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The basic assumptions of the quasiparticle-phonon nuclear model (QPNM ) and the interacting-
boson model (IBM) with sd, sdg, and sdf bosons are presented. Comparison of these models

has shown that there is a cardinal difference in the description of nonrotational states with
KT=05,04,05 1, 157,25, 25, 25,25, 3;, 3F, and 4, ofeven—even deformed nuclei.
This difference is demonstrated by the example of five 2 * states in '**Er, the structure of which is
correctly described in the QPNM but cannot be described in the IBM. The distribution of the EA
strength between the low-lying states is investigated and is shown to differ in individual cases
from the standard distribution—most of the EA strength is concentrated on higher states and not
on the first state. The nonstandard distribution of the EA strength is correctly described in the
QPNM but not in the IBM. It is shown that to treat states with positive and negative parity the
spdfg IBM should be constructed. According to calculations in the QPNM, collective two-
phonon states should not exist in well-deformed nuclei, but they certainly should in accordance
with the IBM. Experiments are needed to look for two-phonon states in deformed nuclei and to

study the structure of states with energy 2-3 MeV.,

INTRODUCTION

Excited states of even—even deformed nuclei with ener-
gy up to 2.5 MeV are studied experimentally with success in
B decays, in inelastic scattering of protons and a particles, in
single- and two-nucleon transfer reactions, in (n, ¥) reac-
tions, etc. In even—even deformed nuclei there are low-lying
rotational, vibrational, and two-quasiparticle states. The
last can be described in the model of independent quasiparti-
cles.! Collective y-vibrational states with K7 = 2;*, B-vi-
brational states with K ] = 0;", and the first octupole states
withK 7 =0, 17,2, ,and 3; can be fairly well described
in the random-phase approximation (RPA) as single-
phonon states.>* In accordance with the widely adopted in-
terpretation (see Ref. 5), single-, two-, and three-phonon
states must exist in even-even nuclei.

The modern description of the vibrational states of de-
formed nuclei is based on the phenomenological interacting-
boson model (IBM)** and the microscopic quasiparticle—
phonon nuclear model (QPNM).*"'? Calculations in other
phenomenological models are restricted to giant resonances.
Calculations in other microscopic models, such as the meth-
od of self-consistent collective coordinates'* and the multi-
phonon method, ' are mainly restricted to description of the
anharmonicity of the two-phonon states.

To understand the structure of nuclear states, it is nec-
essary to examine the basic assumptions of the QPNM and
the IBM and to compare the results of calculations of excited
states of even—even deformed nuclei in the two models, both
with one another and with the experimental data. Such a
comparison is helpful for establishing the effectiveness of
these models and the limits of their applicability. In making
such a comparison, we shall restrict ourselves to nonrota-
tional states and electric transitions.

Before we compare the two models, we briefly review
the basic assumptions of them.
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1.DESCRIPTION OF NONROTATIONAL STATES OF
DEFORMED NUCLEIIN THE QUASIPARTICLE-PHONON
MODEL

Basic assumptions of the quasiparticle-phonon nuclear
model

For the description of deformed nuclei, the Hamilto-
nian of the QPNM consists of the average field of the neu-
tron and proton systems in the form of an axisymmetric
Woods—Saxon potential, monopole and quadrupole pairing,
and isoscalar and isovector particle-hole (p—h) and parti-
cle—particle (p—p) multipole and spin-multipole interactions
between the quasiparticles.

Calculations in the QPNM are made in four stages. The
Jfirst stage consists of finding the single-particle energy eigen-
values and wave functions of the Woods—Saxon potential.
The parameters of this potential are chosen to obtain, with
allowance for the quasiparticle-phonon interaction, a cor-
rect description of the low-lying states of odd-4 nuclei.
There is no doubt that one could take a different form of the
potential of the average field or use the Hartree-Fock meth-
od to calculate the energies and wave functions of the single-
particle states and use them in calculations in the framework
of the QPNM. These differences are not fundamental. Use of
the Hartree-Fock method means that one uses an earlier
stage of parametrization, i.e., parametrization of an effective
action, for example, in the form of Skyrme forces. Calcula-
tions in the QPNM are made with the parameters of the
Woods—Saxon potential fixed during 1968-1973 and given
in Refs. 3, 4, and 16. The single-particle states are labeled by
the asymptotic quantum numbers introduced by Nilsson:
Nn, At forK= A + 4 and Nn_ Al for K = A — 1, these be-
ing designated by go, 0 = + 1.

The second stage is a Bogolyubov canonical transforma-
tion

+
g0 =Ugliqs + 0V GG g, (1)
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which realizes a transition from the particle operators a},
a,, to the quasiparticle operators o, , a,, followed by calcu-
lations in the model of independent quasiparticles.’ Simul-
taneous allowance for monopole pairing with constants G,
and quadrupole pairing with G*° and use of the condition
that 0" ghost states be eliminated led in Ref. 17 to the equa-
tions
Gy —TCy+f20 C,
1=TTE <+ 2° (g9) 2T , (2)

Creg 4
q

12° (g9) C= B Ef 1 (g9") (Plg")? } . (2)

2C¢8q &g

1=2G2°{2

If in Eq. (2') we ignore the nondiagonal matrix elements
f(gq"), then we obtain the equations derived earlier in Ref.
18. Here

e, =[A2+E2 (N2, E(g) =E (g) — A
Aq =C.+ /i (q9) Cz'rs Cr= G-r Z:T Uqlq;

(3)
C2T = 92@G20 Er 20 (q9) Bt l
q

ugy) = UqUgr o= Ug' Vgy Viggr = Ugllgr == Vylg.

Further, E(qg) is the energy of the single-particle state,
37, denotes a summation over the single-particle levels of
the neutron system when 7= or proton systems when
7 =p, A, are the chemical potentials, G are the constants of
the monopole pairing, and G ** are the constants of the p—p
coupling of multipolarity A with projection g. The constants
G. and G are determined!® from the pairing energies and
the energies of two-quasiparticle states with K > 4. The ener-
gies of the two-quasiparticle states are calculated with
allowance for the blocking effect.

The effective interactions between the quasiparticles
are represented in the form of expansions with respect to
multipoles and spin multipoles. The effective interactions
play an important part in compensating the equations ig-
nored in the Hartree—Fock—-Bogolyubov approximation.
They are also associated with nucleon—nucleon interactions
in the nuclear medium, and some of their terms can be asso-
ciated with the exchange of one or two mesons. To make
calculations in the QPNM, it is important that the interac-
tion between the quasiparticles be represented in a separable
(factorized) form. Separable potentials are widely used to
describe nucleon-nucleon interactions and to study three-
body nuclear systems and light nuclei. The separable repre-
sentations of rank »n,,,, <5 of the Paris and Bonn potentials
give a satisfactory approximation for these potentials. Sep-
arable potentials are used in cases when the results of the
calculations are more sensitive to the form of the radial de-
pendence of the forces as compared with QPNM calcula-
tions of the properties of complex nuclei. It should be borne
in mind that the matrix elements of the effective interactions
are used in the calculations. The single-particle wave func-
tions cut out a small part of the interaction. One can con-
struct separable interactions whose matrix elements are
close to those of more complicated forces. One may suppose
that felicitously chosen interactions between the quasiparti-
cles in separable form do not limit the accuracy of the calcu-
lations. It is therefore justified to use separable interactions
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of finite rank to calculate the properties of complex nuclei.

As in Ref. 20 for spherical nuclei, we introduce a sep-
arable interaction of finite rank for deformed nuclei. We ex-
pand in multipoles the central, spin-independent interaction
and write it in the second-quantized form

E (4104, G204 }g [Hw (ryry)

99,9594
ot
0105950

+ (v0e@) BM (ryry)] @ Yaou (0191
X Y?\.—Ul-l- (92%)19;02" q;ﬁ;) a';lo'la';zazaqéaéaq;u:'

If we take the separable interaction of rank #,,,, > 1 for p—h
and p—p interactions in the form

n

R™ (i =wn 3 R () R (1),

oy "max __
B (rrg) =i 21 Rt (r) R (ro),

(4)

n

max _, o~

B (rarg) =G 2 Ba (r)) e (ra),
n=

= R V-

R™ (rir) =G 2 Ba (ry) Re' (ro),
=

then the multipole expansion takes the form

"max

Y { 2 1(%#*4,-@%")2an(r)dem(pr)

A n=1 1p=z=
-+ 2 (G%'"' _|_G2_\-ll) Pﬂtﬂuﬂ (T) Ploun )+ “M' 2 (M}\.uuu) M?u:mn

5 GWE (PSan)*Pioin
+ (G —GM) g Pioun (7) Proun (_'T)} :

The first and second terms take into account the p-k and p—p
interactions, respectively, the third and fourth terms take
into account the charge-exchange p—h and p—p interactions,
respectively, and the last takes into account the exchange of

two nucleons. Here, 2", » and G ¢, G 1* are the isoscalar

-and isovector constants of the p— and p—p interactions; in

what follows, we use G = G + G {~.

The introduction of a separable interaction of finite
rank n.,, > | as opposed to n,,, = 1 leads to an additional
summation over n. It is sensible to introduce a separable
interaction of rank n,,, if n,,,, is much less than the rank of
the RPA secular-equation determinant for the nonseparable
interaction. There is a certain arbitrariness in the choice of
the radial dependence of the separable interactions. The ex-
istence of collective vibrational quadrupole and octupole
states indicates that there must be a maximum in the radial
dependence on the surface of the nucleus. We therefore take
R (r) = ¥ or R **(r) = dV(r)/dr, where V(r) is the cen-
tral part of the Woods-Saxon potential. The calculations of
Refs. 21 and 22 were made with R *(r) = dV(r)/dr.

Further, one introduces RPA phonons @, and

QA_ul’a’
1 1 r r
Qinio =5 21 [V 4* (a¢s po)— oA (gq’s p—o)l, (5)

qq’

max

2 8ok -k, ou0'Hgor 0y —or  OF
A*(qq'; po)= (6)
E 60'(K+K'), Pe AT AP
—
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whereo = + 1,7/ = 1,2, 3,...,is the number of the root of the
RPA secular equation. In the QPNM, single-phonon states
are used as a basis. Therefore, the third stage is the calcula-
tion of the single-phonon basis. In this step, all the constants
of the QPNM are fixed.

The QPNM Hamiltonian is transformed and, as a re-
sult, expressed as

HQPNM=QE0 €q%g00qo + Hy+ Hyg. (7)

The first two terms in (7) describe the quasiparticles and
phonons, while H,, describes the interactions of the quasi-
particles with the phonons. The fourth stage is to take into
account these interactions. The wave functions of the excited
states are represented in the form of series with respect to the
number of phonon operators; in odd nuclei, each term is
multiplied by a quasiparticle operator. The approximation is
in the truncation of the series. Series truncation with respect
to the number of phonons is an approximation of the same
type as the truncation of the hierarchy of equations in the
Hartree-Fock—Bogolyubov approximation. At the present
time, our expansion is truncated at two phonons. It is as
difficult to estimate the influence of the many-phonon terms
of the wave functions on the calculated effects as it is to
estimate the part played by the terms ignored in the Hartree—
Fock-Bogolyubov approximation of the hierarchy equa-
tions of the nuclear many-body problem. In both cases, it is
asserted that the approximate equations correctly describe
the properties of the nuclear excitations, and the omitted
terms are partly taken into account by the use of constants
fixed on the basis of experimental data. When the calcula-
tions are made, the Pauli principle is taken into account by
requiring fulfillment of the exact commutation relations
between the phonon and quasiparticle operators.

