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Phenomenological and microscopic approaches to the description of the lifetimes of heavy nuclei
with respect to spontaneous cluster decay are reviewed. Some simplified models are considered,
and a multichannel microscopic model is described in detail. Questions related to the decay
mechanism and the influence of nuclear structure and also the mechanism of excitation of the
fragments are discussed. An attempt is made to obtain spectroscopic information on the basis of
general microscopic-macroscopic schemes of analysis. The main attention is devoted to study of
the coupling between intermediate structures and collective resonances of the compound nucleus.
A comparison with experimental data is made, and important properties of cluster decays are

discussed in detail.

INTRODUCTION

The investigation of spontaneous nuclear decays is one
of the most important branches of nuclear physics. In recent
years, interesting results have been obtained in it, and they
have significantly extended our traditional picture of & de-
cay and the mechanism of spontaneous fission. It is sufficient
to note that the outcome of recent extensive theoretical and
experimental investigations in this direction was the discov-
ery of an entirely new form of spontaneous decay of heavy
nuclei intermediate between o decay and spontaneous fis-
sion and involving the emission of heavy fragments and the
formation of residual nuclei close to the doubly magic nu-
cleus ***Pb. This new phenomenon received various names
in the literature: magic radioactivity, complex radioactivity,
cluster decay, etc., each of which reflects, when taken to-
gether, the diversity and generality of the process.

The first theoretical predictions' and experimental ob-
servations of spontaneous cluster decay® stimulated much
interest and further investigations of the process.

Since cluster decay is intermediate as regards mass and
charge between a decay and spontaneous fission, it is not
surprising that all lifetime calculations were made in the
framework of one of these schemes, and the mechanism of
the process was based formally on either @ decay or sponta-
neous fission.

Now, after exceptionally laborious investigations,
mainly semiquantitative and purely phenomenological, ad-
vances have been achieved in the formation of a unified pic-
ture of these three forms of spontaneous decay: a decay,
cluster decay, and spontaneous fission. It appears that the
main part is played by the “valley” structure of the barrier,
which contains complete information about the different de-
cay modes. To describe the lifetimes in this picture, it is ex-
ceptionally important to have information about the poten-
tial energy and the kinetic energy (mass parameters).

The potential energy can be described by a fairly simple
parametrization as a sum of a smooth part (given by the
liquid-drop model) and a relatively small shell correction.
The description of the mass parameters is much more diffi-
cult, owing to their complex dependence on the internal
structure of the system, the nuclear deformation, pairing ef-
fects,‘quantum effects, collective coordinates, etc. In addi-
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tion, the continuous variation of the mass parameters (as the
system evolves) leads to a change in the potential energy,
and this has a strong influence on the lifetime. Therefore, it is
a difficult task to obtain reliable information about the life-
times from analysis of the potential energy and the mass
parameters. But it is precisely such an analysis that makes it
possible to obtain a direct indication of the main properties
of spontaneous decays: low statistical probability, exponen-
tial law, passage through an intermediate state with energy
much greater than the energies of the initial states of the
nucleus and the final states of the fragments, and the effects
of coupling of the intermediate structures to resonances,
which are observed in the reverse reactions with complex
fragments.

The main part of this review is devoted to a presentation
of the practical schemes used to calculate the lifetimes. The
various phenomenological and microscopic approaches, and
also the connections between them, are presented in a very
compact and general form in this paper. As a consequence,
we can, in the framework of a unified mathematical formal-
ism, not only obtain already known important results (of
course, by means of sensible and widely accepted approxi-
mations) but also construct new approximation schemes
and methods of studying spontaneous cluster decay.

This paper is based on the results obtained and pub-
lished by the authors since 1980.

In Secs. 1 and 2 we discuss the main properties of the
spontaneous decays—a decay, spontaneous fission, and
cluster decay—and the problem of the penetrability of one-
dimensional and multidimensional barriers in these pro-
cesses. Section 3 is largely devoted to an analysis of phenom-
enological approaches to the description of cluster decay.

Section 4 is devoted to the microscopic description of
cluster decay. The attempt to understand the part played by
resonance scattering in cluster decay led us at once to the
problem of the collective resonances of an unstable system
formed by the fusion of (identical) fragments. With a view
to studying and obtaining microscopic information about
cluster decay, we make a microscopic-macroscopic analysis
of modern experimental data. In this section we devote par-
ticular attention to studying the effects of nuclear deforma-
tion on the lifetimes of spontaneous cluster decay.
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In the final section, we give the main conclusions of our
paper.

1.INFORMATION ABOUT SPONTANEOUS CLUSTER DECAY
First hypotheses

The first conjecture of the existence of cluster decay in
the region of heavy nuclei was advanced in 1924. Consider-
ing data on the anomalously high abundance of free nitrogen
in uranium ores, the Englishman Foot*® advanced the con-
jecture of nitrogen radioactivity of uranium.

In 1966, Shukolyukov?® made a similar conjecture in
order to explain the observed excess of neon and argon iso-
topes in uranium minerals. Moreover, he suggested that
uranium nuclei fission asymmetrically with the emission of
light neon and argon isotopes.

Finally, we mention that excesses of 8Kr isotopes in
meteorites of various types were explained by Alexander®
as the result of asymmetric fission of nuclei with 4 =300,
which also leads to the production of isotopes in the region of
ZUEPb.

At the present time, there are no proofs of a connection
between these geological or astronomical observations and
the phenomenon of spontaneous cluster decay.

Theoretical predictions

Theoretical studies in which a new form of spontaneous
radioactivity was predicted appeared before the experimen-
tal observations. In the studies of Ref. 1, general ideas about
nuclear stability led to a first discussion of the possible exis-
tence of a new decay phenomenon, cluster decay, intermedi-
ate between a decay and fission. Cluster decay was interpret-
ed as extremely asymmetric two-body fission. The first
estimates of cluster-decay lifetimes were made by San-
dulescu, Poenaru, and Greiner. They showed that some clus-
ter decays could occur with probabilities that could be di-
rectly measured. The actual recommendations (Ref. 1, Fig.
7) proved to be correct only in certain cases (emission of
2*Ne and **Mg nuclei from Th and U isotopes). Analysis of
cluster decay in the first Gamow model' showed that the
greatest probability must be associated with a decay leading
to the formation of magic (or semimagic) fragments
(A4, =208, Z, =82, N, =126, 4, =14, 24,28, Z, =6, 8§,
10, 12, 14, N, =8, 20).
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FIG. 1. Two-dimensional AE—F spectrum obtained by Rose and Jones®
for emission of a "*C cluster from the ***Ra nucleus. The points represent
events corresponding to emission of the '*C cluster; the broken lines show
the region that bounds the possible '*C events (the results of calibration);
the lower cross corresponds to a fourfold superposition of a-particle
pulses, and the upper cross to an event observed during the time of the
experiment.
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FIG. 2. Two-dimensional AE-E spectrum obtained by Aleksandrov et
al.* in measurements with the ***Ra nucleus. The points are events corre-
sponding to emission of "*C nuclei; the broken curves are the results of the
calibration. The region of events of fourfold superpositions of a-particle
pulses is bounded by the continuous curves, while the region of fivefold
superpositions is shown by the crosses.

It is important to note that the first elementary theory
of cluster decay' did not fully deny the possibility of the
phenomenon because the penetrabilities were artificially
overestimated by several orders of magnitude.

Discovery of 14C decay

In 1984, Rose and Jones® made a first observation of
spontaneous emission of '“C nuclei from ***Ra. When this
discovery was reported, the group of Aleksandrov et al.’
performed an experiment to look for '*C emission for ***Ra.
Thus, the investigation of Ref. 3 was an independent confir-
mation of the discovery of a new form of spontaneous emis-
sion of '"*C from ***Ra. The decisive factor in the discovery of
cluster decay was the choice of the decaying nucleus. The
choice was due to the gain in the decay energy for nearly
magic nuclei, as a result of which we have the greatest pene-
trability (i.e., the greatest decay probability).

The particles emitted from the source were identified by
the AE-E method. This method made it possible to detect
'*C events on the huge background of & particles. Figures 1
and 2 show the AE-E spectra of "*C events observed in Refs.
2 and 3.

The result of Ref. 2 was confirmed later by other groups
(Figs. 3-5)*® by means of the AE-E method*® and track
detectors.®

The results of all these studies are given in Table I. Rose
and Jones® calculated the penetrability (in the simple Ga-
mow model) for '*°C, *N, '*!°0, and **Mg emission from
the nuclei 22"Th, 2" Ac, ***Ra, ?'Rh (***U series) and on the
basis of the Gamow factors concluded that they had most
probably observed emission of '*C from ***Ra in their experi-
ments.
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FIG. 3. The AE-E spectrum for emission of a "*C cluster from the **Ra
nucleus, obtained by the group of Gales et al.* The dotted lines are the
results of the calibration; the points are the results of detection of a '*C
event from the **'Ra nucleus.
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FIG. 4. The AE-E spectrum in measurements with the
**'Ra nucleus, obtained by the group of Kutschera et al.®
(a) (the points are detected "*C events; the broken lines
are the results of the calibration) and the events in (a)
represented as a function of the total energy E, (b). The
upper part of the figure shows the ground and excited
states of *"’Pb.
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We mention that such a theoretical analysis to establish
the greatest penetrability of the Coulomb barrier was pro-
posed earlier in Ref. 1.

The observation of the first spontaneous radioactive de-
cay of "“C from ***Ra gave a tremendous impetus to new
experimental and theoretical investigations.

The spontaneous emission of '*C nuclei was soon con-
firmed for a number of other nuclei, namely, **'Frand ?*'Ra
(Refs. 6and 7), ***Ra (Refs. 6 and 8), **Ra (Ref. 6), 25Ac
(Ref. 7), and ***Ra (Refs. 7 and 8) (see Figs. 3-5 and Table
I).

In their turn, the theoreticians could renormalize their
model parameters by using this rich collection of experimen-
tal data. The new theoretical predictions®'~>* were much
more accurate and indicated that the cluster decay with
greatest energy must be realized with appreciable probabili-
ty, leading to the production of magic (or semimagic) frag-
ments.

Discovery of Ne, Mg, and Sidecays

All these decays were investigated at Dubna and Berke-
ley by means of track detectors. Observation of **Ne decay
was made for 2*°Th (Ref. 9), **'Pa (Ref. 10), >?U (Ref. 11),
*3U (Refs. 12 and 13), and **U (Refs. 14, 15, and 16).

Observation of **Mg decay was made for **U (Refs. 14,
15,and 16) and ***Pu (Ref. 17), and of **Mg for *’Np (Ref.
9).

Finally, **Si decay was recently observed for **Pu
(Ref. 17), for which B~ 10~ ', and **Si decay was observed
for *'Am (Refs. 9 and 18). All these results were discussed
in detail in Price’s review.°

The discovery of the spontaneous emission of C, Ne,
Mg, and Si nuclei made it possible to examine more deeply
the problem of the decay of heavy nuclei. In addition, the
new discoveries are a stimulus for the construction of a gen-
eral deductive theory capable of describing the various de-
cays in a unified manner.

It has now become clear that spontaneous cluster decay
is a general phenomenon and that the world of unstable nu-
clear systems has been shown to be much richer than we
knew hitherto.

2.GENERALIZATION OF GAMOW'’S THEORY
Decay energy

We begin by considering the influence of the main fac-
tors on the rate of spontaneous radioactive decays. One of
these factors is the decay energy. Using only the binding
energy, one can conclude that there is a basic possibility of
emission by nuclei of protons and strongly bound fragments
such as He, C, O, ..., etc. In connection with the fact that the
mean binding per nucleon is particularly large for medium
and some light nuclei (He, C, O, ...), many heavy nuclei are
energetically unstable with respect to decay into two nuclei,
A=A, + A4,, and the decay energy
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TABLE 1. Experimental data on "*C emission from ***Ra (@ = 31.8 MeV).

