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The spectral theory of expansions in products of solutions of two regular Sturm-Liouville
problems and the associated theory of A operators are described. It is shown that

this can be used as a general basis for obtaining uniqueness theorems and constructive methods
of solving the corresponding inverse problems, and also a Hamiltonian formalism for the
Korteweg—de Vries equation in the periodic case. A scheme for generalizing these results to the

case of two regular Dirac operators is sketched.

INTRODUCTION

The development of contemporary mathematical phys-
ics has been profoundly influenced by a new method, usu-
ally referred to as the “inverse scattering method” (ISM):
the integration of nonlinear evolution equations which can
be written in abstract form as the Cauchy problem

v(0) =v, (1)

where the explicit expression for K(v) is determined by the
actual physical problem. Here a fundamental role is played
by the Korteweg—de Vries (KdV) equation

Ut=K(U), O<t< 0,

r=06rr, — ryxe

r(x,0) =ro(x)ep. (2)

The essence of the ISM, proposed in Ref. 1, is the con-
struction of transformations which linearize this problem
in a suitable space of spectral data uniquely determining
the Sturm-Liouville equation

d2
I(r)y= ( -2t r(x,t) )y=/1,v, 3)

where henceforth we use the conventional term “potential”
to refer to the function r(x). This leads to the correspond-
ing inverse problem (IP), which for the operator (3) re-
duces to the by now thoroughly studied Gel’fand-Levitan—
Marchenko equation.? After the fundamental studies of
La.x,3 Zakharov and Shabat,“ and Zakharov and Faddeev®
came the study of Ref. 6, which developed a very general
approach giving the linearizing transformation in the form
of a generalized Fourier transform, which for the KdV case
reduces to the theory of expansion of the solutions of (3)
in quadratics ¥ = y*(x,A) satisfying the equation

d2 X o«
—d—x—z+4r(x)+rx(x)(J. —f ))Y'

=AY’ d
_ Y(=E)- 4)

The KdV equation itself can be written in the form 7,
= 4Lr,. As was shown in Ref. 7, the construction of a
general form of the Bicklund transformation leads to an
operator for which the eigenfunctions are products Y
= yy, of the solutions of the two equations I(r;)y;
= AypJj = 1,2. According to established tradition, such
operators are usually referred to as A operators. As is ap-

LY

—4

parent from, for example, the monographs of Refs. 7-9, the
properties of these operators play a very important role in
the ISM. As a rule, they have been studied on the entire
axis for the class of potentials which fall off for |x| - c.
The question of the completeness of the product Y of so-
lutions of two Sturm-Liouville problems on a finite inter-
val has already been studied in the classical work of Borg, 10
where the first uniqueness theorems for the IP were
proved. The constructive reconstruction of the Sturm-—
Liouville operator from the spectral function was solved by
Gel'fand and Levitan in Ref. 11, where the inverse problem
was reduced to a Fredholm equation of the second kind. A
similar result for the scattering IP on the semiaxis was
obtained by Marchenko in Ref. 12. It was later shown that
in some cases the Gel’fand-Levitan equation admits ex-
plicit solutions, which formed the basis of the soliton so-
lutions for the KdV equation. The Gel’fand-Levitan equa-
tion was also used as the basis for obtaining the a priori
characteristics of the class of functions which are the spec-
tral functions for the Sturm-Liouville operator with poten-
tial from a given space (see, for example, Sec. 2 below).
This played an important role in the further development
of IP methods, mainly in connection with extending the
application of the ISM to various soliton equations. The
theory of the equations to which the ISM is applicable
naturally also affected IP investigations. The similarity be-
tween the methods of solving the inverse scattering prob-
lem for the radial Schrodinger operator and the properties
of the KdV equation was noted, in particular, in Ref. 13,
where the solution of the IP was obtained on the basis of
the continuous analog of the Newton method (CANM), !
which is an equation of the form (1) (see Sec. 2 for more
details). The theory of A operators on the semiaxis was
developed for its constructive realization.'

This review can be viewed as a continuation of these
investigations. Here a fundamental role is played by the
theory of expansions in products of the solutions of two

* self-adjoint Sturm-Liouville problems on a finite interval

and their application to the IP and to the ISM for the KdV
equation.
In Sec. 1 we consider the two problems

l(g)y=Ay, y'(0) —hy(0)=0,

Y'(m) + Hy(m)=0, 0<x<m, j=1.2, (5)
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where g€L,(0,m), h, H; are finite numbers. Owing to the
presence of boundary conditions in (5), the product ex-
pansion formulas here are somewhat more complicated
than in the case of the full axis,'® as was noted already in
Ref. 17. As elementary applications we obtain simple
proofs of the corresponding uniqueness theorems for the IP
which harmonize with their more constructive treat-
ment.'*" The idea of using the CANM to solve the IP,
which is discussed in Sec. 1, originated in Refs. 17, 20, and
21. This approach is similar to the constructions of Refs.
22 and 23. A characteristic feature of the equations con-
structed in Sec. 2 is the possibility of solving them explic-
itly by equations which are the analogs of the known soli-
ton solutions for the KdV equations. In Sec. 4 we study a
similar set of questions for the problems

I(r)y=A4p, y(0)=p(m)=0, rel,(0,m), j=12. (6)

In Sec. 3 we first obtain equations for product expansions
of the solutions of these problems, following the construc-
tion of Sec. 1, in a form convenient for studying inverse
periodic Sturm-Liouville problems. We use them to prove
uniqueness theorems and also a representation for finite-
zone potentials which is important for the later discussion.
Then we show how, starting from the familiar Crum-
Krein transformation taking the problem (5) into (6), we
can construct a transformation of the expansion formulas
obtained in Sec. 2 for q(x) = q(7 — x), h, H= h into the
corresponding equations for r(x) = r(7 — x), bypassing
the constructions of Sec. 1. The new feature in Sec. 4 is the
formulation of the problem of the product expansion of the
solution (6) in the form of a boundary-value eigenvalue
problem for an integro-differential operator which is a gen-
eralization of the L operator mentioned above to the case
of a finite interval.?*?’ In Sec. 5 we show that, starting
from the symplectic expansion equations which are the
expansion of unity for the operator L on a finite interval, it
is possible to construct the Hamiltonian formalism for the
KdV equation in the periodic case, as was first suggested in
Ref. 26. The equations obtained here in the canonical vari-
ables of Ref. 26 give, in the case of N-zone potentials, the
familiar Dubrovin equations,27 while in the limit N - «
they give equations similar to those in Ref. 28. The ap-
proach to the KdV equation discussed in Sec. 5 is a gen-
eralization of the method of Refs. 6 and 8 to the periodic
case.” As an aside, we discuss the relation between these
constructions and those of Ref. 23. In Sec. 6 we give a
scheme for constructing the spectral theory of A operators
related to the regular Dirac operator on a finite interval,
which is used as the basis for developing a Hamiltonian
theory similar to that in Refs. 25 and 26 for the nonlinear
Schrédinger equation in the periodic case.

Let us make a few remarks about the organization of
this review. We note that even though throughout the text
we consider only regular, self-adjoint problems, the basic
constructions of the expansion formulas are presented in a
form convenient for studying also non-self-adjoint prob-
lems, and also for generalization to the case of singular
Sturm-Liouville operators. In formulating the fundamen-
tal statements we stick to the level of mathematical rigor
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which is usual in discussions of problems of this type. The
desire to keep the constructions of Secs. 1-3 within the
Hilbert space L,(0,7) is the reason why some of our con-
structions may appear rather far-fetched. As a rule, the
proofs are just sketched, and references are given to the
studies in which they are presented in detail. The informa-
tion on Sturm-Liouville operators needed for this study
will be given without references and can be found in Refs.
29 and 30. The citations in the review do not pretend to be
complete. A detailed exposition of the methods and history
of inverse problems can be found in, for example, Ref. 31.
The applications of spectral theory discussed here mainly
reflect the scientific interests of the authors and their own
work. This review does not cover a number of interesting
problems in theoretical physics in which the completeness
of the products plays an important role, such as the stabil-
ity of the IP,* the Cauchy problem for the linearized KdV
equation,’>3* symplectic structures and the Poisson-
bracket hierarchy,®® the problem of perturbation of the
quantum-mechanical oscillator,*® and the theory of A op-
erators for more complicated spectral problems, including
their multidimensional generalizations.*”-

1. FORMULAS FOR THE EXPANSION IN PRODUCTS
OF THE SOLUTIONS OF TWO STURM-
LIOUVILLE PROBLEMS

The Expansion Equations

Let us consider two self-adjoint Sturm-Liouville prob-
lems determined by the differential equations
2

d
l(qj)yjz( -2+t )y,:/ly,-, O<x<m, j=12, (7)

and the boundary conditions

y;(0) — hpi(0)=0, y;(7) + Hy;(m)=0, (8)

where the real functions g€L,(0,m) = L, and the numbers
h » H; are finite. We use (pj(x,/l) and t/Jj(x,/l) to denote the
solutions of Egs. (7) for which

@ (00)=1, @}(04) =h, Y(mA) =1, ¥)(mA)=H;

Then the spectrum ;= a{@j = [g;(x),h,H ]} of the problem
(7), (8) is defined as the set of zeros /lf,’ = /l,,(’q}), n>0,
and their characteristic functions

0i(A) =W (@) =@; () + Hep;(m)
=h;(0) — (0, (9)

with the Wronskian W( f,g) = fg' — f'g. For brevity we
set /lf,j) = A+ p n=0,1,.., j= 1,2, and over the spectra
o; we construct the sets 0 = oy U 0y, 0" = 0y N 0y,
o' =o\0". Since for n— «» we have the asymptote

) 2
Aan =1+ —a;+ 0(1);
1 T
aj=h,~+H,-+5fo g;(x)dx, (10)
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we shall assume without loss of generality that if 0”4,
then from A,, . | = Ay 4 it follows that n = m. We recall
that the eigenfunctions are

@2(35%) =Co(@)¥n(gs),

C2n +j=<pj(77,in(,q\j))=¢j—I(O»An(/q\j))’ (11)
and their norms are

Lon + j= "‘Pn(aj)”L—ZZ

= — (Cony Ay ) 7N =0/02);  (12)

BZn+j=”¢n(/q\j)“L_22= - C2n+fbj_l(/12n+j)- (13)
From the representation

o) =r(A —1) Il n724;” = 1) (14)

n>1

it follows that

C.(@)=(—1D"|C,(g)|. (15)

We introduce the Hilbert spaces 3, = L, X RZB?
= (f(x),a,B8) and R, = L, X RS f = ( f(x),a) with the
scalar products

(?1, ?2)2= J:r S[1(x) fo(x)dx + aya; + BiB,
and
(?1: ?1)1= J-o [1(x0) fo(x)dx + aya,

respectively. Let

A 1 T
im=[fefn2 [ rwax+arp=o (16)

be the subspace N, of elements ? orthogonal to the element

f o = (3,1,1). As usual, we shall denote the scalar product in
L,(0,m) by ( f.8) = S5f(x)g(x)dx. Let

& (x,4) =1 (xA) (),
(1) =[B(x,A),1,¥(mA)],
¥ (x,A) =9 (x,4) P (x,4),

(1) =[¥(xA),¥(0,4),1],

A A
where ® and V are treated as elements of 3%,. We introduce
the operator

d (1 0 A !
We note that on a linear manifold

RO SF,=(£(x)eC,(0,m), a=f(0), B=[(m))

~ the operator J is skew-symmetric,

[ ?m?c]zz ( ?c’"gc)2= - [/g\c’ ./f\lc]Z’ J?CESIR

In R, we construct the functions

(18)
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dA)=(®(x,A) —3,0(mA) = 1),

Y(A) =¥ (x,4), — 1); (19)

¥+ (A)=(¥(xA) —3,%(04) - 1),
Ot (A)=(—29'(x,A), — 1). (20)

The following equations are satisfied:

[Z¥WL=1F¥D]s  fei, 7=[/(x).B];
(£ L=[FF+ D] Felt, F=[F().al.

The well-known identity’
WI[Y(x,A)Z(x,n)]

1 d
T A—pdx

(21)

I wiyxA) .z,
j=12

(22)

where Y = y\y,, Z = 212;, y; and z; are solutions of Egs.
(7) for A and u, respectively, leads, owing to (9), to the
relations

[BA),F ()], =[D+ (A1), ¥+ (W]
=[<I>(/1),‘I’(y)]z
=(A—p)"'[QA) —
Q) =0,(1)@y(4). (23)
We define in %, the systems {U, = (U,(x),U)}2_, and

Q(p)],

V= Va(x), V)
in the following manner: for 4,, , €0’ we set

Tans =0 Aang PP (Aan 1 s vzn+j=‘7('12n+j)’(24)

and for A = A,,, €0" we set
Uy 1=20 " 1B, Tppyr=20"'(MBW),

Van s 1=9(A) — QA [3R(1)] 1 T(A),

’172,,4_2:@(1).

The identities (23) lead to:
Lemma 1.1, The following biorthogonality relations
are valid:

(25)

P

(i}mvm)l= ( Vm Um)2=8nm;
V0=V 05 )=8pm nm>1,

where the functions /(} = [U,(x), U(O) U(l)] and /I>

= [Vu(x), V2,V D] are obtained from Egs. (24) and (25)
by replacing ff> by ® and ¥ by \Il the function Ut is
obtained by replacing 4 Sby ¥+t VJr is obtained by replac-
ing ¥ by &+, and U + and V+ are constructed from
U; and ¥, just as U and V are constructed from U,
and V With each function fet we associate partial sums
of the series

2N
Sy( Fel) = 21 V(F0)= X 7,

n=1

)
=2

(£U) (26)

1l
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Sy (fem) = Z VAU )= 2 ViU,
(27)

where in (26) = ( f(x),B), and in (27) = ( f(x),a).

Theorem 1.1. For any 7= ( f(x),B)eN, the sums
Sa( f ) (26) converge in the sense of the norm of R; to f,
ie.,

lim | f(x) — E Vax)(FU)| =0, (28)
n—- oo 2
lim |8 — Z VOFT) | = (29)
Noow

and the sums S5 converge to f, i.e.,
lim || f — S5 (f=(f(x),a))||n,=O0. (30)

N-w
This theorem is related to:

Theorem 1.2. For any f(x)eL,(0,7), a, BeC such that
the condition (16) is satisfied uniformly on O<x<m7 we
have

- f:f(s)ds—zzf

2N
= f(s)ds+2a—11m S W.x)(FU), (31)
n=1

N- o

= f f(s)ds — 28

x 2N R
|; rds+2a=1im 3 w0,
0 Noow n=1 (32)

where for A,c0', A, .€0", W, (x)=2¥(xA,),
Wiix)=— 2®(x,4,), and for A=A,,, 0",
Wi 1 1(x) =2¥(x,4) — 202(4) B W(x,4),
Wi 1(x)= —20(x,1) +20(1) 3R]~ 'D(x,4).

