B; — 1,(A; + 43) B,

— A3(41 4+ 42)Bs,
My =2A\B) + A:B; + A3B3, M31=24,AA:M);,
My= — A}(A; + A3) By — A3(A1 + 43) B,

— A(A; + A,)Bs,
M;3;=A1B; + A3B; + A3Bs,

where to abbreviate the notation we have introduced

Bi=(4; — A,) ~ (4, — 43) ~lexp(L:2),
By=(Ay— A1) 1Ay — A3) " lexp(Aa2),
Bi=(A3—4y) " A3 —A4y) ! exp(/l3?).

The quantities E’ and E” at the undulator input are
expressed in terms of the values of the complex amplitude
of the first harmonic of the particle density in the phase
space, f;. Using the kinetic equation (9) and the wave
equation (13), we have

E'(0)=m6c™ 'Ag 1(0),
E"(0)=m0c ~'Ay 71(0), j,(0) = J-fl(O’P)dP’
Fi(0)= — iAO“[Cfl(O)

+e 7 %5 o f fl(O,P)PdP].
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As an example, let us consider the case where an un-
modulated electron beam and an electromagnetic wave of
amplitude E,,, are fed to the amplifier input. The initial
conditions for z = 0 will be

E(0)=E., E'(0)=0, E"(0)=O0.
According to (64),
E(Z)=M,(2]0)Ee.
This expression is identical to Eq. (23).

APPENDIX B. RAISING THE AMPLIFIER EFFICIENCY
BY VARIATION OF THE UNDULATOR FIELD
FOR CONSTANT PERIOD

In Sec. 3 we studied the method of raising the amplifier
efficiency by varying the undulator period for constant
magnetic-force parameter. Another method of raising the
efficiency which is fairly easy technically is to vary the
undulator field for constant period. It follows from the
definition of the detuning parameter C that in order to
preserve the synchronism in the bremsstrahlung of the par-
ticle beam, the undulator field H, must be decreased for
constant period 4. The simplest method of variation is to
have the field decrease as a quadratic polynomial:

Hy(z;) — Ho(2)
Hy(z)

We introduce the normalized variables in the usual man-
ner. Here the normalization factors are calculated from the
initial values of the beam and undulator parameters. Ac-
cording to Egs. (41) and (42), the normalized system of
self-consistent field equations describing the interaction be-
tween the electron beam and the electromagnetic wave in
the undulator with variation of the field at constant period
has the form

dP 1-[(1 +a)/a]BT(Z) P

v S os(¥ + o),

=£0+EI(Z—Z,~) +82(Z—Zi)2. (65)

ap__ 1
dz (1 +BP)?

1
x(l—ﬁBT(zA))]
2a

~ P .
‘P(l+%+ T(7)

+B¢7(1——BT(Z))SIH(1/1+%), (66)
da l14+a 2 o OS(lp(j) + 1110)
—=—|1———8T — — = |,
dz ( « P (Z))[N 2:: 1+ BP;
d¢0 1 1 + a 2 N Sln(lll(j) “+ Illo)
- T il LAY/ e
dz <’p‘( Pz )) N z‘ 1+ BP,

The coefficients @ = @ and B = cy?Ay/w are calculated
from the initial values of the beam and undulator param-
eters, and the function 7'(z) is
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T(Z)=ko+ k\(Z—Z2) + ky(Z—2))*,

ko—_— agy , _ agq ’
B(1+a) BAo(1 4+ a)

R - (68)
ﬁAo(l + a)

At the beginning of the bremsstrahlung section, when the
change in the particle energy is fairly small, we can expand
in the small parameter SP in the equations of the system
(66), (67). As a result, for low efficiency we have the
following approximate system of working equations:

= cos(¥ + 1) Wopi1i)
=@ cos(Y + 1), = z),

do
?:i“*PlcOS(ih o), % i:sm('/’l o),

which coincides with the system of equations (44), (45)
describing the interaction between the particles and the
wave in the undulator with variation of the period at Q
= const in the low- eﬁi01ency approx1mat10n Here the de-
tuning parameter C@) is equal to 7'(2). Therefore, for

1n<1 the two methods of varying the undulator parameters
are physically equivalent.

The coefficients k, k;, k,, and ?, were selected using a
program of optimizing to the field maximum for
(z—Zz;)> 1. The numerical modeling was carried out using
the original system of equations (66), (67). The following
values were obtained:

ko=o, k1=1.44, k2=0.3,
2=1.7+2(3) "2 In(Ey/E.,).

The capture coefficient is 0.68. Let us now give a phys-
ical explanation of the fact that the value of the coefficient
k, given here is somewhat less than the value of Sec. 3. The
point is that during the initial bremsstrahlung section the
captured particles undergo phase oscillations, and for
(z— 2) =3 they come quite close to the boundary of the
stability region. Owing to the increase of the amplitude of
the wave field, the further bremsstrahlung of the particles
proceeds in a more stable manner. Numerical modeling
using the initial working equations (58), (59), and (66),
(67) shows that as the undulator period decreases, the
phase motion of the particles becomes more stable than the
motion calculated from the approximate equations (44),
(45), while, conversely, it is less stable when the undulator
field is decreased. For parameters of practical interest a =1
and B=10"? this difference is already significant, and for
k, = 0.36 it causes the number of entrapped particles to
decrease slightly in passing through the critical point.
Therefore, the more stable regime for k, = 0.3 becomes
optimal.

