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The main results obtained in recent years on the construction of a theory of nuclear states using
the Skyrme model are reviewed. In this approach nuclei are associated with the quantum solitons
of achiral field and have nontrivial topology. The results of calculating the effective Hamiltonian,
the mass formulas, the static electromagnetic characteristics, and the form factors of the lightest
nuclei and nucleons within a unified approach are given. The possible role of the gauge bosons of
the hidden symmetry of the Skyrme model and also the role of the dilaton—-quarkonium in the

structure of few-baryon systems are discussed.

INTRODUCTION

The chiral soliton model as a model of baryons and bar-
yonic systems was born in the 1960s in the fundamental
studies of Skyrme.' The main statement in these papers is
essentially that the topological solitons of a chiral field (soli-
tons with nonzero topological charge) can represent all the
properties of baryons and their interactions if their topologi-
cal charge is identified with the baryon number. The solitons
in question are those of the SU(2) X.SU(2) chirally sym-
metric model of a pseudoscalar field. The Skyrme model was
the simplest generalization of the nonlinear o model,? which
has stable soliton solutions with integer topological charge.
The nonlinear o model is a theory of a self-interacting pion
field in which the interaction is introduced via a chirally
symmetric constraint involving an auxiliary scalar meson
field. In quantum chromodynamics (QCD), which later
was developed as a gauge theory of strong interactions, the
low-energy properties of baryons and baryonic systems are
associated with the “nonperturbative” regime. The nontri-
vial and essentially nonlinear properties of the QCD vacuum
are very important in this energy range.>*

Meanwhile, intense development began, and continues,
of a phenomenological approach to the description of the
structure of baryons and their interactions on the basis of
effective chiral meson fields.”® Great efforts have been
made to justify the approach using an effective chiral La-
grangian for describing strongly interacting systems.’'*
Some success has been achieved in this area in recent years.
We shall not dwell on these studies, but only mention some
of the main points. The quark and gluon degrees of freedom
in the QCD generating functional are replaced by effective
bosonic degrees of freedom, leading to a new nonlocal gener-
ating functional for the bosonic fields. By expansion in the
derivatives of the fields, a local Lagrangian is obtained
which dictates the equations of motion for the bosonic fields.
In the approximation where the fields vary slowly in space,
only the lowest derivatives need be kept in the Lagrangian,
and this leads to the Skyrme model or generalizations of it.

In 1983 Witten'>'® showed that the Skyrme idea can be
extended to numbers of flavors N, >3. He succeeded in show-
ing that solitons with odd topological charge are identified
with fermions if the number of colors N, involved in the
gauge theory of the strong interactions is odd. In QCD with
N, = 3 solitons with odd topological charge are fermions,
and solitons with even topological charge are bosons. There-
fore, the topological charge must be identified with the bar-
yon number, since there are no other fermions except bar-
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yons involved in the strong interaction. The fundamental
hypothesis of the Skyrme model was thereby justified.

Although, in general, bosonized QCD (the bosonic rep-
resentation of QCD) must include an infinite number of me-
son fields, it can be expected that the lightest mesons will be
important in the sense of the quantitative magnitude of their
contributions to the low-energy properties of baryons and
nuclei. This is why, keeping only the lightest mesons, in
studying the low-energy properties of baryons it is possible
to begin with the Skyrme model and when necessary resort
to certain generalizations of it. Among the possible direct
generalizations are models which reproduce the conformal
anomaly of QCD,'"?" including the dilaton field, and also
models including vector mesons, the presence of which re-
flects a hidden chiral gauge symmetry of the Skyrme mod-
el.**?* They involve a small number of parameters, which in
principle can be derived from QCD, and are treated as fitted
to some data. The first calculations® using the Skyrme mod-
el have already shown that the observed static properties of
baryons are reproduced with an error of no more than 30%.
The use of the generalized variant of the model including
vector-meson fields makes it possible to satisfactorily de-
scribe not only the static baryon observables, but also the
baryon form factors.?®

The application of the method of topological chiral soli-
tons to a system of two interacting nucleons has proved to be
extremely fruitful. The most characteristic features of the
nucleon-nucleon interaction are already predicted by the
original Skyrme model, for example, the one-pion exchange
interaction,' the short-range repulsion,”’ the isospin-depen-
dent spin—orbit interaction,”® and the long-range part of the
isovector electromagnetic exchange current operators.*® In
the topological chiral soliton model the operators of the iso-
scalar electromagnetic currents of baryons and nuclei are
proportional to the model-independent anomalous baryon-
current operator. The isoscalar exchange current operators
are being investigated on this basis.*

The successes of the Skyrme model' in describing nu-
cleons as the quantum states of chiral solitons make it natu-
ral to apply the model to nuclei. In traditional nuclear phys-
ics nuclei are viewed as bound states of nucleons. The first
description of nuclei using the Skyrme model was based on
the potential approximation.?”*' In this approach it is nec-
essary to first compute the interaction potential between
Skyrmions for all separations R. Nuclei can be viewed as
bound states of Skyrmions in this potential. There are sever-
al difficulties encountered in this construction of nuclear
states which should be noted. First, the Skyrmion separation
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is defined absolutely arbitrarily, and the interaction poten-
tials are meaningful only at large distances, where they must
be identified with the one-boson exchange potential. In or-
der to satisfy this condition, the so-called product ansatz is
used for chiral-field configurations. Here we encounter the
problem of finding the attractive part of the central potential
at intermediate separations, which is responsible for nuclear
binding. This problem has been under intense discussion re-
cently and will probably be solved soon. It has also been
noted that attraction in the intermediate region, which is
independent of the state of the central part of the potential,
can arise also from quantum effects, such as pion fluctu-
ations or soliton-deformation effects.’>**

The potential approximation is not the only possible
one in describing nuclear states, and it is also not natural to
the Skyrme model. In this model there is a more direct meth-
od of constructing systems with arbitrary baryon charge.
Here we first seek solitons of the classical fields with the
corresponding topological charge and then quantize the soli-
ton degrees of freedom so as to obtain an object with the
nuclear quantum numbers. From studies of systems with
baryon number 2, 3, and 4, neglecting vibrations®**° and
including the breathing mode,*®*' it can be concluded that
the problem of the absence of attraction at intermediate dis-
tances is probably a technical rather than a fundamental one,
or simply an artifact of the potential approximation. This
can be seen from the fact that even the first calculations car-
ried out using the variational method and the more refined
numerical calculations lead to a large binding energy for sys-
tems with baryon number B = 2. Naturally, in this approach
the distance R does not appear anywhere, but if necessary it
can serve as a variational parameter determining the field
configuration. In general, in this approach to the theory of
nuclear states it must be assumed that the nucleons them-
selves can be created only near the nuclear surface and,
strictly speaking, do not exist inside nuclei. In fact, in order
to get the nucleon quantum numbers, the Skyrmion must be
able to rotate freely in coordinate and isotopic space. How-
ever, there are no such conditions on it inside the nucleus,
since the Skyrmion interaction potential depends on the rel-
ative orientation of the Skyrmions in the two spaces. As a
result, only the nucleus as a whole can have good quantum
numbers.*?

The most striking results of the calculations of nuclear
states have been obtained by direct numerical methods for
configurations with minimum energy and topological
charge B = 2 (Refs. 36 and 43). Recently, a new variational
ansatz was proposed independently in Refs. 44 and 45. This
ansatz satisfies the symmetry conditions formulated in Refs.
37 and 38, and, since its structure is very simple, it makes it
possible to advance another step in the analytic study of the
problem, that is, to include some vibrational modes in the
consideration. In this way, among the new solutions are ones
which can be interpreted as compound-nucleus states,
whose structure includes antinucleons. Such states can ap-
pear in reactions of light nuclei with stopped antinucleons.
The discovery of such states would be evidence in favor of
the model of baryons and nuclei as the solitons of a chiral
field.

In this review we present a scheme for calculating the
effective quantum Hamiltonian describing the rotational
and some vibrational degrees of freedom in the collective-
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variable method. We also give the main results known at
present on the calculation of the spectrum of this Hamilto-
nian and the properties of states with the quantum numbers
of the lightest nuclei.

The reviews of the Skyrme model which have appeared
in recent years have mainly been devoted to the one-baryon
sector.*®*® Here we attempt to systematize the results ob-
tained for few-baryon states in the Skyrme model and some
of its generalizations.

1.PROPERTIES OF STATIC FIELD CONFIGURATIONS OF
FEW-BARYON SYSTEMS

The SU(2) Skyrme model is defined by the Lagrangian
density

F; 1
%':-l'g—'Tr Lyl + &TTL' [LHL\,]Z, (1)
constructed using the left-invariant Cartan forms
L, = U*3,U, (2)

where the SU(2) matrices U(x) in the exponential parame-
trization are

U=exp{i%tt«n} (3)

and are given by the triplet of pion fields . In the last equa-
tion 7, are the Pauli matrices. The Lagrangian defines a
model characterized by spontaneous breakdown of chiral
SU(2), XSU(2), symmetry. The solitons of this model
carry an exactly conserved topological charge correspond-
ing to the trivially conserved topological current

gBL t

~ar Buveo Tr (LyLyLo). (4)
The solitons are extended, strongly interacting objects. They
are very massive in comparison with the fields appearing in
the Lagrangian. Because of these properties, the quantum
states of the solitons can be identified with baryons and bar-

yonic systems (nuclei).