QPNM Hamiltonian and the phonon basis

For deformed nuclei, the original Hamiltonian is taken
in the form

H= 2{2 (" (g) —Mr) agoage— G, 2 “q+aq—%'—aq+

T go

—5 D[ 2 ar oy M () Msun 69

nARG  p=x1
+6*Ploun (1) Pron (v) | } (8)
We restrict ourselves to multipole interactions. After the

manipulations, the QPNM Hamiltonian takes the form (7),
namely,

Hopyar =ng 8q0ge0iqo -+ H, +H,,

Here
H, HDG-FEHM-!— E HY: (9)
—2 W%'%’one@zni'; (10)
4 T 2 i i
Wil =3 G )" [(uj—v}) (uy —v) gaq ‘2o
T qq”
+w3g‘w,f(;‘ I: (10"
HY, = —Zwu QoiQnoir; (11)
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in which f7*(gq') are the single-particle matrix elements of
the multipole operators, whose explicit form is given in Ref.
12, and

Api M.n Api Api M.u Api,
Bagm = Vag' + Pagr» Wagr = Vag* — gy 5 (21)

B (qq'; lu.o'): 2 6r.'r'(.K—K'), uuaqo’aq‘u’ or
ag
2} Bor(+ K%, on0’ G Ohgr - (22)
e

Note that for RPA solutions with averaging over the phonon
vacuum the following relation is satisfied:

<{§ Bqazcmqo +Hu} Qgtuiofnif> =0.

Therefore, Hgpyy contains no terms proportional to
Q/{Ll‘a Q/l:i’a and Q,{w-'g Q/l_uio’ .

We shall obtain RPA equations for the calculation of
the energy w;,, and wave functions of the single-phonon
states of electric type:

Q;Mio’qrm (23)

where W, is the wave function of the ground state of the
even—even nucleus, defined as the phonon vacuum. The nor-
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malization of (23) has the form

’l b '
2 [Pl — (bl = Z‘ goy v =1. (23
To describe the single-phonon states, the part
D) e0aetgot+ 2 HE (24)
q0 A

of the Hamiltonian (7) is used. We find the expectation val-
ue of (24) with respect to the state (23) and, using the vari-
ational principle in the form

) {<quiu { qEU Bqa;a“qo +HEv} Qiuw>

Wapi aud i a1
o [ 3 gate —2]) =,
aq’

obtain the system of equations

n

A ma { i Ay XARE AL
D' = Z Z (b - prkH) Xopr (T) Dinvpr

n'=1

+6M [Xﬁt:fa (v) Dt + Xah¥ (0 Dl } 5 (25)

. nm s
Dii= 2 { T Gd o) Xoh' () Dt
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+GM (XM (1) D+ X0 () DRk} 5 (26)

. ™max 3 i
D= 8 { 3, (dn+pute) X (0 D,
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]
qq’
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From Egs. (25)-(27) for 7 =p and 7 = n we find the
secular equation for the energies @, of the single-phonon
states in the form of the vanishing of a determinant of rank
6n,... The use of separable interactions of rank n_,, >1
leads to an increase in the rank of the determinant by a factor
M. in comparison with simple separable interactions. If
allowance is made for the spin-multipole interactions with
A = L, then the rank of the determinant is 12n_,, . If only
multipole p—h interactions are taken into account, the rank is

Max - In calculating the phonon amplitudes ¢/ and @ [,
we use the condition (23').

The secular equation for the description of 0+ states
with a simple separable interaction (#,,, = 1) was obtained
in Ref. 17 in the form of the vanishing of a determinant of
order 10. If separable interactions of rank #,,, > 1 are taken
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into account, then the rank of the determinant for finding
the energies w,,; of the single-phonon 0 * statesis 4 + 6n,,,, .

The RPA equations for the charge-exchange states are
obtained similarly. For charge-exchange multipole and spin-
multipole states RPA equations are given in Ref. 23 for sim-
ple (7,,.x = 1) p-h interactions. For p—h and p—p Gamow-
Teller interactions such equations were obtained in Ref. 24.

If the RPA secular equations have bccn solved and the
energies ,,; and phonon amplitudes 7' and @ g, 4 have
been found, then the Hamiltonian (7) 1s umquely deter-
mined. It does not contain any free parameter or any unfixed
constant.

The complete space of p—h and p-p two-quasiparticle
states is replaced by the space of single-phonon states. For
each value of K™, the number of single-phonon states is
equal to the number of two-quasiparticle states. In deformed
nuclei, the phonon basis can be formed from phonons of
electric type, and only the K™ = 17 states are described by
phonons of the new type.

QPNM equations for even-even deformed nuclei

We shall give expressions for describing nonrotational
states with K "=£07, 1 for even—even deformed nuclei in
the QPNM with allowance for p—4 and p—p interactions, the
wave functions of which consist of single- and two-phonon
terms, namely,

¥, (K3o0) = { 3} RiQge,
o
U485, g)%06 u +o, 1y 00K
21 +'5K.,, o (1 —6111, NIEE

..[_

818,9,0,
X PY,4,0%0,Qty0,} Yoo (28)
where g = Aui, o =K,.
The normalization condition has the form
Z P4 X PR+ H** (g,8)] = 1. (29)

l/l

To take into account the Pauli principle in the two-phonon
terms of the wave function (28), we introduce the function

2 5o1u1+02u2. 64Ko
1 2 010,

X(Qgsua [[thuli’als lecrllv QE,BE])’ (30)

AT (g3 Mgt |81 82) = 75— 1+5

which for i’ = iis denoted by % (g, g, ), its explicit form is
given in Refs. 11-13.

By means of the variational principle, we obtain the fol-
lowing equations, from which, taking into account the con-
dition (29), we can find the energies 7, and the functions
R} and P

Iy 3|8

(0g, — M) R}’._ 2 (14844, jrie

E1=8,
X (1 48k, 0 (1—8u,0)) """
X Py Ut 11+ (2182)1=0; (31)

8182
[0g, + ©g, + Ao (8,82) — 1] Py g,
— 2 (1485,6)" 12148k, 0
%o

)1—1I2Bv U =0,

% g8,

X(1—8y, (319
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where

A
Ao (g1, g2) =2 {™ (g0, Mpi’ |1 82) Wy'sH

7

| 7 A,
+ e ¥ (hapol’, g1lg1, &) Wi:;z}; (32)

g 1 =
Ug:gz [14 a0 (8182)]1 = — 5 2 6G1M1+(1'2[J.2. 0, K,

0102
X {(qucuHquEIQQEEGg)
+ (ngozoglalﬂvqozrnsu)}- ( 33 )

The function W7 is given by (13), and the function U

8182
contains the functions ¥2%(gq') and ¥V ?*'(gq'), which are

nr

determined by (17) and (19). The explicit form of U*__in

8182
the case of a simple (#,,,, = 1) interaction is given in Ref.
12.

If P, is found from Eq. (31') and substituted in (31),

the following secular equation is obtained:

1"5*0%'1(0 (g182)
(g, —mw) b1 s — ;
&g v/ Vigig g1§gz(1 "'6818’2) [1 +6K.,, 0 (1_6;11. ol

Aol Tor Mooty
[ e oo 0" 0o
8,8, “ &8,

X
Wg,+ Og,+ AD (2182) — Ny

det

=0. (34)

The rank of this determinant is equal to the number of single-
phonon terms in the wave function (28). Allowance for the
Pauli principle in the two-phonon terms (28) leads to the
appearance in (34) of the factor 1 + .%*(g, g, ) and gener-
ates a shift Aw(g, g, ) of the two-phonon pole. The equations
for the 0 ™ states have the same form.

The form of Egs. (31), (31'), and (34) is the same for
Boax > 1 and n,, = 1 in the cases when both p-h and p—p
interactions or only p—A interactions are taken into account.
It is very important that the transition from simple separable
interactions with n,,,, = 1 to separable interactions of finite
rank with ., > 1 does not raise the rank of the determinant
(34). It leads to more complicated expressions for U g?&'z and
Aw(g, g, ). This complication of the functions is not signifi-
cant for numerical calculations on a computer.

It should be emphasized that allowance for the finite
rank of the separable interactions does not lead to any signif-
icant complication of the equations for calculating the frag-
mentation of the quasiparticle and collective motions. This
means that the QPNM may in the future provide a basis for
calculation of many properties of deformed nuclei.

2. APPLICATION OF THE INTERACTING-BOSON MODEL TO
DEFORMED NUCLEI

The sdIBM

The phenomenological IBM was formulated by Arima
and Iachello,® who used the methods of group theory. They
introduced bosons of two types: s bosons with J =0 and d
bosons with J =2 (d,, u =0, + 1, +2). These interact
with one another and with the others through single- and
two-particle interactions. Arima and Iachello assumed that
the 0" and 2" nucleon pairs play the dominant part in the
description of the collective quadrupole states, i.e., that the
s- and d-boson degrees of freedom are associated with excita-
tions withJ "=0" and J™ = 2" fermion pairs. Therefore,
in the IBM the total number of bosons,

N=N,+N;=s*+2 did,, (35)
n
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is conserved and equal to half the number of valence nu-
cleons. In the original and most popular version of the mod-
el, the IBM-1, there is a single species of bosons, and there
are no separate proton and neutron bosons, as in the IBM-2.

Together, the s and d bosons have six components and
therefore determine a six-dimensional space; this leads to a
description in terms of the group SU(6). To construct a
complete basis, invariant subgroups of SU(6) are found.
The following chains of subgroups are used:

SU (6) = SU (5) = 0 (3) = 0 (3);
SU (6) > SU (3) > 0 (3);
SU (6) > 0 (6) > 0 (5) o 0 (3).
We restrict ourselves to consideration of deformed nu-

clei, and for the sd IBM-1 we write the Hamiltonian in the
form

Hyi = 6gP*P + aly Ly + 6:04°Qu, (36)
where
P=L(@D—ss), Lo=V 0@ x Do, }
Qu=(s* X d+d* X )@+ A(d* X DD, dy=(—1"d,
(37)

The tensor product is denoted by (d * % d)™, and the sca-
lar product by (d-d). Here, a,, a,, a,, and y are phenomeno-
logical parameters. The E 2 transition operator has the form

M (B2, p)=e{[(d* X 8)+ (s X ™+ 1 (@ x d)*}. (38)

where é is the effective charge, and the parameter ¥’ must be
taken to be different from y.

For an axisymmetric even—even deformed nucleus, the
intrinsic wave function of the unperturbed ground state has
the form

lg) = (N)=¥2 ()N [0), b* = (1 + B?)7V/2 (s* + Bdy),
(39)

where |0) is the boson vacuum. In the harmonic approxima-
tion, there are two types of excitation, which have the sym-
metry of 5 and y vibrations and are determined by the quan-
tum numbers 1, and .. Their wave functions [see (25)]
have the following form: for a state with K] =0, and
ng =1,

|ng = 1) = [(N — D125 (b*)¥-1 | 0); (40)
forastate withK' [ =2;" andn, =1,

[ny = 1) = [(N — D)I-V2 @ (b+)N-1 | 0), (40")

where

bf = (1 + BY)Y2 (—Bs* + d),

and one usually takes S = 1.24. The other excited states are
characterized as follows: K7 =4, asn, =2; K] =2," as
n,=1n, =1,K7 =0, and0;" asn, =2andn_ =2, etc.