Source{ Expo- l\féeth- I .
inten- { sure | ol Cali- ber 1T -
sity, time, S:r(:a: bration of &% B=Tg,/T, Ref.
#Ci days | tion events
3,3 184 a —_ 19 |15,064-0,15| (8,522,5)-10-10 2]
85 30 a 12, 1N 7 |15.41200,22| (7,6+3,0)-10-10 | [3]
210 5 b 14C 11 |15,2540,2 | (5,5+2,0)-10-10 [4]
9.2 6 ¢ |1uC, N, 0| 26 [15,32%0,14| (4,7+1,3)-107 | [5]
See See d | 2.18,14C | 56 |15,2040,07| (6,1-41,0)-10-10 [6]
Ref. 6 | Ref. 6

*a) AE-E telescope and Si detector; b) magnetic spectrometer, AE-E telescope, and Si
detector; ¢) magnetic spectrometer, AE-E telescope, and gas detector; d) track (plas-

tic) detectors.
#*T = 9,85x10° sec.

Q=E—E —E, (1

is positive for many different (4,, 4,) combinations.

A strong influence on the decay energy is exerted by
closed shells, which are boundary lines between regions of
stable and unstable nuclei. It can be seen from Fig. 6 that the
energy of cluster decay has clear peaks, which are associated
with the closing of neutron shells (and subshells of the light
fragment with N, = 8, 14, 20).

We shall see later that the structure of the initial and
final nuclei puts a rather strong imprint on the decay energy
and, therefore, on the decay probability. We encounter simi-
lar circumstances in the case of @ decay and fission and in
deep inelastic transfer reactions.”!

Decay barriers

Despite the energy instability, many decays are not re-
alized for a variety of reasons, but above all (we shall see this
later) because of the extremely low penetrability of the Cou-
lomb barrier. The penetrability reaches a significant value in
some extreme cases: proton and two-proton decays® (4 > 6
and Z> N) and « decay (4> 100), for which the emitted
charge is small, and for cluster decay into fragments inter-
mediate in charge and mass between a particles and fission
fragments.

The height of each barrier can be estimated approxi-
mately as the energy of the electrostatic repulsion of the frag-
ments when they touch, and this energy is always greater
than the decay energy.

One may ask why different spontaneous decays are ob-
served in a precisely defined zone of masses, and what deter-
mines the decay intensity. Answers to these questions can be
obtained from a discussion that to a certain degree is analo-
gous to those made in Refs. 1, 26, and 27 in consideration of
the processes of @ decay, spontaneous fission, and cluster
decay. It is obvious that any decay into two positively
charged fragments is difficult by virtue of the existence of the
Coulomb barrier, and spontaneous decays can be regarded
as processes of below-barrier tunneling.

Equations of motion

Below-barrier tunneling is a quantum-mechanical phe-
nomenon. Investigation of tunneling processes in complex
nuclear systems and, especially, in cluster decay is currently
one of the most topical problems of theory and experiment.

From the theoretical point of view, a solution of the
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Schrédinger equation with approximate boundary condi-
tions contains complete information about the tunneling
process.

Many problems of quantum-mechanical tunneling can
be studied on the basis of one- and multidimensional models
for the potential barriers. In most of these models, the dy-
namical behavior of the unstable nucleus is described by
means of a Hamiltonian that depends on certain indepen-
dent collective coordinates ¢, ,..., §y:

H=H,+H,+T(g.. < qx)

(2)

o qx) + Vg, ..

where H, and H, are the internal Hamiltonians of the frag-
ments, T is the kinetic-energy operator corresponding to the
classical kinetic energy 7,
N
1 1 4 d
T = —-—_th E ) EM”D—‘?E 3 D=det]lfff_,-; (3)
i, j=1
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FIG. 6. Dependence of the decay energy @ on the mass 4, of the emitted
cluster for different decays leading to the formation of the heavy fragment
*%Pp, For the emission of the given cluster, the energies Q have maxima
for the neutron numbers N, = 8, 14, 20.
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1 iR
To==5 2 Mg,
2 (4)
i, j=1 :

and M; are the mass parameters. To study the evolution of
an unstable system consisting of 4, and 4, nucleons, it is
necessary to investigate the interaction of the two clusters 4 |
and 4, .

The wave function of such a system can be represented
in the form

b= (D (4) Oy (4,) U (g, - . ., gm))- (5)

If the intrinsic cluster functions @, and D, are fixed, then
the function U of the relative motion depends only on the
choice of the interaction. To obtain equations of motion for
U, it is necessary to substitute (5) in the many-particle
Schrodinger equation

(H—E)y =0, (6)

and the function U can be found by solving a differential or
integro-differential equation.

In the one-dimensional case, the classical and quantum-
mechanical Hamiltonians have the form

Hy=Hy+Hy+ 4 M (q) @+ V (9); @)
1 1 d 4 d
H=H+H,— W orovm o trgre a7 @

(8)

In the one-dimensional models, one usually employs an “ef-
fective” potential, which is a sum of the nuclear, Coulomb,
and centrifugal potentials of the two fragments (g=ris the
distance between the centers of mass of the fragments):

Coul (r) + -V'“-"-' (r) + .[Ccm(r)' (9)

The Schrédinger equation for the degree of freedom  has the
form

1 1 d 1 d >3 -
[ = e o e o+ 0 —QJU =0,

Y=

(10)

where Q=E — E, — E,.
The transformation??
z(r) = S LM (r)/M,]V2 dr,
0

(11)

where M, is an arbitrary constant mass, transforms Eq. (10)
into an ordinary Schrédinger equation with constant mass:

o O L e S
where

K(T-)=Ti(:v(q))=V(q); } (13)

U(@)=T(z(g)=U (g).

Thus, the variation of the mass as a function of the dy-
namical variable ¢ leads to a variation of the potential. In the
general case, ¥(x) has a complicated form, and it is very
difficult to solve the equation. In some special cases, for a
potential well and for an inverted oscillator, ¥(x) and U(x)
can be obtained in analytic form.3%3448
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Probability of barrier penetration

To determine the probability P of tunneling penetration
through the barrier in the general case, it is necessary to
solve (10) with the boundary condition of an outgoing wave
as r— oo. If a specific functional form is given for M(r), then
our problem is greatly simplified.

In the case M(r) = M,,, semiclassical solutions are sat-
isfactory everywhere except in the region near the classical
turning point; there are formulas that ensure matching of the
solutions obtained for the interior and exterior parts of the
barrier. In this case?®**

P =1+ exp S ~ exp (—8), (14)
where
s=={ 2, (v () —Quzar (15)

1
is the action integral; M, = 4,4,/(A4, + 4, ); r, and r, are
the turning points: V(r,) = ¥V(r,) = Q.

We shall discuss the general case M (r) # const in detail
in Sec. 3. Of course, the one-dimensional description of the
barrier penetrability is a simplification, but it is a comparati-
vely good approximation for studying a decay, cluster de-
cay, and spontaneous fission.

It should be mentioned that the first predictions of clus-
ter decay' were based on elementary calculations in accor-
dance with Eq. (14), in which the potential ¥(r) (9) was
determined from scattering reactions.

To determine the penetrability in multidimensional
models, it is more advantageous to use the approach pro-
posed earlier for the study of spontaneous fission.*® We men-
tion here only the main result of this approach. In the collec-
tive adiabatic description of the fission process, the
probability P of barrier penetration is usually calculated in
the semiclassical approximation:

P =101+ exp § (L)l = exp (8 (L)) (16)

where
Ly
S(W=+5 { M@V w)-eyrzdL (17)
L1
is the action integral calculated along the path

L ={q,,.,qy} defined in the space of deformations g,;
M(L) is the “effective” mass parameter along the trajectory
L; Q is the decay energy.

The effective mass parameter in (17) is

. dqj
M(L)y=My, (L)= 3} M, 24 1
i J

4% gL "dL ' (18)

where M, , are the components corresponding to the defor-
mation parameters ¢; and ¢;.

In Refs. 1 and 54, a study was made of the penetrability
of a two-dimensional (r, ) barrier, and it was shown that
the influence of the orthogonal degree of freedom reduces
mainly to a change of the barrier height and an enhancement
of cluster decay. We mention that concrete results for cluster
decay on the basis of the expressions (16) have not yet been
obtained. In Sec. 3, we discuss in detail the problem of the
penetrability of two-dimensional barriers.
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Decayrate A

If the decay occurs under normal conditions as a result
of a number of independent events (this is assumed in Ga-
mow’s theory)—formation of a cluster, collision with the
barrier, and quantum-mechanical tunneling—we must mul-
tiply all the probabilities in order to obtain the total proba-
bility (or rate) of the decay:

A=nFP=12 (19)

where # is the number of collisions with the barrier in 1 sec, F
is the cluster-formation factor, and P is the barrier penetra-
bility. It is obvious that for independent events Eq. (19) is
invalid. We mention here that the equation of motion (10)
was obtained on the basis of one strong assumption, the ma-
trix elements of the Hamiltonian between the bound states
and the continuum states being ignored. Inclusion of these
elements leads to the appearance of the formation amplitude
as an inhomogeneity of Eq. (10).>” Of course, this shows
that P depends on F, and Eq. (19) is invalid.

Finally, we point out that the simplicity of Eq. (19) is
matched by the difficulty of the problem of determining the
spatial dependence of the individual probabilities and the
spatial separation of these events.

Study of spontaneous nuclear decays in a decay and
fission leads to the conclusion that the decisive factor in
these processes with extremely low decay rates A, and A, is
the barrier penetrability. The same conclusions were
reached in Ref. 1 for cluster decay, in which the barrier pene-
trability P remains the principal factor, the first estimates
showing that 4,5 4,.

The lifetimes of radioactive nuclei exceed the character-
istic nuclear time (10~ ** sec) by several tens of orders of
magnitude (see Figs. 16 and 18). As we have already shown,
there are two main factors that ensure these immense life-
times. First, barrier effects can lead to long lifetimes relative
to the emission of charged particles or clusters. Second,
allowance for quantum and structure effects also leads to a
very low probability of statistical decay.

The delay time due to high barriers can be estimated in
the quantum-mechanical one-dimensional model:

A= e 1% @ P — 1% @ Pl (20)

where ¥/, is the solution of the homogeneous equation (6)
[with ¥(x) = 0]. In the semiclassical approach, the energy
E can be regarded as a function of #. Then from (6)

(H—E) S&—p=0; (21
W 0[],
w*w—z—mﬁ?[‘i’*ﬁ 9E o )’ (22)
x
m” vy oy ap
S‘l’*‘pdx'_‘" 2M, [v* oo — o) (23

-

Assuming now that the velocity at infinity is equal to
#ik /M, we can write down the asymptotic behavior of the
wave function ¥(x) (x— + o0 ):

¥ (z) = (Bk/M,)~V? [exp (ikz) — R (k) exp (—ikz)].
r — — 00} (24)
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P (.’IJ) = (hk/Mo)_Il'?‘ T (it) exp (1ch), T — -~ 00, (25)

The function ¢, (x) is normalized by the condition

S 1o [2dz = | R (k) [/(Hk/M,). (26)
Substituting (22) and (26) in (20), we obtain
At (@)= — 2o | R (B)P— 2T O sin @2k —8),  (27)

where |R(x)| and 8(x) are the modulus and phase of the
reflection coefficient, respectively:

R (k) = | R (k) | exp [i6 (k)]; (28)
|R (k) 2+ | T (k) 2= 1. (29)

Averaging (27) over a sufficiently large interval, we
have

aty= —n[ 5] IR (I (30)

3.PHENOMENOLOGICAL MODELS

The short de Broglie wavelength in spontaneous decays
makes it possible to treat the relative motion of the two frag-
ments, even under conditions when their surfaces overlap, as
the motion of two classical particles along trajectories. These
trajectories can be determined, for example, on the basis of a
phenomenological Schrodinger equation with approximate
boundary conditions.