Generalized ansatz for the static solutions

It is well known that historically the first stationary
solution of the equations of the Skyrme model in the sector
with topological charge » was the hedgehog-type configura-
tion or the Skyrme—Witten solution:

Usw (r) = cos F (r) -~ i (x-N) sin F (r). (5)

Here N specifies a direction in isotopic space, and, strictly
speaking, the hedgehog configuration is specified by the vec-
tor N =r/|r|. In (5), F(r) is the chiral angle describing the
absolute value of the pion field. The function F(r) satisfies
the following boundary conditions: F(0) = nm, F(w) = 0.
These conditions ensure the finiteness of the energy for soli-
tons with topological charge » equal to the baryon number
B. As has been shown in Ref. 50, the hedgehog configuration
ensures the absolute minimum of the energy of the soliton
with n = 1. However, for other sectors solutions of this type
do not necessarily ensure even a local minimum.

Let us discuss the sector with baryon number B = 2 and
try to answer the question of whether or not the deuteron can
be identified with the quantum state of a soliton of topologi-
cal charge equal to two. We shall dwell in somewhat more
detail on the problem of seeking configurations with mini-
mum energy in this sector. As already noted, the initial ef-
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forts were concentrated on the calculation of the internu-
cleon potential in the Skyrme model. These studies were
based on Skyrme’s observation that the B = 2 solution de-
scribing well separated Skyrmions can be approximated by
the product ansatz. In the reference frame in which the
centers of the Skyrmions are symmetrically located relative
to origin on the x axis the product ansatz is

Ul(r, s, A)=U,(r+s7) AU, (r— sz) A*, (6)

where U, is the hedgehog solution minimizing the energy in
the sector with B = 1. In Eq. (5) the SU(2) matrix 4 de-
scribes the relative isospin orientation of the two Skyrmions.
The potential ¥(s,4) as a function of the relative separation
25 in this approach is determined by the difference of the
energy E of the configuration (6) and the two masses M, of
Skyrmions with B = 1:

Vs, A) = E[Ur, s, 41 — 2M,. (7

The internucleon potential is then obtained by projecting
V(s,A) (as a function of 4) on states of definite spin and
isospin (Refs. 27, 31, and 51-53). In Ref. 54, V(s5,4) was
estimated as a function of s for various values of 4. Accord-
ing to the results obtained in Ref. 54, the interaction energy
is minimized if the isospin axes of one of the Skyrmions are
rotated 180° relative to some direction perpendicular to the
line on which the Skyrmions are localized. This corresponds
to the matrix A4 = explim(n-7/2}, where n is a unit vector
perpendicular to the x axis. For definiteness we can take
n = Z, which corresponds to A = ir, . Therefore, we arrive at
the configuration

Uz (.’lﬁ, yw Z) == Ul (1: +3. y‘ Z) T”B' Ul (.E e R Z) T:l'
(8)

This configuration reaches its minimum at a distance
§ =5, = 2.8/eF_, which corresponds to the classical bind-
ing energy — V(s,,iT;) = 1.06F_ /e for the following values
of the Skyrme-model constants selected by the authors:
F_=108 MeV, e = 4.84, and m_/eF_ = 0.263.

Quantization of the rotational degrees of freedom using
the method of Ref. 25 led to two closely spaced quantum
states with the quantum numbers of the deuteron: spins = 1,
isospin T'= 0, and parity P = + 1. The calculated values of
the rms charge radius and the magnetic and quadrupole mo-
ments characterizing these states agree with the deuteron
observables with an error of 30%. However, in Refs. 36 and
37 it was shown by numerical methods that configurations
with B =2 which are symmetric under spatial reflections
have considerably lower energy than configurations corre-
sponding to the product ansatz. Moreover, it was shown that
the configuration of minimum energy is also axially symmet-
ric and has a toroidal baryon-number density distribution.
Meanwhile, a search was carried out for the analytic form of
such a solution. It was proposed that an approximate solu-
tion with reflection and axial symmetries be used, introduc-
ing torsion into the field—the “k@ ” ansatz:

N = {cos (k) sin 0; sin (k) sin 0; cos 0}, (9

where (8,¢) are the angles of the vector r in spherical coordi-
nates. In (9), kis an integer, which also determines the topo-
logical charge. Some interesting properties of the states gen-
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erated by these solutions have been studied in Refs. 35, 40,
55, and 56. In the sector with baryon number B = 2 this form
of solution leads to masses of the quantum states (with the
deuteron quantum numbers) of the order of two nucleon
masses. The quantization procedure leads to a rich spectrum
of rotational bands.**** It should be stressed that for this
ansatz the energy of the lowest classical state (the soliton) is
somewhat higher than the two-soliton threshold. However,
it can be shown that this solution can be improved so that
configurations of considerably lower energy are obtained.

The symmetries of the solutions in the B=2 sector

In order to understand the problem, let us briefly dis-
cuss the symmetries of the solutions in the B = 2 sector. As
far as the product ansatz is concerned, such solutions satisfy
the nontrivial condition

U, (x, —y, —2) = 1,U, (&, ¥, 2) Ty, (10)

and also have simple transformation properties under parity
transformations PU(r) = U * ( —r):

PU, (r) = U, (—r1) = 13U, (1)1, (11)

Equation (10) implies that an arbitrary spatial rotation by
an angle 7 about the axis on which the Skyrmions are local-
ized is equivalent to an isospin rotation by an angle 7 about
the same axis. As was shown in Ref. 54, this symmetry is
very important for obtaining the correct spectrum of quan-
tum numbers. Symmetries of this type are related to quan-
tum theory using the Finkelstein—Rubenstein criterion®’
which physically allowed states of the Hilbert space must
satisfy. This criterion ensures that the Pauli principle is satis-
fied. As far as the symmetry (10) is concerned, the Finkel-
stein—Rubenstein criterion applied to such solutions elimi-
nates from the spectrum of states with B = 2 the states with
the quantum numbers 7= S = 0, thereby leaving the states
with the deuteron quantum numbers as the lowest states in
the spectrum. It follows from the studies carried out in Ref.
58 that the following are also exact symmetries of configura-
tions of minimum energy in the B = 2 sector:

Uy (—z, y, 3) = WU, (2, ¥, 3) Ty (12)
Uy (—z, —y, 2)="U; (z, y, 3). (13)

Therefore, two new symmetries in addition to the nontrivial
symmetry (10) typical of the product ansatz are valid for the
exact solution.

In Ref. 38 it was shown (and then confirmed by direct
numerical calculations in Ref. 37) that U, also possesses a
continuous cylindrical symmetry. For example, if the z axis
is chosen to be the symmetry axis, the cylindrical symmetry
of the solution takes the form

Uy (p, p4a, z)=e-eul,(p, @, z2) elom, (14)

This continuous symmetry includes the last of the discrete
symmetries (13) discussed above for o = 7.

In the following section we use the ansatz
ing these symmetries in sectors with B>2:

414435 realiz-

N = {cos @ () sin T (8), sin @ (¢)-sin T (0), cos T (0)},
(15)
where ®(g) and T(6) are arbitrary functions of the angles
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@, 8 of the spherical coordinates determined by the local
orientation of the isotopic vector N. We shall show that this
ansatz is a generalization of the Skyrme—Witten ansatz and
the kg ansatz, and in a certain sense explains the origin and
approximate nature of the latter. As will become clear in
what follows, this ansatz leads to a series of new solutions in
both the baryonic and the topologically trivial sectors. Some
of the new states are classically stable.

The mass functional and solutions of the static equations

We write the Lagrangian density of the SU(2) Skyrme
model for stationary solutions as

2
1
SJ’Z%Tr (Lth)+§§-e?Tl'[Lm L. (16)

Here L, (x) = U " (x)d, U(x) are the spatial components
of the left-handed currents (k = 1,2,3). After tedious alge-
bra, using the assumption about the form of the solution
(15), the Lagrangian L can be written as

o= S Baok-L) aV, (17)
where
B e ok [ WA T | B
(18)
By= — e I E ST (o (@t ST
+[ S (®'>2+(T*)2](F')=}- (19)

In the last two expressions the prime denotes differentiation
with respect to the argument:

O =dd/dy, T' = dT/d0, F' = dF]dr. (20)
Variation of (17) with respect to ® gives

" =0, (21)
ie.,

@ (¢) = k¢ -+ const. (22)

In what follows we shall study only solutions with const = 0.
In order to ensure that the full solution U(r) is single-valued
in all space, the quantity k must be an integer.