Corollary 1. The expansion formulas (28)—(30) can be
written as

?‘2 gr ﬁn(?’an)z» ?': Z A:(?aan)b .?ém

n=1
Remark 1. Substituting x = 7 into (31), we obtain
(29), and for x = 0 we have a = 3=, ¥V ( £,U,),. Equa-
tion (28) is formally obtained from (31) by differentiating
the latter with respect to x.
Remark 2. We define in the space R, the system of
orthogonal projectors P, by the equations

Pnf fn V2n—1(fU2n-—l)1+V2n(f’U2n)l’ n>1-

Then Theorem 1.1 states that the sequence of two-dimen-
sional subspaces 9?(") = P,(N,) is a basis in N;, i.e., any
function feR; can be expanded uniquely in a series of the
form 7 = 32_, f,, where 7R (M. We see from the equa-
tions (57) obtained below that owing to the known asymp-
totic form B, = 2/m + o(n '), the system {¥,}=_, itself
is in general not a basis in N;.
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As already noted, the operator J determines the sym-
plectic structure in R, via the bilinear form [ f o8], The
simplest symplectic expansion formula following directly
from Theorems 1.1 and 1.2 is given by:

Theorem 1.3. Let the boundary-value problems (7)
and (8) be isospectral, ie., 0’ =@, Ay, . | = Ay, 17 = Ay,
n>0. With each A, we associate a pair of functions

Pn=ﬁ2n+ l‘/l\’(/ln)’

0,=1 [Bons 29 (As) — agn . 1B ()]

Then: (I) The system {?,,,@,,},‘f:o is a symplectic basis in
M, i.e., for any feIt we have the expansion formula

(33)

7= lim Z V0T P, —diP, (7002}, (34)
N—-oo n=0
where JP,,, JQ,,eED? and
[ﬁm@m]2=8nm: [2\)m23m]2= [@m@m]lzo' (35)

(In) 1t ? satisfies the conditions of Theorem 1.2, we have
uniformly in 0<x< the expansion

([ [ prowres

= 2 A0 (LP)2 — P, (0 (1,002
n=

where Pn = B2n+lw(x11n)! Qn = 1/2w2n+2\ll(x9'ln)
— a3, 419P(x,4,)]. This theorem can be viewed as a spe-
cial case of Theorem 1.4. We have singled it out mainly
because its proof, in contrast to that of Theorem 1.4, is a
direct consequence of Theorems 1.1 and 1.2. In fact,
since for /lz,, +€0” from (II) we have <I>(/l )
= C"CPY(A,), then

1
2

(36)

x {Wan s j ) (P00 )2+ Wi o () F 000y )2}
j=12

=20,(x)(£,B,); — 2P,(x) ( 7,0)»-

Therefore, Eq. (36) is obtained by combining the expan-
sions (31) and (32). The relations (35) are verified using
the identity (22).

Generalization of Theorem 1.3 to the case where
0’40 gives:

Theorem 1.4. Let us construct, using the boundary-
value problems (7), (8), the systems {P( ”,Q( MNe ji=1,
2 in the following manner:

PP =0 (A NB( Ay, ),

af.j):@(lzn +)s Ay 0 (37)
P,,=2fl - 1(1(,,))(1)(1(,,) )s
/Q\f.j)='/’j(x,/1(n))l’3—j(x,ﬂ(n)): Ameo”, (38)

where X[ (X Amy) = V(X Any) — Cz‘,,1+1¢j(x,}t(,,)) is the
solution of Eq. (7) for A = Ay W(Xj,<p,)
= @;(A(y)70. Then for any feEUt we have the expansion
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7= 2 POP(FR), —IPP(F0 ) (39)
where
[P(J), (J) 12=8ms P(J)P(J)]2 Q(J) Q(J)] =0. (40)

Here, if f satisfies the conditions of Theorem 1.2, then

([ Jrowsas

= 20 20D () (£ PP, — PP (x) (7,0},
" (41)

where the convergence of the series in (39) is understood,
as in Theorem 1.1, in the sense of the norm of R,, and in
(41) it is uniform in 0<x< .

Remark 1. The expansion formula (41) remains valid
for any fe%z for xeA C (0,7). The condition feEUt ensures
uniform convergence in 0<x<m, and also the possibility of
term-by-term differentiation with respect to x in L, i.e.,
the validity of (39). More precisely, if we use
S ’)( fe?Dt) to denote the partial sum of the series (39)
and

1 T
ox( =5 [ F0y
2 T
+ z —cos 2nx f f(p) cos 2nydy
n=1 0

2 T
+ = sin 2nx J- f(p) sin 2nydy
0

to denote the partial sum of the Fourier series for feL,,
then

lim (S ( fx) — on( f%)]L,=0.

N-ow
Let us sketch the proofs of Theorems 1.2 and 1.1, following
Ref. 17. We introduce the function

¥(x,A)P(y,A), O<y<x;

S UfsAUs_0A)
2
T _omAv(nA),

G(xyA)= (42)

XYL,

2
Q)

where U j(x,/l) = @j(xA)¢3_ j(x,A), and then construct
the functions

R(xyy’l) =G(x’yyﬂ') - % G(x90’A')!

S(x,A)=R(x,mA) — R(x,0,A).

The functions G, R, and S are entire functions of A for any
x,ye[0,7] and have poles of no higher than the second or-
der for A,€0. Let A = k? and Ty be a circle in the & plane
with radius N — 1/2, with cy being its image in the A
plane. With f(x)eL,(0,7) and BeC we consider the con-
tour integral
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1 T
=55 § | [ Rwd 02 + B ok

+
2mi Ty

+ BS(x,kz) ]kdk = IN,l(X) + BIN,2(x)’

f: R(xp ) f()dy

where the circles ¢y and Gy go around anticlockwise one
time. From the residue theorem, using (11), we find

2N
Inx)= 2 W,x) (U (43)
n=1
Let us now compute Iy(x) directly using the contour Cy
for N— oo. Let I'(x,5,k*) be the function obtained from R
for ¢;=0, h; = H; = 0. Since uniformly in O<x<7 for
|k| - 0, k=0 +iT,

1
@(x,k)=cos kx + O (k "‘)

1
1/’(JC,k) =CO0S k(‘lT — x) + (9] (Z eITI(n-—x)) ,

where 0~ 1(k?) = ( — ksinkm) " '[1 + ok~ M},
ke€y, then uniformly in 0<x,y<m for |k|— o, keCy we
have the asymptotes R(x,y,kz) = Txpk?)
+ O(k™?), S(x,k?) = —2k~2 + O(k~?*). From this
we find, as usual (see, for example, Ref. 30), that uni-
formly in x€[0,7]

lim Iy(x)
N-oow

1 L 28
= lim — T (x,,k? dy — kdk
im 5§ | [ residrrody -3

- [ roar-28

Comparing this with (43), we obtain the expansion (31).
The proof of Theorem 1.1 is based on the following two
lemmas.

Lemma 1.2 (uniform convergence). For any function
f(x)eL,(0,7) we have

2N
im || oy(fix) — 2 V) (AU || =0, (44)
Now n=1 L,
where
N-2
0N=(f;X)= 20 U,,(X)(f,un), uo(x)=1,

Uy, _1(k) =cos 2nx, u,(x)=x sin 2nx(n>1),
vo(x) =27~ 2(m — x),

Vpn_ 1(x) = 47~ (7 — x) cos 2nx,
vyp(x) =41~ 2 sin 2nx(n>1).

Proof. This is proved using the contour integral
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1
T =g §_ RUsp DS 0)dY

According to the residue theorem, Iy ,(x) = 32
X ( f,U,) and

21Va(x)

In(x) "2—

f (xy,A)f(p)dy|dA=0op( fix).

Furthermore, for |k| — 0, keCy we have the estimate
R (x,y,k*) — T (x,p,k%)

=0(k~

+ O(k~

2exp[2|7| (» —x)])
2exp[2|7|(x—»)])
+ K exp[2|7| (|7 —2x| —m)],

oO<y<x, x<y<.

Now to obtain (44) we need only note that from this es-
timate we have uniformly in x in any interval AC (0,7)

lim |Jy(x) — Iy ,(x)| =0
Now
and
lim sup |[Jy(x) — Iy(x)| < co.
N 00g<xgsm
Lemma 1.3. For any function f(x)eL,(0,m) we have
2N
lim || f(x) — 2 V,(x)( f,U,) =0.
Noow L2

Proof. Owing to Lemma 1.2, the proof reduces to es-
tablishing the convergence

N

2 v,(x)( fruy)

n=1

=0. (45)
L,

lim
Neo

f(x) —

Let us consider the following non-self-adjoint boundary-
value problem:

Y' 4+ 4dy=0 (0<x<w), y(7)=0, »y'(0)=y'(w). (46)

It can be verified directly that the function I',(x,y,A) de-
termines the Green function of this problem,; its eigenval-
ues are p1, = k3 ( = 4A,), where kg = 0, ky,_; = ky,
= 2n (n>1), and to each pu, (n>1) there corresponds a
single eigenfunction v,,(x) and one associated function
Uy, _1(x). It is easily shown that the system u,(x) is
biorthogonal to v, in L,(0,7) and gives the system of
eigenfunctions uy(x), u,, _ 1(x), n>1, and associated func-
tions u;,(x) of the boundary-value problem conjugate to
(46): y" +4Ay=0, y'(0) =0, y(0) =y(w). It is well
known that any system of eigenfunctions and associated
functions of the problem (46) is complete in L,(0,7). The
property of forming a basis in L, [i.e., Eq. (45)], which is
important for our purposes, follows from the necessary and
sufficient condition, obtained by II'in in Ref. 39, for a given
complete and minimal system of eigenfunctions and asso-
ciated functions of an ordinary differential operator to
form a basis in L,. In our case this condition is easily
verified by the inequality [|v,||.,||#.||z, < const (n>1).
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To complete the proof of Theorem 1.1, we still need to
note that from (43) we have

2N

1
Ty, (%) =5— S,(x,A)dA= El Vu(x) U,

N

Furthermore, owing to the estimate

S (x,k?) =0k —2[e~2l"Ix 4 ¢ = 2rI(T—)

+ e~ 2= 721Dy
and Jordan’s lemma, we obtain uniformly in xeA C (0,7)
lim sup |Ij,(x)|<const.

N- o0<x<7

Therefore, limy _, . ||Z2¥,V,(x) UQ|| 1, = 0, which together
with Lemmas 1.2 and 1.3 proves the expanswn (28).

The expansions given in Theorem 1.4 are obtained us-
ing the function

lim I}y,(x) =0,
Now

G D (x,pA)

P(x,A)¥(y,A) —
-2 xX<y<m;
TQA) | —YxA)PpA) + Uix,A) Us_j(,A),
O<y<x,

U3 —j(-x,l') Uj(yva')’

(47)

as a result of computing, as in the proof of Theorems 1.1
and 1.2, the contour integral

(j)(fx)

f G (xpA)f () dy

+aG P (x,0,4) + BG D (x,m,A) |dA.

We note that direct calculation of the integral Iz(vj)( fx)
for N— o gives the uniform convergence, noted in Re-
mark 1 to Theorem 1.4, with an ordinary Fourier series,
which greatly simplifies the demonstration of the conver-
gence in Ly (0,7) (RN,) for the series of partial sums in (39)
compared with the proof of Theorem 1.1.

Theorem 1.2 leads directly to:

Lemma 1.4. The system {U,}=_, is complete and min-
imal in the space R,, i.e., if (£,U,); = 0, n>1, then
f(x) =0 and B=0. The minimality follows from the
biorthogonality relations of Lemma 1.1. This leads to:

Lemma 1.5. The system {U,}_ is complete and min-
imal in N,, i.e,, if f(x)eL,(0,7), a, BeC,

fﬂ f(xX)P(x,A,)dx + a + B®(w,A,)=0, A.c0;
0

T . .
f [(x)P(x,A,)dx + BD(m,A,)=0, A,0";
0
then a =B =0 and f(x) = 0 almost everywhere.
Remark 1. The completeness and minimality in R, of

any of the systems {U +1, {P,,,Q,,} and {P( N Q( N} are
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established in a completely analogous way, starting from
the expansions given in Theorems 1.2-1.4.

Let us now consider in somewhat more detail the case
of the boundary-value problems

Y+ (A —gj(x))y=0, g;(x)=g;(m —x)eLf’,

y'(0) — h;y(0)=0, y'(m) + h;jy(m)=0, (49)

which are obtained from (7), (8) for h; = H, g %’)
= {fely| f(¥) = f(m — X))}, ie, § = G R
= {fN,| feL{",a,B = a}. It is well known (see, for ex-
ample, Ref. 19) that the eigenfunctions in this case satisfy
the equations '

‘Pj(x’AZn +_]) = ( - l)"!pj(x,A'Zn +j); n>0’

and, therefore, their norms are

(48)

(50)

(@f), )~ = B8 ) 7 = (= 1" oA -

The expansion formulas given above simplify considerably
in this case. We shall illustrate this for the example of
Theorem 1.4, with further applications in mind. Suppose
that for some N < o we have

AV=4y, 1 FAP =42y 15 n=0,1,..N,
Ay 1=A2n2=A(m)» n>N. (51)
For 4,, ;. go’' we set

PO =01 (@(xA) =i [1+ @(mA D),
0¥(x) =¥(x,AL) — B(x AL,

and for A}” = A(,)c0” we set

PO (x) =201 (A(n) (@(x,A () —3) 5 (52)
Q9 (x) =x3_ j(ZAm) (KA my)s
xi(%) = (= 1"pi(x.An) + P(XA(m))- (53)

Theorem 1.5. For any function feL{® the following
expansion formulas are valid:

N
f)=1lm X 2055 (x)(f.P),

Noow n=0

1 X T 0
2 - = 209 5).
3(J, = [7)roa= I, 200000008,

=12, (54)
where
20 PY ) =8um j=12, nm>0. (55)

Proof. These expansions are a direct consequence of
Theorem 1.4 if we set
Fen?

1 T
M) = —f f(x)dx + 2a=0},
2 Jo

and we shall treat f(x) as an element of M. Then from

FORE) we have O (xAimy) = — O (m — xAw)
for A(meo” and, therefore, (f,0%)) = 0, and for
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Ans 0" we have [FO,8(Ag 1 )l = [0 (Ao 4 D
since [ £,®(A)] = [ f,¥(A)], VfeL®. Equations (55) fol-
low directly from (40).

Uniqueness theorems in inverse problems

The above expansion formulas can be used to obtain an
elementary proof of the fundamental uniqueness theorems
in inverse problems for a regular Sturm-Liouville operator.
For this we first recall that from Eqgs. (7) we have the
identity

d
o Wy, (x,4).p1(x,A) ] =Ag(x)y (x,A)p2(x,4),

Ag=q,— . (56)

From this it follows that for the coefficients of the expan-
sion of the function A7 = [¢:(x) — gx(x), hy — hy, H,
— H,)] in the system {U,} the following representations
are valid:

(A:q:,gznﬂ)z:( — 1Y " Bonyp Ay g0
(A4,Uz, +1)2=0;
(AG,Uzn 1+ 2)2=PBon+1— Bt AmyfE0".

Equation (57) and Lemma 1.5 lead directly to:

Theorem 1.6 (Marchenko uniqueness‘w). If for the
boundary-value problems (7), (8) we have A,
= Asnt2 Bans1 = Bany 2 >0, then almost everywhere
q1(x) = q2(x), hy = hy, Hy = H).

