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A relativistic description of the deuteron and of processes in which it participates is presented
in the framework of a covariant approach in light-cone variables. The dpn vertex

function with one of the nucleons on the mass shell is taken as the relativistic wave function.
It is shown that all amplitudes of interaction with participation of the deuteron can be
expressed in terms of it. A scheme of relativization different from the usual one is proposed,
and a relativistic wave function that describes the statistical properties of the deuteron

and has the well-known wave function as nonrelativistic limit is constructed. The basic
importance of the choice of the frame of reference for describing processes in which

the deuteron participates is demonstrated. The constructed wave functions are used to describe
electromagnetic processes (ed—ed, ed—eX) and processes with strong interaction

(pd—hX, dA-pX) with the participation of a polarized (vector and tensor) deuteron and
unpolarized deuteron. Calculations of characteristics of the processes (form factors,

cross sections, structure functions, etc.) are compared with avallable experimental data.
Predictions are made for some processes (pd - 71X, ed—+ed ed—eX ), the experimental
verification of which is of interest both for the development of the relativistic theory of
nuclear systems and for the search for new effects due to the quark—gluon structure of hadrons

in nuclei.

INTRODUCTION

From the point of view of quantum chromodynamics
(QCD), the deuteron is an extremely complicated system,
consisting of at least six valence quarks with the possible
addition of sea quarks and gluons. At the same time, non-
relativistic physics successfully describes the deuteron as a
particle made up of a proton and a neutron. The transition
between these descriptions and the identification associated
with it of a manifestation of quark degrees of freedom in
the deuteron require study of the nucleon wave functions
of the deuteron in the relativistic domain. The arrival at
the QCD level of description can then be accurately rec-
ognized in the deviations of the properties of the real deu-
teron from the predictions in terms of a nucleon wave
function. This explains the great interest shown in recent
years in relativization of the description of the deuteron,
regarded as a bound state of nucleons. Anticipating, we
note that all authors who have worked in this direction
have been united in one thing—up to energies of the order
of several giga-electron-volts, the existing experimental
data fit in the nucleon picture of deuteron structure and do
not require a radical transition to a quark level of descrip-
tion, and they do not even require lesser modifications such
as allowance for the deformability of nucleons.

The relativistic description of bound states of two par-
ticles is an old and complicated problem. In this review, it
is not our aim to reflect all the varied, sometimes very
interesting approaches in the framework of relativistic
quantum field theory or scattering theory.!”'S Here, we
shall restrict ourselves to a brief discussion of the direc-
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tions that have a historical or direct relation to the method
we propose. Conceptually, the most general and simple
approach is the traditional one based on the Bethe-
Salpeter (BS) equation and wave function

Fps(x1,%2) =0 T{t,(x) ¥, (x2) } | ¥), (1)

where 1, are the operators of the proton (respectively,
neutron) field, and ¥ is the studied bound state
(deuteron).! For a spherically symmetric spinless deu-
teron, the BS wave function depends on two variables: the
relative separation |X; — X,| and the relative time xo
— X0. From the point of view of the Feynman rules, it
corresponds to a dpn vertex function in which both nucle-
ons are off the mass shell and have variable “virtualities.”
The presence of the two variables in the BS function makes
calculations with it extremely difficult even with the sim-
plest types of relativistic interaction, and it is also difficult
to compare it with the well-studied nonrelativistic wave
functions of the deuteron, which depend only on a single
variable (x; — X;). In the BS equation, the relativistic in-
teraction is known only in the form of a perturbation-
theory series and is not characterized by any distinguished
qualities as a function of its variables (for example, a lo-
cality property which holds such as holes for the nonrela-
tivistic potential). This opens up wide possibilities for the
construction of other deuteron wave functions that are a
restriction of the BS wave function to a certain, in general,
arbitrarily chosen subspace of values of x; and x, or the
corresponding conjugate momenta k; and k,. The general
scheme of such a construction is very simple. Suppose the
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two-particle Green’s function of the proton and neutron in
the original space is G. It satisfies the BS equation

G=G,+ G,KG, (2)

where K is the relativistic interaction, and all symbols de-
note operators acting on the space x,x, or k1k,. The formal
solution of (2) is obviously

G=(G, '—K)~ L (3)

We now consider the restriction of G to some arbitrary
subspace () of the original space of coordinates or mo-
menta: Gp=g. Obviously, the inverse operator g~ ! is not
equal to G~ 1 but it can be found if G is known. We
represent g~ ! in a form analogous to (3):

g=(g '— k), (4)

where g is an arbitrarily chosen (as simply as possible)
operator on () that can be naturally interpreted as the
Green’s function on () without allowance for the interac-
tion. The expression (4) then serves as a definition of the
interaction & in the subspace ). A consequence of (4) is a
BS equation in :

g=28o + gokg. (5)

Regarding (5) as a function of the square P* of the total
momentum and taking the residue at the point M?, where
M is the deuteron mass, we find a BS equation for a func-
tion f that is the restriction of Fgg to the subspace ():

S=8kf. (6)

In principle, this equation is not worse than the original
one. The potential k can be determined in perturbation
theory from the original K, as described above.

A classical example of the use of this scheme is the
quasipotential method, which realizes a restriction of the
space x;x, to the space of equal times with x;o = x,; (Ref.
3). Another obvious possibility is to fix the virtuality of one
of the nucleons [for this, of course, it is necessary to con-
sider (2) in the momentum space and go over from G to
the function 7 = G, 'GG; ']. Incidentally, it is clear that
there is here an infinite set of possibilities; for one can
regard as given any combinations of coordinates or mo-
menta of the particles and obtain equations for the re-
stricted wave functions. In recent years, a choice that has
become very popular is restriction to the subspace x; |
— X, , where x. are light-cone variables: x. = (1/v2)
X (x9 £ x,). In this case, an equation for f can also be
obtained independently of the BS equation, from a direct
consideration of the graphs for the “old” perturbation
theory.® The wave function obtained in this way depends
on two variables [(x; _ — x,_) and |x;; — x,,|*] and in
this respect is not better than the original Fgg. Neverthe-
less, in some special cases one can go over to wave func-
tions that depend on only one variable. This is the case
with the quasipotential wave functions, in which there re-
mains only the dependence on |x; — x,|. Wave functions
that depend on only one variable are also obtained by rel-
ativistically invariant restrictions in the space of virtualities
of thetypeak; + Bk; = m>.
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FIG. 1. Absorptive part of the amplitude for forward scattering of a
particle (4) by the deuteron (d) in the impulse approximation.

However, the construction of a relativistically invari-
ant wave function that depends on only one variable does
not yet by itself solve all the problems associated with
describing the deuteron. It would be sufficient to determine
the deuteron binding energy for a given interaction (i.e.,
given k). However, k is actually unknown, like K on the
complete space, and it is much more sensible to take the
binding energy from experiment. The main task is to cor-
relate experimental facts on the interaction of the deuteron
with other particles or fields. In this perspective, the tran-
sition to restricted wave functions gives little; for we know
how to express any amplitude with participation of the
deuteron in terms of the original BS function Fgg, but after
the restriction to f this simple connection is lost and it is
actually necessary to reconstruct the entire theory of scat-
tering by the deuteron. It can be seen that the task is to
construct a wave function that depends on a single variable
and in terms of which a scattering amplitude with partic-
ipation of the deuteron can be naturally expressed. The
review of studies in the present paper is devoted to this
problem.

As the deuteron wave function, we consider the dpn
vertex function with one of the nucleons on the mass shell.
Using the technique of light-cone variables, proposed orig-
inally for calculations in the so-called covariant parton
model,'” we show that all amplitudes of interactions with
participation of the deuteron can be expressed in terms of
a wave function in these variables.

The circumstance that the dpn vertex function with
nucleon spectator on the mass shell appears naturally in an
analysis of cross sections of interactions with the deuteron
is in general rather trivial and well known. Indeed, the
amplitude of an interaction with a deuteron corresponds in
the impulse approximation to allowance for the graph
shown in Fig. 1, in which the deuteron is represented by
the double line. The transition to the cross section corre-
sponds to taking the absorptive part of the forward scat-
tering amplitude (graphically, the cutting of the diagram is
shown in Fig. 1 by the broken line). The spectator nucleon
is then taken onto the mass shell, and both of the ingoing
dpn vertices are functions of only the virtuality of the ac-
tive nucleon. Much less trivial, and new, is the fact that not
only the absorptive parts but also the amplitudes them-
selves, in particular the form factors, can be expressed in
terms of the dpn vertex with one of the nucleons on the
mass shell. It is this circumstance that allows us to regard
such a vertex as a fully valid relativistic wave function of
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FIG. 2. Deuteron form factor in the impulse approximation.

the deuteron, and also to construct for it a relativistic wave
equation. This assertion will be demonstrated below in
Secs. 1-3 for the example of the scalar deuteron. The re-
mainder of the review is devoted to allowance for spins and
actual applications.

We should mention that in addition to the approaches
mentioned above there have been some other approaches in
the literature to relativization of the deuteron wave func-
tion that lead to wave functions that depend on a single
variable; these are based on various poorly justified approx-
imations. Thus, in the studies of Strikman and Frankfurt
(see the reviews of Refs. 12-14) the relative variables x
and k; in the wave function ¥(x = k /p, ,k;), which is
defined on the hypersurface x;, , — x, , = 0, are combined
without proper justification into a single argument (see the
criticism in Ref. 10). In the studies of Gross et al.,>'*?! in
which essentially the same wave function is used as in our
studies, but in different variables and, as a consequence,
with different results, the equation for the wave function
and the expressions for the form factors are obtained in an
approximation in which nonvanishing contributions from
all poles of the integrand apart from the contribution from
the spectator nucleon are ignored. In our studies, no such
approximations are made, and the results have a rigorous
nature in the framework of the adopted representation of
the deuteron as a composite of two nucleons.

1. WAVE FUNCTION AND FORM FACTORS OF THE
DEUTERON

In this section, we shall demonstrate that the dpn ver-
tex function with one nucleon off the mass shell and ex-
pressed in light-cone variables plays the role of a wave
function in a calculation of the deuteron form factor in the
impulse approximation.”” So as not to obscure key points
in the derivation, in this and the following two sections we
shall consider the model case of spinless particles (nucle-
ons and the deuteron). Allowance for the spins does not
change the fundamental conclusions and will be done fully
later.

In the impulse approximation, the deuteron form fac-
tor (electromagnetic or baryon) corresponds to the dia-
gram shown in Fig. 2. Explicitly, it is represented as an
integral over the momentum of the virtual spectator nu-
cleon

Fu@)= [ @%/2m* /(@ T (R DT (R
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X (m2— k) ~Vm? — k)~ Y m? = k) L (1)

Here, f, is the form factor of the (scalar) nucleon, T are
dpn vertex functions with both nucleons off the mass shell,
and m is the nucleon mass. We shall show that if light-cone
variables are used, F, can be expressed in terms of vertices
I' with the spectator nucleon on the mass shell.