Now for the soliton mass we easily find the expressions

M= M, + M; (23)
oo 19

Mg':% S dax - x2 S df sin 6

0

0

x {2 + [ S B+ (@] 25 )

sin @

(24)
00 T
M,=v dza* { dosin {[ S50+ (1) (2
0 0
BB B oy

where y = wF_/e and x = F _er.
From the minimization conditions for the mass func-
tional
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SM/6T = 0, SM/SF = 0 (26)

we immediately obtain a system of coupled equations deter-
mining the functions F(x) and 7'(8):

[#2 4 2a sin? F] F” 4- 22F"
1

Fla(FyP—2 2 il;:l]sin(2f‘)=0; (27)
sm T & sin? (27T) sin (2T) , 0,
[A+ kZB ] T"—k4 sin20 +¥B sin? 6 i s
7] sin? T
497 cth[A—szm] 0. (28)

The coefficients @, b and A4, B are given by the following
functionals of the solutions:

T P :
S[k"‘ :'l‘;,e T )z]smﬁde; (29)
ELY in? T
1n .
b=kzs s (I")sin 0.d0; (30)
0
A= sin2F [+ ()] dz; (31)
0
B= S %F_dz_ (32)

0

From (24), (25), and (29), (30) we can conclude that the
value of the function 7(#) must be a multiple of 7 at the
points & = 0 and € = 7. By considering only configurations
with finite mass we restrict ourselves to functions F(x) satis-
fying the conditions F(0) = 7 »n with integer n. Without
loss of generality we can set F( oo ) = 0. It is easy to check
that the asymptotic behavior of F(x) is that of a polynomial

(for m_. =0):

Plaew ~ dzp+t, p= YIEE=L (33)
Near the origin

F lymg ~ IR — otx?, (34)

where a is a numerical factor. It is also obvious that 7(&8) has
the following behavior near the boundary of the region in
which it is defined:
T®)~0% for B -0 (35)
and
TO)~mnl —(n—0)% for 6 —m, (36)

where / is an integer. Therefore, all solutions U are charac-
terized by a set of integers (n,k,/).

The solution 7'(8) can be approximated by the follow-
ing series:*

T @) =0+ 3 g sin (27) (37)

where g, are variational parameters.
The form of this solution satisfies the conditions of re-
flection symmetry®’ on the field:
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FIG. 1. Solution F(x) of the system of Eqgs. (27)-(32) for several values
of land k.

10 0

N(z, y, —2)=|01 0| N(z, y, 2); (38)
loo —1]
(1 00]

N(z, —y, 5)=|0 —1 0 [N(z, y, 2); (39)
L. 9.1
[—100]

N(—=z, y, 2)= 010 |N( y, 2). (40)
| 001

The variational calculation requires the inclusion of at least
two terms in (37) in order to accurately reproduce the solu-
tion of the equation obtained in Ref. 41 by direct numerical
integration of the equation for T(#).

The result of numerically integrating the system of Egs.
(27)-(32) is shown graphically in Figs. 1 and 2 for several
values of k and [.

Baryon-number distribution and soliton structure

Let us consider the soliton structure in more detail. For
this we calculate the baryon-number distribution using Eq.
(4). Direct calculation leads to the following expression:

B .- 1 sin?F dF sinT dT d®©
Jolr: == =2 200 70 a5 " (41)

5 k=2 /’
!
S f
I~/
r /
/
4+ /
/4
- /4
It ’d
i
k=1 /
= \/ /
/4
2F / 7, 2
/
- /I
/
Tyl
4-/ // 3
i / 5’
1 1 | 1 1
Vj 1 2 8

FIG. 2. Solution T(8) of the system of Egs. (27)—(32) for several values
of land k.

The expression obtained for the baryon-number density be-
comes the expression for the hedgehog configuration if we
set k= 1and T(8) = 6, as it should. Expression (41) also
leads directly to its integral, i.e., the baryon number B:

B=k2—n [1 —cos (nl)]. (42)

Even values of / will obviously correspond to configurations
from the vacuum sector B = 0, and odd / will correspond to
ones from the baryon sector. In Fig. 3 we show schematically
the baryon-number distribution in the (x,z) plane for soli-
tons characterized by the numbers n, k, /. In Table I we
represent symbolically the soliton structure, the total baryon
number, and the values of the rms radii for several values of k
and [. For example, we show the structure 25-2S for the
solution with k = 2, / = 2, where the baryon-number distri-
bution divides the entire space into two axially symmetric
regions. Two units of baryon number are concentrated in
one region, and two units of antibaryon number (negative
charge) are concentrated in the other. The calculated rms
radii of the baryon-number distributions reveal a large dif-
ference in the shape of the stationary configurations ob-

TABLE L. Structure of the states (n =1, k, /) and rms radii of the baryon-number

distributions.
h I=1 1=2
1 B=1(S) B=0(5—38) B=1(§—5—38)
ra—rj=rt=1,49 rx=ry=0 re=ry= —4,1
r,=0 r, =228
2 B=2 (25) B=0 (28 —28) B=2 (28 — 28 —28)
d=r§=06,5 re=ry=0 ry=ry=—38,T
rz=2, r,=0 ry =62
3 B=3 (35) B=0 (38 —35) B=2 (35—35 —35)
73-=T§.='16|2 Tx=ry= Fre=ry= — .9
r.=4, r,=0 r,=114,3.
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|I|M|h

FIG. 3. Baryon-number distribution in the (x,z) plane for the solution
specified by the numbers n, /, k.

tained. Some of the rms radii are negative. Obviously, only a
predominance of negative baryon number due to antisoli-
tons can lead to such values.

In Figs. 4 and 5 we show in more detail the results ob-
tained in Ref. 59 for the baryon-number density distribution
in the (x,z) plane and a “three-dimensional” picture of the
same distribution for the dibaryon. According to Fig. 4, the
peak in the baryon-density distribution lies near

=+x*+ p*=1.5/F,e, z=0. The solution with k =2,
/=1 has a toroidal structure, as was pointed out in Ref. 36.

In Figs. 6 and 7 we show lines corresponding to con-
stant values of the baryon-number density and a “three-di-
mensional” picture of the baryon-number density for S-S—S
Skyrmions, which gives a clearer picture of this considerably
more complicated object. This soliton obviously no longer
has a simple toroidal structure. Only one of the Skyrmions of
the substructure of this object is a diffuse torus (with
B = — 1), and the other two are not like this at all. It can
also be concluded (see Fig. 3) that B = 0, / = 4 solitons con-
sist of one toroidal Skyrmion, one toroidal anti-Skyrmion,
and a Skyrmion-anti-Skyrmion pair of nontoroidal shape
localized near the z axis.

Here it is relevant to note that quantum states of the
type S-5-5 could be observed experimentally as compound-
nucleus states in interactions of stopped antiprotons with
deuterons. It therefore becomes possible to theoretically in-
clude antinucleons in the structure of compound states on an
equal footing with nucleons.

[l 1 -4

FIG. 4. Lines of equal values of the baryon-number distribution density in
the (x,z) plane for the two-Skyrmion configuration. The interval between
the lines is /2 = 0.0035.
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FIG. 5. "Three-dimensional” picture of the baryon-number density dis-
tribution of the two-Skyrmion configuration.

The classical soliton masses

Here we note that when we study multi-Skyrmion con-
figurations we, in general, are dealing not only with stable
classical configurations (the breakup of which into two or
more Skyrmions is energetically forbidden), but also with
classically unstable ones. This is related to the obvious fact
that classically unstable solitons can become stable objects
when quantum fluctuations are included. (A similar situa-
tion arises in the theory of the hydrogen atom.)

The numbers given in Table II correspond to our calcu-
lations in the chirally symmetric limit (the pion mass is
m_ = 0). The variational calculation taking into account
the chiral-symmetry violating term

2 2
£am — 0 Tr (1), (43)

which includes the nonzero mass of the 7 meson (m, = 139
MeV), allows us to compare these results with those ob-
tained by direct numerical calculation® (the method of
“caps”); see also Table IT1. Comparison shows that the val-
ues obtained in Refs. 41 and 61 closely coincide. For exam-
ple, the variational calculation using the generalized ansatz
(15) with the constants F_ = 108 MeV and e = 4.84 gives

+

-6 &
h=0,00%

B
-

-8 6

N

FIG. 6. The same as in Fig. 4 for the $~-5-S Skyrmion configuration. The
interval between the lines is # = 0.004.
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0,013
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FIG. 7. The same as in Fig. 5 for the $~-5-§ Skyrmion configuration.