Because of Egs. (57), Theorem 1.2 makes it possible to
find the explicit form of Ag. More precisely, we have:

Theorem 1.7. For any two Sturm-Liouville problems
(7), (8), where a(g;) = a(g,), a(q) are determined from
(10), we have

(57)

J‘ﬂ (g2(s) — q1(s))ds + 2(H, — Hy)

= Y (Buns1=Brny2) Wani2(x)

Aned”
+ 2 2 (=17 By Wany f(X).
Ao j=12

Here, if 1,(§;) = A,(g2), n>0, i.e., the problems (7), (8)
are isospectral, then

f" (@a(5) — g1(5))ds + 2(Hy — Hy)

= > (=" (expll,(g)]

n=0
_exp[ln(/q\Z)])Cb—l(ln)W2n+2(x),
where
L(q)=m|C,|, C.()=(—1)"C,|. (58)

Corollary 1. If A’n(al) = A’n(aZ)) In(/q\l) = Im(/q\Z)’
n>0, thenal = /q\z.

Remark, We recall that the quantities
{A.(9),8,(@),n > 0} determine the spectral function
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p(’q\;/l) of the problem (7), (8). From the representations
(13) for B,(q) and (14) for w(g:A) it follows that the
function p(g;A) is determined uniquely from the quantities
{An(9),0,(9),n > 0}. In Ref. 22 it was suggested that, in
addition to 4,(7), the quantities /,(g) instead of B,(§) be
treated as the spectral characteristics for the problems (7)
and (8). This makes it somewhat easier to study the cor-
responding IP, which is done in detail in Sec. 2 below.

It is more complicated to establish:

Theorem 1.8 (Ref. 18). Let there be given the bound-
ary-value problems ql = [qi(x),h,H]] and G

= [q,(x),h,H,], H;5=H,, for which

0(/4\1) ={’1n(/q\l)}:=0’ a( 6 D={1,(q Do
and together with them the boundary-value problems %

= [g2(x),,Hy) and G, = [g(x),hp,H,), Hy#H,, for
which

12,,+,z/1,,(’q‘1)=/l,,(72), n=0,1,... (59)
An( 'q\1)=/1,,(?1‘2)E/12,,+2, n=N,N +1,...,
A,( a 1)#11"(?2), n=0,1,...,.N — 1. (60)
Then
f [g2(s) — q1(s)1ds + H, — H|
X
NS o(GuAan 4 2)
= — #B2n+2W2n+2(x)’ (61)

n=0 @(q1sA2n 1 2)
where W5, , ,(x) is defined as in Theorem 1.2. [Here for
An( G 1)5FA4(33), ©( G 1,A2,42)F0, and from H,H, it
follows that o” = 0 and, therefore, w(gy;A, 4 2)70.]

Proof. We first note that (59) and (60) lead to the
equations

-~ 1 (=
hy —h, + H, —H2+5 fo (g1(x) — g5(x))dx=0,

H,— Hy=H, —
Now let the boundary-value problems (7) and (8) be used
to construct the system {U,} (0" =@). Since the condi-
tions (59) and (60) are equivalent to the equations
01(A2 1) = B3(d3p12) = 03(Agny2) = 0, 130,
@1(Ay,2) = 0, n>N, then from the identity (56) we
obtain (Ag,U,, . 1), = 0,n>0,

(AG, Uy, 4 2)1=0,

[AG,® (s +2) L1=@2(T A2y 4 2) 01 (A2n 1 2),
" n=0,1,.,.N — 1.

where A = [q,(x) — ¢,(x),H; — H,], which, owing to
the expansion (31), gives the representation (61).

Corollary 1 (the Borg umqueness theorem'®). From
Egs. (59), (60) with N =0, H2¢H2 it follows that
91(x) = q,(x),hy = hy, Hy = Hy, H; = H,.

Remark 1. Bearing in mind the Borg uniqueness theo-
rem formulated above, Theorem 1.7 can be viewed as the
analog of Theorem 1.6 for the case of an N-dimensional

n>N,
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perturbation of the initial spectral characteristics 4,(q;),

Ax(§ 1), n>0, which uniquely determine gy, Ay, Hj, iIl. It
follows from the biorthogonality relations of Lemma 1.1
that the corresponding perturbation A7 is also N-dimen-
sional, which corresponds to the generalized degeneracy of
the Gel'fand-Levitan equation established in Ref. 19,
where a different proof of (61) is given. The analog of
Theorem 1.8 for the boundary-value problems (48), (49)
is:

Theorem 1.9, Let the boundary-value problems (48),
(49), where the spectra satisfy the condition (51), be used

to construct the function AFY = (Aq = ¢, — ¢uAh
= hl —_ h2) Then
1 X
ol f Aq®) (p)dy + Ak
2 Jo
Z a4 J@IQX), J=1.2. (62)

Corollary l (the Borg uniqueness theoremw). If
(@) = A,(g5), n>0, then G1 = G52

Remark 1. Equations of the type (62) were first ob-
tained in Ref. 18. Owing to the biorthogonality relations
(55), the dimensionality of the representation (62) is
equal to that of the perturbation of the spectrum in (51).
In contrast to Theorem 1.7, which can also be obtained
directly from the corresponding Gel’fand-Levitan equa-
tion in the IP, Theorems 1.8 and 1.9 are not a direct con-
sequence of this equation. In Ref. 19, where the generalized
degeneracy of the Gel’fand-Levitan equation was proved
under the conditions of Theorem 1.9, the following refine-
ment of the corresponding equation from Ref. 18 was ob-
tained:

1 X
2 f Aq(y)dy + Ah
0

N
= 2 —aM{[@(mAL) — (= D"y (xA0P)
n=0

+ [@5(mA) + by, (m,ALD)

+ (= D"l (AN Yo (x,AD), (63)

where 5,(x,4), ¢;(x,A) are the solutions of Egs. (48) with
j=2 for which s;(mA) = ci(mA) = 0, si(mA)
= ¢y(mA) = 1. It can be verified directly that

0, 1(x)= — @ (A {[@y(mAD)
— (= D"y (xAD) + [@5(mAL)
+ (= D"hls(x,A)).

Therefore, Eq. (62) differs from (63) by the sum
N

S —haiPo

n=0

Ny 1(X)=P(x,A2, 4 1)
— (= D"a(mAzn 4 1)V (X425 1 1),

> AN, (%),
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which must be equal to zero.

2. THE CONTINUOUS ANALOG OF THE NEWTON
METHOD IN STURM-LIOUVILLE INVERSE
SCATTERING PROBLEMS

In this section we briefly describe the methods of con-
structing the continuous analog of the Newton method
(CANM) for the solution of the IP in the formulations of
Sec. 1. These methods are based on the general idea of
Gavurin'* about the solution of the operator equation

f) =y, (64)
by means of the Cauchy problem
v=— [ (] (f) —p)0(0)=vp 0<I< 0.
(65)

where f: XY is a nonlinear operator, X, Y are B spaces,
f(v) is the Fréchet derivative, [ f "(v)] ! is its inverse
operator, and y, is a given element of Y. The desired so-
lution v, of Eq. (64) is obtained as the limit ||v(2,v0)
— 1,]| = 0, £ 0, of the solution v(tv,) of Eq. (65),
usually referred to as the CANM. An important feature of
(65) is the fact that v(zvg) is the inverse image of the
segment:

Slv(0)1=S(v) exp( — 1) + y,[1 —exp(—1)],

0<t< . (66)

Let us formulate the IP in the form of the operator equa-
tion (64). With the Sturm-Liouville problems (7), (8),
i.e, the element § = (g(x),h,H)eEN,, we associate §
= (gq(x),H)eN, and consider the operator

1 T
F@ = 4@ Bo@ b+ H+ 5 fo g(x)dx=a,, n>0
(67)

where a is a fixed number, An = An(q) are the eigenvalues,
and B, = B,(q) are normalization constants (13). It is well
known that for any geRt,

’

© 2

An(@) <A@ (m<n), 2 (An(a‘)—nz—%a*) < oo,
(68)

© 232
BA®) >0(n>0), X nZ(B,,(a)—;) < co. (69)

The converse is also true.

Theorem 2.1 (Ref. 11). If the conditions (68), (69)
are satisfied for the two sequences of numbers A¥, B¥, n>0,
there exists the single element g, = (g (x) ,H*)ef)?l (h*
=a, — H, — 1/2f3q,(x)dx), for which A} = 4,(q,.),
ﬁ: =ﬁn(q*) . '

This inverse problem, referred to henceforth as IP I, is
related to the problem of determining the Sturm-Liouville
operator from the two spectra, hereafter referred to as IP
II. Let us consider the two boundary-value problems (7),
(8),WhCrC aj = (q(X),h,Hj)Emz (H1 < Hz).‘

Using g, where with certain fixed @} (at < a¥) we
have h + H; + 1/2§5g(x)dx = aj‘,j= 1,2, we construct
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the element § = [¢(x),H,]eR,, and denote the correspond-
ing eigenvalues by A, . (7), n>0, j = 1,2. It is well known
that

Aan+1<Am+2<Aan4 1) +1< (130),

o

2 2
20 {(lzn + (@ —nt— ;a}')

n=

2 2
+”2(/12n+2—/12n+1 - (ag'—ai")) ]< o (70)

and the converse is also true.

Theorem 2.2 (Ref. 41). If the sequences of numbers
ALy s p 120, j=12, satisfy the conditions (70), there ex-
ists the single element g, = (q,(x),H})eN,, for which
ALy ;= Ay (@), 130, j= 1,2, where h, = af — H¥
— 1/2§§q,(x)dx,H} = HY + (af — af). h

The corresponding IP II operator is

Su@ ={A2m+ (Daj@) =a}, §=(¢(x).H) };oo- (1)

It follows from Theorems 2.1 and 2.2 that the equations
H@ =yt ={A7B o
Su@ =yti={4% . ,j=12}_0 (72)

have unique solutions in the space 9t,. The next two theo-
rems give the explicit form of Eq. (65) for solving Eqgs.
(72).

Theorem 2.3. Let the following set be constructed ac-
cording to (72):

My ={G=(q(x),H)eR | A,(@) =A}.B.(9) =B,

where N is a finite number. Then for any initial value g,
= [go(x),HoleM y(y¥) the Cauchy problem

N
7= X {BAOHAT —4[G01720 (301}

+{B* — B,[G() 1}V 2[T(D 1},

ﬁ(t) = [q(xst)’H(t)]’ 5(0) =707 (74)
where Vy, 1 = W(A,), Vany2 = ¥(4,), U(A) is deter-
mined by Eq. (19) with g = @, = q(2), h(t) = a*
— H(t) — 1/2§fq(x,t)dx, has the unique solution
g ()eMy(y¥), for which

lim [g(6) — Fylle, =0C £Gy) =3})-

t— 0

Theorem 2.4. Let y§ (72) be used to construct the set
MN(}’ﬁ) ={7= [Q(x)’HﬂGml ]'12n +j(q) =A'2*n +p
n>N+1,j=1,2}. (76)

Then for any initial value §o = [go(x),HoleMy(y) the
Cauchy problem is

1 N
> X (v,
a’z"—a’l" n=0 j=12 2t

(75)

g(1)=
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— Ao 1@ 13V on 4 13D,
q(t) = [Q(X,t),Hl(t)]:
q(o) =aOEMN(yﬁ)9 O<t< 0, (77)

where the functions ¥,, , [g(#)] are determined by Eqgs.
(24),

4i(6) = (q(x,0),h(2),H)()),h(¢) + Hy(t)
1 T d %
+§ J;) q(x,t) x—aj’

has a unique solution §(#)eM y(y§), for which the limit
lim,_ 4(2) = q* (q4-H1,y), f(G*) = yi exists.

Before proving these theorems we give two lemmas
which are of independent interest.

Lemma 2.1. At any point geR, there exist the differ-
entials

d ~

_An(A'i" f)

de ? - £=0,?€932
Oy By ) oo
(a’\ f) dEBn 4+5f)£=0=( ’f) ( )

where the gradients are

8/1,,_ dA, OJA, 9A, _ i $a 29
T(M_x)ﬁa—a)wuﬁn(), (79)
B ( Bn 3B B,
- (aq(x)’ EN :971)
= : DA -—ﬁd)(/l 80)
= | T M T o@y | (

where B(4,) = [@(x,4,) = ¢*(x,A,),1,®(mA,)], @, and
B, are determined by (12) and (13), and w(A) is given by
9).

Proof. This is generally well known.!720:2242 Follow-
ing, for example, the proof of Lemma 5.1 given below, we
find for f(x)eL,(0,7) the equations

=an[ f:cb(ﬂ'n) ];

e=0

d
%ﬂ'n(q + Ef)

=o " XA, [ £, D(4,)

e=0

ad
gﬂn(q+€f)

— (Ao~ 1 (A,)P(A)],

determining, for fixed 4 and H, the part of the increase of
An(€) and B,(e) linear in £ when g(x) is replaced by
g(x) + ¢f(x). Furthermore, . since dy(x,A)/0h =0,
dp(x,A)/0H =0, by differentiating the equations
o[A,(M)]=hY[0,A,(1)] — ¢'[0A,(h)] = O and
o[A,(H)]=¢'[7A,(H)] + HelmA,(H)] = 0, with re-
spect to 4 and H, respectively, we find the partial deriva-
tives dA,/0h = a,, dA,/dH = B, From this, using for
B, the expressions, following from (9) and (11),

Bu(h)= — ¢~ '[0,4,(h) ] (h$[OA,,(H)]
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—P'[0A,(A)]) !

and
Bn(H)= — @[mA,(H) ]| (¢'[mA,(H)]
+ Hp[mA,(H)]) ™",

we obtain
B (4,
oh e’
Lot~ 20 g
H- | T oAy a
which is what we wanted to prove.
Noting that for §; = [g(x),h,H, ] we have
(4, +)=(=1D/(H, — H)ay, | +J

2
=(—1Y_(a—a)az};

we obtain:
Corollary 1. For H,~H, the gradients are

zny; (OAD AP AP
9q; _(aq(x)’ oh ’ aH,-)
(— 1)JQ(A‘1’)A
B At

Furthermore, since the differential of the functional a(’q\)
(10) is

on d
da(q)f—dg

1 T
=—f Sf(x)dx +a+B,
£=0 2 0

we find, taking into account the equations in (21), the
following:

Corollary 2. At any point § = [g(x),H]eR, the differ-
ential of the operator f1(§) (67) has the form

dfl(7)7={3;1(7’ﬁ2n+1)1s(7962n+2)1’7'

= [ f(x),B]Ele,} n>0’

where the functions U,, , ; are determined by (79), (80)
with the subsequent restriction (21), and the differential of
the operator f1;(¢) (71) has the form

dfu@F={( = 1Y (H, — H) " (F,Up i )1,
Jj=12,n>0},

where U,,,; are determined by (24) with g
= (¢q(x),h,H;). From this, reducing the expansion formula
(28), (29) obtained in Theorem 1.1 to the case Q=9
= g and 9 = [g(x),nH H)|, Hi7H,, we immediately find
the inverses of the operators df(¢) f and dfy(§)7, respec-
tively. More precisely, we have:

Lemma 2.2. The inverse of the operator df(§)f is
given by the inversion formula

.7“_- 20 ﬁni;2n+1(7,ﬁ7.n+l)l
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+ Van s 2( £ U2 D0, fer,,

where Vz,, +jare defined as in Theorem 2.3, and the inverse
of the operator df;(q) 7 is given by

f=2 2 (Hi—Hy)~

n=0 j=1,2

1‘i}‘2n+j( 7362n+j)17 7&%1,

where ¥, + are defined as in Theorem 2.4.