We introduce the components k. by the relation

k= (ko k) V2. (8)

We shall consider the form factor in the region of spacelike
g and assume that g is purely transverse. We assume that
the vector p = 3(p; + py), which is orthogonal to g, is
purely longitudinal. The nucleon form factor f), has the
usual vector structure

Ful@k) = (ki + Ky, ) f (g7 K1K3). 9)

We consider the integration over the variable k_ in
the integral (7). In the plane of the complex variable
k _, singularities of the integrand arise from singularities
with respect to the three virtualities k%, k%, and k%, which
are situated in regions in which there exist corresponding
intermediate states: k> > m?, k3 > m?, k5 > m% Some of these
singularities (pole singularities) are separated explicitly in
the form of propagators, and the remainder are associated
with the vertex parts I" and the form factor f. In the vari-
able k _, the singularities that arise from K2, kf, and k% lie,
respectively, in the regions

k_>(m}—i0)/2k .,

(10)
2

Pia— —k_ >(m%,21 —10)/2(p1py — k),

where mi=m? — kI, m},=m* — k},, and m3 =m

— k%l. Sincep, =p — q/2,p, = p + q/2 and qis purely
transverse, p1+ — ki = py. — ki = p. — k. and the
same in the second pair of inequalities in (10). If the in-
tegral over k_ is to be nonzero, the singularities in k _
must lie on opposite sides of the real axis. It then follows
from (10) that the signsof k , andp, — k, must be the

same. Since, as we are assuming, p | is positive, this gives
a restriction on the range of variation of k  :

O<k,<p, —k,. (11)

Closing the contour of integration around the singu-
larities with respect to k_ in the lower half-plane, and
retaining from these singularities only the contribution of
the nucleon pole in accordance with the impulse approxi-
mation, we find for the + component in (7)

v, dk_ d*%
Foa=[" T @y 2+ ST (D)
XT(m*K3) (m? — k) ~Y(m?* — k3) ~,
(12)

where ki and k3 are expressed in terms of k + and k_ by

means of the relations
ky=pi—k, ky=p,—k, k_=m}/2k,. (13)

Equation (12) can also be written in the form
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dk L
F+(¢])=J- mZﬂ‘lfS(m — k%)6(ko)O(p 4

— k. )2k f(KLES) T (m% kD) T (m?,k3)

X (m*— k)~ Y (m*— k)~ L (14)

It can be seen that the transition from (7) to (14) corre-
sponds to taking the spectator nucleon onto the mass shell
together with the restriction on the region of integration
with respect to the variable k , . The noninvariant nature
of this restriction is due to a special choice of the frame of
reference, in which g . = 0 (we also required ¢ _ = 0, but
this is not necessary; see Sec. 3). We also recall in connec-
tion with the derivation of (12) that because light-cone
variables are used the points k. = O are singular, and it is
necessary to consider the existence of the integrals. In our
case, this circumstance dictates the choice of the 4+ com-
ponent for the form factor F,,. For the — component, the
analogous procedures are invalid and lead to divergences at
small k. Separating the scalar part of the form factor

F, by the relation
F,=2p,F(q%) (15)

and introducing the scaling variable x = k| /p . , we write
the final expression for the form factor as

1 dx d*k,
2y _ = 1 21212 2 2
F(‘] )_ J.O Ix (277)3‘xf(q ’k 7k2)(p(kl)¢(k2)’
(16)
where we have introduced the function
(k) =T (m*k*) (m* — k*) ~! (17)

and the variables k] and k; are expressed in terms of x and
k, by formulas that follow from (13):

K ay=1—x)M* + (1 — 1/x)m?

+ (ky+ (= )xgy /2)"/x. (18)

The expression (16) has been obtained for q2 < 0. The tran-
sition to g° > O can be made by analytic continuation of
(16) with respect to g* = qi.

Thus, we have indeed succeeded in expressing the deu-
teron form factor in terms of dpn vertex functions with the
spectator nucleon on the mass shell. As can be seen from
(16), or even more clearly from (14), the functions
@(k?) play the part of deuteron wave functions, entering
the form factor in the same manner that nonrelativistic
wave functions enter a nonrelativistic form factor. Only the
choice of the arguments and the region of integration are
nontrivial.

In principle, the expression (16) takes into account the
dependence of the nucleon form factor f on the virtuality
of the nucleon, i.e., the change of the electromagnetic (or
baryon) properties of a nucleon in a deuteron compared
with a free nucleon. In practice, the wave functions
o( k%) decrease fairly rapidly with increasing m? — kf, SO
that the integration in (16) is over a comparatively narrow
region near kf(z) = m?. This enables us to ignore the depen-
dence of f on the departure from the mass shell, which is,
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in fact, natural in the philosophy of the impulse approxi-
mation. Then (16) can be rewritten in the simple form

1 dx 5 5
F(@)=f(d") f f G )3Xfp(k De(ky).  (19)

The form-factor normalization condition F(0) = f(0) =1
gives a normalization condition for the wave function ¢:

1 dx dzkl 2
f G PR =1, (20)
where in accordance with (18)
B=(1—x)M*+ (1 — 1/x)m* + k2 /x. (21)

This makes it possible to give the function ¢/v2 a proba-
bility interpretation—the square of its modulus gives the
probability for finding in the relativistic deuteron nucleons
with transverse momentum =+ k, and fractions x and 1 — x
of the longitudinal momentum p, for the spectator and
active nucleon, respectively.

The wave function @(k*) depends on only one argu-
ment, since the variables x and k, are combined in k? in
accordance with Eq. (21). This is its main advantage com-
pared with the wave functions in light-cone variables that
are constructed in Weinberg’s technique as Fock compo-
nents of the neutron state on the hypersurface x , = 0.
However, in contrast to the latter, ¢(k?) is not symmetric
with respect to the two nucleons, i.e., with respect to the
substitution x—1 — x. From the physical point of view,
this is not that unusual, since the spectator and the active
nucleon play different parts in the observation process.
Note that in the approximation in which the dependence of
the vertex function on the virtuality is altogether ignored,
i.e., ['(m%k?) ~ I'(m?m?) and the wave function reduces
to a pole, p(k?) = C(m?> — k?) ™!, we find from (21)
plxk) = C(1 — x) " '[m?/x(1 — x) — M*]~ e,
apart from the factor (1 — x) ~! the variables x and k;
are combined in the argument mf /[x(1 — x)], which is
symmetric with respect to the substitution x=1 — x. It was
asserted in Refs. 12-14 and 23 that the deuteron wave
function in light-cone variables must depend on x and k;
precisely through this argument, the assertion being based
on the so-called angle condition,’* which represents the
requirement of spherical symmetry for the deuteron S
state. This assertion has frequently been criticized. ' It fol-
lows from our arguments that x and k, are combined into
the argument m’ /[x(1 — x)] in the crudest approxima-
tion in which the dependence of the vertex function on the
virtuality is completely ignored and the wave function re-
duces to a propagator. At the nonrelativistic level, this
corresponds to the zero-range approximation.

In conclusion, we emphasize the utility of the light-
cone variables. In the variables kg, k the integrand in (7)
has, as a function of kg, six poles from intermediate two-
nucleon states, three of which lie below and three above the
real axis. In the Breit frame (p = 0, g, = 0), the poles lie at
the points ko= = \m* + K%, p— ko= £[m?
+ (kxq/ 2)2]1/ 2. Therefore, in the calculation of the inte-
gral (7) it is necessary to take into account not only the
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FIG. 3. Amplitude for scattering of a scalar particle (/,) on the deuteron
(d) in the impulse approximation.

pole of the spectator nucleon but also two poles of the
active nucleon, which actually correspond to production of
nucleon-antinucleon pairs by the external field. As follows
from (14), the contribution of these poles actually cancels
the part of the contribution from the spectator pole corre-
sponding to the region Kk, > p, and leads to the appear-
ance of the restriction K, < p_ in the exact result. At
small ¢% this contribution is small, but its importance
grows with increasing ¢, so that it is certainly significant at
relativistic ¢°. The use of the light-cone variables makes it
possible to take into account this contribution automati-
cally and rigorously in the form of the condition k
< p, under the integral sign in (14). As was noted in the
Introduction, the approach of Gross’s group is well known
in the literature.>'®?! In it, in the integration in the vari-
ables ko, k only the contribution of the spectator pole is
taken into account, the remaining poles being ignored. This
is equivalent to absence of the restriction k , < p,.1Itis
clear that at small ¢ such an approximation gives the same
result as our expressions. However, with increasing ¢* a
difference arises on account of the conditionk , < p,,i.e,
on account of the contributions, ignored in Refs. 5 and
18-21, from the poles of the active nucleon, even though
the wave function used by Gross et al. is the same as our
function ¢(k2). Therefore, despite the identity of the em-
ployed wave function, the results of the calculation of the
form factors (see Sec. 6) and the equation for the wave
function in our studies and in those of Gross et al. are
different, owing to the use of different variables and, as a
consequence, the approximations made by Gross ef al.

2. SCATTERING AMPLITUDES WITH PARTICIPATION
OF A DEUTERON AT HIGH ENERGIES

We shall attempt to extend the results obtained in the
previous section for the form factors to more complicated
amplitudes involving the deuteron.?® As we shall see in the
case in which the interaction energy is high, arbitrary deu-
teron interaction amplitudes can be expressed in terms of
the wave functions ¢p(k2) associated with dpn vertices with
the spectator nucleon on the mass shell.

We consider the amplitude for scattering of an arbi-
trary scalar particle by a deuteron in the impulse approx-
imation (Fig. 3). Like the form factor, it can be expressed
as an integral over the momentum of the virtual spectator:
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A:f (@*/ (2m) a1k, g) T (2KD)

XT (kLKD) (m? — K3 ~Y(m? — k) ~\(m? — k) — L.
(22)

The amplitude a describes scattering by the virtual constit-
uent nucleon and is a scalar function of the four variables
sy = (I, + k)% ¢% K3, k3. The vectors p = 1(p; + p,) and
I = 3(I; + 1) are orthogonal to g. We assume that g is
purely transverse, and p and / are purely longitudinal.

We again calculate the integral (22) in the light-cone
variables and consider the integral with respect to k_. In
the plane of the complex variable k _, there now appear, in
addition to the previous singularities (10) for the form
factor, two new singularities, which arise from the right
and left cuts of the amplitude a as a function of s;. In terms
of k, _, the singularities at the points s; = u? and u; = p?
generate the singularities

I_+(p_ —k_)=(u] —i0)/2[1, =(p, — k)],
(23)

where ,uf =pu? — kf. The appearance of the new singulari-
ties (23) will in general change the result obtained in the
calculation of the form factor. Even in the region 0
< k, < p,, the singularity in (23) corresponding to the
lower sign may be in the lower half-plane, and it must be
added to the pole contribution of the spectator. For k
> p, the integral now does not vanish, since the singular-
ity in (23) corresponding to the upper sign remains in the
upper half-plane as longas k, </, + p . Thus, in the
general case the transition from the form factor must also
take into account other singularities of the integrand from
the amplitude a, and, thus, strict placing of the spectator
on the mass shell is impossible.

The situation becomes simpler on the transition to high
energies. Suppose that the energy variable s = (p + )2
for the considered amplitude is large: s > m2 We choose
the antilaboratory frame of reference relative to the deu-
teron, in which the deuteron moves rapidly along the z
axis, and the momentum / is finite. Then p, ~ s/m > m,
p_ ~ m®/s, 1, ~ m. In this frame of reference, we can ig-
nore p _ in (23) compared with / _ and /, compared with
p .. Then from (23) we find singularities with respect to
k _ at the points

I_Fhk_==*(ui—i0)/[2(p, —k,)]. (24)
The positions of these singularities with respect to the real
axis are exactly the same as those already considered for
the case of the form factor, namely, outside the region
0 <k, <p, they have the same positions as the first of the
singularities of (10), and inside this region they lie above
the real axis. Therefore, only the indicated range of k
values makes a contribution, and the value of the integral
with respect to k _ is given by the residue at the pole that
derives from the spectator. Introducing again the variable
x =k /p,, we find, thus, at high energies
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FIG. 4. Impulse approximation for inclusive production of a cumulative
particle (r) on the deuteron (d) (direct mechanism).

d’k 1 dx
4= | Gy ). 2x qGeRRDe(RDe(R). (25)

Here, k%(2) are given by the previous expressions (18). For
scattering by a constituent nucleon, the energy variable s;
is expressed in terms of x and k; by the relation s; = (/
+ p — k)% in which it is necessary to assume k _
= m} /2k , and take into account the relative orders of the
quantities in the chosen frame of reference. Apart from
quantities having relative order m?/s, we find that s
=2(p — k) = (1 — x)s.