1670 MeV for the di-Skyrmion mass, which should be com-
pared with 1660 MeV from Ref. 61. The values of the masses
for other Skyrmions taken from Refs. 44 and 61 are also in
satisfactory agreement with each other: the 3-Skyrmion
mass M = 2580 and 2530 MeV, the 4-Skyrmion mass
M, =3572 and 3452 MeV, and the 5-Skyrmion mass
M, = 4635 and 4420 MeV. The slight discrepancy in the
calculated masses for multi-Skyrmions allows us to estimate
the errors probably introduced by the variational ansatz.
The errors are 5% for B<5.

To estimate and control the error in the numerical cal-
culations we can use a variant of the virial theorem. Accord-
ing to this theorem, for the problem in question the quantity

=9 {(d; — A) a + BB —C) (44)

should be zero. Here A,, 4,, and C are the values of the
following integrals:

A= % S sin? Fdz, 4, = S (F')?sin*F dz, (49)
0 0

TABLE II. Masses of classical solitons (Ref. 59) in units of 7F_/e.

e -%- S (zF")2 dz. (46)
L

For A we obtained the value |A| = 1 MeV for the most “diffi-
cult” case (k=4,1=3)."

Let us conclude this section by reviewing the main re-
sults in Tables I and II. We have extended the spectrum of
classical n-multibaryons to the spectrum of nk-multi-Skyr-
mion configurations. For example, the k=3, n=1,/=1
term in Table II with binding energy of about 5.4 MeV per
baryon corresponds to the tribaryon state. In addition, a new
series of meson-like solutions appears (nkl/2-baryon-
nkl /2-antibaryon configurations for even /). (See, for exam-
ple,thek = 2,n = 1,/ = 2 case, which corresponds to a two-
baryon—two-antibaryon configuration with a mass of about
3192 MeV.) Some of the configurations thus obtained are
classically stable objects, as can be seen from Table II (these
are given in boldface). The masses of such objects are
smaller than the sums of the masses of their baryon constitu-
ents. The classical binding energy of these states can easily be
obtained using Table II for arbitrary £, and e.

In Table II it is easy to see that there is a nearly linear
dependence of the classical mass on the baryon number. This
dependence differs dramatically from the dependence
M~B(B + 1) which is found®? for the Skyrme—Witten an-
satz.

2. THE SPECTRUM OF QUANTUM STATES OF MULTI-
SKYRMIONS

Our goal is to obtain the quantum-mechanical effective
Hamiltonian using the collective-coordinate method. For
this we introduce breather and rotational degrees of free-

dom*' as collective coordinates and calculate the binding
energies of the lowest quantum states.

The effective Hamiltonian in terms of collective variables

Let us describe the most important steps necessary for
obtaining the effective Hamiltonian. We now choose the
time-dependent chiral field in the form

U (r, 1) = exp {itI¥ (i) NV (Rmazn) F (e ™)}, (47)

where R(¢) and I(¢) are 3 X3 spatial and isospin rotation
matrices, respectively, and A(#) is the time-dependent pa-

3 =1 =2 1=3 =14
1 11,605 26,358 46,332 71,169
2 22,458 45,536 73,533 106,61
3 34,585 66,701 103,08 144,32
4 47,675 89,310 134,45

b] 61,569 113,12
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TABLE IIL Properties of classical configurations (Ref. 60) with B =2, 3, and 4.

B M, MeV Rh B2 Qp F? Zyh F (zgh F
2 1656,0 0,884 0,084 0,355 0,303
3| 2523,5 1,356 0,187 0,356 0,295
4 | 3446,8 1,930 0,308 0,355 0,287

rameter of dilational transformations. Substituting (47)
into the Lagrangian, in which the time components of the
currents L, now play a fundamental role,

2
. Y %S dr Tr (LoLo) + g STr (Lo, Ly2dr,

(48)

making a canonical transformation, and defining the conju-
gate variables
aL

oL -1 o SR
== T = oy S ==

(49)

where the angular velocities 2, and o’ for rotations and iso-
spin rotations are given by

R By =@y, Tk (1) = eiikol, (50)
we obtain the Hamiltonian for k #£1:
S o i 52 ) §2
H=MM+ zum +0,m T 20sm
e 1 ! A 24 51
oo+t am—ow) i L)

Here the symbols ﬁ, ?‘, and S are now interpreted as the
quantum momentum operators corresponding to vibrations,
isospin, and spin, respectively. The vibrational potential
M(A) is given by the expression

M (A) = M - Meh. (52)
For the inertial quantities m (A1), 0 (1), Qs(4), and Q(A)

we have

m ()= S da 24 (F')?

. { = s si,:;p S [k“‘- sin? 7 _|_(T’)z:| Sinedﬂ};
0

2 sin%@

(53)
x T
§ dzx 22 § sin 0dO

x {—e-» AE [ 2 coszr+(1")2]

QI‘ (A') = Fneg

sin20

sin

+““F[ir—+E*UFv-[msme4«??]““Fﬂ
X(i—}-coszT)}; (54)
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QW= | 22da

0

¢ {sinzF[ et

sin 6d0

St—3y

+e (e + [ pin >

sin2 @

) )]

sin2 T e
% (# Spag cos?0+ (2 )2)

e S (0 ST o)) )
Q (W) === u§ da 22 § sin 0 6
0 0
oo S S e [0 o (0
+[k2 :iﬁze (T )Z]M)]sinzr}_
(56)

The Wess-Zumino action and statistics

In the quantization of systems of the type considered
here the delicate question of the statistics of the system
arises. Should the system be quantized as a bosonic or a fer-
mionic system? In order to obtain an unambiguous answer to
this question, we must get rid of the extra symmetries of the
o-model Lagrangian.'®

For example, it is easy to check that the Lagrangian is
invariant under the transformations x - — x, -1, and also
U-U ™" separately. However, in strong interactions the
combined symmetry P:Xx— — x,t—t, U- U " is conserved.
Other “extra” symmetries can also be found. Witten sug-
gested the addition to the equations of motion of a term
which is odd under x— — x, r— — ¢, thereby making the
equations of motion

(57)

‘f‘ uL, +-Aewveo [, Lo L, L, =0

themselves noninvariant under both the extra symmetries
because the two terms of the equation have opposite parities
under these symmetries. The equation of motion turns out to
be symmetric only under the combined symmetry. The chir-
ally symmetric action, the variation of which leads to the
second term of Eq. (57), is written in the form of an integral
over the boundary M of a five-dimensional space:

Feek S Ry (L,L;LyLiLy) dor (58)
M
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Witten'® noticed that the coefficient A in this expression
must be an integer multiple » of the normalization factor
— i/(2407?), which has a geometrical significance. The
condition that the factor A be quantized also has a geometri-
cal origin. The action (58) itself was derived in Ref. 63 and
reproduces the anomalies appearing in renormalizations of
fermion loops related to external axial currents. The action is
responsible, in particular, for the decay 7°—2y. It can be
rigorously stated that the QCD anomalies are reproduced if
the integer # is equal to the number of colors N,.. In the
effective theory the number of colors is a vestige of the sum-
mation over quarks. The main result of Ref. 16 is that for odd
N, the solitons must be quantized as fermions, and for even
N, they must be quantized as bosons, in remarkable accor-
dance with the fact that N, quarks with baryon number
1/N_ form a baryon. This statement is usually proved by
considering an adiabatic rotation of the soliton during a long
time T. The anomalous action, which is linear in the time
derivative, gives a finite contribution even for the infinite
integral; this contribution is a multiple of m: I' = N_ .
Therefore, the wave functional of the soliton rotated by the
angle 27 differs by the phase ( — 1) " from the functional of
the unrotated soliton, which proves the statement. For
SU(2) variants of the theory the anomalous action is identi-
cally equal to zero, and it is necessary to use other condi-
tions®’ replacing the Witten conditions in the SU(2) variant
of the model.

The Finkelstein-Rubinstein criterion (the sector 8=2)

We shall work in the coordinate representation |I,R ) of
the Hilbert space in which the state vectors |¥) are repre-
sented by wave functions ¥ (J,R) = (I,R |¥). A more con-
venient basis is given by the direct product

|TT,, Tt)| 88, SHt), (59)

where the three projections of the isospin 7'in the laboratory
frame T, and in the internal frame 73" (the body frame),
and also of the spin S, S; and S5", satisfy the conditions

=TT, TR T, ] (60)

8 i SRS,

It can be shown that our ansatz leads to the following rela-
tion between the internal projections:

ETht - Sht — (. (61)

This condition should be viewed as a constraint on the choice
of wave function of the quantized Skyrmion. This condition
is satisfied by, for example, the function

d, RITT,, 38,Ly=YECTEDESTY pt (1 pE_, (m),
(62)

where the numbers L determine the three projections in the
body coordinate frame.