Proof, The proofs of Theorems 2.3 and 2.4 are quite
similar, and we need only give that of Theorem 2.3. We
consider the functions

A'n(t) =A’n(‘q‘0)e_t+ﬂvt(l - e_t)s

Ba()=B,(Go)e "+ B (1 —e™ ) +B5(1—e™ "),

where n3>0, 0<t< w0, GocMy (J¥) (73). It follows from
Theorem 2.1 and the definition of M y(y¥) that these func-
tions uniquely determine a one-parameter (in ¢) family of
boundary-value problems §(z)=[g(x,t), h(z), H(1)],
where h(t) + H(t) + 1/2§3q9(x,t)dx=a,, for which
A.()=24,[4(D)], B,()=B,[q(1)], and a, is found using
y¥ from the asymptote (10). Therefore, differentiating
(81) with respect to ¢ and taking into account Lemma 2.1,
we obtain the system of equations

{GoUsn 4 113D 11=Bnld() 1{A¥ —
(G Uz 2[3(D 1)1 =B* — B.[3(D)],

g(t)=[q(x,t),H(1)].

From this and owing to Lemma 2.2 it follows that g(¢) is
the unique solution of Eq. (74). [We note that, owing to
the biorthogonality relations of Lemma 1.2, Eq. (74) leads
to (82), which, owing to Lemma 2.1, can be written as
A’n,t = [A'# - ln(?o)]e - I’Bn,t = [B: - Bn (70)]e — % Integrat-
ing over t, we arrive at the system (81), which is equivalent
to the first integral of (66) for Eq. (74).]

Remark 1. The restrictions (73) and (76) on the re-
gions of the initial values for the Cauchy problems (74)
and (77) play an important role in the construction of
numerical methods for solving the IP I and IP II, since
they ensure the stability of the corresponding algorithms.?
Using the estimates from Ref. 29, it can be shown that for
N = w in (73) and (76), My(y¥) = My(yf) = R,. This
assumption is naturally consistent with the unique solvabil-
ity of the IP I and IP II in the entire 3%; and with the
convexity of the regions of values of the operators f1(¢)
and fy;(§). The conditions a[g(0)] =a* and a[g;(0)]
= a¥ give those first integrals of Egs. (74), (77) for which
the series for N— oo converge in the sense of the norm of
N, because from (81) it follows that, owing to the asymp-
tote (10), a[g(?)] = a[g(0)] = a,, 0<t < . Theorem 2.4
can be viewed as a nontrivial generalization of the iteration
process proposed in Ref. 43 for solving the corresponding
inverse problem.

Remark 2. The solutions of Egs. (74) and (77) can be
written out explicitly. The simplest example here is ob-
tained if in (74) we set 4,(G,) = A¥ (n>0), B,(G)
= B* (ns£m, n>0), where 8% > 0 is an arbitrary number.

(81)

A’n[’q(t) ]})

(82)
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Then, using the Gel’fand-Levitan equation, we find that
the solution to (74) is given by the equations

q(x,1)=go(x) —2 14+ (Bn(30) — BY)

2
d—xiln
X (1—e=") f %(“q'o;s)ds] :

H(t)=Hy+ (Bn(Go) —Bp) (1 —e™").

V. Daskalov has shown that an example of a solution of
Eq. (77) can be obtained by setting N = 1 in Theorem 1.8,
ie., Am(” ¢1)#Am(@,). Then
d’ =
0(0)=q1(x) — 2 7 In W{plgsxAn(q 1],

¢[ql;x’lm(’q\2) ] },

Hy(H) =H,(H) + [An(@) — Am( §1)]
X (Hy— H,)~ L.

Let us now consider the differential properties of the oper-
ator

8(Q) ={A4(9),1,(q), n>0,gGeNy},

where 1,(q) are determined by (58). The operator g, as
was pointed out in Ref. 22, is a more sensitive indicator of
the behavior of the spectral characteristics according to
which g is reconstructed, in the sense that from (50) we
have only @,(3%) = B,(§), whereas ,(§)) = 0, n>0.

Theorem 2.5. We differentiate the operator g at any
point geNt,:

(83)

w@7=|(F 7). (amf) w0 fem, (80

and if GeR?, i.e., if we have the problem (48), (49), the
differential is
NOLYL0) A, s ) o (9)
dg(§®) [ = @,ﬂ , n>0,f9eR,  (85)
2

where dA,/35 = P,, al /aA Q,,, and P, and O, are
determined by (33) § forg, =g, =7.

Here for any feﬂR (16) the inverse of the operator
(84) is given by

i O\ _ ;% (5 (86)
n=0 ( aa)z— aa(,aa)z”

where J is determmed by (17), and the inverse of the.
operator (85) for feR®L is given by

flx)= 2 0¥ (x)( /,PY), feLy®, (87)

where the functions P9, Q% are given by (52) and (53)
for q(s) (s) =3,

Proof The gradient 3l,/dq is obtained from Eq. (80)
and the analogous expression
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Bt/ T =~ 2(A) D (Ay) — (Ao~ (A (A0},

since L(=2"" ln(B"a,,_ Y. The equations (dl,/
3q®, f)),=0 follow from (50), as already stated in the
proof of Theorem 1.5. Equations (86) and (87) are a di-
rect consequence of Theorems 1.3 and 1.5.

Remark. If, following Ref. 22, we introduce into N, the
isospectral manifold M (g*) ={geR,|A,(9) =A,(q%),
n>0}, then from (86) we obtain the explicit form of the
tangent space T;M (¢*) at the point geM (g*). The condi-
tion feIt (16) is satisfied, owing to the asymptote (10).
The properties of the fluxes §, = JA,/dq, given in Ref. 22,
follow from the relations (35). The explicit form of ()
(Ref. 22) essentially coincides with the solution of Eq.
(74) indicated in Remark 2. Substituting My_ . ()
= M(g*) into (73) and using the familiar technique for
solving the Gel'fand-Levitan equation, we can obtain an
explicit solution for N>1 of Eq. (74) with geM(g*); a
form convenient for taking the limit N — oo is given in Ref.
22.

3. THE INVERSE PERIODIC STURM-LIOUVILLE
PROBLEM. DIFFERENTIAL PROPERTIES OF THE
CRUM-KREIN TRANSFORMATION AND
APPLICATIONS

1. The Inverse Periodic Sturm-Liouville Problem

Let us consider the two Sturm-Liouville problems
d2
I(ry)y= ( 727t ri(x) )yj=/1yj, 0<x<7; (88)

(89)

with real potentials r;(x)€L,(0,7). Here we give the theo-
rem analogous to Theorem 1.4 for the boundary-value
problems (88), (89). On the basic of it we shall show how
the fundamental uniqueness theorem can be proved in the
inverse periodic Sturm-Liouville problem, and we shall
also obtain a representation for finite-zone potentials which
will be important for the later constructions (see Sec. 5).

We use g;(x,4) and A;(x,A) to denote the solutions of
(88) for which

and let
XA =g(mAY = — h(OA) =W (gyh) 1)

be the characteristic functions of the problems (88) angi
(89). Their spectra are o; = o(r) = {vf,f)
= Von 4 jlXj(Van4j) = O0n > 1}, where the eigenvalues are

. 1 (=
V£1)=n2+; J;) ri{x)dx +o(1), n— . (92)

Asbefore, let o = g, U 05, 0" = 0, N 0y, 0’ = o\ 0", where
if Vsp41 = Vam4 2 We shall assume that n =m. We also
recall that

gix V) =Sy 4 AV,

Son 4 =8 (V) = (R (OV)) 7 (93)
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: -2
Yan 1= 1820 +j”L2

T S Xi(Vang )’
82n+j="th+j“L_22=S2n+j/)'(j(V2n+j), (94)
xiAM = Il 727 —2) (95)

n»1
and, therefore, S = ( — 1)"| 5|, n>1. Let

G(xyll) =& (xal)gZ(xyﬂ'), H(-x)A') =h1 (xy;t)hZ(x’A')’
X(A)=x1x2 (96)

We introduce the systems of functions {Pf,j ),Qf,j)} as fol-
lows: for v,, , €0’ we set

P (%) =2X "' (van 4 PG (XV2n 4 ),

O (x)=H(x,v2, )

and with each vy, | = V5, 2 = V() We associate the func-
tions

(97)

Pn(x) =4X— l(‘V(;t))G(-xQV(pz)),

D (x) =hi(x,v(n)) 23 {X:V(m))s (98)

where z;(X,V(5)) =h{(X,V(n)) — Sin 1 ; &(X:V(m)) is the so-
lution of the equation /zj=v(,z;, W(z,h;)=yx;(v,)7#0.

Theorem 3.1. Let the systems {Pf,fs,, f,”}, j=12,be
constructed in the manner described above from the
boundary-value problems (88), (89). Then for any, possi-
bly complex-valued, function feL, we have the expansion
formulas

1 X T
E(J; — f )f(S)ds
= 3 V@B - B2 (£0M)

Van + £O;
(99)
and if

feL® = (100)

feLz‘ f: f(x)dx=0] ,

these formulas admit term-by-term differentiation with re-
spect to x, i.e.,

fx)=lm Y {0 (x)(£,P)
Von + 0
— P (x)(£,68M)3, (101)

where the convergence in (99) is uniform in xeA C (0,7),
and in (101) it is uniform in the sense of the norm of
L,. Here

[P, o\01=8,,, [PO.PP1=[0'2,0l"1=0,
(102)

where

[ f.81=(/f.Dg), D=d/dx.

(103)
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Proof. The proof of this theorem is completely analo-
gous to that of Theorem 1.4, and we omit it.
The identity (56) and the id 1itity

Y(x,A)[24 —s(x)] + 21(..2 ", y(x,4)

+ WA mxA)] f A()dr — Y(xph) (24
X0
—5(x9)) — 2y (xp,A) 3 (xpsA)

— f " WO Y(LA)dt,
X0

where

w(x) = — 5,(x) + Ax) f " AL,
0

S=r1+r2, A=r1—r2,

together with Egs. (91), (93), and (94) lead to:
Theorem 3.2. Suppose that we have functions A(x),
w(x)eLgo). Then we have the expansions

A(x)= Z 2(— 1)3—j{82n+jH'(x,'V2n+j)

’
Van + 9

> 2(Swan

V(")EG'

— Y4 O (X204 )} +

= Son+ X V) H (v (), (104)

wx)= 2 {40mixs ' ) [&(TV2e 4 1)

Van 4 160"
—Sz;i JH (V20 11) — #2n s X
X (Van+ 1) [S2n 41— 13(0v2, 1 )]G (%v20 4 1)}

+ Y A vedxs 'V (San s 1Sam 42

‘V(n)EU"
— DM (x) + 2185, L 228
— 85,4 115(0,v () 1P, (x)}.

From (104) we immediately obtain:

Corollary 1 (the Borg uniqueness theorem'®). The ei-
genvalues v,(r) and normalization constants y,(r) or
8,(r) uniquely determine the boundary-value problems
(88), (89) with r(x)eL,.

Let us now consider, along with the boundary-value
problems (88), (89), the following boundary-value prob-
lems with periodic and antiperiodic boundary conditions:

'+ [A—ri(x)]y=0, y(0)=y(m),

X("T,V(n)) (105)

y'(0)=y'(m), (106)
Y+ [A—r(x)1y=0, p(0)= —yp(m),
Y (0)= —y'(m), (107)
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where the potentials 7;(x) are assumed to be smooth peri-
odic (with period 7) functions, i.e.,

reC,={ f(x)€C,(0,m) | f*)(0) =¥ (), 0<k<n}.
(108)
We use Aj(A) = gj(mA) + cj(mA) to denote their
Hill discriminants, where c;(x,A) is the solution of Eq.
(88) for which ¢;(0,4) = 1,¢;(0,4) = 0.Itis well known
(see, for example, Ref. 29) that the spectrum of the bound-
ary-value problem (106) is determined by the zeros of the
equation Aj(A) = 2: pi”, psl, |, p.§,{’+2, n=13.., and
the spectrum of the problem (107) 1s determined by the
zeros of Aj(A) = —2: p2"+1, p2n+2, n=0,2.... The

eigenvalues vf,”, ,uf,’ ) are ordered as follows:

I"(()])<ﬂgj)<1’§])<ﬂéj)<ﬂ§j)<V§J)<M§”<----

The potential 7,(x) is termed an N-zone potential if the
equations

y(’{)_ —v

are satisfied, which is equivalent to the conditions

N=p{D, n=N+1, N+2,.

A" =0, S’=(—1)" n>N+1. (109)
We now note that the equation
h(x,A) =c(mA)g(x,A) —g(mA)e(x,A) (110)

leads to A4’'(0,A) = ¢(m,A), which gives the following rep-
resentation for the Hill discriminant:

A (A) =g)(mA) + B (0A). (111)
Theorem 3.3. Let the potentials 7;(x) be N-zone poten-
tials with the Hill discriminants

A(A)=A(A)=A(A). (112)
Then: (I) If v, | 15V, 4, for n=1,2,...,N, then
N
A(x)= 21 2( =138, 4 H' (XVan 4 )
n=
— Y2n +JG'(x,v2,, +j)}1 ( 113)

N
w(x)= El {462n+1X2—1(V2n+1)[g£(7T:V2n+l)

2n+1]H (xV2n+1) — 4YV2n+1X2 (V2n+1)

— h3(0,v3, 4+ 1)1G' (x,v3, 1 1)}

(II) FOI"VZH+ 1=Vam42=V@mph= 1,2,...,N,

X [S2n+1

N
A(x)= 2_:1 {2y~ l(V(;.)) (S2n41

—S2n+2)H'(x,v(n))};
N
wi= T {42 Sanr Sanr2 = DY)

(114)

+2[55, 4 £2(TV ()
2n+1h2(0 Vi) 1P (x)}. (115)
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Proof. This follows directly from Theorem 3.2 if we
take into account the fact that (109) and (111) imply that
all the terms in (104) and (105) for n> N are equal to
Zero.

Remark. We use ¢(x,4) to denote the solution of (88)
for which ¢(mA)=1, ¢(mA)=0. Then we have
2 (x,A) = g(mA)h(x,A) + g(mA)E(x,A). Substitut-
ing this into (113) for j =2, we obtain the equation de-
rived by Levitan.”” Equation (114) can be viewed as fol-
lowing from (113) in the limit vy, ; = wv,,9
n=12,.,N. The representations (113)-(115) remain
valid in the case of infinite-zone potentials, where, as is
clear from the proof given above, the terms on the right-
hand sides for which (109) holds (for some n) are equal to
zero.

Here we give two corollaries of Theorem 3.3 which are
important for what follows.

