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A new approach to the problem of quasi-exact solvability in quantum mechanics is proposed.
It is shown that quasi-exactly solvable Schrodinger equations (admitting exact solutions

only for limited parts of the spectrum) can be obtained from completely integrable Gaudin
models based on simple Lie algebras by means of partial separation of the variables.

INTRODUCTION

Despite the rapid changes of taste of modern theoret-
ical physics and of the views of which problems are fun-
damental, we may with confidence identify a link connect-
ing the majority of “hot spots” of quantum theory. This
link is exact methods and their physical applications. In-
terest in these methods rose sharply at the end of the sev-
enties, when the progress achieved by them in understand-
ing the nature of nonperturbative phenomena and the
structure of quantum theories in the strong-coupling re-
gion became obvious. A decisive role in the development of
exact methods was played by the possibility of using ex-
plicit solutions of quantum problems as the zeroth approx-
imations in the construction of perturbation theory. A no
less important factor was the observation that some hidden
symmetry of the problem could always be found behind the
phenomenon of exact solvability. This symmetry did not
simply play the part of a necessary attribute of integrability
but was, rather, the language in which this phenomenon
acquired a clear and transparent mathematical meaning.

In the following years, numerous remarkable methods
for constructing exactly solvable models were created.
These were the quantum inverse-problem method,’ the al-
ternative group approach,’ various modifications of the
Bethe method® (in quantum field theory) and also the
Gel’fand-Levitan—Marchenko equations,4 Darboux trans-
formations,’ the supersymmetric approach,® the projection
method,” and numerous analytical methods® (in nonrela-
tivistic quantum mechanics). Despite all the advantages of
these approaches, one must admit with regret that the
number and diversity of exactly solvable models obtained
by means of them is relatively small and by no means meets
the requirements of modern theoretical physics. There is
no doubt about the need to look for new approaches and
new ideas, and in this connection it seems to me that there
is a very promising direction which arose three years
ago®!° and is associated with study of models that realize a
fundamentally new type of exact solvability in quantum
theory. These models, which have been dubbed ‘“quasi-
exactly solvable,” are characterized by the fact that the
spectral problems for them can be solved exactly, but not
for the entire spectrum but only for certain limited sections
of it. They are important above all because it has been
found that they possess all the advantages of ordinary ex-
actly solvable models, i.e., they enable one to model real
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physical situations and observe the occurrence of numer-
ous nonperturbative phenomena; they can be used as “ref-
erence points” in the realization of approximate methods;
and they owe their existence to the presence in the spectral
equations of deep symmetry properties.'"> In addition
(and this, surely, is the most important thing), their num-
ber is appreciably greater than the number of exactly solv-
able models, and this makes the problem of studying quasi-
exactly solvable problems very promising from the
practical point of view.

The last circumstance can be explained in the follow-
ing transparent manner. If exact solvability is a synonym
for explicit diagonalizability of an infinite-dimensional
Hamiltonian matrix, then quasi-exact solvability corre-
sponds to block diagonalizability with, moreover, one of
the blocks finite. The spectral problem then decomposes
into two completely decoupled problems, one of which is
finite-dimensional and can be solved purely algebraically
(i.e., exactly), while the second is infinite-dimensional and,
as before, we know nothing about its solutions. Since it is
always much simpler to block-diagonalize any infinite-
dimensional matrix than it is to diagonalize the matrix
completely, there must be significantly more quasi-exactly
solvable models than exactly solvable ones.

Let us consider an example. In the class of even poly-
nomial potentials in one-dimensional quantum mechanics,
only one exactly solvable model is known. It is represented
by the single-parameter family of harmonic oscillators:

V=b%" (1)

As regards quasi-exactly solvable models, there is an
infinite set of them in the same class. Their potentials can
be realized in the form of polynomials of degree 2 + 4n,
where n = 1, 2,... . The simplest of these are given by poly-
nomials of sixth order:!>!?

V=a’x® + 2abx* + [b* — a(4M + 3)]x% (2)

Here, M=0, 1, 2, ..., and a and b are real numbers, so
that for each fixed M we have a two-parameter family of
potentials. The non-negative integer M determines the or-
der of quasi-exact solvability, i.e., it tells us how many
states in the model can be found exactly. If M is given, then
in (2) the first M + 1 positive-parity levels can be calcu-
lated exactly. The solutions lie in the class of functions of
the form
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ax*  bx? .
Y= Py (x*)exp - (3)

4 2

where Py,(x?) are unknown even polynomials of order 2M.
The linear hull of the functions of the form (3) forms an
(M + 1)-dimensional subspace of the Hilbert space of the
model that is invariant with respect to the action of the
Hamiltonian. Therefore, the secular equation is an alge-
braic equation of degree M + 1. This is why there are M
+ 1 exact solutions.

The model (2) is a natural generalization of the model
(1)—it can be regarded as a perturbed harmonic oscillator
(the parameter of the perturbation is a). This circum-
stance makes it possible to compare results obtained by
perturbation theory with the exact results and to speak of
numerous nonperturbative effects, such as the singularities
of Bender and Wu, intertwining and repulsion of levels,
fortuitous convergence of the perturbation-theory series
that results from cancellation of factorially growing con-
tributions and holds only for integer M and only for states
that can be exactly calculated, etc.!?

At the same time, the models (2) can be regarded as
approximations to the exactly solvable model of the anhar-
monic oscillator with potential

V=>b%?+ gx4. (4)

For this, it is sufficient in (2) to make the substitution
2ab—g and b* — 4aM — b?, letting M go to infinity.'? This
result is a special case of a more general result: Any exactly
solvable model of one-dimensional quantum mechanics is
the limit of a certain infinite series of quasi-exactly solvable
models.'?

Thus, it can be asserted that quasi-exactly solvable
models occupy an intermediate place between models that
can and cannot be exactly solved. This circumstance makes
it possible to extend any results obtained for the quasi-
exactly solvable case to both of these two cases (see, for
example, Refs. 11, 12, and 14).

At the present time, there exist two alternative theories
which explain the phenomenon of quasi-exact solvability
and make it possible to construct large classes of quasi-
exactly solvable models. One of these theories (formulated
by Turbiner’ in 1987) is based on the observation that the
quasi-exactly solvable models of quantum mechanics pos-
sess hidden dynamical symmetry groups whose finite-
dimensional representations generate the finite parts of
their spectra. For example, for the model (2) such a group
is SL(2), or, rather, its finite-dimensional representations
with “spin” j=M/2. The essence of Turbiner’s idea is that
since the generators of finite-dimensional representations
of Lie algebras can always be realized in the form of first-
order differential operators, any operator quadratic in
these generators will be a second-order differential opera-
tor. On the other hand, because the representation is finite-
dimensional, the spectral problem for this operator reduces
to a purely algebraic problem and can be exactly solved. By
a homogeneity transformation, the operator itself may (al-
though not always) be reduced to Schrodinger form. The
only algebra that admits representations in the form of
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one-dimensional differential operators is the s/(2) algebra.
It generates one-dimensional quasi-exactly solvable mod-
els. If multidimensional models are to be generated, one
needs algebras of higher rank (the multidimensional case
was considered in this approach in Ref. 15). To speak in a
more “physical” language in Turbiner’s method a connec-
tion is established between quasi-exactly solvable problems
of quantum mechanics and asymmetric quantum tops (ro-
tators) based on finite-dimensional representations of Lie
algebras. We do not intend to enter here into the details of
this method, since Shifman'! has written a beautiful review
on this theme.

The other theory of quasi-exact solvability (formulated
by the present author,'® also in 1987) is based on the as-
sertion that there exists an intimate connection between
quasi-exactly solvable models of quantum mechanics, com-
pletely integrable models of magnets based on infinite-
dimensional representations of Lie algebras, and the clas-
sical many-particle Coulomb problem. The main elements
of this theory were presented in my review in Ref. 12.
However, soon after this review was written, it became
clear to me that the method of exposition chosen in it was
far from the best. The fact is that in the review the main
attention is devoted to analytic methods for constructing
quasi-exactly solvable equations, and unfortunately their
algebraic (symmetry) properties, which undoubtedly play
a decisive role for the understanding of the nature of quasi-
exact solvability, remained in the background. Subsequent
attempts'®'” to formulate this approach differently (taking
the symmetry properties as the cornerstone, i.e., taking
models of magnets based on Lie algebras as the point of
departure) led ultimately to a quite different understanding
of the problem. In fact, this was the main reason for writ-
ing the present paper, which is an extended exposition of
the papers of Refs. 16-18. The main features of the ap-
proach presented here are as follows: 1. We consider com-
pletely integrable models of magnets based on Lie algebras
that are exactly solvable in the framework of the algebraic
Bethe ansatz. Since the Hamiltonians of these magnets are
quadratic in the generators of the algebras, we arrive, using
differential realizations of the generators, at multidimen-
sional spectral differential equations of second order that
can be exactly solved in a certain class of functions. 2. The
considered models of magnets and, therefore, the equations
obtained from them possess global internal symmetry
groups, permitting partial separation of the variables in
them. As a result of this, the original equation, which has
an infinite exactly calculable spectrum, decomposes into an
infinite series of equations of lower dimension with a finite
number of exactly calculable eigenfunctions and eigenval-
ues. The obtained series of quasi-exactly solvable equations
is parametrized by a set of integers, which in the procedure
described above play the part of separation constants. 3. In
the final stage, the constructed quasi-exactly solvable equa-
tions are reduced to Schrédinger form. It should be men-
tioned that throughout the paper we restrict ourselves to a
detailed consideration of only the first two of the stages
listed above: 1) the definition and solution of generalized
Gaudin models; 2) the reduction of these models to infinite
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series of quasi-exactly solvable equations. The third stage,
i.e., the procedure of reduction of these last two Schro-
dinger forms, is not discussed, since it has been well algo-
rithmized in Ref. 12. According to Ref. 12, any D-
dimensional quasi-exactly solvable equation of second
order can be reduced in infinitely many ways to equations
of Schrodinger type on (D + 1)-dimensional manifolds,
which are, in general, curved.

The review is organized as follows. In Sec. 1, we
present the idea of the approach for the example of the
simplest algebra s/(2). Sections 2 and 3 are devoted to the
discussion of some properties of simple Lie algebras that
are needed for the formulation of the approach in the gen-
eral case. In these sections, much attention is devoted to
the algorithms for constructing differential realizations of
representations of Lie algebras and the choice of a special
basis convenient for exact solution of the generalized Gau-
din models. In Sec. 4, we give the solution for the models
of Gaudin magnets in the framework of the algebraic Bethe
ansatz. In Sec. 5, we formulate the method of reduction of
the Gaudin models to multidimensional quasi-exactly solv-
able differential equations. In the final section, Sec. 7, we
discuss the possibility of dealgebrization of the proposed
approach.

1. THE IDEA OF THE APPROACH. THE CASE OF THE
ALGEBRA s/(2)

The Gaudin algebra and its representations

Let I*(1), I°(A) be the generators of the infinite-
dimensional Gaudin algebra; they depend on the complex
parameter A and satisfy the commutation relations

2
(I=@.r+ (#)]ﬂmﬂo(l) - (W}
(5)
1
[10(/1),1*(#)]=im{1*(/1) —I*(w}.

We define representations of this algebra in accordance
with the formulas

I~ (4)|0)=0;

I°(A) |0y =F(4)|0).
Here |0) is the lowest (vacuum) vector, and F(A) is a
function that plays the part of the lowest weight. The space
of the representation W{F(A)}, infinite-dimensional in the

general case, is defined as the linear hull of all possible
vectors of the form

I+ (AT (Aa)|0), (7

where M=0, 1,2, ... ,and A4, ... , A, are arbitrary complex
numbers.'®

(6)

Gaudin spectral problem

We consider the operators
KA) = (MI°(A) =3 (M)~ (1)
— = (M Q). (8)
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Using the commutation relations (5), we can readily verify
that these operators form a commutative family,

[K(4),K(u)]=0, 9
for all A and ,u.3 We shall call the spectral problem
K(A)¢=E(L)¢, ¢cW{F (1)} (10)

the generalized Gaudin problem. We use the adjective
“generalized” here because Gaudin himself and other
authors>!'>?° considered only the case corresponding to a
nondegenerate rational function F(A). A special form of
the operators I°(A), a= =, 0, was also considered. Here,
no restrictions are imposed on the form of the function
F(A) and the operators I°(1). By virtue of the commuta-
tion relations (9), the eigenfunctions of the operators
K(A) do not depend on A. The problem (10) is completely
integrable and, as in the special, Gaudin case, can be solved
exactly in the framework of the algebraic Bethe ansatz.*?!