In the general case, when the interactions between the
bosons are taken into account, the wave function has the
form

K™= 3 oy @R @9 P @) 4 P0),  (41)
NdNﬁ
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where N>N,; 4+ Nj,. Since in well-deformed nuclei the an-
harmonicity of the vibrations is not very great, the wave
function (41) has one dominant component—a single-bo-
son or two-boson component.

In the sd IBM a good description has been obtained
(see, for example, Ref. 7) for rotational bands constructed
on ground and on - and y-vibrational states and for E2
transitions between them. This is an undoubted success of
the IBM.

The sdg IBM

Disagreements with the experimental data for states ly-
ing above the 8- and y-vibrational states, and also the need to
describe K" = 3 * states, led to a refinement of the sd IBM.
Besides the s and d bosons, a g boson with J = 4 was intro-
duced. The introduction of the g boson was effected in two
directions: 1) renormalization of the boson Hamiltonian
without explicit introduction of the g boson;*® 2) explicit
introduction of the g boson.?”2° In the latter case, i.e., in the
sdg IBM, there appear in deformed nuclei states not present
in the sd IBM, namely, states with dominant single-boson
components with K "equal to 1%, 37, and 4+ and addi-
tional states with K" =0" and 2 *. There is a possibility of
calculating E 4 transitions. In the version of the sdg IBM
proposed in Ref. 27, calculation of the '**Er levels led to
prediction of a level with K7 = 1,;* and a low energy that
was not observed experimentally. A systematic treatment of
the sdg IBM was given in Refs. 28 and 29.

The Hamiltonian of the sdg IBM has the form

Hygg = a,P+ P + egg*- g + Q®-Q® + w LM. LM, (42)
where
Q® =Qa+- (@ x g+g* x HO— -2 V55 (g x )@
LO=Ly+V80(g" x 9.
The operators of E 2 and E 4 transitions are
M(E2, p)=e, [(d* X 5)+(s* X DI* e, (d* x A
+esl(d* X g)+ (8" X DI e, (g* X D)™ (43)
M (E4, 1) =eq [(s* X &)+ (8" X )™ + e (d* x d)**

+en(d* X )+ (g X I + ey (8" x )™

N=N;+ Ny + N, (44)

In the harmonic approximation, the wave functions
have the following form:*? for the ground state,

1 AN ).
for the single-boson states,
lv) &~ 03 (29 110),
|B) = IT§ (=N~ |0),
|128) &~ T% (247 10), (46)

108) =~ T5 (29 1)0),
141) =~ Tt (29~ 1|0);

for the two-boson states,
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12*) & T31T; (247 =2)0),
0% = (IT5)2 (29" 210),
|
I
)

14) & (3)2 (24 210), (47)
10%) = (IT3)2 (Z4)V 2| 0),
where
It =57V2st 4 2. T1/2d5 42 1/ 2 8571/%g;
TI§ = 2-45~2* + 24-V/2d§ — 2 1/ 6 35-/2¢3;
I3 =T7-4/2d5 4 V' 6 7-/2g;
(47)

i=2y/ -2/ g ai+ )/ i
§=]/"—$“d§—]/—§g§;

Ii=gi.

To them one should add single-boson states with K" =17
and K™= 3*. A wave function can be constructed in accor-
dance with the type (41) with allowance for interactions
between the bosons.

In the framework of the sdg IBM, some contradictions
in the description of '**Er have been eliminated,®*° the en-
ergies of collective levels in '"Hf and ***U have been de-
scribed,*' the distribution of the E 4 strength in '’Nd and
1%6Gd has been calculated,®® and some other calculations
have been made.

The sdfIBM

The sd IBM and sdg IBM cannot describe negative-par-
ity states. To describe collective octupole states, an f
boson with J = 3 was introduced additionally in Ref. 33.
A detailed exposition of the sdf IBM was given in Ref. 34,
The Hamiltonian of the sdf IBM has the form

Hyay=Hoa+e (7 X1
+ g5 (d* X O (F* X A+ agLgo Ly +a504-Q;, (48)
where
Li=2VT(F*xH®; Q=—2VT(* x 2.
The E 3 transition operator is
M (E3, p) =6, {I(s* X /)
+ (X N+ A [(@ X D)+ (7 x D). (49)

Here, N= N, + N, 4+ N, and N, = O or 1. In the harmonic
approximation, the wave functions of the single-boson states
withK7=07,17,27,and 3~ have the form (K=pu)

| K7) = [(N — 1)UV (b4)N-2 | 0). (50)

The dependence of the energies of the excited negative-
parity states and rotational bands based on them on the pa-
rameters of the Hamiltonian (48) was investigated in Ref.
34. Also studied was the dependence of these bands on the
calculated energies of the 0, and 2" states of the sd core. In
Ref. 34, calculations of octupole states of nine nuclei from
'3Sm to '**W were made. It was asserted that three or four
parameters are needed to describe the energies of the nega-
tive-parity states. Two parameters are needed to determine
the B(E 3) values, and one parameter was taken to be con-
stant. It was asserted in Ref. 34 that because the parameters
vary from nucleus to nucleus, and the tendencies of these

V. G. Solov'ev 584



variations are not simple, it is impossible to make predictions
for nuclei for which appropriate experimental data are not
available. Different versions of the sdf IBM were used to
describe rotational bands with negative parity in, for exam-
ple, **Gd (Ref. 35) and '°*Er (Ref. 36).

We note that to achieve a more consistent description of
negative-parity states a p boson with J = 1 was introduced in
Refs. 37 and 38, and investigations were made in the spdf
IBM. In the spdf IBM a description of rotational bands on
K™=0" and 0~ states in even—even Th isotopes was ob-
tained in Ref. 39.

Other modifications of the IBM

The IBM-2 version is widely used to describe deformed
nuclei. In Ref. 40, Fspin was introduced, and states of mixed
symmetry were studied. A great success of the IBM-2 is asso-
ciated with the description of K7 = 1" states with energy
around 3 MeV and large B(M 1) values. We note that these
1 * states and M 1 transitions are correctly described in Ref.
41 in the RPA with an axisymmetric deformed Woods-Sax-
on potential. In what follows, we shall not discuss these
states. Great interest attaches to low-lying isovector collec-
tive states. There have been attempts to interpreta K 7 = 2.
state in **Sm (Ref. 42) and K7 = 0, state in '**Gd (Ref.
43) in the framework of the IBM-2 as mixed-symmetry
states. However, the experimental data on such states are too
sparse to make a comparison of the two models on their
basis. Most calculations in the IBM-2 (see Refs. 44 and 45)
are restricted to description of the rotational bands based on
the ground, 5-, and y-vibrational statesand E 2 and M 1 tran-
sitions between them. Therefore, there is no possibility of
making a comparison with calculations in the QPNM, since
the differences in the descriptions occur for the higher excit-
ed states. Calculations®” of '**Er in the IBM-2 yielded eight
rotational bands with bases below 2 MeV. They are not ob-
served experimentally.

We note that a universal description of collectivity in
heavy nuclei was obtained in Refs. 46 and 47 and in other
studies in terms of the parameter P=N,N,/(N, + N,),
which characterizes the number of valence protons, N,, and
valence neutrons, /N, that interact with one another. The
important role of n—p interactions is manifested above all in
global nuclear properties, for example, in the moments of
inertia. They play the same part in the ground state and in
many excited states.

There have been several further modifications of the
IBM. For example, in Ref. 48 the sd IBM was augmented by
the introduction of s', d ', and g bosons, and the energies and
B(E2) values in even—even Gd isotopes were described. For
the description of backbending, one of the bosons in the
IBM-2 was replaced in Ref. 49 by a nucleon pair, and in Ref.
50 the IBM-1 plus a two-quasiparticle pair was used in calcu-
lations of even—even Dy isotopes.

3.CARDINAL DIFFERENCES BETWEEN THE IBM AND
MICROSCOPIC MODELS

Essence of the cardinal differences
It is possible to compare the descriptions of the nonro-
tational states of even—even deformed nuclei in the phenom-

enological IBM and in microscopic models because the ideal
bosons in the IBM can be represented in the form of series

585 Sov. J. Part. Nucl. 21 (6), Nov.-Dec. 1990

with respect to fermion pairs, i.e., there is a connection
between the bosons and the microscopic fermion structure.
An important part in the IBM is played by the number N of
valence nucleons, as a consequence of which the results of
calculations are tied to a specific nucleus, and comparison of
the spectra of different nuclei becomes natural. In the IBM
one can describe two-nucleon transfer reactions of the (¢, p)
or (p, t) type, i.e., the coupling of one nucleus to another.
Another factor of no small importance is that in the phenom-
enological IBM and in the microscopic models the same
nonrotational excited states are described.

There are two cardinal differences between the IBM
and many microscopic models such as the RPA and its mod-
ifications, the theory of finite Fermi systems,’' nuclear field
theory,™ the QPNM, etc.

First difference. The IBM distinguishes a subspace of
collective states that forms a very small fraction of the total
space of two-quasiparticle states. Namely, it contains only
the part present in the 5, d, and fbosons, or in the s, d, and
s,,d, bosons. Introduction of the g bosons extends the space
of two-quasiparticle states with K"=0" and K"=2",
and there is additional allowance for the subspace with
K™=17%,3%, and 4. The introduction of the s" and d’
bosons also extends the space of the two-quasiparticle states.

In the microscopic models, a large, fairly complete
space of two-quasiparticle states of particle-hole type is
used. Some microscopic models also take into account a
space of states of particle-particle and hole-hole type. The
completeness of the employed space of two-quasiparticle
states needed to describe giant resonances can be tested by
the fulfillment of model-independent and model-dependent
sum rules.

A strong aspect of the IBM is the partial allowance for
many-quasiparticle components of the wave functions, since
the boson operator is represented in the form of a series in
fermion pairs. In the microscopic models, allowance for the
2p-2h and, a fortiori, 3p—3h configurations is associated with
great difficulties.

Second difference. The separation of the subspace of
collective states in the IBM breaks the coupling to the other
collective states, for example, the states that form the giant
resonances, and also to a large number of weakly collective
and two-quasiparticle states. It should be borne in mind that
the separation of the collective states is not unique because
there is no clear boundary between the strongly collective
and somewhat less collective states. The inclusion in the
IBM of a number of weakly collective states when the g, s',
and d ' bosons are introduced reduces the attractiveness of
the model, since there are many other weakly collective
states not included.

As the excitation energy is increased, the density of
states and the complexity of their structure increase. There is
a fragmentation (distribution of the strength) of the simple
single-quasiparticle or single-phonon states over many nu-
clear levels. The coupling of the collective and noncollective
motions or the interaction of the quasiparticles with the
phonons is responsible for the fragmentation.**** This cou-
pling is taken into account to some degree in microscopic
models and, as arule, is absent in the IBM. As a consequence
the IBM is powerless to describe one of the most important
properties of nuclei—the more complicated structure of the
states at higher excitation energies. In addition, the weakly
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collective and two-quasiparticle states are taken into ac-
count in the IBM in an artificial manner, and this leads to the
appearance of a large number of new parameters.

Specific main differences between the QPNM and the IBM

The cardinal differences between the QPNM and the
IBM in the description of a number of nonrotational states of
even—even deformed nuclei can be represented quite concre-
tely, and therefore ways to test the differences experimental-
ly can be formulated. The concrete differences can be formu-
lated because the wave functions of the nonrotational states
with excitation energies up to 2.5 MeV each have a single
dominant component in both models. And the cardinal dif-
ferences are the different dominant components in the
QPNM and the IBM, which were first noted in Ref. 55 and
discussed in detail in Refs. 56-58.