A semiempirical theory of cluster decay was developed
soon after the discovery of *C decay from ***Ra and con-
tains elements of the theory of @ decay?® and spontaneous
fission.?” In its framework, the original estimates (14) and
(16) of the penetrability P could be related to the experimen-
tal half-lives and used to calculate the absolute lifetimes. In
all the phenomenological models, a certain model is used to
describe the interaction of the fragments, i.e., for the poten-
tial energy. This model contains a minimal number of pa-
rameters (which describe, for example, the elongation and
formation of a neck). In addition, the mass parameters are
assumed to be constant or to have a known functional form.
The half-life T, is calculated for different values of these
parameters until satisfactory agreement with the experimen-
tal data is achieved. In such an approach, the question of the
uniqueness of the solution of the Schrodinger equation is
simply not considered, and the same is true for the condition
of applicability of the WKB approximation for the entire
class of employed potentials.

In these models, no study is made of the microscopic
structure of the unstable system during its evolution, and the
structure effects are described phenomenologically.

Poenaru-lvascu-Sandulescu-Greiner model

After the discovery® of spontaneous decay with emis-
sion of a "*C cluster from ***Ra, attempts were immediately
made to calculate the half-life for this decay and for other
possible decays.”’>® The authors of these studies showed
that the analysis of the experimental lifetimes can be ap-
proached purely phenomenologically by assuming that the
a-particle approach is manifested in the Geiger—Nuttall law
and that this law can be directly generalized to cluster decay.

For cluster decay, as for a decay and fission,***® the
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lifetimes were calculated by means of the relation (19), in
which F=1:

In2

T:'nP ?

(31)

where n = w/27 is the number of collisions with the barrier
in 1 sec (the characteristic frequency of the collective mode
that leads to the cluster decay), #w/2 = E, is the energy of
the zero-point vibrations, and P s the probability of passage
through the barrier.

In accordance with the semiclassical one-dimenisonal
theory,

P=exp{— 2 3 [2M (1) (V (1) — E)W/2adr}

s |

(32)

where E=0 + E,, Q [see Eq. (1)] is the decay energy,
M(r) is a mass parameter, taken to be
M=A,4,/(4, +A4,), V(r) contains Coulomb, nuclear,
and centrifugal terms [like (9)] and a term that describes
the phenomenological shell correction 8V,

Vi(t) = Vi () - Vo (1)

h»

Veelr) 4- 8V,

cent

(33)

and r, and r, are the turning points: ¥(r,) = ¥V(r,) = E.
For the description of V., the following approximate for-
mula was used:

o (3/2—r%R%)/Ry for T<<Ry

for >Ry, (o4}

Ve (= {

a/r

where R, = R, + R,, R, and R, are the radii of the spheri-
cal fragments, and @ = Z, Z, e*.

The nuclear term V. was described by various means:
a Woods-Saxon potential with parameters determined from
the elastic scattering of the heavy ions;"** a potential of fi-
nite-range nuclear forces;”>*° a Yukawa potential and an
exponential interaction®”*° (#> R.,), and an analytic po-
tential calculated by means of a polynomial of second degree

inp 2%

Vi 1) = Q@ + (E — Q) [(r — R)/(Ry — R)I%; r< Ry,

(35)

where R; =rgd'°, R, =rgd |\, R, = rod V>

This last potential was used in practice in most calcula-
tions. It should be noted that in this model the barrier for
decay and the limits of integration are determined approxi-
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mately on the basis of physical or intuitive assumptions,
Usually, the action integral (32) is divided into two terms,
and for log T we obtain in the potential (35)

log 7 = 0,43429 (K,, - K,) —log E, — 20,8436, (36)

where K, and K, depend in a complicated manner on the
charge, mass, and radius of the fragments, the barrier height,
and the decay energy:

a=b(EJE,)% b= Ry — Ry (37)
Ky, =0,2196 (E, 4,4,/ A2
X {(by—ayv— G [ LEE_E T (38)
K, = 04302 (EAA,/A)2 124, (39)
Prme=(c+m—1)2—[r () + m]/?
+% [arcsin (C:_i;—!j;),'m — aresin (ﬂz_ﬁfl_)if_]
¥l (SRR e o

where m = r ’E,/E, ¢ = rE./E, r, = 1.2249 fm,
Parameters of this model are the radii of the final frag-
ments, R, and R,, and the energy E, of the zero-point vibra-
tions. Choosing?*-*
-
)]

we obtain a significant increase of the energy £ and a signifi-
cant increase of the penetrability (32). For this reason, E,
can be regarded as the main parameter of this model.

Important results, obtained in several studies (Refs.
21-25,41,and 42), are given in Figs. 7-10. We note here that
the lifetime with respect to cluster decay depends strongly
on the details of the barrier and on the shell effects. System-
atic study of the cluster decay in this model showed that the
discrepancy with the experimental data increases with in-
creasing mass of the emitted cluster.

In Ref. 41, this approach was generalized for deformed
fragments. In this case, it was shown that the barrier is de-
creased for prolate deformations and increased for oblate
deformations.

Finally, some details of this model were refined in Refs.
43-45. They include the use of a variable mass parameter

Gy

By [0,056+ 0,039 exp ( —

(41)

FIG. 7. Dependence of T, on the neutron number N, of the
heavy fragment for emission of the nuclei *Mg, *Si, **Ar, and
*Ca. The proton numbers Z, of the daughter nucleus are as
follows: 80 (black squares), 81 (open squares), 82 (black cir-
cles), 83 (open circles), 84 (black triangles), and 85 (open tri-
angles). Even-odd effects are clearly manifested in T.,and the
minimal value for T, is obtained for a magic fragment A,
(Z, =82, N, =126).
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and a more detailed description of the even—odd structure
and shell effects. Detailed study of the cluster decay showed
that it is a general phenomenon and that the decay probabili-
ties are high for magic numbers of the protons and neutrons
(Z = 28, 50, 82 and N = 28, 50, 82, 126). The different re-
gions of masses in which cluster decay can be expected are
shown in Fig. 9.

Shi=Swiatecki model

Shi and Swiatecki*® used the WK B method to calculate
the probability of penetration P using a constant mass pa-
rameter, M(r) = M,, and a contact potential ¥,(z) as the
nuclear potential (9). As in the case of (14), they obtained

P = exp {0,4374 b (4,4, JA)? S [V @) dz)  (42)

*0

where b =1 fm, r=L — C, — C, is the distance between
the centers of the fragments, C, C, are the central radii of the
fragments, L = L, = 2(C, + C,) corresponds to the frag-
ments in contact, Z = xb, and

606 Sov. J. Part, Nucl. 21 (6), Nov.—Dec. 1990

FIG. 8. Lifetimes with respect to spontaneous cluster decay, calcu-
lated on the basis of the expression (36) (Ref. 24) for the parent
nuclei 2*Ra, *¥*U, **U, and ***Fm.

FIG. 9. Relative yields of different fragments in a (Z, N) diagram. The
most probable yields correspond to magic fragments.
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V(L)= [ ZyZqe /r+va (z)—Q; L> L, (43)
a(L—Ly)", Li<L<L,.
The constants @ and v in (43) are determined from the con-
dition of continuity of V(L) at L= L,.

The half-lives are determined by means of the periods of
the internal motions (in order of magnitude, 10 ~**-10 '
sec):

To=13Pa; (44)

T.=r1rP,. (45)
Because r § ~r ;, we obtain from (44) and (45)

B = P,/P.. (46)

This method was generalized*’ to the case of deformed frag-
ments. The results obtained with allowance for the nuclear
deformations and shell corrections*” and without them*®
are shown in Fig. 11. It is evident that inclusion of deforma-
tion and shell corrections leads to better agreement with the
experimental data.

Pik-Pichak model

It was shown by Pik-Pichak*® that by the introduction
of a coordinate analogous to a fission degree of freedom one
can give a good description of cluster decay even in the one-
dimensional Gamow approximation. The physical coordi-
nate in the model of Ref. 48 is the distance between the
centers of mass of the fragments (Fig. 12).

-4
-10

-16 14

C Ne Mg si

22} 221 223 225‘ 2:3'0 232 23750 47
FrRaRaRa Ac Th ThU NpPu
Ra Ra Pa U Am

FIG. 11. Calculated values of B = log(T, /T,).*” The broken line repre-
sents the results of calculation for spherical fragments and without shell
corrections; the continuous line represents the results of calculation for
deformed fragments with allowance for shell corrections.

607 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990

FIG. 10. Dependence of the partial lifetimes of a decay, cluster
decay, and cold fission of the U nucleus on the mass of the
emitted cluster. The more probable cluster decays **~>*Ne and
*Mg predicted by Poenaru and Ivascu*’ were found by the
group of Price et al."

The below-barrier path with respect to the coordinate
R, (from the parent nucleus to the scission point), equal to

AHL = R, + Rz i (A1"'A2) (R — Rg),

is found to be much shorter than in the case of the a-decay
approach.>* For example, for the decay **Ra— *C + 2°°Pb,
AR = 4.449 fm when the description of Ref. 24 is used and
AR, = 3.175 fmin the case of the fission description of Ref.
48, and, therefore, the latter value is more appropriate
(moreover, in this case the action up to the scission point is
significantly reduced).

In Ref. 49, the mass parameters were estimated in the
framework of a hydrodynamic approximation. The poten-
tial energy was determined by the interaction of a prolate (or
oblate) ellipsoid and a sphere:

3 o
VBl =% p@—1/a7

1—v2 v41
x{ 3 lnv_1

+v}—Q; Ry>RE, (47)

where v=R,/[R,(1/ci —c})], a = Z,2Z,é* Qis the de-
cay energy, R, is the mean radius of the heavy nucleus (the
major axis along the direction of separation), and R 7 is the
distance at the scission point.

For an oblate ellipsoid, for which the minor axis is di-
rected along the axis of separation,

V(Ry) =,—2 RLL {v(1+v®¥arctan v-i —v2} —Q; R,>R?,
(48)
wherev=R,/[R,(1/¢c;, —¢,)].
Up to the scission point, the interaction potential is ap-

proximated by a sum of a cubic parabola and an ordinary
parabola:

A
2

5 Y
¥
L
1)

:n
.%
LN
~

Az
©

D=

FIG. 12. Parametrization of the process of cluster decay: a) taking place
as o decay (Refs. 21-24); b) taking place as a fission process.**
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is found to be much shorter than in the case of the a-decay
approach.?* For example, for the decay **Ra - "*C + **’Pb,
AR = 4.449 fm when the description of Ref. 24 is used and
AR, = 3.175 fm in the case of the fission description of Ref.
48, and, therefore, the latter value is more appropriate
(moreover, in this case the action up to the scission point is
significantly reduced).

In Ref. 49, the mass parameters were estimated in the
framework of a hydrodynamic approximation. The poten-
tial energy was determined by the interaction of a prolate (or
oblate) ellipsoid and a sphere:

14 (RL) = Ev “f (ECnuI + E, — Q) f ("Jca p)v (49)

where f(k, p) = (1 + k)p* — kp®, Ec,, is the Coulomb
potential at the time of scission; R; =R,
p= (R, —RYV)/(R% —RY), R} istheinitial distance be-
tween the centers of mass of the fragments in the parent
nucleus, and E, =2 MeV is the energy of the zero-point
vibrations of the fission degree of freedom. The main calcu-
lations of the lifetimes for cluster decay were made with
k=1andp=1 [ f(k, p) is identical for a sphere and for a
deformed nucleus].