Corollary 1 (the uniqueness theorem for the inverse
periodic Sturm-Liouville problem; see, for example, Refs.
28 and 31). If the condition (112) is satisfied, then
ri(x) = ry(x) if and only if vf,” = vf,z) = v, Sf,” = Sf,z)
=S, n>1, with

S,— 87 '=[AX(v,) —4, S,+S;7'=A(v,), (116)

where the sign in front of the radical ( +, — ) is deter-
mined from the equation

\/Ai(vn) —4=25,— A(v,)(S,=(—1)"|S,|). i
7)

Remark. Following Ref. 26, as the spectral character-
istics determining 7(x) we shall take the quantities

Vn(r)yfn(r)'—:_2lnlsn|9(sn=(“'l)nlsn|)9 (118)

which, owing to the Borg uniqueness theorem (see Corol-
lary 1 of Theorem 3.2) and the representation (95),
uniquely determine r(x)eL,(0,77) and also the Hill dis-
criminant A(A) (see, for example, Ref. 28). The condi-
tions of periodicity and smoothness of 7(x) impose definite
additional constraints on v, and f,. A general description
of the infinite-zone potentials 7(x)eC, (n>0) has been ob-
tained in the well-known study of Ref. 44 in terms of the
asymptotic expansions of the spectra u, (n— «), i.e., the
zeros A(A) = =2. For finite-zone potentials this problem
is easily solved by:

Corollary 2. For the potential r(x)eal to admit the
representation

N
re(x) = 21 {2 (v,) (82— 1D Q(x)

— S, A(v,)Py(x)}, (119)

where P, and Q, are determined by (98) (for r; = rp), itis
necessary and sufficient that 7(x) be an N-zone potential.
Here r(x)eaoo (0,m).

Proof. If r(x) is an N-zone potential, the representa-
tion (119) is obtained directly from (115) for , = r,. Con-
versely, from (105) (for , = r,), owing to (102), we ob-
tain
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(reP) =3 " (v)) (S2—1), (r0Qy)=S,A(v,),

and therefore the representation (119) is valid if and only
ifs? — 1 = A(v,) = 0 for n>N + 1, which, owing to
(109), is equivalent to the condition that 7(x) is an N-zone
potential. The condition r(x)eZ‘m(O,rr), which is well
known,* can be obtained from r(x)eC,(0,m) owing to
Theorem 4.8.

Remark. After the pioneering study of Novikov,*
where, in particular, the well-known finite-zone criterion
was given, Its and Matveev* obtained an explicit expres-
sion for N-zone potentials. A different representation for
N-zone potentials, which is somewhat closer to the meth-
ods of solving the IP described in Sec. 2, can be found in
Ref. 47. Further applications of the representation (119)
are given in Sec. 5.

(120)

2. Differential properties of the Crum-Kreln
transformation and applications

In addition to the problem
V' + [A —g(x)]y=0,
Y'(0) — hy(0)=y'(m) + Hy(m)=0

let us consider the problem

V' + [A—=r(x)]y=0, y(0)=p(m)=0,
where the potentials § = [g(x),h,H] and r are related by
the equation
2
F (@) =r(x)=¢(x) —2 732 In@o(x),

¢0(x)=¢(/q\;x310)9 (121)

usually referred to as the Crum-Krein transformation.
Then, as is well known,*® the characteristic function is

a(GA)=(Ao— A)x(rA), (122)

where w and y are determined by (9) and (91), respec-
tively. Here the solutions g(x,A) and A(x,1) are expressed
in terms of the solutions ¢(x,A) and ¢¥(x,A) as

W[¢0(x)9¢(xyl)]
8 = — Do)
W @o(x),¥(x,4)]
h(x,A)= (o — D)po(®) (123)
From this it follows that
1
An(a)=vn(r)’ I,.(/q\)= _ifn(r)’ n>1) (124)

where 1,(§) and f,(7) are determined by (58) and (118).

The main purpose of this section is to use Egs. (123)
as the basis for constructing a representation for the ex-
pansion formulas (87) corresponding to the problem (88),
(89) with r(x) = r(m — x) and vice versa. For this* we
first study the differential properties of the operator (123),
which are of independent interest.
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Theorem 3.4. The transformation (121) as an operator
F ()R, — L, is differentiable at any point geR,, and its
differential is

d A
E?(q+£f)

=0
oF 3F  oF

aq(x)f(x) +gret BHB

5 7=

%Ii%

(125)

where

%f(x)— fx) — ( %“(x))(f f)

X ®y(s)f(s)ds
+azlore(f;- 1)
@) = @*(x,49),

dig
()
oF

3 (T o
W(x)=—2a—x(¢o @ [ <I>o(s)ds)a—h,

3./

(126)

X <I>0(S)ds

(127)

d . dAg
(x) 2—(<I>0 (x)f <I>0(s)ds) 3 (128)

Proof. Since J¢/dH = dy/dh =0,
= Cptp(x) we find the equations

aF  d p(xdo) o

Bh . dx®Y(xA) Ok’

from g@y(x)

oF & @(x.A0) Ao
o0H Ei’q)(x,/lo) OH "
The identity Iy = Ay leads to the identity

(129)

d .
=71 P(xA), y(xA) 1=y (x,4).
Assuming that here y = ¢@(x,44), we find

d ¢(X’AO)

Frevme (130)

— @5 (%) f Dy (s)ds,
0 v
which together with (129) gives the desired equation

(128). Equation (127) is established in a similar manner.
Furthermore, again taking into account (130), we have

o0F
Tq_f(x)

&2 d
=f(x) =273 {q) ~(g;x,A0) 3 @(g:x,A0) f(x)

4 (-1 " oy(s)ds| (20 131
+2§;lq’o (x) fo o(s) S‘ (E;’f)' (131)

In order to calculate the derivative dg(g;x,A)/dq, we first
note that for A = A, the solution @o(g + fix) of the
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equation ¢f + [Ao — g(x)]lpo = f(x)@o for which @o(g
+ £,0) = 1, @j(g + f;0) = h satisfies the integral equa-
tion

@olq + [ix)=@o(g;x) + f: {xo(x)@o(s)

— Xo(8)@o(x) 11 (s) (@olg + f35)ds,

where

Xo(X) =xo(%:Ao): xo(0) = —h(1+ K 7},

x6(0)=(1+4r) "1

Since  W(@pxo)=1, we have Yo(%) =@o(x) 532
X (s)ds — h(1 + h*) ~lpo(x) and, therefore, xo(x)

X @o(x) — Xo() Po(x) =@o(x) @o(s) 57 '(£)dE. From
this we find the equation

®olg + f:x) =@o(g;X) + @o(g;x) L D5 ' (s)

X( J; F(E)@o(q:E)polq + f;g)dg)ds,

which serves as the basis for finding the expression for the
differential:

aJ
3 @o(g;x) f(x)

=<p§(x) f D; '(s) ( f ' <I>(§)f(§)d§)ds.

Substituting this mto the nght-hand side of (131),
we obtain Eq. (126), since F(§)=g(x) —2d%/
dx*In 1[:(q,x,/10) We now write Eqgs. (124) in the form
va(F (q + ef)) = M@ + &), n3l, JeRy v
= F (§)eL,. Differentiating this with respect to € and then
setting £ = 0, owing to Theorem 3.4 we obtain the follow-
ing lemma.

Lemma 3.1. Let y,,(r) be the eigenvalues of the prob-
lem (88), (89), r =7 (9). Then

Oy 5N _ (3in OF ~

where a/l,,/a'q\ = a,,<I>(/l,,), /O = 7,85 (x,v,).

Using the proof of Theorem 1.5, we find that Theorem
3.1 leads to:

Theorem 3.5. Let a(7) = {v,,n > 1} be the spectrum
of the boundary-value problem (88), (89) with
r(x)eL{[r(x) = r(w — x)]. Then for any function
feLI® we have the expansion

f= 2 T OIL®IEO], (133)
where L,(x) = H(x,v,,) — G(x v,). The analog of this
theorem for the problem (48), (49) with g
= (qeLé‘),h,H = h)efngs) is the expansion (87), i.e., we
have:

Theorem 3.6. Let the boundary-value problem (48),
(49) with 'q\ = ’q\(’) be used to construct the functions

E. P. Zhidkov and E. Kh. Khristov 111



W, (x)=¥(x,A,) — ®(x,A,),

®,(x)=®(x,A,), n>O0.

Then for any function heL{") we have the expansion

hd 1
h(x)= ZO &~ HA) Wi(x) (h,<I>,, — E) . (134)
n=

Let us give the derivation of Theorem 3.6 from Theorem
3.5 in more detail. We shall break up the proof into several
lemmas. First we note > that Lemma 3.1 leads directly to:

Lemma 3.2. Let fOeR{? = {feR,| f(x) = f(x
— x),a8 = a}. Then if PRy, for any feR%?
= {feRD|1/25Tf(x)dx + 2a = 0} we have

aF
szh( Sikox)

=—f(x)— (%‘Po_l(x))( fox - f:)
1

d
XDy(0)(5)ds + o £ E

x[cbo—‘(x) ( fo T f ’T)@o(s)ds}eLg“’.

(135)

Remark. The equation 3.7 (§)/0h=05 (§)/3H,
H=h, should be understood in the sense that (3.%/
oh, f)=(3F /OH, f ), feL".

Lemma 3.3. Let the function feL{” be used to con-
struct the function A( f;x,A¢), where r = % (). Then
for n>1 we have

YulF) fo " h( fixA0) Gy (rx)dx

=a,(q) fo fx (¢n(a“’;x) - %) dx,  (136)
where @, = ( — D""lo~! (4, = v,), 7, =
( — D% '),

Proof. The proof of (136) is a direct consequence of
Lemmas 3.1 and 3.2. From this and Theorem 3.5 we find
that if » = % (39, x), then for any feL{" we have the
expansion

! L,(rx)

—h(fihox)= X

n=1 X.(r;vn)(b(/q\(”;vn)

~ 1
X (f,cb,,(q“’) - 5) ) (137)

where A( f;Aqx) is determined by (135).
Let us now use the function ®y(x) to construct the
operators

d
41=100 + (05 )

x ( fo - f”) Do(s)f(s)ds,
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Bf=f(x) + ®y(x) ( J.Ox - Jw) ;' (5)f(s)ds.

Lemma 3.4, In the space L{”, 4 = B, je., for any
heL$® the equation Af(x) = h(x) has the unique solution
f = BheL{" and vice versa. Here

T 1 T
2 f() h(x) (d)o(x) —-2-) dx= fo f(x)dx,

h(x)=Bf(x). (138)

Proof. The proof of this lemma is completely analo-
gous to that of Lemma 6.6 of Ref. 50, and we omit it. It is
more difficult to establish the following:

Lemma 3.5. Let the functions L,(x) and W,(x)(r
= % (q")) be constructed as in Theorems 3.5 and 3.6,

respectively. Then for n>1 we have
(Ao — 44) ~'W,(x)=BL}(x) (139)

and

d x [
x [‘bo(x) ( fo J; ) Dy 1(s)ds]=ao_ BWix.
(140)

Proof. It is well known (see, for example, Ref. 48) that
the inverses of the transformations (123) have the form

Wizo(x).g(x,A)]
¢(X,ﬂ.)= Zo(x) ’

W(zo(x),h(x,1)] _
YA == ) =e5 ().

From this and the identity (22) we find

d
(Ag—A) ! Zx [Z0(X) P (x,4) | =W[Zy(x),G(x.4)],

d
(Ao—A) ! 7z [ LoV (x, ) ]=W[Zy(x),H(x,A)],

Zy=d; !,

where G = g%, H = h%, ® = ¢?, and ¥ = ¢, from which
it follows that

(Ao—4) ~2Zp(x) (¥(x,4) — D(x,4))

+ (Ao —4) 7 'Zp(x) (¥(x,4) — D(x,4))

=% ( fo e L ") W(Zo(s),H(s,A) — G(s,4))ds,
since S§W(Zy(s),H(s,A) + G(s,A))ds = 0. Now to ob-
tain (139) we must set A = v, and take into account the

fact that, owing to (50), ¥(x,v,) = ®(x,v,), ¥(0,4,)
= ®(mAg) = 1. A simple calculation gives

d X T
BE(QO(J:)(J; - fx )cbo—‘(s)ds)
=% (<I>0(x) (f: — f:) <1>o-‘(s)ds).
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Then Eq. (140) follows from the biorthogonality relations
(55) and the derivation of the expansion formula (134)
given below.

Now let us apply the operator B to both sides of Eq.
(137). Owing to Lemmas 3.4 and 3.5, we obtain the ex-
pansion formula

1) —aof £%0—3)

d X T
Xt—b_c ((Do(x) (L — J; )d’o‘l(s)ds)

- 1
-2 cz»—Z(A,,)W;(x)(f,<bn—-2-) .

In this we set f = W{(x). Then owing to (55) we obtain
Wi(x) = (d/dx)(®o(x)(S§ — SD P '(s)ds), which is
what we wanted to prove.

The expansion (133) is obtained from (134) by a sim-
ilar scheme. From the representations (123) and the iden-
tity (22) we can show that for any feLg(s) we have

J.ﬂ f(x)G(x,v,)dx
0

w 1
=(Ag— Vy,) -1 f h(x)(<1>(x,v,,) — E) dx, n>l1,
0

where = Bf. From this, setting # = Bf in the expansion
(134), we obtain

h(x)= 2 (do—va)o 2(v)WL(x)[ £,G(vp)],
n=t (141)

since, owing to (138), the condition feLg(” gives
(h,®y— 1/2) =0. Lemma 3.4 leads to the equations
(A9 —. vp)Li(x) = AW}(x), n>1. Furthermore, applying
the operator 4 to both sides of Eq. (141), we obtain the
desired expansion (133), using the fact that 4 = B~ 1.

4. THE SPECTRAL THEORY OF A OPERATORS

In this section we obtain expansions analogous to The-
orems 1.1 and 1.3 for the boundary-value problems (88),
(89), using a scheme which is traditional in spectral the-
ory. The essence of this scheme is its formulation as an
eigenvalue problem for a suitable integro-differential oper-
ator with subsequent construction of the resolvent opera-
tor, from which the expansion of unity is obtained by con-
tour integration as in Sec. 1. Qur constructions of A
operators is based on the following theorem.

Theorem 4.1 (Ref. 51). Let s(x) = ri(x) + r(x),
A(x) = ri(x) — ry(x), where r;(x)eC,[0,7]. Then the
product Y = yy, of the solutions of the equations
I(ry)y; = Apj Jj = 1,2, satisfies the equation

XXOY(x,i) =AY (x,A) + B(xp,x,A), x0€[0,7], (142)
where

1 x
Ry=7 | —D*+25(x) — fxo 5()dy
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.
b

- L) A(y)dy f; A(z)dz

1 X
Bured) = =5 [Wrtob (o) [ a0y
*0

+ 2[yi(x0A)y3(x0:A) +2Y (x0,4) ]

(D=%).

Differentiating (142) with respect to x gives:
Corollary 1. The function Y(x,A) is the solution of the
equation

— 5(x) Y (xp,4)

AxOY(x:/l) =ADY(x;A') - % A(x) WLV[ (xO!A');yZ(x&A)]s
(143)

1

Ay=DRy=7 [ — D+ 25(x)D + 55(x)

_AG) f A(y)dy] .