Bethe solution of the Gaudin problem

Using the commutation relations (5) of the Gaudin
algebra, we can readily verify (see, for example, Refs. 21
and 27) that the solution of the Gaudin problem has the
form

¢=du(E)=I" (£1)..1" (£y) |0);

E(QA)=Ey(AE)=F'(1) + FF(1) +2 | -

§ F(A) — F(§,)
X s T A—f. £,
where M =0, 1, 2,...,, and the numbers §,, m=1,..., M,
satisfy the system of numerical equations

£ 1
mél En—Em

We shall show below that this is merely a special solution.

+ F(€,)=0, n=1,.,M. (12)

Symmetry of the Gaudin model and general solution

For definiteness, we assume that the limit

F=1mA f (1)
A— o
exists. Then by virtue of (5) and (6) there must also exist
the limits

I°=lim AI°(4),
Ao
The operators (14) satisfy the commutation relations
of the algebra s/(2):

(13)

a==,0. (14)

[I—, 0% ]=2° [I°I+]==T%, (15)
and commute with all the operators K(4):
[K(A),I°]1=0, a==+,0. (16)

This means that the Gaudin model possesses global s/(2)
symmetry. Therefore, if ¢,,(£) is a solution of Eq. (10),
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then any vector of the form (I ,1%I ~ )4, (£), where fis
an arbitrary function, will also be a solution with the same
eigenvalue E) (A, £). The degeneracy of each eigenvalue is
obviously infinite. Thus, proceeding from the special solu-
tion (11),(12) of the Gaudin problem, and using its global
symmetry, we can construct the general solution.?!

Properties of Bethe solutions

The Bethe solutions (11),(12) possess the remarkable
property

I~ ¢y(8)=0,
P (€)= (F + M)y (£),

which can be verified by means of (5), (13), and (14).
This enables us to regard the Bethe solutions as the lowest
vectors of representations of the symmetry algebra with
lowest weights F + M, M=0, 1, 2, ... . By virtue of what
was said above, these representations are infinite-
dimensional.?!

(17)

From generalized Gaudin models to models of
magnets

An important special case is realized when F(A) is a
rational function. In this case, the Gaudin models reduce
to models of magnets based on finite-dimensional Lie alge-
bras. To see this, it is sufficient to consider only nondegen-
erate functions F(A) of the form

(18)

All other (degenerate) rational functions F(A) can be
obtained from (18) by merging all or some of the simple
poles o 4. There is no point in taking a pole to infinity, since
by hypothesis F(A) must be regular at infinity. If (18) is to
be compatible with the expressions (5) and (6), the oper-
ators I°(A) must be sought in a form analogous to (18):

N Ia

ra)= Y —

A=1 A,—U'A

(19)

Substitution of (19) in (5) leads to a commutation rela-
tions directly for the operators I5:

g If =20 UUpl]==I],
[1%,15]1=0; ab==,0; A+#B.

We see that they form the algebra s/(2) ®...@s/(2) (N
times). If F(A1) is a degenerate rational function, then Eq.
(19) and the relations (20) become more complicated.
However, they still describe a certain finite-dimensional
Lie algebra that arises as a result of contraction of the
algebra (20).21%

Substituting the expansion (19) in Eq. (8), we obtain

(20)

N LIy —3fIy —d 15
K= 2 GG on

4,B=1
Thus, we arrive at a commutative family of integrals of the
motion of the magnet based on the finite-dimensional alge-

(21)
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bra (20). This (nondegenerate) case was considered in
detail in Refs. 3, 19, and 20. Magnets based on the con-
tracted algebras (20) were considered in Refs. 21 and 22.

Differential realizations

It is well known®24? that the generators of the algebra

sI(2) can be realized in the form of first-order differential
operators. For the case (20),

d

g 5}
- —f +_ L2
IA _atA’ I(/)i_tA atA‘I’fA’ IA _t,24 atA+2tAfA'

(22)

These operators realize representations with the lowest
weights f,. The unit function plays the part of the lowest
vector: |0)=1.

Substituting (22) in (21), we see that K(4) take the
form of N-dimensional differential operators of second or-
der:

N

KA)= 2

A4,B=1

3 d d
2~ _ - _
(tA - tB) atAatB + z(tA tB) (fA atB fB atA)

(A—0y4)(A—o0p)

X

(23)

Accordingly, the exactly solvable Gaudin equation (10)
becomes a differential equation. In the considered nonde-
generate case, its Bethe solutions take the form

NN 2(3/0t)) +2f 4t
4 4 A4
¢=oy(&)= II ( 2 )1, (24)
m=1 \ 4=1 m— 04
i.e., they are homogeneous polynomials in 7y, ..., ¢y of de-

gree M.

Separation of invariant subspaces

We denote by ®,{F} the spaces that consist of the
vectors ge W{F(A)} that satisfy the conditions
I~ ¢=0, (25a)
I°=(F + M)é. (25b)

It follows from the commutativity of the operators K(4)
and I° that if ¢e®,{F?}, then also K(1)¢ped,,{F}. There-
fore, the spaces ®,{F} are invariant with respect to the
action of the operators K(A). Accordingly, the spectral
problems

K(A)p=E(A)d, ¢ePp{F},
are defined for all M=0,1,2, ... .

(26)

Finite dimensionality of invariant subspaces

It is readily seen that the spaces ®,{F} are finite-
dimensional. To prove this, we consider the auxiliary
spaces ®,,{F}, which are formed from vectors that satisfy
only Eq. (25b). It is obvious that a basis in @y {F} is
supplied by vectors of the form
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IA’: -...-IIMIO), Ay, ... Ay=1,..,N. (27)
The number of such vectors determines the dimension of

®,{F}, which is

dim G Py =y (28)
— D

Since

@, {F} C By {F}, (29)
it follows that

dim ®y{F} <dim @, {F}. (30)
Using the second condition (25a), we find that

dim @, {F}=dim ®,{F} —dim &, _ {F}

M4+ N —2)!
=((N+——2)LM!) . (31)

It follows from this formula that for each M the spectral
equations  (26) have precisely (M + N —2)!

X[(N — 2)!M1] ~ ! solutions.

In accordance with Egs. (17), the Bethe solutions
(11)-(12) of the Gaudin equation (10) belong to the
spaces ®,,{F} and are therefore simultaneously solutions
of the finite-dimensional spectral problems (26). To re-
solve the question of the completeness of these solutions, it
is sufficient to count the number of admissible sets of num-
bers §,, that satisfy the equations of the Bethe ansatz:

1 « [
=0, n=1,..,M.
mél gm Agl n— 04
(32)

It follows from analysis of (32) by the Coulomb-analogy
method (see, for example, Ref. 12) that for given M the
required number is also equal to (M + N —2)!
X[(N — 2)!M1] ~ . From this we conclude that for all M
all solutions of Eqgs. (26) are completely described by the
Bethe formula (11)-(12).16

Partial separation of the variables

It follows from the invariance of the spaces ®,,{F}
with respect to the action of the operators K(A) that it is
meaningful to speak of the projection of K(A) onto
®,,{F}. To construct this projection, we rewrite Egs. (25)
in the differential form

N o9
( Zl at,,)"’ 0, (33a)
( E tas )¢ M. (33b)

We have here used the fact that F=32%_,f,. The general
solution of the system can be represented in the factorized
form

¢=¢M¢’

where

(34)
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Su=(ty_y— )M (35)
is a particular solution of the system (33), and
Lh—1y IN_2— Iy
= Y s 36)
4 1/}(tN—l—’N tN—l_tN) (

is the general solution of the homogeneous system. As we
see, this solution depends effectively on only N — 2 vari-
ables:

xg= ATy
IN1— Iy

The fact that (34) belongs to ®,,{F?} restricts the arbitrari-
ness in the choice of the functions 3. These functions must
be polynomials of degree M in the variables x,. We denote
the space of such polynomials by ¥, Since ®,{F} is
invariant with respect to the action of the operators K(4),
the result of applying K(4) to ¢, (where ye¥,,) must
again have the form ¢, (where II)E‘I’ u). Therefore

K(A) (duh) =duKn(A) ¢,

where K,(4) is some (N — 2)-dimensional differential op-
erator of second order that acts only on the variables x
and is the required projection of K(4) onto ®,{F}. Irre-
spective of the case—degenerate or nondegenerate—that is
considered, this operator can be represented in the form

N —2. 37

(38)

N-2 82
Ky(A)= Aszzl PAB(/l,M,x)W

N-2
+ 2 QA(AMx) ~+R(AMX), (39)
A=
where P, Q, and R are polynomials in X, ..., Xy_, of

degrees 3, 2, and 1, respectively. Substituting (38) and
(34) in (26), we find that the spectral problems (26) are
equivalent to differential spectral equations:'®

Ky(A)Y=Ey(A)Y, ¥y . (40)

Transition to quasi-exactly solvable equations

We denote by V¥ the space of all analytic functions of
the variables x;, ... , Xy _ ,. Then it is obvious that the equa-
tions

N-2 2 -2

2 PAB(/IM,x) —+ 2 QA(/IM,x)

+ R(A,M,x) (¢(x)

=Ey(D)P(x), P(x)e¥,

can be regarded as quasi-exactly solvable equations. For
each M=0, 1, 2,.., they have (M + N —2)!
X [(N — 2)!M1] ~ ! exact solutions, which lie in the class of
polynomials of degree M in x, ..., X5 _, and are described
by the Bethe formulas (11)-(12).

(41)
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Connection with the Turbiner-Shifman approach

The transition from the original variables z, (4=1,...,
N) to the variables x,=(t, —ty)/(ty_1 —ty) (A=1,...,
N — 2) can be made in two stages. First, we introduce the
variables £, in accordance with the formula

gAztA—tN, A:1, ,N— 1; §N=tN. (42)
Then we have
aaAlNlaa”-‘a
oty 04 TN T Oty OEn iy 964

(43)

Since the functions (34), on which the operators K(A) act,
are translationally invariant (in the space of the variables
t,), the derivatives with respect to £y in the expression for
the operator K(A) can be omitted by writing

A § il (44)
K= & G=onG—op’
where
32
HAB=(§A_§B)2553“§_B+2(§A_§B)
2 A,B=1 N —1; 45
(fA § fBa_gj)’ D=1, cco y4¥ — 1, ( a)
g ("z! o
Hyy=Hy,s= — & a_é'A( le 8_&) — 28,4
N-1 g
A=1,.. N—1.
(fA le aé- +fNa§ )
(45b)

This actually means that the operators (44) can be repre-
sented in the form

N—1
K(A)= Y Pipcp(A)Laslep
A,B,CD=1
N—1
+ X Qup(A)Lyp (46)
AB=1
where
ad
Lp=E&4 g, AB=1,...,N—1, (47)
B

are the generators of the algebra g/(N — 1). Remembering
that
gl(N —1)=gl(1) osl(N — 1), (48)

we can divide the set of generators L,z into two groups,
namely, the unique generator of the algebra gi(1),

N-1 3
= — 4
= F g (4%2)

and the (N —1)2—1 generators of the algebra sI(N
—DI:
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a a d
Va=tu g A#B; Gup — bo gy B—A=1]
(49b)
Then in place of (46) we have
N(N-2) N(N—-2)
K= 2 PoMdp+ X QD)
+ RV, + S(A)J + T(A)~ (50)

These operators (50) act on the spaces of homoge-
neous polynomials in &y, ..., &y _; of degree M. None of
the generators J, takes us out of these spaces, and therefore
they realize representations of the algebra s/(N — 1) of
dimensions (M + N — 2)![(N — 2)!M!] ~'. These are rep-
resentations with signatures (M, O, ..., 0).

We now make the final transition from the variables
£4(4=1, ..., N—1) to the variables x,=&./Exy_, (4
=1, ..., N —2). This transition is essentially a projection
of the operators (50) onto the class of homogeneous poly-
nomials in £, of degree M, i.e., onto the class of functions
that are eigenfunctions with respect to the operator J (with
eigenvalue M). Because J commutes with all J,, the pro-
jection operation is defined for each of the J, separately. As
a result of this operation, the generator J is replaced by its
eigenvalue M, and the (N — 1)-dimensional operators J,
are transformed into (NN — 2)-dimensional operators
J,(M), which depend explicitly on M. They now act on
the space of polynomials in xy, ..., xy_, of degree M,
realizing, as before, a finite-dimensional representation of
the algebra s/(N — 1). With regard to the operators K(4),
they are replaced by

N(N-2)

Ky(M)= 2

a,b=1

Py () (M) T, (M)

N(N-2)

+ X
a=1

+ S(A)M + T(A)M>

[Q.(4) + R(A)M ]I (M)

(51

If we ignore the unimportant c-number correction, then we
have Hamiltonians of quantum tops based on the algebra
sI(N — 1) or, more precisely, its finite-dimensional repre-
sentations with dimensions [(M+N-1)]
X [(N —2)!M]~ ! and signatures (M, O, ..., 0).2

Note that, in contrast to Turbiner (see, for example,
Ref. 11), we have obtained at once an entire family of
mutually commuting Hamiltonians of quantum tops. This
circumstance reflects the complete mtegrab111ty of the orig-
inal Gaudin problem.