In the semiclassical approximation, one can solve
Eq. (10) with a potential energy (47) [or (48)] and (49),

and determine the barrier penetrability
P=[@(R%)/@(R")]? from which it follows that*
In 7 =1In[ 25 (Mofe)2 (5 S+ Se) | + (50)
where
g
- S [2M (Rp)V (By)I¥2 dR, (51)
RpAX

is the semiclassical action below the barrier in the region in
which the nuclear forces act, and

(&

Ry,
So={ 12M.V (R dR, (52)
7
log (7, sec)[ i»

(3]
Oy
T
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is the action after the scission point, in which R | is the point
of emergence from the Coulomb barrier. When the frag-
ments are spherical and are in the ground state, S has the
form

So=2Mea{g5-—M (1 — L2 —aresin A (53)

where A = (QR 7 /a)'.

This description of the cluster decay contains elements
characteristic of the description of fission and includes for
the first time a variable mass parameter and nuclear defor-
mations in the calculations of the lifetimes. However, the
shell and quantum effects in the potential energy and in the
mass parameter are ignored. Since both quantities are calcu-
lated approximately, it is entirely possible that the errors
compensate each other. The calculated results agree well
with the experimental data (Fig. 13) despite a number of
schematic approximations for the mass parameter and the
potential energy. We note here that the potential energy is
not calculated in the center-of-mass system, and the mass
parameter is too small, as in the case of spontaneous fis-
sion.>®

Simplified models*®-52

In all these simplified models, the mass parameter is
assumed to be constant, M (r) = M, and the potential ener-
gy V(r) (9) is determined approximately as a potential well
plus the Coulomb potential,*® the Coulomb potential plus
the centrifugal potential,™ and the nuclear potential plus
the Coulomb potential.*""** In all these models, analytic ex-
pressions are obtained for the lifetimes, and these are helpful

for studying various aspects of cluster decay.

Shanmugan-Kamalaharam model

In Ref. 53, a one-dimensional model of cluster decay is
developed in complete analogy with elementary fission theo-
ry. The functional dependence of the mass parameter on the
distance is chosen as in spontaneous fission:>

M (r) = M,y + Kf (r) (M} — M), (54)

where K = 16 (for cluster decay, in contrast to fission, for

which K = 11),

FIG. 13. Lifetimes for the most probable decay mode with odd Z:a)
At and Np (open circles); Fr and Am ( + ); Ac and Bk (open
squares); Paand Es (crosses) and with even Z: b) Ra and Pu (open
circles); Rn and Cm ( + ); Th and Cf (open squares); U and Fm
(crosses).
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TABLEII. Experimental and calculated lifetimes. The calculated values were obtained

in the framework of phenomenological models.

log (T, sec)
z Calculation
Deca E, ——
4 MeV Experiment

Ref. 24 Ref. 47Ref, 48|Ref. 53[Ref. 49
221 y (1) 29,28 | 15,77[6] 14,4 | 16,0 | 16,5 | 14,5 | 15,2
221Ra 30,34 | 14,35 (7] 14,3 | 14,8 | 14,7 | 13,3 | 14,1
222Ra 30,97 | 11,020,06 [6, 8] 11,2 | 11,6 | 13,3 [ 11,8 | 11,2
“:9Ba 29,85 | 15,24-0,05 [2, 6] 15,2 | 15,7 | 15,6 | 14,2 | 15,0
2-_‘Ra 28,63 | 15,94-0,12 [6] 15,9 | 16,8 | 18,0 | 17,0 | 16,0
2BAc 28,57 | 18,34 [7 17,8 | 19,7 | 19,0 | 18,3 | 18,7
226R g 26,46 | 21,33+0,2(7, 8] 21,0 | 22,2 ]| 22,9 | 25,5 21,0
281Pg (28F) 46,68 | 24,64 [10] 25,0 1 25,5 23,4 — 26,0
280Th (24Ne) | 51,75 | 24,644-0,07 [9] 25,3 | 24,9 26,1 | 25,2 | 24,8
232Th (2¢Mg) | 49,70 | 27,94 [43] 28,8 | 28,41 29,6 29,4 29,1
281Pg 54,14 | 23,38+0,08 [10] 23,4 | 23,6 | 23,4 22,3]| 23,7
2327) 55,86 | 21,064-0,1[11] 20,8 | 20,0 21,8 | 20,6 | 20,7
|y 54,27 | 24,8240,16 [12, 13] 24,8 | 24,8 | 24,4 | 23.6 | 24.9
2337 (25Ne) 54,32 [15] 25,0 | 24,4 24,4 23,6 | 25,1
2341J (24Ne) 52,81 | 25,250,065 [14—16] 26,3 | 25,7 | 26,4 | 26,4 | 25,8
2947] (26Ne) | 52.87 15 26,5 | 25,0 | 26,4 | 76,5 | 26,2
4y (28Mg) | 65,26 | 25,75+-0,06 [14—18] | 25.8 | 25.7 | 26,4 | 2818 | 254
287Np (*Mg) | 65,52 | 27.27 [9] 27,5 | 27,7 | 27,7 | 26,8 | 28.3
256Ppy (28Mg) | 67,00 | 25,70+0,25 [17] 25,7 | 24,6 | 26,4 | 25,7 | 25,9
238py (30Mg) | 67,32 | 25,90-0,75 [17] 26,0 — | 26,4 25,4 25,5
238Py (338i) | 78.95 | 25,3-£0,16 [17] 25,1 | — |26.4| 255 2507
241Am (*4Si) | 80,60 | 25,3 [9, 18, 19] 24,5 (26,2 25,5 23,8 26,5

PE)= [ [(re—P)(re—T)lb, r<<ry=R,+ Ry;
. 0, r=Rp;

M::=Mo+%ﬂf[oexp I:—l;is—( r;ﬂri ):I (55)

is a hydrodynamic mass parameter, and #; is the distance
between the centers of mass, which is determined by means
of the heights 4, of the spherical fragments:

3 % B3
o ( Rothy " Rot+h,

r;=

) ; Ro=r AL/,

The potential ¥ (r) is chosen in the form

Pl [F—}-%] ~L exp|(ry—r)ia]
bt for T>Ty
S — Byt (V () +£,) [ S (21)°

r —=8, (+=2)°], r<re (36)

where D and F are two constants that depend on Z, 4, R,,

and R,, while the constants .S; and S, are determined from

the conditions of continuity of ¥'(#) and V'(r) at r=r,.
Note that (56) does not contain a centrifugal term.
Substituting (54) and (56) in (14), we obtain

T— ——-—1‘43‘3;102] [1 +exp K],
. r2
k=2 2n v, (57)
where

V() =V (ry) =0.

In a certain sense, the approximation (57) makes it possible
to refine the one-dimensional model of Ref. 48. The results
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obtained for 7" agree with the experimental data ( Table II)
to within an order of magnitude.

If we compare the values of T obtained in Refs. 53 and
48, we can note that the latter are always 1-2 orders of mag-
nitude greater than the former. Basically, this reflects the
difference between the effective mass parameters (54) and
the hydrodynamic mass parameters®>® in the decay pro-
cess. It is evident that the largest values for M(r) (Ref. 53)
in the initial stage of decay lead to a decrease of the barrier
and of the half-life.

Potential energy and decay dynamics

A general description of the phenomenon of cluster de-
cay in the framework of fragmentation theory was first pre-
sented in final form in Ref. 54. The potential energy is de-
scribed by means of a two-center model, and the cranking
model is used to calculate the mass parameters. In a two-
dimensional representation [R, 1, where R is the distance
between the centers of mass and 7= (4, — A4,)/4 is the
mass-asymmetry coordinate], the potential energy contains

224R a C) (D

o

8

o0
I ——
|/‘—PCCD

Nl -

8
15 18 20 22

24 Ry fm

FIG. 14. Two-dimensional contours of the potential energy of the ***Ra
nucleus. The ground states correspond to 7 = 0 and elongated deforma-
tions with respect to R. For large values of R cluster valleys close to the
fission valleys appear.
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a macroscopic term V., shell corrections U, and correc-
tions 5P due to pairing effects:

V(R 1) =Vun (P, m)+8U (R, n)+ 8P (R, n).

(38)

In practical calculations, statistical quadrupole and octu-
pole deformations are taken into account in the first term of
(58).

Figure 14 shows V(R, 1) for ***Ra with the V,y,, pa-
rameters of Ref. 38. The shell and pairing corrections were
calculated approximately in the two-center model.*” It can
be seen from Fig. 14 that the ground-state barrier goes over
continuously into valleys that correspond to definite shell
corrections and mass asymmetries.”*** Such structures
must be manifested in the experimental data.

Solving Eq. (10) for the ground state ¢, (R,n), we can
determine the probability for formation of a cluster configu-
ration characterized by the parameter 7:

F) = { dR |y (R, ) (59)

It was shown that the decay dynamics is completely deter-
mined by the valley structure of the barrier (58). Unfortu-
nately, the potential energy for extreme asymmetric fission,
including cluster decay, is determined only approximately.
Complete calculations of the lifetimes for cluster decay have
not yet been made.

Brief review of the results of phenomenological studies.
Comparison with experiment

At the present time, it is not easy to get an overall pic-
ture of the numerous phenomenological studies devoted to
cluster decay. The difficulty is due not only to the large num-
ber of studies in this field, the number of which has increased
strongly since 1984, but also to the different approaches to
the problem. In practically all studies, the penetrabilities
have been calculated in the WK B approximation and its sim-
plified versions. The inadequacy of the WKB penetrability
for the description of cluster decay when excitation of collec-
tive levels of the fragments is taken into account has now
been demonstrated in several theoretical studies.

Despite the different approaches, each model***¢ > isa
generalization of the Geiger—Nuttall law to cluster decay:

logT = AQ™/* + B, (60)

where the constant A is related to the semiclassical action,
and the constant B (the pre-exponential factor) is related to
internal processes that take place before the scission point is
reached. The first term in (60), which expresses the ex-
tremely sharp dependence on the energy, is associated with
tunneling below the Coulomb barrier, and for simple para-
metrizations of the potential®***** can be calculated ana-
lytically.

It is interesting to note that allowance for different
terms in the potential energy or the neglect of them® leads
to similar values for T,. This indicates the fact that 7, de-
pends weakly on the choice of the nuclear potential up to
contact and that the greater part of the potential energy cor-
responds to the configurations of the already separated frag-
ments.>* The possibility of obtaining qualitatively the
same agreement with experiment (see Table V) for different
parameters of the nuclear potentials does not mean that the

610 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990
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FIG. 15. Dependence of the decay energy Q on the parameter
Z,Z,A 7. The different cluster decays correspond to the following
neutron numbers of the light nucleus: N, =8 ("*C), 14 (**Ne), 16
(**Mg), and 20 (*Si).

employed parameters correspond to reality. In other words,
there is a certain arbitrariness in the determination of the
geometry of this potential. It should be said that experimen-
tal scattering data do not uniquely determine the parameters
of this potential.

However, the study of cluster decay in the various mod-
els did make it possible to clarify some characteristic proper-
ties of cluster decay and initiated the development of general
schemes for investigating the dynamics of the process on the
basis of a collective surface potential.

As a result of phenomenological analysis of cluster de-
cay, extensive spectroscopic information has been obtained.
It has been shown that large shell effects are manifested in
the decay energy (see Fig. 1), in the potential energy®* (see
Fig. 14), and in the mass parameters,”>>® and, therefore, in
the lifetimes (see Figs. 7-10), especially when the fragments
are magic nuclei.