For A(x) =0 this leads to the well-known fact that
the product Y(x,A) of any two solutions of the equation
I(r)y = Ay is a solution of the equation

LY=1{—D?+ 4r(x)D + 2r,(x)}Y=ADY.

Corollary 2. From the identity (56) and the equation
W) = Y — 2Z, where Z = yj(x,A)p,(x,4), it
follows that Eq. (143) is equivalent to the system of dif-
ferential equations>®

—Y" +5.(x)Y 4+ (25(x) + A(x))Y' — 2A(x)Z=4AY’,

—Z" + ()Y +2r(x) Y — A(x)Z=2AY". (144)

Taking into account the initial conditions (90), we can
verify that Theorem 4.1 gives:

Theorem 4.2. The functions G(x,A) and H(x,A) deter-
mined by (96) satisfy the equations

KoG(xA)=AG(x,A) —1, AH(xA)=AH(x,A) -3,
where Ag(y) = Kxozo(,), and also the equations
AoG=DA,G=ADG, A,H=DA,H=ADH,

wherer(,,) = A"o:O("’)'
Corollary 1. If we introduce the operators

(145)

- 1 x
A#(0)=Z [ — D? + 25(x) + 5,(x) fo(w) dy

y

A(y)dy f dz
o(m)

X
— Ax
o(m)
then Eqgs. (145) can be written as
AG=A*DG=ADG, AXDH=ADH,

since G(x,A) =§3G’(s,A)ds, H(x,A)= — STH'(s,A)ds.
Let us now consider the boundary-value problems

’
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AoY (x,A) =A*DY (x,A) =ADY(x,A),

Y(0)=Y'(0)=Y(7)=0, (146)
A,Y(x,A) =A¥DY(x,A) =ADY(x,A),
Y(0)=Y(m)=Y'(7)=0. (147)

Since the conditions Y(0)=Y'(0)=0, Y”"(0)=2
uniquely determine the function G(x,1), the eigenvalues of
the problem (146) are determined by the condition
G(mA) =0, i.e., the set 0 = oy U 0, of zeros of the func-
tion X(A) = G(mA) = H(0,A). This equation together
with the conditions H(w) = H'(7w) =0, H" () = 2 shows
that the spectra of the problems (146) and (147) coincide.
Obviously, the problems (146), (147) are equivalent to the
problems

A*Z(x,A) =AZ(x,A), f " Z(xA)dx=0,
0

Z(0,A) =0, (148)
AEZ(xA) =AZ(x), fo " Z(xA)dx=0,
Z(mA) =0, (149)

respectively, in the sense that if for some A the function
Y(x,A) is a solution of the problem (146), then the func-
tion Z(x,A) = Y'(x,A) is a solution of the problem (148);
conversely, if Z(x,A) is a solution of the problem (148),
then Y(x,A) = S3Z(s,A)ds is a solution of the problem
(146).

We shall study the operators Ag, A, in the space L,
with the domains of definition

D (Aoimy) ={ f(x)eC5,| £(0)
=f'(0) = f(m) =0( f(0) = f(m)
=f'(r) =0)},

and the operators A* and A¥ in the space

D (A¥p) = |f(x)€C2

J-O” Fx)dx

—0, £(0) = O £(m) =01} .

From fe2 (A*)(Z(A})) we have F(x)

= Jif (5)dseD (Ag) (F(x) = — S7f(s)dseZ (A,)), and

if feD (An)), then f'eD (A¥)). Here
AomS =DARo(mf =K¥,Df, VfeCs,
fO)(f(m)=0, (Aofig)=—(f,As8),
[Af gl = £ A.g1feD (Ay), geD(A,)

and

(Roimf8) = [ AE 1,8) [€D (Ao(m))s ge..@(KO(,,n,( s

where the skew-scalar product [,] is given by (103).
We introduce the function

(150)
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G(x,A)H(y,A), x<y<m,
2
Roxy ) =5 .2112 U(x,A)Us _ j(pA)
j=1,
— H(x,A)G(y,A), O<y<x,

where Uj(x,A) = gi(x,A)h; _;(x,4).
Theorem 4.3. The integral operator

Ro( fiA) (x) = J:) Ro(pA)f () dy

is, for any Aep(Ag) = C\ U ;_,, 0}, the resolvent of the
operator A, — AD,i.e.,

Ro( fiA) (x)€Z (Ag), (Ag— AD)Ry( fiA) (x)=f(x),
feLi, Ro(A,(Ag—AD)f ) (x)=f(x), feZ (Ao).

Proof. The proof reduces to direct verification using
the identity (56) and the equation following from (88):

Y (x,A)=[s(x) —24]Y(x,A) + 2y{(x,A)y;(x,A).

This calculation is described in detail in Ref. 24.

Corollary 1. The resolvent operator R*(1) of the
boundary-value problem (148) is determined in terms of
Ry(A) by the equation

R*(A)=DRy(A)=(A* —AI) ', Aep(Ay).
Taking into account (150), we obtain:

Corollary 2. For any Aep(A,) the operator

RIS = [ RS ),

Rﬂ(xiyil) = - RO(yyx’A')

determines the resolvent of the boundary-value problem
(147). Here the operator

R$(A)=(A§ — AI) ~'=DR,(A)

is the resolvent for the boundary-value problem (149).
Now we introduce the operators

A=3(Ag+A,),
D (A)={f(x)eCs| f(0) = f(m), f(0) =f'(m)},
A*=1 (A% + A%),

9(7\',..>=|f(x>ecz fo f(x)dx=0, £(0)=F(m)| .

This leads to the equations
Af=A*Df, feC; [f(0)=f(m)=0,

(Af.g)=— (f,AQ), fgeZ(A),

the last of which shows that A is a skew-symmetric oper-
ator. We also note the relations

[Afgl=[fAgl, A=}(Ao+AK,), fgD(A),
(A*f.8)=(fAg), feD(A*), geZ(A).

Let us consider the boundary-Value problem

(152)
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AY(x,4) =ADY(x,A),

Y(0)=Y(m)=0, Y'(0)=Y'(m),
which, owing to (152), is equivalent to the problem

(153)

A*Z(xA)=AZ(x,A),
f" Z(xA)dx=0, Z(0)=Z().
0

The analog of Theorem 4.3 is:
Theorem 4.4. If the boundary-value problems (88),
(89) are isospectral, i.e., 0, = 0, then the operator

R(A)=3 [Ro(A) + R(A)]=(A—AD) "},
Aep(A)=C\o

is the resolvent of the problem (153), and we have the

operator
R*(A)=DR(A)=(A*—AI) ~ .

We introduce the systems of functions {U,} and
{V,} as follows: for v,e0’ we set

Uy (x)=X"1(v,)G(x,v,), Vn(x)=2H(x,v,),
andforv,, . | = vy, 1 2 = V(,)€0" Weset
Uz 4 1(%) =2X = 1 (v(y)) G(%,v (),

U 4+ 2=2X " () ) G(X,V(n)),

Von+1=2H(xv(n)) — 2X (V1)) X ~ ' (¥ ) H (X, (),
V2n + 2=2H(xyv(n))-

Using the identity (22), we can verify the following
lemma.

Lemma 4.1. The system {U,} is biorthogonal to the
system {¥,} under the skew-scalar product (103):

[Ume] . [VmaUn] =8pm:

Furthermore, from Eqs. (146), taking into account the
boundary conditions (90) and Eq. (93), we find: N

Lemma 4.2. U9 (Ay), V,.eZ(A,), UcD (A¥),
VieD (A}). Here, if v,c0’, then

AU, =R*U=v, U, A, V,=A%
and if v(,€0”, then
AUz 1 1=ATU3, 4 1=Y()Usp 1 1s

AUz 4 2=Vm)Usp 12+ Uy 15

’__ ’
Va=v, Vo

A1rV2n+2='V(n) V£n+2’
AV2n+ 1=V(n)V£n+l + V£n+2'

The fundamental question of whether or not the systems
{U,} and {V,} form a basis and are complete is resolved
by:

Theorem 4.5. This concerns the expansion of unity for
the operators Aq,) and A¥q,. For any, possibly complex-
valued, function feL, we have the expansion formulas
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- rf(s)ds—hm Z V) (fU),  (154)
X Noow n=3
f f(s)ds= lim 23 U, (x)( f,Vn), (155)
Now n=

where the convergence in (154) is uniform in xeA C (0,7},
and that in (155) is uniform for xeAC (0,7]. Here, if
fEL(o), then in the sense of the norm of L, we have

f(x)= lim 2 Vix)( f,U,), (156)
Noow n=3
f(x)= lim 2 UL(x)(f,Vn)- (157)

N—w n=3

Proof. This is proved by calculation, as in the proof of
Theorems 1.1 and 1.2, of the contour integrals

1
. 35 Rom (A, £) (x)dA,
cN

27ri

1
= fﬁ R (A f) (x)dA
N

with subsequent application of the criterion for forming a
basis. >’

It follows from Lemma 4.2, Eq. (150), and Theorem
4.2 that if

feZ(A,) and vy, €0', v;,, €0",
then
(Anf’UZn+j)= —( f’A0U2n+j)
= V2n+j[ f’U2n+j]’

while for v,, , ;60" we have

(AzfiUsn )= —Vony2l iUsn 2] — [ fiUsn 1]

Furthermore, taking into account (151), we find that if
feZ (Af), then

(A3f Uz s )= fihoUzny ) =Van 1+ { [iUsn 4 )
(A Usp 4 2) =Van 1 2( fiUsn 1 2) + ( fiUsn 4 1)

From this, after replacing f by A,.f in (154) and f by
A%f in (156), we find:

Theorem 4.6. This concerns the spectral expansion of
the operators A, and A}. For any feZ (A,) we have the
expansion

- L " A (s)ds

= Zl [ .212 V2n+jV2n+j(x)[f’U2n+j]
n=1 | j=1,

+6nV2n+2(x)[f’U2n+l] ’ (158)
and if feZ (A}), A3feL(®, then
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WV
A¥f(x)= lim 2 2 Vant Van+ (%) (fi Uz 4 )

Now n=1 | j=1,

+6nVén+2(x)(f’U2n+l) ’ (159)

where 6, = 0 for v,,, , 1€0”, and §, = 1 for v,, , €0”.

The expansions for the operators Ay and A¥, which are
obtained from (155) and (157), respectively, are com-
pletely analogous to (158) and (159) given above and are
not written out here.

Corollary 1. The spectrum o(Ay) = C\p(Ag) of the
boundary-value problem (146), (148) coincides with the
spectrum of the problem (147), (149), and o(Ag)
=0(A,;) =0, U 0y, p(Ag) = p(A,) is the region in which
the operators Ro(l)[R*(/l)] and R (A)[RS(A)] are regu-
lar. The numbers v,0’ are simple eigenvalues for which
U,(U;) and V,(V}) are the corresponding eigenfunctions.
The numbers v(,)€0” are double eigenvalues for which
Usn+1(Usns1)s Vani2(Viny2) and Uy, 2(Us, o),
Van+1(V3, 4 1) are the eigenfunctions and associated func-
tions of the boundary-value problems (146), (148) and
(147), (149), respectively.

Remark 1. It follows from the equations for the func-
tions V7, given in Lemma 4.2 that Eq. (159) can be viewed
as resulting from the term-by-term application of the op-
erator A to the expansion (159), i.e.,

AXf(x)= X AXV.(x)(f,U,),
n=3
feD(A}), R3feL).

A similar statement can be made for (158) if together with
feD (A,) we require that A feL?.

Remark 2. Computing, as in the proof of Theorem 1.1,
the contour integral

1 - -
5 R¥(z, f)(x)(z—A) ~'dz, Aep(A}),

we obtain the following spectral representation for the re-
solvent:

_ = A
RHm=3 3 (it
n=1 j=12 2+ j
8nV2n +2(%)

(v_(,,)——/l)f(f’vz"“)

which is valid for any feL,. From this, owing to Corollary
1, Theorem 4.2, and Lemma 4.3, we obtain the expansion
formula (156) for any feZ (A#). In this aspect Theorem
4.5 enlarges the set of allowed f for which the given ex-
pansions hold.

Let us now consider the spectral problem (153). Here
the analog of Lemma 4.2 is:

Lemma 4.3. The functions

P,(x)=2X Y (v ) H(x,v,),

Qn(x)=s2n+ls2n+2H(x’Vn) - G(X,Vn) (160)
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are the eigenfunctions of the boundary-value problem
(153) corresponding to eigenvalue v,;:

AP,=A*P,=v,P,, AQ,=A*Q.=v,0., (161)
where P,, Q,€Z (A). Here
[P O] =6pm [Pum] = [QQO] =0. (162)

The following two theorems give the expansions of unity
and the spectral expansions for the operators A and A*,
respectively.

Theorem 4.7. For every function feL] there is the ex-
pansion

f(x)= lim 2 {Q.(x)( f.P,) —

N-ow n=1

— P (x)(£,.2)},
(163)

and if feL; we have
([~ [

= 2 Q) (£.P) = Py(x) (£,Q0)}, (164)

where in (163) the series converges in the sense of the
norm of L,, and in (164) the convergence is uniform in
xeAC (0,).

The proof of these expansions is obtained by calculat-
ing the contour integrals

27ri 21ri

by the method discussed in the proof of Theorem 4.5. We
only note that if we use Sy( f;x) to denote the partial sum
of the series (163) and

N

on( fix)= X

n=1

1 . 1
——.§ R*(4, f)(x)dA, ——.35 R(A, f)(x)dA

2 T
- ¢os 2nx f f(») cos 2ny dy
0

2
+- sin 2nx fﬂ f(p) sin 2ny dyl
0

for the partial sum of the Fourier series for feL9, then
limy_ ,[Sv( fix) — on( f%)]|L, = 0, which is equivalent
to Eq. (163).

The expansions (163) and (164) can be viewed as
resulting from the addition of the expansions (156) and
(157) and (154), (155), respectively, with the subsequent
transformation of the corresponding terms similar to that
used in the derivation of Theorem 1.3 from Theorems 1.1
and 1.2. Following this scheme, Theorem 4.6 and Lemma
4.3 lead to:

Theorem 4.8. Equation (163) is the expansion of unity
for the operator A%, ie., for any fe (A*), K*feL(()Z) we
have

— v P (x)( £,.Qn)}
(165)

and Eq. (164) is the expansion of unity for the operator A,
i.e., for any fe<Z (A) we have

A*f(x)= ; @G (x)( £,P,)
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(L

; {aPa() [ £,Qu] = viQu(X) [ f:Pa1}-

Remark 1 In contrast to the function @, (160), the
functions Q' (98) are not solutions of Eq. (161). More
precisely, we have the equation

AQL (x) =v, 08 (x) + (= 1)4~'A(x) ¥ (v,)

X(S;phi+85542), =12,

from which Eq. (161) is obtained, owing to the represen-
tation

Qn(x) = — S2n 4 1520 4 21O (%) + QP (x)1(0'=0).

Remark 2. It follows from the representation (110)
that for O<y<x

Ro(xp,A) =2X ~ (1) G(x,)H(p,A)

j=12
Xej(pA) — ei(x,A)g(»A)].