Coulomb analogy

The spectra of all the quantum problems considered
above are associated with solutions of the system of nu-
merical equations

mz 1 gn gm

+ F(£,)=0, n=1,.., M. (52)
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Since the function F(A) is, in general, complex, the num-
bers §,, must also be regarded as complex. Introducing the
vector quantities

£,=(Re & ImE,), m=1,.., M, (53)
and the function
ue) sRefF(gmg, (54)

we can readily see that Egs. (52) can be obtained from the
condition of an extremum of the function

M M
U(§1> 7§M) = 2—1 ,ln lgn - gml - 2 U(gn),
nm= n—1 (55)

which is the potential of a system of M two-dimensional
Coulomb particles with unit charges and with coordinates
§,(n=1, ..., M) placed in the external electrostatic field
with potential U(£).!

Summary

Thus, we have presented the main elements of an ap-
proach that makes it possible to associate each rational
function F(A) with some infinite class of quasi-exactly
solvable models parametrized by the continuous parameter
A and the discrete parameter M =0, 1, 2, .... If the total
number of poles of the function F(A), which is regular at
infinity, is N, then the model can be formulated in an
(N — 2)-dimensional space and for each fixed M has
(M +N-2I[(N-2)M] —1 exact solutions. These
models are equivalent to completely integrable models of
magnets based on the algebras s/(2) @ ... ®s/(2) (N times)
(in the nondegenerate case) or on their contractions (in
the degenerate case). In this language, the reason for the
quasi-exact solvability is the presence in the Gaudin model
of the global symmetry group s/(2) and the fact that the
lowest subspaces of its representations with weights M
+ lim;_, AF(A) are finite-dimensional. On the other
hand, the same quasi-exactly solvable models are related to
the Hamiltonians of quantum tops based on representa-
tions of dimension (M + N — 2)!I[(N — 2)IM1]~ ! of the
algebras sI/(N — 1) with signatures (M, O, ... ,0). Finally,
there exists an equivalence between the considered quan-
tum quasi-exactly solvable models and the two-
dimensional classical system of M Coulomb particles in an
external field determined by the function F(A).

Example

In our exposition, we have paid almost no attention to
the degenerate case, restricting ourselves to general com-
ments. It is therefore worth considering as an example the
degenerate case and giving all the calculations to the end.

The simplest degenerate function F(A) has the form

h L f

F(/l)——7+1—2+/?- (56)
The generators of the Gaudin algebra should be sought in
an analogous form:
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oo B L6

where I%, I3, IS are certain operators for which the com-
mutation relations can be established by substituting (57)
in (5). They have the form

(L) =TYF, (IL51=T2,
(L) =T%F, [L1]=T"F,
(12,18 =0, [I.13]=0,

(58)

where I“C’b are the structure constants of the algebra s/(2).
The expressions (58) describe one of the contractions of
the algebra s/(2) @ 5/(2) ®5/(2). To obtain differential re-
alizations of the operators I, we shall proceed from the
nondegenerate case. Note that the function (56) can be
obtained from the nondegenerate function

fi fa i
F(}»)=/1_01-+-/1_02+/1_03 (59)
by the substitution
7 _f10A+10A+2—f2(0A+1+0A+2) +f3
- (0441—00(0442—04) ’
A+3=4, A=1,2,3, (60)

and subsequent passage to the limit 0, = 0, = 0; = 0. Sim-
ilarly, the degenerate operator functions (57) must be ob-
tained from the nondegenerate functions:

0 i) d
I-(A an o a, 61
()—/1_01-1—/1_02 ppr (61a)
i) d d
o t1;3?1+f1 tza_t2+f2 t38_t3+f3 i
( )_ /1—0'1 A—O’z 1—03 ’ ( )
aJ ad
t%_+2f1t1 t%_+2f2t2
It ar at,
( )_ /1—0'1 1—0'2
d
B—+2fst3
1—0'3 ( ¢

For this, it is sufficient to postulate the form of 7~ (1) (in
the degenerate case),

a a3 o
I=(A) oz +a?2+a'{3 (62)
VRS

and determine the connection between the old and new
variables by means of formulas that are exactly analogous
to (60):

ad a

= 04,10 ——=(o +o ) +—=
a o A+10442 ot A+1 A+2 ot
at (O4s1—04)(0442—04) ’
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A+3=4, A=123. (63)

After this, making the substitution (60) and (63) in (61b)
and (61c), and going to the limit oy = 0, = 03 =0, we find
the final differential representations for the degenerate op-
erators I%:

~ 0 ~ 4 ~ 0 W
1 == I, ==; L=7=;
an at, oty
~d ~9d ~9d ~
j?=1"~7+’2 =+ 13 =+ fi;
ar 2 3
~d ~0d =~ ~dJd =~
IO= — 4+ tHL =4+ 5 P: — 4+ 5
2 1‘92 28t3 S I3 163 3
- d ~~d -4 a [ (64)
It =P —= 421ty =+ 21t =+ £ —
L P PO R )
+2f11; + 2fot + 2f st;
~, d ~ d . .
12 =;%——:+2t1t2_~+2f2t1+2f3t2;
ar, ot3
- d ~—
It =2 —+2f31,.
a3 J

We are now ready to write down the explicit form of the
operator K(A):

K, Ks K

K, 3
K(A)=F+F+F+Z§+F' (65)
Here
\
& d _— & 8* ~ 0
K =?—+?_+21[ ﬁ—?—,..-:-—l-z_ft -
TR T R T TP ondn, anon U an
~~ d ~~ 0 e~ 0  ~ ~
+2fits = — 2ty = = 2fsts =+ [1(/1 — 1);
ot ay ot
PO S Py APy S |
=L 238% i3 o
~—~ d ~~ 0 - ~
—2f3t = — 2f3ts =+ 2fo(f/1 — 1);
ay ar,
Ke=2f\fs+ f5—3f5 Ks=2fof; Ke=/% )
(66)
Using (56) and (57), we find
F=f, I’=I, a==,. (67)

By virtue of (67), the equations that determine the finite-
dimensional invariant subspaces ®,,{F} take the form

d  ~ =~
b‘t; ¢(t1,t2yt3) =09
(68)

P +1 9 + 14 9 b (ttply) =M (t1,15,13)
la't"l 2(9;; Sa't‘; 15%29¢37 — 15625437+

The general solution of this system is the function
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N f
$(t1t213) =?§”¢(?—3). (69)
2
Introducing the new variable
x=t/1, (70)

and projecting K(A) onto ®,,{F}, we find

Kyy Kyzs Kys Kys Kys

KM =—r+o7+—7 + 5+ 75> (71)
where
Kyp=(M + f)(M + f1 — 1);
& .-, 8
KM3=x-a—];§+(M—l+2f1+2f2x+2f3x)5;

—2fMx+25(fi—1;
KM4=2fo3+E_3f3§ Kys=2f>f3 KM6=.7§'

(72)
From the expressions for E, (1), we obtain
Evo Eps Epms Eys Epys

Bu=grt gt t oyt 0
where
Epy=(M + f)(M +1,—1);

~ ~ - ¥

Ep3=2f>(f1 — 1) — 2f3 21 £’ (74)

Epa=2f\fs+ fo—3f3 Ewus=2f2f5, Eme=/f>
The only nontrivial part of the spectral equation for
Kj(A) has the form

Veg ~ ~ 0
xoa+ (M—1+2f +2f2x+2f3x2)£

b 2}3M X

Y (%,8) =Ep(E) Yp(x,6)- (75)

This is the required quasi-exactly solvable equation. Its
exact solutions belong to the class of polynomials of degree
M in x, and the eigenvalues are determined in accordance
with (74) by the formulas

M

~ 1
Ey(®)=—2f; X £ (76)
m=1 5Sm
where £, (m=1, ..., M) are the solutions of the system of
algebraic equations
M ~ o~ o~
’ 1 fl fZ f3
> 4450, n=1,.., M.
m=1 gn - gm §n 7n "§n
77

For given M, Egs. (77), and, therefore, (75) have M + 1
different solutions. Thus, we are dealing with a quasi-
exactly solvable model of (M + 1)th order.

Equations (75) can also be rewritten in the form

~ ~ M
'JO(M)J— (M) + 2301 (M) +2/,°(M) + (T _1

+ 271)1— (M) + 25M |y =Ephys, (78)

where
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a d M
Jm(M)==, JO(M)=xa——7,

a
+ 22
JT(M)=x g Mx
are the generators of the (M + 1)-dimensional representa-
tion of the algebra s/(2) with “spin” j=M/2. (In our
treatment of this example, we have followed Ref. 16.)

(79)

2. SOME PROPERTIES OF SIMPLE LIE ALGEBRAS
Cartan-Weyl basis

Let ., be a simple Lie algebra of rank r and dimen-
sion d,, and I,,ae(}, be basis elements of it satisfying the
commutation relations

[I0,]= 2 Tils abeQ, (80)

ce),

From the practical point of view, it is most convenient to
take the Cartan—Weyl basis, which is based on the decom-
position

L=L e L% L . (81)

We denote the elements of the (d, — r)/2-dimensional sub-
algebras . * by I,, acA’, where A are the sets of
positive and negative roots a of the algebra ... We denote
the elements of the -dimensional Cartan subalgebra .#°
by I, ieN,, where N, is the set of numbers 1, ..., r. Thus,
the d,-element set of indices that label the basis elements of
the algebra ¥, can be represented in the form
Q,=A 7 UN,UAT.

The most important commutation relations in the cho-
sen basis are

[IuI,]=(a,m)I, ieN, acA®. (82)

Here, 7, i€N, are simple roots.
On the algebra .Z,, we introduce the bilinear form (7,
I,), which satisfies the subsidiary condition

<[Ia’1b])Ic)=<Ias[IbaIc]>' (83)

Such a definition fixes the form only up to a factor. We
choose this factor in such a way as to satisfy the require-
ments

<Ii31k> =Yik <Ia,1ﬁ> =Eaﬁ: (84)

where y;= (m;,m;) is the matrix of scalar products of the
simple roots (it is nondegenerate by virtue of the linear
independence of the set 7;), and ¢,z is the matrix whose
elements are 1 for « + B =0 and O in all the remaining
cases. In what follows, the matrix

8ap= <Ia’1b> (85)

will play the part of a metric tensor (obviously, nondegen-
erate), which will be used to raise and lower the indices
that label the elements of the algebra .#",. For example,

I= 2 gal’ (86)
beQ,
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If Eq. (86) is written out in terms of components, it takes
the form

I= 2 vad% Iig=I7" (87)
keN

The metric tensor (85) (which differs from the Killing—
Cartan tensor only by a factor) is convenient in that its
components g,, do not depend on whether the generators
I, and I, are regarded as elements of the algebra .%, or
some subalgebra of it. It is obvious that this does not apply
to the inverse tensor and to entities with superscripts. Bear-
ing this in mind, but not wishing to burden the text with
redundant notation, we shall retain for the elements con-
jugate to I, the same notation I° irrespective of the method
of conjugation that is used—with respect to the algebra or
a subalgebra of it. Of course, we shall attempt to make it
clear from the context which particular case we have.

Equations (82)-(84) make it possible to recover
uniquely all the commutation relations in the algebra .Z,
not yet given. They have the form

[1,1;]=0, ikeNy; (88a)

[Ipl _g]= 2 (am)x’, aeAl; (88b)
ieN,

Uplgl=Toplaip aBed’, a+Ped),  (88c)

where I g are calculable structure constants.?*
We define the quadratic Casimir operator! as follows:

K= 2 I'l,

ae),

(89)

or, with allowance for the commutation relations (88b),

K= I'\L+ X (am)|+2 X I, (90)
ieN, aeAr+ aeA,+
Since
Y a= 2 vm (o1
aeA’+ iGN,

(where ' is a certain set of non-negative integers that char-
acterize the algebra .2°,), we have

K= (I'+WM,+2 Y I°I, (92)
ieN, aeAr+

The representations of the algebras .#°, with highest
weight are determined as follows:

(93b)

The set Ay, is called the highest weight, and |0) is called
the highest vector. Let M, ieN,, be a set of non-negative
integers. We denote by | M) the linear hull of vectors of the
form

Ial."'.I(IKlO)’ ay, ...