The dominant components of the wave functions in the
QPNM, in the sd IBM, and in the sdg IBM for states with
K5 =05, 1057, O, 05 5 250, 250 0F, 24, 2o, Y4,
and 4, areshown schematically in Fig. 1. In the QPNM, the
wave function (18) has one dominant single-phonon com-
ponent, Aui. In the sd IBM, there are dominant single-
phonon states with #n, =1 and n; = 1, two-boson states
with {n, = L,n; = 1}, n, =2, and n,; = 2, and three-boson
states with {n, = 2,n; = 1}, n, =3, n, =3, etc. In the sdg
IBM, the dominant components are represented in terms of
the operators of the single-boson states (46) and two-boson
states (47); the order of these states may be different from
the order given in Fig. 1.

The wave functions of the p-vibrational state with
K7 =2," and the B-vibrational state with K7 = 0,” havea
dominant single-boson or single-phonon component. There-
fore, there is no significant difference between the descrip-
tions of these states in the QPNM, the sd 1BM, and the sdg
IBM.

The wave functions of states with K7 =2,", 0,7, 4;",
and 0;% in the QPNM each have one dominant single-
phonon component, and in the sd IBM and the sdg IBM they
each have one dominant two-boson component. Here, the
QPNM and the IBM give a cardinal difference in the struc-
ture of these states. There is the same difference between the
QPNM and the sd IBM for states with K7 = 2;", 0,7, and
4,%, since their wave functions have dominant single-
phonon components in the QPNM and three-boson compo-
nents in the sd IBM.

In the sdg IBM, the wave function of the K 7 = 4,' state
has a dominant single-boson component, while the wave
functions of the K = 2;" and 0," states consist of a combi-
nation of single-boson operators. There is no cardinal differ-
ence with the QPNM. An important difference is that the
wave function of a single-phonon state, for example,
A, = 223 can differ strongly as regards the contributions of
the different two-quasiparticle components to its normaliza-
tion from the wave functions of the single-phonon states 221
and 222, In the sdg IBM, the operators I';" and II;" are
expressed in terms of the operators d ," and g,” with fixed
weights. This also applies to the state K7 = 0,".

In the wave functions of the states included in Fig. 1
there are, in addition to the dominant components, other
components. According to the calculations of Ref. 2 in the
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FIG. 1. Scheme of dominant components of wave functions of nonrota-
tional states with K "=0",2 *,and 4 * in the QPNM, the sd IBM, and
the sdg IBM.

QPNM, the admixtures of the two-phonon components to
the normalization of the wave functions of these states are 1-
3% and never exceed 10%. In individual cases of nearly
equal energies of states with a fixed value of K7 there is a
mixture of the components Ay, and Ay, .

In the sd IBM, the interaction between the bosons leads
to a wave function of the form (41). Because of the interac-
tion, some of the single-boson strength is displaced from the
2," statetothe 2, state and from 0;" to 0," . In the sdg IBM,
the interaction between the bosons has the consequence that
some of the single-boson strength is transferred from the 2,*
and 2,;" states to the 2, state, from 0; and 0, to 0, and
0;", and from the 4,” state to the 4," state.

There is a cardinal difference between the QPNM and
the IBM with regard to the collective two-phonon states in
deformed nuclei. Allowance for the Pauli principle in the
two-phonon components of the wave function (28) has the
consequence that the energy centroids of the two-phonon
states are shifted to higher energies. In accordance with the
calculations of Refs. 13 and 22, in the QPNM the energy
centroids are above 2.5 MeV. At excitation energies above
2.5 MeV, the two-phonon states must be fragmented over
many levels. It was therefore concluded in Ref. 13 that there
are no collective two-phonon states in deformed nuclei.

In the sd and sdg IBM there must be states with domi-
nant two-boson components in their wave functions. The
parameters of the IBM can be chosen in such a way as to
describe correctly the energy of the 2, state, the B(£2) and
B(E 4) values, and the appreciable deviation of the energy of
the K7 =4, state from twice the energy of the 2," state.
Nevertheless, the two-phonon component in the wave func-
tion of the 4, state remains dominant. If it is demonstrated
experimentally that there are no two-phonon collective
states in deformed nuclei, this will necessitate a radical
modification of the IBM.
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Experimental manifestation of cardinal differences in the
structure of nonrotational states

We must explain how states whose wave functions have
dominant single-phonon components are to be distinguished
from states with dominant two-boson components. We shall
consider inelastic scattering of electrons, protons, a parti-
cles, and heavy ions, single-nucleon transfer reactions, and
allowed unhindered au 5 decay.

If states with K7 = 2,*, 0,7, and 4" are collective and
have large B(E2) values, they can be distinguished from
two-boson states. Two-boson states are excited in two stages,
and their excitation cross sections are small. In many cases,
states with K’ = 2,7, 0,7, and 4," are not collective, and for
them B(E2) and B(E4) are small. Therefore, by inelastic
scattering one can distinguish only sufficiently collective
single-phonon states from states with dominant two-boson
components.

In single-nucleon transfer reactions, quite definite large
two-quasiparticle components of the single-phonon wave
functions are manifested. They, in their turn, uniquely deter-
mine the existence of a large single-phonon component of
the wave function (28). The cross sections for single-nu-
cleon transfer reactions with excitation of two-boson states
are small. Namely, single-nucleon transfer reactions in cases
in which there are corresponding large two-quasiparticle
components make it possible to distinguish clearly states
with dominant single-phonon components from states with
dominant two-boson components.

In deformed nuclei in the region 150 < 4 < 190 there are
two au S transitions between states: p523t=n523| and
p5141=n5141. In the case of an au 5 decay, one can unam-
biguously distinguish a transition to single-phonon states
from one to a two-phonon state. If one of the single-particle
states of the matrix element of the au S transition corre-
sponds to an odd—odd nucleus, then the au S decay takes
place to the component of the single-phonon part of the wave
function (18) that contains the single-quasiparticle state in
the matrix element of the au S decay, while the second sin-
gle-quasiparticle state corresponds to the state of the odd—
odd nucleus that does not participate in the 8 decay. If the
two-quasiparticle state of the odd—odd nucleus does not con-
tain a single-particle state that occurs in the matrix element
ofthe au 8 decay, then the au 3 decay takes place to a four-
quasiparticle component belonging to the two-phonon state.
This is the case, for example, for the au § ~ decay with log
ft =5.00f the K™ = 5+ state p411t + 1633 | of "**Tb to the
K7 =4, state of '**Dy with energy 2.313 MeV and struc-
ture nn (6331 4+ 5231)+1.0 — pp(4131 — 4111)-0.73, which
was calculated in Ref. 59.

Because of the interaction between the bosons, the wave
functions of the states with K = 2,7, 0,", 4,*, and 0;" in
Fig. 1 contain admixtures of single-boson components. In
the sdg IBM, the states with K7 = 2", 0,7, and 4, have
dominant single-boson components. The question arises of
whether it is possible to demonstrate experimentally which
of the two models, the QPNM or the sdg IBM, describes the
structure of these states more correctly. The results of mea-
surements of single-nucleon transfer reactions, au S decays,
and inelastic scattering make it possible to answer this ques-
tion in the affirmative in individual cases.

The wave functions of the single-phonon states Au,; con-
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sist of different two-quasiparticle components. Some states
with fixed Az or K 7 can, for example, be excited in the (ta)
reaction, others in the (dp) reaction, still more in both reac-
tions, yet more in neither but in au § decay, etc. Asaresult of
calculations in the QPNM, one can find the contribution of
the single-phonon component to the normalization (19) of
the wave function (28), and also the contribution of definite
two-quasiparticle components to the normalization (23") of
the wave function of the single-phonon state (23). As a re-
sult of calculations, one can find the spectroscopic factors of
the single-nucleon transfer reactions and the intensities of
the au B decays.

In the sdg IBM, the operators I1,", I1,", T';", [';", and
I'," consist of combinations of the s*, d *, and g * opera-
tors with quite definite weights. These weights determine
rigorous selection rules for single-nucleon transfer reactions
and au B decays. If, for example, the 0," and 2," states are
strongly excited in the (dp) reaction but not in the (fa)
reaction, then the 0,” and 2;" states with the dominant com-
ponents given in Fig. 1 must also be excited in the (dp) reac-
tion and not in the (fa) reaction. The states 2,7, 0, ,and 0;"
must not be excited in the (fa) reaction, but they can be
excited in the (dp) reaction, since the interaction between
the bosons can transfer some of the single-boson strength to
these states.

We illustrate the possibilities of excitation of states in
single-nucleon transfer reactions and in au 5 decays in the
sdg IBM and in the QPNM for the example of the five
K7™ =27 states shown in Fig. 2. The dominant components
of the wave functions of these five 2 * states are given in Fig.
1. The possible excitations of these states in the sdg IBM and
in the QPNM are shown schematically in Fig. 2. Let us con-
sider the (fa) reaction. If the 2," state is strongly excited,
then in accordance with the sdg IBM the 2," state must be
strongly excited, and the 2," state may be weakly excited. In
accordance with the QPNM, the 2,", 2,7, and 2," states can
be strongly excited, and the 2, and 2, states are not excit-
ed. For example, in the QPNM the 2," state can be excited in
the (dp) reaction, and the first four 2 * states are not excit-
ed, while in (dt) reactions all five 2 * states are excited. If,
for example, the 2," state is not excited in the (d¢) reaction,
then in the sdg IBM the remaining 2 * states should not be
excited. In the (dp) reaction the 2" state cannot be excited if

au g decay

(dp)
(dt)

(te)

QPNM

FIG. 2. Excitation scheme of K "=2" states in single-nucleon transfer
reactions and in au /5 decay in the QPNM and the sdg IBM. The heavy
arrows represent strong transitions, and the thin and broken arrows repre-
sent weak and very weak transitions; the arrows with crosses represent
forbidden transitions.
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TABLEL K7 =2" states in '""Er.

Experiment Calculations in the QPNM
KII
4 M%V Structure NFe,V Structure
2r | 0,821 | {fo):ppa13) —411y 50%| 0,8 |221:989%
ppal1t 4111 37% 221 : pp413| —411) 36%
Ig ft=5,2:nn523) — 521} PpAl1t 4114 300
appreciable nn523} ——5214 18%
nnd214 4 5224 18%
28 | 1,848 |lgfe=6,1: nn523; —521, 1,8 |222:98%
wnall 222 nn5120—5214  97%
ppilit4-4114 205
28 1,930 |lgjt=06,2: nnd23} —521} 1,9 |223:94%
saitall 223 1 nnb211 4521, 609%
ppidlt 4411y 1307
nn523) —521} 3%
2% 2,193 | (te) : pphl144-411120-+-30% | 2,2 |224: 989
lg /¢t =4,8 : nn523} —5214
ez 204 : nn523} — 521} 60%
ppilit4-4114 289
nn5214 45214 49
AL 2,425 | (te) : ppallt 4114 2,5 [225:979%
appreciable
lg ft=4,6 : nn523} —5214 225 : nnb633t — 6514 369
large ppalit 44111 15%
nnb234 — 521} 15%
nnb21t -4 5214 69

in the (dp) reaction the 2,* and 2;" states are not excited.
Similar selection rules hold for the au § transitions. For ex-
ample, if log f# is small for the transition to the 2,;* state, then
in accordance with the sdg IBM it must be small for the
transition to the 2," state. In the QPNM, small values of log
ftcanoccur for auf3 transitions, for example, tothe 2,7, 2,7,
and 2" states.