In the basis (59) the (rotational) kinetic-energy opera-
tor is diagonal, and the condition (61) is easily satisfied by
discarding as unphysical all states which do not satisfy this
criterion. However, not all of the remaining states are phys-
ical. The Pauli principle must be satisfied. Another criterion
can be formulated for this purpose.”’ This criterion must
select, in particular, wave functions in the sector withB=1
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which change sign upon rotation by 27, so that an isolated
Skyrmion is quantized as a fermion. In the context of soliton
physics such a criterion was formulated in Refs. 57 and 64. It
was noticed that a 27 rotation of an isolated Skyrmion is a
closed path in the Hilbert space of configurations |U(r))
which cannot be shrunk to a point by continuous transfor-
mations. Moreover, according to the homotopy
7, (SU(2)) = Z,, there are only two topologically inequi-
valent types of closed path. Paths which can be contracted to
a point form the first class, and noncontractible paths form
the second. Therefore, a general rule consistent with the fact
that an isolated nucleon must be quantized as a fermion can
be formulated as follows: the end points of a closed path in
the space of states corresponds to relative phase + 1 if the
path is contractible, and — 1 ifit is incontractible. The real-
ization of this criterion in the B = 2 sector*? leads to the
following representation for the wave functions in the sector
with baryon number B = 2. The allowed states are deter-
mined by the product

1) | TT40) | $840) (63)

if T + Sisodd, and L = 0;
2) 715 [1TTL)|SS;— 2Ly —(—1)™*®| TTy— L)|SS;2LY),

(64)
where
L=1, ... min {T, §/2}.

Let us briefly discuss the parity operator P, which deter-
mines the parity of the allowed states. The operator P is de-

fined by the transformation
PU(x, t) P~ = U* (—r, 1). (65)

However, as was shown in Ref. 58, a configuration with
B = 2 satisfies the condition
U; (—=1) = 53U (r) 75 (66)
Therefore, P must transform the collective coordinates 4, B:
PAP-! — A (ivs); PBP-* = B. (67)

In the last equation we have used the SU(2) matrix repre-
sentation of the spatial and isospin rotation groups, which
are related to our coordinates 7 and R as

Iiy= Tr (1,47;4%; }

- (68)
Ry; =~ Tr (1:B7;B%).
18
It can be shown that
P = WTPN _ ginr, (69)

Therefore, the parity of the states is determined by the num-
ber L.

The masses of the lowest calculated soliton states with
B = 2 are given in Table IV.*® The calculations were carried
out in the harmonic approximation (for the vibration poten-
tial) with the constants F, = 108 MeV and e = 4.84. These
constants correspond to the nucleon mass N, ., = 931 MeV.
In Table IV we give the results corresponding to zero pion
mass.
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TABLE IV. Calculated energies for B=2 (k =2, [ = 1) states with isospin T, spin—
parity S, and quantum number n = 0 corresponding to the vibrational mode.

T

0

0

1

1

sP

D*’

1+

0+

i+

E—2M nya» MeV

—214

—172

—154

—118

If we neglect the vibrational degrees of freedom and
include only the rotational ones, the resulting expression for
the mass spectrum with B = 2 (k = 2, / = 1) in the chirally
symmetric limit takes the form*'

Esrr, =22 {1055 +5-

8 (S41)

T (T+1)

T3

272,4

+

183,0

83,2

Il

(70)

for arbitrary values of F_ and e. The numerical factors in the
last expression are the dimensionless integrals, calculated
using (53)—(56), determining the moments of inertia in the
spin and isospin spaces. These moments of inertia, as we
have shown, are functionals of the solutions of the classical
equations. The inclusion of the explicit breaking of the chiral
symmetry by the pion mass term leads to the mass formula*’

E = [1674 MeV] + [31 MeV] S (S + 1)

+ [47 MeV] T (T + 1)

— [100 MeV] (T2

(71)

for F_ = 108 MeV and e = 4.84, and to the binding energies
given in Table V. The last equation predicts a series of two-
nucleon states with isospin 7= 1. The energies of these
states are considerably higher than the energy of the deu-
teron state and can be interpreted as resonances.

In Table VI we give the excitation energies of diproton
states of natural parity. In the last line of the table we give the
excitation energies measured in Ref. 65. The present inter-
pretation of this series of states, which appear in pp elastic
channels, is based on the idea of strong coupling to the NA
state with aligned spin and orbital angular momentum.®¢

A somewhat more general representation of the form of
the solution in the B = 2 sector was used in Ref. 43. The
chiral angle F = F(p,z) and the function T(p,z) were chosen
as functions of the independent variables (p,z) in cylindrical

coordinates. The functions T'= T'(p,z) found in Ref. 43 dif-
fer little from the ansatz 7= T (arctan z/p) used in Refs. 44
and 59. In Table VII we give the dibaryon mass spectrum in
physical units obtained in Ref 43 for F_= 108 MeV,
e =4.84, and m_/F_e = 0.263. Vibrations were not taken
into account. The results quoted in Ref. 60 for the spectrum
of dibaryon states agree closely with the results from Ref. 43.

We should stress the fact that the state |7'= 2,5 = 0)
has mass 1940 MeV. This should mean that it is stable with
respect to strong interactions, since it cannot decay into two
nucleons (isospin conservation) or into two nucleons and a
pion (energy conservation). However, it must again be em-
phasized that this result is very sensitive to the selected val-
ues of the model parameters (F, = 108 MeV, e = 4.84 with-
out vibrations) fitting the nucleon and A-isobar masses.

It can be noted that the calculated mass spectrum pre-
dicts that the deuteron and the 'S state are stable to decay
into two nucleons, with binding energies of 158 and 123
MeV, respectively. (As is well known, only the first of these
is bound.) The calculated value of the difference between the
levels also differs from the experimental value by almost an
order of magnitude. This discrepancy with experiment
might be overcome by going beyond the semiclassical ap-
proximation. As was shown in Ref. 43, there is a remarkable
correspondence between the lowest states with 75" =0
(L = 0) and the states expected in the 50-dimensional irre-
ducible representation of the SU(4) spin-flavor group in the
nonrelativistic quark model. This classification is shown in
Table VII, where we also give the physical interpretation of
such six-quark states. Similar states also appear in spherical
quark bag models.

As far as higher states with L > 0 are concerned, there is
no such correspondence. This difficulty is a consequence of
the condition 7> |L |, S>|2L |, since this feature is not char-
acteristic of any SU(2) representation. From this we can
conclude that the spectrum of dibaryon resonances obtained
in this model contains states which are absent in the quark
bag model.

The spectroscopic *** '/ classification given in the table

TABLE V. The same as in Table IV for the chirally asymmetric case (Ref, 45).

7 0 0 1 1 1 0
sF ot 1t 0* 1+ 2- PAY
E—2M .., MeV —201,4 —140 | —107,8 | —46,% | —23,6 | —15
652 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990 V. A. Nikolaev and O. G. Tkachev 652



TABLE VI. Calculated excitation energies for diproton states of natural parity. AE,,,
corresponds to application of a candidate to a resonance state according to Ref. 65.

State 1Dy 3Fg 1G4 3Hp 11g
AE .., MeV 218 304 650 860 1310
AE xp» MeV 250 310 540 810 1010

is, of course, somewhat arbitrary, since in this model nu-
cleons are not distinguished as constituents of nuclear states.
Therefore, we cannot split the total spin into the internal
spin of the nucleons and the relative orbital angular momen-
tum.

Finally, in Table VIII we give the spectrum of lowest
states in the B =3 and B = 4 sectors obtained in Ref. 59
using the variational ansatz (47) taking into account the
breather mode.

The contributions of the rotational and vibrational de-
grees of freedom to the tribaryon masses in this approach are
given in more detail in Table IX.

It is easy to see that A = 0 is not a stable point (a mini-
mum of the effective potential) when Skyrmion rotations are
taken into account. Therefore, A,,, corresponding to the
minimum must be found before solving the Schrédinger
equation. In the calculations of Ref. 59 it was shown that the
role of this procedure is numerically small for low-lying
states, except in the one-nucleon case. In Table IX we give
the values of A,,,,, the rotational energy E.., (including the
value of the classical mass), and the vibrational photon ener-
gy #iw,;,, for F_ =108 MeV and e = 4.84. The values of
Amin = 0 correspond to calculations in which the effective
potential was not minimized with respect to the scale param-
eter A.

Therefore, all states which could correspond to states of
light nuclei have very large binding energy. It is nevertheless
possible that the nuclear-like states obtained need not corre-
spond to nuclear states until all the important quantum cor-
rections (or effects) are included in their structure.

We have also discovered the remarkable phenomenon
that some states which are not stable at the classical level
become stable at the quantum level. For example, the classi-
cally unstable state k = 4, [ = 1 having energy + 88 MeV
above the decay threshold becomes stable after the inclusion

TABLE VII. Mass spectrum in the B = 2 sector from Ref. 43.

of quantum corrections to the mass of the state (see Tables IT
and VIII).

Some remarks about the existence of nucleon-antinucleon
states

According to (42), the case / = 2 corresponds to B =0
states. Some of these states, after being quantized, can be
viewed as nucleon—antinucleon bound states. The classical
mass of such states is of the order of two nucleon masses
(k = 2). It can therefore be expected that if such states are
stable after the inclusion of quantum corrections, their ener-
gies will be smaller than two nucleon masses. The same must
also be true for other states with / = 2.