The upshot is that we have succeeded in expressing the
amplitude for scattering by the deuteron at high energies in
the impulse approximation in terms of the amplitude for
scattering by the constituent nucleon and the wave func-
tions cp(kz) associated with the dpn vertex function with
the spectator nucleon on the mass shell. Of course, as in
the case of the form factor, it is sensible in the spirit of the
impulse approximation to ignore the dependence of the
amplitude a on the virtualities k3 and k3. Then the ampli-
tude @ in (25) depends only on the Feynman variable of
integration x. If we introduce the “unintegrated” form fac-
tor by

1 d*k
P =5 [ Gmys PDPURD, 26)
then we find from (25)
1 dx
A(s,c12)=fO — Pxg)al(1-x)sg’]. (27)

At the same time, the form factor itself is expressed in
terms of p by

1
F@=f) [ dwixad), (28)
0
and the normalization condition for p is
1
f dxp(x,0)=1. (29)
0

This result can be generalized directly to more compli-
cated interaction amplitudes involving the deuteron at high
energies. For example, in connection with inclusive cross
sections for particle production on the deuteron, we will be
interested in the six-point forward scattering amplitude,
which in the impulse approximation corresponds to the
diagram in Fig. 4. Its imaginary part gives the inclusive
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Py

a

FIG. 5. Bethe—Salpeter equation for the vertex function I in the ladder
approximation.

cross section I,(s,a,r;) for production of particle
r={r, +ap,r} in a collision of an incident particle
(momentum /) with the deuteron (momentum p) at en-
ergy s in the center-of-mass system. The operation of
taking of the imaginary part immediately places the spec-
tator nucleon on the mass shell. We perform the remaining
three-dimensional integration in the variables x and £ . In
the integrand we have the inclusive cross section
1y (sy,2,r}) for production of a particle on the virtual active
nucleon. The virtuality X} is expressed in terms of x and
k, by the previous formula (21). As before, 5; = (1
— x)s. The variable u = (k; — #)? is related to the vari-
ables of integration by u = (1 — z)m? + (1 — 1/z)u?
+ (7, — zk,)*/z, wherez = r, /k; . <1,and pisthe mass
of the detected particle. From this we conclude that z = a/
(1 —x)<landr| = r, — zk,. If we also ignore the depen-
dence of the inclusive cross section I on the virtuality of
the nucleon, then we finally obtain

1-a dx d*k,
Id(s’a’rl): J-O E (217.)3

XIy[(1 —x)s,a/(1 —x),719%(K}),  (30)
with k7 given by (21), and
ri=r,—a/(1 —x)k,. (31)

3. EQUATION FOR THE WAVE FUNCTION.
NONRELATIVISTIC LIMIT

As we have established, the main quantities that de-
scribe the interaction with a deuteron can be expressed in
terms of the wave function @, which is the dpn vertex
function with one virtual nucleon with its propagator in-
cluded. In order to raise ¢ to the status of a true wave -
function, we construct for it an equation that, in principle,
also determines the deuteron binding energy.”? The BS
equation for the vertex I“(q2,p§) in the ladder approxima-
tion and neglect of self-masses is shown graphically in Fig.
5. The wavy line corresponds to exchange of a meson or
several mesons, i.e., to the relativistic interaction in the
ladder approximation V' (k,), k, = p, — k. Explicitly,

d*k
T'(¢~p3) = f anh V(ky) T (K%KD)
X (m?—K2) ~'(m?—K3) . (32)
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We shall calculate the right-hand side of Eq. (32), i.e., the
diagram of Fig. 5b, by the same methods as the form fac-
tor, taking one of the external nucleons to be physical,
pg = m?, and the other virtual with spacelike momentum
g <0.

We use the light-cone variables k., k;. The calcula-
tions effectively repeat the case of the form factor, except
that the squares of the momenta p; and p, are now differ-
ent: p} = M?, while p5 = m% We shall assume thatg , =0,
and that the deuteron momentum is purely longitudinal,
pu = 0. Then p,, =p;, and k, | =k, . We shall de-
scribe the singularities with respect to k _ by the previous
conditions (10), and the disposition of the singularities
corresponding to the second condition (10) will again be
the same, being determined by the sign of p; , — k. The
upshot is that we obtain the previous result, namely, the
integral is nonvanishing only in the region 0 < £, < py
and can be calculated by closing the contour of integration
in the k _ plane around the pole at the point k> = m®.
Introducing x = k/p,, we find in complete analogy
with (14) or (16)

1 dx d*k
=~ Pro)= [ 5 | Gy VDD,

(33)

Here, we have gone over to the function <p(k2)
= (MK (m* — k). Expressions for k12 can be
readily obtained by the substltutlon kK =ml 1/2k , . These
expressions generalize (18) to the case of unequal masses:

K=(1—x)M?*+ (1 —1/x)m?* + k3 /x; }

B=2—x—1/x)m* + (k, — xq,)*/x. (34)

Equation (33) is obtained in the distinguished frame of
reference fixed by the condition g, , = 0. Therefore, it does
not have a relativistically invariant form. If we return to
the variable 4-momentum k, the equation can be written in
a form analogous to (14):

(m*— g )w(q)—f —sza(m — 1)

X0(ko)0(p1 4 —k IV(K)@(KD),
(35)

where k, = p, — k,k, = p, — k. Asin (14), theright-hand
side of (35) differs from the pure pole contribution of the
spectator nucleon only in the restriction on the region of
integration with respect to k _, which has a manifestly
noninvariant nature. Actually, Eq. (35) has a restricted
invariance with respect to Lorentz transformations along
the z axis and rotations in the transverse plane. However,
this circumstance in no way affects the complete relativistic
invariance of the function (p(qz), Using it, we can readily
represent Eq. (33) of (35) in a manifestly relativistically
invariant form. Introducing an integration over the virtu-
alities k2 and k2, we rewrite (33) in the form

(m? — @) o(q?) = f AR (LK) (1), (36)
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where the kernel K is determined by

K@k = [ & f‘ = =

(—sV(kz)
X 8[ k2 — K2 (x,k,) 18[ K5 — ka(x,ky)] (37)

and the functions k%(x, k,) and k%(x, k,) are the right-
hand sides of the relations (34). In the form (36), the
equation for cp(k2) is obviously relativistically invariant
and one-dimensional.

A question of practical importance is the relation of
@(k?) to the nonrelativistic wave function and the associ-
ated question of the nonrelativistic limit of Eq. (33). To go
over to the nonrelativistic limit, it is convenient, using the
invariance of the equation with respect to Lorentz trans-
formations along the z axis, to go over in (35) to the
deuteron rest frame: p, , = p;_ = M, p;; = 0. Since then
P2 = ¢, in this frame

q2=M2+m2_2M m2+q2;
=M+ m? —2M |m? + K3
kKa=2m? —2\m? + ¢* {m* + K* + 2(kq).

Therefore, the wave functions <p(q2) and <p(k%) in (35)
can be regarded as functions of q* and k2, respectively.
Integration over k, then gives the following equation in the
deuteron rest frame:

QM+ ¢ — Me(d®)

1 d’k VoI
ZHJZ(Zﬂ)s;]mi+k2 (k2)e(Kk%)
XO(M — Jm* + K — k). (39)

This equation is similar to a Schrodinger equation with
relativistic kinematics or a quasipotential equation.’ The
main difference is the presence of the @ function, which
bounds the region of integration with respect. to k, by
quantities of order m on the side of positive values.

The passage to the nonrelativistic limit can now be
made easily. We set M =2m — ¢ and take the limit as
m— o for fixed q, k, and £. Then. it can be seen that (39)
goes over into an ordinary Schrodinger equation with po-
tential in the momentum space equal to V( — k2)/4m?.
At the same time, the restriction on the region of integra-
tion with resepct to k, disappears. A similar transition can
be made in the normalization condition (20). In the deu-
teron rest frame, the variable x = k_/p, becomes
(ym?+ k?* — k,)/M and in the nonrelativistic limit gives
m/M. After this, we obtain the usual nonrelativistic nor-
malization condition in the momentum space for the wave
function @(k?)/ 2M. The factor 1/ 2M is obviously re-
lated to the transition from the relativistic normalization of
the states to a nonrelativistic one.

(38)

4. ELECTROMAGNETIC DEUTERON FORM FACTORS:
ALLOWANCE FOR SPINS

Actual calculations require a transition to real deuter-
ons and nucleons with spin.>>*’ Allowance for spin does
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not change the fundamental aspects of the method, since
the spin factors do not destroy the analytic properties of
the amplitudes as functions of X _. The final conclusion
can be reduced to formulas of the type (14) or (25),
namely, the spectator nucleon is taken onto the mass shell,
and there appears the restriction k | < p ., the significance
of which is transparent in the infinite-momentum frame of
the deuteron—it suppresses the component with negative
energy. In this connection, the expressions for the various
processes in our approach are similar to the analogous
expressions in Gross’s approach, in which the spectator
nucleon is also on the mass shell. The difference from the
approach of Gross et al. reduces to the restriction on the
region of integration with respect to kK, which arises, as
was explained in Sec. 1, when complete allowance is made
for all the poles of the integrand. A consistent theory
should begin with the construction of the wave function of
the deuteron and determination of its binding energy. The
constructed wave function could then be used to study
interactions of the deuteron. In principle, such a program
can be realized. For the deuteron with spin, one can con-
struct a wave equation by following the method discussed
in Sec. 3. The form of this equation is the same as that of
the equations proposed in Ref. 5, which must be consid-
ered in the frame with ¢, = 0, and restrictions must be
introduced on the region of integration with respect to the
momentum of the real spectator nucleon: Kk, < p,.Fora
given pn potential, one could seek from this the wave func-
tion and the binding energy. However, in our opinion, such
a program is not satisfactory because the pn potential is
poorly known in the relativistic region. Therefore, it ap-
pears more constructive to use a semiphenomenological
approach in which the binding energy of the deuteron and
its wave function are chosen in accordance with experi-
mental data, in particular, on the basis of the well-known
nonrelativistic deuteron wave functions. The wave function
obtained in this manner can then be used to describe in-
teraction processes involving the deuteron. Such an ap-
proach was used in Refs. 25-30.

When spins are taken into account, the deuteron wave
function y,, defined as the dpn vertex with one of the
nucleons (p or n) on the mass shell and the propagators of
the active nucleon included, is a vector with respect to the
deuteron spin and a 4X4 matrix with respect to the nu-
cleon spin indices. It is convenient to describe the active
nucleon by the charge-conjugate field. Then the structure
of the wave function 1, is the same as for the standard
vector vertex of a spinor nucleon with the initial or final
nucleon on the mass shell:

Ya(k) =koluy + up(m + 5] + valus + ug(m + k)1
(40)

Here, k is the momentum of the active (initial) nucleon;
u; = u,(k?) are the scalar components of the deuteron wave
function. It can be seen that the relativistic deuteron is
described by four scalar functions, in contrast to the non-
relativistic deuteron, which is described by two functions:
the S and D waves. The connection between the functions
u; and the nonrelativistic wave functions will be discussed
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FIG. 6. Electromagnetic form factor of the deuteron in the impulse ap-
proximation.

in the following section when we determine the actual form
of u;, since the precise correspondence takes into account
the normalization conditions generated by the electric or
baryon form factor.

The electromagnetic form factor of the deuteron is de-
scribed by the previous diagram of Fig. 2, which after tran-
sition to the conjugate field for the spectator is represented
in the form shown in Fig. 6. The momenta & , of the active
antinucleons are, of course, — k;,. The spinor ring in the
diagram corresponds to taking the trace. After transition
to the light-cone variables and integration with respect to
k _ in complete analogy with the scalar case, the substitu-
tion (m* — k?) ~! 52w i8(m? — k2)0(ky)O(p . — k. )is
made, and instead of (14) we obtain

F;;B(q)=f (d*k/ (2m)*) 2mib (m?

— k) 0(ky)O(p . — k)
XSp{ fH(g k) Palky) (m + ) Us(k)}.  (41)

Here, f, is the form factor of the active nucleon with unity
subtracted on account of the trace that derives on the tran-
sition in the form factor f* from the antinucleon to the
nucleon. If desired, a transition can be made in the integral
(41) to the variables x and k. Then kiz will be expressed
by the previous formulas (18).