I,]0)=0, acA}.

,ageEA ™, (94)
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in which a;+...+ax= — EieNrMiwi . Obviously, the
spaces | M) are eigenspaces with respect to the elements of
the Cartan subalgebra:

The linear hull of all such spaces,
W{Ao}= & |M), (96)

M>0
forms the representation space of the algebra ., with
highest weight A,,.

Realization of representations of Lie algebras in the
form of differential operators

We have already mentioned that in both our scheme
and the scheme of Turbiner and Shifman a decisive role is
played by the possibility of realizing representations of Lie
algebras in the form of first-order differential operators.
There exists an opinion (which is even stated in Refs. 11
and 15) that the construction of such realizations is a
rather complicated matter. This is not at all so. The general
principles of the construction are rather simple, although
the algorithms described in the literature’*%* are not al-
ways carried through to explicit formulas, especially for
the higher algebras. We shall attempt to fill this gap by
constructing explicit expressions for differential operators
which realize arbitrary representations of arbitrary simple
Lie algebras.

Let G, be the Lie group of the Lie algebra .¥, and let

g(x)€G, xeRy (97)

be elements of the group, parametrized by the vectors
x={x%}, aeQ,, of the d,-dimensional space R,. We choose
the parametrization in such a way that the following equa-
tions hold:

g0)=1, (98a)
dg(x)
= x=0:1, (98b)

where I={I,}, ac},, are the generators of the algebra .7,
that we introduced earlier. One of the possible methods of
parametrization consists of the choice

(99)

but this method is not unique and, as we shall see later, not
the most convenient. Actually, the general scheme that will
be presented in this section does not depend on the partic-
ular method of parametrization.

For the elements x, y of the space R, we define the

g(x)=exp(x-I),

binary operation x -}y in accordance with the formula

g(x)g(y)=g(x+y). (100)

This operation, for which we have chosen the symbol
+ (not to be confused with the direct sum, for which the
symbol & is reserved), possesses the following properties:

a) for all x, y, zeRdr

x+(+2)=(x+y) +z (101a)
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b) for all X€R, there exists a zero element 0OeR; such
that

x+0=0+x=x; (101b)

c) for all xeRdr there exists a unique inverse element
(= x)eRdr such that

x4+ (=x)=(-x)+x=0. (101¢)

Remarks

In what follows, in place of x+ ( — y) we shall simply
write x — y. It is readily verified that

(102)

If the conditions (98) are satisfied, the point O corre-
sponds to the usual zero of the space R4 In the general
case, — x5 — x, although for some parametrizations [see,
for example, (99)] the equation — x= — x can hold. For
commutative groups, we have x+y=x +y, i.e., in this
case the binary operation that we have introduced can be
identified with ordinary addition of vectors in Ry

Let ®, be the space of functions on the group G, and
let

$(x)e®, xeR, (103)

be the elements of this space. We define the operators § (e),
€€R;, which are linear on ®,, by means of the formulas

g2(e)d(x) =d(x+e). (104)
It follows from this definition that
g(e2)8(£1) =8(&,+¢,), (105)

i.e., the operators §(£), EERdr, form a representation of the
group G,. In accordance with the formulas (98), we have

2(0)=1; (106a)
dg(x) .
o J|[=0=I, (106b)

where T= {fa}, ae(},, are the generators of the correspond-
ing representation of the algebra .#,. Differentiating (104)
with respect to € and setting £ = 0, we find

~ 0
I=T(x)$, (107)
where
N d .
T(x)=$® (x+€)|e=o (108)

For further simplification of Eqgs. (107) and (108), we
note that any vector of the space Rd’ can be represented in

the form of the expansion
x=x"4+x°4xt, (109)

where x* ={x}, aeA’, and x"={x}, icN,, are the vec-
tors of dimensions (d, — r)/2 and r associated with the
generators I ={I,}, aeA}", and I,={1I}, ieN,, of the al-
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gebra .Z, in the Cartan—Weyl basis. Egs. (107) and (108)
can now be rewritten in the form

a
I=T~ (0= _+f°(x)ao+T ()5, (110)

a+’

where

~ 3 3
T*(x) =58 (x+&)*| s i*’(x)=$® (x4)°|.—o-

(111)
It follows from the obvious equation
xte={x" +[xX°+(x++e)"17}
+{EHCT )Y+ {xT+0) T} (112)
that
(x+e)t=(x*4e)7F;
(x4&)°=x"+ (x T +&)% (113)
(x+€&)  =x"+[x+x++e)"] .
Therefore
P A
T+(x)——® (xt+&) T | emos
f"(x)—i@a (x* 46)° —o; ]
_aE £=0
J
T- () =5 {x" + X0 (x* +£)‘]‘}|e=o-J
(114)

We see that the matrices f+ (x) and 7° (x) depend only
on the variables x *. Therefore, considering the action of
the operators (110) on the class of functions of the form

d(x) =exp(x’Ag)¥(x 1), (115)
we obtain

Texp(x®Ao)(x*) =exp(x®A) T(A)p(x+). (116)
The operators

T(A) =1* (x*)3— O Px*)Ae (117)
in which

Pt )= e (x* 8) " oo

de
Pty =2 o (x+ 460 (118)
de

act on the space of functions of the (d, — r)/2 variables
x T, are inhomogeneous first-order differential operators,
and realize a certain representation of the algebra ... To
identify this representation, we note that by virtue of the
obvious formulas

]
o (xt4et)? =0,
de e+ —0
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gleAg)¥(xt ) =exp[ (x+£)°Aoy[(x+ &) T 1.

3
—8 (x T +£°° =1, (119)
Fra -0
we have
ad
7 (Ao)—t AR v (120a)
AN A a
Io(Ag) =ty (xt )3'—+ + Ag; (120b)
X
T_(Ay)=t" (x+) +r (x ) A (120c)

Therefore, the operators (120) describe a representation of
the algebra ., with highest weight A,. The unit function
|0)=1 here plays the part of the highest vector. It is
readily seen that the operators (120) can also be obtained
as infinitesimal operators of the representation G,(Ag) of
the group G, determined by the formula

(121)

In what follows, we shall frequently need to work with
the operators

1]
=

T(AL .. . AD)

M= ||M

~ 3
= > ) axF +Px )AL,

A=1

(122)

which realize a representation of the algebra .£, on the
class of functions that depend on N vector variables. By
analogy with (121), these operators can be interpreted as
the infinitesimal operators of the following group transfor-
mations:

gle Ay, v ANY(XT, o X))

N
=exp{ X (x5 +€)°A]
A=1

J(xpy )Tl

If we choose as the highest vector the unit function |0) =1,
then the highest weight will be A} + ... + AY. However, in
what follows we shall need to consider representations of
the algebra of operators (122) with arbitrary higher
weights, which can be written in the form
A} + ... + AY — My, In this case, which form can the high-
est vector |0) have? To answer this question, we must
solve the system of equations

AN Y=0;

XY[(x;F &) T, .. (123)

T, (AL ..
A N (124)
To(AL, ... ,Aév)z/z:( A}_‘,l Al — 0)¢

for the functions Y. Essentially, we must find functions
invariant with respect to transformations of the subgroup
glet, 0,.., 0) and transforming homogeneously [with
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addition of the factor exp( — e°M,)] under transforma-
tions of the subgroup g(so, 0,..,0):

Pl Fet) b, f Fe) P 1=00x, Xy );
(125a)

YL +e97, L (xy +69 1]

—e " Mop(x;T, ... x}). (125b)
To solve (125a), we use the equation

(xf +et)t=x+et, (126)
from which it follows that
(xf+et) = (xF +et)

=xftet Zet Ixf=x] Zxj. (127)
Thus, the functions x — xj are invariant with respect to

the transformations g(¢ *, 0, ..., 0). The following combi-
nations of them are functionally independent:

+

E4=x; —x3, A=1,...N—1. (128)

Therefore, the most general solution of Eq. (125a) has the
form

Y=9(&y, .. ,En_1). (129)

We now consider how the components of the vectors
£4=1{&3}, aeA", change under a transformation of the
subgroup g(&° 0,..., 0). For the components x,={x%},
we have

(xf +6%%= = 24 x5+ % =exp{ — 2(mp,a) }x%, (130)
A A A

where my={m;}, ieN, The components of the vectors
£4=x,4— x also transform homogeneously:

&q—exp{ — % (mo,a) }£5.
This means that all quantities of the form [§Zi~...-§jﬂ

X [ B‘}-...-é‘i’;]_ !, where a; + ... + ag=PB; + ... + By, ag
BEA,, are invariant with respect to the transformations
g(eo, 0, ..., 0). As functionally independent variables, we
can choose the following (N — 2)(d, — r)/2 variables:

(131)

n= L , aeA’, A4=1,..,N-2,
IT &y_pem
N,
(132)
and also (d, — r)/2 variables of the form
y= L , aeAt, asm, ieN,
II & pem
ieN,
(133)
Introducing the notation
E=EV |, ieN, (134)

we find that the functions
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v=II (€Y ¥(nv)

ieN,

(135)

r

realize the most general solution of the system (125). Any
of these functions can play the part of the highest vector
for representation of the algebra of operators (122) with
highest weight A} + ... + AY — M,

We now obtain explicit expressions for the matrices
{F(x*) and 1 Ox*) under the assumption that the pa-
rametrization is Gaussian:

Y xer, exp[ S x’f,-}expl

ael~ ieN,

r

g(x) =exp{

> xer,l.
aeh,

(136)

In this case, the equation for the matrices Tt (x*) and
t(s\(x+ ) takes the form

exp] > xTlexp| Y x°I,|exp{e“l,}
ieN, ach,
=exp| > (¥ + e (xt)I)lexp| Y (x°,
ieN, aent

+£”t§(x+)1a)]. (137)
Applying the well-known formula
1
exp(4 + B)=exp 4 Texpf dr
0
Xexp( — 7A)B exp(7A4) (138)

to the right-hand side of (37), expanding both sides in
series in powers of £, and retaining only the first powers in
€’, we obtain after trivial manipulations

£(xt)=|exp(ad X x°I, |I,I'), ieN,. (139)
ozeA,1L

With regard to the matrix 5(x*), it can be found from
the system of algebraic equations

1
tZ(x““)f d7'<exp(adr S xBIB)Ia,IY>
0

+
BeA,

=(exp[ad X xPIg|1,17), (140)
BeAt
acQl,, yeA.
We now note that the matrix
(141)

.
BeA,

fl d7<exp(ad > xBIB)Ia,IY>,
0

which occurs in Eq. (140), will have triangular form if the
roots a and y are arranged in nondecreasing order of their
heights. On the principal diagonal of (141) there will be
units. The determinant of such a matrix is equal to unity,
and therefore its inverse matrix consists of the minors.
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Since each minor is a finite polynomial in x* [this also
gphes to the right-hand side of (140)], the matrices
(x*) and P (x*) will also be polynomial in x*

The differential realizations of the representatlons of
the algebra .#, that we have obtained are not particularly
convenient from the practical point of view, since some
work is needed to reduce them to explicit form. This is
because the Gaussian decomposition that we have used
(and is also mainly discussed in the literature>>%%) is not
completely suitable for this purpose. In the following sec-
tions, we shall consider more convenient decompositions,
and on their basis we shall derive explicit expressions suit-
able for any simple Lie algebra.

To conclude this section, we consider how the matrices
£+ (x*) and ;o(x *) transform under homogeneous trans-
formations of the components of the parameter x *

x%—exp{ — €%(mp,a) }x% (142)

Since each component x* acquires a factor exp[ — £%(,
a)], the only nonvanishing terms in the decomposition
(141) will be the terms that acquire the factor
exp{ — %[, (y — @)]}. This means that the components
of the considered matrices will transform as

t5(x ) >exp{ — [mo, (@ — B) 1 }5(x );

(e ) ~exp{ — X(mpa) HE(X). (143)
Similarly, we can show that
£ (x ) »exp{e®(mp,a) },(x ). (144)

It follows from this that the differential operators T, «(Ag),
aelA’, and I, {(Ap), ieN,, which realize representations of
the algebra .#, with the highest weight A, transform in
accordance with the rules

Tu(Ag) »exp{e®(ma) Ho(Ag), acAl,

~ A~ 145
T(A) ~Ti(Ao), ieN, i

3. SPECIAL DECOMPOSITION IN SIMPLE LIE
ALGEBRAS

Construction of basis

We shall say that a simple root of the algebra .7, is
singular if it occurs in the decomposition of any root with
coefficient whose modulus does not exceed unity.
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We give the Dynkin diagrams of the simple Lie alge-
bras and identify with black circles the vertices associated
with singular simple roots:

A’- > —o—eo— - - -

8. @&———O——O0— ..
[.',- *e—0——0Q— ¢ ¢+ + =—O~--ouO0——0

1
Dr @&—O——O— ¢ ¢«

1 1 1
E;‘—O—I—O—.
1

1 1 1 1 1 7
£, &—O0——O—O0——O0—20
I,
1 1 1 1 1 1 1
Eg O—O0—O

2 2 1
Fp O—O=—o0—0
6 == (146)

We see that for the algebras A4, all the simple roots are
singular, while for the algebras Eg, F4, and G, there are no
such roots. In what follows, we shall consider only algebras
that have at least one singular root. These are the algebras
A, (r>1), B, (r>2), C, (r>3), D, (r>4), E;, and E;. We
shall call them singular algebras.