From this, since W(c;g;) = 1, it follows that the function
R, is continuous together with the first derivative with
respect to x for 0 <y <. The second derivative with re-
spect to x for xs£y exists, is continuous, and

R(x,p,A) R (x,p,A) :
A
y=x+0 y=x—0

On the basis of these requirements, the authors of Ref. 36
obtained the Green function for the system (144) on the
entire axis with arbitrary potentials 7;(x)€L;,.. A formula
similar to that of Ref. 36 was proposed earlier in Ref. 51.
The presence of boundary conditions somewhat compli-
cates the formulation of the problem of expanding in prod-
ucts of the solutions of two Sturm-Liouville problems in
the form of the spectral problem for the A operator, as is
clear, for example, from the constructions of Ref. 52.

5. ON THE HAMILTONIAN OF THE THEORY FOR THE
KdV EQUATION IN THE PERIODIC CASE

In this section we use the symplectic expansions ob-
tained in Sec. 4 and the related operator spectral theory to
construct for the KdV equation a canonical change of vari-
ables, which corresponds to the well-known study of
Flaschka and McLaughlin.?® In addition, we show how
these expansions can be used to obtain the equations pro-
posed by Trubowitz in Ref. 28 for solving the periodic
inverse Sturm-Liouville problem. When not stated other-
wise, everywhere below we use the notation of Secs. 3 and
4, assuming that r,(x) = r(x) = r(x).

We introduce the functions

P,(x)=5,H(x,v,) =7,G(x,v,),
0, (x) =8,H(x,v,,) — 1,G(x,v,). (166)
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Since P,(x)Q,(y) = P,(x)Q,(»), where P, and Q, are
defined by (160), the expansion formula (163) can be
written as

fx)= 2 {0.(x)(f:B) —Py(x)(/,00)}, feLy,

(167)
and Eqgs. (162) give
[i’n»ém] =5nm’ [Pmpm] . [Qm@m] =0, nm>1. (168)

Lemma 5.1. At any point 7L, the eigenvalues v,(r)
and the normalization factors y,(r), 8,(r) (94) and
fn(r) (110) are differentiable, i.e., if feL,, the following
derivatives exist:

d v, v, -
v,.(r+ef)) ( f), 2P (x), (169)

d Yy

E?’n("+€f)s= =(3r f)

0Yx 1 (vy)

7377=).( o [0 -5 |, amo
tasre]_-(3)

3, 1 [, (v2)

b e} [Gn(x) X( G,(x )} (171)

n fn ~
dfn(r+£f)| (f ,f) Ve, ()

Proof. The proof of Egs. (169) is well known (see, for
example, Ref. 23). Since S%(r) = 8,(r)v; '(r), Eq. (172)
follows directly from (170) and (171), which are derived
in a similar manner. Let us prove (171). From the integral
equation

g(r+ hx ) =g(x.A) + fo exA)e(rA)

—c(xA)g(n,A) Yh(p)g(r + hiy,A)dy,

where g and ¢ are solutions of the equation
y' +[A—r(x)ly=0 and g(r+ h;x,A) is the solution of
the equation y” + [A — r(x)]y = A(x)y, we find that the
functionals g'(mA) =g'(rmA), g&(mA)=g(rmA):L,
— C are differentiable at any point reL,, AeC:

ag’(mA)/dr(x)
=g'(mA)c(x,A)g(x,A) — ' (mA)g*(x,A),
ag(mA)/dr(x)
=g(mA)e(x,A)g(xA) — &é(mA)g (x,A)
— 2c(mA)g(x,A)g(x,A) + g(m,A)
X [6(x,A)g(x,A) + c(xA)g(x,A)]. (173)
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From this, taking into account the representation (94) and
Eq. (22), it follows that §,(7):L, — R is a differentiable
functional, where

L
2 W(r+€f)

=0

_dg(r+efimvn(r+ef))
T de g(r+ef;mvp(r+€f))

£=0

ap'(mwv,,)
=g~ (mv,,) (%—,f)

ag(mv,
— 8 ()~ (mv,) (—g(—g—rv—),f)

+{&'(mv)g~ Y(mv,)

, .. .1 a"’n
—& (’IT,‘V,,)g(')T,‘V,,)g (W’Vn)} ('E_' ’f) .

Now to obtain Eq. (24) it is necessary to substitute into
the right-hand side of this equation the expressions found
for ov,/dr, dg'(m,v,)/dr, and 3g(wv,)/dr with g(m,v,)
= 0 and then use the equations g'(m,v,) = ¢~ (mv,),
g (myv,)e(my,) + g'(mvy)e(my,) — glay,)c' (mv,)
= 0, which follow from W(c,g) =1, g(w,v,) = 0.

Remark 1. Equation (172) can also be obtained di-
rectly using (169) and (173). In Refs. 23 and 26 it was
shown that

Of
o (x)= —2g(x,v,)c(x,v,)
+ 28 7 M (mvy)e(mv,) g (x,v,).

From this we obtain (172) after noting that, owing to
(110), we have for A = v,;

h (x,v,) — c(mv,)g(x,v,)

=c(mv,)g(x,v,) — g(mv,)c(x,v,),

where

Jw gx,v,)e(xv,)dx=g = Y(mw,)e(mv,)
0

and, therefore, §§df,/dr(x)dx = 0.

Remark 2. Equation (167) plus the equations
fgf’,,(x)dx =1, J'6'~,,(x)dx = 0, lead directly to the ex-
pansion

1 (7 L ~ 1
fE=_ | fOdy+ 2 Q,,(x)(f,Pn—;)

—P(x)( £,0n), (174)

which holds for any feL, since f©© = f(x)
— (1/7)SEf (x)dxeL{®. As can be seen from the asymp-
tote (92), the functions B, — 1/ are the gradients of the
functionals v,(r) = v,(r) — n* — (1/7)S&r(x)dx, as was
pointed out in Ref. 23. Equation (174) was obtained in a
different manner in Ref. 23 and along with Egs. (168)
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plays a fundamental role in the scheme for solving the IP
proposed in that study, which is similar to those con-
structed in Sec. 2.

Let us now consider the one-parameter family of
boundary-value problems

V' + [A —r(x)]y=0, p(0)=y(m)=0, teR.  (175)

From Egs. (169), (172), and (120) plus the expansion
formula (167) we find the following important theorem.

Theorem 5.1. In Eq. (175) suppose that we have
r(x,-)eE’l(O,ﬂ') (108) and the derivative r,(x,-)eLgo).
Then the following expansions are valid:

)= X @50 = fuFi(x0}, (176)
i S, 1)) —Su(n)
re(x,0) = P2 PR 0, (x,1)
2 A0 5, t)] (177)
B ARG

where the functions P(x,t) and Q,(x,t) are constructed
from Egs. (166) with r = r(x,z), v,(¢) and f,(¢) are the
quantities (118) corresponding to the boundary-value
problem (175), v, , = (7,P,), fr, = (r»0,),and A(A) is the
Hill discriminant (111).

Let us consider the Cauchy problem

r(x,t) —r(x,t)=0, O<x<m, R, r(x,0)=C,.
(178)
From Theorem 5.1 we obtain:
Corollary 1. The potential r(x,t) satisfies Eq. (178) if
and only if

d SN =S d

3 28[v,(1)]
a"O="3m1 0 @l

T xva(O1
(179)

The solution of the problem (178) is obviously the func-
tion 7(x + ¢) and, therefore, Egs. (179) give the ¢ evolu-
tion of the spectral data v,(¢), f,(¢), n>1, of the bound-
ary-value problem

(®)

V' +[A—r(x+0ly=0, y(0)=p(m)=0. (180)
Let us now take into account the fact that the Hill discrim-
inant A(A) of Eq. (180) is independent of z. From this it
follows that the spectra of the periodic and aperiodic prob-
lems (106) and (107) are independent of ¢; here the in-
equalities uy, | < v,(t) < Wy, n>1, are satisfied. From
(116) and the representation (95) it follows that the first
of the equations in (179) can be written as

d d -
FV,,(!): \’A (V") —4 (— H I_Z(Vl—ﬂ)l )
t aA »>1 A=v,
(181)

The second equation can be solved, assuming that the so-
lution of the system (181) is known. The solution is given
by

VAZT[v, (] —4=2( — 1)"*+exp( — 1 f,(1))
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- A[Vn(t)];

which can be viewed as determining the sign in front of the
radical.

Remark 1. In connection with the solution of the in-
verse problem for periodic potentials, the system of equa-
tions (181), where the sign in front of ~/A%(v,) — 4 is
determined as described above, was obtained by a different
method in Ref. 28. There it was shown that the solution is
unique and given by

() =po + 21 Han -1+ Ban — 2va(2), (182)
. n=

which is the well-known trace identity.
Remark 2, Owing to the representation

A2(A) — 4=41P (o — 1) l'I1 n pan 1 —A) (2 — A)
n>

in the case of finite-zone potentials the system (181) re-
duces to the equations

d -1
%:2 Ry(v, (1)) ( II (Vl(t)_vn(t))) ,
t l£n
n=1,2,...,N,
where

Ry(A)=(uo—A4) H1 (Ban—1—A) (ugn — 4)
n>

were first obtained by Dubrovin.?’
Let us consider the periodic Cauchy problem for the
KdV equation: ’

r=06rr, — ry, 0<x<m, r(0,t)=r(mt), r(x,O)eZ'w
(183)

and together with it the Sturm-Liouville problem (175). It
is well known' that if we introduce into C, the Poisson
bracket

oF 4G JdF 0G
{F.G}= '37,5;]=(3;,D5;) ,

where F and G are differentiable functionals of 7, r,, and so
on, then (183) has the Hamiltonian structure

d o0H
“=5x ar’

(184)

m 1
H(r)=f (r3(x)—5ri(x))dx. (185)
0

Now, following Ref. 26, we introduce the new variables
v,(t), fn(t), which, as noted in Corollary 1 of Theorem
3.3, uniquely determine r(x,) in (183). With respect to
the Poisson brackets (184), v, and f, are canonical vari-
ables,>® which follows from Egs. (168), (169), and (172).
Equation (185) takes the form

d 0H d oH
a"=af, @l "5,

The following theorem gives the explicit form of the right-
hand sides of these equations.
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Theorem 5.2. For the function r(x,t) to be a solutipn of
the Cauchy problem (183), it is necessary and sufficient
that v,(#) and f,(¢) satisfy the system of equations

d _2 A% (v,(2)) — 4

{2V,,(t) + Ko

at""" T q(v(0)
+ ’21 [#21_1+#21—2V1(t)]] , (186)
d = 4A[v,(0)]
A TA0) l e
+ IZI (21— 1 + po — 2vi(D) ] | (187)
where p, are the zeros of the equations A%2(A) — 4

= 0, which are determined through r(x,0) and are the first
integrals of the KdV equation.

Proof. We use L* to denote the operator A* for r
=ry=r(x,t):

_ 1 x T .
L*=Z Dz+4r(x)t)+rx(x9t) (J;) —f )dyl (188)

Applying the operator 4L* to both sides of (177), where

re=r(x0,8; ' — 8,= \/A*(v,) — 4,owingtothespec-
tral expansion (165) we obtain

4L*r,=6r(x,0)ry(x,t) — Frpx(x,8) — 27 (x,2)7(0,1)

VA2 (v,(1)) — 4

= 2 |40 = (6
A, (1))
— 81/"([) mﬂ,(x,t) .

From this, taking into account (176) and (177), we ﬁnd
that

r,— 6rr, 4+ re

\/Ai(v,,) '_ 4

= 'Z,l Hv,,,,_ 2y A= 2r(00) |01(x)
2200 o
- [fn,t_ X(‘Vn) [ Vn — r( !t)]] n(x) .

Now in order to obtain Egs. (186) and (187) we need to
use the trace identity (182) with r = r(0,¢), where it is
necessary to take into account the well-known fact that for
the problem (183) p,(2) = p,(0).

Remark 1. Equations (187), as was shown above, de-
termine the sign in front of the radical in (186). In the case
of the N-zone potential »(x,0), Eq. (186) reduces to the
finite system

dv,
dt

N
Mo + E (1211

4 RN[V,,(I)] {
I=1,%n

I vite) = vau(0)]

I£n

+ Hy—2vi(1)], (189)
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in which the polynomial R y(A) is defined as in (181). It is
well known that (189), in addition to the system (181)
(z—x), can be solved explicitly using the Riemann 6 func-
tion. %6 Solving the systems (189) and (181) (#-x) to-
gether, we find, as was shown in Refs. 55 and 56, the
N-zone KdV solution in the form

N
r(x,t) =po + IZI (21— 1 + par — 2vi(x,0) ].

Remark 2. The scheme described above for construct-
ing the Hamiltonian equations in the variables v,, f, is
easily generalized to higher KdV equations. For example,
for the Hamiltonian following from H(r) (185)

1 ™
Hz(r)=5 fo {r2.(x) — 5r2(x)ree(x) + 5r4(x) }dx

we have

d 9 _\6i» 8r(0)L* 8
o= re(x) + 8r(0)L*r,(x) + 87,(x)

X [ — r(0) +3r2(0)].

From this, writing out #(0,¢), — r.(0,¢) + 3r 2(O,t), us-
ing the well-known trace identities (see, for example, Ref.
54), we derive, as in the proof of Theorem 5.2, the corre-
sponding system of equations similar to the system (186),
(187), the explicit form of which we omit, owing to its
awkwardness. It is obvious that the system (178) is also a
Hamiltonian system with Hy, = 1/2f8r%(x)dx. Further
substantive study of the properties of Hamiltonian systems
of the KdV type in the periodic case requires the use of the
techniques of algebraic geometry,** the discussion of which
lies outside the scope of this study. We note that represen-
tations of the form (119) for finite-zone potentials are of
interest in connection with finite-dimensional dynamical
systems.*®

6. THE SPECTRAL THEORY OF A OPERATORS FOR
A DIRAC SYSTEM ON A FINITE INTERVAL

The theory of A operators related to a Dirac
(Zakharov-Shabat) system on the entire axis in the class
of potentials falling off for |x| — « played a very impor-
tant role in the development of the ISM (Ref. 8). Several
difficulties arise in generalizing this theory to the case of a
finite interval for applications to periodic problems for
equations like the nonlinear Schrodinger equation. We
note that if one considers only the problem of constructing
the formulas for expansion in products of the solutions of
two regular Dirac operators, the analogy with the con-
structions for Sturm-Liouville problems is almost com-
pletely preserved.'”’ Some differences arise in the con-
struction of A operators, for which these expansions are
expansions of unity.’®>

Let us consider two self-adjoint boundary-value prob-
lems defined by the Dirac system

d . .
(B $+Q,-(x>)y"’=/ly‘”, O<x<m, j=12,  (190)
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and the boundary conditions

11 (0,4) =p{” (m,1) =0.