In accordance with the impulse approximation, we
take the nucleon form factor f* on the mass shell of the
nucleon. Then it is parametrized by two scalar functions:

A =rf1()) + (i0"q,/2m) f5 (), (42)

which characterize the electric and magnetic structure of
the nucleon. We recall that the electric, f,, and magnetic,
S form factors are related to f;, i = 1, 2, by

fe=f1+ [ /AmY, fy=f1+ fo (43)

The deuteron form factor F%z contains three scalar com-
ponents of p = 3(p; + p,):

Flp= — 2p"g.5F1(q*) + (985 — apg") F2(q%)
+ (20"9.95/ M*)F3(q%), (44)

which are related to the electric, F,, magnetic, F,,, and
quadrupole, Fy, form factors by
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F,=F, +%17FQ’ Fy=F,

—F+ (1+7)F;, (45)

where 1 = — ¢*/4M>

Substituting the expressions (42) and (40) for fﬂ and
Yy, in the integrand in (41), calculating the traces, and
analyzing the structure of the integral with respect to the
indices a, B, and u, we can express the deuteron form
factors and F; in terms of integrals with respect to x and
k, of linear combinations u,-(k%)uj(ki), i, j=1,..,4. The
corresponding expressions are very cumbersome and are
given in Ref. 26.

The final expressions for the form factors F; can be
expressed in the form

Fi=f14;+ f2B;

in which we have separated the dependence of F; on the

FQ=F1

i=1,.,3, (46)

nucleon form factors f; and f,. The functions 4; and B;

describe the intrinsic structure of the deuteron.

5. CONSTRUCTION OF A RELATIVISTIC DEUTERON
WAVE FUNCTION

As we said, we intend to determine the deuteron wave
function semiphenomenologically, in the first place by re-
quiring correspondence with the nonrelativistic deuteron
wave functions. As in the scalar case, the equation for the
wave function with allowance for spins goes over in the
deuteron rest frame in the nonrelativistic limit into a
Schrddinger equation. Then from the relativistic propaga-
tor (m + k;) ~!in ¢,(k,) there survives only the posi-
tive-frequency  contribution  u°(k) @ (k;)/(ym* + ki
— k)2 ym* + k%. In the nonrelativistic limit, \m?* + k%
— kg = (k®/m + ¢), where ¢ is the deuteron binding
energy. One of the two spinors #¢ and u, occurs in the
definition of the nonrelativistic limit of the potential. Thus,
apart from the normalization the wave function is deter-
mined in the nonrelativistic limit by the expression

@, (k) =(k* + o) ~ a4, (k)T i —m?, a?=me,

(47)
where I', 1s the dpn vertex, related to ¢, by ¥, = ', (m
+ kl) 1 If T, is represented in a form analogous to (40)

(K1),

To=kqla; + ay(m + k)1 + Valas + ay(m + k)],
(48)
where a; = a,(k?) are four functions related simply to u;

then in the nonrelativistic limit we find from (47) the fol-
lowing expressions for the spatial components ®,, u =1,

2, 3:
JE

D,(k)=—— (k> + a®) ~ 'y}
e+ (7L e 49
X[ca,—+; (a_ﬂ) onn;ix,. (49)

Here, n = k/k, and y and o are spinors and Pauli matrices,
respectively. The functions with ¢( k%) and a( k%) are linear
combinations of a,-(k%):
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C=a;— ay(m* + K3)/2m, a=a, + ay(m* —k})/2m,
(50)

and the dependence on k? is determined from (38). It can
be seen that the nonrelativistic limit is sensitive to only two
of the four wave functions of the relativistic deuteron.

It is well known that the wave function of the nonrel-
ativistic deuteron can be expressed in terms of the standard
S and D components u(k?) and w(k?) by

D,(K*) = 2my}

where the normalization has the form

1
uai—ﬁw(3n,~(¢m) —0)ixey (51)

f Kdk(a? + w?) =1. (52)

Comparison of (49) and (51) makes it possible to relate
the components of the relativistic wave function a; (and,
with them, u; also) in the nonrelativistic limit to the well-
known S and D waves u and w. The precise connection
requires allowance for the normalization condition. Taking
it as the asymptotic normalization, i.e., the behavior of the
wave function at large distances, or, equivalently, the dpn
coupling constant when all three particles are physical, we
find the relations

c= 87/m(a® + k) [u + w/V2];
a= \87/m(a® + K*)[ — 3mw/k*V2 + (u + w/v2)/2m];
kl d m
(53)
We shall construct relativistic wave functions a,-(k%) as

sums of pole terms, choosing the positions of the poles in
accordance with the analytic properties:

N
a (K /(m*— k3= X M/ (4, —K);
! (54)

L
ar )/ — k) = T 670/ (11— K,

where t; = m?, t; > m?® for i> 1. Such a representation is
convenient because the well-known nonrelativistic wave
functions # and w are also usually represented in the form
of an analogous sum of pole terms with respect to the
variable k2. Therefore, we achieve agreement with the non-
relativistic limit if we choose the poles and residues of these
linear combinations @ and ¢ in accordance with the known
poles and residues of the nonrelativistic wave functions in
order to achieve fulfillment of (53) in the nonrelativistic
limit. At the same time, some of the residues §; remain free,
since there are four, and not two, relativistic wave func-
tions. Let N>L and N be chosen in accordance with the
number of poles of the nonrelativistic wave function. The
conditions of convergence of the integrals with respect to
k . ,k, for the form factors impose certain restrictions on
the behavior of a; when |k3| — o; they require a decrease
of a,; and k1a2,4 This gives six further conditions on the
residues, three of which are satisfied in the nonrelativistic
limit, while three are new. The upshot is that there remain
2(L —1) —3=2L — 5 unknown residues. They can be
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FIG. 7. Relativistic deuteron wave functions of the S, P, and D waves without core (a, Ref. 26), with core (b, Ref. 27), and of Gross (c, Ref. 19).

determined, for example, from the normalization of the
electromagnetic form factors of the deuteron at the origin,
i.e.,, from the known charge, magnetic, and quadrupole
moments of the deuteron:

F(0)=1, Fy(0)=ps Fo(0)=0Q, (35)

In Refs. 26 and 27, numerical calculations were made
for two nonrelativistic deuteron wave functions with pa-
rameters taken from Refs. 33 and 34. The first of these
contained four, and the second—currently the best—13
pole terms in each of the S and D waves. In both cases, the
number of terms in the representation of the functions
a, 4 is 3. The results of the optimal choice of the free pa-
rameters §§2) and §§;’ together with the remaining param-
eters of the relativistic wave function are presented in Refs.
26 and 27. In Ref. 25, the wave function from Ref. 35 was
used as the nonrelativistic wave function. It contains six
pole terms in the S wave and five irf the D wave. The
parametrization of this relativistic wave function is given in
Ref. 25.

The amplitude for transition of the deuteron into two
nucleons, one virtual and the other on the mass shell, can
be expressed in terms of the vertex function I', and repre-
sented as a sum of relativistic deuteron wave functions with
positive, ¥+, and negative, 1 ~, energies:"’

P+ (k) =Au(k)T,(k)Cu"( — k)&% (56)
¥~ (k) =Bu(k)T,(k)CoT( — k)&~ (57)
Here A = [8yPMEQRE — M), B =

— [8ym™MEM]~'; E = |m?+ k% u and v are Dirac
spinors; C is the matrix of charge conjugation; and £ is the
polarization vector. In the deuteron rest frame, these func-
tions are related to the wave functions of the S, P, and D
waves, denoted by u, v,,, and w, respectively, as follows:

Pt (k)= (4m) ~ "’y H{u(of) +w
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X [(eam)(&n) — (0€)1/V2}xy (58)
¥~ (k) =(3/4m) 2 *{v,(ng) + v,
X [(om) (0§) — (n&)]1/vV2}x,, (59)

Comparing the expressions (56), (57), (58), and (59), we
find relations that connect the two sets of functions a;(k)
(i=1,..,4) and u, v,, w:

u=N[ak* + a;(2E + m) + a,(2E — M)

X(E—2m)]; (60)
v,=N,|k|(aym — a3 + a,ME); (61)

v =N, |k|V2a,M; (62)
w=Nplak®> + a;(m — E) + a,(E—m)(2E— M)],
(63)

where N, = Np/vV2 = [3n2MQE — M)]™% N,

= —[n|6MEM]~ .

Figure 7a shows graphs of the relativistic deuteron
wave functions u, v,,, w obtained by relativizing the wave
functions of Ref. 33. A feature of these is the absence of a
core in the S wave, this being reflected in the monotonic
decrease of the graph of the function u (k). The graphs of
the dependence of w and v;, (D and P waves) begin at the
origin and then increase monotonically, reaching a maxi-
mum. At large |k|, v; and w decrease monotonically, ap-
proaching zero from positive values, while v, having
reached a minimum, increases monotonically, approaching
zero from negative values.

Figure 7b shows graphs of the relativistic deuteron
wave function of Ref. 27 obtained by relativizing the
“Paris” wave function.’ This takes into account the pres-
ence of a core in the S wave, manifested in the character-
istic behavior of the graph of u in the region 0.4 < k <0.5
GeV/c and known in the literature as dynamic enhance-
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FIG. 8. Electric, F,(Q?) (a), magnetic, F (0% (b), and quadrupole, F, Q(Qz) (¢), form factors of the deuteron in the impulse approximation.

ment of the D wave. In this region there must be the stron-
gest manifestation of effects due to the quark—gluon struc-
ture of nucleons such as quark filling of the core®® and
elongation of the nucleon.®” The behavior of w is analogous
to the case in Fig. 7a. The graphs of v,, have oscillatory
behavior at K <0.6 GeV/c. Outside this region, a mono-
tonic decrease is observed. Note that the behavior of v;, for
a relativistic wave function with a core is very different
from the behavior for a wave function without a core (Fig.
7a). In our opinion, this is due to the difference in the
behavior of the nonrelativistic deuteron wave function in
the region of the core.

For comparison, Fig. 7c gives graphs of the relativistic
wave equations obtained by solving Gross’s equation.' It
can be seen from Fig. 7c that the behavior of the S and D
components of the relativistic wave function is analogous
to the behavior of these functions in Fig. 7b. The graph of
v, agrees well with the analogous graph in Fig. 7a but
differs appreciably from the graph of v, in Fig. 7b. The
behavior of v, is different for all three cases.

It can be seen from Figs. 7b and 7c that for the rela-
tivistic wave function with core the main difference is ob-
served in the behavior of the antinucleon components v;,.

In the covariant approach in light-cone variables of
Refs. 25-27, allowance is made for not only the spectator
pole but also the contribution from the pole of the active
nucleon. At the same time, the kinematic suppression of
the contribution of the antinucleon components compared
with the nucleon contribution is automatically taken into
account. This is the fundamental difference from Gross’s
approach. In that approach, the deuteron is treated in the
rest frame, where there is no such restriction. At the same
time, absence of information about the physically observ-
able component of the relativistic deuteron wave function
introduces an uncertainty into the solution of Gross’s
equation in the behavior of the physically observable nu-
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cleon component in the relativistic region. All this indi-
cates that the choice of the frame of reference has funda-
mental importance in the realization of a definite
procedure for constructing a relativistic deuteron wave
function.

In conclusion, we note that the structure of the S and
D components of the constructed deuteron wave functions
is qualitatively similar to the structure of the correspond-
ing nonrelativistic components. However a slower decrease
with increasing k is observed for the components of the
relativistic wave function. When the relativization proce-
dure is carried out, the behavior of the P wave functions
does not exhibit clearly expressed effects, and unambiguous
conclusions about its structure cannot be drawn.

6. CALCULATIONS OF ELECTROMAGNETIC FORM
FACTORS OF THE DEUTERON FOR ELASTIC
ed SCATTERING

Having at our disposal the deuteron wave function
1, defined as the sum of pole terms (54) with the positions
of the poles and residues determined in accordance with
the scheme described in the previous section, we can pro-
ceed to calculations of experimentally observable quantities
associated with interaction of the deuteron with particles
and fields. In this section, we give the results of calcula-
tions of the electromagnetic form factors of the deuteron in
accordance with the expressions obtained in Sec. 4, and
also the intimately related calculations of the cross section
for elastic ed scattering.