The length of the bremsstrahlung section (z; — z;) ob-
viously cannot exceed the distance over which the undula-
tor field H, decreases to zero as in (65), which can be
found from the equation
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FIG. 30. Parameter variation. Dependence of the normalized field am-
plitude at the amplifier output on the normalized undulator length for
various values of the parameter a. The parameter is 8 = 0.01, K =0,
and AT =0.

l+a
0.38 —— Aj(z,~2)’

l1+a
+ 1.448 Ao(zp—2z) —1=0. (69)
More precisely, the undulator field is bounded below not
by zero, but by the condition Hy>E/ (27@), according to
which all the calculations we have carried out are valid
with the assumption that the necessary transverse motion
of the particles is determined by the undulator field, and
not by the wave field. The normalized form of this condi-
tion using (65) and (68) is

l+a
(70)

14+a ~
—— Bp(2)< (1 —= BT(Z)).
In the numerical modeling this condition was enforced by
the computer program, and the calculation was halted
when the ratio of the left- and right-hand sides was 1:10.
However, in the parameter range of practical interest,

B<0.03,

the length of the bremsstrahlung section found in this man-
ner differs little from the length calculated using Eq. (69).

In Fig. 30 we show graphs of the function @(Za,ﬁ ) for
a equal to 0.5, 1, and 5 and B = 0.01 as a function of the
normalized undulator length. For comparison, in the same
figure we show the graph of the dependence @(? ) calcu-
lated using the approximate system of working equations
(44), (45). In the calculation of all the graphs in Fig. 30
the normalized function describing the change of the un-
dulator field T (? ) was chosen in the form

T(Z)=144(z—72) +03(z—2)?% z=17

O.1l1<a,

+2(3)~ e In(Ey/Eey)-

We see from Fig. 30 that the larger the parameter q,
the less the function cp(z a,f3) deviates from linear behavior
on the final bremsstrahlung section. The dependence of the
maximum efficiency of the amplifier on the values of the
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FIG. 31. Parameter variation. Dependence of the maximum amplifier
efficiency on the parameter a for the parameter 8 = 0.01.

parameter a for S = 0.01 is shown in Fig. 31. We see that
the deep stopping regime occurs for a> 1, and in this case
the method of varying the undulator field gives practically
the same results as the method of varying the period with
fixed magnetic-force parameter.

The numerical results show that the maximum effi-
ciency of the amplifier depends weakly on the values of the
parameter f3, so that in the parameter range of practical
interest, 0.003 < 8 <0.03, the graph in Fig. 31 can be used
to determine the value of the maximum efficiency.

APPENDIX C. THE COMPUTATIONAL TECHNIQUE
FOR A FEL AMPLIFIER WITH A FLAT
UNDULATOR

All the results given above pertain to the case where
the undulator of the FEL amplifier is helical, and the input
radiation is circularly polarized. All the results of the nu-
merical calculations and the corresponding graphs can be
adapted to the case of linearly polarized radiation and a flat
undulator, with a field of the form

H,=0, H,=H, cos(kyz),

by the following redefinition of the parameters of the prob-
lem:

Ao Ay=[mjoBod;y (7o) ~H 1 '(2c) ~ 1",
Eg—Ey=2%(v,)2(A{)?c/ (eboAd ),
C—C'=Ky—0(2) "' (7)) "% B-B'=c(¥})*Aj ™!,
KP—+K1',=[47Tj07/_1('}’;)_21,4_1]1/2’
Ar—Ap=2"""2=1u(y)) _2(((A$)2>)mgo_l-

Here we have introduced the notation 8 = eH,/(& yky),
and (y,) “%=y~ %4 6%/2. The coefficient A, is deter-
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mined from the expression 4;,=[Jy(g) — J;(g)]>, where
g=0%0/(8ckp); Jp and J; are the Bessel functions of order
zero and one. The field of the amplifier linearly polarized
wave is described by the expression

E, =0, Ey=Ep(z)cos[a)(z/c — 1) +¢o(2)].

To demonstrate the method of calculating the charac-
teristics of the FEL amplifier with a flat undulator, let us
consider as an example the operation of the amplifier in the
saturation regime. Proceeding in the manner described
above, using (50) we find that right at resonance (C'=0)
in the absence of the space-charge and energy-spread ef-
fects

(Ky/A)? =0, (A1/A§—0,

the field of the wave reaches its maximum at a point a
distance of

z,,=(Ag) —13.142(3) 12 In(E}/ pxt)]

from the beginning of the undulator, and this maximum is
(E,) max = 2.34E;. Here Ef,’“ is the amplitude of the linearly
polarized wave fed to the amplifier input.

We shall not discuss the derivation of the equations
describing processes in an FEL amplifier with a flat undu-
lator. If needed, the basic expressions for analyzing this
problem can be found in Refs. 12 and 13.

DFEL stands for free-electron laser.
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