According to the calculations of 7= § = 0 states, con-
figurations which were stable before the inclusion of quan-
tum corrections remain stable after the inclusion of the
breather mode. The state k = 1, / = 2, which was unstable
before quantization,

[AM, (=1,1=2)—2M, k=1,1=1)
= 220,7 MeV],

remains unstable (A, = 56.7 MeV). The states with k=2,
3,4 and / = 2 are stable. Some of these states could appear as
compound states in reactions involving stopped antinu-
cleons. Here it should be noted that N-N states in the
Skyrme model were first studied in Ref. 67 in a different
approach.

Strange multi-Skyrmions

In connection with the development of accelerator
technology and the construction of kaon and hadron fac-
tories, one can pose the theoretical question of the experi-
mental observation of multibaryons with large strangeness.
They can be created in reactions with strangeness exchange

Classification a 5 L Parity Theory Experiment
Deuteron (35,) 0 1 0 -+ 1720 1876

NN (A8,) 1 0 0 -+ 1755 1880

? (3Py) 4 2 1 - 1838

NA (°S,) 1 2 0 - 1938

NA (38y) 2 1 0 - 2007

? (°Py) 1 3 1 — 2022

AA (78y) 0 3 0 + 2026

? (3P, 2 2 | — 2030

? (5D,) 2 4 2 -+ 2159

? (-"P?) 2 3 1 - 2213

AA (18g) 3 0 0 + 2233
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TABLE VIII. Spectrum of lowest multibaryon states with B = 3 and 4 (m_#0) (Ref.

59).

B 3 3 4 A i
T 1/2 3/2 0 0 1
S 3/2 3/2 0 1 0
L 1/2 1/2 0 0 0
E—B:M . , —268,0 —210,5 —324,0 —312,7 —294,5
MeV

involving kaons and hyperons, and also in heavy-ion colli-
sions. In relation to this, the authors of Ref. 68 suggested
that solitons corresponding to the SO(3) subgroup of SU(3)
be studied. In Ref. 69 it was established using this approach
that there exists a tetralambda state with B = — § = 4 (Sis
the strangeness) which is stable to decay into two dilambda
states. The authors of the latter study used the ansatz

U=exp (i—i-G)-{- isin F exp (—-—i—%-—G)A-N

-+ [cosFexp (—i %G) —exp (i -%G)] N AN N,
(72)

where A, =4,, A, = —A,, A, =4, are the Gell-Mann
SU(3) matrices. The vector N is defined as in (9). For the
multi-Skyrmions considered, the baryon number B is inde-
pendent of the second profile function G.

The condition 1 — cos F-cos G = 0, which must be sat-
isfied at the topological center of the Skyrmion, leads to defi-
nite values of both profile functions at this point. The Wess—
Zumino term vanishes for such SO(3) Skyrmions.” This
leads to vanishing hypercharge ¥ =0 and to strangeness
8§ = — B, where

B=2-%(F(0)—F(oo)l. (73)

In the chirally symmetric limit the tetralambda with
strangeness S = — 4 is stable to decay into two dilambdas:

2M, — M, ~ 2,5 Fale. (74)

The inclusion of pseudoscalar mass terms explicitly
breaking the chiral symmetry, in general, can lead to un-
binding of the system. For example, for F, = 186 MeV and

2M, — M, =28 MeV. For ¥, = 108 MeV and ¢ = 4.84, it is
found that 2M, — M, =~0. As was shown in Ref. 60, states
with k>3, B>6 are already unstable to decay into dilambda
states.

A more direct generalization of SU(2) to SU(3) multi-
Skyrmions has also been considered. Reference 60 gives the
results of studying dibaryons corresponding to the multi-
plets lowest in energy (10-, 27-, 35-, and 28-plets) for the
following values of the Casimir operator O (¢} of the repre-
sentation:

G (SU (3) =5 [P*+¢*+pg+3(p+0) =6, 8, 12, 18.
(75)

The results for the tribaryon 35-plet and the tetrabar-
yon 28-plet are given in the same study. As a rule, the bind-
ing energy of strange few-baryon systems grows with in-
creasing strangeness within a given multiplet.

Here we should note that the masses of the baryon octet
and decuplet are not reproduced by the SU(3) generaliza-
tion under discussion, owing to the very large contribution
of the mass term.”" The value of F, needed to reproduce the
hyperon masses turns out to be very small. The description
of the masses of the baryon octet and decuplet is more suc-
cessful in the variant of the SU(3) model in Ref. 72. The
existence of strange dibaryons is discovered theoretically in
this model.

3.ELECTROMAGNETIC FORM FACTORS

The states of the lightest nuclei described above are only
very remotely reminiscent of the states with which we are
accustomed to dealing in the traditional theoretical nuclear
physics of nuclei as systems of interacting nucleons. For ex-

e=6.08 it has been found®® that M, ~2379 MeV, ample, the quantum soliton with topological charge equal to
TABLE IX. Tribaryon spectrum.
*min T 8 Ty Etot RO 1pr
0 1/2 3/2 1/2 2461
—0,027 1/2 3/2 1/2 2460 127
0 3/2 3/2 1/2 2526
—0,07 3/2 3/2 1/2 2519 125
0 5/2 3/2 1/2 2633
—0,133 5/2 3/2 1/2 2607 122
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two with the deuteron quantum numbers has a toroidal
structure, which is never considered in traditional represen-
tations of this lightest nucleus. The representation of light
nuclei as the quantum solitons of a chiral field can be subject-
ed to various tests. For example, the calculated electromag-
netic characteristics must reproduce the experimental val-
ues, or be of the same order of magnitude as the
corresponding quantities in the familiar models of these nu-
clei. The toroidal structure of the baryon-number distribu-
tion and the corresponding electric-charge distribution
could be completely demolished by any disagreement with
experiment. Therefore, the first studies on calculating the
electromagnetic characteristics of the deuteron in this model
have been carried out. Of course, here one cannot hope to
numerically reproduce the electromagnetic characteristics
with an error of less than 30%, as for the nucleon in the
original model of Skyrme, but there should be qualitative
agreement. The toroidal structure of the lightest nuclei
could, in principle, be manifested in some unusual behavior
of the nuclear form factors, which, of course, would not be
evidence in favor of the chiral soliton model.

The explicit form of the electromagnetic current of the
Skyrme model has already been tested in calculations of the
electromagnetic characteristics of nucleon states.”*’> The
same operators are also used in sectors with B> 1. Substitu-
tion of the ansatz (47) into the expression

Ty () =3By (%) + 7" (x), (76)

where B, (x)/2 is the isoscalar part of the electromagnetic
current and J :"(x) is the third component of the isovector
current, determines the electromagnetic current-density op-
erator J, (x). In turn, averaging of the resulting operator
over the states described in the preceding sections deter-
mines all the electromagnetic observables of these states. For
example, the Coulomb, F(g*), and quadrupole, Fy,(¢*),
form factors of the deuteron in the Breit frame are deter-
mined by the following matrix element:’®

(dS3p’|J° (r=0)dSsp) = F¢ (¢°) sys,

'1 a (L +
+ 57 Fa (¢) Us;a 34" — ¢%) U, (77)

Here the momentum transfer is q=p’ —p, ¢ = |q|, M, is
the deuteron mass, and U, is a unitary matrix relating the
Cartesian and spherical bases. The form factors are given by
the integrals

Fo(g) = | @rio(ar) Bo ) (78)
and
2 __ 952
g5 Pa (@) =5 5 § dPriatar) Bo(0) TEE2E
(79)

For small transfers g° — 0 the following behavior of the form
factors is typical:

Fo(@ —+1 — 56 () (80)
and

Fq (0) = M3Q, (81)

where {(r?), and Q are the squared charge radius and the
quadrupole moment:
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(r#g = % S d*rr2B° (r); (82)

- S &Br (22 + 52— 222) B (x). (83)

In the calculations carried out in Ref. 76 the following
set of parameters was used: F, =108 MeV, e = 4.84,
m_/F_e =0.263. This set optimizes the predictions of the
static properties of the nucleon (neglecting vibrational de-
grees of freedom) and obviously does not correspond to the
vacuum sector, where the pion decay constant is almost
twice as large, ', = 186 MeV, in accordance with the nor-
malization of the kinetic part of the Lagrangian. The static
electromagnetic properties of the deuteron with these pa-
rameters are:*’

()2 =092 F;Q =0,082 F;
wa = 0,74py; Wiamp = —4/4 Py.

The last two numbers correspond to the deuteron magnetic
moment and the transition magnetic moment for the deu-
teron photodisintegration reaction in units of the nuclear

magneton #~ - These quantities are determined by the matrix
elements of the spatial part of the electromagnetic current.