In Fig. 8, we give the results of calculation of the elec-
tric, F,, magnetic, F), and quadrupole, F, form factors of
the deuteron. In the calculations for the proton form fac-
tors we used the dipole formula

pr(QZ)=Np(1 + 0?/0.71) 2 (64)

M. A. Braun and M. V. Tokarev 611



Py P2

FIG. 9. Amplitude of elastic ed scattering in the single-photon approxi-
mation.

and the scaling law

S =F4() /iy (65)

The magnetic form factor of the neutron is reasonably well
described by the dipole formula

Fi(@) =p,(1+ ¢2/0.71) 72, (66)
and for the electric form factor we chose the parametriza-
tion

T

[l @=—1

where 7 = (?/4m?, and p is a numerical parameter that is
poorly determined from the experiments. A justification of
the choice of the parameter p for the potentials can be
found in Refs. 38 and 39. Other parametrizations of the
nucleon form factors are described in Refs. 40 and 41.

In Fig. 8, the broken, chain, and dotted curves corre-
spond to choices of the parameter p equal to 0, 1, and o,
respectively. It can be seen that with increasing p there is a
displacement of the first zero of all form factors to larger
@*. This dependence is manifested especially clearly for
Fo(@).

The results indicate a strong dependence on the choice
of the electric form factor of the neutron. Great interest
therefore attaches to polarization experiments, in which it
is in principle possible to obtain independent information
about each of the deuteron form factors. Such experiments
could also give additional information about the electric
form factor of the neutron at large Q*.

Knowledge of the form factors makes it possible to
describe completely the process of elastic ed scattering in
the single-photon approximation (Fig. 9). Its amplitude is
determined by the expression

M =iu(ky,0) v, (k1,01)ed, (P26 T Pe 5(p1, 1) e/
(=) (68)

Here k,,(p;,) are the momenta of the electron (respec-
tively, deuteron) in the initial and final states; ¢ is the
proton momentum,; e , are the deuteron polarization vec-
tors; and I",‘fB is the electromagnetic form factor. It can be
seen that the amplitude is completely determined if the
form factor I‘Z‘B is known.

The differential cross section for scattering of unpolar-
ized particles has the form

(0, (67)
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FIG. 10. Structure function A(Q?) in the impulse approximation.

do/dQ=(do/dQ)o[A(Q%) + B(Q*)1g*6/2],  (69)

where (do/dQ), = [a?cos®(6/2)/4E*sin*(6/2)][1
+ 2(E/m,) sin?(8/2)] ~ ! is the cross section for scatter-
ing by a point particle; € and E are the scattering angle and
the initial energy of the electron in the laboratory system;
and @ = e*/4xw. The structure functions A(Q?) and
B(Q?) are expressed in terms of the electromagnetic form
factors of the deuteron by the well-known formulas**~**

A(P)=F(Q) +3nF3(QP) + 32 Fy(0P);

B(Q)=31(1 +n)Fy(Q*), n=0%4M>.

In Figs. 10 and 11 we give graphs of the calculated
structure functions A(Qz) and B(Qz) from Refs. 26 and
27. The dependence of 4(Q*) and B(Q?) on the choice of
the electric form factor of the neutron (67) was investi-
gated. In all the figures, the graphs of 4 (Qz) and B( Q2) for
the three values O, 1, and « of the parameter p are shown
by the broken, chain, and dotted curves, respectively.

In Fig. 10, the continuous curve shows Gross’s
calculation,”® which does not use light-cone variables but
does use the same expressions for the nucleon form factors
with f (@*) = 0. The results that we obtained for
A(Qz) indicate a strong dependence on the choice of the
electric form factor of the neutron in the region ¢ > 30
fm ~2. Good agreement with the experimental data*>*® is
obtained for p = 1. Gross’s calculation? lies appreciably
below our calculation (p = « ) and below the experimen-
tal data. Note that the graph of 4(Q?) for the case p =
differs qualitatively from the other two with p =0 and 1.
This difference is due to the proximity of the zeros in the
electric and quadrupole form factors of the deuteron.

The behavior of the structure function B(QZ) in Fig.
11a does not exhibit in the considered region a significant

(70)
(71)
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in Ref. 20; (c) experimental data from Refs. 49 and 50.

dependence on the parameter p. For Q* < 25 fm~2, we

observe good agreement with the experimental data of Ref.
47. In the region @* > 25 fm ~2, our calculation lies some-
what below the experimental points.

For comparison, in Fig. 11a we give the results of cal-
culation in the impulse approximation from Refs. 20 and
48. The first calculation (curve 1) used relativistic wave
functions that are solutions of Gross’s equation'® and ex-
pressions for the deuteron form factors obtained in the
deuteron rest frame. The second calculation (curve 2)48
used relativistic deuteron wave functions obtained by solv-
ing the Bethe—Salpeter equation, while the calculation of
the form factors was made, as in Gross’s approach, in the
deuteron rest frame but using different expressions. As can
be seen from Fig. 11a, the graphs of these functions lie
below our curve and do not describe the experimental data.

Figure 11b gives the graph of B(Q?) in a wider range
of momentum transfers than in Fig. 11a. It can be seen that
with increasing p there is a displacement of the zeros of
B(Q?%) to larger Q°. At the same time, the values of the
second and third maxima are decreased by about an order
of magnitude. The continuous curve gives Gross’s
calculation.?® It can be seen that compared with our cal-
culation (p equal to 0, 1, ) appreciable qualitative and
quantitative differences are observed.

In Fig. 11c, our calculation of B(Q?) is compared with
the most recent experimental data.**>" It can be seen from
Fig. 11c that for Q2 < 0.7 (GeV/c)? the theoretical curves
give a good description of the experimental data. In the
region Q% > 0.7 (GeV/c)? a systematic lowering of the cal-
culated curves is observed, and the first zero is shifted to
smaller Q2 than in the experiments. At the same time, it
should be noted that there is good qualitative agreement
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with experiment for all three curves.

It can be seen from (70) and (71) that for scattering of
unpolarized particles it is impossible to separate the con-
tributions from the charge and quadrupole form factors
but that this can be done in experiments with polarized
particles.

Thus, in the case of scattering of longitudinally polar-
ized electrons by an unpolarized deuteron target, the recoil
deuterons acquire vector and tensor polarizations. They
can be expressed in terms of the electromagnetic form fac-
tors of the deuteron by the well-known formulas?®!

4 2 1 0
Dpxlo= -3 [n(1+m)] FM(Fe+§77FQ) tgi;

(72)

2 0 1/2 0

_Z 27 2 2 7.

leo—377[(1+7l){1+778m 7 ] FMtgzsecz,
(73)

8 o 8 o |
Pzlo=—3nFFo—gnFo—3m
29
X|1+2(1+m) tg’5 P (74)
(Pxx — Py o= — 1F3; (75)
172 0

pleo=—2n[n+nzsin25 FuFgsecs; (76)
Tyo=p../V2, an

where I, = A(Q%) + B(Q*)tg*(6/2).

M. A. Braun and M. V. Tokarev 613



o4 0,3
oF SETTRITT L N
\ 77 N 7N -1
-0y4 .\ .'.// ey 0,1 7/ ’\}\\\ x10
g7 > D
-0,8 -\ -‘;// ol o \. N ern
\_ a b
\Z/ :
-2 e 1 1 1 1 _0' 7 1 1 1 1 i .
i 0 20 J0 40 50 60 0o 10 2 , % 40 50 &0
@, fm—2 - @, fm—2 '
*0,2 0,2
ggﬂk‘
0 .':,./// ’ g r .'.We-\..\
\ -1 '75/ \ // ~N
-0.2k x1077 3-0,2 =
TN Fosf
N . o x //
-0,6F = -0,6F \\ j/ FIG. 12. Vector p, (a), p, (b), and tensor,
’ C ! \ : / d sz (C), Pxx — Dyy (d), Pz (e)’ TZO (f) pOIar‘
-0,8 r \ \ A L -0,8 \Y/ , , L | izations of the deuteron in elastic ed scattering
Y0 10 20 30 40 50 60 g 10 20 30 40 50 60 in the impulse approximation at 6, = 40°.
@ fm—2 @, fm—2
Pzz[ T20 ]
0 N - 0 --.-\\ -'/
\ 7 s i
Py Vd - )
-041 _.-',/ e - N bl
\ 7 05 \§ i/
-0\ iy - \ "// /
-1,2} \ :': / - \ :':/
S B / -1,0 \ ,;'/
nep ¥ C \ ?
“h \ 7 e L \ f
-2,0 1\" 1 1 1 1 _15-111111Lll|llll‘l\lljl_LllLllllll
0 10 20 30 47 50 60 "0 1 2 3 4 5 &
02’ fm—2 Q, fm—1

Figure 12 shows calculations of the vector, p,, p,, and
tensor, Py, Prx — Py P2ar 120 POlarization characteristics of
the scattering of longitudinally polarized electrons by an
unpolarized deuterium target with detection of the polar-
ized recoil deuterons and the scattered electron at angle
6, = 40°. It can be seen from Fig. 12 that as the parameter
p is increased, the point of intersection of the graphs with
the Q” axis is displaced to larger Q. A significant difference
between our calculation and the analogous calculation of
Gross?! is observed in the region ¢ > 10 fm ~2 In our
calculations, the points of intersection of the graphs lie in
the interval 30 < @? < 50 fm ~ 2, but in the calculations of
Ref. 21 they lie in the interval 15 < Q* < 25 fm 2.

In Fig. 12f, our curve for T,y is compared with
experiment.’!">? In the considered region, all three graphs
(p equal to O, 1, « ) practically coincide and describe the
experimental data.

Among these quantities, the greatest interest attaches
to measurement of p,, and p,/p,, (Fig. 13), since they
include a combination of the charge and quadrupole form
factors different from the combination in 4(Q?).

We also consider the elastic scattering of longitudinally
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polarized electrons by vector-polarized deuterons. The
cross section of the process can be represented in the form

do d’e, 1, Wi -
dQe_q4€11 251 . 29’ ( )
+ Msm E
ag,6
\
B4t A
-1
;:0,2_ \\ x10
AN V=
3 of o=
> I~
-0,2}+ '\
-0,4 1 L 1 1 1
o 10 20 30 40 50 60
@, fm=2

FIG. 13. Dependence of the ratio p,/p,, on the momentum transfer ¢* in
elastic ed scattering in the impulse approximation at 6, = 40°.
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where €, is the energy of the electron in the initial (re-
spectively, final) state, and 6 is the emission angle of the
scattered electron. The tensor /,, describes the amplitude
of the process of scattering of a virtual photon by a polar-
ized electron, y* +e—7y* + ¢, and is determined by the
well-known expression

lyv=2(kluk2v + klvk2y) + gy\gz + 2ime£uvaﬂ.sgq/{' (79)

The polarization density matrix of the deuteron has the
form

Pap= — (8ap — P11/ M) /3 + it aprap(si/2M.  (80)

The tensor Wff‘v3 describes the amplitude for scattering of

the_’virtual Bhoton by the vector-polarized deuteron, y*

+ d-y* +d and is expressed by
er=rga(}’lypzﬂ)Pa/l(Pz)riﬁ(Pl,PZ,Q)- (81)

Here, ', is the electromagnetic deuteron vertex. The con-
traction W, = paBWz’?, is usually parametrized as follows:

W= — 8uv — 4,9/ 8) W1 + pup,W3/4M*
+ i€,mg (SGMGY + [ P (g54)
— si(gp)) 1M ~'G3}. (82)

The structure functions W'li’z and G‘f,z can be expressed in
terms of the electromagnetic form factors of the deuteron:

Wi=2M*B(Q"), Wi=4M>A(Q"); (83)
Gi=2Fy[F,+ Fym/2 + Fgn/3]; (84)
Gj= — FylF,— Fy/2 + Fyn/3]. (85)

The longitudinal, 4, and transverse, 4;, asymmetries
of the process of elastic scattering of the polarized electrons
by the vector-polarized deuterons can be defined as fol-
lows:

A4)=(a’(11) =o' (110)/ (o' (11) +0"(11));  (86)

A=(0'(1-) —0'(1<))/(0'(1-) + ' (1<)).
(87)

Here (11) and (11) denote parallel and antiparallel orien-
tation of the polarization vectors s, and s  and (1—) cor-
responds to the case in which the vectors s, and s, are
mutually orthogonal; o'=do/d},.