As we see in Fig. 8, T, is not a smooth function of the
mass number N, and at certain values exhibits a “fine struc-
ture.” This fine structure is due to shell effects in the prod-
ucts of the cluster decay (as in the case of spontaneous fis-
sion). We note that T'. is anomalously small for 4, = 4, and
anomalously large for 4, =4, +1, 4, =4, + 2, etc,
where 4, are magic fragments.

The most strongly expressed fine-structure peak is situ-
atedat 4, =208 (Z, =82and N, = 126) and 4, = 14, 24,
28, 34 (N, =8, 14, 20).

It can be seen in Fig. 15 that for N, = 8, 14, 20 the
experimental decay energy Q has clear peaks, which are re-
lated to the filling of neutron shells. At such values of N,
minima must also appear in the potential energy (see Fig.
14).

Even—odd effects in cluster decay was studied in detail
in Refs. 25 and 47. The phenomenological approach [based
on the expression (60) ] proved to be successful.

As can be seen from Fig. 16 and Table I, the a-particle
approach (and the Geiger—Nuttall law) is strongly mani-
fested in the experimental data on T, particularly for light
clusters (see Fig. 18).

The experimental data on cluster decay do not exhibit a
“fission dependence” on the fissility parameter (Fig. 17),
and the decay rate decreases with increasing fragment mass.
However, the experimental values of T, are close to the fis-
sion lines (Fig. 18).
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4. MICROSCOPIC MODELS

The microscopic methods presented recently for analy-
sis of cluster decay are intimately related to the well-known
methods of the resonance theory of nuclear reactions. These
methods provide the most general and fully developed ap-
proach for study and understanding of decay processes. In
this section, we shall briefly recall the methods that make it
possible to describe cluster states as sharp resonances by

means of certain assumptions about the (resonance) nature
of the nuclear potential. We shall obtain a general expression
for the width of one resonance level (or formula for a virtual
level). This formula was applied to « decay and cluster de-
cay in a number of studies (Refs. 58—-60 and 61-64).

In the microscopic approaches, the decay can be re-
garded as due to two main (dependent) processes: the for-
mation of a cluster of nucleons and penetration through the
barrier. The results of the Gamow models can be obtained
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FIG. 17. Dependence of the experimental lifetimes on the
fissility parameter in the case of spontaneous decays: on
the left, fission; on the right, cluster decay.
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FIG. 18. Dependence of the experimental lifetimes on the proton number
of the parent nucleus for cluster decay (see Table II), a decay, and fis-
sion.”®

fairly easily from the microscopic schemes by using appro-
priate simplifications for the formation factor. Thus, one can
make a microscopic—macroscopic analysis of decay and ob-
tain valuable spectroscopic information. It is clear that in
such an analysis it is necessary to construct simultaneously
many-particle and single-particle decay models. We recall
briefly the many-particle versions proposed for cluster de-
cay.

The fact that cluster decay must be treated from the
point of view of the many-particle aspect of the internal mo-
tion of the nucleus was first pointed out in Refs. 61-64.
These studies advanced ideas about the fundamental mecha-
nism of the formation of a cluster from nucleons. The treat-
ment that we proposed in Ref. 62 is the most general and
depends less on arbitrary assumptions, which are made, for
example, in other studies. Above all, it does not use the rela-
tions (14) and (19) and arbitrary channel radii (in contrast,
for example, to Ref. 61).

Integral approach

The solution of the complicated problem of time evolu-
tion associated with cluster decay requires a good knowledge
of the important degrees of freedom and of the distribution
of the energy and angular momentum between them.

On the basis of modern data, including nuclear defor-
mations, realistic nuclear radii, and the corresponding inter-
action between the decay products, we constructed detailed
decay schemes that take into account excitation of rotational
degrees of freedom in cluster decay.

In this section, we use the method known as the general-
ized optical model to derive basic equations describing the
absolute rates of emission of clusters in the case of strong
coupling between the rotational degrees of freedom and the
orbital motion of the fragments.

In what follows, we shall restrict ourselves to the case of
greatest practical importance, when the emitted fragment
has axisymmetric deformation and the daughter nucleus can
still be regarded as spherical. This can occur when the heavy
fragment is a doubly magic nucleus (usually, 5°Pb), and the
light cluster can have appreciable deformation.

612 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990

We consider the decay of a metastable state of a nucleus
with emission of a cluster in the state {c}, i.e., we consider
two-particle channels. In some cases, it is possible to make
fairly simple calculations by the coupled-channel method
which nevertheless include all the important channels.

Here, we give the formalism of the theory® for the gen-
eral multichannel case. We begin with known states |®, ) of
the decaying nucleus (obtained by diagonalization of the
shell-model Hamiltonian) and an integral equation for the
scattering states:

(E—H) x5y =2 (Dy|H [(E) | Dp)- (61)
For the decay width, we have

I‘k:2n§£|(¢llelxi>|2, (62)
where

H=H,+ H,+ T (r) + Vdisg (r) & Veoun (r, 5, 5.
(63)

The summation in Eq. (62) is over all open channels deter-
mined by the initial spin  of the decaying state, the spin of
the deformed fragment R, the orbital angular momentum /,
the relative energy Q = E — E, — E,, and any other quan-
tum numbers that may be required. In Eq. (63), the poten-
tial of the interaction between the two fragments is repre-
sented by a diagonal direct term and a coupling term that can
depend on the internal coordinate § of the deformed frag-
ment required for orientation of its symmetry axis and on the
multipole deformation parameter 3 - of order L.

Substitution of (63) in Eq. (1) and projection onto the
channel state |¢) = [, ®, Y, ], give the usual equations of
the coupled-channel method:

(T (N + Ve (1) — Qrd Ui (") — 2 Vg () URH ()

(64)
ol
# {I'}u 1A (65)
where we have used the notation
Ve (r) = {c | Vdiag (r) | ¢); (66)
Vawer (1) = (¢ | V" (r, 5, ) [¢'); (67)
118y = r1UR) () [0,0,7 1, (68)
Rz d?

s = (69)

The inhomogeneous terms in the second system of equations
(65) are the overlap integrals for the various channels, each
of which is defined as the projection of the initial wave func-
tion onto the channel wave function:

I (1) = r (@ | @, (B) @, ) Y, (D)) (70)

The solution U %, (7) of the system (65) and, therefore,
the transmission coefficient will depend on the cluster-for-
mation amplitudes. Thus, this method gives a possibility of
taking into account exactly the influence of the internal de-
grees of freedom on the emission processes (scattering after
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passage through the point of separation of the two frag-
ments). Moreover, the equations of motion (64) and (65)
make it possible to understand the formation stage as part of
the phenomenon of penetration through the barrier.

We can solve numerically Egs. (64) and (65) in the
adiabatic approximation. In complete analogy with Ref. 62,
we obtain the partial (or total) width of level & [see (70)]:

UO Ih 2
I‘%;:zﬂ (hR;("”hR(r)) - (71)
(U}u (T) IR (i'»
I,=2Th;. (72)
Ri

It is readily seen that the method includes averaging
effects: first, over the internal (single-particle) degrees of
freedom to obtain the interaction potentials (66) and (67)
and the cluster-formation amplitudes [Eq. (70)] as func-
tions of the relative distance and, second, over the relative
distance in order to obtain the width from the cluster-forma-
tion amplitudes and the solution for the relative motion.
Note that an arbitrarily defined radius of the nucleus is not
introduced in the calculation of (62) and (72).

We emphasize that the most difficult part of the macro-
scopic and microscopic approximations is associated with
the region that corresponds to the transition from the parent
nucleus to the last contact configuration.***’

In the macroscopic approach, this regime is estimated
by simple tunneling through the Coulomb barrier based on
empirical information on the barrier boundaries. Such infor-
mation includes the frequency of collisions with the barrier,
which is taken equal to the frequency of the nuclear collec-
tive oscillations, the constant reduced mass, and the model
for the interaction potential.

In the microscopic approach, this corresponds to inte-
gration of the system of equations (64)—(65), the inhomo-
geneities of which satisfy the usual boundary conditions for
bound states. Naturally, the solutions in this region form a
smooth interpolation between the cluster-formation ampli-
tudes in the ground state of the parent nucleus and the last
contact configuration, when the relative wave function is
equal to the asymptotic Coulomb wave function, which has
the correct behavior and can be calculated exactly. The char-
acteristic behavior of the system in this region is determined
from the factorized product of the two- and four-particle
microscopic amplitudes and the penetrabilities, which de-
pend on them. For such an estimate, a hypothesis about the
collision frequency is not needed, since the initial boundary
conditions contain information about the period of the mo-
tion before the scission point. A problem that remains is to
describe the perturbed motion when the two nuclei overlap
appreciably and interact strongly with one another. By
means of modern procedures, the effective mass and the nu-
cleus—nucleus interaction can be accurately estimated, and
the calculation of the contribution from the prescission con-
figuration on the lifetime is fairly reliable.

We summarize the most important aspects of the for-
malism:

1. The quantum-mechanical theory of tunneling is de-
scribed in the two-dimensional case (in the variables r and
6). The problem of the emission rate in the multichannel
caseis reduced to solution of a homogeneous and an inhomo-
geneous system of coupled equations, which contain micro-
scopic formation factors.
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2. By means of the adiabatic approximation, the effect
of the coupling is represented as a family of potential barriers
associated with the excitation modes in the process of cluster
decay, some of which give rise to an increase in the penetra-
bility.

3. In practical calculations of the lifetimes, it is possible
to take into account the following factors: the deformation of
the ground state in the parent nucleus through the Nilsson
orbitals used to construct the cluster-formation amplitudes;
the static deformation due to the interaction of the frag-
ments near the scission point; shell and structure effects,
which are contained directly in the masses of the nuclei and
in the nuclear structure models.

For numerical solution of the system (64)—(65), we use
the method of Numerov.®* The advantage of this method is
that the multichannel problem is reduced to a single-channel
problem in which the coupling of the channels is manifested
as an inhomogeneity of the (single-channel) Schrodinger
equation. Below, we shall consider some approximations in
the framework of the integral approach.

One-dimensional resonance approximation

The case of one resonance level with one open channel
was considered in the integral approach in Refs. 62 and 66.
The value of the energy in the neighborhood of which there is
a resonance corresponds to the expression (1), and the sin-
gle-particle eigenfunctions of the Hamiltonian (2) are deter-
mined from (64) with the condition (24)-(25).

To avoid the difficulties associated with the nonunique
information about the resonance scattering of the fragments,
it is necessary to do the following: a) ignore the antisymme-
trization of the wave functions (5); b) ignore the effects
associated with the formation of the unstable system and its
excitation.

The resonance parameters can be determined by using
data on the scattering of clusters by heavy nuclei (especially
by the Hg, Tl, Pb, and Bi isotopes). We choose the depth of
the nuclear potential ¥, as a resonance parameter in order to
find an asymptotic solution of (64) and an asymptotic ex-
pansion for (79). However, it is clear that if the potential
barrier is made broad or high, the scattering state y g, (r)
(68) can be transformed into one of the levels of the discrete
spectrum. Therefore |®, ) can be expanded®® with respect to
the asymptotic Coulomb functions, and as a result of this we
obtain from (70) and (71)

1, (r) = G (r); (73)
_ o | MG () |2
Tr=28 e mie e | o
where U° and U* are solutions of the system
< 11 { v (75)
7 0+V 0=@{ga = o}

and G(r) is a normalized irregular Coulomb function.
It follows from (74) that

20 | U016 () |2
h ({Uk ()G (r)

Numerical comparison of (76) with the Breit formula®’

;e (76)

R -—
w=o[{ opar] s omEige 0D
i r
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TABLE III. Experimental and single-particle resonance widths for the emission of '*C
from the isotopes ******Ra and **Ne from **'Pa and >*****U. The resonance widths were
obtained on the basis of the expression (76). The fifth column gives the single-particle

widths from Ref. 64.