The possibility of describing in the QPNM such excita-
tion of the five 2 * states illustrated in Fig. 2 occurs in the
case of "**Er. The results of calculations of the energy and
structure of the five 2 * states in '®*Er made in Ref. 22 and
experimental data from Refs. 60 and 61 are given in Table I.
The table gives the calculated contributions (as percent-
ages) of the single-phonon components 22i,i =1, 2, 3, 4, 5,
to the normalization (29) of the wave functions (28) for the
first five 2" states. For each phonon 22/ we give the contri-
bution (as a percentage) of the largest two-quasiparticle
components to the normalization of their wave functions, It
follows from the experimental data of Ref. 60 on the (ta)
reaction that the two-quasiproton state ppdllt 4411}
occurs with a large weight in the wave functions of the 2,"
and 2, states and with a significant weight in the 2, state.
In accordance with the calculations of Ref. 22, the
pp4111 + 411] contribution is large in the 2,7 and 2," states
and appreciablein the 2;” and 2" states. In au B decay from
the state with K7=23" with the configuration
p5231 —n521, of '*Ho we observe a distribution of the
strength of the two-quasineutron state nn523] — 5211,
which is observed in the 2" state; its contribution is large in
the states 2, and 2;" and very small in 2,7 and 2;". The
distribution of the strength of the state nn523| — 5211
between the first five 2 * states can be fairly well described in
the QPNM. It can be seen from Table I that the properties of
the excitation of the 2" states in the (7&) reaction and in au
[ decay illustrated in Fig. 2 are given a qualitatively correct
description in the QPNM. According to the calculations, all
five 2 * states can be excited in the '"**Er(dt) '®*Er reaction,
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but it is very difficult to realize experimentally because of the
insufficient lifetime of "’ Er. The state 2" can be observed in
the (dp) reaction.

In the framework of the sdg IBM it is not possible to
give a qualitatively correct description of the experimental
data on the excitation of the first five 2 * states in '**Erin the
(tar) reaction and in au B decay. For the description of the
structure of these 2 © states in '®*Er the sdg IBM reveals its
weakness. It is not clear how the model should be modified in
order to eliminate the contradiction with the experimental
data on the 2 * states in '**Er.

In accordance with the calculations of Ref. 62, the ener-
gies of the third and fourth states, 2;” and 2,7 ,are 3.6 and 4.4
MeV in the sdg IBM-2. This means that even in the frame-
work of the sdg IBM-2, in which there is an additional free-
dom not present in the sdg IBM-1, it is not possible to de-
scribe all five 2 * states in '**Er.

In individual cases of the inelastic scattering reaction
one can assess the accuracy of the description of certain
states in the QPNM and in the sdg IBM. As is well known,
one of the reasons for the introduction of the g boson in Ref.
28 was for description in "**Er of the K7 = 3 * state and the
large anharmonicity of the 4;" state, which was treated as a
two-boson state. In Ref. 28, the parameters of the model
were chosen in such a way as to describe correctly in '**Er
the probabilities of E 2 transitions between the bands con-
structed on the ground, 0,7, and 2;* states and the B(E4)
values for excitation of the 4 ¥ 0,4 7 2,, and 4 * 4, states, for
which experimental data were given in Ref. 63. As a result,
the value predicted in the sdg IBM for B(E 4) for excitation
of the4 * 3, state in '**Er was 50.8 s.p.u.”® According to the
calculations of Ref. 22, B(E 4) = 0.4 s.p.u. in the QPNM for
excitation of the 4 * 3 state of '®*Er. The predictions for exci-
tation of the 4 * 3, state in "**Er are shown in Fig. 3. The
predictions of the QPNM and the sdg IBM differ by a factor
of 100, and such a large difference could be observed experi-
mentally.
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FIG. 3. Predictions of B(E 4) values for excitation of the /'K, =4 ' 3,
state of "Er in the QPNM (Ref. 22) and in the sdg IBM.**

4. COMPARISON OF THE DESCRIPTIONS OF LOW-LYING
NONROTATIONAL STATES OF DEFORMED NUCLEIIN THE
QPNM AND IN THE IBM

Structure of nonrotational states

A description of excited nonrotational states of nuclei
by means of quasiparticle and phonon operators is effective.
It takes into account the most important degrees of freedom
of the nuclei responsible for the nuclear excitations. The col-
lective degrees of freedom are manifested in the form of vi-

TABLE II. Nonrotational states in '"*Hf.

brational states. In all nuclei, there are collective quadrupole
and octupole low-lying states and high-lying collective
states—giant resonances of different types. The general pic-
ture of the vibrational states is determined by the symmetry
of the equilibrium ground state. In deformed nuclei, the
equilibrium shape possesses axial symmetry. The excited
states of deformed nuclei differ from those of spherical nu-
clei in the richness and diversity of their properties.

In the QPNM strongly and weakly collective vibration-
al states and two- and many-quasiparticle states are de-
scribed in a unified manner. The calculations of Refs. 22, 64,
and 65 in the QPNM with the wave function (28) and Egs.
(29), (31),and (31") showed that the energies and structure
of the nonrotational states of even—even deformed nuclei are
mainly determined by the single-particle energies and wave
functions of the Woods—Saxon potential, monopole pairing,
and p-h isoscalar multipole interaction. The multipole p-A
isovector interaction, quadrupole pairing, and the multipole
p-p interaction play an auxiliary part. Allowance for the p—p
interaction somewhat improves the description of the vibra-
tional states. In addition, it makes the validity of the RPA
for the description of states with energy less than 1 MeV
more convincing.

The investigations of Refs. 22, 64, and 65 showed that
the nonrotational states with energies up to 2.5 MeV have
dominant single-phonon or two-quasiparticle components.
Forthestateswith K" =0%*,1-,2%,3*,and 4 * and ener-
gies up to 2 MeV the dominant single-phonon component
provides more than 90% in the normalization of the wave

Experiment Calculations in the QPNM
B =
s Bl >
Y= § Structure ﬁ 2 Structure
28 28
87 | 1,147 |lg ft=4,7: ppalhs+5141 34%| 1,11 |981:1009%981: ppi0&i+-514t  25%
nn514}-1+624+ 6604 nnb1444-6241 75%
2% (1,174 (dp) : nnb144—512} 1,12 |221:949% {221, 441} : 1%
[3,91 [4,1] [221:nnb14}—512] 29%;
i 14,1 nnb124—5101329%
27 11,260 (dt) : nn6244—5124 1,2 |321:989% 321: nn6244—512¢ 869,
[4,0] [2,01 pp5l4t—402t 8%
17 1,310 %),!51] 311:899% 311 : nnb144—6241 969
[0,
0% | 1,434
0% | 1,444
83 | 1,479y ft_47,{pp4043+513¢66%
EI=%1 514, +624434%| 1,42 [982:100% 982: pp404i—+-514+  75%
nn5144-+6241r 259
4% 1,514 (dp) : nnd14{-+5104 1,5 441 :94% {221, 221} 30
[2,0] |441 : nn 51444510t 609%:
nn 51244512} 23%
6% | 1,554 1,7 |nn 5124451411009
257 | 1,568 1,9 |322:969 322 : pp5141—402+ 88%
[0,8] nn624t—5124 109
57 1,637 1,8 |551:100%
551 1 pphl4t4-4114 73%:;
nnb2444-521} 22%
3: 1,758 (dp) : nn514}—510+t 1,8 |431:999 431: pp404}—411y  37%
11,7] nnb144—510t 219%
0 11,772
37 11,803 1,9 |331:989 331: nnb154—5124 459
(dp) : nn514}—5124 [4,0] pp5l4t—411t 249
2% 11,808 2,0 |[222:939% {202, 221} 3%
[0,01] |222 : nn 514} —512} 569%;
nnb124—510%  40%
25 | 1,857 2,6 |323:989% 323: nnb615¢—514f 98%
[0,02]
4% 1(2.007) 2,0 |442: 980 442 : pp4i04l-4111L 989
[0.0004]
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function; the contribution of an individual two-phonon com-
ponent does not exceed 5%. Weak anharmonicity is a char-
acteristic feature of the low-lying vibrational states of de-
formed nuclei.

We shall demonstrate the effectiveness of the descrip-
tion of nonrotational states in the QPNM for the example of
""Hf. The results of calculations®®* and experimental
data®® for '""Hf are given in Table IT. We give log /' and
the experimental values of the two-quasiparticle compo-
nents for the states K7 = 8, and 8, , obtained in Ref. 70
from au B decay and the two-quasineutron components
through which the (dp) and (dt) reactions proceed. The
B(EA) values are given in single-particle units. The calculat-
ed structure is given (in percentages) in the form of the con-
tribution of the single-phonon, Ap;, and two-phonon,
{4, .1y, A,1,1,}, components to the normalization of the
wave function (28). For the single-phonon states we give the
contribution of the two-quasineutron, nn, and two-quasi-
proton, pp, components.

Let us discuss the data of Table I1. The first 2" stateisa
collective state, and the two-quasineutron configuration
nn5141 — 512 is contained in the wave functions of the 2,*
and 2," states. Therefore, they are well excited in (dp) reac-
tions. These properties of the 2;° and 2;" states are well
reproduced by the calculations. However, the calculated en-
ergy of the 2,* stateis 2 MeV, this being due to the absence of
two-quasiparticle poles with energy less than 2.2 MeV. If the
I™27" state with energy 1.561 MeV has K = 2, this contra-
dicts the results of the calculations. This contradiction may
be due to the hexadecupole deformation 8, = — 0.16 given
in Ref. 71, our calculations having been made for

s = — 003,

According to the calculations, the 3," state in '"®Hf is
collective and must be well excited in the (dp) reaction; the
second state, 3,°, is weakly collective. The states 3;, 3,",
and 3" have energies 2.2, 2.3, and 2.4 MeV. The wave func-
tions of these states each contain one dominant single-
phonon component. The state 4," in '"*Hf is collective with
dominant component 441 in the wave function; the contri-
bution of the two-phonon component {221, 221} is 3%. The
experimental data of Ref. 69 do not provide evidence for
collectivization of the E 2 transition from the 4," to the 2,*
state. The contribution of the two-phonon component {221,
221} tothe4,",4;",and 4," states with energies 2.0, 2.3, and
2.4 MeV does not exceed 2%. The Coriolis interaction has
an effect on the energy and structure of the K" =2+, 3+,
and 4* states in '"*HI.

Experimental data on octupole states in '"*Hf are
sparse. The K | = 0, has not been observed. Amongthe 1,
2,",and 3 states, only the B(E 3) value for excitation of the
372, state has been measured. According to our calcula-
tions, the energy of the O state is 2 MeV, and B(E3) is 4
s.p.u. The calculated values of B(E 3) forthe 1, ,2; ,and 2,
states are small, and it is therefore not surprising that they
have not been measured experimentally. The calculated en-
ergies of the 2,” and 2 states lie above the experimental
values.

The energies of the two-quasiparticle states calculated
with monopole and quadrupole pairing are close to the val-
ues given in Ref. 3. The energies of the two states with
K7 =6, and 5, are somewhat overestimated in compari-
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son with the experimental values. Here again there is a lack
of a scheme of the single-particle levels.