The asymmetries 4 and 4, can be expressed in terms
of the structure functions W‘li’z, 0«11’2:41,53

6
Aj=2 tgzi [(&; + & cos O)MG? — Q*G21/

6
[W‘2’+2W‘{tg25]; (88)
6
A,=2tg? 3 (MG + 2¢,G3)e, sin 6/
0
[W§+2W‘ftg25] : (89)
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metries of the ed—e'd process in the single-photon approximation. The
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function of Ref. 27 and with p equal to O, 1, and o, respectively.

Figure 14 gives the results of calculation of the reac-
tion asymmetries 4| and 4, as functions of the square D? of
the momentum transfer for 6, = 10°. It can be seen from the
figure that for 0* < 1.6 (GeV/c)? all the curves (p equal to
0, 1, ) have qualitatively similar behavior, while for
@? > 1.6 (GeV/c)? they differ significantly.

Figure 15 shows the results of calculation of the struc-
ture function G‘{ (@?) in the impulse approximation. It can
be seen from the figure that in the region Q* > 2.0
GeV/c? the curve with p = oo lies below the curves with p
g;zual to 0 and 1, and the zero of G%(Q?) is shifted to larger

Experimental investigations of the asymmetry of the
process ed—ed and the structure functions G’f,Z(QZ) can
give new information about the electromagnetic form fac-
tors of the deuteron and the electric form factor of the
neutron, and they are also of interest for testing the rela-
tivistic theory of the deuteron.

7. DEEP INELASTIC ed SCATTERING

As is well known, the inclusive cross section for deep
inelastic ed scattering can be expressed in terms of the
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amplitude for forward scattering of a virtual photon y*
with momentum ¢ (¢> < 0) by the deuteron. This corre-
sponds to the diagram of Fig. 3 with renotation /—¢g. When
spins are taken into account, the relativistic deuteron wave
functions 1, appear in the integrand in the expression
(25), as in the case of the form factor, and the amplitude
a of scattering by the active nucleon becomes a matrix with
respect to the spinor indices of the nucleon and the vector
indices of the photon (uv). Therefore, we find the ampli-
tude

A’&§=f [a*k/ (2m)*i]2mi8 (K> — m*)6(ko)O(p ..

— k , )Sp{a*"(¢.k1) Ya(ky) (m + k) hg(kp) }.
(90)

As we discussed in Sec. 2, at high energies, when
(qp)Ev)»mz, the quantity (gk;)=wv, is also large, and
from all the structures in the amplitude a*”(g,k;) there
survives only one:

a**(g,k1) = (q/v1) (89" a; + k{P*k("a,). (91)

where gf,‘,’g) and kﬁz) are, respectively, the metric tensor and
a vector orthogonal to ¢; a; and a, are invariant functions.
If the dependence on the virtuality kf is ignored, then the
imaginary parts of @, , give the usual structure functions of
an unpolarized nucleon:

1
w;(x,,0%) =—Ima, (92)

where Q> = — g% x; = Q%/2v,. If (90) is averaged over
the deuteron polarizations, and the contraction of (90) is
taken with the polarization operator p,;, for the unpolar-
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aB

ized deuteron, then the averaged amplitude Ay = papAyy

will have a structure analogous to (91):

A, =824, + p\PpP4,. (93)

The deuteron structure functions are related to 4; by a
formula that exactly repeats (92):

1
Wi(x,0%) =_Im4, (94)
where x = Q*/2v.

We substitute (91) and (40) in the integrand in (90),
take the trace, and, analyzing the structure of the integral
with respect to the indices uv after contraction with p®,
find expressions for the amplitude 4, in terms of the bilin-
ear combinations of functions u,-(kf)u j(kf) and amplitudes
a, for scattering by the nucleon. Taking the imaginary parts
of both sides of the equation, we obtain a relation between
the structure functions on the deuteron, W, and on the
nucleon, w;. If we go over to the usually employed struc-
ture functions F¢ = 2M Wi, F = (v/M?) W4 and the stan-
dard functions F {V , for the nucleon, then the relation be-
tween F? and FY becomes

1

F,df(a,Qz) = f dxdzkltp,-(x,kl)Ffv(a/x,Qz). (95)
a

Here ¢; = 1,/x, and the function ¥, gives the probability

that the active nucleon carries the fraction x of the +

component of the deuteron momentum and the transverse

momentum K. It is normalized by the condition

1
f dx f d*k i, (x,k) =1 (96)
0
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and can be expressed in terms of the scalar deuteron wave
functions a; [see the expression (48)] as follows:

Dy (x.k) ={3[akt — 43] + 32[4, — 2mazd;
— B[M? — m?]] + [k} — (pky)/M?]
X [A% - a%kf —24,a3 + 2a,4;]
+ z[ K3 — (pk)2/M?][ — A} — 2ma,A,
+ 4A4.a; + a%(M2 —m?) + 4a,a3m
— 4a3] + 2[z — (pky)/M*] [ 41 43m
+ (41ay — a143) ((pky) — K)
— ayaymki — A3 + a3k 1Y/

X [(m? — kDX(1 —x)3(2m)?], (97)

whex;e A, = am + a,(m?* — k%), Ay = asm + a,(m?
— k).

Note that our expression (95) has a similar structure
to the expression used, for example, in Refs. 12, 13, and 54.
A difference is in the function 1,, which in our case does
not simply reduce to a sum of squares of the S- and D-wave
components of the deuteron wave function but is a combi-
nation of all four relativisitic deuteron wave functions.

We now turn to numerical calculations of the deuteron
structure functions using the wave functions constructed in
Sec. 5.

Figure 16 shows the results of calculation of the struc-
ture function vW’zi at @ = 6.0 (GeV/c)? as a function of
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FIG. 16. Structure function vW3 of the ed—¢'X process in the im-
pulse approximation. The continuous curve is the result of calcula-
tion with the wave function of Ref. 27; the experimental points are
from Ref. 55.

the variable 0’ = 1/2a + m%v/ Qz, in which one can ex-
pect to observe early scaling. For the nucleon structure
functions, the standard approximations were chosen:”®

Fi(x)=(1—x)3[1.274 4 0.5989(1 — x)

—1.675(1 — x)?]; (98)

Fi(x)=(1—0.75x) F5(x). (99)

Note that to achieve agreement between the calculated
curve and the experimental data of Ref. 55 in the cumula-
tive region 0.7 < @’ < 1.1 it is necessary to assume a depen-
dence of the parameter m3 on Q°. In the noncumulative
region @’ > 2, the theoretical curve lies somewhat below the
experimental points. To test the behavior vW’zi ~ (1
— x)° at x~1 predicted by the parton model, the cumu-
lative part of the theoretical curve has been approximated
by a function of the form 4(0’ — 0.5)2. For the param-
eters 4 and B the following values were obtained: 4 = 3.96,
B =9.25; A =0.12, B = 7.25. In the first calculation, both
parameters were selected, and in the second only one (the
parameter 4 was fixed in accordance with Ref. 12, where
for B the value 5.7 was obtained).

The results of the calculations show that the theoreti-
cal curve basically gives a reasonably good description of
the experimental data in both the cumulative (0.5<a
< 1.0) and the noncumulative (0 <a <0.5) region.

Figure 17a shows the result of our calculation of the
structure function ng(a,Qz) with the structure function
Fév (x,Q%) parametrized in terms of the quark distributions
u(x,0%), d(x,0%), 5(x,0%) of Ref. 56. It can be seen from
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Fig. 17a that our calculation gives a qualitatively good
description of the experimental data,’” and we attribute the
difference between the results in the region of large W
= (m*— Q2 + 2q0m)1/ 2(small a,0?) to mass corrections
~(m*/QM)".

For electron scattering by tensor-polarized deuterons,
a structure pZB = S,p appears in the deuteron polarization
matrix p,s Accordingly, in the amplitude of virtual y*d
forward scattering there are additional terms

A =3 A3 p,(S,08" — 4.(459)/8") + (u=v)}.  (100)

The imaginary part of A; generates the structure function
W‘;(x,Qz) in accordance with the expression (90).
Figure 17b shows the result of calculation of the struc-
ture function W94. For the nucleon structure function
Fﬁv (x,0%), the quark distributions of Ref. 56 were used.
For scattering of polarized electrons by vector-polar-
ized deuterons, the tensor of the structure functions W,
has the same structure as for the case of elastic ed scatter-
ing. Its antisymmetric part is determined by the two struc-

ture functions G{,(v,0%):

Wi, =i6,,5q" " MG} + [5*(pg) — p*(sq) 1M ~ ‘g‘%}l-)

In the impulse approximation as v,Q* — « and ignor-
ing G’g, we obtain

81, 0P)eyorg’s M /v
1 - ~
= [ ax [ ko spFtk om+ R

X Yp(k1)90,,/v1 2058 (a/x,0°). (102)

W, GeV

Here p,g = ieaﬁ&,s"p’l/ 2M is the vector part of the polariza-
tion density matrix; g} is the nucleon structure function,
gi= MvGS, andg‘zi =M~ "VGi.

Figure 18 gives the results of the calculation of
ag‘f(a,Qz) and the asymmetry of the process, defined by

A)(a,Q*) =ag{(a,0*)/F(a,0). (103)

For the nucleon structure functions, the expressions of the
Carlitz-Kaur model®® with quark distributions from Ref.
56 were used.

It can be seen from Fig. 18 that the asymmetry A and
ag‘f behave qualitatively in the same way as the corre-
sponding quantities of the process up—uX in the EMC
experiment of Ref. 59. The calculated curve has an asym-
metric form. In the region of small a, the curve decreases
slowly. In this region, the sea quarks and gluons make an
important contribution.

Experimental measurements of 4 and ag{ are of con-
siderable interest, both for testing the relativistic theory of
the deuteron and for obtaining new information about the
polarization structure of interacting particles, in particular,
the neutron.

8. PRODUCTION OF CUMULATIVE SPECTATOR
PROTONS ON THE DEUTERON

We now turn to strong interaction processes in which
the deuteron participates. Of great interest here is the pro-
duction of particles on the deuteron in the kinematic region
forbidden in the approximation in which the deuteron con-
sists of two practically free nucleons, i.e., the production of
so-called cumulative particles. In the rest frame of the deu-
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FIG._}S. Structure function ag‘f (a) and asymmetry Ay (b) of
the ed—e'X process in the impulse approximation [0, = 18
e, = 17.0GeV; 2 < @ < 14 (GeV/c)?]. The continuous curves
are the result of calculation with the wave function of Ref. 27.
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FIG. 19. Impulse approximation for inclusive production of a spectator
nucleon on the deuteron.

teron, nucleons emitted in the backward hemisphere are
cumulative. In the frame in which the deuteron moves
rapidly, particles in its fragmentation region that carry
away a large fraction of its longitudinal momentum are
cumulative. In this section, we shall consider the produc-
tion of cumulative nucleons. In contrast to other particles,
pions and kaons, their production is not mainly as a result
of the direct mechanism corresponding to the diagram
shown in Fig. 4 but as a result of the observation of spec-
tator nucleons. This corresponds to the six-point function
shown in Fig. 19. We assume that averaging is performed
over the spins of the incident particle, so that it can be
regarded effectively as a scalar particle. Then the ampli-
tude corresponding to the diagram in Fig. 19 can be rep-
resented in the form

Agg=(k)bg(ky)a(lk,) do (k) u(k). (104)

Here, a and B are the vector indices of the deuteron; u(u)
describes the polarizations of the detected nucleon. The
amplitude a describes the interaction of the incident par-
ticle with the active nucleon. Neglecting its virtuality in the
region of high energies, we can describe it approximately
by a formula analogous to (91):

a(Lk;) =ilo *(sy), (105)

where s, = (I + k;)? o' is the total cross section for
interaction of the incident particle with the active nucleon,
and we have assumed that at high energies the interaction
amplitude is purely imaginary (the last assumption is not
essential). Substituting (105) in (104), we contract 4,z
with the polarization density matrix of the deuteron and
sum over the polarizations of the spectator nucleon. Then,
taking the absorptive part, we find the inclusive cross sec-
tion for the production of an unpolarized spectator nucleon
in the form

I (k)=kod’o/d’k
=0 "(s,) Sp{Pp(k)) e (k) (m + K38/

2(pl) (2m)>. (106)

For an unpolarized deuteron, we must use the density
matrix

Pap= — (8ap — PP/ M*)/3.