Nucleus rer, MeV ., MeV S=T>/T, Iy, MeV
222Ra 0,440-10-32 0,202-10-21 0,217-10-10 0,790-10-23
223Ra 0,303-10-3¢ 0,228.10-28 0,132.10® 0,490-10-25
224Ra 0,629-.10-37 0,858-10-27 0,733-10-10 0,130-10-27
226Ra 0,285-10-42 0,105-40751 0,276-1071¢ —
231Pgy 0,176-10-% 0,781-10729 0,225.10"15 0,750-10-26
22y 0,460-10-12 0,901-10-27 0,510-10-15 0,170-10-24
2387 0,699-10-46 0,649-10730 0,107.10-15 0,480-107%7

showed that to a high accuracy the values of A, and A are
equal, 4, =A,. Note that in its form the result (77) is analo-
gous to Gamow’s result T~ Q ~ '* and to the first term of
the Geiger—Nuttall relation (60). The only difference is that
(76) and (77) were obtained for a wave function and not for
a solution with complex energy (which is physically unac-
ceptable because it leads to an infinite probability for finding
the particle at large distances). Moreover, we also take into
account the reflection of the incoming flux from the regions
of a high barrier [see (25) and (26)].

Figure 17 gives results (7., T, ) for four Ra isotopes
with 7, calculated by means of (76), and also experimental
values (T, T, ).”® We note that the pure single-particle ap-
proximation on the basis of (76) leads to very small values
for T, (onthe average, ten orders of magnitude smaller than
the experimental values). It is evident that when the reso-
nance condition is satisfied the penetrability reaches large
values, in contrast to the semiclassical estimates.?**® For the
discussion of this discrepancy, some numerical examples
will be helpful. Table III gives the experimental and reso-
nance widths (74) and their ratio § (the so-called spectro-
scopic factor). If S, is expressed in terms of the mean spec-
troscopic factor of a decay (S, ),

Sc=lsm]nm+(N,—z')/4? (78)

where n,, is the number of @ particles of the cluster, then for
4C and **Ne emissions we obtain §, = 10~ 27-1072%, in
complete agreement with the estimates of Refs. 2, 61, and 64;
here S, = fI?(r)dr, and for the majority of o emitters
Itr) = 10='-10~% fm <2,

Even in this elementary description it can be noted (see
Fig. 17) that even-even effects are manifested (only through
the decay energies).

One-dimensional shell approximation

The case of cluster decay of one resonance state from
one open channel was considered for the first time in the
framework of this approximation in Refs. 62 and 64. In Ref.
62 the system (64)—(65) was solved with the usual condi-
tions for the scattering functions U%; (#); Vg, (#) (66) corre-
sponds to two charged spheres, and the nondiagonal terms of
(67) are ignored, i.e., ¥z (r) = 0. The geometry of the
phenomenological potential’'~"* for cluster decay is fixed by
means of the condition of a resonance state (see Sec. 3).

The method of calculating the amplitudes of cluster for-
mation® from individual nucleons was specially developed
in complete analogy with the method of calculation of a-
particle formation amplitudes.**-***® The cluster-formation
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amplitude, i.e., I, (#) (70), is proportional to the matrix
element of the cluster-production operator A ~ between the
initial and final states:

Ty (r) =7 (D | A [D,D,Y 1 (F])

=r(Qy|A[A*(r, I, m) Dy]), (79)
where ./ is the antisymmetrization operator.

The cluster-formation amplitude can be found by gen-
eralizing the operator of two-nucleon transfers and the oper-
ator of a-particle production to the case of cluster forma-
tion:*®

A, b, my=— T vy

2 '\?i
where the factor (v,,...v,, |§At/m) is the transformation co-
efficient that describes the overlap between the antisymme-
trized products of the single-particle oscillator®® orbits v,
[Slater determinants for protons and neutrons .V (Z,)
and &7V (&, )] with internal cluster function ®_(£A¢) and

relative-motion function ¥, (), i.e.,

. va,|EAtImyal, ... a],

(Vy ... va,|EALIm) = CEY,
x § d2udEAY (Z,) A¥ (N) O, EAY Y1 (1),

(80)

in which C %Y are coefficients of fractional parentage.*’
The cluster ground-state function &, is chosen in the
basis of oscillator cluster wave functions (¥, V;) in the
ground states:
fig Ag=3ng -1
D, (5A7) ﬂi:'LI! s, u=3lnlm+: Dr (81)
where @, is the internal function of cluster a;; the function
W, describes the relative motion of two clusters (of nu-
cleons) [k={(aa,), (nn), (a(nn)), (az(ann)),
(aa(aa)),...}]. To each cluster representation there corre-
sponds a complete system of antisymmetrized orthonormal
oscillator functions (@, , ¥, ). This system ensures a simple
description of the lowest nuclear states and permits com-
parison of its basis functions with the functions of the shell
model and calculation of the coefficients (80). In the a-clus-

ter representation, we use the following basis oscillator func-
tions: %2
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(82)

where x is the spin-isospin part of the function,
B =0.47x 10°° cm ~* corresponds to the mean radius of an &
cluster,®® and « is the oscillator parameter. The principal
quantum number N, for the functions (82) takes the values
Ny, =0,4; 0,2; 4,4. Note that as a result of the antisymmetri-
zation of these functions® only the terms (a& )™ remain
from the usual Laguerre polynomials L, (a& ?). The func-
tions @, correspond to the ground states of the a clusters,
and the spins and isospins of the nucleons are added to total
angular momentum s, = 0 and total isospin T,, = 0, respec-
tively.

To calculate the coefficient (80), we must do the fol-
lowing. In the functions AY(Z, )4V (N, ) we go over from
the coordinates r,...r,,, to the internal coordinates &, , £,
&34, 10 the coordinates R, of the centers of mass of the
clusters, and to the relative coordinates £, . Integrating over
&1ap» 824, §3¢, In (80) by means of the procedure of Ref. 68,
we obtain analytic expressions for the cluster-formation am-
plitudes I, (R, ). Finally, going over from R, to the cen-

TABLE IV. Values of T, obtained in the microscopic theory of Ref. 62 for the most
probable cluster decays. The experimental values of T, and T are taken from Refs. 20

and 96.

Nucleus Cluster Tgr8eC TolTs T4/Ty,
230Th 200 0,470-1028 0,182.10% 0,2-1013
22() 0,416-10% 0,174-1013

iHe 0,239.1018 =
232Th 200 0,724.10% 0,163-1014 0,7-104
220 0,905- 1080 0,239.1013
4He 0,444-10'% —
22y 260 0,703-10% 0,709-102 0,110-101
Mg 0,143-10% 1144101
”Mg 0,629-10* 0,634-1022
iHe 0,991-10° — g
238]J 280\g 0,863-10% 0.181.1012 0,750-1012
30Mg 0,280-10% 0,679.10¢
32\[g 0,196.10%6 0,412.10%
1He 0,489-1013 i
2y 280 g 0,458-10%8 0,558-1013 —
30Mg 0,157.1028 0,201.10%
32\g 0,197-103¢ 0,253-101r
4He 0,779-101%
285 800 0,586-103%¢ 0, 261.1010 0,500-10°
Mg 0,365-1032 0,163-1016
iHe 0,223-1017
232py 24Mg 0,942.1022 0, 4401018 —
260\ g 0,186-10** 0,869-10%7
28)\[g 0,451-1026 0,164-1028
30Mg 0,106-102¢ 0,495. 10
2Mg 0,380-1032 0,177-10%7
iHe 0,114-10% —
24Py UM g 0,299.10% 0,922.10% —
267 0,395-1020 0,121 -1016
280\g 0,500-102L 0,157-10%7
30Mg 0,391-10%* 0,120-1020
-’zMg‘ 0,227-103t 0,700-102¢
4He 0,324-10° — i
HlAm 28Mg 0,169.10% 0,414-1018 0,250.10'2
30Mg 0,581-10%8 0,163-101¢
2Mg 0,139.102¢ 0,390.1018
4He 0,356-1011 —
MIAM 28Mg 0,511-10%0 0,220-1020 0,100.1011
300\[g 0,144-1030 0,612.101°
32\g 0,398-10% 0,171-10’1
4He 0,232.10%
222 328j 01903102 0, 911.101 0,110.-10'3
348 0.600-10%7 0,605-101‘
365j 0,337-1031 0,340-10%
4He 0,991-10° —_
2337J 328 0,856-102¢ 0,175-1017 0,750.1012
843j 0,206-1028 0,421-101
365i 0,461 -10% 0,942.1018
4He 0,489-1013 —_
284 323 0.882-1026 0,116-101 0,800-1011
3151 0,902-10% 0,119-1013
615 Sov. J. Part., Nucl. 21 (6), Nov.-Dec. 1990
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TABLE 1IV. (continued.)

Nucleus Cluster T..sec TelTq TsiTy

3657 0,385-102¢ 0,509.10
iHe 0,756-1013 —

2857J 348j 0,606-1028 0,271-1012 0,500-10°
3657 0,909.10%1 0,407.101°
aHe 0,223.1017 i

MlAm 328j 0,619-10%4 0,458 101f 0,250-101% -
913j 0.191-10% 0,141 -10%
368j 0,244.10% 0,180-10%
1He 0,135-101t —

243Am 345i 0,783.10% 0,337.1013 0,100-1011
365i 0,547-1080 0,233.1010
iHe 0,232.1012 -

2120Cm 2854 0,777-1028 0,339-1022 0,260-108
308j 0,634-102 0,276-1017
s2Gj 0.458-1020 0,199-1014
343j 0,209-1023 0,912-10
38Gj 0338102 001471022
tHe 0.229.107 =

248G 283j 0,427-1028 0,282.1018 0,380-10%
305j 0,405-10%t 0,268-1011
328} 0,670-1020 0,443.10t0
3453 0,104-10% 0,688-1012
36gj 0,309-1028 0,204-1018
iHe 0,151-10*

244Cf a8g 0,381-102 0,334-1021 —
353 0,611-10%2 0,535 - 1019
108 0,642.10% 056310
1He 0,114-10*

248Cf ELR) 0,382-1023 0,126-.1018, 0,370.108
388 0,110-102 0,364-1015
40g 0,347-102%¢ 0,114-1022
4He 0,302-108 :

248'm 36AY 0,115-102¢ 0,319-102% 0,100.10%
38AY 0.312.10% 0,866 102
40Ay 0,315-1024¢ 0,847 -1022
42AT 0,125-102¢ 0,347-10%
UAr 0,820-103! 0,227-1029
1He 0,360-102

22Fm 36AY 0,293.10% 0,294 -1030 0,530-105
4047 0,808-102¢ 0,811-1019
42Ar1 0,137.10% 0,137-1020
“Ar 0,156-102¢ 0,156-1019
4He 0,996.10%

ter-of-mass coordinate » (see Ref. 62), we obtain the re-
quired integral /, (r) by numerical integration with respect
to&,.

In these calculations, it is particularly important to in-
clude pairing effects for the a-particle formation ampli-
tudes. The enhancement factors for a decay for a constant
pairing field* are included explicitly in the calculations of
the cluster-formation amplitudes.

Table IV gives some results that we obtained in the
framework of this approximation [the mass parameter is as-
sumed to be constant: M(r) = M, ]. We note that the calcu-
lated values of T, agree with the experimental data to within
1-1.5 orders of magnitude. The discrepancy is due above all
to the use of oscillator wave functions, which usually overes-
timate the cluster-formation amplitudes. Another factor is
the neglect of the channel coupling.

In Table IV we give the most probable processes of clus-
ter decay for isotopes of elements from ***Th to ***Fm. For
other even—even isotopes of a given element, the values of 7.
form a dependence with a maximum. Usually, this maxi-
mum corresponds to neutron numbers N, = 8§, 14, 20. Such
a dependence is well known for fission, for which &, = 50,
82. The commonality of the mechanisms of cluster decay
and spontaneous fission must have as a consequence a simi-
larity in the behavior of the lifetimes.