Calculations of '"®Hf in the sd IBM-1 in Ref. 69 are
limited to the description of the E 2 transitions between the
bands constructed on the ground state and the K7 =2,
0,", and 0," states. The calculated energy of the 0, state is
greater than 2 MeV, contradicting the experimental data.
The calculations in Ref. 44 in the sd IBM-2 are also restrict-
ed to the relative intensities of the £ 2 transitions between the
rotational levels constructed on the ground state and the ¢
and [3 states.

Many two-quasiparticle states are known in even—even
deformed nuclei (see Refs. 3 and 4). At the same time, there
are experimental data, analyzed in Ref. 72, on the strong
mixing of the two-quasineutron and two-quasiproton con-
figurations in states with large values of K. It was shown in
Ref. 66 in the framework of the QPNM that in the cases
when the energies of the two-quasineutron and two-quasi-
proton states with the same values of K 7 are nearly equal
and the corresponding matrix elements are not small, high
multipole interactions with A = 5-9 play an important part
in the mixing of such states.

Experimental data®">7*77 and the results of calcula-
tions in Ref. 66 in the RPA with the wave functions of the
Woods-Saxon potential and constants as in Ref. 22 are given
in Table III. The mixing of the two-quasineutron state
nn514| + 624t  and the two-quasiproton state
pp404| + 5141 in '"*Hf can be described by taking into ac-
count the Au = 98 multipole interaction. It can be seen from
the table that a good description is obtained for the mixing
with a constant »x;’, close to the constants x2%, x3*, and x3*
with which a good description was obtained in Ref. 22 for the
quadrupole, octupole, and hexadecupole states in '*Hf. An
important role of the interaction with such high multipolar-
ity as A = 9 with projection u = 8 was unexpected. We note
that although the 8; and 8; states are not pure two-quasi-
particle states, the isomer state with K "= 16 * and energy
2.477 MeV in ""Hf is a pure four-quasiparticle state:
p3141 + pd04| 4 n514| + n6241. This is due to the fact
that the total strength of the states p514t + p404| and
15141 + n6241 is contained in the two levels 8, and 8, .

Inaccordance with the experimental data of Ref, 73, the
two K7"=6" configurations nn514) + 512t and
pp4041 + 4021 in "°Hf are mixed. The calculated energies
ofthe 6;" and 6," states and the amounts of mixing are close
to the experimental values. However, the calculated struc-
ture of the first state is close to the experimentally observed
second state and vice versa. This discrepancy is due to the
scheme of the single-particle states. The proton scheme does
not take account of the fact that, in accordance with the
experimental data, the state p4021 in '"*Lu has a lower ener-
gy than the state p5141. Therefore, the energy of the two-
quasiproton state pp404 | + 4021 is higher than the energy of
the two-quasineutron state nn514 1 + 5121. This may be due
to the fact that the calculations were made with a hexadecu-
pole deformation parameter 5, = — 0.03, while in accor-
dance with the experimental data (Ref. 71) 8, = — 0.16.

According to the calculations, the X ™= 8;” and 8,
states in ""*Hf have energies 1.52 and 1.84 MeV. There is
somewhat less mixing of the configurations pp404| + 5141
and nn514] + 6241 than in '"®Hf. The description of the
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TABLE III. Mixing of two-quasiproton and two-quasineutron configurations in de-

formed nuclei.

M &, MeV First config. Second config.
Nucleus K: Experiment | Calculation | Experiment | Calculation [ Experiment | Calculation
178Hf 98 pp4044 4514+ nnbl4} -- 6244
8t 1,147 1,11 (34+4)% | 25% (66% ) ' 75%
85 1,479 1,42 (66%) 75% (344)% | 24%
176H{ 66 pp404) - 4024 nndl4}) 5124
6y 1,333 1,35 62% I 26% 38% | 73%
65 1,762 1,75 38% 719% 6204 27%
98 pp4i04y 5144 nnd144 - 6244
87 1,559 1,52 959% 86% 149
(86£6) %
83 — 1,84 (] 86%
77 nnbl4} 4633+ nnb124 - 624+
T 1,860 1,76 ~100% | 99,7% 0,04%
i — 1,81 0,2% 99,8%
174Yh 55 ppidl) 45141 nn521} -+ 6241
5T 1,885 1.9 (462)9% ] 78% 2104
by 2,379 2,2 (54+2)% | 21% 7%
168Fy 54 nnb33t 45214 pp4lli -+ 5234
47 1,094 1,0 700, 819% 25 | 18%
i 1,905 1,6 30% 1895 60 80%
158(:d 44 ppA13y 4114 nnd23} 45211
4% 1,380 1,32 large 94% |admixture 49
3 1,920 1,9 4% 75% 95%
54 nnd214 -4 6424 ppo32t 44111
47 1,636 1,66 72% 9205 — 694
43 —_ 1,86 — 7% — 87%

structure of the first 8, state agrees with the experimental
data,”*™ in accordance with which the contribution of the
configuration pp404 | + 5141 is 86 4 6%. It would be inter-
esting to detect experimentally the second 8, state. Accord-
ing to the calculations, in '"*Hf there are 7; and 7, states
with energies 1.76 and 1.81 MeV. Although these states have
nearly equal energies, the two-quasineutron configurations
nn514| + 6331 and nn5121 + 6241 are hardly mixed. Both
of the corresponding neutron matrix elements are small.

Mixing of the two-quasiproton configuration
pp4111 + 5141 with the two-quasineutron configuration
nn5211 + 6241 was found in the states 5, and 5, with ener-
gies 1.885 and 2.379 MeV in '"*Yb by study of the B decay of
"*Tm. The calculations of Ref. 66 with an interaction
Au = 55 give a mixing smaller than is found experimentally.
If > is increased by 10%, the mixing of these configurations
isincreased to 72 and 27%. The mixing of the configurations
nn6331 4+ 5211 and pp411] + 5231 in the states K| =4
and 4, in '*®Er was originally calculated in Ref. 19.

The analysis in Ref, 77 of (dp) reactions and y transi-
tions associated with the states K7 =4, (energy 1.380
MeV), 4,5 (1.920 MeV), and K7 =4 (1.636 MeV) in
*8Gd showed that the states given above are not pure two-
quasiparticle states. The wave function of the state 4," has a

TABLE IV. Number of nonrotational K "= 0~ and 1~ states.

dominant component pp413| + 4111 and a small admixture
of nn5211 + 523 1. It follows from the (dp) reaction that the
contribution to the normalization of the wave function of the
state 4 by the configuration nn521| + 6421 is 72%, and
that of the state 4," by the configuration nn5211 + 5231 is
~75%. In this case, one can readily explain the strong E 1
transition between the states 4,” and 4, asn523| —-n6421. It
follows from the E 1 transition4,” —4," that the 4, state has
admixtures of the pp5321 + 4111 configuration. It can be
seen from Table III that in accordance with the calculations
there is in the states 4,", 4,", 4,7, and 4, a weak mixing of
the two-quasineutron and two-quasiproton configurations,
and this agrees with the available experimental data.

We give one further example of the effectiveness of the
description of nonrotational states in the QPNM from Ref.
65. From 3 * decay of '"°Lu there was found™” to be a
large number of states with K "= 0" and 1~ of ""°Ybin the
energy interval 2.0-3.4 MeV. The number of K" =0~ and
1~ states of '"°Yb obtained from the experimental data of
Refs. 78 and 79 and the results of calculations are given in
Table IV. Of course, there is some uncertainty in the experi-
mental data due to the errors in the ascription of 7 7 values to
the levels and in the results of the calculations. Nevertheless,
the results of the calculations agree with the experimental

= 170Yh 174YDb
Energy interval,
MeV Experiment Calculation Calculation
Upto2 2 2 3
2,0—3,0 17 13 i
3,0—3,4 16 14 9
Total up to 3.4 35 29 19
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TABLE V. Distribution of E 2 strength.

B (E2)

s.p.u
Nucleus L Eg My _ Caleulation in | Calculation in IBM
"MeV | Experiment |opny (Ref, | tRet. 36)
168Fr 2 0,821 4,7 4,6 4,7
0+, 2+ 1,2—2,5 L 15 0,02
172y}, 2: 1,47 1,4 1.5 1,0
2% 1,61 042 0.7 0,007
0* 1,0—2,0 0,005 0.9 0.2
066
0+, 2+ 2,0—3,0 24 1,0 0,
st 2 1474 39 L e
2t 3,0—3,2 = 0,6

data—in '"*Yb in the interval 2.0-3.4 MeV there is an anom-
alously large number of states with K" =0~ and 1. For
comparison, Table IV gives the calculated number of
K7=0" and 1~ statesin '"*Yb; it was found to be 1.5 times
smaller than in '°Yb.

From these examples it can be seen that the possibilities
of the QPNM for the description of the structure of nonrota-
tional states are much greater than those of the IBM.

Distribution of the £A strength between low-lying states

It is assumed that the first quadrupole /- and y-vibra-
tional states are collective, and that the other collective
states form giant isoscalar and isovector quadrupole reson-
ances. In the case of octupoles, the collective states are, be-
sides the first octupole states, those that form the low- and
high-lying isoscalar and isovector giant octupole reson-
ances. In some nuclei, low-lying collective hexadecupole
states are observed. Phenomenological models, including
the IBM, are based on the collectivization of the first qua-
drupole and octupole states and on its absence in the higher-
lying states up to the giant resonances.

We shall study the distribution of the EA strength
between the low-lying states with energy up to 3 MeV. Such
a study was made possible after the publication of experi-
mental results on inelastic scattering of @ particles.*® In the
calculations of the EA strength made in Refs. 22 and 65, the
coupling between the vibrational motion and the rotational
motion was ignored.

Let us consider the distribution of the E 2 strength. The
experimental data and the results of calculations in the
QPNM (Ref. 22) and in the sd IBM (Ref. 36) are given in
Table V. In '"®Er and '"®Hf we find the standard case—the
main fraction of the E 2 strength is concentrated on the y-
vibrational state. According to the calculations, the remain-
ingstates in '**Er receive about 30% of the E 2 strength of the
y-vibrational state, and in ""*Hf they receive 15%.

Thedistribution of the E 2 strength in '"*Yb differs qual-
itatively from that in '**Er, '"®Hf, and a number of other
nuclei. A feature of the distribution of the E 2 strength in
'Y is, first, that not only the first state 2," but also the
state 2," is collective. Second, an appreciable fraction of the
E 2 strength is concentrated in the energy interval 2—-3 MeV.
Cases when the first, 2;*, and second, 2,", states are both
collective present great difficulties for the phenomenological
description. For example, according to the calculations of
Ref. 36 in the sd IBM, the E 2 strength ascribed to the 2,
statein '"*Yb is 200 times less than for the 2," state, i.e., there
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is a pronounced disagreement with experiment. The calcula-
tions of Ref. 22 give a qualitatively correct description. Ac-
cording to the experimental data of Ref. 36, the energy inter-
val 2-3 MeV in '*Yb contains 1.3 times more E 2 strength
than in the two first collective states, and 1.7 times more
thanin the2," state. This is a new and very important experi-
mental result, indicating a limitation of the widely accepted
picture of the distribution of the £ 2 strength. Such a distri-
bution of the £ 2 strength cannot be described in the sd IBM.
According to calculations in the QPNM, the interval 2-3
MeV contains an appreciable fraction of the E 2 strength,
about 2/3 of the E 2 strength on the 2," state.