Using the wave function ¢,(k;) constructed in Sec. 5,
we calculated the inclusive cross section for production of
spectators in the cumulative region of k values.

Figure 20 shows the dependence of the cross section
I%, on the momentum k of a proton detected at angle 6,
The experimental data are taken from Refs. 60 and 61. It
can be seen from Fig. 20a that our calculation, both with
allowance for the phase-space limit of the reation (contin-
uous curve) and without it (broken curve), agrees quali-
tatively with the experimental data,** but both graphs lie
somewhat above these data, a fact that we can attribute to
the uncertainty in the absolute normalization. In Fig. 20b,
our calculation is compared with the experimental data of
Ref. 61. The arrow shows the kinematic limit of the reac-
tion. It can be seen from Fig. 20b that there is good agree-
ment between the calculation and the experiments far from

(107)
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& \ g Mg curves take into account the kinematic limit. The
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FIG. 21. Angular spectrum of protons in the pd—pX reaction. The con-
tinuous curve is the result of calculation of the contribution of the spectral
mechanism with allowance for screening (factor ~0.8) and the phase-
space limit of the reaction (Ref. 63); the experimental points are from
Ref. 60.

the kinematic limit. In the cumulative region £> 0.3 GeV/
¢, the effect of the kinematic limit is important and pre-
vents a direct comparison with experiment. With increas-
ing energy of the incident deuteron, the kinematic limit is
shifted to the right. The graph of the curve rises, and the
discrepancy with the experimental data in the region &
> 0.3 GeV/c must decrease.

Figure 21 gives a graph of the angular dependence of
the spectrum of cumulative protons. It can be seen from
the figure that the theoretical curve decreases monotoni-
cally with increasing angle 6, and in the region 140 < 6,
< 180° has a weak angular dependence. The same behavior
is observed for the experimental data.%

It would be interesting to repeat the experiment of Ref.
60 with better statistics in the region £>0.1 GeV/c in

order to study the dependence of the cross section on the
energy of the incident proton and the possibility of its fac-
torization.

In the case of scattering by a tensor-polarized deu-
teron, the analyzing power T, is defined as the mean value
of the quadrupole part of the deuteron polarization density
matrix, which has the form

P =S5 (108)

The tensor S, satisfies the conditions S5 = Sgg, Soe = 0,
PS=0.

_, The tensor analyzing power T3, of the reaction
pd-pX is defined by

V25l L") 109
=3 SpldTpeg) (109
Figure 22a shows the dependence of T, on the momentum
k of a proton detected at angle 6,. It can be seen from the
figure that T at 6, = 180° takes a negative value in the
entire considered region of momenta and has characteristic
behavior in the region k~0.2-0.4 GeV/c. Such behavior is
due to the dynamic enhancement of the D wave in the
deuteron. With increasing 6,, the T curve has a tendency
to rise and, beginning with a certain angle 6;‘ it intersects
the k axis and becomes positive.
Figure 22b shows the results of our calculation of
T, in the impulse approximation in the kinematics of the
Saclay experiment of Ref. 61. It can be seen that there is
qualitative agreement between the theoretical curve and
the data of Ref. 61. In our opinion, the difference is due to
the contribution of the mechanisms that lead to the excess
in the reaction cross section. In a number of studies, it is
attributed to the effect of the pion enhancement associated
with rescattering® and absorption,®® and also a contribu-
tion of a six-quark state in the deuteron.®

T2of - T2o Toof o
- prd-=p+X a / -
0. 1=8,9GeV/c // . 0 0 ,.}

-0,25F © |25 -0,25F

0,50 -0,50 -0,50

-0,75 -0,75 -0,75 |-
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- %25 -1,25 -1,25 | \
bt v liera byt o N w1t
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k, GeV/c k, GeV/c k, GeV/c

FIG. 22. Momentum spectra of tensor analyzing power T, of the reactions pd—pX (a) and dp—pX (b, c): a) the broken, dotted, and continuous curves
are the results of calculations for different emission angles of the spectator nucleon; b) the continucus and dotted curves are the results of calculations
with a deuteron wave function with a core?’” and without it,?® and the broken curve is a phenomenological calculation with normalization to the
experimental cross section; ¢) the continuous, dotted, and broken curves are the results of calculation in accordance with the expression (110) with the

relativistic deuteron wave functions of Refs. 27, 26, and 19, respectively.
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In Fig. 22b, the broken curve is a calculation with
phenomenological allowance for the excess. It can be seen
that it agrees well with the experiment of Ref. 61. For
complete description of these data in the framework of the
covariant approach in light-cone variables, calculations of
the mechanisms noted in Refs. 64 and 65 would be inter-
esting.

It should be noted that the nonrelativistic calculation
of Ref. 66 with allowance for pion enhancement makes it
possible to describe the data on T, in the region of the
minimum. In the high-momentum region £>0.4 GeV/c,
the graph of T, enters the region of positive values and
does not describe these data even qualitatively.

Figure 22c shows the results of calculation of T, de-
termined by the nonrelativistic formula

Tyo=2(V2uw — w*) /V2(u* + w?) (110)

with three relativistic deuteron wave functions.

Calculations with relativistic deuteron wave
functions'**” having a core lead to qualitatively similar
results and differ appreciably from the calculation with the
relativistic wave function of Ref. 26 without a core in the
region k>0.3 GeV/c.

In the reaction pd—pX, polarization is transferred
from the vector-polarized deuteron to the detected polar-
ized proton. The transfer is characterized by a vector po-
larization-transfer coefficient K, which is the mean value
with respect to the deuteron of the vector part of the deu-
teron polarization density matrix for polarized protons. In
this case, the density matrix has the form

PLp =i€apus'p"/2M. (111)

We define the vector polarization-transfer coefficient
by

¢ SPPPUD I R vy (m + piy

Sp{4°p s} ’ (112)
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where s, and s are the polarization vectors of th
and deuteron. They satisfy the conditions s* = sf,
(ps) =0, (ksp) = 0.

Figure 23 gives the results of calculation of the coeffi-
cient K as a function of the proton momentum k for angles
Gp equal to 135, 156, 180°. Figure 23a shows the case when
the polarization vectors s and s, are parallel and make an
angle 0° with the momenta of the corresponding particles,
while in Fig. 23b they make an angle 90°. As can be seen
from the figure, a characteristic feature of the curves is that
at k= 0.3 GeV/c they pass through zero. This may mean
that the vector polarization-transfer coefficients, in con-
trast, for example, to T, are determined in the region
k=0.3 GeV/c by the S-wave function of the deuteron. One
may suppose that the effect that arises from the mecha-
nisms responsible for the excess in the cross section is small
for the vector polarization-transfer coefficients.

We do not possess experimental information for K, and
therefore the calculations are predictive in nature.

Hitherto, we have considered the production of cumu-
lative spectator nucleons in deuteron—proton interactions.
However, as is clear from the form of the diagram in Fig.
19 and Eq. (106), our results depend on the type of inci-
dent particle only through the total cross section o *'.
Therefore, the foregoing analysis can be directly general-
ized to processes of fragmentation of a fast deuteron with
nuclei of the type d4—pX. All the expressions are un-
changed except that the NN scattering cross section o
must be replaced by the NA scattering cross sections
oWy

Figure 24a shows the result of calculation of the de-
pendence of the fragmentation cross section 1% and the
tensor analyzing power T, of the d'’C — pX reaction on
the momentum of the detected proton obtained in the
framework of the covariant formalism with a relativistic
deuteron wave function in light-cone variables with one
nucleon and the deuteron on the mass shell. The experi-

€ proton
= —1,

M. A. Braun and M. V. Tokarev 621



S
L'

w=21GeV 4 | . FaA d+p>ptX b

Gp=0° © 704 X ka=91GeV/c
mo “;‘ \ 9p= 0 °
~ 106 2 107
’> 05 O] ) FIG. 24. Invariant cross section of the d'’C
8 . L 102 :Dubna — pX reaction in the impulse approximation. The
N 10 s} continuous and broken curves are the results of
£ 193 N‘ 107 calculations with the relativistic deuteron wave
'\o : ) \ - function of Ref. 27 without allowance and with
& 10 N ma Sme—— allowance for the kinematic limit of the reaction,
o 4p? WP Ay respectively. The experimental points are taken
o5 0° 70—:’ "'f':g from Ref. 61.

0! 1072 ‘ ‘
0 61 02 03 0,4 0 41 62 03 04 65 Of

k, GeV/c

mental data are taken from Ref. 61.

As can be seen from Figs. 24 and 20, the results of the
calculation for the d'?C — pX reaction are qualitatively
similar to the results of the calculation for the dp—pX
reaction. Note that the kinematic limit for the d'’C
— pX reaction is shifted tothe right, and therefore in the
region of the excess the effect of the kinematic limit is not
manifested so strongly as for the dp—pX reaction.

In Fig. 24b, our calculation is compared with the ex-
periment of Ref. 67. The continuous curve is the calcula-
tion with allowance for the kinematic limit of the reaction,
while the broken curve is without allowance for it. The
kinematic limit is indicated in Fig. 24b by the arrow. In the
kinematics of the experiment of Ref. 67 the reaction limit is
shifted to the right compared with the experiment of Ref.
61, and the region of the excess is clearly seen: 0.2<k < 0.4
GeV/c. These data are particularly interesting for estimat-
ing the contribution of the mechanism of resonant pion
enhancement, since the influence of the kinematic limit is

T20

kpv GeV/e

here unimportant.

In Fig. 25a, our calculation of T, is compared with
the experiment of Ref. 67. It can be seen from Fig. 25b that
phenomenological allowance for the excess gives a good
description of the experimental data. This result suggests
that it is important to take into account nonspectator dia-
grams only in the cross section I% in the calculation of
Ty

‘A further question on which we should like to dwell is
the possibility of factorization of the cross section and the
tensor analyzing power. Factorization means that a cross
section or other dynamical characteristic of the process
(for example, T),) of interaction of the particle /# with the
nucleus 4 can be represented as a product of the cross
section for interaction of the particle 4 with a nucleon of
the nucleus and a function that describes the momentum
distribution of the nucleons in the nucleus. In the case of
nonrelativistic motion of the nucleons in the nucleus (k&

T20

T20
0,5

-0,5
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Ill1]llllll‘l]
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FIG. 25. Tensor analyzing power T, of the reaction :ﬁ?—»pX (ps = 9.1 GeV/c, 6, = 0°). The experimental points are from Ref. 67: (a) 1), 2), 3)
calculations in accordance with the expression (110) with relativistic wave functions of Refs. 19, 27, and 26, respectively; (b) the continuous curve is
the result of calculation of T, in accordance with the expression (109) with relativistic deuteron wave functions with a core from Ref. 27; the broken
curve is the same but without a core from Ref. 26; the crosses represent calculation with the wave function of Ref. 27 but with normalization to the
experimental cross section; (c) 1), 2) nonrelativistic and 3) relativistic calculations with wave functions of Refs. 34, 27 and 27, respectively, and with
the assumption of factorization of 1% and T; 4) relativistic calculation with the wave function of Ref. 27 without the assumption of factorization.
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< 100 MeV/c), such an assumption is justified, but it may
not be so in the relativistic region.*

It can be seen from Fig. 25c that a significant difference
in the behavior of all the curves is observed for k> 0.3
GeV/c. Curve 4 gives a good qualitative description of the
experimental data. The absence of factorization in the rel-
ativistic region gives a larger effect than the relativization
of the wave function. A result similar to curve 2 was ob-
tained in Ref. 66, but that study used a different method of
relativization and took into account a complex 6g-compo-
nent wave function of the deuteron. For the last assump-
tion it is difficult to give any physically reasonable motiva-
tion.

Thus, for consistent description of the d4 —pX reac-
tion in the framework of the covariant approach in light-
cone variables it is necessary to take into account, besides
the spectator mechanism, other reaction mechanisms, for
example, rescattering and absorption of a pion with allow-
ance for the factorization effect.