Here

01 pi(x)
2=(_1 o) o=(7®)

)
y(j)=(yzj) ’
Y2

with real functions p;(x), q(-(_x)eCI [0,7], and if Q) = Q,, we
omit the index j. We use ¢ (x,A) and 4/ (x,4) to denote
the solutions of the system (190) for which @(/(0)
= ¥/(m) = (0,1)7, where T denotes transposition. Let

0)(A) =W (@D P P)=g|(mA) = — ${”(0,4)

be the characteristic functions of the boundary-value prob-
lems (190), (191), and the Wronskian is

W( f,g) =fTBg=f1g2 _f2g1’

f= (fl;fz)’ 8= (81,82)-

It is well known (see, for example, Ref. 29) that the spec-
tra of these problems consist of the simple eigenvalues

(191)

qj(x))
—-pix))’

(192)

0j={if|j) =A'2n +j| wj(AZn +j) =0}°°

n=— °?

A = n+0(1),

n—*ow

where @;(4,, 4 )70; ' = 3/9A. The eigenfunctions are
PP AP =Crp y HP (AL,

G +j=‘P§j) (mA) =95 ~1(0,4L7)

and their norms are

(193)

@20 + j= || P2n +j”l;2= -Gl "Azn s )

Ban + j=1¥2n +j||L—22= — Cony 5 Y20 +7)s

where ( £,8) = S§(f1(x)g1(x) + f2(x)g2(x))dx is the
scalar product in the space L{® of the vector functions

f = (fi,f) and || f|| = (f,f)Y% We also introduce
the skew-scalar product

[fgl=(f.Bg)=—[& f] (194)
We define, following Ref. 57, the product Y (x,A) of the
solutions y'(x,A) and yP(x,A) of Egs. (190) as

Y(x,A)=yMoy?

1),,(2 1),,(2 1).,(2 1),,(2
g)yg) ()()()()_I__y_‘(,)yg))T.

=(y a0 R Sl 7

The following operators play a fundamental role in our
constructions:

(195)

L d 1 .

Aomy = (Lom)=532;+5 U(x) fom [BU(y)] dy,
1

—EU(H(x)) , (196)
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where
(=) (+)
—q )4
Ux = - ’
(x) ( ) q(+))
() _

P =pEp v(+)_(P(+))
¢ *=g,%q, ¢t)

which operate according to the expressions

Ao f O (x) =Ly f (x) — 304 (x) £1(0()),

where

FO =L f(x)=[ f1(x), f2() 1T, A1[O(m) ]}
The domain of definition is
D (Ao)={ feC?| f1(m) — £1(0)
- [U(+),f] =0’f2(0) =0},

where Cﬁz) = C§2)[O,1r] is the space of continuously differ-
entiable vector functions f(x). Since for any f, ,geCﬁz) we
have the identity

[Af O8] — [ £iAS]
=3 {£1(0) (g1(m) —£1(0) — [{+),g])
+ &1 (m) (fi(m) — f1(0) — [, £ 1)
+ f2(m)ga(m) — £2(0)g,(0)},

we have the following lemma.
Lemma 6.1. The operator A, with the domain of def-
inition

D (A)={ feC?| fi(m) — £1(0)
- [U(+),f] =0’f2(77) =0}

is conjugate to the operator A under the skew-scalar prod-
uct (194), i.e.,

[AOﬂO))glz[f)Am”)]’ fG.@(Ao), geg(Ar)

In addition to Y(x,A) we introduce the product

P(x,4)=yVey®

(197)

1),,(2 1),,(2 1).,(2 1),,(2
=P — P + ).

The relation between Y(x,A) and ,}\’(x,/l) is given by the
identity

d ~
— Y(x,A)=[BU(x)]17Y(x,A), (198)
dx
where
d A
Bd_x Y(xA) + Ux)Y(x,A)=2AY(x,A). (199)

From this it follows that Y (x,A) satisfies the equation
d X

Bd— Y(x,A) + U(x) f [BU() 1T
x x0

— Y(A)dy + U(x) ¥(xph) = 2A¥ (x,4).
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Here, setting x, = O,7 and using the equations
®(0,A) =¥(mA) = (—1,0), we obtain:

Theorem 6.1. The vector functions ®%(x,A) and
¥(™M(x,A) constructed using Egs. (197), where

P(x,A) =¢(l)°¢(2)’ Y(x,A) =¢(l)°¢(2);
satisfy the equations
Ag®°(x,A)=L®(x,A) + 30 ) (x)=AP(x,A),  (200)
AV (xA) =L ¥ (xA) 4100 (x) =AW (x,4).

Here

®,(0,4) =0,®,(mA) + 1 — [v{F),@(1)]=20(),

(201)

(202)

W,(mA)=0,1 + ¥,(0,A) + [v' T, W(1)]=2Q(A), _
(203)

where Q(A) = @;(A)w,(A). [The second equations in
(202) and (203) follow from (198), owing to (192).]
Let us now consider the boundary-value problem

AgY O (x,4) =AY (x,4),
Y,(0)=0, Y(m)—Yy(0) — [v*),Y] =0.
We introduce the matrix
O (x, M)V (pA), x<p<m,

1 . . .
Go(x,y,/1)=m '212 S (x, )52 (p,A)
J=

ZW(x,)P(yA), O<y<x,

where S = (P0G =7 ¥ = (BY)T. Then:

Theorem 6.2. The matrix G is the kernel of the resol-
vent of the boundary-value problem (204). More precisely,
for AeC\ U ;_;,0; = p(Ay) the vector function

(Ao — AI) = 'f(x) =Ro( fix,A) =55Go(x.0,A) f (»)dy,
where I = ((1, 9), satisfies the equations

(Ag — ADRy( f3,4) =F(x),Ro( fi,A)eD (Ag)
(205)

(204)

and
RO[ (AO - A‘I)f;x9A'] =f(x)9 fe.@ (AO)-
Proof. We set H(x) = Q(A)Ry( f;x,A). Then Eq.
(205) has the form
d X
B—H(x)+ U(x) f [BU(s)]TH(s)ds — v )
dx 0

X (x)H;(0) —2AH(x)=2Q(A)f(x).
From (199), taking into account (192), we find

(206)

d
BE;H(x)=ZQ(A)f(x) +2AH(x) — U(x)

X

d(x) fﬂ V() f(»)dy

+ 3 50 fo “50-2(y) )y

j=12
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—) fo ) )y} . (207)

Furthermore, owing to (198),

Ulx) fo [BUG)1TH(»)dy

= —Um)d(0) f F()f)dy + f " {Bp)T)

S SOEFC-2(p) + VB »)dy

j=12
+ U(x){...},

where the brackets contain the same expression as in
(207). Since the integrated matrix in the second term in
this equation is equal to zerg, in order to obtain (206) we
need only note that U(x)<I>(0) = v{*+)(x). The other
statements of the theorem are proved in a similar manner.

Corollary. The matrix G,(xp,1) = — Gy(y,x,A)
determines the kernel of the resolvent of the boundary-
value problem conjugate to (204):

ALY (xA)=AY(x,A), Y,(m)=0,

Yi(m) — ¥;(0) — [v'+),7]=0

Remark. The statements of Lemma 6.1 and Theorems
6.1-6.3 remain valid for any, possibly complex-valued
pi(x), gi(x).

Let us now show ‘that, following the scheme of Sec. 4,
we can construct the spectral expansions for the operators
Ao and A, Let the sets 0 = oy U 0y, 0" = 07 N 0y,
o' = o\0" be determined from the spectra ;.

We introduce the systems {U,} and {¥,}, taking for
/12,, + ]GO' !

Usn +j=ﬂ ~ Az + N P(XA2, 4 5),

Van +j= V(x,42, +j)
andforllz,, +1= A’Zn 427 A,,,GO'”
l(i(,,))d)(x,/l(n)),

' Am) P (A ),

U2n+ 1=2‘Q' -
Upn2=207
Van e 1=¥ (%A () — 8 (A1) [BE(A () 1~ W (XA (),

Vzn +2= \Il(x,A«(n) )
Using the identity [following from Eqgs. (190)]
[Y),ZW]=@—-2)~" II WP x4),
j=12
(208)
we can establish the following biorthogonality relations:
[VeUnl=6,m nmeZ.

Furthermore, Egs. (200), (201) together with (202),
(203) lead to:

Lemma 6.2. U,eZ (Ay), V,eZ (A,). Here, if A,e0,
we have

Z(J) (x,,u) ] I::O’
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AU (%) =A,Up(x), AV (x)=R,V,(x),

and for A,)€0” we have

A0U£n+1(x)=)~(n)U2n+1(x),
A0U§n+2(x) AmyUzn 4 2(x) + Uy 4 1 (x),

AP () =A(yVan 4 1(X) + Van s 2(x),

AVED, () =4y Va1 2(%).

The main theorem of this section is the following.
Theorem 6.2 (on the spectral expansions of the oper-
ators Ag and A,).
I. For every, possibly complex-valued, function
feL® we have the expansion formulas

n

2 = U fVa

n=—

2 V.0 LU,

n= —

f(x)=

f(x)= (209)
where the series converge in the sense of the norm of
Lm as the N-o limit of the partial sums
1r(N FX)=Zpeay Va(X) [ £,U] and  Sy(N, fix)
=Z,eany — U,(X)[f,V,], where A(N)=(—2N+1,
— 2N +2,..,2N +2).
IL. For any fe% (A;) we have

ASOx)= X —Aont Uz s j fiVon )]
Aon 4 O

-—&z A Uzn 1) [ f,Van41]
(m€0”

+ [AmUsn42(x) + Uz 1(x)]
v X[ f1Van+21}
and for any feZ (A,) we have

(210)

Z A'Zn+jV2n+j(x)[fsU2n+1]
12,,_*_!60

Aﬂ/‘”)(x)—

+ 2 {AwVume2)] fiUzn 4 2]
A(med”

+ [AmVans1(x) + Va4 2(x) ]
X[f’U2n+1]}:

where the series converge in the sense of the norm of
L(2)

Proof. The expansion formulas (209) are proved just
as in Ref. 57, and here we only outline the proof. We use
ey = (N + 3) exp(ip), 0<@ < 2, to denote a circle in the
A plane and consider the contour integral

1 T
I, f = § fo Go(xp,A)f () dy|dA
Y
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From the residue theorem, and taking into account (193),
we find that for sufficiently large N we have I(N, f;x)
= Sy(N, f;x). Furthermore, owing to the known asymp-

totes
(x/l)= — sin Ax +0 le|lm/1|x
P cos Ax h ’
—sin A(x —m) 1
'/’(x,l)=( ::;/18:—:)) +0(Iellml|(1r—x))

we can find by the standard method using Jordan’s lemma
that limy_ . |So(N, fix) — s, fix)] = 0 and
limy_, ,, SUPocxcr|So(N, fix) — So(N, fix)| < oo uni-
formly in x in any interval AC (0,7). Here so(N, f;x) is
the sum of the series obtained, as above, by calculation of
the integral (2mi) ~'${SFTo(x.»,A)f(y)dy}dA, where Ty
is the matrix obtained from G for @;=0. The explicit form
of this series, which is analogous to the series (44), (45),
is given in Ref. 57, and we omit it here. We only note that
the convergence limy_,  so(N, f3x) = f(x) is established
using the criterion for forming a basis.>’ In order to obtain
the spectral expansion (210), in (209) we must replace the
function f(x) by Ao fV(x), feZ(A,), and take into
account Lemmas 6.1 and 6.2.

We conclude this section by considering the case where
A =0, i.e., the problems (190), (191) are isospectral. We
introduce the operator

=3 (Ao+Ap)=(L=3(Lo+Ly), =30 )(x),

(211)

acting on the functions
fO=(fx) = [ /i(x), LX), 3 [ £1(0) + AL(m DT
according to the expression

AfO=Lf(x) —%[ f1(0) +f1(1r)]v(+)(x).

Following the proof of Lemma 6.1, it is easy to prove:
Lemma 6.3. The operator A with domain of definition

D (N)={feC{?| £,(0)
=fo(m), film) — £1(0) — [' ), £ 1 =0}

is self-adjoint under the skew-scalar product (194), i.e.,
[Af©8]=[1,88), f.geD (A).

Let us consider the boundary-value problem
AYO (x,A)=AY(x,A),
Y(m) — Y,1(0) —

Following, for example, the proof of Theorem 1.3, Theo-
rem 6.2 leads to:

Theorem 6.3. Let the following functions be con-
structed from the boundary-value problems (190), (191),
where o, =

Y,(0)=Y,(m),

[v¢+),¥]=0. (212)

C2n+l

P,,(X)= (A,)

- Y(x.4,),
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0,(x)= {C5, 4 1 @(xA,) — Co i ¥ (XA},

2(/1)

where C,, , ; are given by (193). Then:
I. The functions P, and Q, are the eigenfunctions of
the boundary-value problem (212), i.e.,

AP (x)=A,P,(x), AQY (x)=A,0,(x), neZ.

II. The system {P,,Q,} is a symplectic basis in the
space L,, i.e., for any feL%z) we have the expansion

> {0 [ £,P] — Pu(x)[ £,2.13,

f(x)= (213)
where
[Qum] =6nms [Pum] = [QQO] =0. (214)

II1. For any feZ (A) we have

AfOx)= X {An@u(®) [ fiPa] — AnPy(¥) [ £,2a]}s
i.e., the expansion (213) is the expansion of unity for the
operator A.

We now recall that if in the space of functionals of the
periodic vector function v = (p,q)eC(j) (0,m)[v(x)
= v(x + )] we introduce the Poisson bracket

aF 3G JOF (JF OF
where the skew-scalar product [,] is defined by (194), then

the nonlinear Schrédinger equation (in the self-adjoint
case) can be written as the Hamiltonian system

=3 J, e

where the symplectic matrix B is defined as in (190). The
results given above allow us, essentially following the con-
struction of Sec. 5, to introduce as new variables the spec-
tral quantities A4,(v) and f,(v) = —In|C,|, which
uniquely determine the potential v(x) in the operator
(190). Since the functions P, and Q, determine the gradi-
ents dA,/dv and df,/dv, respectively, it follows from (214)
that these variables are canonical. In order to obtain the
explicit form of the system (215) in the new variables
A frn We must take into account the fact that this system
can be written as By, = 4AW(x,t) + 4p(0,t)Av'®
(x,8) + 2(g(0,8) + g*(0,t) + ¢*(0,8))v(x,t) and then
use the representation

v,=B 2+ (P* + ¢%)Bax,

(215)

> {(C—C Mo N (A Qu(x0)

+ A0~ HAL)Pu(x,1)},

v(x,t)=

(216)

where

—Cc'=%A%4,) — 4,
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is the Hill discriminant of the operator (190), and the
summation runs over those A, which lie in nondegenerate
lacunae of the periodic spectrum. We can also use this
scheme to obtain the equations for the inverse periodic
problem starting from the Hamiltonian H, = f{gpq.dx,
which leads to the Cauchy problem

v,=v,=BAdH,/dv, (217)
From this, since dH,/dv = 2Av® (x,t) + 2p(0,t)v(x,t),
and owing to (216), we obtain the system

204,

fn,t= - (2/1n + ZP(OJ) )A(/l,,)/2w(/l,,),

where 2p(0) = 22 _ { 2, + pa + B h
A(uy) = 2. Equations for the periodic problem (217)
similar to those given here have been obtained in Ref. 60.

v(t,x)=v(tx 4+ 7).

Ani=Q2A, +2p(0,1))
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