The transition moment is determined by the isovector part of
this current. The values obtained agree in magnitude and
sign with the experimental values for the deuteron. It turned
out that the toroidal structure of the soliton does not lead to
any unusual behavior of the form factors. The qualitative
behavior of these form factors is actually quite similar to the
behavior in the traditional models of the deuteron, although
the qualitative agreement with the experimental data is not
very impressive.

In Fig. 8 we give the results of our calculations for the
Coulomb, F, and quadrupole, F,, form factors of the state
with the deuteron quantum numbers in the chirally symmet-
riclimit (m, =0, F, = 129 MeV, and ¢ = 5.45) and for the
broken-symmetry case (m, = 139 MeV, F_ =108 MeV,
and e = 4.84). However, the predictions in this original var-
iant of the Skyrme model are quite different from the experi-
mental data. The model form factors fall off too slowly with
increasing momentum transfer, and the behavior of the form
factors is only reproduced qualitatively.

|Flg2)/FoN
1
NS
\\ N
1077
\\ g3
A N
‘ ! N
1072 \ b
i ~
c\ic k)
10"7 Pl e e Lo eigia] 5
0 1 2 74 Gev?

FIG. 8. Charge and quadrupole form factors of the state with the deuteron
quantum numbers, normalized to unity at ¢° = 0: solid line—F, = 108
MeV, e = 4.84, m. = 139 MeV; dashed line—F_ = 129 MeV, e = 5.45,
m_ =0.
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Here it should be noted that in the traditional approach
the deuteron form factors are calculated in a completely dif-
ferent way. For example, in the impulse approximation the
Coulomb form factor of the deuteron is written as

Fo (@) =IGE (¢ + G5 (g9 | dr w2 (1) + w2 (") 1o (a7/2).

0

(84)

In this expression G % and G are the proton and neutron
electromagnetic form factors, and u(r) and w(r) are the s
and d components of the radial wave function of the deu-
teron. It should be noticed that in the latter expression the
deuteron form factor is determined by the Fourier transform
of both the internal wave function and the internucleon
charge distributions. In the Skyrme model these two distri-
butions are not distinguished, and the form factor is given by
the Fourier transform of the baryon distribution.

The approach used in Ref. 77 is closer to the traditional
one. The authors of that study use the product ansatz

AUy (¢ — x,) ATAU, (v — x,) A2, (85)

where U, is the solution in the B = 1 sector, and the corre-
sponding chiral-angle function F(r) is fitted to the isoscalar
nucleon form factor.

Substitution of this representation into the expression
for the electromagnetic current leads to the decomposition

g (r)=']'11 (r—"xi’ A1)+J¥(r_x‘z! Az)
‘E“J’é"x (r, x5, X5, 4y, Az)- (86)

The first two terms obviously correspond to the impulse ap-
proximation. The last term gives the contribution of meson
exchange currents, as it is interpreted in the Skyrme model.
In order to calculate this contribution to the electromagnetic
form factors, we must average this term over the wave func-
tions of x,, x, of the potential approach (for example, over
the wave functions in the Paris potential ). The SU(2) matri-
ces for the soliton orientations in isospin space appearing in
(86) must be averaged over the nucleon wave functions of
the Skyrme model. Although in this “hybrid” approach rea-
sonable results are obtained for the form factors, it is not
completely systematic in the Skyrme model, at least at the
present time. However, the possibility of rigorously justify-
ing this approach in the future should not be excluded.

It is interesting to calculate the polarization tensor P
(Ref. 78), determined by the following combination of the
Coulomb and quadrupole form factors:

1
= Fe (@) + 5 d*Fq (9)
7 ¢ 12
P(g)=Y2 ¢2Fo(0) : : (87)
F%{9)+1—8 9*Fy (@)

The result of this calculation is given in Fig. 9. This calcula-
tion is qualitative, but predictive in nature. The limited
amount of experimental data known to us is also shown in
Fig. 9. Our curveis similar to the curve obtained in Ref. 79 in
the hybrid model of the deuteron, including quark degrees of
freedom and meson exchange currents.

The Coulomb form factor shown in Fig. 10 inspires
somewhat more optimism.
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1
2 gy GeV

FIG. 9. The deuteron polarization tensor. Experimental data (points)
from Ref. 78: 1) F_ = 108 MeV, e = 4.84, m_ = 139 MeV; 2) F_=129
MeV, e = 5.45, m_ = 139 MeV.

Vector mesons

It should be noted that the inclusion of vector mesons
can improve the agreement between the calculated electro-
magnetic characteristics of few-baryon systems and experi-
ment. One way of introducing vector meson fields is based on
the use of the hidden SU(2) symmetry of the nonlinear &
model.?* This hidden symmetry is revealed if the soliton
field is represented as the product of two SU(2) left-handed
and right-handed fields £, and &:

U@ =& () & . (88)

Now it can be shown that the Lagrangian is invariant under
local gauge transformations

Eo,r =h (x) &L, g, (89)

where A (x) is a unitary scalar field.

The gauge bosons associated with this symmetry are
identified with p mesons, which are associated with the field
operators

0, = % (OuELEL -+ 0, ERER), (90)

as can be checked by replacing the derivatives d, by covar-
iant derivatives:

D=0~ 4 (x-p+0,). (91)

In the last equation @, corresponds to the w-meson field.
The resulting Lagrangian has the form of the Weinberg La-
grangian,®' and the gauge constant can be identified with the
constant of the decay p—27.

IFg?/F]

0,697 GeV?

FIG. 10. Coulomb form factor of *He: 1) F. = 108 MeV, e=4.87,
m_ =139 MeV; 2) F_ =129 MeV, e =5.45, m_=0; the dashed line
corresponds to the fit of the experimental data from Ref. 80.
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The electromagnetic interaction is included by extend-
ing the covariant derivative in the effective Lagrangian:

D& = (0, —iV,) & + ied ,EQ, (92)

where 4,, is the photon field and Q is the quark charge opera-
tor.

In this approach one of the variants leads to the model
of vector-meson dominance (the direct coupling of photons
to the pion field drops out). As a result, for the isoscalar
current we find

2
Jizo= _T;;: oy (x)
(m,, is the w-meson mass), and for the isoscalar Coulomb
form factor we obtain®

(93)

Gi=o(g?) = — n;—: S dreld-rag (r)

mz
-1 = { @rBy (1) o (ar). (94)
In the last integral it is not difficult to recognize the form
factor, which we have already encountered in the original
Skyrme model. From this for the charge radius we find

dG5_ (g%
d (g%

() pmg = —12 (95)

o= H(rB).
The isovector electromagnetic form factor has a similar fac-
tor (¢° +m?) .

The values of the static characteristics for nucleons ob-
tained in this model are given in Table X. They suggest that
the calculation of these quantities in the scheme with vector
mesons for few-baryon systems also will lead to realistic val-
ues.

Other schemes for including vector mesons are dis-
cussed in Refs. 23, 24, and 83-87.

4. MULTIBARYONS AND SCALARFIELDS

To complete this review we briefly discuss another pos-
sible variant for obtaining multibaryon states in soliton mod-
els. This variant involves use of an effective meson-field La-
grangian which is closer to the linear ¢ model, and an
additional scalar field is introduced.

The introduction of the scalar field o into the effective
Lagrangian can have another motivation. For example, the
authors of Ref. 88 studied the isospin-independent compo-
nents of the spin-orbit interaction. In the Skyrme model
they have the correct (negative) sign in the presence of
terms of sixth order in derivatives of the type

TABLE X. Static electromagnetic properties of nucleons (Ref. 26).

Ly —e2BB", (96)

where B, is the anomalous baryon current of the model.

However, this is insufficient to ensure the required val-
ue of the negative part of the spin—orbit interaction. The
needed value is obtained automatically if an additional sca-
lar field is introduced according to the scheme proposed in
Refs. 17 and 18, and also Refs. 19 and 20. The introduction
of the scalar field makes it possible to reproduce yet another
typical feature of the QCD Lagrangian. This is the confor-
mal anomaly or the nonzero value of the trace of the energy—
momentum tensor in QCD. This can be obtained within the
framework of the effective-Lagrangian method at the cost of
introducing the dilaton field. The introduction of the scalar
also leads, as was shown in Refs. 84, 89, and 90, to the re-
quired strong attraction of the nucleon—nucleon potential at
intermediate distances.

The trace of the energy—momentum tensor of QCD and,
accordingly, the divergence of the dilatation current are not
zero (see, for example, Refs. 91 and 92):

’."l.]-
Outh =0 = EE Tr (@) + 11+ (8] 3 magase
i=1

(97)

Here j4, is the dilatation current corresponding to scale
transformations, 64, is the canonical energy-momentum
tensor, g, is the running coupling constant, and 5(g, ) is the
QCD S function. In the SU(2) sector we can neglect the
contribution of the quark mass terms and construct an effec-
tive theory representing the gluodynamics in terms of scalar
fields.

In Ref. 93 it was suggested that there exists an order
parameter: H(x) = 9;‘” which can be identified with the
scalar glueball.