Figure 26 gives the results of calculation of the vector
polarization-transfer coefficients K of the dc - DX reac-
tion for two cases of kinematics: Saclay (a) and Dubna
(b). In the first (curves 1 and 3) it was assumed that 6,
= 90°, Oksp = 90°, and in the second (curves 2 and 4) 6,

= 0°, Oksp = 0°. Curves 1, 2 and 3, 4 were obtained without

and with phenomenological allowance for the excess in the
reaction cross section, respectively. The arrow indicates
the kinematic limit of the reaction. These calculations are
predictions and are of interest for experimental verifica-
tion.

9. PRODUCTION OF CUMULATIVE PIONS AND
KAONS ON DEUTERONS

Production of cumulative pions and kaons can occur as
a result of both the direct mechanism® and the rescattering
mechanism.® The first is associated with production of a
cumulative particle on one of the nucleons of the nucleus
with a large Fermi momentum. Its contribution is deter-
mined by the high-momentum component of the relativis-
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tic deuteron wave function. The second mechanism in-
volves both nucleons in the production of the cumulative
particle and does not depend on the presence of the high-
momentum component.

The description of the pd—hX process is similar for
7+ and K* mesons. Therefore, in what follows we shall
consider in most detail the pd — 7 X reaction.

The production of cumulative pions on the deuteron at
large angles occurs mainly through the direct mechanism,
although rescattering does make a certain contribution. We
shall consider only the contribution of the direct mecha-
nism, which can be expressed in terms of the inclusive
cross section for pion production on a nucleon, integrated
over x and k; with the relativistic deuteron wave function.

The direct mechanism is represented by the diagram in
Fig. 4a and the corresponding formula (30), which merely
needs to be generalized to the case of nonvanishing spins.
As the deuteron wave function there appears ¥,(k;), and
from the spectator nucleon there remains a factor (m
+ k). The inclusive cross section on the constituent active
nucleon is multipliec/i\ by the factor //s, which has the same
origin as the factor //2(pl) in Eq. (106). Finally, the vec-
tor indices of the deuteron must be contracted with its
polarization density matrix p,s. The upshot is that we find,
in place of (30),

. —adx [ d%k,
Id(sya,rl): J-O 2% (277_)3

X Iy[s(1 = x),0/(1 —x),71]

XSp{t_ﬁB(kl)?%(kl) (m+ l/c\)}p“B/s.

(113)

The connection between the variables k; and 7] and the
variables of integration is still given by (21) and (31). The
quantity I’,’V is the inclusive cross section for particle pro-
duction on an unpolarized nucleon.

Substituting the deuteron wave functions ¥, con-
structed in Sec. 5 and the experimentally known inclusive
cross sections for production of pions on the proton and
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FIG. 27. Momentum spectrum of cumulative pions in the pd — 7+ X
reaction.

neutron, we find from (113) the inclusive cross sections for
production on the deuteron.

Figure 27 shows the results of our calculation of the
spectrum of cumulative pions emitted in the backward
hemisphere, 6,+ = 180°. The continuous, broken, and
chain curves in Fig. 27 correspond to choice of the param-

.. . . ) +
etrization of the inclusive cross sections 1'1’,’ in the form

Ig+ (x,k;)=75.1[1 —0.897x/(1 + 0.103x/2) ]**

X (1 —x)%2% (114)
IT" (xk) =302(1 —x)32(1 + K3 /0.66) =% (115)
I77 (x,k) =60.2(1 — x)** exp( — 4,1k)), (116)

which are taken from Refs. 70-72, respectively. In all
cases, it was assumed that I,’(,+ = Ig+ [1 + f(x)]/2 and
f(x) =03 exp( —0.51x). The experimental points are
taken from Ref. 73. It can be seen from Fig. 27 that the
spectrum of cumulative pions depends strongly on the be-
havior of the cross section I},’ " in the region x~1. The

choice of I " in the form (114) makes it possible to
achieve a good description of the experimental data. We
attribute this result to enhancement of the Fermi motion of
the nucleons in the deuteron through the relativistic off-
shell effect. The two other curves do not describe the ex-
perimental data, and in the region »> 0.4 GeV/c they are
too low by more than an order of magnitude.

Figure 28 shows the graph of the angular dependence
of the spectrum of cumulative pions at r,+ = 0.3 GeV/c.
The theoretical curve decreases monotonically with in-
creasing pion emission angle and reaches a minimum at
6.+ = 180°. The experimental points® lic somewhat above
the curve, but their behavior does not exhibit significant
qualitative differences. Both the experimental points and
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FIG. 28. Angular spectrum of cumulative pions in the pd — 77 X reac-

tion. The continuous curve is the result of calculation with I;’ " from Ref.
71; the experimental points are from Ref. 60.

the curve indicate a weak angular dependence in the pro-
duction of cumulative pions at large angles (6,+ > 140°).
One may conclude that the contribution to the cross sec-
tion of the rescattering mechanism is not too large at
0,.+=180".

In conclusion, we consider the production of cumula-
tive 7+ and K™ mesons by protons on a tensor-polarized
deuteron.

In accordance with our expressions, the tensor analyz-
ing power of the p;z')—» hX reaction is determined by

Tzz(xx)=t§(s,a,rl)/1,’}(s,a,rl), (117)

where
1—a
tZ(s,a,rl)zJ; dx f &k I (s(1 — x),a/

X (1 = x),r) D% (x,k1)S 13 xx)-

Here, S,(xx) is the component of the quadrupole part of
the polarization density matrix, and ® is a known function
that is determined by the structure of the relativistic deu-
teron wave function.

Figures 29 and 30 give the results of our calculation of
the spectra of cumulative 7+ and Kt emitted at angle
0, = 180°, and also the tensor analyzing powers of the
pd — (w+,KT)X reaction. In the calculations for
I,’,' (x,k;) we used the parametrizations from Ref. 74, and
we also assumed % = Iz. The last assumption does not
significantly influence the qualitative behavior of I Z, which
is more sensitive to the behavior of I Z in the region x~1. It
can be assumed that T,, and T, depend weakly on the
normalization of the cross section.

It can be seen from Fig. 29 that the I’ curves for the
relativistic deuteron wave function with a core?’ and with-
out a core’® are practically coincident for 7+ in the region
r<0.5 GeV/c and for K™ in the region r < 0.3 GeV/c. At
large momenta of the cumulative particles, the curves cal-
culated using the wave function with a core lie below the
corresponding curves for the wave function without a core.

The behavior of T,, and T,, for 7% in the region
r<0.45 GeV/c depends weakly on the deuteron wave func-
tion in the region of the core. For r>0.45 GeV/c, a sig-
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nificant qualitative and quantitative difference is observed.
It can be seen from Fig. 30a that the T,, curve with the
wave function of Ref. 26 in the region 0.4 <7 <0.55 GeV/c
lies above the curve calculated with the wave function of
Ref. 27. The behavior of T,, in the region 7 <0.3 GeV/c is
almost independent of the form of the deuteron wave func-
tion, while for »> 0.3 GeV/c an appreciable difference in
the behavior of these functions is observed.

The calculated results show that an experiment to
measure the tensor analyzing power of the pd
— (m*,K*" )X process can give new information about the
structure of the relativistic deuteron wave function in the
region of the core.

It can be seen from Fig. 30 that with increasing mass of
the produced cumulative particle /# the graphs of the de-
pendences of I’ Z, T,, T,, have a tendency to move into the
region of smaller momenta r.

Figure 31 shows the results of our calculation of the
angular dependences of the tensor analyzing powers of the
pd - (m*,K* )X reaction in the impulse approximation
with the relativistic deuteron wave function of Ref. 27.

Ratio of yields of =+ and K+ mesons in the pd— hX
reaction

The interest in study of the yields of 71+ and K+
mesons on nuclei in the cumulative region is due to the
assertion that in the cumulative region there is an enhance-
ment of the production of sea cumulative particles, and the

ratio R™ /K" ~ 1 observed in the experiment of Ref. 76
was attributed to a harder than expected structure function
of the sea quarks.

Figure 32 shows a graph of the ratio R™/KT

= 17" (180°)/15 " (180°) as a function of the variable x
(Ref. 75).

In Ref. 77, the dependence of R™ /X" was investi-
gated in the framework of the flucton model of the nucleus.
Our calculation of R™ /X" obtained without explicit in-
clusion of quarks (continuous curve in Fig. 32) differs
appreciably from the behavior of R™* /X" obtained in Ref.
77 but is qualitatively similar to the behavior of this ratio
obtained in Ref. 77 with allowance for quark degrees of
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J 1 C J FIG. 30. Tensor analyzing powers T, (a) and
L T, (b) of the reaction pd-hX (h = 7*,K* ) in
17k 102 | p the impu'<e approximation (/, = 8.9 GeV/c) (ref-
E p [2 5],‘ 2 [2 7] erences are given in square brackets).
- K*=3[26]; 4[27]
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freedom in the framework of the flucton model. In Fig. 32,
the broken curve shows our calculation of R™ /X" with
the deuteron wave function without a core from Ref. 26. It

can be seen from Fig. 32 that the behavior of R™ /K" in
the region 1.1 <x < 1.6 is determined by the structure of
the wave function in the region of the core. For x < 1.1 and

x> 1.6 the graphs of the ratio R™ /K" obtained with the
wave function of Ref. 27 with a core and with the wave
function of Ref. 26 without a core are practically identical.

Note that in the considered region 0 < x < 2 the ratio is
R™"/K" _ 3-11, and this is basically in agreement with the
results obtained in Ref. 77.

CONCLUSIONS

In this review, we have given a description of the rel-
ativistic deuteron in terms of a relativistic wave function
with one nucleon on the mass shell and of processes with
its participation in the framework of a covariant approach
in light-cone variables.

Combination of the manifestly covariant description
with the advantage of using a distinguished frame of ref-
erence has made it possible to approach constructively the
problem of constructing a relativistic deuteron wave func-
tion, and the use of the Bethe—Salpeter function restricted
in virtuality with one of the nucleons on the mass shell has
made it possible to reduce the number of independent rel-
ativistic wave functions and to establish with less uncer-
tainty the structure of the components of the wave function
in the relativistic region.

The scheme proposed for constructing a relativistic
deuteron wave function, or relativization scheme, which
has as its nonrelativistic limit the well-known nonrelativis-

Rz'/ﬁ’

1707

[ 2,=8,9Gev/c, 6,=180°
1

4 1 1 1 I
10 -0,6 1,0 14

1
8 x

FIG. 32. Ratio R™* /K" of yields of 7+ and K+ mesons in the pd—hX
reaction. The continuous and broken curves are the results of calculations
with the wave functions of Refs. 27 and 26, respectively.
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tic wave function, differs from the one usually adopted and
does not reduce to formal replacement of the argument of
the nonrelativistic wave function.

Systematic analysis, in the framework of the unified
approach, of a large number of processes involving polar-
ized and unpolarized deuterons suggests that the covariant
approach in light-cone variables gives an adequate descrip-
tion of these processes and is very promising. It can be used
for the relativistic description of three- and four-nucleon
systems, although the difficulties then increase appreciably.

From the point of view of practical applications, the
constructed relativistic deuteron wave functions can be
used for a relativistic description of processes with electro-
magnetic, weak, and strong interaction, and also to analyze
experimental data on processes involving deuterons in ex-
isting and planned investigations at the JINR, IHEP, Len-
ingrad Institute of Nuclear Physics, the Institute of Nu-
clear Physics, the Khar’kov Physicotechnical Institute
(USSR), SLAC, SEBAF (USA), Saclay (France), and
elsewhere.

The actual predictions for a number of processes made
in the framework of this approach are of interest both for
experimental verification and for comparison with the re-
sults obtained in the framework of other relativistic ap-
proaches, and this should stimulate the further develop-
ment of the relativistic theory of nuclear systems.

The currently observed significant progress in the cre-
ation of polarized beams of particles of high and superhigh
energies in the largest laboratories in the world is raising
relativistic nuclear physics to a qualitatively new level of
development, where, we hope, the relativistic theory of nu-
clear systems will make contact with the fundamental the-
ory of the strong interactions: QCD.
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