We now consider the distribution of the E 3 strength in
'|Er. According to Ref. 36, there are first collective states
with K7 =0;7, 17, and 2, . Six collective K " = 3 ~ states
have been observed. The first three states, 3,7, 3,7, and 3;,
take 1.3 of the single-particle strengths, while the fourth
state, 3, , takes 4.68, i.e., almost three times more than the
first three states. In the interval 2.25-2.50 MeV, 7.9 s.p.u. is
concentrated. Such a distribution of the E 3 strength differs
strongly from the standard distribution. Table VI gives the
results of calculations in the QPNM in Ref. 22, and in the sdf
IBM in Refs. 36 and 34. In the calculations of Ref. 36, the
normalization of the B(E 3) values is based on the state
371,. As a result, for the first state, 3,7, the calculated
B(E 3) value was found to be about 500 times greater than
the experimental value. It is difficult to explain why a large
proportion of the EA strength is not concentrated on the first

7 state. This conclusion is confirmed by calculations in
Ref. 34 in the sdf IBM, in which the first three K" =3~
levels were omitted. The main part of the £ 3 strength is con-
centrated on the state 3, , which was regarded as the first
collective K7 =3~ state. The first three K™ = 3~ states
were omitted as two-quasiparticle states. The states 3,7, 3,7,
and 3; in '*Er cannot be assumed to be two-quasiparticle
states. According to the experimental data of Refs. 60 and 76
on the (dp) and (fa) reactions, their wave functions contain
a superposition of two-quasiproton and two-quasineutron
terms. According to the experimental data of Ref. 36 on the
(aa') reaction, the B(E 3) values forthe K7 = 3,7, 3, ,and
3; states are 30-60 times greater than for states that are
nearly two-quasiparticle states.

According to the calculations of Ref. 22, the B(E 3)
values in the QPNM for the 07, 1,7, 2,7, and 3, states in
'Er agree with the experimental values. Among the
K7=73" states, the largest B(E3) value occurs for the
fourthstate, 3, , in agreement with experiment. The total £ 3
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TABLE VL. Distribution of E 3 strength in '“*Er,

Experiment (Ref. 36) B (E3)g p.y» calculations
1=3, P
KT PNM - IBM:
v € Mev B, | Q edf o .34
P (Ref. 22) e ey |7 WL
1= 1,431 3,92 4,8 3,92 5,5
3 1.541 0.25 0,14 134.6 o
o5 1,633 404 46 494 8,0
= 1,828 0,60 0.6 2,30 =
05 1,913 1,96 3.0 153 4,6
33 1,999 0,42 0.3 0,085 2
17 2,022 il 0.3 — 1,1
3z 2,269 4,68 2.0 8,5 5,8
9z 21302 A 0.2 Al 0,3
(33) 2,32 1,53 s 0,034 i
13 b 5 4,9 e 2,6
(33) 2,486 1,70 i 0,017 >

strength concentrated on the '**Er states with energy up to
2.5 MeV is 20 s.p.u. according to the experimental data of
Ref. 36, and 20.3 s.p.u. according to the calculations of Ref.
22,

The distribution of the E3 strength calculated®*® in
the QPNM is given in Table VII. In '°Yb, the states
Kr=07, 05157y 15, 27, and 25 are collective;. and
among the K 7 = 3 ~ states an appreciable fraction of the E 3
strength is concentrated on the third, 3;, and fourth 3, ,
states. In this nucleus, the distribution of the E 3 strength is
nonstandard.

In Ref. 36, all the first octupole states that were collec-
tive were found experimentally in '*Yb. Their total E3
strength is 12 s.p.u. According to the calculations of Ref. 22,
all the first octupole states are collective, and their total £ 3
strength is 8 s.p.u. The total E 3 strength in the interval 2-3
MeV is 11 s.p.u. According to the calculations of Ref. 34, in
the sdf IBM the E 3 strength is concentrated on the first octu-
pole states, and only about 3% is on the 3 ~ 1, state. It would
be interesting to confirm experimentally this difference in
the distributions of the E 3 strength in the energy interval 2-3
MeV.

According to the calculations of Ref. 65, a standard
distribution of the E 3 strength in *Yb is obtained in the

TABLE VII. Distribution of £ 3 strength calculated in the QPNM.

QPNM only between the K 7 = 3~ states. Forthe K "= 0"
and 1~ states the largest fraction of the E 3 strength is con-
centrated in the interval 2.4-3.2 MeV. The two states with
K7™ =2 and2; are both collective. The distribution of the
E 3 strength in '"*Yb calculated in the QPNM cannot be re-
produced in the phenomenological models and in the IBM.

Experimental data on the distribution of the E3
strength in '7®Hf are sparse; they are restricted to excitation
of the 32, state with B(E 3) = 4 s.p.u. According to the
calculationsin Ref. 22, for K ™" = 2~ and 3~ the E 3 strength
is concentrated on the first states. The states 0;” and 0;” have
energies 2.0 and 2.4 MeV and B(E 3) values 2 and 4 s.p.u.,
and, in addition, in the interval 1.5-3.0 MeV there is a
further 0.8 s.p.u. The distribution of the E 3 strength over the
K™= 1" states is as follows. On the first two states there is
0.8 s.p.u., and in the interval 2-3 MeV thereis 9.5s.p.u,, i.e.,
the main fraction of the E 3 strength is situated above the first
two states, 1,7 and 1; . In this case there is also a strong
difference from the results of the calculations® in the sdf
IBM.

On the basis of the calculations of Refs. 22 and 65, it can
be asserted that there are cases of distribution of the EA
strength different from the standard case and having a large
proportion of the EA strength concentrated, not on the first

I=3, € or 1= € or
Nucleus ey A%, Mev B(E3)g.p.ul Nucleus KJ A%, Mev| BE3Spu
170y} 0F 1,6 2,8 wyp | O L ol
i 2,1 1,4 0 25 1.1
05 2.4 0.9 i &3 bl
15 15 0.7 il o i
15 2,2 1,0 15 1,9 0.8
0 18 24 " |2,453,2| 36
3 1,9 2,0 o 1,2 1.6
37 1,6 0,1 2 27 1.7
35 2,0 0.2 2 o i
- o8 = 3 2’2 0.2
N ’ , 781§ 2 3 !
112y} 05 1.7 1.1 1ot % 2o 29
05 2.0 0.5 e ol Sl
it i3 i 15 1.5 0.3
5 = 2 1= |2,013,0] 95
‘ 5 2 % 1,2 | 2,0
5 2,2 0,2 2! 1.9 0,8
25 %0 1,4 22 2'8 0.2
gz__ éno 513 37 1.9 40
5 2 0 3 204 001
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state, but on higher states. A nonstandard distribution of
this kind has been discovered experimentally for the E 3
strength among the K™= 3~ states in '"**Er and the E2
strength among the K™ =2" states in '"2Yb. It would be
interesting to study experimentally the distribution of the
EA strength in many deformed nuclei. A distribution of the
EA strength different from the standard case cannot be de-
scribed in the existing versions of the IBM.

Need for the spdfg IBM and the situation with regard to
collective two-phonon states

In the framework of the sdf IBM one can describe qua-
drupole and octupole collective states, i.e., states with posi-
tive and negative parity. The scheme of excited states is as
follows. The states with the dominant single-boson compo-
nent are the 8- and y-vibrational states and the first octupole
states and the states with the dominant two-boson compo-
nents. The scheme of the excited states is shown in Fig. 4.
There are two-boson states of positive parity constructed
from two quadrupole or two octupole bosons. The number of
octupole phonons with a given value of K ~ is denoted by n}.
In addition, there are negative-parity two-boson states con-
structed from quadrupole and octupole bosons. The interac-
tions between the bosons have the consequence that the wave
functions of states with dominant single-boson components
will contain admixtures of two-boson components. The
wave functions of states with dominant two-boson compo-
nents must contain admixtures of single- and three-boson
components.

It is asserted in Refs. 37 and 38 that for a consistent
description of the negative-parity states it is necessary to
introduce a p boson. In Refs. 28 and 29 the need to introduce
a g boson to describe excited positive-parity states lying
above the 3- and y-vibrational states is convincingly demon-

O ——}ni=2

155 yng=1 ni=1

‘3: }n}:f n,‘?=1

';+ }”;=7 ng=1 3- Ng

p b=z 3 rp=1

J+ ng=1ng=1 2~ mg=1

o__ 2

%E ZE: " iif =1

1* n=1ni=1 1. =
A
,3: My=1, =1 2 my=1
4t }”I=

# ni=

25 né=

15 n}=1
Of—— =1 0; ————— =

2';'_ na,—:f

0;,

strated. Todescribe 4," states in spherical nuclei, the g boson
is also introduced. To describe in the framework of a single
model the collective positive- and negative-parity states it is
necessary to have a model with s, p, d, f, and g bosons. It is in
the framework of the spdfg IBM that one should describe the
collective states in even—even deformed nuclei. Such a ver-
sion of the IBM has not yet been consistently formulated.

In the spdfg IBM, the scheme of the states is more com-
plicated than the scheme in Fig. 4. There are additional
states with dominant single-phonon and two-phonon com-
ponents. The interaction between the bosons may lead to a
small deviation of the energies of the two-boson states from
the sum of the energies of the two corresponding single-bo-
son states. The presence of a large number of states with
dominant two-boson components is a fundamental charac-
teristic of the spdfg IBM.

On the basis of the calculations in the QPNM it was
concluded in Ref. 13 that there are no collective two-phonon
states in deformed nuclei. A state is regarded as a two-
phonon state if the contribution of the two-phonon compo-
nent to the normalization of the wave function exceeds 50%.
The question of the existence of two-phonon states is still
being discussed (see, for example, Refs. 14, 15, 22, 28, and
80). So far, there are no firmly established experimental data
on collective two-phonon states in deformed nuclei.

A raising of the energy centroids of the two-phonon
states {4, 1, 4,, A, 14,1, } relative to the sum of the energies of
vibrational states with dominant single-phonon components
of their wave functions is due to two factors. The first is
anharmonicity of the vibrations, since the energies of the
two-phonon states are higher than the sum of the energies of
the two single-phonon states. The second is the shift
Aw(A, iy, A,u,i,) of the two-phonon pole (32) due to
allowance for the Pauli principle in the two-phonon terms of

FIG. 4. Scheme of excited states with dominant quadrupole and octupole single- and two-boson components (energies in relative units).
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FIG. 5. Energy centroids of two-phonon y-vibration states in '“*Er and
‘qu.

the wave function (28). These two factors leading to raising
of the energy centroids are demonstrated in Fig. 5 for the -
vibrational two-phonon states with K"=4" and 07 in
8Er and '"?Yb, calculated in the QPNM.?? The calcula-
tions of Ref. 22 with allowance for p—h and p—p interactions
yielded energies and B(EA) values for the 2," and the first
octupole states in agreement with the experimental data.
Allowance for p—p interactions reduced the collectivity of

TABLE VIII. Energy centroids of two-phonon states.

the 2," state and the first octupole states and thus gave
smaller shifts Aw than those calculated in Ref. 13, in which
the p—p interactions were not taken into account. In "**Er
there is a lowest-lying and collective y-vibrational state, and
therefore the shift Aw for 4+ {221, 221} is maximal and
equal to 1.5 MeV. In '?Yb, the y-vibrational state is less
collective, and the shift Aw (221, 221) 1s 1.1 MeV for the
K7=4% state and 0.5 MeV for the K™= 0" state.