Up to terms of second order in derivatives of H, the
Lagrangian %, is uniquely defined and is given by

R T (auH)z_%Hln[% . (98)

where « is a dimensionless order parameter and A is the
QCD scale. This potential has a minimum at (H ) = A*/e,
giving a negative vacuum energy density (H ) /4. A bubblein
this vacuum would raise the total energy, but would be un-
stable. However, it turned out that such a bubble can be
stabilized by a chiral soliton interacting with it. This is an-
other possible way of constructing baryons and multibar-
yons.

The solutions obtained in the model of a dilaton—quar-
konium field interacting with a chiral field possess a similar

Parameter Model Complete model Experiment
{ri)y% F 0,93 0,97 0,86=-0,01
wt/% F —0,22 —0,25 —0,11940,001
(rips/% F 0,84 0,94 0,86-0,06
(B3pi/2, F 0,85 0,9 0,88+0,07
By 3,36 2,77 2,79
Pr —2,57 —1,88 —1,91
[pp/pnl 1,31 1,51 1,46
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structure. The Lagrangian for such a model was obtained by
the simultaneous chiral and conformal bosonization of QCD
in Ref. 19. The model represents a generalization of the
Skyrme model and introduces a scalar field o(x) interacting
with a chiral field U(x) (Ref. 20):

ge“(U 0') i—e*“’Trﬂ UO'HU++N)¢—"-B 20 (ap_ﬂ')

128 i Tr[8,UU*, 8,UU*P

—Cpt[emto—1 42 (1 —0-29)],

g 48 (52

where F_ is the pion decay constant (93 MeV) and N, is the
number of flavors. The value of the gluon condensate
C, = (G}, ) lies in the range (300-400 MeV)*. The first
two terms are the kinetic terms of the chiral and scalar fields,
and the third is the Skyrme self-interaction of the chiral
field. The effective potential of the scalar fields, given by the
last term in the Lagrangian, is an extrapolation of the low-
energy potential® to high energies. The one-loop approxi-
mation for the Gell-Mann-Low /3 function of QCD was used
for the extrapolation. The parameter ¢ is determined by the
number of flavors, £ = 8N,/(33 — 2N,).

Turning to the baryon sector, let us make an assump-
tion about the form of the static chiral and scalar fields. For
example, for the chiral field we use the Skyrme-Witten an-
satz U(r) = exp{iT'nF(r)}, where n = r/r, and require that
the dilaton field o () be spherically symmetric. Then for the
mass functional M we have

MmMz"f‘M-x‘%‘ v, (100)
in which

¢ N
M2=4“'F;-ﬂ S dz {Tf-“:z(l)')z-l-pzl:;r e —!—stF]}

0

(101)
M,=4n'2 § do {5 5L 4 sin? F (F')2} ; (102)
Pl ”S dmz[pa—1+_"5_(1—pe)]; (103)
0

p(r) =exp {—o ()} (104)

In Eqs. (101)-(104) the dimensionless variable x = F_eris
expressed in terms of the Skyrme parameter e, which accord-
ing to (99) is equal to 277. The contribution of the potential
to the mass is determined by the coefficient
Dy = Cng/(4Se2F',‘, ). The mass functional (100) leads to
the system of coupled equations (the primes denote deriva-
tives with respect to x)

F"[p%z® + 2 sin? F1 4 2F'x [zpp’ + p?] -+ sin (2F) (F')?
— p?sin 2F) — 2L gin (27) —0;

N '
fo{xp”—l- 2p"'1—2p [——'Tg (g s —[—-sinzF:I

— 4Deqs [p* —pe-1]22=0. (105)

According to the virial theorem, the contributions of
the individual terms of the functional on solutions of the
system must satisfy the condition M, — M, —3V =0,
which can be used to control the accuracy of the numerical
solution of the system. Near the origin F(x) ~#N — ax and
p(x)~p(0) + Bx*. For sufficiently large x, we have
F(x)~a/x* p~1—b/x° There are nontrivial relations be-
tween the numerical coefficients @ and 3, @ and b. The
boundary conditions chosen ensure that the mass functional
is finite for a fixed value of the topological charge N. The
rotational degrees of freedom of the soliton can be quantized
using the collective-coordinate method. As a result, we ar-
rive at the expression for the nucleon mass
M, =M + (3/8)1, in which now the rotational moment of
inertia is?!

I =22 (Fpet)t S da sin? F [p22® 4 (F')22? 4 sin? F).
0
(106)

Some results of the numerical calculations are given in Table
X1, in which we also give the rms radius of the baryon-num-
ber distribution (7, )'". For comparison, in the last column
of the table we give the results obtained in the original
Skyrme model.

The partial restoration of the chiral invariance should
be noted; it appears as a strong deviation of the value of p at
the origin from the asymptotic value p = 1. The consider-
ably smaller classical component of the mass, and also the
smaller value of the mass when rotational degrees of freedom
are included than in the original Skyrme model, should also
be noted.

TABLE XI. Some input and output values for the nucleon in the model with dilation—

quarkonia (Ref. 21).

Cg (300 MeV)* (300 MeV)*
Ni 3 2

Fr, MeV 93 93

e 2n 2m

p (0 0,29 0,22

M, MeV 867 827
(rB)Ye, O F 0,37 0,38

My, MeV 1072 1033
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TABLE XII. Results of calculations in the generalized model with a dilation field
[F. =93 MeV, e =27, C, = (240 MeV)", N, =2 for the nucleon and N, = 3 for the
dibaryon]. The results obtamed in the original Skyrme model are given for comparison.

Nucleon Dibaryon (§=1)
Parameter Generalized Skyrme model Generalized Skyrme model
model model
M, MeV 758 1079 2012 3214
(r2p/2, F 0,42 0,36 0,75 0,70
Mg, MeV 962 2 2165 3320
With minimization with respect to the scale parameter 4:
SW)’.”‘ _F 0,50 0,44 0,81 0,75
By MeV 933 1204 2126 3320

The nucleon electromagnetic form factors calculated in
this model qualitatively reproduce the experimental values,
but again they fall off too slowly. Baryons are very compact
objects. However, the significantly smaller values of the bar-
yon masses than those given by the original Skyrme model
provide impetus for seeking multibaryon solutions. In Table
XII we give the results of calculations of the dibaryon mass
with the Skyrme-Witten ansatz for the dibaryon. In spite of
the considerably smaller value of the mass than for the solu-
tion in the original model with the same ansatz, there are no
convincing arguments in favor of this solution correspond-
ing to a minimum in the B = 2 sector. It is not impossible
that the inclusion of the dilaton field does not spoil the toroi-
dal solution of the type considered in the preceding sections.

CONCLUSION

We have studied the properties of few-baryon systems
obtained in the Skyrme model and some generalizations of it.
We have shown that, using very general assumptions about
the form of the solutions of the equations of motion, in the
original model we arrive at bound states in sectors with bar-
yon number B = 2, 3, and 4 having a toroidal structure. We
have also found bound states in the vacuum sector with
B =0, but they do not have a toroidal structure. We have
also succeeded in obtaining more complicated states consist-
ing of toroidal solitons and nontoroidal substructures. Some
of these states might be manifested in reactions with stopped
antinucleons as nuclear compound states containing anti-
baryons as their structural units. The search for such states is
desirable in order to check the model of strongly interacting
systems as solitons of a chiral field.

The calculations of the properties of states with the
quantum numbers of light nuclei were mainly carried out
using the collective-coordinate method. For this we first cal-
culate the effective Hamiltonian taking into account the de-
grees of freedom corresponding to space and isospin rota-
tions, and also some vibrational degrees of freedom. All the
resulting candidates for states of light nuclei have binding
energies which are larger than the experimental values. It is
possible that the calculated states can still not be identified
with nuclear states, since many quantum corrections have
not been taken into account. The calculated electromagnetic
form factors of states with the quantum numbers of the deu-
teron and *He qualitatively reproduce the experimental
ones.

The calculations of the electromagnetic characteristics
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of nucleons with vector mesons corresponding to the hidden
gauge symmetry of the model give reason to assume that the
inclusion of these mesons in the effective Lagrangian will
improve the agreement between the theoretical form factors
of the lightest nuclei and the experimental ones at large mo-
mentum transfers.

Finally, we cannot exclude the possibility that the in-
clusion of the dilaton field, which is required to reproduce
the conformal anomaly of QCD by the effective Lagrangian,
does not spoil the toroidal structure of the lightest nuclei, but
allows the observed binding energies to be reproduced for
values of the coupling constants taken in the meson sector.

The authors are grateful to V. G. Kadyshevskii, V. B.
Belyaev, M. K. Volkov, G. V. Efimov, V. Yu. Novozhilov,
A. A. Andrianov, V. A. Andrianov, V. B. Kopeliovich, M.
Johnson, and V. Nerenberg for many useful discussions
about the problems considered here.
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