In addition, log(T,/T,) and log(7T,/T,) for even-
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even nuclei decrease linearly with increasing neutron num-
ber N, to a fairly good approximation.

Two-dimensional approximation. Effects of fragment
deformation

The main results of the phenomenological investiga-
tions of Refs. 44 and 47 lead to the conclusion that the defor-
mation of the fragments at the time of separation depends on
their shell structure. The deformation is minimal for frag-
ments with magic numbers. The magic effect observed in the
fragment deformation also leads to a magic effect in the po-
tential energy (see Fig. 15). A direct consequence of this
circumstance is the appearance of a magic effect in the decay
energy Q.

In this section, we briefly present the results of earlier
studies™ in the framework of the integral approach and rep-
resent them in a systematized form. In contrast to Ref, 47,
we consider the most probable case, when the light fragment
is strongly deformed and the heavy, weakly excited fragment
can still be regarded as spherical (this is usually a nucleus
near **Pb). The deformation parameter 2, of multipolarity
L determines the shape of the fragment by means of the fol-
lowing equation for the radius vector of the surface:

R2 (9) = R-z [1 = ; BLYLD (9)] (83)

M. Ivascu and I. Silisteanu 616



This expression is substituted in the analytic expressions for
the diagonal and nondiagonal parts of the potential V(r, 8)
[V, (r) and Vg ()] [see Eq. (67)]. To calculate the
interaction, we use a potential of Woods—Saxon type and the
Coulomb potential. The interaction between the axially de-
formed and spherical fragments takes the form

Vir, 0)=Vof{lr—Ry— Ry (1+B,Y, (0))]1a7}

+ 1228 [1+ g H; ﬁz 2(6)]_:' 25122 )

(84)

where f'is a radial form factor of Woods—Saxon type. The
nondiagonal part of the potential associated with the nuclear
and Coulomb excitation can be obtained from (84) in the
first approximation in f3,:

Veoun (r, 6) = p,R, |: af (r)

+3 ZiZee® 22 V0 6)

(85)
and for the matrix elements (67) we obtain
Vire (r)= (@)Y (— )HU+RHL (204 1) (20 4 1)] ChECH 3R
X W (URIR; 12) W Qut's 02) [ Vo L0 4 2 77,00 e ],

(86)

where C L2 and W(I'R 'IR; I 2) are Clebsch-Gordan coeffi-
cients and 6/ coefficients.

Similarly, for octupole deformations (which are often
also manifested in heavy fragments, for example, in ***Pb for
E, = 3.104 MeV), we obtain

VR (r) = () (— ) +RI 21+ 1) 21 +1)] Chdf Clos
x W (I'R'IR: I3)W (LII'l"; 03) [VUF—i—TZ,ZzeZT‘—].
(87)

Besides nuclear potentials of Woods-Saxon type, we also use
in (84) the contact potential that was first proposed for clus-
ter-decay calculations by Shi and Swiatecki.*” For example,
for axisymmetric deformations the interaction F(r, 8) takes
the form”’

Vi, )= —dny 202 [1—200 B,7, ()]
KO, [r—C—Cy (14-B,Y, (0))14+

+ lzzf [1+ 3 Rg ﬁzY (e)] 2erg . (88)

where y, the coefficient for the surface energy of the nucleus,
and the function ®, are given in Ref. 47:

L5

in which &, Z, and 4 are the numbers of neutrons, protons,
and nucleons in the initial nucleus, and @, is the universal
function

y=0,9517 [1—1,7826 (

—0,5 (E—2,54)>—
— 3,437 exp (—E/0,75),

0,0852 (E—2,54)%, £<<1,2511;
@0~ £>1,2511,
where £ = r — C, — C, is the distance between the surfaces
of the nuclei, C; = R, — 1/R,; are the half-density radii of
the nuclei, and R, = 1.284 |* are the radii of the nuclei in
the liquid-drop model.

Note that in the procedure used above for averaging the
potentials over the orientations and rotations (or vibration),
the fragment maintains its orientation or shape during the
penetration time, i.e., the energy of rotation (or vibration)
must not be large,

Ecunl< BIT,.

In the practical calculations we include all the important
channels that can be correlated with the rotational levels of
the deformed fragment. In the majority of cases, we restrict
ourselves to analysis of four channels (associated with the
first excited levels).

For numerical solution of the system of equations
(64)-(65), we use an iterative method based on an exten-
sion of Numerov’s algorithm of stepwise integration of the
single-channel radial Schrédinger equation.”® A great ad-
vantage of using this method is that the coupling between the
channels is manifested as an inhomogeneity of a single-chan-
nel Schrodinger equation. Qur numerical tests for cluster
decay showed that in the majority of cases one needs only a

TABLE V. Values of T obtained in Ref. 70 on the basis of the channel-coupling method
with allowance for quadrupole deformations of the nuclear and Coulomb potentials.

log(T,, sec)

Decay @, MeV Calculation
Experiment Potential Potential

(84) (85)
2347 — 24Ne--210Ph 58,830 25,0740,12 25,39 24,62
232]J . 24Ng-|-208P)h 62,305 21,06+0,1 21,54 20,60
24 - 28Mg-|-20¢Hg 74,113 25,55+4-0,25 25,68 25,37
234Py — BN —|-“““Ph 79,152 e 21,90 21,48
MAm — 30M J-211Bj 74,585 — 26,36 37,55
BIND — 3"Mg+ 207T] 75,706 27,25 27,69 26,27
246Cm — 348j-}-212Ph 90 414 - 28,74 28,68
240py —» 345 | 206Fg 91,323 24,25 26,97 26,25
24IAm — %48]--207T] 94,218 25,30 28,80 28,44
20Cm —» 4§8i-1-206Ph 95,751 — 26,27 26,05
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few iterations, and in the asymptotic region the iterative
scheme rapidly converges to a solution. For n channels, the
iterative procedure must usually be repeated » times in the
entire region for each channel (and energy).

Initially we used in our estimates of the lifetime of clus-
ter decay the simple potential (84), whose parameters were
chosen from data on elastic scattering’"’* or the cross sec-
tion™ of grazing collisions. The values of log T, obtained
with this potential are given in column 4 of Table V.

The calculated lifetimes are compared with the experi-
mental times or with the predictions of experimental upper
bounds (column 3). The theory and experiment agree to
within 1-1.5 orders of magnitude.

It is interesting to estimate the effect of nuclear (quad-
rupole) deformation of the light fragment on the lifetimes or
the deviation from spherical (diagonal) potentials used in
Refs. 46 and 62. The results obtained with and without chan-
nel coupling (corresponding to deformed or spherical poten-
tials) are represented in Fig. 19. As a rule, the corrections
that arise from quadrupole distortions of the potential are
important. First, these corrections depend on the fragment
deformation. In the cases in which we studied cluster decay
with the emission of fragments with large deformations,’”
such as *Ne (8, = 0.41) and *Mg (8, = 0.48), these cor-
rections correspond to 0.5-1.5 orders of magnitude. An ef-
fect of the assumed coupling is an increase in the intensity of
the cluster decay due to a lowering of each of the barriers in
the initial family of barriers. We note that the “real” cou-
pling was obtained by deformation of only the real nuclear
potential.”

Comparing the results with and without allowance for
the channel coupling, shown in Fig. 18, we can conclude that
allowance for coupling decreases the lifetimes by a factor
from 6 to 20. Nevertheless, the calculated value is still larger
than the experimental value.

Lifetimes calculated with the same cluster-formation
amplitudes®® and Coulomb potential (84) but using the nu-
clear contact potential of Refs. 48 and 73 are shown in the
upper part of Fig. 20. It can be seen that the calculated life-
times for **Ne and **Mg emission are less than the experi-

Ra
222 224 223 226
22 ¥

8

14}

log (7., sec)

12+~

10

0 2 4 & 8
log (7, sec)

FIG. 19. The (log T, log T,,) diagram for the isotopes 22222224220 Rg;
experimental data (continuous line) and the results of calculations® us-
ing shell (broken line) and resonance (chain line) formation amplitudes
corresponding to the expressions (79) and (73).
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FIG. 20. Experimental lifetimes (open circles), experimental lower
bounds (crosses), and calculated lifetimes with respect to spontaneous
decay with emission of **Ne, **-*"Mg, and **Si clusters: the results of calcu-
lation with allowance for channel coupling (continuous lines) and with-
out allowance (broken lines) are given for the potentials (84) (a) and
(88) (b).

mental lifetimes, the difference between them being greater
than the experimental errors (estimated at a few percent).
Asarule, the lifetimes are shorter than in the preceding case,
since the emission barriers are lowered by the influence of
the large attractive nuclear potential. Therefore, the life-
times will be shorter than the times 7', obtained with poten-
tials that describe the scattering data.

Nevertheless, the relatively small difference between
these results with different nuclear potentials confirms the
fact that the lifetimes depend weakly on the prescission un-
certainty. In other words, large modifications of the nuclear
potential at short distances between the fragments, when
they overlap strongly, do not change the emission barriers
which correspond to configurations with separate frag-
ments, as was already noted in Ref. 47.

From analysis of the results in Fig. 18 it can be conclud-
ed that a spherical potential (obtained in the approximation
of two spheres) tends to overestimate the barrier height, and
also the lifetimes and half-lives. The differences between our
results’® obtained with and without allowance for channel
coupling is large compared with the difference obtained in
Ref. 47. This can be attributed to the large deformation
length B, R, used in Ref. 70 compared with the length 53, R,
(L=1,2,3) in Ref. 47.

In Fig. 18 it may be noted that for the emission of heavy
fragments, such as **Si, the discrepancy between the theory
and the experimental lower limits becomes appreciably
greater.

Our results also agree with results known from pro-
cesses that are the inverse of cluster-decay reactions, name-
ly, below-barrier fusion of complex nuclei,”>”® for which
increases in the cross sections by up to two orders of magni-
tude are due to coupling to excited states.

As is well known, in the region Ra-U, where cluster
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decay with emission of '*C, **Ne, and **Mg was discovered,
there were also found tobe strong E 1 transitions due to static
octupole and dipole deformations.*® There arises immedi-
ately the basic question of the connection between these de-
formations and the large cluster-formation amplitudes (and
high intensities of cluster decay) in this region. This connec-
tion was studied in detail in Ref. 79. Besides the ground-state
channel, the calculations also included channels corre-
sponding to the excited 3, 57, and 2* levels in the
208ph  pucleus in the reactions 2**Ra—'*C + ***Pb,
2221] L, *Ne + **Pb, and 2**Pu—*Mg + **Pb. Matrix ele-
ments of the type (67) were calculated by means of the ex-
pressions (86) and (87). As a result, it was found that the
influence of octupole deformations on T, is 2-3 times less
than in cases of quadrupole deformations (see Fig. 18). We
note that our quantitative estimates are lower than the esti-
mates obtained in Ref. 80 (only for *C emission from
23Ra).

Effect of channel coupling

It was shown in Ref. 80 that the nondiagonal interac-
tion (67) usually enhances cluster decay. In the traditional
picture one determines the decay constant

?\.2 ?LBFPG’ (89)

where A, = (20 /M,)'*R,, and F is the formation factor.
In contrast to (14), the ground-state penetrability is

Pg = eboPWO (Q), o
where
N - : .
AB — Z (2’;1‘-’-) S dt Vi [r (t)] e"(ﬂif S dat’ Vz' [r (t,)] e](,)if .
i=1 0 0

b

po—esp [ 2 ari2at,@ (-]

i
r(0)=0, V(r)=0, r(t)=a+s dt’ [];TU(F')“Q]”?
0

in which V; is the interaction that couples the excited mode
with frequency w;, and r(#) is the trajectory in the inverted
potential. The coupling is determined in a macroscopic mod-
el:

s 2 L-1

V(r)=%%[—%+'g—_zfiﬁf: I:L+1 ]v (91)
where R is the nuclear radius, 3 is the deformation param-
eter of the mode (7), and L is the multipolarity.