The removal from the algebra .#, of the extreme sin-
gular root (together with all nonsimple roots containing it)
transforms the algebra into the simple subalgebra ., _ ;.
For example,

Ar"’Ar— 1s Br_’Br— 1s Cr_’Ar— 1
D, _ 147)
o, : E,—~E, E¢—Ds (

In what follows, we shall ascribe the number r to the elim-
inated singular root. We denote the sets of roots containing
in the decomposition a root with coefficients +1 by =°.

Singular roots are remarkable in that the elements I,
associated with the roots a2 form commutative subal-
gebras, which we shall denote by & ., The commutativity
of & ., follows directly from the definition of a simple root.
It is obvious that

dim &.,=3(d,—d,_,—1). (148)
The algebras & .., are conjugate with respect to the bilinear
form (85). For the elements E.,+ {E., .}, acZ [, of
these subalgebras the following normalization conditions
are satisfied:

(E.,®E-)=1, (149)

A
where I, is the unit matrix of dimension dim & .
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Since the dimensions of the Cartan subalgebras .#°
and .#?_, differ by unity,

L= |eH, (150)

where H, is an element of .9 that does not belong to
&?_ . For unique determination of this element, we re-
quire it to be self-adjoint with respect to the form (85), and
this is equivalent to the conditions

(Hnli)=0’ iENr—l; (151a)
(H,H,)=1. (151b)

It is obvious that the element H, must commute with all
elements of the subalgebra .¥, .

Summarizing what was said above, we can conclude
that for all singular Lie algebras the following decomposi

tion holds:
L,=(%_,0H,0% )0 L, _, (152)

where & ., are commutative conjugate subalgebras of di-
mensions (d,—d,_;—1)/2, H, is a self-adjoint element
of the Cartan subalgebra, and ., _ is a simple Lie alge-
bra.

The nonvanishing commutation relations in (152)
have the form

L1 Lri]=Z (153)
(£ 182 ]=F oy (154)
[H, )] =8+ (155)
(€ +p&=]=Ho0 L, _,. (156)

We now write out these relations in more detail. For
(153), we have

UpIl= 2 T, abeQ,_,. (157)
LEQ.,_ 1
The relations (154) can be rewritten in the form
UpEs)]=—T(&L)Es, acQ,_,, (158)

where fa( & .,) are matrices that play the part of structure
constants. Using the Jacobi identity

[[Ia’E:tr]’Ib] + [[Eﬂ:nlb]’la] + [[Ilﬁla]’Eé:n]:O

(159)
and Eqgs. (157) and (159), we find
[T(8 ) T8 2]
= Y T I(%.), abe,_, (160)
cenr—l

Thus, the matrices f A& +,), aeQ, _ ,, form representations
of the algebra .¥°, _, of dimension dim & ., and realized
on the spaces of the commutative subalgebras & _ ,. It fol-
lows from the simplicity of the algebra .£,_, that

Sp T,(% +,)=0. (161)
In addition, it is readily seen that
T8 )+ T8 _)=0, (162)
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where the tilde denotes the transpose.

In what follows, we shall need only representations
realized by the matrices 1 «(% ) on the subalgebras €,
For their identification, we consider Eq. (158) with the
plus sign. Labeling the roots acA," | in order of nonde-
crease of their heights, we see that in this case the matrices
I.(% ), aez}f_ 1» have an upper triangular form, while
the matrices I,(& +r), iEN,_,, are diagonal. Therefore,
the role of highest vector will be played by a vector of
dimension dim &, for which only the first component is
nonzero. This means that the corresponding highest weight
must be determined by the result of commutation of the
elements I, ieN, _ |, with the element &, corresponding to
the positive root of the lowest possible height. This is the
root 7,. From this we conclude that the highest vector of
the representation (160) will be an (r — 1)-dimensional
vector ¥;, IeN,_ .

Further, using Egs. (151), we find for the commuta-
tion relations (155)

[HE.,]=*QFE., (163)
where
O,=(H,I,). (164)

With regard to the relations (156), they can be written in
the form

S IT(%.,).

aenr-—l

[Eir®E¥r]=iQrHrfr_ (165)

Here, I is understood as the element that is the adjoint of
the element I, with respect to the bilinear form of the
subalgebra .#, _ ;. Applying to (165) the relation (161),
we obtain

[E+rEx,]==%RH, (166)
where
Rr=Qr dim gr (167)
We also introduce the important formula
fogl)®f£2) + 3 fa(g(l))ela(g(z)
aef),
=@PelV+ I L(EDelE). (168)

qEﬂr— 1

Here, the indices (1) and (2) /i\dentifx the numbers of the
spaces on which the operators 7, and I,(& .,) act. Finally,
we write out the form of the Casimir operator in the de-
composition (152):
K=H:+RH,+E_,E_,+K,_ . (169)

We now turn to the procedure for eliminating the sin-
gular simple roots that separates from the algebra .#, the
simple subalgebra .¥°, _, in accordance with the scheme
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(147). Each resulting subalgebra contains its own singular
root, and therefore the elimination procedure can be con-
tinued. As a result, we arrive at the following possible
change:

A=A _ A _ > >4, Az > A;)
Br"Br—l"B 27 "Ba By~ A;
S TR PR e
Df-»A’_leAr_z—»...afA ->A2-A
.——.Dr'-l_""—’DA‘_ >
E,+Eg>Ds>A > Ay > A, = A
4
Es"ll)s"Af":s"Az"Ar
—D,— ‘ (170)

We agree to label the simple roots of the algebra in such a
way that in each successive subalgebra along the chain the
singular root has the maximal number. As a result, we
arrive at the decomposition

r

L= (& _0Ho? ). (171a)
=1
Introducirslg the notation
o= G; H, (172)
s=1
we can rewrite Eq. (170) in a different way:
L= ; & (171b)

The commutation relations in .£’, can now be represented
in the form

[#,&,1=%, O0<|q|<|pl; (173a)

q
[, _4l= e &,
s=—¢q
To write out fully these commutation relations, we denote

the generators of the subalgebras & ., by E.,. Then we
have

0<|ql. (173b)

el E(g")"OII Ipl; (174a)
[H E]_ —f(%)E,| ~111<IP 2
[Hq7E:tq] = :thE:tq; (174b).
p—1
[E.p®Exp)=+Q,H,1,— 21 HH(E 1)
q:
p—1 “
2 E_JE | (8 p)
-1
2 E,E_[(%.). (174c)

The elements E . and Hs satisfy the normalization condi-
tions

(H,H,)=5,, (175a)
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(E,0E_p)=1, (175b)
The sets of matrices }Alq(gp), l/i';q(gp ), q=1,..,p—1,

realize representations of the algebra ', _ | of dimension
dim &, .with highest weigth Aps=ys.p, SEN, _ .

We introduce the matrix S7, which relates H, to the
basis elements. /;:

r
H,= 21 Sil;. (176)
=
It is readily seen that by virtue of (151a) the matrix Sfl is
triangular:

5,=0, i>q. (177)

Substituting (176) in (175), we obtain the helpful formula

> S,85Yik=5p (178)
LkeN,
which in conjunction with the condition (177) enables us
to determine the matrix S; uniquely (by means of the stan-
dard Gram-Schmidt orthogonalization procedure). Many
properties of the considered basis can be expressed in terms
of the matrix Sf, For example, we have

E(%,)]0)=0, geN,_;

~ (179)
H(%,)|0(=54,|0), ¢eN,_,.
It is also easy to show that
0,=5S,, (180)
and
r .
2 SiR,= (181)
gq=1

The last formula can be deduced by comparing (92) with
the other expression for the Casimir operator

r r r
K= 2 H:+ YRH,+2XY E_[E,, (182)
q=1 q=1 g=1
which follows from (169).

We now turn to the construction of differential real-
izations of the representations of the singular simple Lie
algebras based on the decomposition (172). In accordance
with this decomposition, any element of the groups can be
parametrized as follows:

r
gx)= II exp(x,E,).
qg=—r
We shall read the product in (183) from the left to the
right. Note that any partial product exp(xE;)...exp(x,E ,)
forms a subgroup. For this reason, Eq. (183) can be split
into 2r + 1 formulas of the form

(183)

( I exp(qu,,))exp(ssEs)
q=s
= II explx,E, + £(E|x))E,]. (184)
q=s
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After simple manipulations, each of these formulas can be rewritten in one of the following forms:

r r -1
( II exp(quq))Es( II exp(quq)) = (E;|x,)E, +
g=p 9=p

n=p+1

r n—1 n—1 -1
> (Es|x,,)( II exp(quq))E,,( II exp(quq))
9=p

q9=p

p—1

p—1 —1 p—1
+ X <Es|x,,>( 11 exp(quq>) E( I exp(quq)),

Multiplying both sides of (185) by E _,, we find

(E|x,) = Es@;( II exp( —ad quq))E_p>. (186)
q=p

From this it is easy to obtain differential representations for
the operators

r r a
E= 2 <E®( exp( —ad quq))E_,,>a—.
p=1 9=r *p
(187)

To simplify these expressions, we project the operators
(187) onto the class of functions

Y=exp(xpho) P(xy, ...

as a result of which they take the form

Xr)s (188)

9 S (Eead E )2
E+s=a_x—s_ a=s+1( s® ad(x,E,) —a)axa,

r

d
H=h,— 2, (H;8ad(x.E)E _ 05—,

E_,~=

a

s
+ X (E_s
a=1

<E_s® II exp( —ad quq)Ha)ha
1 g=a

f[ (—ad x,E)E )a
® |] exp(—ad x —ala
g=a 7 x,

r ad
+ X (E_,®exp(—ad XED)E _oya—
a=s+1 Xa

(189)

These are the required differential realizations of the rep-
resentations of the Lie algebras with highest weights A,.
Here, A, are the eigenvalues of the operators H, associated
with the highest weights by means of the matrix S:

hy= 2 SiAo: (190)

ieN,
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gq=n q=n

(185)

4. GENERALIZED GAUDIN MODEL BASED ON
ARBITRARY LIE ALGEBRAS AND ITS EXACT
SOLUTIONS

Definition of the Gaudin model in the general case

With the simple Lie algebra .7, we associate the
infinite-dimensional Gaudin algebra G(.Z,), whose gener-
ators I,(4), acQ},, depend on the complex parameter A and
satisfy the commutation relations

I.(A) —I.(w)

p— (191)

[1,(A)Iy(p) ] = % |

Using (191), we associate the Cartan-Weyl decomposition
(81) in the algebra ., with the analogous decomposition
in the algebra G(.7,):

G(ZL)=G(L)oG(L)eG(LT). (192)

We denote the elements of the subalgebras G(.£;°) and
G(LY by I,(1), acA*, and I,(1), ieN,, respectively. We
define a representation of the Gaudin algebra by means of
the formulas

I,(A)|0)=0, aeA;

193
Ii(A)|0)=F{(4)|0}, .

ieN,.