We note that the shift Aw (A, u,i;, A,u,i,) of the two-
phonon pole was also calculated in Ref. 81. In Ref. 81, the
method of boson expansions was used to construct new
phonons, in terms of which the Hamiltonian was expressed.
Up to the principal terms, the shift calculated by this method
agrees with the result of Eq. (32).

The results of calculations®®®® of the shifts Aw
(A1 8y, Aaiyiy), the values of 1 + F5(A, u, iy, Ajuyiy)
and the energy centroids of two-phonon states are given in
Table VIII. The deviation of 1+ F %(u,4,i,, A1),
which occurs in the normalization (29), from unity deter-
mines the influence of the Pauli principle. It can be seen from
the table that the shifts Aw take values from 0.1 to 1.5 MeV.
Asarule, adecreasein 1 + % ¥ leads to an increase in Aw. It
is this that is responsible for the large shift Aw (221, 221) for
the K" =47 state from the K" =07 state. The largest
shifts are obtained for the K ™ = 4 {221, 221} states; for the
other '®*Er and '"®Hf states, they do not exceed 1 MeV.

The energy centroid of the 0 ™ {221, 221} state in '**Er
is 2.7 MeV according to Ref. 22; according to the calcula-
tions in Ref. 14 it is 2.9 MeV, and in Ref. 15 it is 2.8 MeV.
The energy centroids of the 0+ {221, 221} states calculated
in the QPNM are approximately the same as those calculat-
ed in Ref. 15 by the multiphonon method. There is a discrep-
ancy for the 4+ {221, 221} states. It is not clear from this
discrepancy which is more important—the large number of

K, Energy cen-
Nucleus| K% [ g1=~Aip1is | g2 =valaiz Amﬁt;vg%)' 1+ e e troid,gidev
168Ey 0+ 221 221 0,9 0,90 2,7
4% 221 221 1,5 0,75 3,3
7 221 301 0,4 0,95 3,2
3 221 311 0,4 0,95 2,7
170Yh 0* 221 221 0,8 0,89 3,5
4% 221 221 {4 0,78 3,7
3 221 311 0,3 0,92 3,2
122Yh o+ 221 221 0,5 0,94 3,4
ot 221 222 0,2 0,97 3,3
[ 321 321 0,1 0,98 3.3
2 221 441 0,6 0,42 4,1
4% 221 222 0,6 0,47 3,6
4 221 221 1,1 0,60 4,0
4% 222 222 0,4 0,62 3,7
1 221 311 1,0 0,45 3,7
o= 221 301 0,3 0,95 3,4
ar 221 311 0.2 0,96 2,7
174Yh | O 221 221 0,5 0,92 3,8
0+ 391 391 0.1 0,99 2.5
2r 301 321 0,1 0,99 3,0
4% 221 221 1,3 0,79 4.5
P 221 301 0,4 0,92 3.7
178 { 0* 221 221 1,0 0,90 3,5
0+ 321 321 0.1 0,99 2’5
2F 301 321 0,1 0,97 3.1
4+ 221 221 1,5 0,78 4,0
4% 221 222 0,4 0,88 3,9
0 294 321 1.3 0,65 3.9
2> 221 301 0,6 0,88 3,8
a- 221 311 0,2 0,95 2,8
3= 431 301 0,2 0,93 4,0
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degrees of freedom in the form of a large number of single-
phonon and two-phonon states in the QPNM or the single
degree of freedom, the y-vibrational phonon, and wave func-
tion with multiphonon configurations in the multiphonon
method. The multiphonon terms of the wave function do not
usually lead to a strong departure of the root from the corre-
sponding pole. But if the root 77, does sink strongly relative
to the pole @, + w, + Aw(g,g,), then this two-phonon
state will be strongly fragmented. It is therefore hard to ex-
pect large displacements of the energy centroids of two-
phonon states without strong fragmentation when many-
phonon terms are added to the wave function (28).

If a state is very collective and its energy is low, then the
shift Aw is large. If the energy of a state with a dominant
single-phonon component is not low and the collectivization
is not strong, then the shift Aw is small. In all cases, the
energy centroids of the lowest collective two-phonon states
are 2.5-40 MeV. At these energies, the strength of the two-
phonon states must be distributed over many levels. There-
fore, the assertion made earlier in Ref. 13 that collective two-
phonon states cannot exist in well-deformed nuclei is true.

According to the phenomenological models, different
modifications of the IBM, and the methods of Refs. 14 and
15, collective two-phonon states must exist in deformed nu-
clei. Recently, attention has concentrated on the K™ =4+
level with energy 2.055 MeV in '®*Er. According to calcula-
tions in the QPNM, this level has a dominant hexadecupole
single-phonon component, but according to Refs. 7, 14, 15,
and 25 it is a two-phonon state characterized by a high an-
harmonicity. High anharmonicity of the two-phonon 4+
state is explained in Refs. 15 and 28 from diametrically op-
posed positions. In Ref. 28, the y-vibrational state has a
dominant single-boson component, and the anharmonicity
is due to interaction between the ideal bosons. In Ref. 15,
Tamm-Dancoff phonons are used, and the anharmonicity is
due to the difference between them and ideal bosons.

The absence, in deformed nuclei, of two-phonon collec-
tive states necessitates a radical modification of the IBM or
restricts the region of applicability of the phenomenological
models to the first quadrupole and octupole states. There-
fore, the question of the existence or nonexistence of collec-
tive two-phonon states in deformed nuclei is of fundamental
scientific interest and must be clarified by experiment.

CONCLUSIONS

We have compared the descriptions in the quasiparti-
cle-phonon nuclear model and the interacting-boson model
of the low-lying vibrational states of even—even deformed
nuclei. In the IBM, a description has been given of the iso-
vector giant dipole resonance®** and the isoscalar giant
monopole and quadrupole resonances.® We shall give the
general scheme of such a description and discuss the short-
comings and limitations of the description of giant reson-
ances in the IBM.

Let us consider the description of a giant dipole reso-
nance in the IBM. In Ref. 82, a p’ boson of particle-hole type
is introduced, and the Hamiltonian is expressed in the form

H=Hy+epp™-p' +Hpy; (51)

Hypp=ag (p™* X P')2-(s* X d+d* X 5)2

+ 21 ti(Pr*X’I‘;')I'(d*XE)i-
=071, 2

(51"
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The electric dipole operator is
Djy= D (pif + pu)- (52)

The Hamiltonian (51) is diagonalized with basis functions
p' " |g), where |g) is given by (39).

For the description of the giant dipole resonance in Ref.
83, the p' boson has a particle-particle nature,
N=N,+ N, + N, with N, =0or 1, and the Hamiltonian
has a form similar to (51). In this case, the electric dipole
operator has the form

Di=Dy(p'* X s+s" X p')i+Dy(p'* xd+d*x p')i. (53)
In both cases, the photoabsorption cross section is given by

I{gp’| D*|g) |? EnTnE®

2

o (B)=32 3 = 1(54)
w BB+ Ta2? B 4 B+ = ]

where the state » has energy E, and width

T',(E) =T,(E/E,)", where E; is the energy of the lowest
dipole state. The parameters of the model are chosen to
achieve agreement between the results of the calculations
and the experimental data. In this way one obtains a descrip-
tion of the splitting of the giant dipole resonance in deformed
nuclei in accordance with g=K = 0 and 1. If the Hamilto-
nian H, has dynamical SU(3) symmetry and
t, = — (l/ﬁ)ﬁaﬁ, t, =0, then the Hamiltonian (51)
preserves the SU(3) symmetry. In this case, the dipole
strength is split for 4 = 0 and ¢ = 1 in the ratio 1:2. In the
case of weak breaking of the SU(3) symmetry, the fragmen-
tation of the dipole strength is greater, but the separation of
the two dominant components remains fairly clear.

To describe isoscalar giant monopole and quadrupole
resonances in the IBM, s’ 2nd d ' bosons of particle-hole type
are also introduced. The Hamiltonian is expressed in the
form

H = Hgy + 8" "+ 8" + gged' "+ d’” + Hypy,

where H,,, is constructed from s, d and s, d' bosons. The

operators of E 0 and E 2 transitions are expressed in the form
D=DO(s"*+5'), Dh=D*(d;+dy).

As a result of calculations, one finds the distributions of
B(E2) and B(EO0) corresponding to the isoscalar quadru-
pole and monopole resonances.

We note that the coupling between the low-lying and
high-lying (of the type of giant resonances) collective states
was studied many years ago in Greiner’s dynamical collec-
tive model and in other phenomenological models. This re-
sulted in a rough description of the widths of the giant reson-
ances. In essence, the same coupling was taken into account
in Refs. 82-84 in the IBM, and in the general features a
description of the photoabsorption cross sections demon-
strating the giant resonances was obtained. It remains an
open question whether it is possible to calculate in the IBM
other properties of giant resonances, for example, the fine
structure and the partial decay widths.

In the description of giant resonances in deformed nu-
clei in the IBM in Refs. 82-84, the entire set of collective
states that form the giant resonance for each value of the
quantum number K is described by means of a single boson.
The following question should be answered: Is it possible to
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describe by means of a single boson the entire richness of the
large number of states that form the giant resonance?

Calculations in the QPNM show that giant resonances
are formed through fragmentation of a large number of sin-
gle-phonon states. For example, according to Ref, 10, 150
single-phonon states exhaust 80% of the energy-weighted
sum of the isovector dipole resonance in >**U. In the calcula-
tion of giant quadrupole resonances in the region of the rare
earths and actinides, 2000-3000 single-phonon states are
taken into account.

It follows from the microscopic calculations that a large
set of two-quasiparticle states is needed for formation of a
giant resonance in deformed nuclei. Therefore, it is difficult
to expect that the large number of shell configurations that
participate in the formation of a giant resonance can be re-
placed by a single boson for each value of K.

From the formation of giant resonances by fragmenta-
tion of a single boson there must follow definite predictions
for the probabilities of its decay with emission of a neutron or
proton or by y transitions to the ground and excited states as
one passes from the low-energy part of the resonance to its
upper boundary. Direct indications could be given by single-
nucleon transfer reactions, provided that the valence-parti-
cle—particle (or hole) configurations make a large contribu-
tion to the wave functions of the states that form the giant
resonance. The operators of the y transitions from giant re-
sonances couple states that differ by a particle-hole boson.
Thus, y transitions take place to y-vibrational states from
componentss’ ", orp’ ", ord’*, multiplied by a d * boson
of wave functions of the states that form the giant resonance.
In the IBM, such probabilities of y transitions to the £, 7,
and first octupole states should be calculated for a number
of deformed nuclei. By comparing these calculations with
experimental data one could probably establish whether a
giant resonance could or could not be formed by a single
boson.

It can be asserted that in the framework of the QPNM a
basis has been created for description of the structure of the
low-lying states of spherical and deformed nuclei. The math-
ematical formalism of the QPNM was generalized in Refs.
20 and 85 to separable interactions of finite rank n,,, > 1
capable of reproducing complex effective interactions
between quasiparticles.

For understanding the structure of deformed nuclei,
great interest attaches to comprehensive experimental study
of excited states with energy 2-3 MeV. It would be desirable
tostart by making experimental measurements as detailed as
those for '*Er in many other deformed nuclei. It may be
hoped that an experimental study of states with energy 2-3
MeV will be made by multidetector systems with the new
generation of accelerators with high energy resolution.

I thank V. O. Nesterenko, A. V. Sushkov, and N. Yu.
Shirikov, with whom I participated in investigations that
yielded many of the results presented here.
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