In the actual calculations for '*C emission from ***Ra,
allowance was made for the following channels associated
with excitation of the 2+, 3, 4", and 5~ states in ***Pb
with energies 4.1, 2.6, 4.3, and 3.2 MeV. For these param-
eters, we obtain

edo = 16; (92)
Py = 4,6-10-%, (93)
Using in (89) the experimental value of 4, we can estimate
F (4C) = 0,5-10~%; (94)
F (MC)/F (o) ~ 107, (95)

where F(a) ~0.04 for **Ra.
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The result (95) agrees excellently with the estimate of
Ref. 2. We note that the nondiagonal interaction terms have
the same form in Refs. 70 and 80.

Approximation of the spectroscopic factors

In Refs. 63 and 64, the decay constant is estimated on
the basis of the formula

A=, (96)

or

T =T,s, (97)

where A, is the single-particle decay constant, and S is the
spectroscopic factor. The constant A, is determined by the
standard method (see Sec.2): A, = (¥ /2R) P ~ ', where Pis
the barrier penetrability.

To calculate the spectroscopic factor .S, we use shell
wave functions in formulas of the type (79) and (80), and
we take into account the effect of antisymmetrization in the
cluster-formation amplitudes. The simple estimate®’

S (4,) = [S (a))“=113 (98)

obviously overestimates S(4, ), and integration (i.e., aver-
aging) over the relative coordinates of the a particles and the
pair of neutrons is not carried out.

A similar approximation was used in Ref. 64. It should
be said that the results of Ref. 64 for the single-particle
widths (see Table III) are always smaller than the results of
Ref, 62 obtained with our formula (76) and also with the
Breit formula (77). It is interesting that this difference in-
creases with increasing cluster size. The difference arises in
the first place from the different potentials which satisfy, in
Ref. 62, and do not satisfy, in Ref. 64, the resonance condi-
tion at the decay energy.

We note that detailed calculations, especially for the
emission of heavy clusters, have not yet been made in the
framework of the microscopic approximation.*

In the treatments of Refs. 63 and 64, which are based on
the R-matrix formalism and an integral (of Feshbach type)
formalism, sufficient attention is not devoted to the impor-
tant question of the boundary conditions that determine the
formation of the unstable cluster states.

The complicated aspects of antisymmetrization of the
cluster wave function (and, at the same time, cluster-forma-
tion amplitudes) were emphasized in both studies. Lack of
space makes it impossible to discuss these questions here.
For the clarification and understanding of these questions,
we give some additional references to recent original studies
(Refs. 81 and 82). In this direction, work is being done to
improve the shell procedures for construction of the cluster-
formation amplitudes.

Comparison of the results of microscopic semiempirical
models with experiment

It is interesting to compare the results obtained in Refs.
61-63 and 65, in which, on the one hand, the shell model is
used to describe the structure of the system, and on the oth-
er, it is assumed that the separated fragments move in a cen-
tral potential with mass coefficient equal to the reduced
mass of the two fragments. In comparing the results of these
studies, one must bear in mind certain unimportant differ-
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ences in the definition of the decay energy and the interac-
tion potential. For example, in all studies the decay energy is
calculated by means of the nuclear masses,** but only in Ref.
62 is allowance made for the effect of the screening of the
electron shells on the decay energy. In these studies, two
different parametrizations of the interaction potential are
also used.”"**

Table VI gives the experimental values of T, and the
theoretical values predicted in Refs. 61-63 and 65.

As one can see in Table VI, the predicted lifetimes for
spontaneous cluster decay agree with the experimental val-
ues, particularly for the light clusters ('>C and 2*Ne). The
structure calculations are, when necessary, simplified in
some respects, but they are evidently capable of reproducing
the experimental data to an accuracy of 1-2 orders of magni-
tude.

The discrepancies of the ratios of the theoretical and
experimental values are particularly large for the emission of
*Ne from *?U and *Mg from >**U and ***Pu. In this con-
nection, we note that both of these clusters are strongly de-
formed,™ and the approximation of a central interaction is
not sufficiently accurate. Moreover, the discrepancies in-
crease with increasing size of the emitted cluster, as was al-
ready noted in Refs. 61 and 62.

We note that the dependence of T, on the mass, charge,
and deformation of the emitted cluster was studied in detail
in these investigations. The comparison of the results of the
microscopic and macroscopic approaches made in Refs. 62
and 64 clearly shows that allowance for the nuclear structure
leads to an increase in the lifetime of the radioactive nucleus.
An analogous conclusion is known for o decay®*-*? and fis-
sion.”*> Without allowance for structure effects, heavy nu-
clei must decay rapidly. Thus the long lifetimes of heavy
nuclei with respect to cluster decay are determined not only
by the high Coulomb barriers but also by the nuclear-struc-
ture effects.

Finally, we note that, in contrast to the phenomenologi-
cal models, particular attention is devoted in these studies to
effects associated with allowance for the Pauli principle,
pairing, the shell structure of nuclei, and dissipation of angu-
lar momentum. Allowance for these effects is a necessary

condition for the creation of a consistent unified theory with
good predictive power.

Enhancement of decay probability

Coupling to inelastic-excitation channels and few-nu-
cleon transfer channels’® does not exhaust the possibili-
ties for enhancement of the probability of cluster decay. In
Ref. 85 a mechanism of formation of a neck for fragments in
contact was proposed as an enhancement mechanism. The
coupling of the channels corresponding to the ground state
of the fragments to channels in which a neck is formed causes
a decrease of the potential energy (and the barrier) and,
therefore, an increase of the decay rate.

In Refs. 62 and 64, one further possible mechanism for
increasing the decay rate is discussed. It is assumed that the
pairing of the nucleons, especially in heavy nuclei,” is very
important, distinguishing the motion of pairs of nucleons
with vanishing relative angular momentum and leading to
the formation of a cluster having an a substructure. The
coefficient of enhancement of the cluster decay is usually
expressed in terms of the a-decay enhancement coefficient
(%, %, 2210%).

In Ref. 86 it is assumed that in the region of overlap of
the fragments (before separation) the pairing gap A, be-
comes a dynamical parameter and that the potential energy
and the mass parameter depend on this parameter [i.e.,
Vir)= V(r,AP) and M(r):>M(r,Ap)]. Estimates of the
influence of this effect on the lifetimes of heavy nuclei with
respect to cluster decay show that the enhancement coeffi-
cient (with “unfrozen” parameter A,) is approximately
equal to the coefficient obtained by coupling to the inelastic-
excitation channels®® (K~ 16).

In Ref. 70, investigations were made of cluster decay
with allowance for excitation of collective (rotational) lev-
els of one fragment (see Sec. 5). We showed that because of
the channel coupling the barrier for decay is reduced. This is
evidently a further mechanism by which cluster decay can be
enhanced.

Thus, the introduction of different degrees of freedom
in addition to the relative distance leads to an increase in the

TABLE VI. Experimental and theoretical values of 7. The theoretical values are ob-

tained in the framework of the microscopic and semiempirical approaches.

log (T, sec)
Decay Theory (references in square brackets)
Experiment

[61] [62] [63] [65]
222Ra (14C) 11,024-0,06 11,7 10,5 11,8 11,2
223Ra 15,24-0,05 15,2 14,9 15,1 15,3
224Ra 15,94-0,12 16,4 15,3 16,2 16,1
226Rg 21,33+0,2 18,24 21,7 2461 21,2
230Th (2 Ne) 24,642-0,09 22,6 26,4 24,8 24,4
231Pg 23,38+0,08 19,85 23.9 23,4 21,6
2827 21,06+0,1 22,5 19,8 20,8 20,2
233]J 24,824-0,15 24,5 24,4 25,4 23,7
3y 25,25+0,05 24,6 28,0 25,6 25,5
2347 (26Ne) 25,254-0,05 25,8 28,8 26,4 26,5
2417 (28Mg) 25,7540, 06 23,8 25,7 25,4 25,7
236py (48Mg) 25,740,25 —_ 25,9 26,9 2.7
238Py (30Mg) 25,9+40,75 22,9 28,5 25,8 25,6
238Py (328j) 25,34-0,16 — 27,7 25,7 26,0
241Am (3481) 25,3 — 26,3 28,8 25,3
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probability of cluster decay. A similar result was obtained
for below-barrier fusion.®’

CONCLUSIONS

In this review, the main attention has been devoted to
phenomenological and microscopic approaches to the de-
scription of cluster decay. We have shown that they describe
fairly well the average characteristics of cluster-decay pro-
cesses, though the question of the actual decay mechanism
still remains open. To solve this topical problem, we need
additional experimental information on the emission of
heavy clusters in the region of parent nuclei Pu~Fm, and also
data that are the most sensitive to the mechanism of the
process, for example, on the elementary excitation modes
that transfer angular momentum and on the energies of the
resonance states that can appear in complex systems. The
relationship between cluster decay and triple fission must be
studied in more detail *®

It would be of great interest to make a further phenome-
nological investigation of cluster decay on the basis of the
most recent experimental data for the inverse processes
(elastic and inelastic scattering, fusion).

In the majority of the phenomenological models of clus-
ter decay, the parametrizations employed are not always
adequate for these experimental data, and it is difficult to
compare the corresponding theoretical and experimental pa-
rameters. Such a situation does not arise in the models of
Refs. 61-65, 70, and 80, for which, as a rule, the parameters
are completely determined by the parameters of the ion-ion
potentials and the parameters of the forces between the dif-
ferent channels.

In the spirit of Refs. 62, 89, and 90, we have presented in
detail an integral theory of cluster decay, in which, on the
one hand, we make a microscopic (shell) calculation of the
cluster-formation amplitude and, on the other, we take into
account the influence of the interaction of the deformed frag-
ments on the fragment-scattering process. The maximal de-
cay probability is predicted fairly accurately on the basis of a
study of the dependence of the cluster-formation ampli-
tudes, the potential energy, and the decay energy Q on the
shell effects and on the nuclear deformations.

For completeness of the dynamical treatment of cluster
decay, we have also studied the case of resonance decay of a
two-body system with a virtual level at an energy equal to the
mean energy of the fragments. Comparing the results of the
microscopic model and of the resonance (single-particle)
approximation, we could estimate the total contribution of
the structure effects to the lifetimes of the unstable nuclei
and obtain reliable spectroscopic information.

Allowance for additional degrees of freedom (besides
the relative distance) makes the theory more flexible for the
description of the experimental data. However, this leads to
an increase in the number of varied parameters, and to some
extent this lowers the reliability of the predictions. It is ob-
vious that as new experimental data become known on clus-
ter decay from excited nuclei, and its relation to induced
fission becomes clear, it will be possible to make a more de-
tailed analysis of the phenomenon of cluster decay. It would,
for example, be very valuable to know more about the prop-
erties of the phenomenon in the region of the nuclei Pu-Fm
and also about the possibility of induced cluster decay (the
analog of induced fission). In further investigations, one
should study in detail the mechanism of formation and de-
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cay of nuclear quasimolecules. It is to be expected that accu-
rate measurement of the resonance properties of the process
will give information about the mechanism of the cluster-
decay reaction.

Thus, we need further efforts on the part of the theoreti-
cians and experimentalists in order to obtain a deeper under-
standing of the phenomenon of natural radioactivity.

There is now no doubt about the topical importance of
the experimental problems of cluster decay listed above.
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