Here, |0) is the highest vector of the representation, and
the functions F;(1), ieN,, play the part of the components
of the highest weight. Let M ={M'}, ieN,, be sets of non-
negative integers. With each such set, we associate the
space | M), which is formed from all possible linear com-
binations of vectors of the form

Io (A1) 1o (A£) | 0), (194)
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where A,,..., A are arbitrary complex numbers, and
ay, ... ,agel,  are different sets of non-negative roots of
the algebra .7, that satisfy the restriction

a+a,+ ... +ag= — z Mi’ﬂ','. (195)

ieN,

Subject to this restriction, the number of roots in the set
can be arbitrary. If the operators I,(A) in (194) satisfy the
conditions (193), then the space W {F(A)} of the repre-
sentation of the Gaudin algebra realized by them is defined
as

WA{F(A)}= o |M). (196)
M>0
Following Ref. 3, we introduce the operators
K(A)= 2 gL (A)IA), (197)

a,be¥,

which depend on A and in their structure recall the Casimir
operators (89) in the algebra .#,. However, in reality
(197) are not Casimir operators for the Gaudin algebra
G(.Z,), since they do not commute with all of its ele-
ments. They possess a different remarkable property:

i.e., they form a commutative family. For this reason, the
spectral problem

K, (A)¢,=E,(1)¢, ¢eWAF(A)}, (199)

is completely integrable.’ In the following section, we shall
show that it can be solved exactly for all singular simple
Lie algebras in the framework of the algebraic Bethe an-
satz. In the exposition, we shall follow the studies of Ref.
18. For other methods of solving the Gaudin problem for
the simple classical Lie algebras, see, for example, Ref. 20.

Gaudin algebra in the special basis

Beginning with this section, we restrict the treatment
to only the singular simple Lie algebras, i.e., the algebras
A, (r>1), B.(r>2), C,(r>3), D,(r>4), Eg and E,. By vir-
tue of the correspondence noted in the previous section
between these algebras and the Gaudin algebras, the latter
have decompositions analogous to the decompositions
(152):

G(Z)={G(¥_,)eGH,)e (¥ )}oG(.L,_,).

(200)
We denote the elements of the subalgebras G(% .,),
G(H,), and G(£,_,) by E.,(A), H(A), and I,(1),
where ae¥,_ ;. Then in accordance with (191) and the
results of the previous sections, the following commutation
relations hold for them:

I1.(A) —I.(8)

- a,beQ, _;;

[1,(A),14(8)] = 92 TS,
! (201)

E. (1) —E.(§)
A—§ ’

[L(ALEL ()= —T,(%.,)
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acQ, _; (202)
[I,(A),H(£)]=0, aeQ,_; (203)
E., (1) —E,,
[EL (1) ®E. (§)]=0, (206)
[E:hr(ll)®E=Fr(§)]
H,(A) —H/(&) ~
=iQ’—/l—§ § 1,
Ar - A
- X I“()—I"(g)lﬂ(ffi,). (207)

ik

The superscript a in (206) is understood in the sense of
conjugation with respect to the bilinear form of the algebra
£ ,_ - We have the formula

which is the Gaudin analog of (167). For the operators
K, (1), we have

K, (A)=H:(A) + RH.(A) +2E_ (A)E , (L)
+ Kr— 1(/1)

We now determine the vacuum subspace W, _ {F(1)}
of the representation space W,{F(A)} as a linear hull of
the vectors

IO)’ Ial(ﬂ'l)|0>’ Ial(il)laz(iﬁ)lo)"- 3

in which the numbers A,, A,,... are arbitrary, and a,, a,,...
€, _ ;. It is readily verified that the elements ¢, _ of the
vacuum subspace possess the properties
E+ r(/l)¢r— 1=0;
H (), 1=h, (W), 1.

Here, h,(A) are the eigenvalues of the operator H,(1) on
|0), and they are equal to

aeQ,_ 1

(209)

(210)

(211)

h(A)= 2 SiFi(A), (212)
ieNf

and S is the matrix introduced earlier [see Eq. (176)].

Bethe solution of the generalized Gaudin problem

We now turn to the construction of exact solutions of
the spectral problem (199). Let M be a fixed natural num-
ber, and &, i=1, ..., M’, be as yet unknown numerical
parameters. We shall seek an eigenvector of the Casimir—
Gaudin operator K,(4) in the form

¢r=E—r(§r,l) ®"'®E—r(§r,M’)¢r—l’ (213)

where ¢,_ | is a tensor of rank M’ contracted with the
vectors of the generators E _, of the algebra G(& _,) with
respect to all indices. We shall regard the components of
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this tensor as elements of the vacuum subspace
W,_{F(A)}. Using Eqgs. (211), we can write

KA, _1=[h(A) + RALA) 1, _,
+ Kr—- l(l)¢r— 1-

We now calculate the result of applying the operator
K,(4) to the vector ¢,. For this, we require the commuta-
tion relations

[K(A),E_.(&)]

(214)

Qo
1 A
_—— (% _){E_ (I,
l—é'aeg_, ( {E_ (A)1,(8)

—E_, (&), ()} (215)
1 A
[Ia(l)’E—r(g)] =Z—___—§:Ia($ —r){E—r(A') —E_ r(g)}y
(216)
o,

[Hr(ﬂ')’E—r(g)]z __—{E—r(ﬂ) - E-—r(g)}’

p—: (217)

which can be readily deduced from the relations (191) and
the definition (197).
In the expression

Kr(ﬂ')‘pr:Kr()‘)E— r(gr,l) ®..9FE_ r(gr,Mr)¢r— 1

we move the operator K,(1) to the right and, using the
formulas (214) and (215), we obtain

(218)

Kr(i)qsr: [hf(/l) + R,h,'.(/l) ]¢r + E_ r(§r,1) ®.0FE_ r(gr,M’)Kr— I(A')‘!br— 1

M"
“2Qr 21
M’
+2 Y X

), m=1 A— §r,m

—E_ (&), (A)}® .. 0 E_ (Ep) (86, 1.

Further, shifting the operators H,(A), H,(£,,), I,(1),
1,(€, ), agfd, _,, to the right by means of the commuta-
tion relations (216) and (217), and using (211), we find
that the expression K,(A)¢, can be represented as a sum of
terms of two types:

Kr(/l)¢r= {Kr(l)(ﬁr}l + {Kr(i)‘ﬁr}z (220)

The terms identified by the index 1 are proportional to the
vector ¢, and, therefore, determine an eigenvalue E, (1) of
the operator K,(4). The remaining terms, identified by the
index 2, are not proportional to the vector ¢, and they must
be annihilated. We begin by considering the first group of
terms. They have the form -

{K,.(/‘L)QS,}]
M, 2
= R,| k(A
{(h,(/l)+Q,m§=)l/1_§r’ml + [ AA)
M 1 ']
+Qrm§ll_§r,m} ¢’
+E_(&D®. . ®FE_ (&K, _ (L), 1,
(221)
where
KE_i(M= Y gLAIA). (222)
a,beQ),
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71—:5_— E_ r(gr,l) ®..0{E_ r(A)Hr(gr,m) —E_ r(gr,m)Hr(l)} ®.0F_ r(gr,M’)¢r— 1

- E—r(gr,l) ®..8{E_ r(/l)la(gr,m)

(219)
T
It is readily verified that the operators
- ¥ L#)
LA=LM) = 2 775", acQry  (223)

satisfy the same commutation relations as the operators
I,(A). Therefore, K, _,(A), defined by (222), is a Gaudin
operator for the algebra G(.Z,_,). The set_of vectors
¢,_1 can be considered as the space W,_{F(1)} of a
representation of the Gaudin algebra characterized by
highest weight with components

~ i Yri
F)=F() = X 7—%—
Therefore, the spectral problem
K, \(0)_1=E._\(D$,_1s $,_1€W,_{F(D)},
(225)

is the Gaudin problem for the algebra G(.Z,_;). If it has
solutions, then we can write

ieN,_,. (224)

M! 2
K,(A>¢,=Hh,m>+g, 2 ,1——5—] +R,[h,(/1)
m=1 — 5rm
Mr ’ _ }
E,_(A)d,
+Qer=l i—év—r,m] + l( ) ¢
(226)
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provided, of course, the terms of the second type are equal to zero. We write out these terms separately. They have the

form

1
{K,A)p}=2 2

m>n (A' - gr,n) (gr,n - gr,m)

+ 2

a,be), |

M"

- n=1 A— §r,n

n

12 Y THENL(E, — Z

a,beQ, m=1 grn

g“”I(&’/“"’)I(%"”’)] [Qf"(m) wye 3

M
E_ r(gr,l) ®.0F_ ,.(A«) ®.0F_ r(gr,M') [2thr(§r,n) + 2Q2 z
t

§rm a,beQ}, _

E_,(§1)®..E_,(A)®..@E_,(§,,)8..9E_ (& M) [ [foﬁ") ® ﬁm)
1 1

m

T8 T,(&™) ] ]¢,_1

a,beQ), |

m=1 gl’,’l §r m

> I“(f,)fa(z’,)]cﬁr_l- (227)

The numbers with the arrows indicate the serial number of the operator in the product. Using the formulas (167) and

(222), we find
MI‘

1
{K,(A)¢,},= ’Z.l l_—ng

—RCSg— r—l(A) ¢r—l

Taking into account (225), we finally find that the condi-
tion of vanishing of the terms (228) has the form

1

E._ (),
En—Eom r—1(4)

2Q,h,(§,n) +20; Z 7——5=Resg .

n=1,.., M, (229)
where by Res; E, _ 1(4) we have denoted the residue of the
function E, _ ;(A) at the simple pole situated at the point &.

Thus, we see that the Gaudin problem for the algebra
G(.Z,) has been reduced to the analogous problem for the
algebra G(.£,_ ). In its structure, the latter completely
repeats the former, and therefore it, in its turn, can be
reduced to the Gaudin problem for the algebra G(.Z, _,),
etc., and this goes on until we reach the algebra
G(Z 1) = G(4,), for which the solution of this problem is
known (see Sec. 1). This enables us to write the solution of
the Gaudin problem in the explicit form

¢r=¢r(M’§)
M Mr—l

={ ®E_(§D[] © |E—v-1(&-1)
im1 =1

g E_(r—l)(gr)”

B m=1 gr— 1,i — gr,m
M r
(&)
E_((§)— 2 E : ”IO),
i=1 g=2 m=1 glz gqm

(230)
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——r(gr,l) ®... ®E—r(/1) ®... ®E'—r(gr,M’) ‘ZQ'hr(gr,n) + 2Q2 2

= §r,’l §r,m

(228)
I
E(A)=E(M,EA)
r
= 21 {RX(A) + RA(A)}
r MP

hy(A) — hy(Epm)

+2Y) X SspT—”, (231)
p=1 m=1 - §P:’"

where &,,, m=1,.., M’, p=1, ..., r are numbers that

satisfy the system of equations

33T

232
r=1 m=1 §s, gp, ( )

+ § Syhg(sn) =0.

Using the properties of the matrix S,, and the results of
Sec. 3, we can rewrite the last two expressions in terms of
the highest weights F(A) of the representation of the Gau-

din algebra:

: . d
EMEM= 2 [F'(/l) + v = |Fi(R)
ieN,

dA
" F A)—F ;
p=1 i=1 A— gP:"
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(234)

5. FROM GENERALIZED GAUDIN MODELS TO
QUASI-EXACTLY SOLVABLE EQUATIONS
Symmetry of the Gaudin model

We assume that the functions F;(1), ieN,, are such
that the limits

Fi= — limAF(A),

A- o

ieN,, (235)

exist. Then by virtue of (193) and (191) there must also
exist the operator limits

I,= — limAI(A),

A-

acql,. (236)

Using Egs. (191), (197), and (236), we find that the op-
erators (236) form the algebra Ly

[LI]= > Tle abeQ, (237)
ce),
and commute with the family of operators K,(4):
[K,(A4),[,]=0, acQ, (238)

This means that the Gaudin model possesses the global
symmetry algebra .Z ..

We now consider what representations of the symme-
try algebra can be realized in the space W, {F(4)}. For
this, we apply to the Bethe solutions (230) the operators
1, acA;, and I, ieN,. Shifting them to the right by means
of the commutation relations

[II,(A)]= X TSI(A), abeQ, (239)
ceq),

and using the restrictions (232) on the parameters &, ,,,, we
obtain

I,¢,(M,§) = (FI - Mi)¢r(My§)7
1,6,(M£)=0, acAr. (2400)

It can be seen from Eqs. (240a) and (240b) that the Bethe
solutions play the role of highest vectors for representa-
tions of the symmetry algebra .¢’,. The numbers F; — M,
ieN,, are the components of the corresponding highest
weights. The representations described by Eqs. (240a) and
(240b) are infinite-dimensional. Indeed, applying succes-
sively to ¢,(M,£) the operators I,, acA,”, we will obtain
more and more new solutions of the Gaudin model with
the same eigenvalues E,(M,&;A). This means that the Be-
the solutions found in the previous section are only some of
all the solutions of the Gaudin problem.

We denote by P, {F} the set of all solutions of the
system:

ieN ; (240a)

Ip=(F;—M)¢, ieNy (241a)
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I,4=0, acA’; (241b)

¢eW {F(1)}. (241c)

By virtue of (238), the space ®,{F} is invariant with
respect to the action of the operators K,(4). Therefore, the
spectral problems

K, (A)$,=E, (M), ¢,Pr{F}, (242)

are defined for all M={M'}, ieN . It can be shown that the
linear hull of the functions (230) is identical to the space
P, {F}, and for this reason the solutions of any of the
problems (242) are completely described by the explicit
Bethe formulas (230), (233), and (234).

An important property of the spaces ®,{F} is that
they are all finite-dimensional if F(A) is a rational func-
tion. This has the consequence that in the rational case
Egs. (242) have only a finite number of exact solutions and
therefore can be used as starting points in the construction
of quasi-exactly solvable problems.

Differential form of the Gaudin equations and
transition to quasi-exactly solvable equations

The finite dimensionality of the invariant spaces
®,,{F} is most readily proved in the case when the ratio-
nal functions F;(A) are nondegenerate, i.e., they are de-
scribed by the formulas

e § fai
' A=1/1_0'A,

ieN,. (243)

If (191) and (193) are to agree, the generators of the
Gaudin algebra must have an analogous form:

(244)

where I, are certain operators. Substituting (244) in the
commutation relations (191), we find that they satisfy the
relations

[IAa’IAb]= 2 cmszAO a,be};
ce)

r

[IAa’IBb]=O’ a9b€Qn A7£By (245)

i.e., they form the algebra %, @ ...® £, (N times). In this
case, the operators K,(1) take the form

D Y W

z a,beQ),
kKW= & G=opG—op’

i.e., they are transformed into the Hamiltonians of N-site
models of a magnet based on the algebra ¥, 0...0 L, (N
times). It is obvious that at site 4 there acts the represen-
tation of the algebra .2°, with highest weight f,={ /41,
ieN,. For the numbers F;, we have in this case

(246)

N
Fi= z fAi’ lG.N,. (247)
A=1
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The expressions for the symmetry operators become ex-
tremely simple:

N
L= 2 I, aeQ, (248)
A=1

We are now ready to use the differential realizations of
the representations of the algebra ., obtained in Sec. 2:

A a
> g tS (xA)a_‘F/tB(xA)fA
X4

~y d
1=, (xA)a_—+ta(xA)fA- (249)
X4
Substitution of (249) in (246) transforms K,(A) into a

single-parameter family of differential operators of second
order:

A d
ty (xB)E + /tg(xp)f B

y 2= (250)
Kr(/l)= s (A—UA)(A-UB)
I
The invariant space ®,,{F} on which the operators (250) N-1 ]
act is transformed accordingly, into the space of functions 2 2 aKy= 2 M, (255)

(polynomials) in the variables x,, 4=1,..., N. To de-
scribe the structure of this function space, we use the dif-
ferential realizations of the symmetry operators I,,, acA,",
and I, ieN, the explicit form of which can be obtained
from (248) and (249) with allowance for the formulas
(120) of Sec. 2:

oA ]
— + - +.
I,= A§=1 ty (x4) o, ael,";

N
~ d
I= 2 t7 (x)=—+F, ieN, (251)
A=1 ax 4
Then it follows from the definition (241) of the space

®,,{F} that its elements are functions that satisfy the sys-
tem of first-order differential equations

¥ ]

>t (x,,)a:w:o, aeA;; (252a)
A=1

S d

2 ti+ (xA)a_xA ¢= _Mz¢’ iENr (252b)
A=1

The subsidiary restriction (241c) reduces to the require-
ment that the solutions of the system (252) be sought in
the class of polynomials in x4, 4=1, ..., N.

In accordance with the results of Sec. 2, the general
solution of the subsystem (252a) has the form of a func-
tion that depends on N — 1 vector variables:

§A=SA—'XN, A=1, WN—-1. (253)
If this function is to satisfy the second subsystem (252b)
and simultaneously be a polynomial, it must have the form
of a linear combination of monomials,

Il (£1)519(50) .. (Ey - 1,0) 5V -1, (254)
aeAr
in which the non-negative integers K 4,, A=0, ..., N — 1,

ael,t, satisfy the system of equations
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aeA r+ 4=1 iG.N,

The number of solutions of the system (255) for K, for
given M’ determines the dimension of the space D, {F}.
We see that in all cases it is finite.

Now that we have at our disposal the explicit form of
the operators K,(A1) and the function spaces ®,{F}, we
can construct differential analogs of the spectral equations
(242). For this, it is sufficient to project K,(1) onto the
spaces @, {F}. We go over to the new variables in accor-
dance with the formulas

§A=xA —'XN, A=1, ,N-— 1, §N=XN; (256)

Jd —a(xA —'XN) d
B 94’

a N_la(xA—'xN)i
axzv—a§1v+ A=1 Oxy 9,4

A=1,.. ,N—-1; (257)

dx 4 x4

By virtue of the “translational” invariance of the op-
erator K (1) and the functions of the space ®,{F}, they
do not depend explicitly on &y. Therefore, in Egs. (256)
and (257) we can set £y = 0, simultaneously omitting the
derivatives with respect to &y. This gives, in place of (256)
and (257),

xA=§A’ A=19-"’N— l; xNZO: (258)
I 9 A=1,..N—1
aey ogg ATl
] N-1 J
&, e

[in obtaining the last formula, we have used the definition
of the matrix #(£) given in Sec. 2]. In addition, we have the
equations

H)=1, % (©)=0, *(0)=0,
P (0=0, Bo=T, P (0)=0. (260)

Using the relations (258)-(260), we obtain for K,(4):
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v 2 &L
a,be(),
k()= A,Bzzl (A—0)(A—oap)
PR S Z R
+2 ,Z’l (A— UA)(/l—UN) (A—opy)?
(261)
Here
=2 4 (§A) 2 ;v L (ENfar acQy
cxeA ieN,
(262a)
N—-1 tB a .
= — , AT
Ja Bgl &%”' a(gB)ﬁ ae
Ji=fNi» iGN,;
Jo=0, aeh,. (262b)

The obtained operators (261) act on the space of homo-
geneous polynomials in £, A=1,..., N — 1, with basis
(254)—(255). In accordance with the results of Sec. 2, the
elements of this space can be represented in the form
= 1II &y
¢ ax, N~

DMap(n,v), (263)

where 7 is the vector of dimension (N —2)(d,—r)/2
with components

e 4=,

H (§;’_ 1)(‘1,1Ti)
ieN,

N —2, aeA,

(264)

and v is the (d, — r)/2-dimensional vector with the com-
ponents

'Va=_ gx_l ’

II &y_ e

ieN,

ach}t. (265)

For this vector, the only trivial components are the
(d, — 3r)/2 components with aecA;" — I1,;", where I, is
the set of simple roots of the algebra .#,. The remaining r
components with aell," are equal to unity. The functions
P(n,v) in (263) are  polynomials in the
[(N—2)(d,—r) + (d,— 3r)]/2 variables 1 and v. The
form of these polynomials can be determined from the con-
dition that the elements (263) belong to the spaces
@, {F}. We denote the set of allowed polynomials 1(7,v)
by ¥, A{F}.

It follows from the invariance of the spaces ®,{F}
that the result of applying (261) to functions of the form
(263) must have the same form. This enables us to write
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&) T € )My
ieN,

= II (7 DMK (M A (), (266)
ieN,

where K,(M,A;n,v) is a differential operator that acts on
the space W, {F} and depends on the non-negative integers
M. Accordingly, Eqs. (242) can be written in the form

Kr(M’A';nyv)lp(nyV) =E,(M,A)¢(7’,V), ¢(1’yv)€lPM{F'}'

(267)

If we denote by V¥ the set of all analytic functions of the
variables 7 and v, then the equations

Kr(M,/l;”l,V)lp(n,V) =Er(MyA')¢(7]’V)a 1,’(779")6\1/1

(268)

will obviously have in ¥ only a finite number of exact
solutions, which are determined by the Bethe functions
(233) and (234) and lie in the class of polynomials in the
variables 7 and v of the form ¥, {F}.

Thus, we arrive at an infinite series of quasi-exactly
solvable equations associated with Gaudin models on the
representations of the algebras .#°, with highest weights
F(A).

It now remains to find the explicit form of the opera-
tors K,(M, A; 7, v). For this, we must go over in (261) to
new variables in accordance with the formulas

5117\;_ 1=§i:

(E)@™ %, A=1,..N—2; aeA}t;
£i= g 3 (269)

& _ 1= II (gH@e,

ieN,

1

ieN,

+ +.
acA;" —1I17;

a

e

(a,ﬂ") . d
2 M457 a anA

>

A=1 aeA+

(a7
- z —l)va a’ IEND
N R 4

(é-l)-—(aﬂ") 9

o A=l

—_—= ,N -~ 2, acA +;
3% N, r

.9
II &) - ™ = acAt —T11F. (270)

ag‘IIV—l ieN,

Since the operator (261) is ‘“scale-invariant,” it can con-
tain a dependence on £’ and 3/9€’ only in the form of the
combinations £'(3/3¢’), ieN,. As a result of the projection
of (261) onto the class of functions of the form (263),
these combinations are replaced by numbers M". In prac-
tice, this is done as follows. We use the scaling property of
the coefficient matrices :2(£) and £,(£):
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&= I1 (€)@ > (n,);
ieN,

AP | N RS ACPE

ieN,

2y = I1 () (w);
ieN,

r

d(En—n=II (&)~ @ i) 271)
ieN

r

Here A=1,.., N —2, aeA;", icN, aeQ,.?) Substituting
the formulas (269), (270), and (271) in (261) and (262),
and replacing the operators £'(3/9€’) by the numbers M,
we find

KAMA Niz za,benﬂabIAaIBb N2 za,beﬂ,gab[EbIAa + 14K,] Ea,ben,g“bEaKb
AMAI= & G—onl—op & G-0dlh-oy_) ' G-oy_
N=2  3g4e08%TiaLs 208 "KL, Sabe0 8 LoLy

+2 X

where
« o] .
L= 2 ’a(m)ﬁ+ PRACHT AR
aeAr+ M4 ieN,
A=1, .. ,N—-2; (273a)

N-2 a
vi(v) | M — X d i
K, igv,"' (v) > X (B )nﬁa 5

B=1 geAY

. ad
LW aa

r

- 2

pert _m*

a0
B ohd+ X

+
, —1I

+ X LM fy_1s aeQ,
ieN,

(273b)

K,=K,— 2 5i(v)(am), acQy; (273¢)
ieN,

r

N-2

a .
Li=— 2 2 tﬁ(np)wé— > th(v)[M'

B=1 BGA:r

N-2 ) d
— K

£ B,

50
- X BmMas

+
Bea —T;

d
- > tg(v)— , aeA’;
Bea —m* dvp
L=fn, ieN; L,=0; aeh, . (273d)

With this, we complete the construction of the multi-
dimensional quasi-exactly solvable differential equations of
second order associated with the completely integrable
Gaudin models in the case when the functions F;(1), ieN,
which play the part of highest weights of the representa-
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is1 A—0)(A —oyn) +2 (A—ony_1)(A—oy) + (A —oy)?

(272)

r

tions of the Gaudin algebra, are rational and nondegener-
ate. The transition to the degenerate rational case can be
made as follows.

We note that all rational functions F;(1), ieN,, admit
representation in the form

F(A)= 2 fa*(A), (274)

A

where 0?(A) are elementary rational functions of the form
(A — o) =" 0eC, neN. The index A4 labeling them is in fact
a multiple index A= (o, n). The sum in (279) is assumed
to be finite. In the decomposition (274) we have used only
decreasing elementary rational functions because the com-
ponents of the highest weights F;(1) must, by hypothesis,
be regular at infinity.

For the functions w?(A1) we have the composition the-
orems

A A _ A
M= Y Cic®(A)aC(p), (275)
—Hu BC
0®()w(A) = X Di%*(A), (276)
A

in which C4. and D2C are certain structure constants. The
sums over 4, B, and C in (275) and (276) are also as-
sumed to be finite.

In accordance with (193) and (191), the generators of
the Gaudin algebra should be sought in an analogous form:

I,(A) = X L' (A). (277)
A

Substituting (277) in the commutation relations (191) and

using (275), we obtain commutation relations directly for
the coefficient operators 1,

[T 40l 5c] = 20 Fh% Coslc, (278)

By virtue of the finiteness of the sum over 4 in (277), the
operators I, form a finite-dimensional Lie algebra. Sub-
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stituting the expansion (277) in the expression (197) for
the operators K,(4), we can reduce them to the form

K)= 2 2 gD¥o (Mg, (279)

a,bcQ, 4,B,C

These are the Hamiltonians of magnets based on the finite-
dimensional Lie algebra (278), which can be interpreted as
a certain contraction of the algebra .“,e..0.%, (N
times) if the functions F;(1), ieN,, are obtained as a result
of degeneracy of functions of the form (243).

_ To construct differential realizations of the operators
1 4., we first consider the procedure for going over from the
nondegenerate functions F;(1) to degenerate functions:

N
Z fAz

i Z Faeo (2). (280)

A=1
To realize this procedure, we must make a suitable linear
substitution:

N
fa= 2 Cioy, ..
B=1

and we must then let the parameters oy, ..., oy tend to
their limiting values, merging all or some of the simple
poles of the nondegenerate functions F;(A). The explicit
form of the matrix C5 is determined by the specific form of
the degeneracy, i.e., by the requirement that the result be
identical to the right-hand side of Eq. (280).
A similar procedure must be carried out for the oper-
ators I,(1):
A 8
2 T Z L' (4).

A=1

I3 f> €N, (281)

(282)

Here, it is most convenient to proceed from the nondegen-
erate operators I ,,, acA,", whose differential realizations
contain in accordance with Eqs. (189) the operators d/9x§
as terms. Requiring that the degenerate operators contain
as terms analogous operators of differentiation, but now
with respect to the new variables, d/9x%, we arrive at the
need to consider the limiting process

N 3/0x%
y X4 Z (3/35%)w(A),

A=1 A-——UA A=1

(283)

the structure of which is completely analogous to (280).
This enables us to write down the connection between the
derivatives d/9x§ and 9/9xy;:

e
= Z (o, ... ON) 3 acA, (284)
B= B

ax >
and then express the old variables x% in terms of the new
ones Xy:

(X

X% = (285)

|°|°Mz

65(0'1, .o ,UN).E%, aEA’.+ .
Here, CB is the matrix that is the inverse of C%. Substitut-
ing (281), (284), and (285) in the expressions for the
remaining operators /4, and making the necessary transi-

tion to the limiting values oy, ..., 0,, we arrive at differen-
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tial forms of the degenerate operators I 40 that realize the
representation of the contracted algebra ¥, e ... .7, (N
times).

Coulomb analogy

We return to the algebraic equations (253), from
which we can find the spectra of the Gaudin magnets and
the quasi-exactly solvable problems associated with them
The roots of these equations, i.e., the numbers &;,,

=1,.., M\, i=1,.., r, are, in general, complex. There-
fore, 1t is meamngful to introduce the two-dimensional vec-
tors

§ig=(Re §pIm £ ), ¢=1,..., M, i=1,..,r
(286)
If with them we introduce the notation
U,.(g)ERefF,-(g)dg, i=1,..,r, (287)

then the system (234) can be interpreted as the condition
for an extremum of the function

r M Mk

U§=— X 2 X (mmln|g, — &l

Lk=1 g=1 p=1

r M
- z 2 Ui(gi,p)-

i=1 p=1
We now note that the function (288) is none other than
the potential of a two-dimensional logarithmic many-
particle Coulomb system in an external field. There are
altogether r species of particles, labeled by the index i
=1, ..., r. There are M’ of the particles of species i. The
numbers §; , denote coordinates of these particles, and the
simple roots of the Lie algebra, m;, play the role of their
“vector” charges. Particles of the same species have the
same vector charges, and therefore repel each other
[(mr,m;) > 0], while particles of different species attract each
other [(m;, m,) <0, is4k]. In addition, there are r potentials
— Uy(§;), each of which acts only on the particles of a

definite species.

The Coulomb analogy is extremely helpful. We have
already had the possibility of demonstrating this in the
example of Ref. 12. The analogy makes it possible in a
qualitative analysis of the solutions of quasi-exactly solv-
able equations to use our classical intuition, which is obvi-
ously much more developed than the quantum-mechanical
intuition.

(288)

CONCLUSIONS. DEALGEBRAIZATION OF THE
METHOD AND PROSPECTS

Thus, we have completed the exposition of our new
approach to the problem of quasi-exact solvability in non-
relativistic quantum mechanics. The method developed in
it is suitable for constructing both one-dimensional and
multidimensional quasi-exactly solvable differential equa-
tions, which, using the procedure described in Ref. 12, can
always be reduced to equations of Schrodinger type. The
proposed approach, in contrast to the earlier ones (see, for
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example, the review of Ref. 12), is truly algebraic. The
original objects in it are completely integrable Gaudin
models based on the various simple Lie algebras, and they
are exactly solvable in the framework of the algebraic
Bethe ansatz. The global symmetry of these models makes
it possible to carry out in them (or, rather, in the differ-
ential forms of the corresponding integral equations) a par-
tial separation of the variables, after which these equations
become quasi-exactly solvable. Using the Bethe-ansatz
equations describing the spectra of the quasi-exactly solv-
able quantum-mechanical models obtained in this manner,
one can show that these models are equivalent to classical
models of two-dimensional Coulomb systems in an exter-
nal field. This connection between three completely differ-
ent, at the first glance, physical systems—models of mag-
nets based on Lie algebras, quasi-exactly solvable
quantum-mechanical models, and the classical many-
particle Coulomb problem—was noted by us earlier, but
we restricted ourselves to a discussion of the case of the
algebra s/(2). We now see that the connection also holds in
the general case.

An interesting feature of the approach proposed here is
that by its very essence it contains a possibility of further
generalization. This assertion is important, and therefore it
is worth dwelling on it in more detail.

We begin with this question: What role in the ap-
proach is played by the complete integrability of the model
of a Gaudin magnet? At the first glance, everything is
founded upon it. However, on closer examination it be-
comes obvious that the role reduces merely to the possibil-
ity of representing the result in a closed Bethe form. This
circumstance is undoubtedly helpful, since the Bethe form
of expression is the most convenient for carrying out var-
ious limiting processes, for example, the passage to the
infinite-dimensional (N—- ) or the exactly solvable
(M - o) cases. At the same time, the functional structure
of the result remains the same, so that both the pre-limit
and the limit models can be interpreted from the point of
view of the Coulomb analogy. However, these facts have
only a secondary nature. To the main question, that of
whether integrability has fundamental significance for
quasi-exact solvability (i.e., for the possibility of alge-
braization of the spectral problem), one can answer with
confidence: no, it does not. To demonstrate this, we con-
sider the model of a magnet based on the algebra
&, o...0 .7, with Hamiltonian

N
H= Y 2 C'%¢"I,lIp, (289)
A,B=1 a,beQ),

in which 7 ,,, which act at site 4, are the generators of the
algebra %, with highest weights f,={f,}, ieN, and C*8
are arbltrary numerical coefficients. The arbitrariness of
C*2 means that we do not require integrability of the
model (289). Despite this, it can also be associated with a
certain quasi-exactly solvable model by means of the
method discussed in the paper, which for this purpose is
completely ready.
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Indeed, the space W on which the operator H acts is
the direct product of the spaces W, of the representations
of the algebra .#,. They, in their turn, can be regarded as
direct sums of the subspaces |M ), defined as the sets of
vectors of the form Iy, “..."J4, |0), provided that the
roots a,, ..., Qg are negative and their sum is equal to
— E,EN’M;#,-. This means that for W we have the decom-
position

W= o q)M’

M30
where the spaces ®,, are determined by the formulas

(290)

Dp= ® {iMp)e..e | My}, (291)
My, My}
subject to the condition that
N .
> Mi=M', icN, (292)
A=1

A key property of the spaces ®,, is that they are all finite-
dimensional and invariant with respect to the action of the
operator H.

Further, the operator H has the global symmetry
group .Z, realized by the operators

N
I= 2 1, acQ, (293)
A=1

It is easy to show that the spaces ®,, are eigenspaces with

respect to the elements of the Cartan subalgebra of the

symmetry algebra .%
I®y=(F;— M) Py, (294)

where F;=3%_,f, This means that the sets of vectors
satisfying the conditions

I1,6=0, aeA}
Ip=(F;— M,)¢, (295)

certainly belong to ®,, and are therefore finite-
dimensional. These sets, which we denote by ¥,,, are also
invariant with respect to H, and we therefore arrive at the
infinite series of equations

Hp=Ep, ¢pe¥,;, M>O0,

ieN,; ¢eW,

(296)

each of which has only a finite number of solutions. The
transition from the algebraic form of these equations to the
differential form can be realized by the same method as in
the integrable case. This transition can be made in two
stages. In the first, allowance is made for the translational
invariance of the operator (289), by virtue of which it is
reduced to the form

Z 2

62
Py (é’)WjT

AB aBeAt
+ Z 2 (§) (297)
A=1 aeA §a
Here, P23 # and Q% are homogeneous polynomials in the

variables £% consisting of monomials of the form
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P"+B={§Zi...§;’; , a+..+ag=a+p;

= {gji Z’;}, a + ... + ag=a (298)

The spaces @, on which the operator H acts are a linear
combination of monomials:

ay Qg
€,

In the second stage, we take into account the ‘“scale” in-
variance (homogeneity) of the operator (289), which
makes possible partial separation of the variables £ in the
spectral equation for H. At the same time, we use the
ansatz (263), which transforms the spectral equation for
(297) into a differential equation in a smaller number of
variables 7 and v. It depends explicitly on the non-negative
integers M’ and is quasi-exactly solvable by construction.

It follows from the above derivation that the require-
ment of integrability of the original model (289) is indeed
redundant. However, at the same time we are forced to
recognize that this is also true of the entire algebraic struc-
ture of the model, i.e, actually the model itself. Indeed, we
could with success start with the operator (297) acting on
the space (299), taking as P* 7 and Q® the most general
polynomials of the form (298). After partial separation of
the variables, we would again obtain a quasi-exactly solv-
able model. It could be objected here that the algebraic
nature is implicitly present in Eq. (296), since in determin-
ing the spaces (299) and the coefficient functions in (297)
we used the properties of the root system of the algebra
£ . However, it can be shown that this last thread con-
necting equations of the type (296) to Lie algebras can also
be readily broken. Indeed, let A" be a finite system of
vectors of an r-dimensional space, including a basis of r
vectors, I1,", such that all the remaining vectors in A" (if
there are any) can be decomposed with respect to I," with
non-negative integer coefficients. The system A,* in gen-
eral is not a root system. However, if in Egs. (298) and
(299) the vectors a; are assumed to be elements of a root
system, then all the arguments that reduce Eqs. (298) to
quasi-exactly solvable form remain valid.

Thus, we arrive at a conclusion which at the first
glance appears paradoxical: In the formulation of the the-
ory of quasi-exact solvability one can get by perfectly well
without a concept such as a Lie algebra. The basic princi-
ples of this phenomenon can be understood without going
beyond the framework of the analytic approach. The aban-
donment of the language of symmetries not only simplifies
the problem, but, as we have seen above, permits its for-
mulation in a much more general form. Here, however,
there may arise a natural question concerning the status of
the Turbiner—Shifman method,11 in the formulation of
which a Lie algebra, or, rather, finite-dimensional repre-
sentations of it, play a decisive role. To answer this ques-
tion, we consider a typical Turbiner-Shifman Hamiltonian:

D=1 o+ o+ ag= > Mm.  (299)
ieN,

H= zPabSaSb+ ZQaSa’ (300)
a,b a
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in which S are the generators of a finite-dimensional rep-
resentation of some Lie algebra, and P, and Q, are arbi-
trary numerical coefficients. If our Hamiltonian (295) is to
take the form (300), it must be possible to represent the
operators S? in the form

Z P"“(ﬁ) (301)

08y’
where Pj"(g ) are homogeneous polynomials in & formed
from monomials of the form (298). Only such operators
close to make a finite-dimensional Lie algebra without tak-
ing us outside the space (299), i.e., realize on it finite-
dimensional representations. However, it is readily seen
that such a reduction of Hamiltonians of the type (297) to
the rotator Hamiltonians (300) is by no means always
possible. This could be prevented by the presence of terms
of the form £&*A3%/(3£%AE B), which are not factorizable,
i.e, cannot be represented as a product of two operators of
the form (301). This means that the Turbiner-Shifman
algebraic approach is not the most general, i.e., it does not
exhaust all possible quasi-exactly solvable models.

Of course, it is as yet clearly premature to claim that
the dealgebraized version of our approach discussed here
lays claim to the greatest generality. Although we do have
arguments for such a claim, this question can only be set-
tled at the theorem level of rigor. Thus, there may be “sur-
prises.” In turn, this means that in the theory of quasi-
exact solvability it is still early to put the final period.
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DThis definition differs from the standard one?* by a factor. _ ]
DThe employed notation (a,7’) is interpreted as follows: (a,7') = (a,7) if
a=aeA,", and (a,7') =0 if a=keN .
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